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Abstract

For fixed positive integers k < n, given an n-dimensional random vector X (™), con-
sider its k-dimensional projection a;], , X ("), where a,, j is an n x k-dimensional matrix
belonging to the Stiefel manifold V,, ; of orthonormal k-frames in R". For a class
of sequences {X (")}nem that includes uniform distributions on suitably scaled ¢},
balls, p € (1, 00], and product measures with sufficiently light tails, it is shown that
the sequence of projected vectors {a] , X (M1, en satisfies a large deviation principle
whenever the empirical measures of the rows of y/na,  converge, as n — oo, to a
probability measure on R*. In particular, this implies a (quenched) large deviation
principle for the sequence {a,TL_’,CX(")}n@N for almost every realization {a, i }nen of
{A, r}nen, where each A,, ; is a random matrix, independent of {X (™}, cn, that is
distributed according to the normalized Haar measure on V,, ;. Moreover, a varia-
tional formula is obtained for the rate function of the large deviation principle for the
annealed projections {A] , X (M1, en, in terms of a family of quenched rate functions
and a modified entropy term. A key step in this analysis is a large deviation principle
for the sequence of empirical measures of rows of the random matrices /nA, x,
n > k, which may be of independent interest. The study of multidimensional random
projections of high-dimensional measures is of interest in asymptotic functional anal-
ysis, convex geometry and statistics. Prior results on quenched large deviations for
random projections of £; balls have been essentially restricted to the one-dimensional
setting.
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Large deviation principles induced by the Stiefel manifold

1 Introduction

1.1 Background

The study of high-dimensional measures and their lower-dimensional projections is a
central theme in high-dimensional probability, asymptotic functional analysis and convex
geometry, where in the latter case the measures of interest are distributions on convex
bodies, which are compact, convex sets with non-empty interior (see, e.g., [21, 25]).
Multidimensional projections of high-dimensional random vectors are also relevant in
statistics, data analysis and computer science [8, 13]. Recent work has shown that large
deviation principles (LDPs) that capture the tail behavior of lower-dimensional random
projections can provide more interesting information about the original high-dimensonal
measures than central limit theorem type results on fluctuations that capture universal
phenomena. For example, in the case of /; balls, p € [1,00), which are fundamental
objects in convex geometry, this was first illustrated by LDPs for one-dimensional pro-
jections obtained in [10, 18], and subsequently by LDPs for norms of samples from ¢}
balls and their multidimensional projections in [2, 15, 20], as well as corresponding
refined large deviation estimates obtained in [22, 23, 17]. LDPs of random projections
of high-dimensional measures are broadly of two types, the terminology arising from
statistical physics: so-called “quenched” LDPs, where one conditions on the choice of
the (sequence of) sub-spaces, bases or directions onto which one projects; or “annealed”
LDPs, which average over the randomness arising in the choice of the projection. While
most of the work described above on E;} balls focused on one-dimensional LDPs (either
for one-dimensional projections or norms of higher-dimensional projections), in [20] an-
nealed LDPs were also established for multidimensional projections of high-dimensional
measures that satisfy a general condition called the asymptotic thin shell condition, and
associated refined annealed LDPs (under additional conditions) were obtained in [23].
The asymptoptic thin shell condition and its refinement were shown to be satisfied in
[20, 23] by several classes of measures, including product measures with polynomial tail
decay, 6;} balls, p € [1, 00], and classes of Orlicz balls and Gibbs measures.

In this article, we establish quenched LDPs for multidimensional random projections
of a class of n-dimensional measures onto a subspace of fixed dimension k, as n goes
to infinity. Quenched LDPs and their refinements can often provide more geometric
information than annealed LDPs because they can be sensitive to projection directions,
and thus distinguish how the high-dimensional body looks along different directions.
For example, it was shown in [10, Theorem 2.6] that the large deviation decay rate of
the tail probabiilty for scaled one-dimensional projections of a vector distributed on
a normalized ¢} ball depends on a certain scaled limit of the maximum coordinate of
the projection directions. More significantly, the refined estimates of quenched tail
probabilities for one-dimensional projections of /£ balls and spheres obtained in [22]
show a dependence, for all 2 < p < oo, on the sequence of projection directions, in a
way that provides insight into their geometry (see [22, Theorem 2.4 and Remark 2.7] for
further discussion). However, the analysis of quenched LDPs is typically more difficult
than annealed LDPs because one can no longer exploit symmetry properties of the
random projection measure that are available in the annealed setting.

To state our results more precisely, for k € R", let I, denote the k x k identity matrix,
and for n > k, let

Vo ={Ac R . ATA = I} (1.1)

denote the Stiefel manifold of orthonormal k-frames in R". Observe that the set V,, ,,
can be identified with the set O(n) of n x n orthogonal matrices with columns of norm 1.
Also, note that for k,n € N, £ < n, any element a, ; € V, ; defines a linear projection
from n to k dimensions. Fixing a probability space (2, F,P), we consider sequences of
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random vectors {X (”)}nE]N defined on this space that satisfy a certain set of conditions
(see Assumption 2.1), which includes, for example, X (n) uniformly distributed on an
¢, ball of radius n'/?, p > 2, or X(") distributed according to a product measure with
sufficiently light tails. For any fixed k € N, let N;, := {n € N : n > k}, and consider the
sequence of k-dimensional projections

{n='2al XM} N, (1.2)

with a, € V, for each n € IN;. Also, denoting a := {a, i }nen,, let L . be the
associated sequence of empirical measures of the rows \/ﬁan,k(i, ), 1<i<m,of \/ﬁan,k:

N 1 n
= ;aﬁam(i’_), n € Ny, (1.3)

where §, represents the Dirac delta measure at y. Our first result, Theorem 2.4,
shows that whenever {L3 ; },cn, converges to a probability measure v on RF in the
q+-Wasserstein topology for a suitably chosen g, > 0 (see Definition 1.1), then the se-
quence of random projections {n’l/Qalka(”)}n@Nk, satisfies an LDP on R” with a rate
function that we denote by J3. In particular, this implies a quenched LDP for the
sequence {A] , X"}, c,, where the random matrix

An,k: = [An,k(i; j)]i:L...,n;j:L...,k

is independent of {X (")}ne]N and distributed according to o, ;, the normalized Haar
measure on V, j (i.e., the unique probability measure on V,, ; that is invariant under the
group O(n) of orthogonal transformations). In [20], it was shown that {A] , X ™Y e,
also satisfies an annealed LDP. Our second result, Theorem 2.7, establishes a variational
formula for the annealed rate function J°" in terms of the quenched rate functions J3".
Along the way, we establish a result that may be of independent interest (see Theo-
rem 2.8), which states that for any ¢ € (0,2), an LDP in the ¢g-Wasserestein topology for
the random empirical measure sequence {Lﬁ’ & fnen,, where Lﬁ i is defined as in (1.3)
but with A := (A, r)nen in place of a. Subsequent to the appearance of this work, the
article by [14] used projective limits to establish an LDP for the sequence of random ma-
trices themselves (A, ;)nen (rather than just the empirical measures of their rows) and
applied that to study LDPs for the laws of the images of product distributions under A, .
Another related work that appeared subsequent to this work is [24], which establishes a
quenched LDP for projections of random vectors X (™ uniformly distributed on scaled 145
balls onto spaces of possibly growing dimension k,, when k,, is growing sublinearly.

In the next section, we introduce some basic notation and terminology that will be
used throughout, and then provide precise statements of our main results in Section 2,
with proofs presented in Sections 3-6.

1.2 Notation, basic definitions and classical results

For p € [1,00], let | - ||, denote the ¢4 norm on R*. When p = 2, and when clear from
the context, we will omit the subscript and simply write || - || for the Euclidean norm. Let
P(RF) denote the space of probability measures on the Euclidean space R*, endowed
with its Borel o-algebra. By default we will assume P(IR¥) is equipped with the topology
of weak convergence. We also consider the following restricted subsets of probability
measures: for ¢ > 0, let

P, (RF) = {y c PR - /}R 2]l (dz) < oo} .
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Definition 1.1 (Wasserstein topology). For ¢ > 0, we say a sequence of probability
measures {v, }nen C Py(RY) converges to a limit v with respect to the ¢-Wasserstein
topology if we have both weak convergence, denoted v,, = v, as well as convergence
of ¢-th moments [, ||z| %, (dz) — [g. |lz]|?v(dx). As noted in [33, Section 6], the g-
Wasserstein topology is metrizable through the q-Wasserstein metric, which we denote
by W,.

Next, we recall the definition of an LDP; see [7, Section 1.2].

Definition 1.2 (Large deviation principle). Let X be a topological space with Borel sigma-
algebra B. A sequence of probability measures { P, }new C P(X) is said to satisfy a large
deviation principle (LDP) in X with rate function I : X — [0, 00| if for all B € B,

— inf I(z) < liminf Llog P, (B) < limsup £ log P,(B) < — inf I(z),
reB° n—oo n—00 z€B

where B° and B denote the interior and closure of B, respectively. We say I is a good

rate function (GRF) if it has compact level sets. Analogously, a sequence of X-valued

random variables {Y,, },cn is said to satisfy an LDP with GRF I if the sequence of their

laws {P o Y, } e does.

We now recap some standard results from large deviations theory that we will
frequently invoke. We start with the contraction principle (see, e.g., [7, Theorem 4.2.1])
that allows one to transfer LDPs for one sequence to another related sequence.

Theorem 1.3 (Contraction principle). Let X and X' be Hausdorff topological spaces and
f: X — X' a continuous map. Suppose I : X — [0, 00| is a GRF on X, and define

I'(2) .= inf{I(z) : f(z') = x,2" € X'},

where as usual the infimum over an empty set is taken to be infinity. Then I’ is a GRF
on X' and moreover, if {P,},ew C P(X) satisfies an LDP on X with rate function I then
{P, o f~'},en satisfies an LDP on X' with rate function I'.

Next, we state a result that allows one to strengthen the topology with respect to
which an LDP is established. We start with the notion of exponential tightness.

Definition 1.4 (Exponential tightness). Let X be a topological space equipped with a
c-algbera that contains the Borel o-algebra. The sequence of probability measures
{P,}nen on X is said to be exponentially tight if for every o < oo, there exists a compact
set K, C X such that
lim sup 1 logP, (K3) < —a.
n—oo N

Theorem 1.5 (LDP on a finer topology). Suppose {P, },cn satisfies an LDP on X with
respect to a Hausdorff topology T on X, and suppose 7’ is a finer topology on X. If
{P, }nen is an exponentially tight family of probability measures on X with respect to 7/,
then {P,},cn also satisfies an LDP on X equipped with the topology 7/, with the same
rate function.

We now introduce some preliminary definitions. Given a function f : R™ — [—oc0, 00]
for some m € IN, we recall that its Legendre transform f* is defined as follows:

f(t) == sup [(s,t) — f(s)], teR™.
sER™
Also, given an (extended real-valued) function f defined on a Euclidean space X, its
domain, denoted as Dy, is defined to be the subset of points in X for which f is finite.
We now state the definition of an essentially smooth function; see, for example, [7,
Definition 2.3.5].
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Definition 1.6 (Essentially smooth functions). An extended real-valued function f :
R™ — [—o00, o] is said to be essentially smooth if Dy # (), f is differentiable in the interior
D5 of Dy, and f is “steep” (i.e., if Dy has a boundary 9Dy, then lim;—op, ||V f(t)|| = o0).

We conclude by stating a basic LDP result, namely Cramér’s theorem, in the generality
that we need (see, e.g., [7, Corollary 6.1.6]).

Theorem 1.7 (Cramér’s theorem). Let {Y,,} be a sequence of independent and identi-
cally distributed (i.i.d.) R™-valued random vectors with common log moment generating
function (mgf) M(t) := E[e!X],t € R, such that 0 lies in the interior D$, of D). Then
the sequence of empirical means S,, := %Z?:l Y;, n € N, satisfies an LDP with rate
function M*.

2 Main results

We now provide a precise statement of our results. For the quenched LDP, we impose
the following assumption, noting that only a subset of the enumerated conditions will be
used for some of the results.

Assumption 2.1 (Assumptions on the high-dimensional vectors). The sequence of ran-
dom vectors {X (™}, ci satisfies the following properties:

(i) Representation: there exists a sequence of i.i.d. real-valued random variables
{{;}jen, a Borel measurable function r : R — Ry, and a continuous function
p: Ry — R, such that

1 n
x) @Wemy, 2L y N
& p n;:lr(é) ; neN,
where £ := (£1,...,£,). Let A denote the log mgf of (£1,r(£;)):

A(s1,82) :=logE [exp (s1&1 + sor(&1))], s1 € R,s2 € R. (2.1)

(ii)) Growth of the log mgf: There exists q, > 0 such that for every sy € {s € R: (s1,8) €
Dy for some s; € R}, there exists a finite constant C,, > 0 (depending only on s5)
such that

A(S1,82) < 052(1 + |81‘q*), for every (81,52) € Dy. (2.2)

Furthermore, there exists T' < oo such that Dy = R x (—o0,T).

(iii) Regularity of the integrated log mgf: For any v € P(R¥), the function ¥, : RF*! —
R obtained as an integrated form of the log mgf,

\I/l,(tl,tg) = A(<t1,$>,t2) l/(dx), t € ]R,k,tg € R, (2.3)
Rk

contains 0 in the interior of its domain, is lower semicontinuous, and is essentially
smooth in the sense of Definition 1.6.

(iv) Properties of a related log mgf: The log mgf A of (¢2,r(¢1)), given by
A(s1, 52) :=log Elexp(s1£] + sor(€1))],  s1 €R, s2 €R, (2.4)
is finite in a non-empty neighborhood of the origin (0, 0).

(v) Tail Bound: The exponent q, of part (ii) is bounded above, ¢, < 2.
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Remark 2.2. The inequality (2.2) in Assumption 2.1(ii) implies that for t; € RF and
to € (—00,T), the map v — ¥, (t1,t2) is continuous with respect to the ¢,-Wasserstein
topology. Further, for ¢, > T, we have A(y,t2) = oo for all y € R, and hence, (2.3) shows
that W, (t1,t3) = oo for all t; € R,t, > T and v € P(RF).

Remark 2.3. A wide class of product measures satisfy Assumption 2.1 withp=r=1;
namely those that have sufficiently light tails, in the sense of parts (iv) and (v). Examples
of sequences of non-product measures satisfying Assumption 2.1 are ¢;; spheres. More
precisely, fix p € [1,00), and forn € N, let D,, ,, :== {z € R™ : >, |z;[’ < n} be the
scaled /7 ball in R", let $7~! := dD,, ,, be the scaled ¢ sphere in R", let 7, , be the cone
measure on 32—1: for Borel subsets S C S;“l,

~ vol,({cz:z € S,c€[0,n'/P]})

nn,p(s) = vol,, (]Dn,p> 7

with vol, denoting Lebesgue measure on R”, and let X(") = X(P) be distributed
according to 7, ,. When p = 2, we will simply write $"~! for Sg_l. Then we have the
following observations on properties (i)-(v) of Assumption 2.1:

(i) for p € [1,00), the representation follows from results in [30, 28], with {¢;},cn
being the i.i.d. sequence with common law equal to the generalized p-normal
distribution (namely, the probability measure on R with density proportional to
e 717), x(w) = |al?, and p(y) =y~ /7

(ii) for p € (1,00), the growth conditions on the log mgf A are satisfied by [10, Lem-
ma 5.7]; further, A is symmetric in its first argument due to the symmetry of the
generalized p-normal distribution;

(iii) for p € (1,00), the conditions on the integrated log mgf were established in [10,
Lemma 5.9];

(iv) for p € [2,00), the log mgf condition is easily verified;
(v) for p € (2,00), the precise tail bound exponent was established in [10, Lemma 5.5].

We now our state our first result, whose proof is deferred to Section 5. Recall the
g-Wasserstein metric W, specified in Definition 1.1. Also, for any v € P(R*), we let ¥,
denote the Legendre transform of ¥,

Ui(my,m2) = sup  {{t1,71) +tame — U, (t1,t2)}, 7 € RF R, (2.5)
t1€RF t2€R

Also, let v denote the standard Gaussian distribution on R, and y®* its k-fold product.

Theorem 2.4 (Quenched LDP for multidimensional projections). Fix k € IN, and suppose
{X(”)}nem satisfies Assumption 2.1(i, ii, iii) with associated constant ¢, > 0 and inte-
grated log mgf functional v — VU,. Choose any sequence a = {a, i }neN,, ank € Vi k,
n € IN, such that the sequence of empirical measures (L ;)nen, C P(R*) defined in (1.3)
satisfy

Wq*(Lik, 7)—0 asn— oo, (2.6)

for some v € P(R¥). Then the following claims hold:
(i) The sequence {n~'/?al , X"}, -\, satisfies an LDP in R* with GRF 3" : R¥ —

[0, 0| defined by

IV (z) == inf U (%)T) , z Rk 2.7)

TER L n(
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(ii) If o is any probability measure on $ := ®,>;V, ; whose n-th marginal coincides
with the Haar measure o, i, then for c-a.e. a = {a, ;}nen, € 5, the sequence
{n=/?al | X"}, cn, satisfies an LDP in R* with GRF Son-

(iii) LetU be a uniformly distributed random variable on [0, 1], independent of { X (™}, <.
If the log mgf A of (2.1) is symmetric in its first argument, then the claims (i) and
(ii) also hold for the sequence {nfl/zajl)kX(")Ul/"}nemk.

Remark 2.5. Claim (iii) of Theorem 2.4 is motivated by the observation that if X (") is
distributed according to the cone measure on the scaled ¢} sphere ngl, then the random
variable UY/n X (n:p) ig uniformly distributed on the scaled E;} ball D, , [30]. Since, as
noted in Remark 2.3, X("?) satisfies Assumption 2.1 across a wide range of p (with
symmetric A), Theorem 2.4(iii) allows an extension of the LDP results in (i) and (ii)
of Theorem 2.4 from ¢} spheres to /; balls, which are of greater interest in convex
geometry.

Note that the rate function J3" depends only on the limit # in (2.6), and is insensitive
to further specifics of the projection matrix sequence a. For one-dimensional projections
(k = 1), Theorem 2.4 recovers both [9, Theorem 2], which addresses the case where X (%
has a product distribution, and [10, Theorem 2.5 and Proposition 5.3], which consider
the case when X (™ is uniformly distributed on D,, , or according to the cone measure
Nn,p (as defined in Remark 2.2). One setting of multidimensional projections (¥ > 1)
considered prior to the above result is the LDP for the projection of X (™ onto the first
k canonical directions, which corresponds to a, ; being equal to the matrix of 1s on
the diagonal and Os elsewhere, (more precisely, a, 1 (i,7) is equal to 1 if i = 1,...,k
and j = ¢, and is equal to 0 otherwise), for which (2.6) does not hold. More recent
work [16] establishes asymptotics (law of large numbers and LDPs) for the shape of
multidimensional projections of the uniform distribution on a cube or discrete cube. The
current article differs from these works by establishing almost everywhere quenched
LDP results, first reported in the PhD thesis [18] for multidimensional projections beyond
the particular cases of the canonical projection and product measures. Theorem 2.4
provides a potential starting point for obtaining asymptotic results for shapes and
instrinsic volumes of projections of non-product measures such as ¢ balls, as well as for
obtaining sharp quenched large deviation estimates for multidimensional projections
and their norms, which are relevant for understanding volumetric properties of convex
bodies and their intersections.

Our second main result concerns a variational representation of the annealed rate
function for the sequence of random multidimensional projections {A; X (™Y, e, . We
start by stating an annealed LDP counterpart to Theorem 2.4, specialized to the setting
considered in this article.

Theorem 2.6 (Annealed LDP for multidimensional projections). Consider a sequence
{X(™}, e that satisfies Assumption 2.1(i, iv) with associated {¢;};en, p, and A. Then,
for any k € N, {n~'/2AT X"}, n, satisfies an LDP in R* with GRF §*" : R* — [0, 0]
defined by

" (x) = él;f(‘; {JX (@) — 3 log(1 — 02)} , zcRF

where Jx is given, in terms of the Legendre transform A* of A, by

2
— : A * . 4172 . T % L
Ix(z) = (tl,tISfGJRi {A (t1,t2) rx =1 p(tg)} = t12n>f0A <p2(t2)’t2) .

Proof, Tt follows from [20, Theorem 2.7] that {nil/zA; kX(")}nelNk satisfies an LDP
in R* with GRF J°" as defined above whenever Assumption A* therein is satisfied

EJP 28 (2023), paper 169. https://www.imstat.org/ejp
Page 7/23


https://doi.org/10.1214/23-EJP1023
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Large deviation principles induced by the Stiefel manifold

with speed s, = n, namely, when the sequence of scaled norms {||X™|s/v/n}nen
satisfies an LDP with GRF Jx. Since the domain of A contains a neighborhood of the
origin due to Assumption 2.1(iv), Cramér’s theorem (Theorem 1.7) implies that the
sequence {(1 Y7 &2, 13" r(&))}nen satisfies an LDP in R? with GRF A*. Since

Assumption 2.1(i) implies

) n
0 (150) (1550

=1

with p continuous, the contraction principle (Theorem 1.3) shows that the sequence
X™||y/\/n}nen satisfies an LDP with GRF .Jy. This completes the
proof. O

To state the variational representation for the rate function 72", we first introduce
some notation. For k € IN and v, u € P(RF), define the relative entropy of v with respect

to p as
Hv|u) = / log< )du (2.8)

if v <« u, and H(v|p) := +oo otherwise. Recall that v denotes the standard Gaussian
measure on R, and for v € P(RF), let € : P(R¥) — R*** denote the covariance map,

Cv) == /]Rk [z ® z]v(dx), vePRF). (2.9)

Recall that I; denotes the k£ x k identity matrix, and write A < B if B — A is positive
semidefinite, and define the modified relative entropy functional:

H(v|y®%) + ttr(I, — €(v)) if C(v) = I

k
. Sl . vePRH. (2.10)

Hy(v) := {

Theorem 2.7 (Variational formula for the GRF of the annealed LDP). Fix k € IN, suppose
that the sequence {X(")}nG]N satisfies Assumption 2.1. Let J3" and J°" be defined as in
Theorems 2.4 and 2.6, respectively. Then we have the following variational formula:

an _ qu ~ k
3" () —Eegthk){Hu (x) + Hy (D)}, x € R". (2.11)

Note that H(7) = 0 when 7 = ®*, which implies J*" < Hilf@k, as would be ex-
pected from Jensen’s inequality given Hi‘é « is simply the GRF of the quenched LDP for

{AIL’ X ("1, en, . More generally, the optimization problem (2.11) can be interpreted as
saying that at the large deviation level, the decay rate of the annealed probability of a
rare event is the infimum, over all random “environments” (in this case “sequence of
random projection matrices”, as captured by the limit 7 of the empirical measure of their
rows), of the decay rate J3" of the quenched probability of the rare event conditioned on
that environment, plus the cost of the choice of the random environment which in this
case is measured by H (7).

While such a relation is intuitive, rigorous proofs of such informal statements are
typically non-trivial. For example, such variational representations have been rigorously
established only in a few specific cases, such as LDPs for random walks in random
environments on Z in [6] and on supercritical Galton-Watson trees in [1]. The one-
dimensional case (k = 1) of Theorem 2.7 for ¢} balls recovers [10, Theorem 2.7]. The
proof of the the multidimensional case stated in Theorem 2.7), which is given in Section 6,
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is more involved and relies on an auxiliary LDP for the following sequence of random
empirical measures, analogous to those defined in (1.3):

1 n
Lok o=L2y == 6 ma, i nEN. (2.12)
i=1

k= E ‘
Theorem 2.8 (LDP for empirical measures of rows of Haar-distributed matrices). Fix
k € IN. Then Hy, is a strictly convex GRF and for all ¢ € (0,2), the sequence {L,, i }nen,
satisfies an LDP in P,(R*) with GRF H;,.

This theorem, which is established in Section 4, generalizes [5, Theorem 6.6], which
states an LDP for the empirical measure of coordinates drawn uniformly from the sphere
§"—! which corresponds to the case k = 1 in our work. In contrast to this case, the k > 1
case necessitates more extensive computations which arise due to the non-commutative
matrix setting, where the Bartlett decomposition of Proposition 3.2 replaces the usual
polar decomposition for a random vector from the sphere. Given that large deviation
perspectives have informed the analysis of asymptotics for spherical integrals [11, 26], it
is possible that a similar approach could inform asymptotics for integrals over the Stiefel
manifold, which arise, for instance, as the normalizing constant of the matrix Bingham
distribution [12], or in the study of multi-spiked random covariance matrices [27].

Remark 2.9. The first term in the definition (2.10) of Hy, is H (- |7®"3), the relative entropy
functional with respect to the k-dimensional standard Gaussian measure, which, by
Sanov’s theorem (see, e.g., [7, Theorem 6.2.10]), is the large deviation rate function
for the sequence of empirical measures of the rows of an n x k£ matrix of i.i.d. standard
Gaussian elements.

Remark 2.10. The second term in the definition (2.10) of H;, arises from the orthogo-
nality and normalization constraint defining the Stiefel manifold, and offers a way of
distinguishing between Haar-distributed matrices on the Stiefel manifold and matrices
with i.i.d. standard Gaussian entries at the large deviations scale. Note that because
]P(A;}kAn,k. = I;) = 1, we have, P-a.s.,

tr(I, — C(Lny)) = tr (Ik - A;’kAmk) =0, nelNy. (2.13)

Nonetheless, the definition of the rate function Hj, includes the trace term tr(I; — C(v)),
and Hy(v) is finite even for v € P(R¥) such that tr(I; — €(v)) # 0, due to the fact that
the statement of an LDP (Definition 1.2) involves infimization of the rate function H; not
over a set like Vy, := {v € P(RF) : I;, = C(v)}, but rather over its interior and closure (in
the space of probability measures). In particular, the example set V;. is neither open nor
closed with respect to the weak topology. In fact, it is possible to show from [34] that
V. is neither open nor closed with respect to any topology for which the sequence of
empirical measures {L,, ; }nen, satisfies an LDP.

Outside of the large deviations literature, a different comparison between such Stiefel
and Gaussian matrices can be found in [32], which analyzes expectations of sublinear
convex functions of random matrices.

An immediate consequence of Theorem 2.8 is the following:

Corollary 2.11 (A LLN for the Empirical Measure Sequence). Fix k € IN. Then for all
q € (0,2), the sequence {L,, ; }nen, satisfies the strong law of large numbers in P,(RF).
That is, almost surely, as n — oo, we have W, (L,, 1, 7®*) — 0.

Proof. By Theorem 2.8, Hy, in (2.10) is a strictly convex rate function. Since ]Hk(7®’“) =0,
Hj, attains its unique minimum over P,(R*) at v®*. For ¢ > 0, due to the LDP for
{Lsk nen, and the uniqueness of the minimum of Hy, there exists § > 0 and N € IN;,
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such that for n > N, P(W,(L,,7®*) > €) < e, which when combined with the
Borel-Cantelli Lemma yields the almost sure convergence of L,, ;. O

3 The Bartlett decomposition and its consequences

We start by recalling the QR decomposition of a matrix. Fix k,n € Nwith 1 < k£ < n.
Let Uj, denote the space of k x k upper triangular matrices, and recall that V,, ;, denotes
the Stiefel manifold of orthonormal k-frames in R"™.

Definition 3.1 (QR Decomposition). The (thin) QR decomposition of an n X k matrix
Z € R™**¥ js the factorization Z = QR of Z as the product of a semi-orthogonal matrix
Q € V,,x C R"** and an upper triangular matrix R € U, C R***. Moreover, when Z is
of rank k, there is a unique such decomposition with the diagonal elements of R being
all positive.

In fact, the well known Gram-Schmidt process for a matrix Z € R"** provides an
explicit QR decomposition. Let the columns of Z be denoted by z; := Z(-,i) € R", for
1 <1<k, and set

Y1
Y1 = 213 q1 = 5
l[yall2
i—1 i
Yi ‘= 2 — Z<Qm72i>%n; q; ‘= 77’7 1=2,...,k
— llyill2

Then we have the decomposition Z = QR, where Q = (q1, ..., qx) and

<(J1,Zl> <Q1,Z2> <Q1,23> <(]172k>
0 (q2,22) (q2,23) - (q2,2k)

R= 0 0 (g3,23) -+ (a3, 2k) | . (3.1)
6 ‘ <(Ika.2k>

Note that we have the following relation among the elements of R:
Ry = ||za||'? (3.2)

andfor2<j<kand1<i<j <k,

i—1 i—1
iy ~5) = my ~i ms <j iy 23] T = Rmsz
le — <q1’Z]> _ <Z Z.7> mel <q Z ><q Z]> — <Z Z]> Emfl J (33)

i 1/2 i1 1/2°
(=202 = 252 s 2)?) (CIREp Y

Since an n x k matrix with i.i.d. standard Gaussian entries has rank k almost surely,
this immediately yields the following Bartlett decomposition.

Proposition 3.2 (Bartlett decomposition [4]). Let Z,, ;. be the n x k random matrix with
ii.d. standard Gaussian entries. Then Z,, , = Q, R, ; has an (almost surely unique) QR
decomposition with the random matrix R, ;, having positive diagonal entries. The law of
Q.. is 0y, i, the Haar measure on V,, ;. Moreover,; the diagonal entries of R,, ;, satisfy
R, 1 (4,7) ~ Xn—i+1, the chi distribution with n — i+ 1 degrees of freedom, fori =1,... k.

Remark 3.3. In fact, the random matrices Q,, », and R,, ; of the Bartlett decomposition
are independent, and moreover, the marginal law of the off-diagonal entries of R,, ;, are
also explicitly known; however, we will not need the latter facts for our analysis. Also,
note that when k£ = 1, the Bartlett decomposition corresponds to the classical polar
decomposition of the n-dimensional Gaussian measure.
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Let L,ZL’ . denote the (random) empirical measure of the rows of Z,, j,

1 n
L%,k = E Zé‘zn,k(i»') G ?(Rk)

i=1

Then, due to Proposition 3.2, for A,, ;, distributed according to the Haar measure o, ;, on
Vy.x, we have

d _

An,k (:) Qn,k = Zn,k:Rn}c- (34)
In the second equality, we use the fact that R, ;. is (almost surely) invertible, since it
is an upper triangular matrix with diagonal entries that are all (almost surely) positive.
Recalling the definition of L,, ;, from (2.12), and using the representation (3.4), we have
for any Borel set B C R¥,

@ 1 ¢ z (R

Luk(B) = — Zfsﬁzn,k(r,-)R;}k(B) =Lk (B \/ﬁk> : (3.5)
r=1

Fortuitously, the relation (3.3) tells us that each element of the matrix R,,; can be

computed as a function of the rows of the matrix Z, ;, and can be written as the image

of a linear functional of the measure L,ZL’ x- We now define this map precisely.

Definition 3.4 (Positive Definite Matrices). Let Sym, be the space of real symmetric
k x k matrices. For L, M € Sym,, we write L = M (resp., L = M) if L — M is positive
semi-definite (resp., positive definite).

We equip Sym, C R*** with the induced Borel o-algebra when viewing it as a
measurable space, and the Frobenius norm when viewed as a Banach space.

Definition 3.5. Define the map I' : R**¥ — U, according to the following iterative
procedure: for M € RF**, set T(M)y1 := M{* and forj =2,... ., kandi=1,...,j, set

_ M;; — 227;11 (M) i T'(M)

(Mii - Zi;zll I‘(M)?m) 1/2 (3.6)

D(M); -

Remark 3.6. Note that if M is symmetric and positive semi-definite, then I'(M) com-
putes the Cholesky decomposition of M, so that I'(M)TT'(M) = M.

Lemma 3.7. We have P-a.s., n~ /2R, = I'(C(LZ)), where € is the covariance map
of (2.9).

Proof. The result follows from Proposition 3.2, Definition 3.1 and (3.2)-(3.3) upon notic-
ingthatfor1 <i<j <k,

n

1 . . 1 . .
Cij(LZ ) = - > T i (r,0) 2o i (r, ) = AL (1), Zoi () )- m

r=1

Example 3.8. For example, when k = 1, we have Pf;;f =C1i(Lp)? = % and for
k = 2, we have

Ci12(Ln,2)
Rn72 B 611(Ln,2) C11(Ly,2)1/2 Lo
- c Ln 2
vn 0 (622(“%2) R T )
EJP 28 (2023), paper 169. https://www.imstat.org/ejp
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4 Proof of the empirical measure large deviations

The representation (3.5) and Lemma 3.7 suggest our plan of attack for the proof of
Theorem 2.8: first prove a joint LDP for {LZ,,C(L% ) }ncn,; then establish an LDP for
{L;. k }nen, - Note that we do not attempt to directly establish an LDP for {Ls.k }nen, from
that for {L'rzl,k}nG]Nk' because the map Lf,k — Lp x is not continuous with respect to the
weak topology. Nor do we attempt to directly establish an LDP for {LTZLJ€7 F(G(Lf’k))}nemk,
because the map I' o € is a nonlinear functional on the space of measures on R*. In
contrast, our proposed first step is tractable precisely because C is a linear functional
and the following result, which is stated in [20, Corollary A.2] as a corollary of [5,
Proposition 6.4].

Lemma 4.1 (approximate contraction principle). Let > be a Polish space and X be a
separable Banach space with topological dual X*. Let {£L,},cn be a sequence of P(X)-
valued random variables such that for eachn € N, £,, is the empirical measure of n i.i.d.
Y.-valued random variables s1, . ..,s, with common distribution u (that does not depend
on n). For any continuous W : ¥ — R, define

A(W) :=log E[e" (V). (4.1)
Also, let ¢ : ¥ — X be a continuous map such that 0 lies in the interior D° of the set
D:{aef:&@m@ﬂ<m} 4.2)
and let C,, := [ c(x)L,(dx). Lastly, define F : X — R as

F(z) := sup {a,z), z€X. (4.3)
a€eD,

Then, {£,, C, }nen satisfies an LDP with the GRF 1 : P(X) x X — [0, c0] defined by

H(v|p) + F (z — [ cdv) if H(v|p) < oo,
“+o00 else,

I(v,z) := { vedPX),relX. (4.4)
Lemma 4.2. Forany k € N, the sequence {LZ ,, C(LZ )} .cw, satisfies an LDP in P(R") x

Sym, with GRF J; : P(R¥) x Sym, — [0, oo], defined, for v € P(R*) and M € Sym,, to be

H(v|y®%) + %tr (M — ka [z ® 2] Z/(dz)) if ka [z ® z]v(dz) 2 M,

+00 else. (4.5)

JM%My:{

Proof. We invoke the approximate contraction principle of Lemma 4.1 with the following
parameters: ¥ = R*; X = Sym, and X* = Sym,; c(z) = [z ® 2] for z € R¥; £,, =
% Z?Zl 5SJ. for si,ss, ... i.i.d. random vectors with common distribution 7®k; and G, :=
Jr €dLy,. Note that

d
Lz, ez 2 ¢,e) neN,. (4.6)

With A as defined in (4.1), the domain D specified in (4.2) takes the form
D —{cesymytog [ exp (62 s) < x
]Rk

1 1
= {( € Sym,, : log/]Rk Wexp (—zT(ilk — ()z) dz < oo}
={¢eSymy: 31, — (>~ 0}.
This last expression indicates that D is a shifted reflection of the positive definite cone,

hence open, implying that D° = D. This expression for the form of D also makes it clear
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that 0 € D°. Lastly the value of the supremum in the definition of F' takes an explicit
form due to the linearity of the trace functional and the fact that the constraint set D is
a cone (due to the positive definiteness constraint): for n € Sym,,

{% Tr(n) ifn =0,

F(n) = sup {Tr(¢n):¢ <50} = +oo else.

Cesymk

Therefore, (4.6) and Lemma 4.1 together imply that {(L%’k, G(L%’k))}nemk satisfies the
stated LDP. O

We now establish a relation between the GRF J; of Lemma 4.2 and the GRF Hj, of
Theorem 2.8.
Lemma 4.3. Forany k € N and v € P(RF), given Hy, of (2.10), J, of (4.5), and I of (3.6),

we have

Hi(v) = Huw)i= | inf  J(v(- x D)), M).

Proof. As noted in Remark 3.6, for M € Sym, and I' as in (3.6), we have M =
['(M)TT(M). Given this equality, the constraint M = [, [z ® z]v(dz x T(M)~') in (4.5)
can be rewritten, using the notation C from (2.9), as

I = /R o ® 2lv(dz) = C(v).

If the preceding constraint is satisfied, then using the form of J; in (4.5) in the first
equality below, the chain rule for relative entropy in the third equality, and then the form
of the Gaussian distribution 7®*, we obtain

Tr(v(- x D(M)™"), M)

;i (M [ atvtas <20 + HOC x D010

k
M- /R YT DT M)y wldy) + H(v (- x T(M))

Rk,
. log(—S2F M) dy 4 H (v|y®*)

k
32 Ma—5 [ wrranronysa) - |

1 1/ . 1 PN
3 Mi— g /R YT DT M)y w(dy) + 5 log det (U(M) (M) )

45 [T COOEDT - By vidy) + ™)
]Rk

Due to the upper triangular structure of I'(M), we have
1 k
5 losg det(D(M)"T0(M) ™) = —logdet(I'(M)) = — > " logT'(M);.
i=1

Also, note that Tr(Ix — C(v)) = k — [z, ¥y v(dy). Hence, invoking the definition of Hj,
in (2.10), we have

k
Te(w(- x T(M)~1), M) = %Z(Mﬁ ~1) = > log T(M)i + Hy(v).
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Taking the infimum of the expression above over M € Sym,,, we see that

k
Fo(v) = inf {Z (Mié_ L logF(M)u-) } + Hy(v). 4.7)
i=1

M eSym,,

Note that by the definition of I" in (3.6),

i1 1/2
(M) = (Mn - ZF(M)}Z:@) ;
h=1

and by the definition of the Gram-Schmidt process, we have M;; > Z;;ll L(M)3, > 0.

Thus, foralli = 1,...,k, for any fixed M;;, the maximum value of I'(M),; is attained when
I(M)p; =0for h=1,...,i— 1. Therefore, once again using M = I'(M)TT'(M), we obtain

k
. My —1 ) 1
Mérslsf;mk {Z < 2 log F(M)”> } MZOHzlik {2 Z (Mi; =1 —log M”)}

=1 i=1

k
1
- E inf {M” —1- 10g M“},
2 M0

which is clearly equal to zero. Together with (4.7), this shows that Hy = ]ﬁk. O

Lemma 4.4. Fix k € IN and consider the following set of probability measures,
X := {1/ € P(RY) : / llz||?v(dx) < k} . (4.8)
]Rk

For any q € (0,2), the set X C Py(RY) is compact with respect to the q-Wasserstein
topology. In addition, X is convex and non-empty. Furthermore, L,, ; defined in (2.12)
satisfies P(L,, , € X¢) = 0 for every n € IN.

Proof. The proof of the first statement is an elementary modification of the proof of the
k =1 case given in [19, Lemma 3.14]. For the second statement, note that since A, j is
almost surely supported on Vi, x, [pr [2[*Lnk(d2) = 310, Z?Zl A, 1(i,5)* =k a.s., and
so P(L, , € X¢) =0. O

Proof of Theorem 2.8. Let I be as defined in (3.6). Due to (3.5) and Lemma 3.7, we have

D1z, x Bak) =12, (- x T (C(LZ,)).

The image of C is positive semi-definite matrices, so as noted in Remark 3.6, the map
I" maps a matrix to its Cholesky decomposition, hence M — T'(M) is continuous. By
Slutsky’s theorem, the map

Ln,k

P(RY) x Symy, 3 (1, M) = p(- x T(M)) € P(RY),

is also continuous. Since by Lemma 4.2 the sequence {L%,m G(Lgk)}nem,c satisfies an LDP
in P(R¥) x Sym, with GRF Jj, an application of the contraction principle (Theorem 1.3)
to the map above yields an LDP for the sequence {L,, i }nen, in P(RF) (i.e., with respect
to the weak topology), with GRF

1 . = . = 1 . -1 =
et o (B M) v = (X DO} = | inf Fe(v(-x D) ™), M) = By (v),

where the last equality is due to Lemma 4.3.
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Fix ¢ € (0,2). In order to establish the LDP for {L, j}nen, in Py(R¥) (i.e., with
respect to the stronger g-Wasserstein topology), by Theorem 1.5 it suffices to show
exponential tightness of {L, x}nen, in the g-Wasserstein topology. Let X be the set
defined in (4.8). By Lemma 4.4, X is compact (with respect to the g-Wasserstein topology)
and P(L, , € X°) = 0 for every n € IN, which together trivially imply the exponential
tightness of {L,, 1 }nen,; see Definition 1.4.

Lastly, the strict convexity of H; follows from the strict convexity of the relative
entropy H(-|y®*) and the linearity of the covariance map €. O

5 Proof of the quenched large deviation principle

In this section, we present the proof of Theorem 2.4. As a precursor, we state two
lemmas that will assist with part (iii) of the theorem.

Lemma 5.1. Fix m € IN, and let § be a set of functions from R™ to R such that every
f € F is symmetric about 0 and convex. Then, defining g : R™ — R as
z):= inf f(z), z€R™,
o(w) = inf f(2)
the function g is monotone with respect to scaling in the sense that for all x € R™, the

mapping
Ry 2cr g(ex) €eR (5.1)

is non-decreasing.

Proof. Fix x € R™ and ¢; < ¢3 € Ry. For any f € F, the symmetry about 0 and convexity
of f implies that f has a global minimum at 0, hence

fleiz) = f(2 X cow + 22 X 0)
< &/ (o) + 22 1(0)
= f(eaz) + 2=1(£(0) — f(co))

< f(eaz),

where the first inequality follows from convexity, and the second inequality is due to
the global minimum at 0. Taking the infimum over all f € F on both sides, we find that
g(c1z) < g(cox), completing the proof. O

Lemma 5.2. Fixm € N, and let Y = {Y,, },.en denote a sequence of R"-valued random
variables that satisfies an LDP with GRF Iy. Let U be a uniformly distributed random
variable on [0,1] independent of {Y,}nen. If for all y € R™, the mapping Ry > ¢ —
Iv(cy) € [0,00] is non-decreasing, then the scaled sequence {U'/"Y, },cn satisfies an
LDP with GRF Iy.

Proof. Due to [10, Lemma 3.3], the sequence {U'/"}, i satisfies an LDP with the good
rate function

—logu w e (0,1];

+00 else.

Iy (u) = {

By independence, the sequence {U'/", Y, },cn satisfies a joint LDP with the GRF Iyy :
R x R™ defined as Iy (u,y) := Iyy(u) + Iv(y). By the contraction principle (Theorem 1.3),
the scaled sequence {Ul/ Y, tnen satisfies an LDP with the rate function I, where for
€ R™,

I(z) == ueR{ngRm{IU(u) +Iv(y) cuy =z} = uei?oﬁl}{— logu+ Iv(2)}.
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The mapping u — 1/u is monotonically decreasing, which when combined with the
assumption on Iy implies that u — Iy(x/u) is monotonically decreasing. Since u
—log u is also monotonically decreasing, the infimum above is attained at u = 1, hence
I(xz) = Iy(z) for all x € R™. This concludes the proof of the lemma. O

Proof of Theorem 2.4. Suppose Assumption 2.1 holds for some {¢;};en, r, p, g« > 0, and
T < oo, all as defined in the statement of the assumption. Due to the representation of
x(n) given by Assumption 2.1(i), we have

- n d n n
n2al XD (W) (Wi, e, (5.2)

where W.™ is the R*+!-valued random variable given by
1 n
W = (WL, (WED)) = <n/ al k™ 2 r(@)) . neN.  (53)
i=1

Thus we first prove an LDP for {Wén)}nem. In terms of the log mgf A of (&1,r(&1)),

recalling our notation £ = (&;,...,&,), the scaled log mgf of Wé") takes the following
form: for t; € R* and t5 € R,

1 1
—logE |exp(n (¢, Wé")>)] =—logE
n n

exp (Z (Vn&(t1,ank(i, ) + t2 r(&)))]

i=1

= % log H E [exp (\/ﬁfz‘@l, an k(i) +1t2 r(gl))]

% ZA ({t1, Vnan(i,)), t2)

= Wia  (t1,12),

where Vi is equal to the integrated log mgf functional defined in (2.3), with v = L7 .

Fix t; € R*. For t, > T, both sides are equal to +oco due to Remark 2.2. For t, < T,
due to the ¢,-Wasserstein continuity of v — ¥, pointed out in Remark 2.2, together with
the ¢,-Wasserstein convergence of Lf;, . to 7 in (2.6), we take the limit as n — oo of both
sides of the last display to find

Tim. %log]E [exp(n <t,W;n>>)} = lim Uis  (t1,82) = Wyt bo).
Due to the lower semicontinuity and essential smoothness of ¥; on R*+1, which follow
from Assumption 2.1(iii), the Gartner-Ellis theorem (see, e.g., [7, Theorem 2.3.6]) yields
the LDP for the sequence {Wé”)}nem in R*+! with the GRF ¥? from (2.5). Also, note that
since (Wa(n))g is supported on Ry, Ui (7, 72) = co whenever 7, < 0.

The LDP for {Wan) }nen and the contraction principle (Theorem 1.3) applied to the con-
tinuous mapping R* xRy 3 (71,72) = p(r2)71 € R” yield an LDP for {n~'/2a] , X"}, o,
in R* with GRF J3" defined to be

I (z) == inf {U*(1y, ) : Tip(m2) =2}, =z € RF.
T]ERk,T2ER+

Substituting the constraint 71 p(72) = = and using (2.7), we see that
_ x
I3 (x) = inf Ui (,T) =J% ), zeRN (5.4)
® e (x)
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This proves part (i) of the theorem.

In turn, the LDP from part (i) implies part (ii) of the theorem since by (2.12) and
Corollary 2.11, almost surely, W,, (L ,,7%") = W,, (Lyx,7®") = 0 as n — oo.

We turn to the final claim (iii). Given the assumption on symmetry of A, it is apparent
from the definition (2.3) that ¥ is symmetric in its first argument, and then from the
definition of the Legendre transform (2.5) that U} is also symmetric in its first argument.
Applying Lemma 5.1 with dimension m = k, the set of symmetric convex functions
F={R"> 2 U;(;&,7) € R}rer,, and g = J3’, we find that the mapping Ry > ¢
J¥(cx) € [0, 00] is non-decreasing. An application of Lemma 5.2 with Y,, = n‘1/2a;7kX(”),
n € N, and Iy = J3", completes the proof. O

6 Proof of the variational formula

In this section, we prove Theorem 2.7, primarily through an application of Theo-
rem 2.8 and Sion’s minimax theorem [31]. We start with preliminary results in Lemma 6.1,
Lemma 6.2 and Lemma 6.3. Throughout, recall the definition of Hy from (2.10).

Lemma 6.1. Suppose Assumption 2.1 holds, with associated quantities T and V,, v €
P(R*), and recall the empirical measure L, from (2.12). Fort; € R*, t < T, and
0 < 0 < oo, the following condition holds:

1
limsup — logE [e‘sn\h"»k(tl’m] < 00. (6.1)
n—oo TN
Proof, Let @ .= (GYL), R @%")) denote a random vector distributed uniformly on $7~1,

the Euclidean sphere in R" of radius 1. For ¢; € R¥, the random vector A, it lies on the
Euclidean sphere in R" of radius ||¢; ||z and has a law invariant to orthogonal transforma-

tion (due to the law of A, ;, being invariant under orthogonal transformations); hence,

A, ikt @ |t1]|2©). Fix t; € R¥ and t, < T, let C;, and ¢, be as in Assumption 2.1(ii),

and define g : Ry — R4 as
g(z) == exp (6Cy, [1 + [[tall2z)™]), 2 € Ry.
When combined, the relation A,, xt; @ IIt1 HQG(”), the bound of Assumption 2.1(ii), the

fact that each g; is an increasing function and the sub-independence of (\G)g”) l,..., \G)EL” ) b
established in [3, Theorem 2.11(2)] with p = 2 therein, yield

E |:e§"q’Ln7k(t17t2)j| - F <

[Texp (sA(/All 201", 12))
i=1

Hmw@%ﬂ

i=1

<TIE[svmef)]. 62

Now, let {Z;};ew be i.i.d. standard Gaussian variables, as usual set YAQRES (Z1y.. oy Zn),

and note that for each i = 1,...,n, nO!" @ VnZi/|Z™|, and further,
VnZi /| Z™ |, %25 Z, as n — oo, and hence almost surely, \/n|Z;|/|Z" |y < 2|2,
for all sufficiently large n. Therefore, first dividing both sides of (6.2) by n, then taking
the limit superior, as n — oo, and applying the reverse Fatou lemma, which is applicable
since E[exp(6Ch, ||t1]]4* |2Z1|%)] < oo because ¢, < 2, we obtain

1
limsup — log & [e‘s"%nak(tl’tz)} < limsuplogE [exp ((5Ct2[1 + (|t |2 22 )q*])}
n

122

< 6C, +10g B [exp(0C,, [[t1[|5" [Z1]*)] -
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Since the last term on the right-hand side is finite for all ¢t; € R*, once again because
qx < 2, (6.1) follows. O

Lemma 6.2. Suppose Assumption 2.1 holds, with associated quantities {{;}jen, r, T, and
v, ve (P(IE{’“), and let A, ;. be drawn from the Haar measure o, j, on V,, 1, independently
of {¢{;}jen. Forn € IN, define

1
O, (L1, t2) := - log I

i=1

exp (ﬁg<n>An,kt1 + tg Zr(@))] , bheRF t,eR, (6.3)

where ) .= (¢1,&,...,&,). Then fort, € R* andt, € R,

1
D, (t1,t2) = - log & [exp (n\Ian‘k(tl,tz))] , (6.4)
where L,, ;, and ¥, are as defined in (2.12) and (2.3), respectively. Moreover,

lim @, (t1,t2) = ®(t1,ta),

n—oo

where, with X equal to the set defined in (4.8), we have

D(ty,t2) ;== sup {U,(t1,t2) — Hip(v)} = sup {V, (t1,t2) — Hp(v)} . (6.5)
veP(RF) veX
Proof. Due to the independence of ¢;,&s, ..., and their independence from A, ;, we can

write, forn € N, t; € R¥ and ¢, € R,

D, (t1,t2) = %logE T1E [exp (VR& (Anstr), + tar (&) \An,k]]
=1
= %IOgE exp <z; A(\/ﬁ<An,k(Z7 ')7t1>a t2>‘| )

where A is as in (2.1). Then (6.4) follows immediately from the definitions of L,, ;, and ¥,
in (2.12) and (2.3), respectively. where A is as in (2.1) Now, let ' < oo and ¢, € (0,2) be
as specified in (ii) and (v) of Assumption 2.1. For ¢t > T, by Remark 2.2, both ®,,(-,t2)
and ®(-,ts) are identically equal to infinity, and so the limit ®,,(¢1,t2) — ®(t1,t2) holds
trivially for all £; € R*. On the other hand, suppose t; < 7. Then, again from Remark 2.2
Assumptions 2.1(ii)-(iii) imply that the map P, (R¥) > v + ¥, (¢1,t2) € R is continuous
(with respect to the ¢.-Wasserstein topology). Moreover, from Theorem 2.8 that the
sequence {L, j }nen, satisfies an LDP in P,(R¥) for all ¢ € (0,2), with the GRF Hy. Since
g« € (0,2) by Assumption 2.1(v), by Varadhan’s lemma [7, Theorem 4.3.1], which is
applicable due to the integrability estimate (6.1) of Lemma 6.1, it follows that the limit
of ®,,(t1,t2) is given by ®(¢1,t2) defined in (6.5).

To complete the proof of the lemma, it only remains to establish the last equality
in (6.5), but this is an immediate consequence of the definitions of X and Hy in (4.8)
and (2.10), respectively, which directly imply Hy(v) = oo for v ¢ X. O

Lemma 6.3. Suppose Assumption 2.1 holds, and for each v € T(IR’“), let ¥, be as defined
in (2.3), let ¥}, denote its Legendre transform, as specified in (2.5), and let X C T(Rk)
be the set defined in (4.8). Then the Legendre transform ®* of the function ® defined
in (6.5) satisfies, for i, € R*¥ and 7 € R,

D% (11, 712) = l}g& {U (1, m2) + Hi(v)} = Ve%yr%]fm) {0 (1, m2) + Hi(v)}. (6.6)
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Proof. First, note that the second equality in (6.6) holds because Hy(v) = oo for v ¢ X
due to (4.8) and (2.10). Next, fix the following:

s let A, T be as in Assumption 2.1(ii), and define D7 := R x (—o0, T);

* let ¢, € (0,2) be as in Assumption 2.1(ii), and let M,, (R¥) denote the space of finite
signed measures (not necessarily probability measures) on R¥, equipped with the
g»-Wasserstein topology.

Fix 7 = (71,72) € R* x R. Then by the definition (2.5) of ¥},

U1, 72) = sup  {(11,t1) + ot — W, (t1,t2)}
(t1,t2)ER* xR
= sup {<7’1,t1> + TQtQ — \Ify(tl,tg)}, (67)
(t1,t2)€Dr

where the second equality holds because, by Remark 2.2, ¥, (¢1,t3) = oo if to > T. Thus,
the right-hand side of (6.6) is equal to inf,cx Sup;—, t,)en, F,(v,t), where

FT(I/, t) = <7'1,t1> + 1oty — \I/l,(tl,tg) + ]Hk(l/)7 Ve ?(Rk), t= (tl,tQ) € Rk x R.
On the other hand, by the definition of ®* and the representation (6.5) for ,

(P*(Tl,’]'g) = sup {<’7’1,t1>+7’2t2—<b(t17t2)}
(t1,t2) ERFHL

= sup inf F.(v,t),
t=(t1,t2) €RMH+1 VEK

= sup inf Fr(v,t),
t=(ty,t2)€Dy VEX T

where the last equality uses the fact that for to > T, ¥, (¢1,t2) = oo and hence, F,(v,t) =
—oo (see Remark 2.2). Thus, to prove the first equality in (6.6), it suffices to show that
for all (1,7) € R¥ x R,

inf  sup Fr(v,(t1,t2)) = sup inf F.(v, (t1,t2)). (6.8)

veX (t,t)eDy (t1,t2)eDp VEX
To justify the exchange of infimum and supremum in (6.8), we verify the conditions of
Sion’s minimax theorem [31, Corollary 3.3]. That is, for (71, 72) € R¥ x R, we note that

* the set Dy = R* x (—o0,T) is a convex subset of the topological vector space RFHL;

* due to Lemma 4.4 and the fact that ¢. € (0,2), X is a convex compact subset of the
topological vector space M,, (R¥);

» for t = (t1,t2) € Dr: the lower semicontinuity of F.(-,¢) follows from the lower
semicontinuity of v — ¥, (¢) due to Assumption 2.1(iii) and of Hy, (as it is a GRF);
the convexity of F,(-,t) follows from the linearity of v — ¥, (¢) and the convexity of
Hy, which was established in Theorem 2.8;

» for v € K: the lower semicontinuity of ¢ — ¥, (¢) on Dp follows from Assump-
tion 2.1(iii); the convexity of ¥, on D+ follows from linearity of expectation, the
definition (2.3), and the fact that A is convex since it is a log mgf by (2.1);

+ the convexity of A also implies that for each v € P(RF) (t1,t2) + Psi,(t1,t2) is
convex and it is also lower semicontinuous by Assumption 2.1(iii); together with
the fact that for each 7 = (11, 72) € R*¥ x R, (t1,t2) — (71,t1) + oo is continuous
and linear, it follows that F (v, -) is upper semicontinuous and concave on Dr.
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Due to the conditions verified above, the minimax theorem can be applied to estab-
lish (6.8) and hence, the first equality in (6.6). This completes the proof of the lemma. O

Proof of Theorem 2.7. Let{{;};en, p and r be as in Assumption 2.1, let €M) = (&,...,&)
and consider the sequence {IW (™}, c in R¥*1, where W™ = W{" is defined by

n n — n ]. n
W — (Wl( )’WZ )) — (n 1/2 A’ITL,kf( )7 - Zr(f”) , n € N. (6.9)
i=1
Then by Assumption 2.1(i) we can write
VAT XM = Wi oW, (6.10)

where p is continuous. Analogous to the proof of Theorem 2.4 we will start by first
establishing an LDP for {W (™}, c.
Note that the functional ®,, defined in (6.3) is the scaled mgf of W),

1
@, (t1,12) = - log E [exp (n((tl,tz),W(")»} . (L, o) € RFHL, (6.11)
n
and hence, by Lemma 6.2 it follows that for every (t1,t2) € RF x R,
1 n
lim ~logE [en<<t1,t2>,w< ”} = (t1, 1), (6.12)
n—oo N
where @ is as in (6.5). Also, note that the law of A, ;, is invariant to orthogonal trans-
formation and independent of £("), hence AT , Hf((:))\lz < A, k(1,-) and AT k% is

independent of & (n), we refer to [10, Lemma 6.3] for the proof of the simpler case when
k = 1. As a consequence,

n) (d) _ n 1 -
e @ (n V2a, (1) >||2,nzr<§i>> .

i=1

Define the R**2-valued sequence of random variables,

1 1 &
)= [ A, k(1,0), —[[€™)2, = S IN.
S ( »k( s )”I’LHS ”2’,'121'(5 )) , nE

i=1

Since by part (iv) of Assumption 2.1, the domain of A, the log mgf of (¢2,r(¢1)), con-
tains a neighborhood of the origin, by Cramér’s theorem (Theorem 1.7) {(|¢|3,
LS 1 r(&))Inew satisfies an LDP in R? with the convex GRF A*, equal to the Legendre
transform of A. The independence of A,, ;, from {¢;},cw, along with [3, Theorem 3.4]
(applied to the case of p = 2 therein, with their canonically projected X (¥) equivalent to
our A, (1, -)) then implies that the sequence {S (”)}nem satisfies an LDP with the convex
GRF J : RF*2 — [0, o] defined by

J(a,b,¢) = — L log(1 — [lal}3) + T(b.¢).

for a € R* such that |ja]|2 < 1 and b,c € R, for some function J : R — [0,00]. Then,
by the contraction principle (Theorem 1.3), {W(")}nem satisfies an LDP with the GRF
Jw : R¥T1 = R defined as follows:

Jw(x,z) = inf J(ch_l/Q,y,z), reRF z>0.
yERy> ||z||?

Note that Jy is convex due to [10, Lemma 6.2] and [29, Theorem 5.3].
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We now claim that

1
B(ty,to) = lim —logE[e" ™" ™) =  sup {{t1,71) +tars — Juw (1, 72)}.  (6.13)

n—oon T1ERF 9ER

The first equality is just (6.12). To justify the second equality in (6.13), let 7" be as in
Assumption 2.1(ii) and first fix ¢; € R*, t5 < T, and let t = (t1,t2). For 0 < 6 < oo, (6.11)
and (6.4) together imply

E[e(m(t,w("))] — on®n(0t1,8t2) _ en‘IjLn,k(‘;thétQ) )

Since t5 < T, there exists 6 > 1 such that dt, < T and so the last relation and Lemma 6.1
imply

(n)
eén(t,W )]

1
lim sup — log ] < oo forsome d > 1. (6.14)
n

n—oo

Hence, (6.12), the fact that {W(n)}nGJN satisfies an LDP with rate function Jy and Varad-
han’s lemma [7, Theorem 4.3.1], whose application is justified by (6.14), imply (6.13)
holds for all t; € R* and t5 < T.

Now fix t; € R* and t5 > T. We claim that (6.13) continues to hold, but now with
both sides equal to infinity. The fact that ®(¢1,¢2) = oo follows from the definition (6.5)
of ® and the observation that ®,(¢;,t,) = oo for every v € P(R¥) when t, > T (by
Remark 2.2). To show that the term on the right-hand side of (6.13) is also equal to
infinity, for s, € R, define A(s;) := A(0, s5). Note that A is the log mgf of r(¢;). Due to
Assumption 2.1(iv), the domain of A contains a non-empty neighborhood around 0, hence
by Cramér’s theorem (Theorem 1.7) the sequence {% ZZL:I r(&)}nen satisfies an LDP in R
with GRF A*. However, due to the contraction principle (Theorem 1.3) and the continuity
of the coordinate projection map, we also know that K*(Tg) =inf, cgr Jw (71, 72) for all
72 € R. Note that this infimum is attained at some 7y € R* because, as a GRF, Jy
is lower semicontinuous with compact level sets. Therefore, on the right-hand side
of (6.13), if t, > T, then

sup  {{t1,71) +tame — Jw (11, 72)} > sup {{t1, 7)) + tame — Jw (75, 72) }
T1€]Rk,T2€R »ER

= (t1,7) + sup {tam> — A"(72)}
T2ER

- <t1’7—1*> +K(t2)
= (t1,77) + A0, t2)

= 00,

where the first equality used the definition of 7, the second equality used the identity

(A*)* = A, which holds since A is convex, the third equality uses the definition of A, and
the last equality follows from Remark 2.2. Hence, (6.13) holds for all t; € R* and ¢, € R.

Note that (6.13) shows that ® = Jj;,. Due to the convexity of Jyr and Legendre duality
(see, e.g., [7, Lemma 4.5.8]), we also have Jy = ®*. Moreover, since WQ(”) is supported
on R, clearly ®(7y,72) = oo whenever 75 < 0. By the representation for \/HATTMX(”) in

terms of W (™ in (6.10), invoking the LDP for {W(”)}n@N and applying the contraction
principle (Theorem 1.3) to the continuous map R* x Ry > (wy,ws) — wip(wy) € RF
(recall that p is continuous), we find that the annealed rate function J°" for \/EA; X (n)
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in Theorem 2.6 can be written as

MNx) = inf Q" (7, T
d ( ) T1ERE o €R 41 p(T2) =2 ( b 2)

= inf inf  {U(r,72) + Hg(v
"’161Rk,7'2€]R+171P(7'2):xueiP(]R’f){ (11, 72) sV}

= inf {w; (11, 72) + Hi(v)}

inf
veP(RF) meRF, 2 €Ry 11 p(T2)=2

= inf { inf U} (x,7> +]Hk(l/)}
veP(RF) | T€R+ p(T)

: au
Ve%{k){g” () + He(v)},

where the second equality invokes (6.6) of Lemma 6.3, and the last equality relies
on (2.7). This completes the proof of Theorem 2.7. O
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