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Abstract

We consider the Generalized Gibbs ensembles of the Ablowitz-Ladik lattice and of
the Schur flow. We derive large deviations principles for the distribution of the
empirical measures for these ensembles. As a consequence, we deduce their almost
sure convergence. Moreover, we are able to characterize their limits in terms of the
equilibrium measure of the Circular, and the Jacobi beta ensemble, respectively.
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1 Introduction

The defocusing Ablowitz-Ladik (AL) lattice is the system of ODEs
ic; = — (a1 + aj-1 — 2a5) + oy [ (a1 + ;1) (1.1)

that describe the evolution of the complex functions «;(t), j € Z and t € R, here
. daj
=g
simplicity, we consider the case N even, and, when not mentioned, the limits as N — oo
is taken along N even. This system was introduced by Ablowitz and Ladik [2,3] as a

spatial discretization of the defocusing Nonlinear Schrodinger Equation (NLS)

. We assume N-periodic boundary conditions «;y = «;, for all j € Z. For

0, 1) = —3 D20 1) + o, )P 1), (1.2

*This material is based upon work supported by the National Science Foundation under Grant No. DMS-
1928930 while G.M. participated in a program hosted by the Mathematical Sciences Research Institute in
Berkeley, California, during the Fall 20-21 semester "Universality and Integrability in Random Matrix Theory
and Interacting Particle Systems". G.M. has received funding from the European Union’s H2020 research and
innovation programme under the Marie Sktodowska—Curie grant No. 778010 IPaDEGAN. R.M. has received
funding from the European Research Council (ERC) under the European Union Horizon 2020 research and
innovation program (grant agreement No. 884584).

TDepartment of Mathematics, The Royal Institute of Technology, Stockholm, Sweden.

E-mail: mazzuca@kth.se
*UMPA ENS de Lyon, Lyon, France. E-mail: ronan.memin@ens- lyon.fr


https://imstat.org/journals-and-publications/electronic-journal-of-probability/
https://doi.org/10.1214/23-EJP941
https://ams.org/mathscinet/msc/msc2020.html
mailto:mazzuca@kth.se
mailto:ronan.memin@ens-lyon.fr

LDP for AL lattice, and the Schur flow

The NLS is a well-known integrable model [40], and the Ablowitz-Ladik lattice is one of
the several discretizations that preserve integrability [31].
It is straightforward to verify that the two quantities

N N
KO =T =le51?), K== a;a,, (1.3)
j=1 j=1

are constants of motion for the AL lattice. Since K(* is conserved along the flow, it
implies that if |o;(0)] < 1 forall j =1,..., N, then |a;(t)| < 1 for all times. Thus, we can
consider D¥ as our phase space, where D = {z € C||z| < 1}.

On this phase space we consider the symplectic form w [16,19, 30, 32]

N
. 1 _
w=1 E p—?daj/\dozj, pi =1/1—aj|%. (1.4)

The corresponding Poisson bracket is defined for functions f, g € C> (D) as

N
{f.gy=1)_p} (wag_afag> : (1.5)
j=1

8@ 804]- 80éj 8@

Using this Poisson bracket, it is possible to rewrite the equations of motion (1.1) of the
AL lattice in Hamiltonian form as

aj = {aj, Har}y, Hap(a)=—2In(K®)+ KO 4+ KO (1.6)

here a = (o, ..., ay).

Conserved quantities As we already mentioned, the AL lattice is an integrable model:
this was proved by Ablowitz and Ladik [1,2]. Specifically, they were able to obtain a Lax
pair for the Ablowitz-Ladik lattice by discretizing the 2 x 2 Zakharov-Shabat Lax pair of
the cubic nonlinear Schrodinger equation.

Nenciu and Simon in [30, 32] constructed a new Lax pair for the Ablowitz-Ladik
lattice, exploiting the connection of this system to the orthogonal polynomials on the
unit circle. This link is the analogue of the well-known link between the Toda lattice
and orthogonal polynomials on the real line (see e.g. [10]). This connection was also
generalized to the non-commutative case [8].

Following [30, 32], we construct the Lax matrix as follows. Consider the 2 x 2 unitary

matrices
—_ _ a; i / .
:(Oéj)::,j:< J pj)7 Pj = 1—|O£j|2, .]:17...,]\77 (17)
Pj —05

and the N x N matrices

—QaN PN
Eo =1
=y =3
M = , . L= . . (1.8)
EN_Q EN—l
PN an
Now let us define the Lax matrix

E=LM, (1.9)
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which has the following structure

* % ¥ ¥
EEE S S

EE SR .
EE S
EE I

The matrix £ is a periodic CMV matrix (after Cantero, Moral and Velazquez [9]). It
is straightforward to verify that the equations of motions (1.1) are equivalent to the
following Lax equation for the matrix &:

E=il€,ET+ (DT, (1.10)
where T stands for hermitian conjugate, and
365 J=k
& =13k k=j+1mod Nork=j+2mod N (1.11)

0 otherwise.

Remark 1.1. We notice that since all the =; are unitary, then also £ is unitary, this
implies that all the eigenvalues ), lie on the unit circle, and they can be written in terms
of their argument, namely for all j = 1,..., N there exists a §; € T := [—x, 7) such that

_ 16
)\j—e 7.

In view of this identification, and in order to simplify the notations, for any function
f(z) : OD — R, we write f(6) in place of f(e?’) when it is convenient. Further, we will
write indifferently [ f(6)du(6) or [, f(z)du(z) for any probability measure x having
support on the circle.

Remark 1.2. We notice that (€+)" + () = £T and [£,€T] = 0 since € is unitary.
Therefore, the Lax pair (1.10) can be rewritten in the equivalent form

E=il6,ET—(eNHT]. (1.12)
The formulation (1.10) implies that the quantities
K®=T1r (&, ¢=1,...,N -1, (1.13)

are constants of motion for the defocusing AL system (1.1).
As in [21,37], we introduce the Generalized Gibbs ensemble for the Ablowitz-Ladik
lattice, namely the following probability measure on the phase space DY

d]PXfN(al, ay) = —le;[*)* 110, emy exp(~Tr(V(E)))d%e,  (1.14)

’:12

ZAL Vﬁ

where V(e?) : T — R is a continuous function, 14 is the indicator function of the set 4,
and Z4X(V, 3) is the partition function of the system

V.8 = /]DNH1—|aJ| ~exp(~Tr(V(€)dPer
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161

yeees€

Furthermore, we consider the empirical measure ux (&) of the eigenvalues e
of the matrix £ (1.9), namely

1
M(&):N;(sewm, (1.15)
iz

here ¢, is the delta function centred at x, furthermore, we notice that we can just
consider the arguments 64, ..., 0y of the eigenvalues since the matrix £ is unitary, see
Remark 1.1.

Our main result is a large deviations prlnciple (LDP) with good rate function for the
sequence ((n(€))N even under the law ]PAL y (1.14). Namely, denoting by P(T) the set
of probability measures on the Torus T endowed with the topology of weak convergence,
there exists a function J}{ :P(T) — [0, 400] such that:

1. it is lower semicontinuous/good, namely for any a > 0, {z. € P(T) | J (u) < a} C
P(T) is compact,

2. it satisfies a large deviations lower bound, namely for all O C P(T) open,

1an<hm1anlnIP(uN(5) € 0), (1.16)

N even

3. it satisfies a large deviations upper bound, namely for all ' C P(T) closed,

1

limsup — InP(uy(€) € F) < —inf J. (1.17)
N even F

We refer to [11] for a general introduction to large deviations.

Remark 1.3. We notice that, by compactness of P(T), it is sufficient to prove a weak
large deviations principle, see [11, Section 1.2], which is the same as a full large
deviations principle, except that the large deviation upper bound (point 3) holds only for
compact subsets of P(T).

From this large deviations principle we are able to deduce that uy(€) converges
almost surely as N goes to infinity.

Theorem 1.4. Let 3 > 0. For any continuous function V : T — R the following holds:

a. the sequence iy (&) under the law IPX’Lﬁ_N satisfies a large deviations principle at
speed N with a good rate function J/‘i’/'

b. J [‘3/ achieves its minimum at a unique probability measure u){,

c. un(€) converges almost surely and in L'(T) towards v .

Moreover, following [21,22,37], we are able to characterize the measure u}{ in terms

of the equilibrium measure of the Circular beta ensemble at high temperature [23, 24].
More precisely, consider the functional y +— f}{ (1) given, for any o € P(T) absolutely

continuous with respect to Lebesgue measure and with density j—‘;, by

P == log(le — e*)) u(dd)u(dp) + Blog(2) / V(o

TXT
/ log (39 (0)> w(do) + log(2m) .

EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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It is shown in [23], that the previous functional reaches its minimum for a unique
absolutely continuous probability measure u},’. Moreover, in [21] it is proved that this
measure is almost surely differentiable with respect to 5. Exploiting this result, and
Theorem 1.4 we are able to show that

Theorem 1.5. For any continuous V, f : T — R

[ s@asg o) o, (/3 / f(e>du§<e>) . (1.19)

Thus, we obtain a unique characterization of the measure 1/[‘5/.

In [21,37], the authors considered the GGE (1.14) with polynomial potential, and they
were able to prove Theorem 1.5 for this particular class of potentials using a transfer
operator technique. In this sense, we generalize their result, extending it to the class of
continuous and bounded potentials.

In the last part of the manuscript, we consider another integrable model related to
the Ablowitz-Ladik lattice, namely the so-called Schur flow [20]. Also for this system,
the Lax matrix is £ (1.9). Following the same construction as in the Ablowitz-Ladik
lattice case, we define a GGE for this model. We are able to show analogous results to
Theorem 1.4 and Theorem 1.5 for the Schur flow. The main difference is that in place of
the Circular beta ensemble, we have the Jacobi one.

To give a wider overview of the relevant literature, we mention that, H. Spohn in [37],
applying the theory of generalized hydrodynamics [13], argues that the correlation
functions of the Ablowitz-Ladik lattice with respect to the GGE (1.14) show a ballistic
behaviour. As we already mentioned, in [21] the authors rigorously proved Theorem 1.5
for polynomial potential V'(z). Moreover, they computed explicitly the density of states
in the case V(z) = n(z + z), which corresponds to the classical Gibbs ensemble.

It is worth to mention that this link between random matrix and integrable system
was first noticed in [34]. In this paper the author considered the GGE for the Toda
lattice, and he was able to study this ensemble, comparing it with the Gaussian beta
ensemble [14]. We refer to [21, 22,28, 33, 35, 36] for subsequent developments.

In particular, our work was inspired by the recent paper [22]. In this paper, the
authors obtained a large deviations principle for the Toda lattice, and obtain an analogous
result to Theorem 1.5, where in place of the Circular beta ensemble, they had the
Gaussian one.

Moreover, we want to underline that in [26, 27, 29] the authors were able to describe
the local statistics at high temperature of respectively the Circular 5 ensemble, the
Gaussian g ensemble, and Coulomb and Riesz gases, including the case of the Gaussian
[B-ensemble with general potential. They discovered that they are described by a Poisson
point process.

Finally, we notice that in [7] the authors introduced the Circular Jacobi Ensemble,
which has a matrix representation in terms of a Hessenberg matrix. It would be inter-
esting to understand if this ensemble admits a matrix representation in terms of a CMV
matrix as the Circular g ensemble. In this way, it would be possible to apply our result
also to this other matrix ensemble.

The structure of the paper is the following. In Section 2, we prove the first point of
Theorem 1.4. In Section 3, we collect some known results related to the Circular beta
ensemble in the high-temperature regime. Moreover, we reformulate the already known
large deviations principle for this ensemble in terms of the AL lattice. In Section 4, we
conclude the proof of Theorem 1.4, and we prove Theorem 1.5. Section 5, is dedicated
to the Schur flow, where we prove the analogue of Theorem 1.4 and Theorem 1.5 for
this integrable model. Finally, we defer to the appendix the most technical results of our
manuscript.

EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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2 Existence of a Large deviations principle for the empirical mea-
sure of the Ablowitz-Ladik lattice

The aim of this section is to prove the first point of Theorem 1.4, namely to show that,
for N 5 N > 2 and even, the sequence of empirical measures uy(€) = % Z;\le d,i0;8)
satisfies a large deviations principle. The strategy of proof is the following. First,
we show that if £ is distributed according to IPQLN = ]P?L{Q,N defined in (1.14), then
the sequence of random probability measures (1n(€))n even Satisfies a large deviations
principle in P(T), the space of probability measures on T, endowed with the topology
of weak convergence. Since according to this toppology P(T) is compact, it suffices to
show that the sequence (un(E))n even Satisfies a weak large deviations principle, see
Remark 1.3. Then, applying Varadhan’s Lemma [15, Theorem 1.2.1], we obtain the
existence of a large deviations principle for arbitrary continuous V/, i.e. the first point of
Theorem 1.4.

We also notice that when V = 0 in (1.14) the «;’s are independent and identically
distributed (i.i.d) with distribution ©,5,, where ©, is defined for v > 1 as the random
variable such that for f : C — R bounded and measurable

14

B0 = 2o /ﬁ F2)(1 = |#2) 22 a2z, 2.1)

Remark 2.1. We recall that for integer v > 2, such measure has the following geomet-
rical interpretation: if u = (u1,...,u,+1) is chosen at random according to the surface
measure on the unit sphere S” in R¥*!, then u; + iu, is ©, distributed [25].

To show that the sequence (un(€))n even Satisfies a weak large deviations principle
according to the law ]PQLN, we only need the «a;’s to be i.i.d according to some law o
with supp(o) C D. Thus, we just assume the latter hypothesis, and we prove the result in
more generality.

2.1 Large deviations principle for periodic CMV matrix
Let d be the distance on P(T) defined by

duv)=  sup {] [ ran— [ sav } 2.2)
1 flluip <1,[[ fllBv<1

where the Lipschitz and the bounded variation norms are defined on the space of
functions f : T — R as

|f (eiel) _ f (eieg) |

[ fllLip = eléngé,u, et — eif| ’ (2.3)
01762
n—1
[ fllev = sup SOIF () = f (%)) (2.4)
n>1,0=01<602<...<0, =27 =1

The distance d is compatible with the weak convergence of probability measures [22].
We recall that for a N x N matrix A, its empirical measure of eigenvalues is defined by

1 N
n(A) = N ; Ox;(A)s

where \;(A), j =1,...,N, are the eigenvalues of A. The following Lemma, whose proof
can be found in Appendix A, gives an upper bound on the distance of the empirical
measures of two unitary matrices.

EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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Lemma 2.2. For any A, B unitary matrices of size N x N,
e For f with bounded variation,

rank(A — B)

[ st [ gauin| < 1"

e For f Lipschitz,

[ santa) = [ sauim)| < 11y S A= B,

4,j=1

As a consequence,

k(A-B) 1 «
A(u(A), p(B)) < min { “HEZE) LS 4 p) 2.5)
ij=1

We are now in position to prove that the sequence px (€) with («;);>1 1.i.d with law o,
such that supp(c) C D, satisfies a large deviations principle. The proof of the following
Lemma follows the same line as the corresponding one in [22].

Lemma 2.3. Let («;);>; be an i.i.d sequence of law o with supp(c) C D, and £ be the as-
sociated matrix defined in (1.9). Then the sequence of empirical measures (N (E))N even
satisfies a large deviations principle in P(T) endowed with the topology of weak conver-
gence.

Proof. We use a subadditivity argument to show that for any fixed € P(T) the following
holds

lim Tim inf % InP (MN(E) e BH(6)> — lim limsup Lip (MN(E) € Bu(d)) . (26
where B, () := {v € P(T) | d(p,v) < ¢}. Then, applying [11, Theorem 4.1.11], along
with the fact that in our setting a weak LDP is equivalent to a full LDP, due to the
compactness of P(T), see remark 1.3, we conclude.

The first step to prove the result is to approximate the matrix £ (whose law we denote
by £(V)) by a diagonal block matrix of independent blocks. To this end, fix ¢ € IN even
such that ¢ < N, write the euclidean division of N by ¢, N = kq+ r with 0 < r < q. We
consider M given by (1.8),

—QanN PN

[1]
%)

PN an

and approximate it the following way.
Let M = diag(My, ..., My, R), where M, is the block diagonal matrix given by

—Q(i-1)g Pli-1)q
S(i-1)g+2
S(i-1)g+4
Mi - )
E:iq72 -
P(i—1)q ®(i-1)q
EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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where (a(;_1)q)1<i<k are ii.d of law o, independent of the «a;’s, p; = \/1 — |a;|?, and the
remaining block (of size r x r) R is defined similarly:

_&k:q Pk
Ekq+2
E'k:q-‘,-4
R=
En—2
Prq+1 Qg
Following the same decomposition of N = kq + r we write £ = diag(£L1, ..., Lk, Lrt1),

with £; of size ¢ for 1 <+ < k and Ly, of size r.
Notice that by construction, we have

rank(M — M) < 2(k + 1). (2.7)

Now, defining § = LM, £ is a block diagonal matrix diag(&y, ..., &k, Ek+1). Then, the
blocks &, 1 <i¢ < k + 1 are independent, each &;, i = i,..., k, has law £, and Ek+1 has
law ().

Furthermore, using that rank(AB) < min {rank(A);rank(B)} for A, B two square
matrices, and (2.7) we get

rank(€ — €) = rank(£L(M — M)) < 4(k + 1).
By the first point of Lemma 2.2 we deduce

A (), () < 1T

<

SERed

Moreover, we can rewrite uy(€) as

k
(€)= 2= D Ha(€0) + i (Er) 2.8)
=1

Using the independence of the blocks of &, we deduce that

(i) < Bm))kw(ur(sm € B,(0)) =P (1al60). - mlE0)o b (Erir) € B0))

IN

k
p( >l + Jyh(Ere) 5,(0))

(v (@) € 5,00

g]P(MN(g) €B, (5+j)>

Where we used the convexity of balls in the first inequality.
This implies that, setting

un(0) = —In(P(un € BL(9))) , (2.9)
we have
uN <5+ 8> < kug(d) + ur(9). (2.10)
q
EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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We now conclude as in [22, Lemma 2.3]. Let 6 > 0 and choose ¢ in such a way that % <4,
so we deduce that

ax2) v (+3) w) wi)

2.11
NS I <= t (2.11)
since “T(‘s) — 0as N — oo, we deduce that
26 )
lim sup “Y(20) o 4a(0) (2.12)
N —o0 N q
The previous inequality holds true for all ¢ big enough, so we conclude that
20 )
lim sup m < lim inf un(9) (2.13)
N—oo N—oo
From this last inequality we deduce that
) )
lim lim sup UL() < lim lim inf un(9) , (2.14)
=0 N_oo §—~0 N—oo N
thus we obtain (2.6), and the conclusion follows applying [11, Theorem 4.1.11]. O

Since (P(T),d) is compact, Lemma 2.3 automatically implies the existence of a
strong large deviations principle. Furthermore, the corresponding rate function J,
which depends on the distribution o of the entries of £ and M, can be seen to be convex.
We collect these results in the following proposition.

Proposition 2.4. In the same hypothesis and notations as in Lemma 2.3, the sequence
of empirical measures (1 (€))N even Satisfies a large deviations principle with good,
convex rate function J : P(T) — [0, +o0], i.e.

* The function J is convex and its level sets J~*([0,a]), a > 0, are compact,

e For all O C P(T) open,

: o1
—1r5fJ < hmlnfﬁlnIP(,uN(S) € 0),

N even

e Forall FF C P(T) closed,

lim sup 1 InP(un(E) € F) < —infJ.
N even F

Proof. We already established all the claims except the fact that the function J is convex
and that the level sets J~1([0, a]) are compact. The latter comes from the fact that these
sets are closed, see [11, Theorem 4.1.11]. To prove the convexity of J, we follow the
same argument as [22, Theorem 2.4].

Let p11, 2 € P(T). Since pon(€) can be approximated by the sum of two independent
un(€)’s up to a mistake smaller than % by the first point of Lemma 2.2, for § > 0 the
following holds

P (1 (€) € Bus(0) P (u(€) € Byu(0)) < P (uan(®) € Busges (34 3 ) ) 219

taking minus the logarithm of both sides, dividing by 2N, taking the limit for N going to
infinity and then for § to zero, we deduce that:

+ 1
J (“12“2) < 5 () + T (2)) (2.16)
which, together with the lower semi-continuity of J, implies the convexity of J, see [11,
Lemma 4.1.21]. O
EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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2.2 Large deviations principle for the Ablowitz-Ladik lattice

Taking ¢ = O35 given by equation (2.1), Proposition 2.4 applies to (1n(E)) N even,
where & follows IPﬁLN defined in (1.14). Thus, (¢t~ (£))N even With law IPZL’N satisfies a
large deviations principle, with a good convex rate function, that we denote by Js.

We can now state the existence of a large deviations principle for (un(€)) N even under
IPXf’ y for V continuous.

Corollary 2.5. Let 3 > 0, and V : T — R be continuous. Under IPX’LB,N the sequence
(un(E)) N even fulfils a large deviations principle with good, convex rate function Jg/ () =
g9y (n) — inf,ep(ry gy (v), where g (1) is given for p € P(T) by

g5 (1) ZJ/B(M)‘i‘/TVdM- (2.17)
Proof. Let us write
Z3E(0, 8) 1
d]PV,B — N Y e—N fT Vd;l,Nd]P/B — e—N f”l[‘ VdMNd]PB .
AL,N ZIeL(V,ﬁ) ALN ZJGL,V AL,N

The function p +— fqr Vdu being bounded continuous, by the large deviations principle
under ]Pi 1.~ and Varadhan’s Lemma, [15, Theorem 1.2.1], we see that for any bounded
continuous f : P(T) — R we have

.1 1%
lll{fnﬁln/]DN eNf(“N)d]PA’EN

= s L= (9 + [van- ng, {00+ [varp) |

which ensures by [15, Theorem 1.2.3] that (uy) satisfies a large deviations principle
under IPX’g n With the announced rate function. Since the function Jg/ is an affine
perturbation of Jg, which is convex, Jg/ is also convex. O

The first point of Theorem 1.4 is proven.

3 Circular $ ensemble at high temperature

In this section, we consider the Circular S ensemble, and we collect some known
results that we exploit in our treatment. The aim of this section is to prove an alternative
formulation of the large deviations principle for the Circular beta ensemble in the high-
temperature regime, see Theorem 3.11 below. Our formulation allows us to relate the
large deviations principle of the Coulomb gas with the one of Ablowitz-Ladik, proved in
the previous section.

3.1 Large deviations principle for Circular 5 ensemble

Coulomb gas on the torus T = [—m, 7) at temperature 3*1 are described by
~ 1 . . ~
PR =~ ] 169 — e |Pe” EimV0ag, (3.1)

Z]%(V7 /6) J<O<N
here V : T — R is a continuous potential, and § = (61,...,0n). When V = 0, Killip

and Nenciu showed that d]P%gV is the law of the eigenvalues of a CMV matrix [24], see
Theorem 3.4. In this manuscript, we are interested in the so-called high-temperature
regime of this ensemble, namely the limit of number of particles N going to infinity

EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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with the constraint that EN — 28 > 0. From [18] [6] one deduces the following large
deviations principle for the measure uy = Z where the 6; are distributed
according to (3.1).

]191’

Theorem 3.1. Let§ = % B >0 and assume V : T — R to be continuous. Define for
any p € P(T) absolutely continuous with respect to the Lebesgue measure the functional

iy =—8 log(le® - ¢¥|) u(dd)u(dy) + Blog(2) / V(o

TxT

/ log (fw (9)> 11(d6) + log(27) , (3.2)

then

i. the functional f X (p) is strictly convex and achieves its minimal value at the unique
probability measure ”‘B/ absolutely continuous with respect to the Lebesgue mea-
sure;

ii. the sequence (uy) satisfies a large deviations principle in P(T) equipped with the
weak topology at speed SN with rate function defined for absolutely continuous
€ P(T) with respect to Lebesgue measure by I (1) = fY (n) — f¥ (uj), and
I} (4) = +oo otherwise. In particular

IN —= (3.3)

Exploiting this result, in [21] the authors deduced several useful properties of the
minimizer ug, specifically they proved the following.

Lemma 3.2 (cf. [21] Lemma 3.5 ). Let 3 > 0, consider a continuous potential V : T — R,
then the following holds

i. The map B — inf (fé/(p)) is Lipschitz;

ii. Let D be the distance on P(T) given by
0— ¢ 1/2
DGuit) = (= [ wlsn (52) \ (= 1@0) 1) (0 )
TxT
T

k>1

(3.4)

where [i;, = [, €"**1(d6). Then for any € > 0 there exists a finite constant C. such
that for all 3,5 > ¢
D(uy ,wy) < C- 18— B . (3.5)
Remark 3.3. We observe that if f € L?(T) with derivative in L*(T), we can set || f|[1 =
/D okst k|fk\2 So, for any measure v with zero mass we obtain the following

JRICECOR SEEE SVl f f (3.6)

k#0 k#0
Then, by Cauchy-Schwartz inequality, we deduce the following inequality

’/f 0| < |3 VIFR S 2

k0 k20 V |k
EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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Combining (3.5) and (3.7), we deduce that for any function f with finite || f H% norm, the
map § — [;. fduy () is Lipschitz for 5 > 0.

3.2 Relation with the large deviations principle of the Ablowitz-Ladik lattice

In the case V = 0, for any 5 > 0, Killip and Nenciu in [24] showed that the law

P%ﬁv (3.1) coincides with the distribution of the eigenvalues of a certain CMV matrix.
Specifically they proved the following:

Theorem 3.4 (cf. [24] Theorem 1.2). Consider the block diagonal N x N matrices
L= diag(El,Eg,Eg,...,) and M = djag(E(),Eg,E4,...) s (38)

where the block =, j =1,...,N — 1, takes the form

= _ (% pj) _ 2
== ;o pi =4/1—|aj]?, (3.9)
j (pj — i =\ o

while =y = (1) and Ey = (ay) are 1 x 1 matrices. Define the N x N sparse matrix
E=LM, (3.10)

and suppose that the entries «; are independent complex random variables with o; ~
@E(N—j)+1 for1 < j < N —1 and ay is uniformly distributed on the unit circle. Then the
eigenvalues of F are distributed according to the Circular Ensemble (3.1) at temperature
gt

To simplify the notation, we will denote by IPg y the law IP%ﬁV. We give an alternative
formulation of the large deviations principle for the empirical measure under the law

IPZ?? n based on the Killip-Nenciu matrix representation. This alternative formulation
allows us to relate the rate function of the Coulomb gas I in terms of the rate function
Jg of the Ablowitz-Ladik lattice. Finally, applying Varadhan’s Lemma [15, Theorem 1.2.1]
we obtain an alternative formulation of the large deviations principle for the Circular
beta ensemble at high temperature with continuous potential, see Theorem 3.11 below.

To achieve our goal, we need several technical results regarding the distribution
O, (2.1), and the CMV matrix F (3.10). First, in the next Lemma, we give a representation
of ©, in terms of Gaussian, and Chi distributions.

Lemma 3.5. et v > 1. Let X1, X5,Y, be independent, X;, X, standard Gaussian
variables and Y, be x,_1 distributed, i.e. with density

3—v

273
NSy

2

— 2
Xv—1(x) = 22" 21,1,

here I'(z) is the classical Gamma function [12, §5]
—+o0
I(z) = / t*le~tdt, (3.11)
0
Then, 7 = —>22+ X2 follows the law ©,,.

T(XPHXEHY )2

Remark 3.6. If v > 2 is an integer, Y;? has the law of ."_' N? where the N;’s are i.i.d.
standard gaussians random variables, thus Z is equal in distribution to X1tiXo

(XP++X2 1)
which follows the law O, by Remark 2.1.

’

[N

EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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Proof. We identify C with R? and check that for any f : D — R bounded and measurable,

E[f(Z 2)(1— o) 7 a2z

i.e. that for some constant c,

/ f( 1 2 )e‘ﬁﬁe_y;y”ddx dxody
) 1 2
wexns | \(@ + 23+ 522 (@ + a3 + y2)

= c/ flu,v)(1 = (u® + vz))u%adudv.
D
(3.12)

For fixed y > 0, we perform the diffeomorphic change of variables (u,v) = W
1 2
(21, 22). Its inverse (21, 22) = g=rz77y7777 (u, v) has Jacobian equal to y?(1— (u?+0?))72

The integral becomes

S5 N g g

(1- (u2+02)) v — EllX v
/ (1= (w2 +0%)? Jgs e y’dydudv = = u2+02))3/2 [| Xyl ]dudv,
(3.13)

where X, , denotes a Gaussian variable A'(0,1 — (u? 4+ v?)). By [39],
E[| Xuo|"] = (1 - (u® + v?))2

for some constant ¢, independent of u, v. Substituting this last equality in the previous
integral, we conclude. O

To obtain our main result, we need some technical lemmas. Since they are based
on standard techniques, we just state them here, and we defer their proofs to the
appendix A.

The first one gives an estimate that we use combined with Lemma 2.2.

Lemma 3.7. Let N = 2k be even and A be a N x N matrix. Then,
¢ Zzg 1 |([’A)1]‘ < 221] 1 |A o)

o SN AM) s <23 Al

where M, and L are defined in (1.8).

We now give an explicit coupling between 0, (2.1) and 6,44 forv > 1, h > 0.

Let X;,X> be N(0,1) independent variables, and let Y,_; ~ x,_1, Y, ~ xp be
independent, and independent of X, X5 (notice that (Yh2 + Yffl)% is xp4n—1 distributed).
Let

X1 +ZX2 Xl +ZX2
, Qpytp = .
(X?+ X2+ Y2 )b T X XE YR, YR

a, = (3.14)
By Lemma 3.5, a,, ~ O, and a, 4 ~ O, 4.

Exploiting this coupling, we bound the differences |«, — a,41| and |p, — pu+1n| by a
random variable Z;, where p, = /1 — |a, |2, and p,4n = /1 — |ap11|?. Moreover, we
find an upper bound for the exponential moments of Z,.

Lemma 3.8. Let «, and «,,. ), defined by equation (3.14). Define p, = /1 — |, |2, and
pvi+h = /1 — |a,11|?, then the following holds

EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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| | < Yn almost surely
oy — Oy, ~ )
X xR
v, (3.15)
h
v — Puih| S almost surely,
oy — Putil 5 X2+ 17)} y.
where X, Xo ~ N(0,1), Y}, ~ x5 are all independent.
ii. define Z,, = ——2*—, and a(h) = —%In(h) + 1, then there exists a constant K
(XP+XZ+Y2)2
independent of h such that
sup Elexp(a(h)Zy)] < K. (3.16)

0<h<1
Remark 3.9. Let h < //, and let Z;, Z;, be given by

<X2+X2+Y2)%7 h! — )
1 2 h

Zp = 2 2 21
(X?+X3+Y2)2

where Y}, ~ xp and Yy, ~ xy are x variables coupled by

Y = /Y2 + 22,

Z being a xp/—p variable independent of Y. Then, because of the monotonicity of the

function x — ﬁ for a > 0, we have almost surely Z; < Zj..
We are now in position to give an alternate formulation of the large deviations princi-

28
ple for the sequence of measures (ux(£)) under the law P 7y, given by Theorem 3.1.

28
Lemma 3.10. Let 8 > 0. The law of the empirical measure (un(E))Neven under PAn
satisfies a large deviations principle at speed N and with a good rate function

o . 1¢
Is(w) = fmliminf — inf {Q;Jw/q(m/q)}v (3.17)

1%ivig/q€Bu(s)

where J, is the rate function of Proposition 2.4 applied to o = Ogy41.

Proof. Following the same line as in [22, Lemma 3.3], we proceed by exponential
approximation. Let ¢ > 1 be an integer, since N is even, we can write N = kq + r, with
k even, and with 0 < r < 2¢ — 2. Consider the following family of matrices £®), M®),
1 =1,...q defined as

ik Pik
=(%) )
- =1
' =y =)
/\/l,(g) _ ’ ES) |
=(1) )
Zk_2 =0
Pik ik
' (3.18)
where El(f) are defined as
— (% (i az B e
:2)(%’(1@71)%) 2:2) = ( .(k 1)+¢ _P (.k 1)+¢ ) 7
Pik=ty+t  ~%ih=1)+t/ g1 k-1, (3.19)

Pitk—1)+¢ = \/ 1 — |@ig—1)+e]?

EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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UG, Lt

Qi (k—1)4L ~ @2ﬁNEik+17 (=1,...k;i=1,...,q.

From these two families of matrices, we can define a third one, namely é’lgi) = ng)/\/lff), i=
. N—ik .

1,...,q. We notice that £" is distributed according to P, ¥ , and that the £”,1 < i < g,

are independent.

Our aim is to prove that the empirical measure of the matrix C'%,

g
&P

cl = , (3.20)
SIEQ)

O’I‘X’I’
where 0,.«,- is a null block of size r x r, is an exponential approximation (see [11, Definition

28
4.2.14]) of the empirical measure of £/ ~ IPC&V;N (3.10), that is, for any positive real number
0:

lim limsup %ln (P (d(un(E),un(C%))) > 8) = —o0, (3.21)

4= N-co
where IP denotes the coupling introduced in equation (3.14). In this way, we obtain the
claim as an application of [11, Theorem 4.2.16]. The strategy of proof is the following.
First we approximate C, and E by two block diagonal matrices 51'{,, E;’v respectively.
Finally, we will prove that both C%,, and E‘Iq\, approximate a third matrix B .
Consider another family of matrices (ﬁ/lv,(f))lgigq of size k x k, defined as

M = diag (ég“, =0 =0 ,Eﬁj)) , (3.22)
where the matrices Ey) are defined in (3.19), while Eéi) = (1) and E,(:) = (@) are 1 x 1
matrices, where the o, are independent, uniformly distributed on the unit circle for all
1 =1,...,q, and independent of (ai(k,1)+l)1§igq71§f§k,1. Define the k x k family of CMV
matrices
ED — LMY =1, .

From the family of matrices (E,Ei))lgigq, we define the block diagonal matrix:
&

cl = : (3.23)

We claim that C% is such that

rank(C% — C%) < 2. (3.24)

Indeed, we take the same a§i) in the construction of 5}; and of £}, except for the entries

of the corners of M'”, where M,(f)(l, 1) is replaced by 1, ./\/l,(f)(k, k) is replaced by a
uniform variable on the circle, and both entries /\/lg) (1,k) and /\/l,(f)(k, 1) are replaced by
0. This shows that

rank(M{) — M) < 2,

EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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and
rank(E\" — £y = rank(£" (M) — M) < rank(M? — M) < 2,

and we deduce (3.24). From (3.24) and Lemma 2.2, we deduce that

d(un (CR), un(CF)) <

and for any ¢ > 0 and sufficiently large N, we can take k such that % < g.

(3.25)

)

>N

Consider now another two families of matrices (,S](j))lgigq, and (mgj))lgigq, con-
structed in the same way as (Egj)>1§igq, and (/\79)19-9] by means of independent
variables & (;_1);, where each a(;_1)4; ~ @%Nf(i;]l)kﬂ- is coupled to a(;_1)x4; by equa-
tion (3.14), forall j =0,...,k—1,andi=1,...,q, and where a;; = o fori=1,...,q s
uniformly distributed on the unit circle. Define the family of CMV matrices (Qfg(f)hgigq as

¢ = el =1 4. (3.26)
Define the block diagonal matrix EY; as:
eV
¢
E} = (3.27)

@](CQ)

OT‘X’I" .
28 28
From the definition of P4 and EY, we conclude that for some £ ~ P Y, we have
rank(E — E%) < 2q+r. (3.28)

As before, from the previous inequality we deduce that

~ 4
Al (E), v (BY)) < 7 - (3.29)
Finally, we define the matrix BY; as
B
B
BY = (3.30)
B’(CQ)
OT’XT' )
where B,(:) = 1:,?)/\75?.
Let § > 0, for N large enough such that % < %, we have almost surely
~ 0
d(un (CF): pn (CF)) + d(un (E), iv (ER)) > 5.
As a consequence,
P (d(un(CX), un (E)) > 8)
< P(d(un (CL), 1w (C)) + d(un (CL), v (BY))
+ dlun (BY), v (EL)) + d(p (), 1 (B)) > )
~ )
< P (al(CY). v (B)) + dlux (B, ow(E2)) > 5 )
(3.31)
EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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Moreover, combining Lemma 2.2 and Lemma 3.7 we deduce that

~ 2 d i i .
A (R, v (B < 3 3 qu“ (6.9) = £ 3]
D (3.32)
L 2 i) -
A (B i BR) < 5 30 30 O (EG) = MO (1)
i=11<£,j<k
Applying Lemma 3.8 point :., we deduce that
" q k-1
d(un(C), nn(BY)) + d(un (BE), pn (E NZ Z : (3.33)

I
<

=17

where the last sum denotes the sum of independent random variables with law Z ki
defined in Lemma 3.8.

Thus, for N large enough such that % < g, we deduce that for any non-negative
function a(q1):

R, S0 o N9
P (d(pun(CR), pv(E) > 0) <P [ > > 207,
i=1j=0 (3.34)

qk
< e~ola” )NG/16 ( sup E[exp(a(h)Z;J]) ,

0<h<1

Where in the last inequality we used Remark 3.9, namely, since kT < =, we have

1
Elexp(a(q™")Zi_s] < Elexp(a(g™")Z1].

Setting a(h) = —% In(h) + 1 and applying Lemma 3.8 point ii., we deduce that there
exist constants K and ¢ > 0, independent of ¢, such that

1 -
~ o (P (d(un(CR), un(E)) > 6)) < —cln(q)d + K, (3.35)
And we obtain the claim. O

We can apply the previous Lemma to study the case of continuous potential, indeed
as a consequence of Varadhan’s Lemma we obtain the main result of this section, namely

Theorem 3.11. In the same notation as before. Let 5 >0, and V : T — R continuous.

28
The law of the empirical measures puy(E) under dIPg’,ﬁ satisfies a large deviations
principle at speed N, with a good rate function I}/ (1) = f§ (1) — inf,ep(r) f} (v), where

1 q

1% T . .

fg () = limliminf  iof {q Z (Jw/q(l/w/q) + /T Vdeﬂ/M)} , o (3.36)
3 Zivip/q€Bu(® =1

4 Proof of the main results

In this section, we conclude the proof of Theorem 1.4 and prove Theorem 1.5. The
main tool to prove these theorems is the uniqueness of the minimizer of the rate function
for the 5 ensemble.

EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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Define the free energies of the Ablowtiz-Ladik lattice and the Circular beta ensemble
at high temperature as

Far(V,p) = inf g5 (v), Fo(V.B) = ,daf £ v), (4.1)

where gg, and f[‘i/ are given by (2.17) and (3.36). We claim that
Lemma 4.1. Let 3 > 0, and V : T — R continuous, then the following holds:

a. the map 3 — Fc(V, B) is continuously differentiable on R’ . Moreover:
Far(V,B) = 93(BFc(V, B)); (4.2)

b. for almost all § > 0 there exists a unique minimizer 1/23/ of the functional J é’ (1), see
Corollary 2.5, given by

vy = 0s(8uY), 4.3)

i.e. for continuous f : T — R,

/ fdvy = 0g (,8 / fd,%) . (4.4)
T T

we recall that the measure ug is defined as the unique minimizer of the functional
I} in Theorem 3.11.

Remark 4.2. Our definition of Free Energy is different from the one used in [21, 37].
Indeed, in virtue of Varadhan’s Lemma [15, Theorem 1.2.1], we have

. 1 _
)= gt )= el ]

1 (4.5)
. 1% : ~TrV(E
RtV )= g, 7Y ) = g e )
instead in [21, 37], the authors defined the free energies as
~ ) 1
Fap(V,8) = — lim —In(Zy"(V,5)),
N—oo N
1 (4.6)
~ . o
Fo(V,8) = = lim —(Z§(V.5)).
We notice that it is possible to recover one expression from the other since
Far(V,8) = Far (V. 8) — Far(0,8), @

Fc(V,B) = Fo(V, B) — Fo(0,5).

To prove uniqueness of the minimizer ug, we need to consider a continuous family

(1%)o<s<p, where each p* minimizes JY, see Corollary 2.5. We address the existence of
such a family in the next Lemma, which we prove in the appendix A.
Lemma 4.3. Let M} = (J})~'({0}) be the set of minimizers of J}, defined in Corol-
lary 2.5. Then, 8 — Mg{ is continuous in the sense that for all ¢ > 0, there exists
§ > 0 such that for all 0 < h < §, MY, C (M}), where for A C P(T) we denote
A ={p e P(T) | d(p, A) < e}

EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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Proof of Lemma 4.1. First, we notice that for any probability measure y € P(T), Theo-
rem 3.11 implies

1 q
V(1) > lminf inf 4> Z /Vd
f¥ () > lim in Velgm{q¥< /) + | Vv
1 1
— [t als0) = [ Fas(Vissas
0 0

veP(T)

(4.8)

Where we noticed that the Riemann sums indeed converge towards the integral since s —

FxL(V, sB) is concave, this can be seen by applying Holder inequality to equation (4.5).
To prove the first part of the claim, we show that the lower bound is achieved. For

s € [0, 1], let v}; be a minimizer of inf,cp () ggﬁ(u). From Lemma 4.3, we can choose v,

such that the map s — v, is continuous. This implies that pj; = fol v;zds is a well-defined

probability measure on T. We claim that this measure minimizes fé’ (3.36), and so Ig.
Indeed, from Theorem 3.11, we deduce that

: ¢
fﬂ (np) = ll_ljg)hqn_l)glf uﬁ/}z9f,v,f { Z (']i,@/q(’/iﬁ/q) +/TVdViﬁ/q>}

g %ivip/q By (® =t

1< (
< liminf ¢ — JigqVF +/ Vdy} )
ah {qz s/aWViga) + | Vdvigq } @9)

i=1

NP B
= hqrgigf{q;uelgfir) (Jw/q(y) —|—/TVdV>}
1 1
:/ inf gsﬁ( )—/ Far(V,sB8)ds
0 0

veP(T)

Combining (4.8)-(4.9), and performing the change of coordinates s = t we deduce
that:

B
5FC(V,5):/O Fap(V,t)dt. (4.10)

Moreover, from Lemma 3.2 we deduce that the map § — F¢(V, 8) is Lipschitz in 8, and
so almost surely differentiable. This implies that for almost all 5 > 0

Far(V,B) = 03(BFc(V,5)). (4.11)
Furthermore, we have just shown that I}/ (1) = f} (1) — inf,ep(r) f§ (v) reaches its
minimum at fol vizds. By uniqueness of the minimizer of I[‘{(u), Theorem 3.1, we deduce

that we have the equality between probability measures ug = fol z/:ﬁds. Taking f: T — R

continuous we get
B
ﬁ/fdung /fdu;ds.
T o Jr

Note that the function s — fT fdv} is continuous, therefore by differentiating this
equality, we get that v is the unique minimizer of J g/ , which we denote by ug, and

satisfies for f continuous
/va =0p <ﬁ/ fug) : (4.12)
T T

proving point b. O

Remark 4.4. As a corollary of the previous Lemma we obtain Theorem 1.4.
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5 The Schur Flow

In this section, we consider another integrable model, namely the Schur flow. Our
goal is to show that is possible to obtain a similar result to the one that we presented
for the Ablowitz-ladik lattice. Namely, we prove the existence of a large deviations
principle for the Schur flow, and we relate its density of state to the one of the Jacobi
beta ensemble in the high temperature regime.

5.1 Generalized Gibbs Ensemble
The Schur flow is the system of ODEs [20]

dj = pilaj —a;1), pp=1—lay?, (5.1

and, as before, we consider periodic boundary conditions, namely «; = «;x for all
Jj € Z.

In [3], it is argued that the continuum limit of (5.1) is the modified Korteweg-de Vries
equation:

Opu = 03u — 6uu. (5.2)

We notice that, if one chooses an initial data such that «;(0) € R forall j =1,...,N,
then «;(t) € R for all times. Moreover, it is straightforeward to verify that K, =
H;V: 1 (1 = ey]?) is conserved along the Schur flow. This implies that we can choose as
phase space for the Schur flow the N-cube IV, where I := (—1,1).

On this phase space, we consider the Poisson braket (1.5), so we can rewrite the

Schur flow (5.1) in Hamiltonian form as

N
dj = {O[j,HS}7 HS = —Z'Z(O[jajqu —ajajﬂ) . (53)
j=1

It is well known that the Schur flow admits as Lax matrix the same one as the AL [20],
namely £ (1.9) is the Lax matrix of the Schur flow. This implies that the Ablowitz-Ladik’s

constants of motion are conserved also along the Schur flow (5.1).
Following the same construction made for the Ablowitz-Ladik lattice, on IV we define

the finite volume limit GGE as
1 N
V.8 _ 2\8—1

dIPS,N(O‘h SLON) = m ]1;[1(1 - O‘j) 1{ajell} exp(=Tr(V(£)))de, (5.4)

where Z3(V, ) is the partition function of the system

N
Z5(V,8) = /HN [ (1 = 02)?~! exp(~Tr(V (£)))dex

Since according to the measure (5.4) the matrix £ is real, its eigenvalues come in
pairs [32], meaning that if e’ is an eigenvalue, then its conjugate e~ is also an
eigenvalue. This implies that for a system of size N even, there are just n = N/2
independent eigenvalues. Following the same idea as in [24], it is more convenient
to restrict the argument of the eigenvalues in [0,7) and then consider z; = cos(6;),

j=1,...,n. In these variables, the empirical spectral measure u,(£) reads:
1 n
(€)=~ ba,, z; €L (5.5)
j=1
EJP 28 (2023), paper 55. https://www.imstat.org/ejp
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As a corollary of Lemma 2.3 and Proposition 2.4, we obtain the existence of a large
deviations principle for the sequence (u,(€)), namely:

Corollary 5.1. Let V : I — R be continuous. Under ]ng the sequence (t,(E))n>1

fulfils a large deviations principle with good, convex rate function S/‘;(u) = h};(u) -
inf,ep hj (v), where

hy (v) = Kg(v) + /de, (5.6)
I
where Kg(v) is the rate function of p,, under the law ]POS”i.

5.2 Jacobi beta ensemble in the high temperature regime

The Jacobi beta ensemble refers to the distribution of charges constrained to the
segment I, and subjected to an external potential W(z) = —aln(l—2) —bln(1+2z)+ V(x),
here a,b > —1 and W (x) € C°(I). Specifically the joint distribution of these particles is

dIP(JVnﬁ) H |x; — z]\ﬁ H (1—z)*(1+x;) efv("”j)dxj . (5.7)

VA 21V, B) (V, B i<
In [24], Killip and Nenciu were able to show that the distribution (5.7) can be realized
as the eigenvalues distribution of a particular CMV matrix, specifically they proved the

following
Theorem 5.2 (cf. [24] Proposition 5.3). Let N = 2n, consider the CMV matrix E in (3.10)

with parameters a1, . ..,as,_1 € I distributed according to
dIB(V’B)
2n— 2n—1 _
H 1 Oé B(2n 7)/4-1 H 1 o a+1 B/4(1+( 1)j+1aj)b+176/4€7TrV(E)daj,
T 3,(V.5) =
(5.8)
and aws, = —1, here 35(V, §) is the normalization constant. Then all the eigenvalues of

E come in pairs, meaning that if ¢'% is an eigenvalue, then also e~*% is one. Moreover,
under the change of variables cos(6;) = x;, the x;s are distributed according to (5.7).

Remark 5.3. We notice that the previous proposition is not stated in this way in [24],
but this equivalent formulation is more useful for our purpose.

Also in this case, we are interested in the high temperature regime for this ensemble.
Specifically we consider the situation 5 = % = % anda=b=—-1+ g, in this regime

d]PSn )reads

v, 28 1 n 8 I
dap), ")ziﬂﬂm—x]ff [T -2 (1 +ay) HomeV@)d;, (5.9)
ZI{/ (Vv E) 1<j j=1

and dIB( ") becomes

( ) 1 2n—1 ) 2n—1

Y S P _

dB, " = — [T a2zt I e ™ Pda, . (5.10)
N &
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We mention that this particular regime was considered in [17,38]. In these papers
the authors computed the density of states for this ensemble in the case V = 0.

We can apply [18, Corollary 1.3] to (5.9) to obtain a large deviations principle for the
empirical measure y,(E) = £ Z}’:l d.,- Specifically, we deduce that

Proposition 5.4. For any continuous V : I — R. The law of the empirical measures

v,28
un(E) under dIP‘(]m'/ w) satisfies a large deviations principle at speed n in the space P(I),
with a good rate function p — Q};(,u) given for p absolutely continuous with respect to
Lebesgue measure, and with density 3%, by Qp (1) = q (p) — inf,epy gy (v), where

A0 = [(Via)+ (1 +2)+ (1 =) duta)

-2 [ e -t + [0 (L) duw, G

IxI dz

and Q) (1) = +oc otherwise.
We notice that the arguments in Section 3 and 4 can be applied also in this context

28 28
with d]PL(IT:; +) in place of dIPg’/]’VN ) and dIPZ”]BV in place of dIPXf’N. Hence, we deduce the

following result

Theorem 5.5. Consider the sequence of measures ., (€) (5.5) under the law dInggn (5.4),
then

pn(€) 22 v (5.12)
Moreover, z/g is absolutely continuous with respect to the Lebesgue measure, and it
reads

vy = 9s(Buy ), (5.13)

where u}; is the unique minimizer of the functional qg (5.11).

Finally, it is worth to mention that in the case V(z) = 0, it is possible to compute
explicitly the densities of states for both the Jacobi beta ensemble at high temperature
and for the Schur flow [17,28].

A Technical results

In this appendix we collect the proof of all the technical results that we exploit along
the proof of the main theorem. For reader convenience, we report here the statement of
Lemmas.

Proof of Lemma 2.2

Lemma A.l. For any A, B unitary matrices of size N x N, we have

e For f with bounded variation,

iz
‘/fdu—/fdv
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As a consequence,
) rank( A B 1
d(u(A), u(B)) < min § —————= ZI A—=DB)ijl¢- (A1)

Proof. The first point is a consequence of the fact that the eigenvalues of A and B
interlace on the unit circle.

First, we order the eigenvalues A\1(A),...,An(A), \1(B),..., An(B) of A, B in such a
way that

—m <arg(M(4)) <...<arg(Any(A)) <7, (A.2)

and analogously for B.

Write B = (Iy + (B — A)A~')A and set U := Iy + (B — A)A~!. One checks that U is
unitary, B = UA, and that rank(U — I) = rank(B — A) =: r. By [5, section 6, equation
(85)], we deduce thatfor1 < j < N

arg (s, (4)) < arg(3;(B)) < arg(Ays, (4)). (A.3)

This means that \;(B) lies on the anticlockwise arc (arg(A;—»(A)), arg(\j1,(A))) of
the circle. If j —r < 0 we identify A;_, with \;_,;n, and analogously for the case
j+r>N.

It is a classical result (see [4]) to deduce from (A.3) that

r

[ st [ raun ()| < sl = 5

for any f : T — R such that ||f||pv < 1. As a consequence, we obtain the first point.
The proof of the second point is the same as in the symmetric case, see [22, (16)].
Indeed, we only use the fact that a normal matrix is unitarily diagonalizable. O

Proof of Lemma 3.7
Lemma A.2. Let N = 2k be even and A be a N x N matrix. Then,

¢ Z” [(LA) | <2 Z” |A
¢ Z” [(AM); 4] <2 Zi,j |A
where M, and L are defined in (1.8).

Proof. We will just prove the first point, since the proof of the second one follows the
same lines.
For0 <l <k-1land1l <j <N, consider

(»CA)2I+1,j = a2l+1z421+1,j + le+1A21+2,j and (L:A)2l+2,j = p21+1A21+1,j - a2l+2A2l+2,j~

Summing over i, j,

k—1 N k—1 N
Z| LAY ;1= (LAY |+ (LA)2142,5] <2 ZZ | Agi 1,1+ A1 = 2D 1A,
1=0 j=1 1=0 j=1 .3
where we used that ||, p; < 1. O
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Proof of Lemma 3.8

Lemma A.3. Let «, and o, defined by equation (3.14). Define p, = /1 — |a, |, and
Pv+h = /1 — |a,4n|?, then the following hold

I.

Yy
la, — apqn] < -, almost surely,
(X?+X3+Y2)2
v, (A.4)
h
v — Pvth| < , almost surely,
lpv — pu+al 5 X2+ 17)} y
where X1, Xs ~ N(0,1), Y, ~ xy, are all independent.
ii. define Z, = ——>»—, and a(h) = —1 In(h) + 1, then there exists a constant K
(XP+X3+Y7)2
independent of h such that
sup Elexp(a(h)Z,)] < K. (A.5)
0<h<1
Proof. First, we focus on claim :..
We recall that o, a1, are defined by
X1 +1iXo X +1iXy (A.6)
a,= , Quip= . .
(XF+X3+Y2,) TR+ XEHYE, YD)
From the previous equation, we deduce that
2 2 2 5
| | | X1 4 iXs| 1 Xi+X5+Y,, :
Qy — ayap| = —
XXz v )l XP+X3+Y7 +Y)
X X _(1_ Y2 )5
(X2+X2+Y2,)} X+ X3+Y7 +Y)
1
) ( X2+ X3 ) : Y,
TA\XPHXIHY ) (X2 X24YE YR
where we used in the previous line that for 0 < a < b we have
Vb <Vb—a+a, (A7)

2
Yy,

XTEXIEYZ Y2 b = 1. The last term is bounded by the announced

and we took a =

bound.
One can proceed analogously for |p, — p,+1| obtaining that

[p(awsn) = pla)]
= V1~ lawn = V1= o] < Vi —Jayinf?

_ X+ Xz XPHXP4YE, Y
X2+ X2+Y2, XP+X34+Y2  +Y2 T (X24+X2+Y2, +Y2):

(A.8)

Y

where we used again equation (A.7) with a = 1 — |a,|? and b = 1 — |, 41|, Thus, point .
is proved.
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To prove point i:., we find explicitly the law of Z;. Thus, we consider a continuous
function f: (0,1) — R, and we compute:

w242 4y2
/ f % e~ y"tdadaedy . (A.9)
R2xR4 (x% + x% +92)2

Performing the change of coordinates (u,v) = W(‘Tl’ x9), which is the same
one that we performed in Lemma 3.5, we obtain that

22422 +42
/ S % O y"dx daady
ey \ (0 + 0+ )}

:/ fWI-w?—0?) ol (A.10)
]D><IR+

e 20-u2=0Y) oM qudod
(1—u2 —v2)? Yy Yy

Vi-u?—v?t=y /

DxRy

f (\/ 1—u?— v2> (1—u?— 02)%71 e~ Tt dududt .

We can now explicitly compute the integral in £. Moreover, we can express the remaining
part of the integral in polar coordinates; namely, we apply the change of variables
u = pcos(d),v = psin(d), obtaining that:

h_q g2
/ I (\/1 —u2 — v2) (1 —u? - 1)2) 271 et qudodt
IDX]R+
h h 1 h
= 27287 (2 + 1) / pf(V1=p?) (1=p?)?
0
—p2— . h 1
EA TS <2 + 1) / Flw)wLdw,
0

here I'(z) is the gamma function (3.11). Thus, in order to obtain the estimate (A.5), we
have to deduce an upper bound for

“dp (A11)

fl ea(h)wwh—ldw
sup 0 T . (A.12)
o<h<t [ wh=ldw

For any 0 < h < 1, we can explicitly compute the denominator as

1 1
/ whldw = = . (A.13)
0 h

Moreover, we can give an upper bound on the numerator as

1 a(h) 1 a(h)
a w=r 1 ].
/ ea(hywoph=1qy, “PL=T 7 / errldr = 7 / errhfldr+/ emrldr
0 a(h)™ Jo a(h) 0 1

1 ! h—1 “n) € e(®
< —d Tdr | < .
= a(hy (/ P [ e = a(hyh " a(h)

Combining (A.13)-(A.14), with our choice of a(h) = —3 In(h) + 1, we deduce that there
exists a constant K independent of h such that (A.5) holds. O

S

(A.14)
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Proof of Lemma 4.3

Lemma A.4. Let M} = (J})~'({0}) be the set of minimizers of Jy . Then, § — M} is
continuous in the sense that for all € > 0, there exists 6 > 0 such that for all 0 < h < §,
MY,, C (MY)¢, where for A C P(T) we denote A° = {y € P(T) | d(u, A) < e}.

Proof. Let € > 0. We are going to show that for h > 0 small enough, we have

— inf JY,, <0,
[y )]

which will ensure that J,, > 0 on [(Mg,/)a} , thus [(M[‘{)E} C [(Mé/+h)} , and hence
the conclusion.
By the large deviations principle for (un)n even under PY A L - Corollary 2.5, since

{(MB )¢ } is open, we have

"t e s timinf I PYZE (o (©) € [(MY)7]°)

= lim inf — N lnIPXfTVh (d(MN(E),MX) >¢)

N even

< hmbupﬁ lnIPXETVh (d(,uN(E),MX) > s) .

N even

Since for any positive » and o € DV H L(1—|ej|*)" < 1,we deduce that for any A C DV

1 V,B+h 1 Zy" (V. B) v,
f1<1£>ﬂ+ A)<—1 _on \P) 1(1P5 A) : A.15
N Arn (A) sy m ZAL(V,B 1 h) + Ar.n(A) ( )
we recall that ]PX’L’B,N is defined in (1.14).

Applying the previous inequality in the case A = {d(un(€), M}') > €}, we conclude
that

1 Zy" (V. B) ) v,
— inf JY <hmsu In(—N 28 )41 (PYP (d 5,MV25>.
[y T pN( <ZféL(V,B+h) (PAE i (€): M5) 2 )
(A.16)

From Corollary 2.5, we deduce that there exists a positive constant ¢, independent of

h, such that

1
lim sup ]PAL N(d(uN(g),M,X) >¢e)) <— inf Jé/ < —c. (A.17)
Nooo IV ()]

Thus, to conclude we have just to prove that the function g(3) = limy_o + In (Z4*(V, 8))

is continuous in 3. Actually, we prove that this function is convex in 5. Let 1/p+1/¢ =1,
and (i, 82 € Ry then

(v%+ )—/ f_v[1_|aj| TP exp(~Tr(V(€)))d2ex

1

N
51 1, Ba—1 1
H 1 — |a7| [ Jr[ 7 exp <— (p + q) TI‘(V((‘:))) d2a

sZN<MﬂQEZN<Mﬁ@%,

(A.18)
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where in the last inequality we used Holder inequality. This implies that

1 1
o (2+2) < 2960+ St50). (A19)
p q p q
thus g(B) is convex, and so continuous, for § > 0. We can now choose h is such a way
that
1 Zy"(V, B) )
limsup —In [ 22— )| <e¢,
N N <Z£L(V, B+h)
so we obtain that
inf JY.,>0. (A.20)
)] T o
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