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Abstract

The existence and non-uniqueness of stationary distributions for distribution depen-
dent stochastic differential equations with regular coefficients and singular coefficients
are investigated. The existence of several stationary distributions is referred to as
the phase transition. Our criterion on the existence and the non-uniqueness allow
the drift to be in the non-gradient case and the noise to be multiplicative and depend
on the law of the solution. By using our criterion, McKean-Vlasov stochastic equa-
tions in double-wells landscape with the quadratic interaction and the non-quadratic
interaction driven by distribution dependent multiplicative noise are investigated.
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1 Introduction

When investigating the propagation of chaos for interacting diffusions, McKean [20]
introduced a nonlinear stochastic differential equation (SDE) whose coefficients depend
on the own law of the solution. This SDE is referred as the McKean(-Vlasov) SDE,
established from systems of interacting diffusions by passing to the mean field limit. The
associated empirical measure converges in the weak sense to a probability measure with
density, and the density satisfies a nonlinear parabolic partial differential equation (PDE)
called McKean-Vlasov equation in the literature, see e.g. [22]. Let & be the space of
probability measures on R¢ equipped with the weak topology, {W:}+>0 be a d-dimensional
Brownian motion on a complete filtration probability space (Q2, %, {.%:}:>0,P), and let
%, be the law of the random variable 7. We consider the SDE on R? of the following
form

dXt = b(Xt,th)dt+0'(Xt,$xt)th, (11)
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Stationary distributions of DDSDEs

where the coefficients
b: REx 2 >R o:R'x 2 > RI@R?
are measurable. By setting
b(x,u) = =VV(x) — VF * p(x), (1.2)

we get the McKean-Vlasov SDE with differentiable confining potential V' and interaction
potential F, where * stands for the convolution on R%:

Fon)= [ fa=utay). § € 2R,

Solutions to (1.1) in strong and weak sense are extensively studied by many works, see
e.g. [16, 17, 21, 28, 33] and references therein. In this paper, we aim to find stationary
distributions to (1.1), i.e. pu € & so that for .Zx, = u, there is a solution X; such that
Zx, = p for all t > 0. This solution is called the stationary solution. When b and o are
independent of the law of the solution, the stationary probability measure is the invariant
probability measure of the associated classical SDE.

The existence of several stationary distributions to McKean-Vlasov SDEs can occur for
the non-convex confining potential. This phenomenon is referred to as phase transition.
[6] established for the first time the phase transition for the equation with a particular
double-well confinement and Curie-Weiss interaction on the line. Let d = 1, and let b(z, u)
satisfy (1.2) with

z* 1 9 a 5

Viz) = < 3% F(z) = 525 (1.3)

and let o(z) = o¢ for some oy > 0. Then, Dawson proved in [6] that for fixed a > 0, there
exists . > 0 so that (1.1) has a unique stationary distribution if oy > ¢, and has three
stationary distributions if 0 < g9 < o.. For a classical SDE, if the drift is dissipative at
infinity and the noise is non-degenerate, then the associated Markov process is ergodic,
see [11] for example. As we see from [6], —VV is dissipative at infinity, but the interaction
potential F'leads to the non-uniqueness of stationary distributions. Despite [6], there are
many works studying the phase transition for McKean-Vlasov equations. [23] provided a
criteria for McKean-Vlasov equations with an unphysical assumption that the interaction
potential is an odd function. Equations with multi-wells confinement on the whole space
were investigated extensively by Tugaut et al. in [10, 14, 15, 24, 25, 26, 27]. In [2, 5],
quantitative analyses for continuous and discontinuous phase transition were provided
for McKean-Vlasov equations on the torus with V' = 0, and in [8], the diffusive-mean
field limit was investigated for a mean field system with periodic potentials when the
associated constrained system on the torus undergoes a phase transition. The phase
transition is also studied for nonlinear Markov jump processes, see e.g. [3, 12].
According to the papers mentioned above and references therein, the phase transition
is investigated under the assumption that b is of the gradient form like (1.2) and the
noise is additive. However, in this paper, we give sufficient conditions for the existence
and non-uniqueness of stationary distributions to (1.1), which allow the drift to be in
the non-gradient case and the noise to be multiplicative and depend on the law of the
solution, see Theorem 2.2, Theorem 2.5 and Theorem 3.1 for details. Moreover, our
conditions on the non-uniqueness of stationary distributions can also deal with equations
in double-wells landscape considered in [6, 26]. If the drift term is of the gradient form
and o = oyl for some oy € R, the stationary distributions are of an explicit formulation:

exp { =3 (V(2) + F + u(a))}

dx. (1.4)
foexp { =2 (V@) + Fx (@)} do

p(dz) =
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Then the phase transition can be investigated by this explicit formulation and the fixed
point theorem for multi-well confinement V and even polynomial interaction F' (see
e.g. [6, 10, 26]), or combining it with the free energy functional associated with the
McKean-Vlasov equation (see [2, 5, 9, 25, 27] for instance):

o} 1
&V () = = Ent(ulpv,,) + Su(F * ),

where py, (dz) = Zgexp{—20, 2V (z)}dz is a probability measure with the normalizing
constant Zy and Ent(u|uy, ) is the classical relative entropy. However, for (1.1), the
explicit formulation as (1.4) for stationary measures is usually not available, and the
free energy functional &> may be not available or less explicit even it exists. Hence,
we used different methods to establish the existence and non-uniqueness of stationary
distributions for (1.1).

Instead of (1.4), we establish a mapping 7 on & whose fixed points are stationary
distributions of (1.1). By freezing %x, = p € &, we get from (1.1) that

dX} = b(X}, p)dt + o(X}, w)dW;. (1.5)

Denote by X;"* the solution to (1.5) with X/"* = z, and define P} f(z) = Ef(X}"") the
associated linear Markov semigroup to (1.5). Then we take advantage of the ergodic
theory for linear Markov semigroups, see e.g. [3, 13, 31], to establish 7. Indeed,
if P!' has a unique invariant probability measure, then we let the value of 7 at pu
(denoted by 7,) be the invariant probability measure of P}'. The existence of stationary
measures to (1.1) is then reformulated as the existence of fixed points of 7. Here,
we apply the Schauder fixed point theorem to 7, instead of the contractive-mapping
principle. In fact, the existence of stationary distributions for (1.1) has been investigated
by establishing exponential contraction of the transition probability measure in the
Wasserstein (quasi-)distance, see e.g. [28, 29]. The exponential contraction can lead
to a contractive mapping which implies the existence and uniqueness of stationary
distributions. However, the contracting-mapping principle implies the existence and
uniqueness at once time. This excludes equations with several invariant measures.

To investigate the non-uniqueness, we establish a general condition on the drift
(see Theorem 3.1, Corollary 3.2 and Corollary 3.3 below) which implies that (1.1) has a
stationary distribution concentrated around a point a € R<. If our condition is satisfied
for different a;,as € R far enough from each other, then (1.1) has at least two stationary
distributions. We use the Schauder fixed point theorem again. By using our condition,
we can investigate equations considered in [6, 26] with additive noise replaced by
multiplicative noise, see Example 3.5-Example 3.7.

This paper is structured as follows. Section 2 is devoted to the existence of stationary
distributions for regular SDEs and singular SDEs. Results on the non-uniqueness and
concrete examples are presented in Section 3.

2 Existence of stationary distributions

2.1 Main results

For ;. € & and a measurable function f, we denote by u(f) the integral [, f(z)u(dz).
Let

P ={pne 2| |lully = (u(|-")7 < oo},
Py ={peZ||pl- <M}, r>0,M>0.
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Denote by || - || the operator norm of a matrix and || - || gzs the Hilbert-Schmidt norm. For
any measurable matrix-value function f on R? x &, we denote

[flloc =" sup [[f(z,p)llms-
z€R, e P

Regular SDEs We first consider (1.1) with the coefficients b and ¢ are regular. Assume
that b and o satisfy following hypothesis.

(H1) There exist constants vy > 0,79 > r1,73 > 0, C; > 0, and nonnegative C5, C3 such
that for any pu € 21472

2(b(x, 1), ) + (1 +r2 — 1) ||o(z, 1) s
< =Cifa|"™tT + Cy + G| 7, (2.1)
(H2) For every n € IN and jr € #2172, there exists K,, > 0 such that

b(z, 1) — by, w)| + llo(z, 1) — oy, Wllws < Knlz —yl, [z V|y| < n. (2.2)
There exists a locally bounded function C; : [0, +00) — [0, +00) such that
b(z, )| < Calllpllirr,) (1 + [2]™), 2 € RY, pe 2172, (2.3)
When 7, < 1, we also assume that for any p € 221172

2
p Lol

< . 2.4
o T ST (24)

(H3) For eachn > 1and M > 0, and ji,,, p € P with p,, > p, there is

lim  sup (b(. 1) — (e, jo)| + 0@, p) = (@, ) lrs) = 0. (2.5)

m——+0o0 || <n
Remark 2.1. Fix u € #2772, The condition (H1) and inequality (2.2) yield (1.5) has a
unique non-explosive strong solution, see e.g. [19, Theorem 3.1].

For a linear Markov semigroup, it is a general approach that verifying a Lyapunov
condition to establish the existence of the invariant probability measures, see e.g. [18].
The condition (H1) comes from the Lyapunov function |ac\2+r2_r1 indeed, see the proof of
Lemma 2.8 below.

The following condition was used in [28] to prove the existence of stationary distribu-
tions

2(b(z, ) — by, v),z — y) + [lo(@, 1) — o(y, v)|5rg < C1Walp,v)? — Caolz — y/*.

When Cs; > (', the existence and uniqueness and Wasserstein contraction for (1.1) was
established. This condition is stronger than (H1) and excludes (1.3).

In (2.6) below or more generally for a symmetric matrix A € R? ® R? and A € R, the
inequality A > )\ means that

(Av,v) > \v|?, v € R%

The inequality A > ) is defined similarly. Then we have the following theorem.
Theorem 2.2. Assume (H1)-(H3) and that o is non-degenerate on Re x ltre,

o(z, w)o*(z,u) >0, z € RY, e 212, (2.6)
Ifrg >0, r3 <147, and C; > C3 when r3 = 1 + ry, then (1.1) has a stationary

distribution.
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Remark 2.3. The non-uniqueness of the steady solution to the aggregation equation with
a degenerate and nonlinear second order term was considered in [9]. The aggregation
equation in [9] is also associated with a distribution dependent SDE whose the noise is
multiplicative and depends on the law of the solution, but it can not be covered by our
conditions.

Set b(x,u) = —VV(z) — VF x u for some twice continuous differential functions
V and F. Then we have the following corollary which will be used in discussing the
non-uniqueness of stationary distributions.

Corollary 2.4. Assume that ¢ is non-degenerate, bounded on RY x £ and satisfies (H2)
and (H3), and that V, F are twice continuous differential functions with non-negative
constants ag, a1, aa, ag and vy € [0, 3) such that

[VV (2)] < ao(1 +[zf*), (2.7)
|VE(z)| < a1 + az|z|?, (2.8)
[V2E(z)| < az(1+ |z[°), z € R (2.9)

Suppose that there exist constants 3y, 31, and B2 > 0, B3 > 0 such that
VEV (2) + V2F(z —y) = fo — 261]z| + 3falal® — B3lyl®, z,y € RY, (2.10)

and ay + 33 < 2. Then (1.1) has a stationary distribution in Z*.

Proofs of Theorem 2.2 and Corollary 2.4 are given in Subsection 2.2. Concrete
examples can be found in Section 3.

Singular SDEs We investigate the existence of stationary distributions for distribution
dependent SDEs with singular coefficients by using the Zvonkin transformation intro-
duced in [34]. Well-posedness results for (1.1) have been established by [16] recently.
While only stationary distributions are consider in this paper, we use weaker conditions
on the coefficients, see (H4) and (H5) below.

We denote by LP the usual LP-space on R? and by || - ||, the LP-norm. For (0,p) €
[0,2] x (1,+0c), we define H?? = (1 — A)~2(LP) to be the usual Bessel potential space
with norm

1o = 11(2— A2 Fl,

where A is the Laplace operator on R and 1 is the identity operator. Let y € C°(R%)
with 1[|$|S1] <x < 1[m§2]. We define

Xr(x)=X<m), Xi(x):x<xzz>,r>0,x,zelad.

r

Denote by H?? the localized H??-space introduced in [30]:
N 0 .
10 = { 1 € HEZRY |1 fllgn, =500 [ Sl <

In particular, we denote LP = HOP, Fixing a probability measure p, we consider (1.5) of
the following form

dX} = bo(X}, p)dt + by (X}, p)dt + o(XE, p)dW;. (2.11)
The drift term b is regular and satisfies (H1)-(H3), and b; is singular satisfying the

following hypothesis, where the constant r, is the constant from (H1).
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(H4) There exists p > d such that

ko= sup |[[b1(, p)|z» < oo
nE P2

Foreveryn > 1and M > 1,

lim ||(b1(-,u) - bl(',l/))l[HSn]HLP =0. (2.12)

w . 1
v—>rp in y}\;rw

We assume that o satisfies

(H5) For every . € 2172, (-, ;1) is uniformly continuous on R¢ and Vo (-, ) € L?, and
there are positive constants A\;, A\» such that

M < (00")(z, 1) < Ao, T € Rd,u e pltr, (2.13)

Then we have the following theorem, whose proof is presented in Subsection 2.3.
Theorem 2.5. Assume that by satisfies (H1)-(H3) (set 0 = 0 there) and satisfies a
condition stronger than (2.3): there are positive constants Cs, Cg such that

371

[bo(z, )| < Cs(1 +al™) + Collullitry, © € R, pe 2172, (2.14)

where rq, 72,73 are constants from (H1). Assume that b, satisfies (H4), and o satisfies
(H3) (set b = 0 there) and (H5). Ifro > 0, r3 <1+ 1ry, and C; > C3 whenrs =1+ rq,
then (2.11) has a stationary distribution.

Throughout the following proofs, notations ry,rs,r3, Ci,Cs,C3,C5,Cg and Cy are
always used to denote the constants and the function in (H1), (H2) and (2.14).

2.2 Proof of Theorem 2.2 and Corollary 2.4

To prove Theorem 2.2, we prove firstly that P/’ has a unique invariant probability
measure for every p € #2'12, see Lemma 2.7 below. We denote by 7, the invariant
probability measure of P/'. Then there is a well-defined mapping on Z1*72:

T: pe Pt = Ty

Secondly, we prove that 7 has an invariant set in £2'*"2, which is nonempty, convex and
compact in the topology of weak convergence, see Lemma 2.8. Finally, we apply the
Schauder fixed point theorem to 7 and the existence of stationary distributions for (1.1)
is established. We remark here that the Schauder fixed point theorem is available
although #?! is not a Banach space. The space &' equipped with the Kantorovich-
Rubinstein-Wasserstein distance (WW-distance for short) is a complete metric space (see
e.dg. [3, Theorem 5.4]):

W(u,v) = inf / lx — y|r(da, dy), p,v € P,
TEE (1,v) JRA xR

where %(u,v) consists of all the couplings of u and v. Let M! be the set of all finite
signed measures on R¢ with |u|(] - |) < oo, and let

(P o T E—— / h(@)u(de), pe M.
heLip(R7),h(0)=0 J R4

Then (M, | - || kr) is a normed space. Moreover,

H/j/_ V”KR = W(,LL,V), JUNZS '9217
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see [1, Corollary 5.4]. This, together with the fact that (3”1, W) is a complete metric
space, yields that the Schauder fixed point theorem (see e.g. [7, Theorem 8.8]) is
available on a nonempty, convex and compact subset of (!, W).

Lemma 2.7 indicates that 7 is well-defined. Moreover, we also establish the so called
V-uniformly exponential ergodicity (see [13, 31]) for P/
Definition 2.6. Let V : R? — [1, +oc) be measurable and v be an invariant probability
measure of P}'. The Markov semigroup P}' is V -uniformly exponential ergodic, if there
exist C' > 0 and v > 0 such that

sup | P f(z) —v(f)| < CV(z)e ", z € RY,
[I£llv<1
where || f|lv := sup,cgra | f(2)/V()].

Lemma 2.7. Assume that (H1) holds. Fix y € 21", Let X! be the solution of (1.5)
and P}' the associated Markov semigroup. Then

(1) Pt“ has an invariant probability measure.
(2) If (2.2) and (2.3) hold and o(-, 1) satisfies (2.6), then Pt" has a unique invariant

probability measure.
(3) If (H2) holds and o (-, 1) satisfies (2.6), then Pt“ is V -uniformly exponential ergodic
with .
S+ X[?) 2 , ifry <1,
Vi(z) =<1+, ifry =1,
1, ifry > 1,

where the constant 6 > 0 depends on y and Cy,Cs, C3, 11,72, Cy.

Proof. (1) By (H1) and the It6 formula, we have that

dxp

2 = (X[, 1), X}t + 2(X0 o (XU, p)dAWa) + o (X[, ) [yt
< (CCUXPTH O+ Callf,,) A+ 20X (X, p)d W), (2.15)

Writing (2.15) in integral form and taking expectation, we find that there are positive
constants C7, C5 such that forall s > 0

E [ Xp7rde + B < Culaf + G (L+ ) o
0

1 [° 1 [°
sup (/ Ps, (|- M) dt) = sup (/ E|Xt”’m|1+”dt>
s>1 S Jo s>1 S Jo

< Cilz? + Co (14 [|ull?r,)
< oo (2.16)

Thus

Since | - |['™™ has is a compact function, i.e. the level set {z | |z|'*™ < ¢} is compact
for every ¢ > 0, (2.16) implies the tightness of {s~! fos P}"*6,dt}s>1. This concludes the
proof of the first statement.
(2) Since (2.2), o(-, ) is continuous. Let y € C%(R?) with Lig<1y < x(@) < Lai<g)-
Then for each m > 1,
om(x) == o(x(x/m)z, 1), € R?

is Lipschitz, bounded and non-degenerate on R?. Due to (2.2) again, by, (+) := b(-, u)x(-/m)
is bounded and belongs to LP(Rd) for any p > 0. Combining these with (2.1) and (2.3),
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one has that assumptions of [31, Lemma 7.3] hold. Thus, Pt“ has the strong Feller
property and irreducibility due to [31, Lemma 7.3]. Hence, P} has a unique invariant
probability measure.

(3) One can see that (H1), (2.2) and (2.3) also implies that assumptions of [31,
Theorem 7.4] hold. Thus, for r; > 1, P}/ is V-uniformly exponential ergodic with V'
defined as above. For r; € [0, 1), it follows from (H1) and (2.4) that there exist positive
constants C;,Co, C3 depending on y(| - [**72) such that

2(2,b(w, 1)) + llo(x, 1) |45 < ~Cr(1+[a?) "= + Co,
o (z, 11135 < C3(1+|z*)™, z € R

Then we have by the It0 formula that

d(1+ |Xtu,z|2)1_% (0= )01 Cy(l—m) N (1 =)o (X) X2 &
- 1+7 3+
2 o1+ |XT12) o1 4 X2y
1— X XK
(L= ru)iXe™, ol LTI)th), z € R
(1+ X2 =
Let ~ ~
6= 7L’ A2 = M sup u—(l—&—rl)e&ul"'"l’
2C5(1 4+ 1r) 2 1§u§(%)ﬁ
and let V(z) = o(+al” )T . Then
51— )V (XPN X, o (X157 dW,
dV(XHm)— ( Tl) ( )<mt 1+(7‘1t ) t>
L+ 1Xp )
v (G G- S0l X
- 2(1+ X[ [2) 75" 2(1 + [ X{ T 2)
. e L
< *5V X’u Cl 1 ?"1 . 5(1 7"1) Cg _ 02(1 T1)1+T1 dt
2 2(1 + | X/ 2) =
1 — (1 —
< 5‘/ X;La: 1 7"1 CQ( T1)1+T B . gt
T X T < xp)
Co(l —r)V
+ Sup Z(—Tl)lfi) dt
18 5 2(1+ |=|?) =
C1
Ci(1—71)8 .
< —%V(Xf’”)dt + Codt.
Hence,
(X 7 Gt L 8% o LeRre
B 01(1—7“1)(5, -

Combining this with the strong Feller property and irreducibility of P}, we can prove
that P}" is V-uniformly exponential ergodic by following line by line of the proof of [13,
Theorem 2.5], and we omit the details here. O

Next, we prove that ;1" is an invariant subset of 7 for large M when 7 is well-
defined on £2!+72,
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Lemma 2.8. Assume that (H1) holds and for each p € Pltre, Pt“ has a unique invariant
probability measure 7,,. Then there exists My > 0 such that for all M > My, T maps
P2 into P

M M -

Proof. Let ¢ =1+ 5", Then

T2 —T1

>1
q= 5

qg—1= 2g+1r1—1=14ro. (2.17)

It follows from the It6 formula, (2.1) and 2¢ — 1 = 1 + ro — ry that

X[ < g X PO (200X ), XY + (20 — Dlo(X[5T, p)l[3rs) d
+2q| X[ PATI(XET o (X, p)dWy)
< g X[ (O X[ 4 Oy + Ol ) dt
+2q| XX o (X, p)dW)
< —qC | X2 g (O + Oyl ) [ X072 dt
+ 2q|X{"I\T2*’“1 (X{"””,a(Xf’I,u)th) (2.18)

Since 0 < ry — r; < 1+ 1o, it follows from the Holder inequality that

xporpn < 2EL T2

|X#,r|1+r2.
147 147 ¢

Then writing (2.18) in integral form, putting this into (2.18), and taking the expectation,
we find that there are positive constants C, C> such that

E (|X§"‘”|2+’“2_“ +/ |Xt’"w|1+’“2dt) < Clzr2m 4 Cys, s > 0. (2.19)
0

Since that P}/* has a unique invariant probability measure, it follows from (2.16) that
there exists a sequence t,, T +o0o such that as n — +oo,

1 [in w
Up = ?/ Pr*gods 5 T, (2.20)
n JO

Thus

lim (|- " AN) =T, ("2 AN), N >1,

n—-+oo

which, together with (2.19), yields that
T.(l- "2 AN) < Cy, N >1.

By Fatou’s lemma, 7,,(| - |'*") < co. It follows from (2.19) that sup,,, v (| - ['1"2) < 4o0.
Combining this with the fact that ro — r; < 1 4 r2 and (2.20), we have that

: L2y — L |Te—T1
Jlim (T = T,
Writing (2.18) in integral form, setting x = 0 and taking expectations, we find that

Crvn(| - [T AN) < Cron(| - ['72) < Cova(] 277 + Callulliryvn (] - 172 77).

Taking n — +oo and N — +o00, we arrive at

. C I O . S
Tl 1772) < 22700 727+ 22|l T - 727,
Cl Cl
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Then the Jensen inequality yields that
T 1+7r2 < 02 T r2—T1 T T2—T1 2.21
u(| | ) < a” u||1+r2 "’ ||HH1+72|| lt||1+r2 . (2.21)

Since 1+ > 0, we derive from (2.21) that (even 7,(| - |1+r2) = 0)

Cy

1Tl < = + 7”“”1-&#2 (2.22)
Cy

If r3 =1+ ry, then for

1

Cy T3
M > =: M
= <Cl CB> 0>

we have that

Cy  Cj 1
—= 4 Z2MTE < M 2.23
o) + o) ( )
Consequently, ||7,||14r, < M forall ||p|i4r, < M.

If r3 < 1+ r1, then it is easy to see that there exists M, depending on C; (i = 1,2, 3)
and rq,r3 such that (2.23) holds for each M > M,. Hence, for every u € f@}\j”, we
derive from (2.22) that

1+T1 02 03

T 1+r1
IT I < G+ M <M
Therefore, we prove that 7, € &,;" for every M > M. O

Combining Lemma 2.7 with Lemma 2.8, we arrive at that under the assumption of
Theorem 2.2, T is well-defined and maps &,/ " into itself. It is clear that &, " is a
convex and weak compact set in 22! if ry > 0. Next, we prove that 7 is weak continuous
: 1+7r2
in 2,7,

Lemma 2.9. Under the assumption of Theorem 2.2, T is weak continuous in &, .

Proof. For all f € %,(R%) and t > 0, we have that

Tu(f) = TN = 1Tu(f) = T (P )
< TATu()) = T PO+ [TV (PEF) = To (P 1)
ST (Tulf) = PEID + To (I1PEf = PY D) - (2.24)

By (3) of Lemma 2.7, there are positive constants v and C' depending on p such that
ITu(f) = Pl'f(2)] < CV(2)e™", & € R™.
Then for any i, v € 22,/" and each m > 0, we have by Lemma 2.7 that

T (ITu(f) = PLf)) < T (CV (e " L <o) + 1 oo Ly y5mi)

sup V(x)) e+ floaTol] | > m)

1[flloo M

m

<C ( sup V($)> o Hf”°°||7'||1+r2

sup V(;v)) iR
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Consequently,

lim — sup T, (I7u(f) = P/'fl) =0

t—+4oc0 VE.@ZI\}»TQ
Hence, for each ¢ > 0, we choose t. > 0 such that

sup T, (|Tu(f) — PLf]) <e (2.25)

vep, 2
We remark here that ¢, depends on u, M, || f||- and is independent of v € z@}\j” and
r € R4,
Let
To(z) =inf{ t > 0| | X" v | X" > n}.

For every f € Cy(R%) N Lip(R), we have that
TAlPLr = RLA) < [ BT - 00| Toa)
< /RdE(]f(Xt’ﬁ’x) — FX2O) L <ron) To(da)
| B () = 1O L5, 0) T )
< IVl /| B (X" = X071 cr o)) To(da)
S AES

<19l | - B (X - X0
sl<}

4
+ ool 7ol 1r.

) + 2 flloc T (P(te > 70(+)))

\V]

) 7o (da)

+2||f||oo/ P ( sup | X[V X0 > n) 7T, (dz)
R4 s€[0,te]

=: Il,n + Igm + I3,n- (226)
For I,,,. Due to Lemma 2.7 and v € &}, "?, we have that ||7, 1+, < M. Then

lim sup Iy, =0. (2.27)

n—-+4oo eﬁi}”"’
For I3 ,,. For every n € P72 and s > 0, we derive from the Itd formula and (H1) that
X272 4 Cy / XP AL < Jof? + (Ca+ Collul,) 5
+2/ (X", o (X m)dWs). (2.28)
0

It follows from (H1), (2.3) of (H2) and the Holder inequality that

lo(@,m1Es < Calllnlligr,) (1 + 2]z — Crlz™F + Co + Csl|nll14r,
< (04(||77||1+r2 +(14r)"" = Cy) fafT

+ C4(Hﬁ|\1+r2)+02+Cs||77||1+r2

1—|—
= 5(||77||1+r2)|33|1+"'1 + Co(llnllir,), n € 212
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It is clear C5, C are locally bounded functions. Then, by the B-D-G inequality and the
Holder inequality, we derive from (2.28) that for every 7" > 0
T 3
E sup_ [ XP7)? <[l + (Co+ Cs|lnlli,,) T+ E </ X Pl (X n)llzdt>
s€|0, 0

T 1 xT
< |x‘2 + (Cg + C’3H77||117,2) T+ §]E SE(l)pT] |X7 |2
s€|0,

1 r ~ x T s
438 [ Collnlan) X771+ Collnlhan) .

This, together with the expectation of (2.28), implies that

E sup [X7* <2 (|2 + (Co+ Cslnlli,,) T)

s€[0,T]

T
+ Cﬁ(”nHlJer)T + C5(H77||1+,,‘2)E‘/0 |XZ7’$|1+r1dt

é T2 T, S
< (2 + W) (|2 + (Co + Cs|nll3,,) T) + Coll|nll14r,)T-

Combining this with the Chebyshev inequality and that v, u € ﬂ}j "2, there exist C' > 0
depending on C;, i = 1,2,3, r1,72,73, M and t. such that

P sup [XPF|VIXO*[2n
s€[0,te]

<P sup [Xt%|>n|+P| sup [X"|>n
s€[0,te] s€[0,te]

Sn_(QA(1+T2))E sup \Xé"xlm(H”)-i- sup |Xsy,gc|2/\(1+r2)
s€[0,te] s€[0,te]

< O(1 + || OFr2) )= (@A) (2.29)

Recalling that ¢, is independent of v € Wﬁrz and z € R%, we derive from (2.29) and
T, € 23 that

lim sup I3, = lim sup / IP( sup |XEBF| V(XD > n) T.(dz)
R4

— r L= r
noHO L eglive notO L eglive se€fo.t]

. C 2A(1+72)
< (nkﬁgo n2/\(1+7"2)> U To(1 4] )
veEP,,

=0. (2.30)

For I ,,. It is easy to see that for s < 7,,(x)

/ ((XE%, ) — o(X0", v)) AWV,
0

| XET - XV S/ b(XE", 1) = b(XP",v)| dt +
0

< / DX 1) — (X )|t + / BXET, ) — (X2, )|

S
+ / (o (X% ) — o(X0% 1)) AW,

(2.31)

+

/0 (o (X2, ) — o (X2, 1)) AW,
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It follows from (H2) that
SATy (T) SATh (T
/ DX, 1) = (X", )] dt < Kn/ X X¥| dt
0 0
and

E sup
rel0,s]

SATR (T)
L, T v 2
S E (/ HU(X;; J.MU’) - U(Xt 73Ea:u)”HS dt)
0

SATy () ) 2
< K,E / X XU
0

2
1 SATy () %
SKpE | sup X - X / | XH — X dt
t€[0,8ATy ()] 0

1 SATh ()
+ 51{51@/0 | X% — X" dt.

ATy (T)
/ (o (X% 1) — (X0 1)) AW,

N

1 T v,x
< SE sup XfAT,L(x) Xt/\T . ()

t€l0,s]

We remark that K, here is independent of v. Putting these into (2.31), we derive by the
Gronwall inequality that for every s > 0

Xtu/\f'” (x) X:/\f'”(a:)

E sup
te[0,s]

ATy ()
< 2e(2KntK)s (IE sup / (X", ) — b(X", v)|dt
rel0,s] JO

+IE sup
rel0,s]

ATy (T)
/ ((X2%, ) — o (X%, v)) AW, ) (2.32)

Because

ATy () s
Esup [ b0 0 - bt < [
0

rel0,s] JO

B(XYE ) — b(XDE 1/)‘ dt

tATy (z)7 H tATh (z)?

< s sup |b(x7u) - b($7l/)|
|z|<n

and

AT ()
/O (o(X2%, ) — o (X2, 1)) AW,

SATR(T)
<B ( [ et - o(va“,un%qsdt)

< E </ HU t/\Tn(x)’ ) - U(X;\f—n(gc)ay)llgfsdt)

< Vs sup [lo(z, p) —o(z,v)llus,
lz]<n

2

W=

we have that

B SIS0 [ B s [XEZ ) = X0 | ot

lz|<%  t€[0,t]
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2
< 2K K|V £l oo

X (te sup |b(x, u) — b(z,v)| + Vte sup |o(z, ) — U(x,V)HHS) .

x| <n o <n

Recalling that t¢., K,, are independent of v € @}V}’”. Then this, together with (2.5),

implies that hmuim L,=0asv % pin 2.

Hence, letting v 2 W in W}JW and n — +o00, we find that
lim 7, (|PL'f— P/ f]) =0.

w
v m

This, together with (2.25) and (2.24), yields that for all e > 0

lim [7,(f) = To(f)| < e

w

v—rp
Therefore, the proof is complete. O

Proof of Theorem 2.2. By Lemma 2.7, there is some M, > 0 such that for each M > M,,
ﬂ}\j” is invariant under 7. Since r» > 0, by [3, Theorem 5.5] or [1, Theorem 5.5], ,@}\j”
is a convex and compact subset of (£, W). By Lemma 2.9, T is weak continuous in
2,{". Since 2, is compact in &, T is continuous in &,/ w.rt. the Kantorovich-
Rubinstein norm. Hence, the Schauder fixed point theorem yields that 7 has a fixed in
P2 O

Proof of Corollary 2.4. Because ¢ is bounded and satisfies (H2) and (H3), we focus on
the drift term below when verifying (H1)-(H3). It follows from (2.10) that

(VV(z) = VV(0),2) + p((VF(x —-) = VF(0 —-),z))

1
= /0 /]Rd (<V2V(9z)x,z> + <V2F(9x —y)z, 1;>) 1(dy)de

> (Bolz|® — Balz| + Bo — Bspu(| - 7)) || (2.33)
Let 01 = 3/(282). It follows by the Holder inequality that
3

Bsu(| - [*)]a]* < b1 Bafal* + liall3- (2.34)

40132
By (2.8) and the Holder inequality, for ds = as/(482), we have that

[u((VE(0 =), 2))| < anle] + azllull3la] < ailz] + azllull3]a]

4

30 4 4
<alz|+ ———— + 4 xz|*. (2.35)
1|z 4(4@@)5”””4 22|z

Putting (2.35) and (2.34) into (2.33), we have that

(VV(2) + VF (@), 2) > (1= 61 = 62)Balaf* = Bl + Bolo* = (IVV(0)] + as) 2]

3a; B 1
— T +
(4(4(5262)3 4(51/82 ||/’LH4

— (8= = 22 ) kol - kol + ol

3
-9V )+ avlel - (%52 + 3 ul 2.36)
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Since B2 > a9 + B3, it holds that

az  Ps _3az P
R R

This, together with (2.36) and the Holder inequality, yields that there are positive
constants C7, Cs, C3 with C; > (5 such that

2(b(x, ), ) < —Chlal* + Co + Cs|ull3-

Combining this with that ¢ is bounded on R? x &2, we have that (H1) holds with
rr =1ry = 3,r3 =4 =14+ ry and C; > (3. Hence, to verify the assumptions of
Theorem 2.2, we just need to check (H2) and (H3).

Because V is twice continuous differentiable, VV is local Lipschitz. By (2.9) and the
mean value theorem, we have that

p(VE(@ =) = VF(y —)|)

< |x—y\/0 j (IV2F(x + 6y — x) — )|]) d6

1
< aslz—yf (1 1 900-1* ( =0yl + oyl + mmg))
0
< Cagnole — ] (L4 [ + [yl + [al).

Thus (2.2) holds. The inequality (2.3) follows from (2.7) and (2.8) directly. Hence, (H2)
holds.
For any 7 € € (u,v), we have by (2.9) that

[b(z, p) = bz, V)| = [W(VF(x =) = v(VF(z =)

/ (VF(z - 1) — VF(z — 1)) m(dys, dya)
R4 xR4

< Coyry / (14121 + 3117 + [y2®) 91 — ol (dyr, dy)
R4 x R4
< Coy o (14 [2]) / Iy — gelm(dyn, dya)
R2 xR
+ Coy g / (92 + g2y — galm(dys, dys)
R4 xR4

< Coy o (14 J2]0) / lyn — g lm(dyy, dya)
R4 xR
4—70

~ 4 4
1 G o (Il + 117) ( [ - yﬂMow(dyl,dyg))
R4 xR

Thus

[b(, 1) = b, )| < Cag o (14 |2 YW (11, 2) + Cog g (117 + IV 1FIW o (11,0,

4—"0

where W_a4 _(p,v) is the -2

. . 4 .
- s -Wasserstein distance. Note that = < 14 79 since vy < 3

and ro = 3. For p,,, u € ,@11\}'7’2 with g, 2 1, we have by [3, Theorem 5.6] or [1, Theorem
5.5] that

lim (W(um,u) W (u,um)) —0.

m——+00

Hence, (H3) holds. O
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2.3 Proof of Theorem 2.5

For given u € 172, under the assumptions of Theorem 2.5, it has been proved
by [31, Theorem 2.10] that (2.11) has a unique strong solution and the associated
semigroup P/" has a unique invariant probability measure. Though o is assumed to be
Holder continuous in [31, (H?)], we remark here that this assumption can be replaced
by that o is uniformly continuous according to [30, Theorem 3.2]. We also denote by 7,
the associated invariant probability measure of P/* and by 7 the mapping on 21772,

Let a(z, ) = (00*)(z, ), and let u, be the solution of the following equation

1

3 tr (a(, 1) V2u,) (2) + (Vo ) () = Mg (2) — bi (2, 1), = € R<. (2.37)
Accorc}ing to [32, Theorem 2.1] or [31, Theorem 7.5], it follows from (H4) and (H5) that
u, € H*P N C1¢(RY) for some € > 0 and

lim  sup  (Jluplleo + | Vuulleo) = 0. (2.38)

A= 400 e ity

Let U,(z) =  + u,(x). Then by the It6 formula (see e.g. [30, Lemma 4.1 (iii)] or [32,
Lemma 3.3]), we get that

AU, (XE) = (VU,bo (- ) + Aw) (X)L + (VU0 (, ) (X)W, (2.39)
By (2.38), we choose )\ > 0 such that for A > Ao, sup,,c g1+, IVuulloo < % Then U, is a
diffeomorphism on R? and

1
sup (||V(UM)_1||OO \ ||VUH||OO) < sup ——— <2 (2.40)

pePLre pepitra 1 — Vuulloo =

Lemma 2.10. Under the assumptions of Theorem 2.5, there exists \g > 0 and for each
A > Ao, there is My > 0 such that for any M > M, ,@}j” is invariant under the
mapping T .

Proof. Let Y} = U,(X}'). Then Yj' = U,(X}'), and by (2.39),
AY{* = (VULbo (-, ) + Awy) (U (V) dt + (VU0 (-, ) (U (V) AW (2.41)

We denote by Pt“ the Markov semigroup associated with (2.41). Define a mapping 7 oU !
on #1172 as follows
(ToU u=TaoU;"', pe 2+,

Because
Tuo U (PLS) = Tu((PFf) 0 Uy) = Tu(PE(f 0 Uy)) = Tu(f 0 Up) = T o U ().

The probability measure (7 o U~'), is the invariant probability measure of P/.
Next, we check the coefficients of (2.41) are subject to (H1) and (H2) except (2.2).
We first verify (H2) except (2.2). By (2.13) and (2.40), it is clear that the diffusion
term VU, 0(-, u) of (2.41) satisfies (2.4):

sup (VUL (y, 1)U, () Frs < 473 (2.42)
HEPITT2 yeR4

For every z € R?,
2] = Nuplloo < N(U)™H@)| = |z — (U))@)) < J2f + [uulloo- (2.43)
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Then the Jensen inequality and the C-r inequality yield that
—1 1+7ry r1 1+7ry (1 60) 1+7ry
U @) 2 (1= eo)™ |27 = ———lluullc™, e € (0, 1), (2.44)
0

U @) < 20D a4 200 a2 (2.45)

Inequality (2.45), together with (2.14), yields that

bo (U (@), )] < s [L+20 " (a4 )] + Collulif. (2.46)

Noting that sup,,c gr1+r, [ty < 00, (2.3) holds.
We then verify (H1) for (2.41). Since (2.42), we focus on the drift term. By (2.1), we
have that
(VU0 (- ) (U, (), ) + Mup (U, (2)), )
< (bo(U, (), 1), ) + [ Voo bo (U (), )] + Allwg [l o 2]
< (bo (U, (@), 1), U, M (@) + (bo (U (), 1), un (U, ()
1

+||Vuu||oo|bo(U (), )||x|+)‘||“u||00|x‘
- n o G2
g—;\UH @)+ = +—II/~LII1+T2
+ lulloclbo (U (2), )] + [ Vg lloo oo (U (@), m)l 2] + Mool (2.47)

The Holder inequality, (2.46) and (2.14) imply that for any positive €1, €3, €3,
[alloolbo (U (@), )] + [ Vetglloo b0 (U (), 1) 2]

e 252 o T G VY
< 1 1— 1
< (el g (s 2 B

147
—_1)*+ _ Cr 1 1
+ Cllu 157270 4 (1 7)o <>

147y

T1— + T T
L il Vol <05<1+2<1 D | 1>> S O P¥er

1+7r €9 (1 +T1)6§+T1
Liry
N 1106 uulloos™ | Csl|Vuulloor Ll
1 —+ 7 1 + 7 1472
= C’l(elv €2, U, A)"1:|1+T1 + C712(613 €2,€3, U, >\) + 6’3(61% s A)H/J“”’EH“Z (2.48)

Putting this and (2.44) into (2.47), and by using the Holder inequality, we have that
(VUWbo (-, ) (U, (), ) + Mu(U,  (2)), @)
C (1 — r1 B 1471
< - (1(60) — Ci(e1, €2, 4, A) — 64> ||

2 1+’I“1
- Chllugl|lFm (1 — €)™ ri(Mu T
+ Co(er, €2, €3, p, A) + 1 MHOOQEn( o) + 1 Allull ),1
0

(1 + 7‘1) 1t
Cs =
(S + aatenn i) ) el
where ¢4 is any positive constant. Due to (2.38), we have that

lim  sup Cj(er, ez, i1, \) =0.
A—+o0 pEPI+T2
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Taking into account that ¢4 can be arbitrary small, there are Ao > 0 and ¢ > 0 such that
for A > Ao and 0 < €4 < €}, it holds that

Cl(l — 6())7’1 ~ 61+T1
— - A
2 1(617627/’6v ) 1 +r

>Cl>0

with some constant C; independent of u. Moreover, for given A > \g and €g, €1, €3, €4

- 4 = Cillu | ri(Mu Ty
sup (C1 4 Oy + C3)(€o, €1, €2, €3, 1, A) + 1||2#r|100 1A #HOO)n < 0.
e g 1+ e

Hence, we find that there are some positive constants C;, i = 1,2, 3 independent of o
such that

(VUL bol 1) (U (), ) + Mo (U (@), 2
< ~Cilal ™+ + G+ Colull,. (2.49)

In the case that C'; > C3, due to (2.38), it is clear that

lim  sup (Chler, 2, A) + Csles, V) = 0.
A= +00 | e ity

We can choose ¢, €1, €3, €4 small and a larger \g > 0 such that for A > )\,

Cs ~
= 4 03(633U7A) 03 1
SURH i 60 e < c 1< 1. (2.50)
pepttra ZUEZC) L O (e, €9,y A) T

Combining (2.42) with (2.49), (2.50) and (2.46), we have proven that there exists
Ao > 0 and for any A > \g, coefficients of (2.41) satisfy (H1) with some constants
C;, i =1,2,3 independent of i, (H2) except (2.2), and

%<03—|—1
6’1 Cl+1

<1, whenrz =1+ r; and Cq > Cjs. (2.51)

Though we can find an invariant subset for 7 o U~! in £21*"2 by Lemma 2.8, we need to
prove that @if” with large enough M is an invariant subset of 7 instead of 7 o U~ 1.
Following the proof of Lemma 2.8, we have by (2.22) that for 7 o U1t

Cy
¢

(T U uliin < IIMHHTQ

In the case that r3 = 1 4+ r1, by (2.51), there exists MO > ( such that
G2 G ppra o Gt

_ = MM M > M.
¢ Oy O +1 =0

In the case that r3 < 1 + ry, it is clear that there exists J\Zfo > 0 such that

ég 03 (03 +1

1) MY M > M.
&6

Ch 2

Consequently, there exists ¢ € (0,1) such that for M > M, V M,

02 C Mm < coMl—H"l ue y1+r2.
¢ O

H(TO U_l) ||1+r2 =
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This, together with (2.43), implies that

1 Tllitre = (T o U (UL ()]FF72)) T2
(T oU, \1“2 )7 + e

<ec 1+T1M+ sup  |Jupllco, 1 € P2t
peEPI+T2

Thus, for
SUP e gpitra [mes

(1—¢'™)

MZMoizMo\/ﬁo\/

)

we have that
1
||7:tH1+72 <S¢ +'1M+( H”)M:M, MEQ}JQ'

Therefore, &, is invariant under 7. O

According to the proof of Lemma 2.10, (H1) holds for (2.41). It follows from (2.40),
(H5) and the continuity of VU, that (VU,o (-, 1))(U,'(-)) is continuous, non-degenerate
and bounded. Combining this with (H4) and (H5), by [31, Theorem 2.1], [30, Theorem
3.1] and the proof of Lemma 2.7, we can prove that P/' is V-uniformly exponential
ergodic with some locally bounded V.

We next prove that 7 is weakly sequentially continuous in 9}\}”2. According to
the proof of Lemma 2.9, especially (2.24), (2.26), (2.27), (2.29) and (2.30), the weak
sequential continuity of 7 follows from the lemma below. For u,v € &, we let
TV (x) =inf {t > 0 | | X" + | X" > n}.

n

Lemma 2.11. Under the assumptions of Theorem 2.5, and let p, pi,, € 3”]1\}”2 such that
fim —> p. Then for every t > 0

Proof. For any v € 2,1, let X;"" be the solution of the following SDE

7,

U,

(dz) = 0. (2.52)

m—s+-oco tATH P () tATH P ()

lim (’X“ @ _ XHme
Im‘< ’”.

dX["" = (bonn) (X", v)dt + by (XY, v)dt + o( XY, v)dW,, X =, (2.53)

where n € IN with 2 > n, and 7, € C} (R?) is a cutoff function with 1<, < 7a(y) <
1jjy|<n+1]- By the pathwise uniqueness, for t < 71" (x)

Nl oy T N _ VT
Xl = X XY = X"

Denote by, = byn,. Then

n,v 1 n,v n,v
duM(Xt ’ ) = (2 tr (a(-, V)VQUH) (Xt ’ ) + (vbl('yV)uN + Vbon(-,l/)ult)(Xt ’ )) dt
+ (Vo wyaw, up) (Xe).

Then by using (2.37) and the It6 formula (see, e.g. [30, Lemma 4.1 (iii)] or [32, Lemma
3.3]), we have that

dUL (X)) = dX™ + duy (X)
= (bOn + bl) (XZL)V, V)dt + O'(XZLV, l/)th + VU(XZ'”"J/)thuM(th)V)
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1 n,v n,v
+ (2 tr (a(-, V)VQUH)) (X{")At + (Vi oyt + Vg, (oyttp) (X7)dE
= (bon + b1) (X", v)dt + o (XY, v)dWs 4+ Vo xrov pyaw, uu(X7)
1 n,v n,v
+ (2 tr (a‘(",u)VQUM) (Xt ’ ) —|— (Vbl(XZL'V,,U«)uH)(Xt ? )) dt

1 n,v n,v
+ 9 tr ((a(~, v) —al(-, 1)) Vzuu) (X 7)dt + (Vi () by (g ) (X577 dE
+ (Vg () (X7 dE

= (bon (1) + Vg, ()t +b1( ) = 01(, 1) + Ay, ) (X{7)dt

1 n,v n,v
£ 5t (0l ) = 0l 1)) V) XV (Tay )t o) (X7 )
+ (X, v)dW, + Va(xf"’,u)dwt“u(th’y)

= (VUubon () + VU (b1 (5 0) = bi () + Aaw) (Xt

]' n,v n,v n,v
+ 5 tr ((a(-,v) —a(-, u)) VQ“#) (X;"7)dt + VUL(X"7)o (X, v)dW.

In particular,
dUu(th“u) = (VU/tbOn('a w) + )‘uu) (th’#)dt + VU/L(XZL#)U(le’Mv p)dWs.
Then

d (U (XF) = U(XyY) = (VUL(XE)bon (X 1) — VUL (X{ )bon (X{ ,v)) dt
+ VUL(XY) (b1 (X ) — b (X, v)) dt
+A (u#(th,u) - uu(th’V)) dt

+ %tr ((a(-, 1) —al-,v)) Vzuu) (X[)dt

+ (VU0 (-, 1)) (X)) = (VUL (- v)) (X)) W
Then

d|U/A(XZL’M) - Uﬂ(thnW)|2
= 2 ((VU,bon (-, p))(X;"") = (VULbon (-, V) (X)), Up (X)) = Up(X3Y)) dt
+2((VU, (b1 (-5 1) = b1, 1)) (Xi7), U (X{H) = Up (X)) dt
+ 22, (X) = w(X07), U (X)) = U (X(Y)) dt
+ (e ((aC ) = a(,v) V) (X77), Un(X) = Un(X7)) dt
+ [ VUL(X o (X 1) = VUL(X)o (X, v) [ sdt
+ 2(Uu(X{") = Un(XY), (VUpo (-, i) (X)) = (VULo (-, ) (X)) dWy)
=1+ 1o+ I3+ Iy + I5)dt + dM;,

where
M, =2 / (U (XM = U (X2, (VU0 (-, ) (XY = (VU0(-, ) (X)) AW

We choose A > 0 large enough such that £ < ||[VU,|lx < 3. By the Krylov estimate,
see e.g. [31, Theorem 5.6] or [32, Theorem 3.1], the distributions of X;"* and X;""” are
absolutely w.r.t. the Lebesgue measure for almost every ¢ > 0. Combining this with (2.2)
and VU, € C,(R%; R? ® RY), we have by [30, Lemma 2.1] that for each n > 0, there is
C, > 0 independent of z such that for any ¢ < THV (1)

I = 2 (VULX{™) = VUL(X™)) bon (X7, 1), U (X)) = U (X™)
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+ 2(VUL(X") (bon(X™, 1) = bon(X™7, 1)), Up (X)) = Upn(X™7))
+ 2(VUL(X) (bon (X, 1) = bon (X™", ), Up (X)) = Up(X;"))

3C n n,v n n,v
<% <sup |bo<x>|> (18 (P2 ) X1 4 LM (T2, ()] 4 5 ) 0 = X
|z|<n
9 n n,v 9 n n,v
+ EKn‘Xt - X |2 + §|Xt - Xy ‘ sup |bO(‘Ta:u‘) - bo(l"n“”

lz|<n

< Cn (IML(V2u) (X9 + Mo (VP (X7)] 4 1) [ X = X2

+ sup |b0(x,u) 7b0(xvﬂ)|2'

lz|<n

For I,
Iy < 9[u (X7, 1) — b (X)X = X7
< B )~ by (X ) 4 IR X
For I3,
Iy < X X
For 14,

3 n,v n,v n,v L n,v
Is < Slla(X, p) = alX )|l as | V2 u (X0 s | X = X0
< 3|0 lloc IV Puu (X msllo (XY, 1) — o (XY, ) s | X — X"

3 n,v n, n,v n,v
< IV (X s | X = X2 *IIUII lo(X:, 1) — o (X, v) s

For I,
Ty < o2 VUL (X7™) = VUK + o (X 1) — 0 (X7 ) s
< Clloe (I3 (F2,) Xl + 1M (V) (Xl + 5 ) 12 = X2
O (1M1 (Vo )X 21 + M (Vo (o m) (X + o2 X0 — X2
o) — o (X7 ) s
Hence, there exist C] > 0 such that
U (X i () — Un(Xpriw())|? = U (X3 v () — UM(XZLA’Z;:W(JC)”Q

EATE ()
< / | XH — XV PAARY +t sup |bo(x, p) — bo(w, )]
0

jal<n
9 tATEY () 9
+ 5/ b1 (X", 1) — b1 (XY, v)["ds
0
+ Cit sup |lo(z, 1) — o(z,v)||}s + Mipnror ()5

|z|<n

t
Aty = [ G0 (4 1M (TP (02 s + 1M (20, () )
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+C5 (L+ [Mu(Vo (e ) (X s + (IVulls + 1M1 (Vo m)[7rs) (X)) }ds

for some positive constants C and C,, which depends on n and is independent of z. By
the stochastic Gronwall lemma, we have that

2 2
(BIXf vy = Xinoto o)) <4 (BIULXL ) = Un (X))

A\ 2
< 26,04 (Bem et ) TSt sup (e, ) — ol v) s

lz[<n

tATE Y ()
+t sup [bo(z, 1) — bo(z, p)|* + ]E/ b1 (X", i) = b (X, V)|2d8}-
0

lz|<n

It is clear that

tATE ()
/ B (XY, ) — by (X, ) Pds
0

AT (@)
/ 1By (X2 1) — by (X )P Lo <y ds
0

tATE Y ()
/ Bin (X 1) — by (X, 1) 2ds,
0

where by, (z,v) = bi(z,v)1}z<n). For ¢ > %, it follows from the Krylov estimate (see
e.g. [30, Lemma 4.1 (i)] that

AT ()
E / b1 (X7 1) — byn (X2 0)ds < O [Bra (o p0) — bun (- 0)][2,
0

2
< Ctallbrn (s 1) = bin (1),
where the constant C' depends on p,q,t,n, |[bi,(-,v)||». For fixed p € 22;1™ and a
sequence f,, € 2,/ such that y1,, — p1, we have that

lim Hbln('v,um) - bln(', ,U)”Lp =0.

m——+o00
Then the sequence {||b1, (-, tm )|l > }m>1 is bounded for any n > 1. Moreover, combining

this with Khasminskii’s estimate (see e.g. [30, Lemma 4.1 (ii)]) for X;"*™ and X;"*, we
find that

P AHEm

sup sup Ee?~!" ntari#™ @) < sup sup Eert4n" < oo.
z€Rd m zeRd m
Hence,
SN ([t oy = Xtz o) T (d2)
z|<%
<Gy, lim {\/5 sup ([o(-, 1) = o (s pm)llms =+ [bo (-, 1) = bo (-, pm)|) (@)
mTre Ll jel<n
1
b1y 1) = b o) 2
=0.
Therefore the proof is complete. O

Proof of Theorem 2.5. So far, we have proved that there exists M, > 0 such that for
any M > My, T maps &,/ into &;/™ and T is continuous in 2;;" w.r.t. to the
Kantorovich-Rubinstein distance. Therefore, the assertion of this theorem follows from
the Schauder fixed point theorem as proving in Theorem 2.2. O
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3 Non-uniqueness

For a € R?, denote by 1, the shifted probability of by a:

pa(f) = p(f(- = a)).

Next theorem is devoted to a sufficient condition to find a stationary distribution concen-
trated around a € R%. For k5 > k1 > 0and 0 < 71 < 72 < 14 19, we denote
93,1;%12@ ={pe P | ltallye < ks llpally, < K2},

Dy iy = {(w1,w2) |0 < wy S wa < k2,0 <wy < Kyl

Then non-uniqueness can be established by using this criteria.

Theorem 3.1. Suppose that the coefficients b, o satisfy assumptions of Theorem 2.2
orb = by + by, o satisfy assumptions of Theorem 2.5. Assume that there are a € R?,
71,72 € (0,1 4+ r5) with 41 < v, and measurable functions g;, g, on [0,+c0)3, which
satisfy that g, (-, w1, wz) and go(-, w1, wy) are continuous and convex on [0, +o0c) for any
wy,wy € [0,+00), such that for p € 2112

2(b(x + a, ), x) + llo(@ +a, )l
< =gl allon s 11allve) = 920122, liallya, talle), @ € RY. (3.1)

Let

2
g(w, w1, wa) = g1(w, wi,ws) + go2(w , w1, ws), wi,ws > 0.

Suppose that g(-,wy,ws) is convex on [0, +o0) for any wy,ws € [0,+00), and that there
exist ky > K1 > 0 such that for all (w1, w2) € Dy, k.

g(w, wy,we) >0, w € [K1,+00), (3.2)
ga (W% wy,we) + i[réf ]gl(w“’l,wl,wg) >0, w € [kg,+00). (3.3)
we|0,k1

Then there is p € &?)..72_  being a stationary probability measure of (1.1).

a,K1,Kk2
Consequently, if there exist ai,as € R? and k; < Ia%“"’l such that the above as-

sumptions hold, then (1.1) has two distinct stationary probabilities p, € )72 U2 €

ai,k1,K2?
GPV1,72
az,Kk1,Kk2°

If 1 = 72 =: 7, we denote &), = &) and have a simplified criteria as follows.

a,k,Kk
Corollary 3.2. Suppose that the coefficients b, o satisfy assumptions of Theorem 2.2
or b = by + b1, 0 satisfy assumptions of Theorem 2.5. Assume that there are a € RY,
v € (0,1 + ry) and a measurable function g on [0, +00)?, which satisfies that g(-,w) is
continuous and convex for each w; > 0, such that for any y € 2112

2(b(x + a, p), ) + o(x +a, pw)llzrs < —g(|2]”, | 1all)- (3.4)
If there exist x > 0 such that
gw?,wy) >0, w>k,0<w <k, (3.5)

then there is p € &) . being a stationary probability measure of (1.1). Consequently, if

there exist ay,as € R® and k < ““%4“2' such that the above assumptions hold, then (1.1)
has two different stationary probabilities i1 € P ., 12 € P}

az,k "’

For McKean-Vlasov SDEs, we have the following corollary.
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Corollary 3.3. Set b(z,u) = —VV(z) — VF x pu(x) for twice continuous differentiable
functions V and F'. Assume that VV has polynomial growth, and that ¢ is non-degenerate,
bounded on RY x £ and satisfies (H2) and (H3). The point a € R is a critical point of V,
and there are positive constants (3y, B> and non-negative constants 3; such that for every
z,y € RY

VQV(a +z)+ VQF(a —y+x)>Po— 20|z + 352|a:|2. (3.6)

Suppose that there are non-negative constants o, a1, as, as such that (2.7) and (2.9)
with v = 1 hold, and

|VF(z)| < a1 + aslz|, = € R% (3.7)
Let

Ko = mf{w >0 | ﬁ2w3 — ﬂle + (50 — ag)w — o1 > 0},
k1 = inf{w > kg | Bow® — Brw? + (Bo — az)w — ag < 0},
ko = sup{w > Ko | Bow® — Brw? + (Bo — a)w — a1 < 0}.

If By > g, Bof2 > 3/32/8 and there is k € (Ko, k1) U (K2, +00) such that
o), < 2 (B2k® = Bik® + (Bo — aa)k — a) i, (3.8)

then there is a stationary probability measure u € L@(},K for (1.1).

Remark 3.4. Stationary distributions are found around the minimums of V, see also
[26]. In following examples, the inequality (3.6) holds for the minimums of V.

Corollary 3.3 provides a sufficient condition to find the stationary probability measure
around the critical point of V. According to Theorem 3.1, to prove that there are several
stationary distributions, x needs to be small (e.g. less than a quarter of the distance
between two minimums). To get small « such that (3.8) holds, a sufficient condition is
that @; = 0 and ||o||~ is small, see examples below.

We present concrete examples to illustrate the non-uniqueness of stationary distribu-
tions. The first example has been investigated by many papers in the case of additive
noise, see e.g. [6, 26].

Example 3.5. Let d = 1, ay,a2 € R with ayas < 0, 8 > 0 and a > 0. Consider the
following McKean-Vlasov SDE with quadratic interaction

dXt = —,B(Xt - al)Xt(Xt — CLQ)dt - 04/ (Xt - y)D‘ZXt (dy)dt
R

+O'(Xt,$Xt)th. (39)

Assume that o is positive and bounded on R x £ and satisfies (2.2) and (H3). Then (3.9)
has a stationary distribution. Furthermore, if

a? 4+ a3 +2(ay —ax)* +al vas < (3.10)

oa
5 9
and there is some « € (0, (Ja1| A |a2])/2) such that

lrlloe < /2805 — a1 — az) (s — Jar] A Jaa), 3.11)

there exist two distinct stationary distributions vy, s € #2772 such that

vi(l-—a1]) <k, (|- —az]) < k. (3.12)

Consequently, if o is a positive constant, a; = —as with (3.10) holds, and |[o]jc <
Kk/28(k — 2]a1])(k — |aq]) for some 0 < & < |a1|/2, then (3.9) has at least three stationary
distributions.
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For d > 1, we give the following example.
Example 3.6. Let a;,a; € RY, 3> 0 and o > 0. Consider the following McKean-Vlasov
SDE with quadratic interaction

dXt = 72 ((Xt — CL1)|Xt — CL2|2 —+ (Xt — QQ)‘Xt — a1|2) dt

+ 0 (Xy, Lx, ) AWy — oy /]R((Xt —y))ZLx, (dy)dt.

Assume that ¢ is non-degenerate and bounded on R x & and satisfies (2.2) and (H3).
Then (3.9) has a stationary distribution. Furthermore, if %|a1 —as]? < % and there is
some k € (0,]a; — az|/4) satisfying

||U||OO - KJ\/QB (F‘: - |a1 - a2|) <K/ a al;aQ|)7

then there exist two distinct stationary distributions vy, v € 1772 such that (3.12) hold.

The following example shows that our criteria can also deal with McKean-Vlasov
SDEs with non-quadratic interaction.

Example 3.7. Let a1, a2 € RY, and let B, a1 and as be positive constants. Consider the
following McKean-Vlasov SDE with non-quadratic interaction

B

2

~ [ (@l = yP X — ) + aal(X; — )2, ()t (3.13)
Rd

dX; = —= (X — a1)| Xy — ao® + (X¢ — a2)| Xy — a1 |°) dt + o( Xy, L, ) AW,

Assume that o is non-degenerate and bounded on R x & and satisfies (2.2) and (H3). Let

o _ (B+a)ipE
b=, th= "5,
Blay — as] 2(3(4+6o))zaf
1
3
K1 = b1]a; — azl, Ko = (ﬂ/ﬂ) |a1—a2|%.
40[1
Suppose that
a1+ B >243(4 + 90)67 (3.14)
o2, 01(4+60) 3o 02
< —— | A= 3.15
2ﬁ\a1 —a2|4 2 ,B 5 ( )

Then there are two distinct stationary distributions vy, v, € 1772 such that
34y L .
vi(| - —ail) < k1, (vi(]-—a2l?))? < ke, i=1,2.

We finally give an example on the non-uniqueness of stationary distributions for
distribution depended SDEs with a measurable and bounded drift, which can be in
non-gradient form.

Example 3.8. Consider the SDE in Example 3.6 perturbed by a bounded drift:

dXt = _B(Xt — al)Xt(Xt — ag)dt — O[/ (Xt — y)gxf (dy)dt
R4

+h(Xt,fxt)dt+O'(Xt,fxt)dwt, (316)
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where the constants «, 3, a1, as satisfy all the conditions of Example 3.6, o satisfies (H5)
and (2.13), and h is a bounded measurable function on R¢ x 2 satisfying (2.12). If there
is k € (0,]a1 — az|/4) such that

13 + IPllock < 268%(k — |ay — az|)(k — |ar — az|/2), (3.17)
then there exist two distinct stationary distributions vy, v, € &1 satisfying (3.12).

3.1 Proof of Theorem 3.1 and Corollary 3.3
Proof of Theorem 3.1. According to Theorem 2.2 or Theorem 2.5, we find a fixed point
of 7 in £, for every M larger than some M, > 0. Let pM = 2N P . We
are to find the stationary probability in 95‘4,;’

By the It6 formula, we have that

S

t
X af? 2 / (X9 a, o (XI, p)dW,)
0

t
- / (lo (X 1) 25 + 20X — a, b(XE, 1)) ds

IA

t
- / 1 (X5 — a™ |t llos» 11allne)ds

t
- / 32(1X5% = a2, gl 10 ]l42) 5
0

t
- / 91X~ aP [tallyes lttallra)ds.

Then by the Jensen inequality, we have that

EIXP* — g 2 1 t
FEC A < (5w - Pl el ) (3.18)
0
and
]E|X/»"ga _ a|2 1 t .
% < 7;/0 Egi (| X5 = a[™, HMGH’YN HNaH’w)dS

1 t
- /0 Ego(IX% — a|", ||tall, |l 12alls)ds

1 t
<o (4 [ B aas ol Il

1

t
— g2 (t/ E| X — a|2ds, ||, llua|72) . (3.19)
0

By (2.16) and 71 < 72 < 1 4 ro, there is a sequence t,, T +00 such that

Yids = T,(| - —a

1 tn
lim 7/ E|X/" — g "), i =1,2.
0

n—+oo t,

By the continuity of g; (-, |ttall+, » | ttall2 ), @ = 1,2, we take t = t,, in (3.19), and let n — +oc.
Then

g(((Tw)all3tlmally liallh) <0, (3.20)
g1 ((Tw)all3ss lallyes ll1allye) + 92(1(T)all33, liallvs l#ally,) <O (3.21)
Combining (3.20) with (3.2), for every p € 2.7, we have that [|(7,)qlly, < #1. This,

together with (3.21) and (3.3), yields that ||(7,.)a|,, < 2. Hence, 227 is an invariant
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set of the mapping 7. It is clear that ﬁfl‘{,ﬂ is also a compact, convex subset of (2!, W).
By the Schauder fixed point theorem, there exists p € ,@%ﬂ such that u = 7,.

Let iy € 2200 jup € 2217 be two fixed point of 7. Since x; < w, the Chebyshev
inequality yields that

1
_ e —aq )T
M1 ( c—ap| > a1 a2|> < 20l zaa[" ) < 2651 < 17
2 |CL1 _CLQ‘ |a1 _CLQ‘ 2
1
_ — Y1Y)) 1
H2 (‘—a2| > |a1 a2|> = 2(M2(| ag\ )™ < 2/ < 1
2 |0,1—(12‘ |a1—a2\ 2
Therefore 1 # pa. O
Proof of Corollary 3.3. It follows from (3.6) that
V2V (z) + V2F(x —y) > Bo — 2B1|z — a| + 3B2|z — a?
3
> 5Balz|* = 261[w] - (3B2al® + 2B1]a] = Bo) - (3.22)
By (3.7), for any € > 0,
3
205 3
IVE(z)] < | o1 + - | +elzl”. (3.23)
3(3¢)z

By (2.7), (3.22), (3.23) with € < % and (2.9) with v¢ = 1, it follows from Corollary 2.4
that (1.1) has a stationary distribution in P
We verify (3.4) and (3.5) for x € (kg, k1) U (k2,+00), v = 1 and

g(w,wy) =2 (Bow* — frw® + Bow? — (a1 + aowi)w) — [|o]|oo, w,wy > 0.

Since a is the critical point of V, VV(a) = 0. Then

(VV(z+a),z) =(VV(z+a) — VV(a),x) = /0 (V2V (a + 0z)x, x)do.

Thus
(VV(z+a),z) + p((VF(x+a—"),z))
= /01<V2V(a + 0x)z, )df + p((VF(a - -), )
+u((VF(z+a—"-)—VF(a—"-),z))
:/01 /Rd<(V2V(a+0m)+V2F(a—y+0x))x,x>u(dy)d0
+p((VF(a =), z))
> (Bo = Bula] + Bala]?) |2]* — (a1 + azp(la — -)))lz].
Then

2b(z + a,n),z) + [lo(z + a, )| ms < —g(Jz], lnallr), @ € R, p € 2.

It is easy to see that

(0n.9)(w, w1) = 2 (12B2w” — 681w + 2 .
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Since 7 < $8yB2, we have that (92g)(w,w1) > 0. Thus g(-,w;) is convex on [0, +00).
Consider the set
Ay, ={w >0 g(w,wi) < 0}.

For any s > 0, we have that

Ay, CA, ={w>0]|g(w,k) <0}
={w>0]2 (B2w4 — fw® + Bowz) < 2(a1 + azk)w + |lo]|A}, 0 < wp < k.

Since the polynomial Baw? — Biw? + Bow? is convex, there is wy > 0 such that
{w>012(Bw* = Brw® + Bow?®) < 2(e + azk)w + ||of|2} = [0, wo).
Since By > aw, for k € (Ko, k1) U (ke, +00), we have that
Bok® — Bik* + (Bo — az)k — ag > 0.
By (3.8), we have that

9(k, k) =2 (Bar = B1K® + Bok® — (a1 + aak)k) — ||o]|%,
=2 (Ber® — 1k + (Bo — )k — o) k — ||o]| %
> 0.

Thus wo < k. This yields that <, <, Aw, C [0, ). Consequently, (3.5) holds. O

3.2 Proofs of examples

Proof of Example 3.5. Setting

ba,p) = ~Bla — ar)a(e —a2) — a [ (@~ y)u(dy)
R
it follows from Corollary 3.3 that (3.9) has stationary distributions.
Next, we use Corollary 3.2 to prove the existence of two distinct stationary distribu-
tions. Lety =1,
Jw? — “Fwy — o2, w > 0.

. o
g(w,wy) = 2ﬂ(w4 —|2a1 — ag|w‘3 + (a1(ar — a2) + 5

B
Then for given wy > 0

(02.9)(w,wy) = 48 (6102 — 3|2a1 — as|w + (a1 (a1 — az) + a)) )

™

By (3.10), we have that

Sa
3(2a; — a2)* — 8ay (a1 —ag) < a3 4+ a3 +2(a; —ax)* +a? Vai < —.

B
This implies that (92,g)(w,w;) > 0. Thus g(-,w;) is convex. Moreover,
2(b(x + a1, p), @) + llo(z, 1) s
— 262z + an)(o +a1 — az) ~ 200 | (ot an— ) u(dy) + ol
R
o ox
=—2f (3:4 + (201 — a2)a® + (a1 (ar — az) + E)xQ A y)u(@)) +lloll3
R

< —g(lz], [l ay [11)- (3.24)
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Let

p(w) = 28(w* — 2a1 — as|w® + (a1(a1 — az) + E)wZ) (3.25)

Then p is is convex on [0, +oc0). Thus for x > 0, there is wy > 0 such that
{w >0 p(w) < 2arw + [lo]2,} = [0,wo)-
Hence, forany M > 0, p € (@é\f; and 0 < w; < K, we have that
Ay, ={w >0 g(w,w) <0}
{w >0 268(w* — [2a1 — az|w® + (a1(a1 — az) +

{ >0 | p(w) < 2akw + ||a||§c}

-
w
)
)

2

Since ajas < 0, we have that a; (a1 —az2) > 0 and |a; —
we have that
K2 —|2a1 — as|k + ar(a; — az) = (k — |ay])(k — |ay — az))

> (k= lax[ A laz])(k — |a1 — az]).
Note that
p(r) = 2ak” — |03, = 26(k* — |2a1 — az|w + a1 (a1 — az))x* — |o|l3.
Thus, by (3.11),
p(k) — 20> — 0|2, > 0.

This, together with (3.26), yields that wg < k. Taking into account (3.26), we get (3.5).
Hence, (3.9) has a stationary probability measure v; € 9 . It is clear that we can

replace a; by as. Thus (3.9) has a stationary probability measure v, € ﬂj‘f/}ﬁ Finally,
e jar Afaal _ 1 [ far s
ay| A |ag 1 ayp — ag
< ———— < - | ————
" 2 =2 < 2 ) ’

the two probability measures 11 and v5 are distinct by Theorem 3.1.
If a4 = —a9 and o is a constant, it has been proved that (3.9) has a symmetric
stationary probability measure (see e.g. [14]):

2 ot ala? ax?
po(dr) = co exp {—02 (5 (4 Ty ) - 2) } dz,

where ¢y is the normalization constant so that p is a probability measure. Assuming
ay > 0, it follows from (3.12) and x < a;/2 that

vi(| - —ai)

v1((=00,0]) < vi(]- —a1] = a1) < o

<I€<1
T 2’

and, similarly, v»2([0,4+00)) < 1/2. Thus, v; and v, are not symmetric measures. Hence,
(3.9) has three stationary distributions. O

Proof of Example 3.6. Set

3 a1 —asl?  « aw
g(w,wy) =24 (w4 - §|a1 - az\ws + <|122| + 5) w® — wl) - ||U||§oa
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3 a —az)?  «
p(w) =28 (w4 — glar - as|w® + (|12Q| + ﬂ) w2) :

One can follow line by line the proof of Example 3.5 to get the conclusion of this example,
and we omit the details. O

Proof of Example 3.7. According to (3.13), we have that
bz, p) = —g {(z — ar)|z — a2]* + (z — a2)|z — a1}
- [ fonle =y =) + e =) )

It is a routine to check that all the conditions of Corollary 2.4, and we omit the details.
The rest is prove (3.1), (3.2) and (3.3) for vy = 1,7, = 3 and

lay —aol* o1 5, a5 (o1 3 g 2
g1 (w, w1, wa 225[(4-10 + 5w = | Fwy+ —w w]— T l50s
( ) 5 Uit g Uzt o]l

g2(w,wy) =20 [(1 + cg) w3 — 3 <|a1 —as| + Oguq) w] ,

g(w, w1, wa) = g1 (w, w1, wa) + g2(w?,w1), w > 0.

It is clear that

D (Pl + a1 — ol + (@ + a1 0z, @) af?)
3 a1 — aol?
=-p (|334 + §<a1 — ag, 2)|z|* + 122||93|2>
3 a1 — aol?
< =5 (Jal* = Jlan — aallaf + 115220 o)
and
— / &+ a1 — P + ar — y,2)p(dy) — a / (& + ar -y, 2)u(dy)
R4 R4
——ar [ (Jaf + 2(z,01 = o) + s = o) (ol + 2~ y.2)) ()
R
s / (122 + (a1 — 7)) u(dy)
Rd
< o (laft 30 [ (oar = ghutay) + 1ol [ for — ()
R4 R4
o (2 [ =yautan) + [ =y - y,xm(dy))
R4 R4
~ asfaf? — a / (ar — 9, 2)uldy)
Rd
< —on (Jzl* = 3(| - —arDlel + () - —ar )|l - (|- —aa*)]2])
— all? + ap(| - —aa )]z
Thus
2ol + ar, ), ) = —B (2217 + a1 — asl? + (& + a1 — as, 2)[z]?)
20 [ ot -yt - yaluldy)
R
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~ 2 / (@ + a1y, 2)p(dy)
Rd

< 8] (1 N “1) ot 3 (|a1 g + L] —a1>) af?

B B
T ("2' + 2 ) + ‘};) [af?
~ (St —anf) + a1 =ar))) ol

Then

2(b(z + ay, u),z) + o+ ay, w)lzrs < —g(lal, a1, | Harlls), @ € RY.

For p with ||y, [[1 < k1 and [|pa, |3 < k2. Since % > 1, we have that

anyd (8) (20003 (8
(1+ ) (m) ) (m)3<1 7
23(4+60)F ~ 2B3(4+60)F 2V

Let 92 K

_ 2
la1—az|

. Then

As a consequence, we have that k1 < ko. It is clear that
(02.9)(w, wr, w5) = 23[12 (1 + j;) w’ - 18 <|a1 ~as] + ng) w

|CL1—Cl2|2 a1 o a2>
+2| ——+ —wi + —= }
(5 Gt 5

By (3.14), we have that

o) < (\/227\/(1 + %)(1 +20) — 1) aﬂl

Then

(1+0‘191>2<4(1+a1> (1 + 260)
8 27 B o

This implies that

2
(18 (|a1 —a2| + %Mﬂ . —a1|)>) < 48 (1 + Og) <CL1 —a2|2 + 2g2> .

Consequently, g(-, w;,ws) is convex. Thus there is wg > 0 such that
{w>0]g(w,wi,wz) < 0}

C {w >0 (1+ %)w4 = 3(|lay — az] + %ml)w?’

|a1—a2|2 02) 9 (041 3 (6 5] ) HUHZO
+(————+ = Jw = =K+ =K1 |Jw < }
< 2 5 g2ttt 2

= [0, 'LUO}.
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Since (3.14), we have that

0 2ay
51—39§+(1—71)0i”>

This, together with %01 = %9% and k1 = 91|CL1 — a2

9%, 6,
50 ~ 4

, implies that

ay — asf?
2
Moreover, it follows from (3.15) that

(0% « a; —a 2 (0% « E (0%
U+ Gt = 300 - aal+ et + (520 4 2 ) = (S )

/@1>6

@)3 Rt

3 Ky.

k1 — 3la; — a2|ﬁ% +(1-

B 2 B B B
2 . ay — as|? o] -
>(1- 71)/-51L — 3la; — ag|Kd + %Hf - Flngm
20&1 91
= ((1 — 7)9? - 39% + 4) 91|a1 — a2\4
2 2

01, u el

> 5 |a1 a2| > Qﬂ .

Hence, wg < k1. Hence, (3.2) holds.
For (wy,ws) € Py, x,, we have that

g2(K3,w1) + nlizlgzogl(w’ wy, ws)

2

8 ("%3 + %m)
o « B B
> 28 ((1+1) W3 ( —a2|+1m) ) - o2

B B |a1—a2|2+%

2
ﬂe3+9091)
a1\ o 3 (ﬂ 2 4 2
-9 1+ 22 )3 (1422 A /A —alt — .
B < + ﬁ>92 3( + 591> 05 SEwT lar — az|” — o5

Taking into account that % = 93, we have by (3.15) that

ﬂ93+99)2
o 4 (5] 3 (B 2 oY1
1+— )65 — 14+ — -
<+5>2 3(+591>02 2 + 460

a\ [ B\°,1 38 (3 (+60)°

> (1+%) (i) 91—4%—(4+;+490)91]91
a\ (B \°,1 3B fo

> (1+5) (4@) 91_4@1_(1”)91]91

o] % ﬁ

(1+) (a) 33 _ (440001 3:

24V3(1+ %)2  day 2 48
loll3

>
2,8‘&1 — a2|4
Thus
92(5371{}1) + gl(w7w17w2) > 07 (wlva) S @thﬂg'
Note that g5 (-, w;) decreases first and then increase. Thus,
U {o <w | ga(w® wn) ok gy (w,wywn) < o} C 0,k
0<w<ky
(w1,w2)EDry ko
Hence, (3.3) holds. Therefore, the proof is complete. O
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Proof of Example 3.8. With g(w,w) in the proof of Example 3.6 replaced by g(w,w;) —
|h|lcw, as in the proof of Example 3.5, one has that J ., <, Aw C [0,wo] for some
wp > 0. Let p(w) be the polynomial defined in the proof of Example 3.6. Then it follows
from (3.17) that

p(k) = 2ak® = ||hllock = [lo]|%
> 28K%(k — la1 — ag|/2)(k — |ay — az|) = ||hllcok — lo]l%
> 0.

Hence wy < k. Replacing a; by as we have the same consequence. Therefore, there exist

two distinct stationary distributions v, € 251!, vy, € 252]. O
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