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Central Limit Theorems for global and local empirical
measures of diffusions on Erdos-Rényi graphs
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Abstract

We address the issue of the Central Limit Theorem for (both local and global) empirical
measures of diffusions interacting on a possibly diluted Erdés-Rényi graph. Special
attention is given to the influence of initial condition (not necessarily i.i.d.) on the
nature of the limiting fluctuations. We prove in particular that the fluctuations
remain the same as in the mean-field framework when the initial condition is chosen
independently from the graph. We give an example of non-universal fluctuations for
carefully chosen initial data that depends on the graph. A crucial tool for the proof is
the use of extensions of Grothendieck inequality.
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1 Introduction

Fix n = 2,3,... and let ¢ = (52(]")) be a collection of independent and
ij=1,....,n

identically distributed Bernoulli random variables, with parameter p,, € (0,1] (i.e. £ (n)
defines an asymmetric Erdés-Rényi random graph of parameter p,). Let T > 0 be a finite
time horizon. We are interested in the empirical measure of a weakly interacting particle
system where each particle is represented by a function on the 1-dimensional torus
T := R/2xZ. The population dynamics is defined by the following system of stochastic
differential equations

da;%":np ngr(” 0”) dt+dBi, 0<t<T, i=1,....n, (L.1)
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CLT for empirical measures of diffusions on random graphs

7,M

endowed with some initial condition (90 ) and where (B?%);> are independent and
i=1,...,n =

identically distributed standard Brownian motions. The dynamics of %" is influenced by
the 67" with ¢ and j neighbors in the graph, through some regular functionI' : Tx T — R.
The interaction in (1.1) is renormalized by the (uniform) expected degree np,, of each
vertex so that the interaction remains of order 1 as n — oco. Note that we will be
particularly interested in situations when the initial condition may depend on the graph:
we denote by P, := IPg(df(")) the law of the graph (that is a product measure on

{0, 1}”2) and by Py := Py (d6y|¢(™), the law of the initial condition 0 = (06”) X

(that is not necessarily a product measure), conditioned on the graph. We define finally
P = P(dgg,déM™) = Po(doy|¢™)P,(d¢(™) the joint law of the initial condition and
graph. Denoting by P the law of the Brownian motions, we will be working with IP @ P.
In particular, the notation [Ey used in the rest of the paper will refer to conditional
expectations.

Remark 1.1. One could very well consider the more general dynamics
in _ ppim 1 M (gim gim i .
doy™ = F(0y™)dt + E & L0y, 077 ) dt+dBy, 0<t<T, i=1,...,n, (1.2)
npn <
Jj=1

where F' is a (bounded) smooth function on T modelling intrinsic dynamics for each
particle. The result of the present paper remain obviously valid, up to the notational cost
of adding e.g. some drift term —d [u:(6)F ()] in the nonlinear Fokker-Planck equation
(1.4). We chose to restrict to F' = 0 for simplicity of exposition.

An easy instance of (1.1) corresponds to the mean-field case, i.e. when p,, = 1 so that
gi(;” = 1 for all < and j (hence the graph of interaction is the complete graph). In such

defined as

n 1 .
un = 521592'"’ t e [0,7). (1.3)

The empirical measure is a (random) probability measure on T. The behavior of u" as
n — oo in the mean-field case is standard and particularly well-covered in the literature
(see e.g. [64, 29]): provided that p§j converges to pp, one can show that u" converges to
the unique solution to the following non-linear Fokker-Planck equation

Ouu(0) = SRp(6) — 0y [ (O)(T * u)(O)], 0 <t<T (1.4)

In (1.4), the * denotes the integration with respect to the second variable, i.e., (I'sxpu)(-) =
JpT(-,0)p(de) for 1 a probability measure on T. The convergence to (1.4) can be for
instance considered in the space of probability measure on continuous functions on the
torus, i.e., in P(C([0,T],T)). In general, it depends on the topology where the sequence
(1")n>1 is studied.

A recent interest has been shown in the literature concerning extensions as (1.1) to
generic graphs of interactions. Observe that when (Sfjn)) is no longer constantly equal to
1, the interaction is not a linear functional of the empirical measure (1.3), but rather of a
collection of the local empirical measures defined by

, 1 < (n
it = WZ@‘Z. >503,7L, tel0,T),1=1,...,n. (1.5)
oi=1

Contrary to the mean-field case where one easily obtains by It6’s formula a closed
semimartingale decomposition of u™ (e.g., [53, 64]), applying the same calculation in the
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general case (see, e.g., Lemma 4.3) shows that u"’l depends itself on empirical measures
involving higher order expansions within the graph structure: a whole hierarchy of
empirical measures (indexed by local patterns in the graph) appear and the difficulty
is to find a way to properly close this decomposition. However, if the graph (fg”)) is
sufficiently close to the complete graph (in a way to be precised), the behavior of the
system (1.1) as n — oo should be described as well by the same macroscopic limit
(1.4). A rather informal question would be to understand how universal the mean-
field framework is: how much can we perturb the complete graph of interaction and
still conserve the same macroscopic properties as n — o00? This question has been
addressed in details at the level of the law of large numbers: a series of recent papers
[21, 17, 43, 3, 8] have shown that u™ converges to u for a large class of graphs that
includes the Erd4s-Rényi case. We refer to Section 2.7 for a more detailed discussion on
these results.

Note that one may be interested in two distinct graph regimes: the dense case when
pn — p € (0,1] as n — oo, i.e., the mean degree of each vertex remains proportional
to the size of the population, and the diluted case (or vanishing density degree) when
pn — 0 @as n — oo and up to the sparse threshold np,, — ¢ > 0, where other phenomena
are known to be in play [57, 40].

1.1 Aim of this work

The purpose of the present work is to address the universality of the mean-field
framework at the level of fluctuations. We are interested in studying the limit of two
objects: first of all, the global fluctuation process n", given by

ny = vn(u} — ), for0<t<T, (1.6)

i.e., the standard fluctuations of ;" around the limit 4. Note that n™ not only depends
on the randomness coming from the noise in (1.1), but also on the graph £(). We will
consider the behavior of " under the law P only, i.e., as a quenched object with respect
to the graph sequence realisation. In addition, we will include the challenging case when
the initial condition depends on the underlying graph. To the authors’ knowledge, this
issue has never been tackled. We refer to Section 2.7 for an overview on the existing
literature.

The second aim of this paper concerns the fluctuations of local empirical measures
around their limit. Recall the definition of the local empirical measure M""l in (1.5). This
process is the empirical measure of particles at distance 1 of vertex [ within the graph.
Note that 4™ is not necessarily of mass 1 (one only has (u™, 1) — 1, P,as.), as

(1.5) is not renormalised by the degree d,,; := E;’:l fz(j@ of vertex [, but rather by its
expectation E [d, ;] = np,. This choice of renormalisation turns out to be convenient for
our fluctuation results, as it permits to focus only on the fluctuations that come from the
dynamics and not to bother with intrinsic fluctuations in the vertex degrees in the graph.
The influence of this last choice of renormalising constant on our results is discussed
in details in the Appendix E. It turns out that the natural limit for the local empirical
measures (1.5) is also given by p solution to (1.4). Hence, the second aim of the paper
will be to address the behavior of the joint fluctuation process

G (6 6?) o= (vimn (! = ) ov/pm (132 = e) ) (1.7)

that is the joint fluctuation process for the local empirical measures around vertices 1
and 2. One point will be to understand how the limits of both »™ and (" may or may not
depend on a specific realisation of the graph and, secondly, on the graph structure itself
(in particular the fact that the graph may be dense or diluted).
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1.2 Strategy of proof

To prove the convergence of fluctuations, we follow the classical trilogy of arguments:
tightness of 7", identification of the limiting values of n™ as solution to a suitable partial
differential equation and uniqueness of the limit solution. The main tool to prove
the first two steps is a semimartingale decomposition in a suitable Hilbert space of
distributions (see, e.g., [51, 33, 25]). From this point of view, we closely follow the
strategy proposed in [25]. As already said, there is no possible way to obtain a closed
semimartingale decomposition for the empirical processes p" and p™' (and thus for
n™): we have supplementary terms that depend on expansions of higher order within
the graph. Our strategy, and the notable exception compared to [25], is to pursue the
expansion and to write the semimartingale decomposition of these higher order terms,
until the remaining errors in the expansion of ;™ become lower than 1/4/n. Although
written in a separate way for clarity of exposition, the treatment of both global and
local fluctuations (note that the local fluctuations are considered under a stricter set
of hypotheses concerning the initial condition) follow the same main lines. The main
argument to close this expansion (and the main contribution of the paper) concerns
the use of generalised Grothendieck inequalities, which enable us to decorrelate the
dynamics from the proximity estimates between the graph (55}1)) and the complete graph.
More details on the use of Grothendieck inequalities are given in Section 3.

1.3 Notation

The space of probability measures on a metric space X is denoted by P(X). As usual,
we denote by C([0,T], X) the space of continuous functions from [0, 7] into X endowed
with the supremum norm, this last one being denoted by |-|| .. For two probability
measures p and v on a given metric space X, we denote by dpr (i, v) their bounded
Lipschitz distance, i.e.,

dBL(u,I/):sup{/de,u—/deV, feBL(X)}7 (1.8)

where BL(X) := {f X =Ry flle <1 1l < 1} and ||f||,,, is the Liptschitz con-

stant of f. In order to study the limit of both (1.6) and (1.7), we will need to introduce
several other weighted empirical processes, that all depend on the graph sequence

(528")) The first one is a weighted empirical measure 7' on T?, that is associated to the

fluctuations arising from the graph sequence, i.e.,

Am 1 - 2(n
7= 3 ggj)aei,nmez,n, 0<t<T, (1.9)
i,j=1
as well as its rescaled counterpart

A" = /" (1.10)

In (1.9) and (1.10), we used the notation

) em
W= 1, dij=1,...,n (1.11)

DPn
A measure that will arise naturally in the study of local fluctuations is the following:

1 n
,1,2
prt? = =N e e Sy, (1.12)
"Pn i1 '
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whose role is to account for the presence/absence of the pattern 1 < ¢ — 2 in the graph,
capturing a notion of connectivity between vertices 1 and 2. Let (-, -) denote the duality
bracket between function spaces and their dual spaces, observe that the mass < uy 1,2 , 1>
tends also almost surely to 1 as n — oc.

For studying the sequence (1"),>: defined in (1.6), we need a suitable space of
distributions. In fact, quantities such as ™ or ¥ are not probability measures, having
total measure close to 0, and require to be studied in a larger space. As already done in
the literature [25, 33, 6, 4], we choose to work in a class of Hilbert spaces that include
(as a continuous embedding) the probability measures. The canonical choice is given
by the usual Sobolev Hilbert spaces H~"(T%) := W~"2(T¢) (with r > 0), dual of H"(T)
space of test functions with derivatives up to order r with finite moments of order 2
[1]. We define ||h|| -+ (T) (resp. |||l g--(r2)) as the norm on H~"(T) (resp. H "(T?)). To
keep the notation concise, we will often write ||k||, for both these norms, whenever the
context leaves no ambiguity on the fact that this notation concerns functional acting on
test functions on T or TZ2. Sobolev inequalities, e.g., [1], state that

wn2(T¢) = H™(T?%) c ¢%*(T) (1.13)

for a € (0,1] and r = % + a, where C%(T?) is the space of continuous functions with
a-Hélder regularity. By duality, P(T¢) is continuously embedded into H~"(T4) for any
r > %. This implies that any probability measure on T belongs to H~"(T) for any r > %
For a given t € [0, 7], the distribution 77" is an element of the Hilbert space H ~"(T?) for
r > 1. Recall also that one has the following Hilbert-Schmidt embeddings (see [25] and
[1, §6])

. L d
H=(TY ¢ H-™H)(Th), m > 5 and j > 0.
In the Hilbert space H"(T¢), one can define the semigroup operator S = (S;);>0
associated to the Laplacian operator, this last one being denoted by A (or 83 in the
one-dimensional case). It is well-known, e.g., [34], that S. is an analytic semigroup. For

a given operator £ on some Hilbert space, we denote by L£* its dual operator in the
corresponding dual Hilbert space.

2 Hypotheses and main results

2.1 General hypotheses

Assumption 2.1 (Regularity of I'). We assume that I' is infinitely differentiable on T?
(and hence bounded with bounded derivatives). A careful reading of the proofs below
shows that I" being C* for a sufficiently large k would be actually sufficient.

Assumption 2.2 (Initial condition). We suppose that the initial condition, that is the
random variables (05’", ceey 98’"), are chosen independently from the Brownian motions

(B',...,B"™) (but not necessarily i.i.d. and they may depend on the graph), such that
their empirical measure p converges weakly to some 1 in the following way:

dBL (ug,,ug) m 0, ]PO'&.S. (21)

Remark 2.3. Note that since dpy, (1§, o) < 2, the convergence (2.1) actually implies

]E() [dBL (ug,ﬂo)q] —0 (22)

n— oo

for any ¢ > 1. It is possible to assume only (2.2) for some ¢ > 1 and in such a case (2.4)
below remains true up to a supplementary integration w.r.t. £y and the results of the
paper remain valid.
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2.2 Laws of large numbers for global and local empirical measures

Before presenting our main fluctuation results, let us state the following result (which
may have an interest of its own) on the convergence of the empirical measures p", u™
and u”vlﬁz defined respectively in (1.3), (1.5) and (1.12).

Theorem 2.4. Suppose here that Assumptions 2.1 and 2.2 are satisfied.

1. Convergence of the global empirical measure: under the dilution condition
NPy — 00 (2.3)

the global empirical measure u™ given in (1.3) verifies, for all ¢ > 1,

E |supdpr (u2, ps)?| —— 0, P-a.s. (2.4)
s<T n— oo

2. Convergence of local empirical measures: if one supposes further that the initial
condition is independent of the graph:

(a) if np3 — 0o as n — oo, then for any fixed | > 1, the local empirical measure
p™t defined in (1.5) verifies, for all ¢ > 1,

E [sup dgr, (u?’l7u5)q] ——0, P-a.s. (2.5)

s<T n—00

(b) if np® — oo as n — oo, then the local empirical measure ™12 defined in
(1.12) verifies for all ¢ > 1,

E {sup dBL(ug»lvz,us)Q] ——0, P-as. (2.6)
s<T n—oo

The proof of Theorem 2.4 can be found in Appendix C. In comparison with the existing
literature, the convergence result (2.4) generalises the previous results in two ways:
we obtain the optimal dilution condition (2.3) under the quenched set-up and more
importantly, we allow for initial condition that possibly depend on the graph (not to
mention that they need not be necessarily i.i.d.). We refer to Section 2.7 for a more
detailed discussion on this matter. It is however likely that the dilution conditions
required for the convergence of the local empirical measures may not be optimal.

2.3 Global fluctuations

We now proceed with the main results concerning fluctuations. We address two
issues: first, global fluctuations (Section 2.3) that is the behavior as n — oo of the global
fluctuation process n" given in (1.6) as n — oo; second, local fluctuations (Section 2.4)
that is the joint convergence of the local fluctuation processes (C”vl, C"72) given in (1.7).
In the rest of the paper, the following indices are fixed:

rg >3, r1i=r9+2, ro:=1r1 + 2. (2.7)

Recall the definitions of n” in (1.6) and /™ in (1.10). We first state our main hypotheses
concerning the initial condition. We suppose in the following that either Assumption 2.5
or Assumption 2.6 is true.

Assumption 2.5 (Quenched initial fluctuations). We suppose that there exists « € (0,1)
such that the following estimates are true

sup Eo (||ng||1j;§‘) < t00, Py-as. 2.8)
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sup Eo (||ﬁg||1j;§‘) < t00, Py-as. 2.9)

Note that under (2.8) and (2.9), P,-a.s., (ni}) and (7)}}) are tight in H~"* (T) and H " (T?)
respectively. In addition, we require that we have, PP -a.s., the joint convergence in law
(w.r.t. Po) of (ni,Hp) in H=™ (T)® H " (T?) towards some (ng,7y) € H~" (T)® H " (T?)
asn — oo.

Assumption 2.6 (Annealed initial fluctuations). We suppose the same hypotheses as for
Assumption 2.5, with (2.8) and (2.9) replaced by

—7g

sup E, Eo (|05 152 < +oo. (2.10)

—T

sup EgEo (IIﬁSI\”?) < o0, (2.11)
n

and the joint convergence of (n{, ) to some (no, 7o) in law w.r.t. the joint law P of the
initial condition and graph.

Let us now state the main result of this paper on global fluctuations, concerning
the weak limit of the fluctuation processes 1™ and 7™. Define first the following linear
differential operators: for all test functions f and g, s € [0,7] and v € H~ " with r > 1/2,

©f(01,62) := 1T (61,02) 9o f (61), (2.12)
L0 5(6) 1= S0R(0) + (v(a8), OF(6,8) + (v(a8') , O (6',6) 2.1

LPg(61,6) :

%Ag(@l, 02) + (W(d0'), T(01,0)) , ((d0), T(02,0))) - Vg (01, 05). (2.14)

Theorem 2.7 (General global fluctuations). Recall the definition of (rg,r1,72) in (2.7)
and that u solves the Fokker-Planck equation (1.4). Suppose that Assumptions 2.1, 2.2
hold as well as either of Assumption 2.5 or 2.6. Suppose finally that

lim np? = oco. (2.15)

Then (n",7™) converges in law in C([0, T}, H~"(T)® H~"* (T?)) to (n, ), unique solution
inC ([0,T),H="2(T) & H"2(T?)) to

_ t A(1),% t Nx oA
{nt—UO‘FfOLus nsds + [ ©%7sds + W, (2.16)

fe =0 + [y L2 ds,

where for any r > 2, (W})c(0,1) is a Gaussian process in C ([0,T], H™"), independent of
(no,fo), with covariance

E [W,(f1)Wi(f2)] = /0( (U > O f10pf2) du, f1,f2€ H", 0<s <t <T. (2.17)

In case Assumption 2.5 holds, the above convergence is almost sure w.r.t. the ran-
domness of the graph (quenched convergence) whereas in case of Assumption 2.6, the
convergence is understood under the annealed law P ® P.

A particular case of Theorem 2.7 concerns the case where the initial condition for
the second order fluctuation process 7 goes to 0 as n — oo:

Theorem 2.8 (Universal mean-field fluctuations). Suppose Assumptions 2.1, 2.2, condi-
tion (2.15) and either Assumption 2.5 or 2.6 are true. Suppose in addition that the limit
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of f)fy given in Assumptions 2.5 or 2.6 is 7jy = 0. Then the process (1) converges in law
asn — oo in C([0,T], H " (T)) ton, unique solution in C ([0,T], H~" (T)) to

t
ne = 1no + / £ n.ds + W, (2.18)
0

with 7y independent of W. In case of Assumption 2.5, the above convergence is almost-
sure w.r.t. the randomness of the graph (quenched convergence) and in case of Assump-
tion 2.6, the convergence holds w.r.t. the annealed law P @ P.

Proof of Theorem 2.8. 1t suffices to note that the limiting dynamics of % in (2.16) is
deterministic and linear, so that if initially 79 = 0 one obtains by uniqueness that 7, =0
uniformly in ¢ € [0, T]. Hence, Theorem 2.8 follows immediately from Theorem 2.7. O

Observe that (2.18) is nothing else than the limiting SPDE of the fluctuation process
in the pure mean-field case p,, = 1 that has been obtained in [25], under i.i.d. initial
condition. In this case, Theorem 2.8 is of course compatible with the result of [25]
as, when p,, = 1, 7)j is equally 0 for all n and 73 converges to a Gaussian process so
that Assumption 2.5 is trivially true. One can see Theorem 2.8 as a universality result,
valid beyond the mean-field case, under the dilution condition (2.15): the system (1.1)
conserves the same fluctuations as in the mean-field case, as long as one can verify
Assumption 2.5 or 2.6 and 7y = 0. It is likely that the dilution condition (2.15) may
not to be optimal: the critical point on this matter is the concentration estimates on
quantities SZ given in Definition 3.4. Any improvement in the rates of convergence
found in Proposition 3.5 would lead to corresponding improvements in (2.15). The
second direction in which Theorem 2.8 generalises the Central Limit Theorem of [25]
is the following: a crucial observation is that the fluctuation result in [25] was proven
in the case where the initial datum (0(1)’", s 08’") consists of i.i.d. random variables.
This hypothesis, being perfectly reasonable in the pure mean-field context as a natural
means to preserve exchangeability between particles, is not really relevant in the context
of (1.1), as exchangeability is lost, due to the presence of the graph. Anticipating on
Section 2.5 (where sufficient conditions for the result are given), we indeed show that
these universal fluctuations go well beyond the i.i.d. case as they remain valid as long as
the initial condition is chosen independently on the graph.

In an opposite way, we also describe in Proposition 2.14 an example of initial condition,
depending on the graph structure, such that /7 has a non zero limit, and thus for which
the limit fluctuations are completely described by (2.16) and no longer by the mean field
fluctuations (2.18).

2.4 Local fluctuations

We now give our result concerning the local fluctuations (recall the definitions of the
local fluctuation processes C;, 1 =1,21in (1.7)). As global fluctuations compete with local
fluctuations, the main result concerns the convergence of the joint fluctuation process
(C"’l, 2, n"). We place ourselves in the case of i.i.d. initial condition, independent on
the graph. Anticipating on Proposition 2.11 and Example 2.12, we see that Theorem 2.8
is true: the global fluctuations of ™ are completely described in terms of (2.18).

Theorem 2.9. Suppose Assumption 2.1 and that (6)",...,03™) are i.i.d. random vari-
ables with law o, independent from the graph. Suppose that liminf, np? = oo and
denote by p := lim,,_,o pr, € [0, 1]. Then, P, almost surely, the joint fluctuation process

(¢™1,¢™2,n") converges as n — oo in C ([O,T], (H™ ™ (T))B) to (¢',¢?,m) solution in
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C ([O,T], (H™ " (’JP))?’) to the system

G=Ch+ fyurctds + b fy Vineds + Wi, 1=1,2,
t (1) (2.19)
N ="Mo + fo L) nsds + Wy
where
1
Vo1(0) = (1s(d0') , Buf (6)T (91,0)), (2.21)

for (¢, ¢3,m0) a Gaussian process with explicit covariance given in (5.2) and (W}, W2, W)
Gaussian process with explicit covariance given in (5.18), the initial condition (¢, (2, m0)
and the noise (W', W?2 W) being independent.

A closer look at the structure of covariance of both initial condition in (5.2) and noise
in (5.18) shows that in the diluted case p = lim,_,oc p,, = 0, the process (¢!, (%, n) are
mutually independent and each ¢! (I = 1, 2) satisfy

t
dz%f/mdm+mJ:Lz
0

In the dense case p > 0, (! and (? are correlated in several ways: with a nontrivial
correlation of their noise and initial condition, and through the coupling of the global
fluctuation process 7. Theorem 2.9 is proven in Section 5.

2.5 Examples

We give in this section examples of initial condition verifying Assumptions 2.5 or 2.6
as well as sufficient conditions for the universality hypothesis 7y = 0 of Theorem 2.8.

2.5.1 Universal mean-field fluctuations

The main important point of this paragraph is to note that the universality condition 7y =
0 of Theorem 2.8 is true as long as one chooses the initial condition to be independent of
the graph (but not necessarily i.i.d.!).

Assumption 2.10 (Initial datum independent from the graph). Suppose that P = Po®@P,,
i.e., the initial condition (65" ),>0 is independent from the graph (£"),>o.

Proposition 2.11. Suppose Assumption 2.10. Ifliminf, p3n!~¢ = oo for some ¢ € (0,1),
then, forallr > 1,
lim [, [||776‘||2_7} =0, P,as. (2.22)
n— oo
In particular, (2.9) is true for any « € (0, 1) and 7y = 0.
Proof of Proposition 2.11 is given in Section 4.4.

2.5.2 Quenched mean-field fluctuations

We give now illustrating examples of initial condition that is independent of the graph,
hence particular cases of Assumption 2.10, for which the initial fluctuation process 7j
verifies Assumption 2.5.

Example 2.12 (The case of i.i.d. initial condition). Suppose that (96’") are i.i.d. with law
o (and independent on the graph and on the Brownian motions (B%)). Then Assump-
tions 2.5 is valid and the limit 7 is the Gaussian process with covariance

Cno(flan)/T(fl/Tﬁduo) <f2/Tf2duo> dpo. (2.23)
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The following example shows that Assumption 2.5 is sufficiently weak to possibly
include non necessarily i.i.d. initial condition. We do not try to give any sharp condition
here, we refer to the references mentioned in Example 2.13 for details.

Example 2.13 (The case of a-mixing sequence). On (2, A,Py), define T : Q — Q a
bijective bimeasurable transformation preserving IPy. Let M be a o-algebra of A such
that My C T~ (My) and 0 be a My-measurable random variable on T. Define finally
0} := 03 o T for i > 1. Then applying [20, (4.1) and Th. 2], supposing that

Za(/\/lo,a(Xk)) < 00, (2.24)

k>0

(where (A, B) is the Rosenblatt a-mixing coefficient between .4 and B), we have that
ny converges as n — oo in H~!(T) to a Gaussian process with explicit covariance.
Moreover, under the same condition, applying [19, Th. 1] for ¢(n) := ||7]H2_1, we obtain
the uniform bound (2.8) for a = 1, so that Assumption 2.5 is satisfied. In the context of
Markov chains, condition (2.24) is true as soon as the chain is ergodic of degree 2 [54]
and includes geometrically ergodic Markov chains [15].

2.5.3 An example of non-universal fluctuations

We construct in Section 4.4.2 an example of initial condition (depending on the graph
sequence) such that the limit fluctuations are non-universal:

Proposition 2.14. Take I'(0,0') = —sin (0 — ¢'). For any graph sequence (ffj”)) there

exists a choice of initial condition (8y",...,03™) such that (n},7}}) satisfies Assump-

tion 2.6 and converges in law (w.r.t. the annealed law P @ P) to (1, o) with ng = Z160 +
1 1

Zy0x (where (Z1, Za) ~ N(0,C) with the covariance matrix C defined as C' = ( 4 14>

4 4

and 7y = 3\% (—6(0 0 + 6(0 ot 6(£ 0) ~ 5(1 1)). In particular (recall that * denotes the
'“' ’ ’2 PR 2°32

integration with respect to the second variable), I * 7} converges to ﬁ (50 — 6%) Z0

so that, since for any test function f we have (0%, f) = (I'*7jg, Oy f), the limiting process
1 is governed by (2.16) and not by the universal mean-field SPDE (2.18).

Proof of Proposition 2.14 is given in Section 4.4.2.

2.6 On possible generalisations to inhomogeneous graphs

We have focused on Erdds-Rényi random graphs as they represent a well-known
class of random graphs with many useful properties as edge exchangeability. However,
we would like to stress that the key ingredient in our proof is the independence of the
edges and not necessarily the fact that they are identically distributed. In other words,
we believe that the concentration estimates used in the proof of Proposition 3.5 and in
Appendix B could be suitably adapted to the graphon framework (see e.g. [3, 7, 43])
where the edge independence is kept. Of course, many things must be carefully defined
in this case, e.g., the CLT limit is now going to be an infinite system of equations labeled
by some u € I, and the variables expressing the graph concentration are not centered
around one, but their graphon counterpart, e.g., fl(j") =p, 155;1) — W (u;,u;) for some
graphon W and labels u;,u; € I.

To illustrate the fact that the main ingredient needed in our analysis is the indepen-
dance of edges we restrict ourselves here to a far simpler non exchangeable model
in which the technicalities appearing in the graphon case are not present: an elemen-
tary instance of the Stochastic Block model in case of only two communities. Let n
be an even number and divide the population into two clusters C} = {1, e %} and
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Figure 1: Histograms representing 5000 realizations of /n(¢y]" — ¢ ), where rfeiwtn =
(up(dh), ey and re™t = (uy(dh),e?), for the choice of interaction kernel T'(9,6') =
—Ksin(f — 0') with K = 2. For the blue histogram the interaction is of mean-field
type with i.i.d. initial condition of distribution %50 + %(5%, while for the brown one it
is of symmetric Erd6s-Renyi type with p = 0.5 and initial condition as described in
Section 4.4.2. We observe a dephasing at time ¢ = 1 at the level of fluctuations, induced
by the graph-dependent initial condition.

Cy ={%+1,...,n}, and suppose that the 587) are independent with Bernoulli law with
parameter p; ; = p if 4, j belong to the same cluster and p; ; = ¢ if 7, j belong to different
clusters. Then the mean degree of each node is nr with r = p—;q, so that the dynamics is

9”:725 r(6;",60") at+ dBf, 0<t<T, i=1...n,

There are here two global empirical measures, each on one cluster: ;"¢ = % Ziecln Ogirmn .
Suppose for simplicity that the initial condition is chosen independently from the graph,
with the appropriate convergence hypotheses of the empirical measure as n — co.

Similar standard It6’s calculations as for Lemma 4.3 (note here that (1.11) has to be
replaced by éfjn) = fi(?) — pi,;), show that, for o = f regular and M™! appropriate
martingales

G 1) = 1)+ Jo (i 3007 00 f (0 {4 (1 i €24)) ds
+ (M, n17 1) Jrfo prys Zlecl Z?:1 gz(gn)r (92”791") 9o f (Gén) ds,

(g ) =y )+ fy <u"02 102 +0of (T# {(1 — ) + a2 })) ds
HOM )+ de Tieo, Yimy E50T (007,057) Dy f (037) ds.

p+q’

(2.25)
The mean-field limit is given by the system of coupled PDEs
(s f) = (ug™, +fo< a0+ 0uf (Txfopd + (1 —a)ud})) ds, oo
(e, £) =, )+ o (uS, 303F + 0o f (T {(1 — )€ +au§2})> ds.

Setting now the fluctuations processes

nn — (nn,Cl,nn,Cz) = (\/Z (un,Cl _ ,U,Cl) ,\/Z(un,cz MC2)> , (2.27)
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from (2.25) and (2.26) and using the same techniques as in the present paper, it is not
difficult to show that the proper limit for (2.27) is given by

t 1),% * .
nf = o {1 U () e | ds W

(2.28)
n® =g LA S (= o ()T | s W

for
E“.)f—*aefﬂLaef(T*{aMCl+(1—a) 2}) + ol (i) f,

LY f = 59f+80f ({1 =) + apl}) + ald (us?) f,

Wi = /(%f ) ().

Here (W', W?) are independent Gaussian process with covariance E [W!(f)W}(g)] =

fot " (uCr, B9 fdgg) du. We retrieve from this calculations several easy particular cases:

1. When ¢ = 0, that is a = 1: then we see from (2.28) that (n“*,7“2) are independent
copies of the same process solving (2.18) (this is of course normal as the two
clusters C and (5 are now disjoint).

2. When p = q, that is a = 5: for general initial condition u ! and u02 (

2 not necessarily
1dentlcal) /,L (ucl + MCZ) solves the mean-field (1.4) with initial condition
( Yt oug 2) and we see from (2.28) that n := 3 (n* + 1) solves also (2.18)
(thlS is again obvious as the system consists now in a single Erdés-Rényi with an
homogeneous parameter p= q)
3. In the particular case uS" = 52, the statements of the previous item remain true
for any « € [0, 1].

2.7 A look at the literature

Interacting particle systems of mean field type have been repeatedly addressed in the
literature of the last fifty years, see [49, 55, 29, 64], this list being in no way exhaustive.
The first results focus on the Law of Large Numbers (LLN) for the empirical measure
together with existence and uniqueness related to the limit Fokker-Planck equation, see,

g., [28, 41, 29]. Shortly after, the Central Limit Theorem (CLT) [13, 66, 63, 65, 33] has
been established in several scenarios. Two main methods have been proposed in the
literature to study the fluctuations around the LLN limit. One method [66, 62, 63, 61, 14]
consists in focusing on the fluctuation field

(\/ﬁ(<:un7f>_<ﬂ“af>)v fef)v

with F some function space, typically 7 = {f € L*(C([0,T],R%)),E,(f) =0}, and to
prove that, as n — oo, it converges to some Gaussian field with prescribed covariance.
The other method, the one followed here and firstly proposed in [51, 33, 25], directly
addresses the fluctuation process (1.6), i.e., n” = /n(u, — 1), and aims at showing
that ™ converges to the solution of a stochastic partial differential equation. See [66,
Chapter 3] for an interesting relation between these two approaches when the particle
interaction is linear.

We must stress that the first method has three main drawbacks: (i) the convergence
only concerns finite-dimensional marginals (ii) its proof relies heavily on exchangeability
properties of the system (that is in no way applicable in our quenched context) and (iii)
the covariance of the limit Gaussian field is not explicit but involves Radon-Nikodym
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derivatives and integrals of the dynamics operators. The second method is more chal-
lenging, yet it translates the limit dynamics in terms of a “classical” linear SPDE that can
be further studied, see [39] for a general result on this kind of limit equations. Finally,
observe that in some cases, the CLT for finite dimensional marginals can be derived from
a Large Deviation Principle, see [18, Chapter 4] and [12].

In the case of interacting particle systems on graphs, most of the literature focuses
on LLN [21, 17, 8, 56, 3, 7], with some exceptions concerning large deviations [17,
47, 56, 23]. It is interesting to compare the LLN established in Theorem 2.4 with the
previous ones in the literature. To the authors’ knowledge, there exists no result under
weaker assumptions on graph and initial condition than our Theorem 2.4. Although the
assumption np, — oo is common across other results (but only appears in an annealed
context, e.g., [3, 56], whereas the best condition so far in a quenched context was
liminf, % > 0 [17]), the only work assuming general initial condition that may
depend on the graph is given by [16]. However, [16] focuses on a specific particle system,
the Kuramoto model, and proves a result in H~!-norm whereas Theorem 2.4 is stated
in terms of the classical weak convergence. Given the results [57, 40] on the sparse
regime np,, — ¢ > 0, the condition (2.3) of Theorem 2.4 appears to be optimal. Note
that the convergence of local empirical measures similar to (2.5) is also addressed in
[8] under the weaker condition np,, — oo but in an annealed context (to compare with
the condition np? — oo in the present quenched setting). Finding the optimal regime of
validity of dilution for the quenched convergence remains open.

To the authors knowledge, there exists only one work addressing the CLT for dif-
fusions on graphs, i.e., [8], which addresses interacting diffusions on R and dense
inhomogeneous random graphs. Despite the generality of the particle systems and the
graphs under consideration, the CLT statement is substantially weaker than the one
presented here: it concerns finite dimensional marginals, the underlying graph sequence
is dense and the result is proven in probability with respect to the graph, whereas we
prove a IP4-a.s. convergence and consider graph sequences in possibly diluted regimes.
Finally, the initial condition in [8] are taken i.i.d. and independent of the graph, whereas
we only suppose the weak convergence of pj towards some probability measure, see
Assumption 2.2.

2.8 Organisation of the paper

The rest of the paper is organised as follows: we present in Section 3 the main
argument that we use for closing the hierarchy of empirical measures, that is extension
of Grothendieck inequalities. Section 4 contains the proofs of the global fluctuations
result (Theorem 2.7). The local fluctuations (Theorem 2.9) are treated in Section 5. We
gather in Appendices A and B some technical estimates (namely Sobolev inequalities
and further concentration estimates). Appendix C gives the proof of Theorem 2.4.
Uniqueness results are gathered in Appendix D. We finally discuss on the importance of
renormalisation of the interaction in Appendix E.

3 Grothendieck inequality and concentration estimates

Before giving the main result on Grothendieck inequality, we give a characterisation
of the processes ™ and 7" in terms of semimartingales.

3.1 Characterisation of the processes

For the proofs of Theorem 2.7 and Theorem 2.8, we rely on the following characteri-
sation of the processes " and 7™. Their proof can be found at the end of Section 4. For
the definition of the Doob-Meyer process for Hilbert-valued martingale, we refer to [50].
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Recall the definitions of £() and £®, see (2.13) and (2.14) respectively.

Proposition 3.1. For any r > 3 and v’ > 2 the joint process (n",7") belongs P

P-as. toC ([O,T],H"“ (T)® H~" (’JPQ)). Moreover, n" and 7" satisfy the following
semimartingale representations in H~"'(T) and H " (T?) respectively,

t t
n =t + / Ly nds + / O s + Wy, 3.1
0 s 0
and
b )
i =i+ [ LR s+ vacy < W (3:2)
0 S

where, for any regular test function g

! 1 - 2(n) A(n . . .
Cilo) = / = 2 600,96 62001, 05 ds
0 i k=1 s

K 1 = S(n) f(n i j j
A S AG R G UL

,5,k=1

the process (W;"),e(0,7] is a martingale in C ([0,T], H~" (T)) for r > 2, with Doob-Meyer
process [W™] taking values in L (H", H~") (where L(V;, V) is the usual set of bounded
linear operators from V; to V) and given fort € [0,T] and ¢, € H" by

V"L ol0) = V(). W) = £ 30 [ S@mweinas. aa

and the process (th)te[O,T] (whose explicit form is given in (4.12)) is a martingale in
C([0,T),H~" (T?)) forr > 4.

Note that one point of the proof, see Proposition 4.7, will be to show that the noise
wn goes to 0 as n — oo.

A crucial step in the proofs of Theorem 2.7 and Theorem 2.8 is to show that the graph
dependent term C), in (3.3) goes effectively to 0 as n — oco. In view of its structure, a
strategy would be to take advantage on concentration estimates, with respect to the
graph, on quantities such as .5 >, _, g(ﬁgfg Ju; jx where (u; ;) is any fixed sequence,
bounded by 1. However, u; ; x := 0p, g(02™, 0271 (65", 0%™) in (3.3) depends in a highly
nontrivial manner on the graph sequence (fi(;l)), and standard concentration results (e.g.
Bernstein inequalities) cannot be applied. The main novelty of the present work is to
circumvent this difficulty in using multi-linear extensions of the classical Grothendieck
inequality proved by R. Blei [10, 11].

The use of Grothendieck inequalities is detailed in the following subsection 3.2, in the
case of the term C,: an immediate consequence of Propositions 3.3 and 3.5 is that the
term C,, does not contribute to the limit as n — co. Note however that this strategy will
be applied repeatedly in this work to various other functionals of the graph sequence
(55;”) For the sake of readability, we postpone the definitions of these other quantities
and the corresponding concentration results to Appendix B.

3.2 Grothendieck inequality

The classical Grothendieck equality has received a lot of attention in the recent years,
as it was shown to be a powerful tool for the study of graph concentration [2, 32]. Let us
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consider an infinite dimensional Euclidian space with coordinates indexed by a space A:

ZQ(A):{x—(xa aca €CH: Yzl <oo}

a€cA

endowed with the usual scalar product (x, y) 12(4) = > aca Tala and the associated norm
| - lizca)- In this context the classical Grothendieck inequality states that there exists a
universal constant K such that for any finite scalar array (a;x),

sup § | ail@s, yrdie(ay| 2,y € 2(A), max(||as]liea, lyklliza) < 1

< Ksup Zajk.sjtk cs;==x1,t, =%£1,. (3.5)

This inequality is known to fail in general when the scalar product is replaced by a
bounded trilinear functional, see for example [59]. However, in [10, 11] R. Blei describes
a family of multilinear functionals for which this inequality remains valid. We present
this result in the following.

Consider a positive integer m and a sequence U = (Sy,...,Sn) of non empty sets
that satisfy Uﬁ\LlSi = {1,2,...,m}. For o = (a;)i<j<m € A™ define the projections
s, () = (aj)jes,. Consider, for 6 : A™ — C bounded, the functional vy : 12 (A1) x

. x 12 (AIS~1) — € defined as follows:

vue(T1,..., TN ZH a)xy(ms, (@) - xn(Tey ().

acAm

The functional 144 ¢ will satisfy a Grothendieck inequality under some assumptions on the
covering sequence U and on 6. Following the notations of [11] we denote, for 1 < j < m,
by k; the incidence of j in the covering sequence U, that is

ki) ={ief{l,....N}: j €S},
and by 7Z;, the minimal incidence:
Ty =min{k;U): je{1,...,m}}.

Moreover, we say that the mapping 6 belongs to the space f/u(Am) if there exists a
probability space (0, A, /i) and family of functions g , indexed by w € Q and defined on
A%i fori € {1,..., N}, such that for all x € C™ the mappings

w (gff) Oﬁsi) () and wr— Hg‘(f)

oo

are measurable, with
/ Hg“) <N>H dji(w) < oo, (3.6)
(o)

and such that we have the representation
ba) = [ (o8 oms.) (@) (o1 oms, ) (2) ).
a

The norm ||6)||;,4m) corresponds to the infimum of the left-hand side of (3.6) over all
possible representations. The following generalisation of the Grothendieck inequality
corresponds to Theorem 11.11 and Section 12.4 in [11].
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Theorem 3.2. Suppose that 7;; > 2 and that 6 € V,(A™). Then there exists a positive
constant Ky, depending only on the covering U, such that for any finitely supported
scalar N-array a;, .. jy.

sup (§ D i gnve(@n, s wn) ¢ zllzeasiy S L len sy <1

< Kual0ll gy amySWP S | D @y jn Sty SN | F Sy = FL s sny = £

In this paper we will use this result with A = Z, m =2, N = 3 and 0(z) = 1, which is
trivially an element of ])u(ZQ). Let us now show how this inequality can be applied to
bound the term C" in (3.3).

A remark on notation: as égl)ffg) in the first term of (3.3) is the recentered version
of 51»(;’)51.("), which encodes for the presence of both (directed) edges i — j and ¢ — k in
the graph, it is natural to label the corresponding quantity by the local tree < (where
each — stands for a directed edge ¢« — j). Every similar quantities in the following will be
labeled according to this principle. Therefore, define

< £(n)
S, = sup 52 § riSitkl, (3.7)
r,s,te{£1}" nS i ]zk: 1 g ik !
and
S;* = sup Z §(n)ﬁjz)ri5jtk . (3.8)

,s,te{£1}" n3 i el

Proposition 3.3. Let C" be given in (3.3). Then there exists a constant Cr, depending
only onT', such that for n large enough

sup [|CY]|_3 < TCr (S +5, > (3.9)

te[0,T]

Proof. Let C™! and C™?2 be such that (C", f) = (C™!, f) + (C™2, f), the first term C™!
being given by

/ ] S €D [Bn g0 03] D6 6 ds,

i,7,k=1

and the second term C™?2 by

/ s S0 EE (00,10 037 T(BE 057 s

i,5,k=1

Let’s focus on (C{"', f). The point is to establish a bound on (C7"!, f) that only depends
on T, some norm of I, the H?(T?)-norm of f, and the underlying graph £, using

Theorem 3.2. To simplify notations, define ”(",i = n*3§(")§ g) for every choice of i, j
and k. Then

(et f / Z =) (96, £(01™,02™)] T(01, 057 ds. (3.10)

i,j,k=1
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Let (eq)acz be the canonical basis of L?(T): observe that 9y, f and I' can be rewritten in
L?(T?) as

o, f(01,02) =Y ea(b2) /T g, f(61,0)e.(0) do,

a€Z
(61, 65) :Zeb(ez)/ (61, 0)e,(0) do.
bEZ T

Moreover, define y; ;,y2 ; and ys3 , by

y1.i(a,b) (/ Do, (02T, 0)e, (0 )d9> </TI‘(0§’",9)éb(9)d0>, a,beZ,

y2,j(a) = e, (02™), a€Z,
ys.k(b) = es(05™), beZ.

(3.11)

With the previous notation, the term (C , f) can be decomposed as follows:

C” 1 / Z ij? Z Yi,i a b y2,] )y3 k(b) ds.

i,4,k=1 a,beZ
In order to apply Theorem 3.2, we replace the factors defined in (3.11) by /2-summable
elements. For some § > 0 define the following functions:
rri(ab) = C2((1+a®)(1+02))" "y i(a,b), a,bez,
z25(a) = G5t (1 +a®) V4 0y (a), a€Z,
z35(b) = C5 ' (L+ %) V40y3 4(b), beEZ,
where Cs = (3 ,c5(1 + a*)~1/2729)1/2 for some § > 0. Observe that 21 ;(a, b)z2 ;(a)zs x(b)

= y1.i(a,b)ys,j(a)ys 1 (b) for every a,b € Z. By construction, the ¢?(Z)-norms of x5 ; and
z3  are equal to 1. Moreover the ¢?(T?)-norm of z; ; can be bounded by

2
[E3% (T2)

=l Y (e +62)

a,beZ

:C (Z(1+a 1/2+26
a€Z
% <Z(1+b2)1/2+26

beZ

2 2

/ Do, f(05™,0)e,(6) Ao
T
2)

/ L(6%",0)e,(0) do
T

/ L(65™, 0)e,(0) dd
T

oviose]

=Cj Crs||0a, f(6

/ g, £ (057, 0)e,(0) db

< O g (1 a2

a€Z

/ B, F(01™,0)4(0) db

n7 ')HH1/2+26(d92) )

where the constant Cr s only depends on I' and 6. By the definition of the fractional
H?-norm, for 0 < s < 1, one has that

||801f(0.’

7,1 2
s ')||H1/2+28(d02)

B H81/2+26a s .)‘ 2

L2(d6s)

We can bound the previous norm with a fractional Hilbert norm on T?, no longer
dependent on the value of 92” see Lemma A.1. Thus, it holds that

2 2
1/2426 in

sup ||0 0 orr, - H

016%” b2 (657 ) L2(do2)

< C||o/* 00, 1(,-)| :
= 02 Glf( ) H(d6s,dbs)
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This last expression is further bounded by C’|[[f(-, )|l ga+1/2+25(qg,, a9,y PECAUSE Of
Sobolev’s embeddings. Choosing § = 1/4, we conclude that there exists a constant
Cr, depending only on T, such that

<Cr ”f”H%(de1 doy) < O©- (3.12)

We are now able to apply Theorem 3.2 with A =7Z, m =2, N =3, U = {{1, 2}, {1}, {2}}
and 0(x) =

—(n <
S 20 ST wria,b)an j(a)zs k(0)| < Ku el fogpe) Sy (3.13)

3,7,k=1 a,beEZ

Taking the supremum in ¢ € [0,7] and in f € H® (T?), we finally obtain

n,1l <
HC Hc ([0,T),H—3(T2)) < TCrS,.
Using similar arguments, one can show that
n,2
lc ||C([0,T],H—3(1r2) < TCFSH )
which concludes the proof. O

Other controls on similar quantities have been gathered in Appendix B.

3.3 Concentration estimates

Recall the definition of the él(]") in (1.11), and the definitions of Sf and S, given in
(3.7) and (3.8) respectively. In view of Proposition 3.3, our aim is to obtain a bound on
these two terms, as well as others, which will be of constant use in the paper:

Definition 3.4. For fixed n > 1, define

- 1 )
S, = sup |— 3 (3.14)
s,te{£1}™ n? 221
> 1 2(n) £(n)
S, == sup — & & Tisitel (3.15)
r,s,te{x1}" n3 Jzkr:l ik !
< 1
S, = sup — Z f ,ﬂ rzsjtk , (3.16)
roste{£1}" | T i k=1
< 1
S,7(1):=  sup | Z EMEMEW sty , 1€ (1,2}, (3.17)
roste{£1}" | T i k=1
— 1 7 7
S, ()= sup |— Z EEME W s ti|, 1€ {1,2}. (3.18)
ros,te{£1}" |1 i k=1
Proposition 3.5. Under the assumption np, 2 00, we have
lim sup /np,, S; <3, P-a.s. (3.19)
n—roo
Moreover there exists a positive constant « such that for all T € {<, -, >,<},
lim sup npfl SZ <k, P-a.s. (3.20)
n—oo
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and such that forl € {1,2} and T € {~<,~},

limsupnp? S7 (1) < &, P-a.s. (3.21)

n—roo

Proof. Let us first prove (3.19). Relying on Bernstein’s inequality and on a union bound,
we obtain

- 1 tp,
P sup gz()szt >t §2.4nexp (_)
s,te{+1}n i,jZ:1 J ’ 29n2 + %

Thus, the choice ¢t = leads to

c
VNPn

— 1 2
IP(Sn> c )§2-4"exp - on ,
/NMPn 22+3\/W

which is summable for ¢ = 3 with the hypothesis np, —> oo. Let us now prove (3.20)

for 7 = —. The proof for the other cases are the same, up to a transposition of matrix.

Remark that, considering A the matrix (é”) and S the diagonal matrix with
1<i,j<n

values (s;)1<i<n On the diagonal, we have, denoting || - || the operator norm of matrices,
ST EWEW sty = rASAt < nl| ASA|| < n A,
ij k=1

Consider the matrix A multiplied by p,, its coefficients are bounded by one: it is well
known (see for example Corollary 2.3.5 in [67]), that there exist absolute constants c and
C such that, forall A > C,

P (|pnAl > AWn) < Cem. (3.22)

Recalling the previous inequality, this means that
— A
P (sn > ) < Cem
np2

which is summable. The bound (3.21) can be treated in the same way. Let us fix l € {1, 2},
T = <, and define moreover R to the the diagonal matrix with diagonal values given by

(5};’ )ri) . We then have
1<i<n
E § )éi(g)risjtk = sA'RAt < p£||A||2,
n
isjik

where we used the rough bound || R| < pi. We can then proceed as above. The proof for
T = —"is similar. O

We will consider in many places of the paper various (possibly weighted) empirical
means involving the centered variables f . We refer to Appendix B where the definitions
and the corresponding asymptotics for these quantities have been gathered.

4 Proofs concerning the global fluctuations

In this section, we will refer to two linear forms and their continuity properties.

Lemma 4.1. Let 6,0’ € T be fixed. The following linear forms

Dy(f) = f'(6),

EJP 28 (2023), paper 147. https://www.imstat.org/ejp
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Door(f) = f(0) — £(0),
are continuous on H™ (T) for any m > %: there exists a constant c,,, > 0 such that

Supl1Dal ey <

sup [|Ager|l_ <cml|0-06].
OQ’GTH H (m+1) m| |

)

Proof. We have for all regular f and 0,0’ € T,

Do (N =1/ < [Ifllcr < Con l1fll grmsn »

where the last inequality is due to Sobolev embedding, see, e.g., [1, Theorem 5.4, Case C].
Similarly, for Ay ¢- we have

1Bo,0 () <10 =L 1 fllcr < Con 10 = O Lfll promsr < 27Com 1 gt - m

4.1 Regularity and semimartingale representations

We present the stochastic differential equations satisfied by ", " and /", and aim in
particular at proving Proposition 3.1. We define S := (S;):>¢ as the analytic semigroup
associated to the Laplacian operator. We present here a well-known argument ([4, 26])
concerning the regularity of (S;), that we will employ at multiple steps.

Lemma 4.2. Letr > d/2 and k > r. Then, there exists ¢ > 0 such that the following
conditions hold:

1. P(T¢) ¢ H-"*+%(T) continuously and there exists C, only depending on ¢, such
that for every ;i € P(T¢)

sup <:U’7 h>77‘+€’r,5 S C’
by [Ihl,._.<1

2. For every h € H"(T?), it holds that
1
1Se—shll, < C (1 + W) 1],

Proof. The first statement is a consequence of Sobolev’s inequalities. The second
statement comes from the regularity of the semigroup (see for example [34]). O

We start with the semimartingale representation of u™.

Lemma 4.3. The empirical measure u" satisfies the following weak semimartingale
representation: for any f € C*(T) and t € [0,T]

s £) = £)+ [ s 5085 + (3 <T)us) ds

0 “4.1)
+ (7' (d0y1, db2), T (01,02) Do f (01)) + (M, f),
where 1} is given by (1.9). The noise term M in (4.1) is defined by
1 n t ) .
M} = — O f (64™) dB'. 4.2
< t o f> n Zz_;/ov Gf( s ) s ( )
EJP 28 (2023), paper 147. https://www.imstat.org/ejp

Page 20/63


https://doi.org/10.1214/23-EJP1038
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

CLT for empirical measures of diffusions on random graphs

Letr > 1/2. Then, u™ satisfies the following weak-mild equation: for any h € H" and
te€0,T7,

t
WPy B = (il SihY_ + / (W, (4 + T)(@Si_ah)) ., ds

t
1 ~(n n
b [ T Gy (04 )OuSah)_ | ds (),
O )

where

1< [t . _
m?(h) = EZ /0 9pSi—sh (02™) dBL. (4.3)
i=1

Proof. The proof is based on the It6’s formula. Consider a regular function f = f(6),
then

df(0;™) = 0p f(0;") dOy +§agf(9t’ )afon" .

Observe that d[¢#""], = dt for every i = 1,...,n. By summing over i, dividing by n and
integrating with respect to the time in the previous expression, one obtains that, writing

& 2

t
Wi £) = s )+ [ GO+ i+ TI00f) ds (17 f)

! 1 S F(n in pj,n in
+/0 Y EXT (657,69™) Do f (627 ds.

ij=1

Finally, observe that the last expression is equivalent to (4.1) since

i 1 < S(n i i i N
/ = ST (007, 697) o f (017) ds = (5(d6y, d6s),T (01,02) Do f (61)).  (4.4)
0

ij=1

The second part of the proposition follows from It6’s formula on the test function
f(8,s) = (Si—sh)(0) and by using the fact that 955;_sh = —%892&_3/1. Because of Sobolev
inequalities, recall (1.13), P(T) C H~" continuously for any » > 1/2: any bracket (-, -)_, .
is indeed the action of an element of H " against an element of H". Well-posedness of
m' given in (4.3) as an element of H " have already been addressed in the literature,
see, e.g., [6, 4, 16], we will give another proof in Proposition 4.8. O

Using Lemma 4.3 as well as the limit PDE (1.4), we can write down an equation for
n™ as defined in (1.6).

Lemma 4.4. Suppose Assumption 2.1. The process (n™) given in (1.6) belongs P ® P-

a.s. to C([0,T],H " (T)) for any r > 3. Moreover, 1" satisfies the following weak

semimartingale representation: for every regular test function f (recall the definition of
LW given in (2.13)),

(it )= (g, )+ / (n. £82()) ds + / (717(d0,d6") , T (6,0") £ (0)) ds + W' (1),

0

(4.5)
where 7} is given in (1.10) and where W* is defined by
1 n t ) .
(WP, f) = — / dof (6°™) dB.. (4.6)
t \/ﬁ Zz:; 0 ( )
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Let r > 1/2. The process n" satisfies the following weak-mild equation: for every
he H(T)andt € [0,T):

t
By = O Sih) / G (T 12)0pSs_ah)_,, ds
t
+ / (s (D5 72)06Ss_sh) . ds +w}(h) (@.7)
0
R R
[ X e (T w00 s
ij=1

where

n _ 1 - ! i,m 7
w?(h) = %; /0 (0pSi—sh) (02™) dBL.

Proof. We first address the continuity of the processes n™: for 6,6’ € T and ¢ a regular
test function

{06 — 00, D) = 1(0) — (0 < [|¢'llo0 10 = '] < Nl 60 — O] < Cllpll g 16 = 0],
by Sobolev embedding, for any r > % This means that
106 — /|l ey < C'10 — 0]

Now, a.s. foralln > 1, t — (6%’”, . ,9?”) is continuous from [0, 7] to T™. In particular,
< C|0™ — 07" which

Her

goes to 0 as t,,, — t. As a conclusion: ¢ — u} is a.s. continuous from [0,7] to H~" for

r> % Classical results [25, 64] assure that u solves the Fokker-Planck equation (1.4),
i.e.,

foralli=1,...,n, forall t and t,, — t, we have H(sei,n — Opim
tm t

Oun(6) = S03(0) 0y [ (O)T * ) (B)], 0 <E<T,

and that it is an element of C([0,T], H™") (see for example [60]). As a conclusion, n" is
a.s. continuous in H~"(T). Equation (4.5) (respectively (4.7)) is derived by subtracting
the representations (resp. the weak-mild formulations) satisfied by ;" and p, and by
multiplying everything by /n. Observe that W™ in (4.6) is nothing but M™ in (4.2)
multiplied by y/n, and similarly for w"™ and m". Well-posedness of w" as an element of
H™" is postponed to Proposition 4.8. O

Recall the definition of the noise term W} in (4.6).

Lemma 4.5. Under Assumption 2.1, P-a.s., for any n > 1, the process (W/").c(o,r] is a
martingale in C ([0,T], H~" (T)), forr > 3. The corresponding Doob-Meyer process [W"]
takes values in L (H", H™ ") and is given by (3.4). Moreover, (W™), ., satisfies

supE< sup ||th|2r> < 400. (4.8)
n te[0,T]

Proof. This proof follows closely the arguments given in [25, Prop. 4.1]. Let (¢p,) be

an orthonormal system in H". Let us first prove that

p>1

SUPZE< sup [Wy" (@p)f) =supE Z sup |Wy* (Sﬁp)|2 < +oo. (4.9)

p>1 t€[0,T] p>1 t€[0,T
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By Doob’s inequality,

SE ( sup. [ wﬁ) <Y B0 (6))

p>1 t€[0,T) p>1

—CZE( Z/ 990, (0™ ds),

p>1
1 2
-c-YE HDM

for the constant c¢,._; > 0 given in Lemma 4.1, which gives (4.9).
We now prove that the trajectories of W™ are almost surely continuous in H~". By
(4.9), the series ) -, sup,c(o ) |W¢" (gpp)|2 is a.s. convergent, and hence, for fixed n and

ds> <Cc T,

g

all € > 0, there exists py > 1 sufficiently large so that > sup,co 7 [W" (wp)\z <5
Let (tm)m>1 be a sequence in [0, 7] such that ¢,, —— ¢, then
- m—r o0

||th - Wt“”i« = Z |<Wt7; - Wi, ‘Pp>|2

p>1

Po

<YW =W )P +2 3 (W @)+ 10 o))
p=1 P>po

The last summand is smaller than - and the first one can be made smaller than £ by the
a.s. continuity of t — (W}, ¢) for all ©. Hence, a.s. W™ € C ([0, T],H™"). The expressmn
of [W"] in (3.4) follows directly from Itd’s isometry and (4.8) is a direct consequence of
the stronger statement (4.9). O

The supplementary term in the drift in the semimartingale representation (4.5) can be
expressed in terms of the higher order fluctuation process 1" defined in (1.10). The idea
is to proceed further and write the semimartingale decomposition of 7. For 1 <i < n,
define the measures

ATL,T 1 ” Z(n —r 1
RS TR a0

Lemma 4.6. Suppose Assumption 2.1. The process (/") defined in (1.10) belongs

P ® P-as. toC ([O,T],H*T/ (’Jl“z)) for any r' > 2 and satisfies the following weak

semimartingale decomposition: for all regular test function (61, 6s) — ¢g(61,02) (recall
the definition of £L(?) and C™ given respectively in (2.14) and (3.3)),

t

G =t o)+ [ (i £20)as  VACH) + WP, @y
0

Wr(g) = nw foj” / Vg(0im,637) - (dBL, dBY). (4.12)
3,j=1

Let r > 3/2. The process 7" satisfies the following weak-mild equation: for every
h € H"(T?) and t € [0,T]:

t
G B =G SR+ [ AT [VSi-abl)_, ds+ 0 (1)
0
t 1 n (4.13)
£(n) AT
+/0 75 2 i (B ® Sy ALy - Vo) ds,
i,j=1
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with, recall definition (4.10), A7 and A" .. are respectively given by

s,
AL(61,05) == ((u5(d0"), T(61,0")) , (2 (dd"), T(62,6))) € R?, (4.14)
A7 (01,02) == ({i2"(d0'), T(61,0")), (a7(d0'), T'(6a,0"))) € R?, (4.15)
and where ,
-~ . (77«) i“no nFmny . 7 J
Wi (h) - n3/2 Zg VS, h(6E™,67™) - (dB:, dBY). (4.16)
3,7=1 0

Proof. The proof of continuity of the trajectories of " follows the same argument as in
the proof of Lemma 4.4, as for any n > 1, 4" is a finite weighted sum of Dirac measures
5(9?71’0{,“. One has for any (6, 60,), (0], 0,) € T2, any regular test function v on T?, for
any r > 5,

[(8(6,,05) — c0r.01) > ©)| = [10(61,602) — ¥ (67, 05)] < [[¥]|r {161 — 61] + |62 — 65}
< ClYll e epey {160 — 011 + 02 — 03]},

which proves the desired continuity, with the same arguments as for Lemma 4.4. The
semimartingale representation (4.11) is derived as the one of Lemma 4.3 but where
Ito’s formula is applied to test functions of two variables, i.e., to g(6:™ 67™). The
second part of the proposition follows again from It6’s formula, but with test functions
9(0,6',s) = (S;—sh)(0,6"), and by using the fact that 9;5;_sh = —fVSt sh. The choice
of » > 3/2 and Sobolev inequalities, recall (1.13), assure that any bracket (-, -) .
makes sense as the action of an element of H " (T?) against an element of H"(
Well-posedness of m” given in (4.3) is given in Proposition 4.10.

<5
O ~—=

Proposition 4.7. For any r > 3, the process (Wﬁ) is a martingale in C ([0, T], H~"(T?)),

whose Doob-Meyer process [W"], taking values in £ (H"(T?), H="(T?)) is given for
every o,y € H"(T?) by

[V - o) = (W7(0) W7 (),
= LS e [ im0 anp (0. 0) s

ik

F S [ o 0000 e (01705 s

.5,k

o SEDED / Doip (607, 657) Byt (657, 617 ds

.3,k

325 / Doy p (017,09 Dg,p (05™,62™) ds

1,5,k

Moreover; (W") satisfies IP-almost surely

E
t€[0,T]

n—oo

’ ) — 0. (4.17)
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Proof. Once again, we follow a very similar approach as in [25]. Recall from (4.12), that
we may write

W (s _n3/2 ng /891 (07, 67 )dB’—s—T/Z “”/ Dp, f(017,07™) A B,
1,j=1 i,7=1
= WL (f) + W2 (),

so that it is sufficient to prove (4.17) for Wt”’l and Wt”’2 separately. Let (gap)p>1 be an

)

orthonormal system in H" (T?). We have that

2
~E Wi () <ZE sup [0 ()
- t€[0,T] p>1

te[0,7]
<CZE(<W”1 gop)> )

p>1

E| sup HW”l‘
t€[0,T]

by Doob’s inequality. This last quantity is further bounded by

) < / OB S &S by (05, 657) B, 2y (057, 657) d

i,j,k=1 p>1

C’/OTE[<(<I> Id,é)g)} ds,

with the notations of Lemma B.2 (with k£ = r). Doing the same for VAVt"’2 requires to

E[| sup HW"l‘
te[0,7]

control now the term c,, (@ 14,07), and hence we obtain directly (4.17) from (B.9) and
(3.20). The continuity of the trajectories of W™ follows from the very same argument
previously used from Lemma 4.5. O

We now proceed further with moment estimates. Note that from here, our proof
differs significantly from the line of proof followed in [25]. One could see Propositions 4.8
and 4.10 as equivalents of [25, Prop. 3.5], where a similar estimate on the fluctuation
process is proven. Note however that the proof of [25, Prop. 3.5] uses in an essential
way the exchangeability of the particles as well as the fact that the initial condition of
(1.1) are i.i.d., which is no longer the case here. We circumvent this difficulty by taking
advantage of the mild formulations (4.7) and (4.13) and the regularising properties
of the heat kernel. By this method (see (4.21) and Remark 4.9), the control we have
on the moments of ™ and 7" is weaker than in [25, Prop. 3.5], in the sense that one
needs to have o € [0,1) in (4.18) and (4.22), whereas the same estimate is proven
directly for a = 1 in [25, Prop. 3.5]. Note finally that a stronger uniform in time control
E[supcpo, 1y ||nf||3r] is proven in [25, Prop. 4.3], but a careful reading shows that this
estimate is only used in [25] to prove the continuity of the fluctuation process, for which
we have provided an alternative proof in Lemma 4.4. Recall that E[-] stands for the
expectation w.r.t. the noise only, the results below hold for a fixed realisation of the
graph and initial condition.

Proposition 4.8. Suppose that Assumption 2.1 hold and take r > % Let a € [0,1). The
sequence of processes (n™), -, satisfies P-a.s.

sup E[|ln}|0] < C <1 + s 15+ sup. E[Ilm IIH"}> : (4.18)
te[0,T] tel0,T
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Proof. Recall the weak-mild formulation (4.7). Let ¢ (h) be the term involving the graph,
ie.,

/ n3/2 ng 7n, F*507ﬂ)805t s > e ds.
3,j=1

In (4.7), taking the supremum with respect to » in H" such that ||%||,, < 1, one can write:

t
Il <llmo'll . + ||n?||_r sup |1+ 15) 9 Si—shl,. ds

llAll,.<

/ el sup T« 02)0pSe-hl, ds + [, + sup g7 (h)

Al < Al <1

By using the classical inequality (31", a;)'*® < m® 3" a;™*, one obtains

1 1 1 1
S I <l [ s 1 Sl

hll, <

« n 1+« nil+a
/ il 55 sup T <0308, ohl 5 s+ 15 (4,10

14+«
+ ( sup g; (h)) .
A, <1

Observe that similar to the proof of [4, Proposition 2.2], one has that

(T % 5) 0o St—shll,. < |0Se—shll,. 1T+ g lyyrre

1
<C|(1 h " ,
<o (1 =) Il Izl

where we have used the fact that ||I" « 17{|;;r.e < C'||97]_, given Assumption 2.1. Note
that, as pointed out in Lemma 4.2, uniformly on s,n, (u7, h) < ||h] ., since
uy is a probability measure. Hence, by Assumption 2.1, there is a constant C' > 0
independent on s,n such that

1
sup ||( % u™)dpSi_sh| 7> < C <1 + 1+a> . (4.20)
IR, <1 (t—s)=

For the graph term, one could repeat the second part of the proof in [16, Lemma 3.2],
where it is shown that there exists a positive constant C' (only depending on I') such that

sup gr'(h) < CVEVnS,.

Il <1

In turn, this would mean that, using Proposition 3.5, for any ¢ € [0,7] and P-a.s.

However this is not enough when one considers p,, converging to zero. To tackle the
interesting case p, — 0, we need to take advantage of the representation of gi'(h)
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through 71", recall (4.4). Observe that, using (4.20), we have

1+« "
(sup gf(h)) <T* sup / (72(d6,d0"), T (8,0") S sh(6)) 5 ds
0

A1l <1 a1l <1

/ Az s I06.0) 250l h(o)|- ds 4.21)

1 N [e4
< CF,T/ T+ ——— | 195 1557 ds,
0 (t—s)=

that is, by Lemma 4.4, a finite quantity, since r > % Taking the expectation with respect
to the Brownian motions, we get

E

sup Qf(h)lwl < Crr sup E[r)"e.
k], <1 te[0,1]

Taking the expectation E in the inequality (4.19) yields
1+ 1+ ! 1 1+
ElP155) < 15+ [ {1 o ) Bl s
0 (t—s)=
+E[||lw} |5+ Cre sup E[||a]|25].
te[0,T]

One can then apply a version of Gronwall-Henry’s inequality (see for example [31],
Lemma 5.2), and obtain that

E[|np I < C <||770|1+“+ sup E[||7; ||1+a]+E[||w?||1+°‘]>
te[0,T)

Concerning the noise term, we have, as a < 1, E[||w?||1_t“] < E[||w?|\2_T]HTQ and for
(¢p)p>0 an orthonormal system in H"(T),

Eflw?|?,] = > B [luf(e,)]*] < C Y E [ (p,))

p=>1 p>1
< fzz/ (196510007 Z/ (1001, ] s,
p>1i=1

where Uy ¢ ; := f > 0pSi—s f(00™).
Remark 4.9. We cannot use here the fact that ||055:—s||_, < C(1+ 1/+/t — s) because

(t — s)~! is not integrable. However, we can exploit the properties of the semigroup
and the Sobolev embeddings as done in the proof of [26, Lemma 11]. Namely, let

0 < ¢ < min(1,r — 1/2), then there exists a positive constant C such that
in\ |2 2
sup |(BpSi_oh) (027)| = sup ]<5€i,n, (99Si_sh))

—r+e,r—¢€
llAll,. <1 Al <1

602,n _ ||St 5h||

1
<c’ —
=¢ (”(zfs)ls)’

where we have used both statements of Lemma 4.2, the second statement with k = r+1—¢
and7=rsothatk—r=1—c¢.

r+l—e
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Finally, gathering all these estimates, we deduce that there exists C' > 0, depending
on 7', such that

sup E[fwp]|*] < C.
te[0,T)

Putting every estimate together, we end up with (4.18). O

Proposition 4.10. Suppose that Assumption 2.1 holds and take r > 2 and « € [0, 1). For
n large enough, the sequence of processes (ﬁ")n21 satisfies P-a.s.

1 1
sup EllAr e It + ) (4.22)
te[o,pT] (|7 Hfr ] < (H || (\/ﬁpn)Ha (\/ﬁpi)Ha

Proof. From the mild formulation (4.13) of ", one has that

1 . n n
2 I P < gt + || e thﬁlp [AZ - VSe_sh[} T ds + [lop ]t
14+«
t
+ / sup 5 Opim @ Opim, AT, - VS;_oh) ds
0 [All, <17 3/2 ”21 " " T
= g 55 + (4) + (B) + (O). (4.23)

The noise term (B) can be treated similarly to Wn, recall Proposition 4.7, using the
same arguments of w™, recall Proposition 4.8. In particular, for an orthonormal basis
® = (¢p)p>1 of H” one has that

swp B [[[af]%,] = sup SB[ (0 (4,))"]

t€[0,T] t€[0,T] p>1

<(C su E |[(w"
< te[O%]; (@™ (2p)),]

t
>
<C'" sup / [sup cj(fl),St_s,u) + sup c”(@,St_s,u)] ds,
te[0,T] ueTn ueT™
where the definitions of ¢/ (®,S5; ,,u) are given in Lemma B.2 (taking in particular
k=3 +¢ife > 0is such that r—2¢>2,s0that k —r =1—¢). Since ||S;—s| s ur) <
C (1 + ()) Lemma B.2 implies that sup,,cpn |¢] (®, Si—s, u)| < C (1 + W) ST
t—s) 2

for any 7 € {<,”} for some constant C > 0 that does not depend on s, ¢ or n. Integrating
w.r.t. s and using Proposition 3.5 gives (recall that « € (0,1))

2
sw B[lap15] < sw B[larl?,] T <o (stes))
tel0,T) t€[0,T

and from Proposition 3.5 we deduce that the last quantity is P-a.s. of order W.

Consider now the second term (A) in (4.23): we have (recall the definition of A? in
(4.14))

1
sup [|AY - VS,_h|, < sup [|AY]yre |V Si—sh]], < C (1 + > .
1A, <1 i< ) (t—s)t/2

Elevating everything to the power 1 + « (recall that a < 1) and taking the expectation

gives that
t 1 .
<o [ (v ) B[l as
0 (t—s)=
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The expression within the integral in the last term (C) in (4.23), is the sum /ngs’ AR
Vg where

g = sup Z €5 (90, Sish(01™,00™)] T(027, 05™),
Al <1 7% o

1 « , o ,
gr@ = sup — S EWEN [9p,8,_ h(OE",07™)] T(6", 08"

IRl <1 ™, e

These terms are very similar to the term C}* defined in (3.3), and can be treated similarly
as done in Proposition 3.3, but relying moreover on the regularity of the semigroup S;_s.
More precisely one can follow the steps of the proof of Proposition 3.3, only replacing f
with S;_sg, the bound given (3.12) becoming then

1
lz13llzrey < CISi—sflls < C" [ 1+ ———= | If]--
(t—s)=

which leads to the bounds, for some constant C > 0 independenton s <t < T

1 1 —~
g <14+ —— Sf and gp® < |14+ ——5= |5, .
(t—s)72 (t—s)"=

Integrating w.r.t. s, elevating to the power 1 + « and taking the expectation gives finally

that E[(C)] < (\f% P-a.s. Finally, with another application of Gronwall-Henri
npz
inequality, one obtains that the process 7" satisfies IP-a.s.
1 1
~n i l+a 1+a

sup E([|7¢ |57 < O llngll = ot a ]

o) T V)™ )T
This concludes the proof. O

To prove Proposition 3.1 it remains to give some regularity results for the operators
E&) and £f?). They are continuous in a suitable class of Hilbert spaces, as stated below.

Lemma 4.11. Fix r > 0. For every probability measure v, the linear operator /3,(,1) (resp.
£?) is continuous from H-+2(T) to H~"(T) (resp. from H~+2(T?) to H~"(T2)):
there exist two positive constants C; r and Cy r such that for all test function f(¢) and
g(6h,02),

|eDw)|| < 1l (4.24)

(4.25)

|1£269)| < Corlgl s

Proof. This is a straightforward consequence of the definitions (2.13) and (2.14), As-
sumption 2.1 and the fact that v is a probability measure. See [25, Lemma 3.7] for a very
similar proof. O

Proof of Proposition 3.1. The continuity of the processes (1", 7") has been addressed
in Lemmas 4.4 and 4.6. Both semimartingale decompositions in (3.1) and (3.2) hold if

each term make sense in H~"*(T) and H~" (T?) respectively. Since HL‘ Vrpn i <
r+2
C|n for any » > 0 by Lemma 4.11, one obtains from (4.18) and (4.22) that, under
both Assumptions 2.5 and 2.6 fo Hﬁul") * ds is P ® P almost-surely finite (recall
r

the definition of g, 71 in (2.7)), so that this drlft term makes sense as a Bochner integral.
It suffices now to gather this estimate and Lemma 4.5 to conclude. The same argument
works also for §". O

[
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4.2 Tightness results

We use the following tightness criterion [36, pp. 34-35]: a sequence of (Q", F}*)-
adapted processes (Y"),,>1 with path in C([0, T, H), where H is an Hilbert space is tight
if both of the following conditions hold:

1. For every ¢ in some dense subset of [0, T], the law of Y;" is tight in H,

2. (Aldous condition) For every ¢1,e5 > 0, there exists § > 0 and ng > 1 such that for
every (F}')-stopping time 7, > T,

sup supP (|7 =7l 2 e0) <eo.

Remark 4.12. Suppose that there exists a Hilbert space H; such that the injection
Hy — H is compact and such that, there exists m > 1 such that for fixed ¢ € [0,T], we
have sup,, E (||Y;"||};,) < +occ. Then, for this ¢, Condition (1) above is satisfied. Indeed,
forany R > 0, Bg := {h € Hy, ||hHHO < R} is compact in H, and, by Markov inequality,

E (I1v"[I7,)

P (V" ¢ Br) =P (I, > R) € ——F5—

which goes to 0 as R — oo, uniformly in n.

Theorem 4.13. Recall the definition of (rg,r1) in (2.7). Under Assumptions 2.1, 2.2,
condition (2.15) and either Assumption 2.5 or 2.6, the sequence of laws of both (77”),121
(resp. (7™),~,) is tight in C ([0, T), H~"™ (T)) (resp. in C ([0,T],H~" (T?))) (and the
tightness is P j-almost sure in the case of Assumption 2.5).

Proof. We deal first with the process 7". Recall the definition of (rg,r;) in (2.7). We apply
the above tightness criterion in the case Hy = H~" (T?) and H = H~" (T?). Applying
(4.22) for r = rg > 3, we obtain from Remark 4.12 that Condition (1) of the tightness
result is satisfied. Let us verify now the Aldous condition: consider e;,e5 > 0, # > 0 and
T a stopping time. Then, from (3.2),

=€ 1)

P ([0l >e)

Tn+0 Tn+0 R R
:P(/) ﬁﬁ%wmwm/ Crds + WP o — WE

n n

ot 2 €1
<P / corrards|| > 3 (4.26)
Tn —r
Tn+6 £1
+P \/ﬁ/ Clds > (4.27)
Tn —r
+P (HWZW el > 21) . (4.28)
.

Concentrate on the first term (4.26): by Markov and Jensen’s inequalities

1+«
Tn+0 Tn+6
" * A 1 " 2),% A
p / L%l >T )<~ E / Hdnv ol s
<’ wo T 3) " @ (U 10 R

e Tn+0 . 1+a
<— E / HL‘LQ,?’ el ds
(51/3) Tn : -
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oo T
< Y g / I ds |
(e1/3) 0 0

where we used Lemma 4.11. We are now in position to apply (4.22) for r = rq, so that,
using condition (2.15) for another constant C' > 0 independent of n,

P /7-7,,—0—9 ,C(z)’* A"ds > €1 < Cco« .
T DA CVE)

The second term (4.27) is treated using Proposition 3.3: since r; > 5 > 3,
ko TV/E (sup.egor €211, )

P(‘\/ﬁ/ Cnds z?) 011 !
Tn —r

61/3 ’
which goes to 0 as n — oo, by Proposition 3.3, uniformly in § < §. The last term (4.28)
follows from a similar argument, using now Proposition 4.7. We have the rough bound

4E
P (I, 2 5) < /57 )

—Tr1 - 3
Since r; > 4, we have by Proposition 4.7 that this term also goes to 0 as n — oo. Putting
all the previous estimates together, we obtain that Aldous criterion is verified, and hence
the tightness of 4" in C ([0, 7], H~" (T?)).

Now turn to the tightness of n™, which follows from very similar arguments. The
point (1) of the tightness criterion follows directly from (4.18) and (4.22) (for r = r() and
Remark 4.12. In a similar way, for the Aldous criterion,

S &
-3

Tn+0
o> €1> <P ( / L'Lln)’*n?ds
T1 T s
Tn+0 €1
/ 0, (T'x 7 )ds > 3
T, —r

+P(

n n €1
P (Wil 2 2).

The first term is treated in the exact same way as for (4.26) above and we leave the
details to the reader. Similarly, we have

Tn+0 €1 1 Tn+0 Ita
P / 0o, (T'* 7 )ds > - | <———FE / g, T *77)|_,.. ds ,
. 91( n ) 3 (81/3)1+a . ” 91( n )H 1

ALt Tn+0 1+a
SWE/ 180, (T A7) ds )
1 T,

—7rq

IN

P (|l 4o — 12,

—7r1

n

Co> i lta
< gt (/ I ||+ds>,

where we used ||y, (I' x 07)[|_,, < [[0p, (U *9Z) |, _1) < ClAZI_ (o) = C 1951l _,, for
a constant C' > 0 independent of s. Recall now that ry > 3 so that (4.22) holds. We finally
turn to the noise term W™ whose treatment differs slightly from the previous calculations:
we reproduce here (without giving all the details) some parts of the calculation made in
[36, p. 40] (as part of the proof of the Rebolledo’s theorem): we have, for all a > 0

1
P(|we-Wrl_, za)< Bt W0 = trygn V7],) M)

EJP 28 (2023), paper 147. https://www.imstat.org/ejp
Page 31/63


https://doi.org/10.1214/23-EJP1038
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

CLT for empirical measures of diffusions on random graphs

+ P (trg—ri [W"']r 40 — trg-—n [W"]7, > a),

where [W"] is the Doob-Meyer process associated to W™ given by (3.4). Choosing here
a < €2¢5/2, we see that it suffices to control

1 Tn+0 1 n )
P (|trgr—ri [W "l 40 =t [W"r,| > @) < ~E / SO (0 [ ds
Tn i=1p>1
1 ™t & 2 co
<-E (/T 5; HDQ;:,H . ds) <,

where (1),,) is a complete orthonormal system in H™ and using Lemma 4.1. This gives
the result. O

4.3 Convergence

The first result of this paragraph concerns the identification of the limit of the noise
term:

Proposition 4.14 (Identification of the noise). Under the assumptions of Section 2.1,
P-a.s., the process (W"™) converges in law in C ([0,T], H~") for all r > 2 to the Gaussian
process W € C ([0,T], H~") with covariance given by (2.17).

Proof. Tightness of (IW™) follows from (4.8) and the same calculations as the end of the
proof of Theorem 4.13 (with H~" in place of H~"!). Identification of the limit is a simple
consequence of (3.4) and the weak convergence (2.4) of the empirical measure p,, (see
also [25], Th. 5.2 for a similar proof). O

Proposition 4.15. Recall the definition of (ry,r1,72) in (2.7). Under Assumption 2.1,
Assumption 2.2, condition (2.15) and either Assumptions 2.5 and 2.6, the process (n",7™)
has convergent subsequences in C ([0,T), H~™ (T) & H~"(T?)) and any accumulation
point (n,1) is a solution in the space C ([0, T], H~" (T) & H~"2(T?)) to the system (2.16).

Proof. This proof follows the classical arguments of [25] with adequate technical changes.
Consider such a convergent subsequence that we rename (1", 7") for convenience and
let (n,7) be its limit in C ([0, 7], H~"* (T) & H~"*(T?)). We prove that (n,7) solves (2.16).

From Assumption 2.5, (4.18) and (4.22), we deduce (replace it by the same estimate
with some additional [E, in case of Assumption 2.6) that Pg-a.s.,

1+« ~ 114
B [sup (155 + 11257 < o
t<T

so that fg £*n.ds (resp. fot £ f,ds) makes sense as a Bochner integral in H—"2 (T)
(resp. H™™ (’]1“2)). For the same reason, since I' is regular with bounded derivatives
(Assumption 2.1), we easily see from the definition of © in (2.12) that fg ©*n,ds makes
sense as a Bochner integral in H~"2(T). Let us start with the second equation in (2.16):
we know from (4.17) that W" converges in C ([0,7], H~"* (T?)) to 0 as n — oo and from
Proposition 3.3 combined with Proposition 3.5 that, under the dilution condition (2.15),
V/nC™ converges to 0 in C ([0,7], H~™ (T?)). Hence, to prove the result, it suffices

to show that (%7, g) — (7%, 9) — fot <f;§, Ef) (g)> ds converges in law, as n — oo, to
(N, 9) — (flo, g) — fg <ﬁs , LLQS) (g)> ds for all test function g € H"2 (T?). Decompose the
previous quantity into, for Fy(a); := (ou, 9) — (a0, 9) — fot <as , ﬁfi) (g)> ds,

Gt o) i 9) - | (i £ ds = F, (), - / i (£ - £} (@) s

0 0
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It is easy to see that for fixed g in H™ (T?), o € C([0,T],H " (T?)) — Fyla) €
C ([0, T],R) is continuous, so that, since (7)) converges in law as n — oo to 7 in
C ([0,T], H—"(T?)), we have that F, (7") converges in law to F, (7)) as n — oco. It

remains to prove that fot <ﬁ§ , {Efﬁ) - E,(Z)} (g)> ds converges in law to 0. We prove that

it goes to 0 in L': we have

EoE [/ (i {2 -2} o )>‘ds} < EoE U 1A,
: by definition of £L? (recall (2.14)), it suffices to

Concentrate on H {Eff) - EEZ)} (9)
estimate ||0g, g (17 — ps)(d6"), T (-, 9})> ., (the other term being treated analogously):

{22} @

ds} .
' (4.29)

2

Hamg <(:u? - :US)(del) T ('79/)> Hrl

2
= / 5, (801%29(91,02) / rwl,e’)(u?—us)(de’)) d6,d6,
k>0 VT2
k+i1<ry
2
RN (L ]
= / Z() (8éf1652g<01,92> / 8(];1_JF(9179/)(M?—Ms)(d9/)) d6ydf,
ka0 Y12 =0 \J
k4+1<r]
2
< > 2 < )/ ’aﬂ“agz (01, 65) ‘/a" IT(01,0") (1™ — ps)(d0")| dB1dbs.
k,l>0 7=0
k+1<6

Since I is regular with bounded derivatives, we have the following bound (recall the
definition of dg, in (1.8))

2

[ om0z - )| < o )

where the constant C' above is uniform in s and 0 < j < k < r;. Hence, we obtain, for
another numerical constant C > 0

[{ei -2}

Going back to (4.29), we obtain by Hoélder inequality and using (4.22),

< Cdpr (p, pts) H9Hr1+1 :

1

t
EoE U‘ £<2> £2)}(9)>’ds] §C||g||m+1/0 EoE [|32]|_,. dpr (17, 1s)] ds

IN

t 1 o
~ i lda] THe n ta] Tra
Clglr | Bo [I21557] ™ BoE [dan (u7 ) 5] as
0

e

1+a

1 t .
< C HgHthl (Sup Sl<1¥ E()E [H ||1+ai| 1+a> / ]EOE {dBL (/LZ’,/LS)T] T+o ds
n s 0

¢ n 1ta 1-%1
< Cr gl | BB [dos (i) 5] s

which goes to 0 as n — oo, by (2.4) applied for ¢ = “fTa > 1 (recall Remark 2.3). Now
turn to the first equation in (2.16): for all f € H™*!(T), the mapping a — {(a., O(f))
is continuous from C([0,7], H~"1(T?) to C ([0,7],R) so that we have the convergence
of fg ©*)'ds towards fot ©*7,ds as n — oco. Decomposing in a same way as before

the drift as <77?, ££2(f)> = <n2, L‘f}s)(f)> + <775 , /J(lg) [Zf}f (f)>, we see once again
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that it suffices to prove that EgE [ fot

<ng L — e f)>‘ ds] 0 for fixed f €
s n—oo
H™+1(T), which follows from the very same calculation as before, using again the fact
14+

that sup,«y EoE [dBL (uy,,us)T} —— 0 (recall (2.4)). This concludes the proof of
- n—oo
Proposition 4.15. O

The proof of Theorem 2.7 is then complete provided we prove the following unique-
ness result:

Proposition 4.16. Under the assumptions of Theorem 2.7, there is pathwise uniqueness
(as well as uniqueness in law) of a solution (n,#) in C ([0,T], H~" (T) & H~"1(T?)) to the
coupled system (2.16).

Proof of Proposition 4.16, which relies heavily on classical estimates (see e.g. [37, 38,
51, 46] for similar techniques) is postponed to Appendix D.

4.4 Particular cases

The point of this paragraph is to prove the results of Section 2.5.

4.4.1 Proof of Proposition 2.11
Recall that we suppose Assumption 2.10 and that for any test function g
1 «— o
(5 9) = —575 D &5 905" 05").
i,j=1

Considering (e,),ez the canonical orthonormal basis of L?(T), the family defined by

(Ypq = (1+1*+¢*)"2¢, @ eq), ., constitutes an orthonormal basis of /" (T?). Then

Eo (17512, ] = 3 Bo |10, )]

P,qE€Z
1 F F in RO kn pln
) Z 57;(;/)51537)E0 Z V.05 05™ )p.q (05", 05™)
1,7,k,1 D,q€Z

The term

Hi =T Z Y05, 00" )0 (05, 06™)

P,qEZ

satisfies (recall r > 1),

Hijhal < Y (1+p*+¢) " = C,.
P,qEZ
Defining
! £(n) 2(n)
Sn - 3 Z gq',j gkl Hi,j,k,lv

W dkle(L, (g A (kD)

we get the decomposition
I = /2n)\2
|2
Eo [IIUSL\LT} =3 > (55}1)) Hi i
i,j=1
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N 2
Since the random variables V;; = X ((57(;1)) H;jiji— 1;”"Hl-’j,i’j> satisfy |V;;| < n3p >

and Var (V;) < % applying Bernstein’s inequality leads to the bound

n
1 —t2 1 —npnt2
i,j=1 npy, | 3n°p}
_3
So, choosing ¢ = p,?n~2%% for § small and remarking that Z” 1 1;5 Hijii <

_3 . ..
Pn 2 n~21% forn large enough, we obtain, for some positive constant c,

P (o [1512,] -

Now, relymg on the decoupling inequality provided bgf 58], we get that for some constant

26

2 n7%+6) < e~ cn

C and for §;; 1),5(" 2 two independent copies of §U )
|1 1) 2(n, t
P (IS, >t)<CP > = 3 EMVETIVH, 1 >z
i=1 DGk {1, n}, (i) # (Kol
Consider the filtration 7 ,,, = o (é("’l)fﬁ’m, s Al(sl’z)). Denoting
1 n
Xi(x,2z) = 3 Z H;jkawij | 2,

the process

le,mg - Z Xk,l (é(n’l)aézi?z))

(k,1):(k,1) < (ma,m2)

is a martingale which satisfies Y, , = Em-,k,leﬂ ,,,,, nY, (6,5 £ (k1) f(n b (n 2)H,j gie 1t

satisfies moreover C
X (A(nyl)7 A(ﬂﬁ))’ < ==
) k,l f fkl = np%

and

<Y>n,n = Xn: E [(Xlal (5 1) f(nz ))2 ]:mlq,mzl:l

ml,mz_l
2
— 1 1 - 1 = (n 1)
w) X (X Had
my,mo=1 z,]e{l,...,n}:(z,g);é(k,l)
Applying Bernstein’s inequality we get
1 - 2(n,1) 1 12
]P ﬁ Z H i,7,k, l€ > t S 2€Xp <_2 C, + tC,.
4,5 €{1,..m}:(4,5) # (kD) pnn? 1 3nfp

_1
which means that, taking t = p,, 2n~ ' for § small, we get, for some positive constant c,

_3
P (<Y>n . > P zn—l-i-(s) < nQe—cnzt?
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We can now apply Bernstein’s inequality for martingales (see [27, Th. 1.6] or [68,
Th. 1.1]):

P (|Yon

_1 _1
St <P ((Y)n’n > pn Qn_1+5) 4P (|Yn,n\ >t (V). < pn Zn_1+5)

, 1 12
< nZe—en” +2exp | —=— — .
2p;§n*1+5 + tCrp,é n—1

_1 o
Choosing ¢t = p,, ‘n~ 2% we obtain

)

26 1 n
P(|Yynl >t) <n?e " 4+2exp| —=—-+—1,
([Yn| > 1) Pl 3Gy o
3pin2

which concludes the proof of Proposition 2.11.

4.4.2 A case where the initial condition depends on the graph

The aim is to construct an example of initial condition that depends on the graph and for
which 77 has a non trivial limit in distribution. We place ourselves in the case where I' is
given by I'(6,60") = —sin(f — 0') and the graph sequence is a symmetric Erdds-Rényi with

p = 3. In particular, the variables fi(n) are such that fgl) = §J(-?) forevery 1 <i,j <n. We

J
further suppose that they do not depend on n, i.e., fi(;) = ¢;; for every i, j and n, and that
the diagonal terms are equal to 0, i.e., & ; = 0 for all i. Let (Qn)n21 be the corresponding

filtration with G, = o (()1; <, )-

Let the sequence (6f);>1 be defined by recursion with values in {0, 3 }. We initiate
the recursion by choosing 6§ uniformly in {0, Z}. Then, supposing that (6§, ...,0;) are
already defined (and G,,-measurable), we consider the G, 1-measurable random variables

R(r)L = Z gl n+1,

i<n: 96:0

Rz = Z Eint1,

. Qi — T
i<n:04=7%

and make the choice 6! = 0 when R% > Ry, 0yt = Z when R% < Rg, and optt =ur
with U™ chosen uniformly in {0, 2} (independently from G,,) when R} = Ry.

Remark that by symmetry of the laws of R} and R% (recall that p = %), 08“ is a
uniform random variable in {0, 7} independent from G,,. Hence, defining the sequence
(Xn)n>1 by X, = >0 Legi—oy (2X,, — n)p>1 is a symmetric simple random walk on
Z. Observe that the laws of Rj and R% depend on G, only via X,,. Conditionally on

n R'% +n—x
R . ) . . . z .
{X,, =z}, ";“” is a Binomial random variable with parameters x and % and 25— is

2
a Binomial with parameters n — x and %, independent of R}.

Since pfj = %50 + %5%, we have dpr(ud, po) S 0 P-a.s., where 1y = 360 +

30z, while nf} = \/n (22 — 1) 6y + /n (=X — }) 6z converges in law in H~" to 5y =

n
100 + 226%, where (71, Z>) has centered Gaussian distribution of covariance matrix
1

A
1 _1
1 1

( _l l )'
1 1

EJP 28 (2023), paper 147. https://www.imstat.org/ejp
Page 36/63


https://doi.org/10.1214/23-EJP1038
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

CLT for empirical measures of diffusions on random graphs

The process 7 can be expressed in terms of Rf, R% as follows:
2 n—1
0.9y =—5 Y Rb(1 1 0,0
<770ag> n% Z 0 < {R’“1>R’0“}+ {R";,_RIS,U’“—O}> g( ) )
k=1 2 2

+ %imax (R%’ng) (g (g,o) 9 (Og»

and

Let us study the convergence of these different terms. Since we have IE [(R’g)ﬂ < 2 and

E [(R%)Z} <2, we get

1 nl
F (ng ,;Rg <1{R%>R’5} * 1{R%—R§,U’€—O}>
n—1 2
o GRS 1))
.
= ﬁkzlE (RIS ( {R%>R§} + {R%—R(’}‘7U’C—O}>

(& ) Ele )

—

nz2 1 n e
4 n—1 9 , .
= L (E [(R%) ] +E [(Rf) D <
and
n—1
1 k
E (@;Rg (1{R"7"2,<R3} +1{R%_R§7Uk_o}>
1 n—1 ) 1
_ k 1
ns ;E Ry (1{R%<R§} +1{R%=R5,U’<:g}> |Qk] > 1 <.

Hence, it remains to study the convergence of the terms

ng (1{R%>RIS} +1{R%_R§)U,€_O}> |Qk] ,
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N2 = L5 s (R 8 1]
n - 3 zo4to k| >

TL2k
n

Il
_ e

E
k=1

3
wjw =

N3 .

R% (1{R%<R§} ' I{R%_R‘k”m_g}> |gk1 |

Recall that, conditionally to {X,, = =} and up to a scaling factor 1/2, R{ and R’y are

(centered) Binomial random variables. Since X,, /n converges almost surely to % one can

apply the classical Normal approximation of the binomial distribution and approximate
L by a centered Normal random variable. This yields to

\/n/2
as. L

n—1
11 k
Nl=_—_Z \/7IE 1 +1 Gr| &5 — Vrdz,
ﬁn; n ( {R%>R’5} {R%:R’g,m:o} | n—c0 /2 Jjo1]

where, considering two independent random variables Y7, Y, with standard normal
distribution,

V2R
VEk

1
N

1

L:=E [Y11{Y22Y1}] -

This means that N! converges almost surely to —

. Via similar arguments, one can

3V2r
prove that
1 2
N2 2% — T [max (Y1, Ya)] Veder = ——,
n— oo \/5 [0,1] 3V 2
and 1
N3 s
" n—oo 3\/%
Finally, we deduce that in this particular example 7} convergences law in H~"1(T?) to
o = ﬁ (—5(070) +5(07%) +5(%70) —5(%7%)), while I' % 77 converges in law to
s75= (60 — 03 ) in H-"(T).

5 About fluctuations of local empirical measures

The purpose of the present section is to prove Theorem 2.9. Recall the definition
(1.5) of the empirical measure ,u?’l of particles at distance 1 of vertex [ = 1,2 and the
definition (1.12) of the empirical measure u?’m of particles that are connected to both
vertices 1 and 2. Recall that we are interested in the behavior of the joint fluctuation
process (1.7)

G = (aha) = (Vi (st =) /i (3 = p))

As we will see below, we will actually need to incorporate also the dynamics of the

global fluctuation process 7y, that is to look at the joint convergence of (Cf LG e )
as n — oo.

5.1 The initial condition

We first address the convergence of the initial condition ( 6”’1, 6“2, 776‘).

Proposition 5.1. Suppose that (06’") are i.i.d. random variable with law i, independent
of the graph. Recall that p := lim,_, p,, € [0,1]. Then, if np? — oo, forallr > 1,

a5

2
‘r] < o0, (5.1)
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and (Cg”l, ?, n{f) converges in law as n — oo in H=("+1/2) (T)? to the Gaussian process

(¢}, ¢2,m0) with covariance

f1 f2
() (1)) = Calfi )+ Caylor.g2) + Coh o)
+Ce 2 (f1,92) + Cea 2 (f2, 91) + Ceomo (F1r h2) + Ceg o (f2, ha) -2
+ CCO»WO (917 h2) + CCOJ]O (927 hl)»

where for Cov,,,(f,9) = [ (f — [ fduo) (9 — [ gduo) dpo,

Ceo(f,9) = Covy,e(f,9) + (1 — (/ fduo> (/gduo) :

Cho(f,9) := Covy, (£, 9), (5.3)
CC&,{% (fv g) = pCOV/JO (fa g)a
CCoJ?o (fv g) = \/I)COV“U (fa g)a

where fi, g;, hi, i = 1,2 are test functions on T. In particular, (¢},(2,n0) are mutually
independent in the diluted case p = 0.

Proof of Proposition 5.1. We have, setting 1) := 1) — [ bdpo,

o'l = S v = e 3 o () + 5 24 o]
p=>1
<2, 3| :Zlfm (ez;n) Zé”’

p>1
Taking the expectation (w.r.t. both graph and initial condition), we obtain

N/
Go

2

2
+2npy |~ ol -

2
Bl <23 [ o) mo @) + al?,
p>1

Recalling that ¢, = (1+p?)~ % e, this last quantity is bounded provided r > % Hence ({; ’l)
is tight in H~("+1/2) (T) and the triplet (C(’f’l, G, n{{) has convergent subsequences in

H-(r+1/2) (T)S. It suffices to identify its finite dimensional marginals: consider u,v,w € R
and f, g, h test functions. Define

)

so that
on(u,v,w)

=E [exp (iuX,(ll)(f) +iwXP (g) +iw (n h)) exp (iuYél)(f) + vy, (g))}
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=B |exp (1O (f) + 0¥, D(9) ) B exp (iuX P (f) +ivX P (g) +iw (0 , b)) &H :

(5.4)

where F is the o-field generated by the variables (51(]")) For fixed (EZ(J” L de-
J=L...,n

(n) (n)

L F (0300 + %g(ej,owwh(ej,o)) )

notebyU( " \}(

Then E [U;")

2
Fe| =0 forall j and define 52 ;, := Y}, [(U;")) |f4 . Then we have

E[( Al 4 By ol )|f4

Z
=;Z

(n)
( flj L Var, f + v? g;J Var,,, g + w?Var,, h)
j=1

Pn
(n) (n)

n)
; (uuflgpi% Cov,, (f,9) + vw f/ll%Covﬂo(f, h) 4+ vw %Covﬂo (g, h)) )

+

2
n

Note that, using (B.5) and (B.6), we have that P-a.s. s2 ;, —— s¥, := s7,(u, v, w), where
’ n—o00

sty :==u?Var,, f +v?Var,, g + w*Var,,h

+ 24/p(uvy/pCov ., (f, g) + uwCov,,, (f, h) + vwCov,, (g, h)). (5.5)
Fix some § > 0 and compute
Ly B {(4 '+ B+ o) |f4

+6
] - T
<; S E [(Agw + BV 4 o) fg])

Applying Hélder inequality twice (to the expectation E [-|F¢] and to the discrete mean
LS '_1), we have,

1 ¢ (n) |2
=3 E||U]
n,U j=1

N
N9 =

1

246
RS (n) | p(n) , Am)) 2T
EZ {(A + B+ ) |Fe
1
1 ¢ ) | pm) | A AN
< - n n n
< nZIE A +B™ 4! ) |]:g]
Jj=1
3
RN () | p(n) , )2
S(HZE A, +B" 4 ¢! ) | Fe
Jj=1

)

245
This means that P-a.s., -5 > ;| E ‘UJ(”) |]-'4 < n~2 which goes to 0 as n — oo.
n,U

The Lyapounov’s condition for CLT is satisfied (see [9, eq. (27.16), p. 385]). We are
in position to apply Th. 27.3, p. 385 of [9]: P-a.s., " Uj") converge in law to a

standard Gaussian N(0, 1), which gives that uXr(Ll)(f) +ox? (9) + w (nf , h) converges
in law to N(0, 53, (u, v, w)) where s (u, v, w) is given by (5.5).
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We use the same argument for the term uerl)(f) + vY,SQ) (9): if we denote Vj(") =
wELEM) [ g + v TE [ gdug, we have E {vj(”)} —0and

Spyv = JZEE |:(Vj(n))2} = (1-pn) <u2 (/ fduo>2 + v (/gduo)2> :

which goes as n — oo to

st = (1 —p) <u2 (/ fduo)2 +v? ( gduo) ) (5.6)

The Lyapounov condition is also verified: " H S =1 E { V(")

n—oo

} is of order 7
nPn)

0. Hence, applying the same result, we have that uY;\V (f)+ vY( (g) converges in law to
some Gaussian N (0, s?,), where s%, is given by (5.6).

With these two convergence results at hand, we can now go back to (5.4): since that
P-a.s., uX,(LI)(f) +ox? (9) +w (g, h) converges in law to N(0, s?,), we have that P-a.s.,

E |exp (z‘uXr(Ll)(f) + X (g) + iw (ni, h)) ’]—4 converges to exp (—i) Then one can

write from (5.4),

2
©n(u,v,w) =exp <—;) E

exp (iuYé”(f) + z’va)(g)) ]

+E

exp (Y, (/) + ivY,? (9) )

x B

exp (iuXﬁll)(f) +ivX P (g) + iw (), h>)

fg] — esg‘| .

2, .2
The first term above converges to exp (—W) and by dominated convergence theorem,
we see that the second term above converges to 0. O

5.2 Semimartingale decompositions

We follow here the same approach as for the global fluctuation process, that is to
apply Ito’s formula so as to derive a proper semimartingale decomposition for Ct"’l,
the key step being to identify the vanishing terms as n — oo in this decomposition
(which correspond here to terms in the asymptotic development of ;! that are of order

fluctuations, wenonly give the main lines of proof and leave to the details to the reader.
Proposition 5.2. For any r > 2 the joint process (("™',(™? n") belongs P ® P-a.s.
to C ([O,TLH”“ (']I‘)S). Moreover, (™!, | = 1,2 satisfy the following semimartingale

representation in H~"(T)

t t t
et :<g>l+/ L{;C;”lds—i—wﬁpn/ vg’l’*ngder/ {\ﬁpn@*ﬁg+@*w?’l}ds+th’l (5.7)
0 0 0

where U, is given in (2.20), V' f(0) := (u™'(d6'), 9o f (¢)T (¢',6)) is the microscopic

equivalent of V, defined in (2.21) and © is defined by (2.12). The remaining drift term in
(5.7) is given by

n,l VTPn - F(n) fZ(n

@ T T Z ‘Sl(i )Sz(j)

60;',71 ®60Z,n7 (5.8)

ij=1
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and the noise term is

thl / Zgln)a f 91 n de (5.9)

The process (W,"', W2, W{")ico,1) is @ martingale in C ([0, 7], (H*T)g) forr > 3, with
Doob-Meyer process given fort € [0,T] and ¢, € H" by

t
Wt Wl - o(y) = /0 (u", Dgpdptp)ds, 1= 1,2,

t
Wt W2, - () =pn/ <u?’1*2, Do) ds, (5.10)
0
[[Wn’l; W™ - \/ZTn 5950591/)> ds, 1 =1,2.

Finally, for r > 1/2, the process (™' satisfies the following weak-mild equation: for every
he H"(T) andt € [0,T]:

t
<Ct"’l7 h>_m~ - <<5L’l, th _M +/ (G (T pis)0pSe—shy ., ds

+\/ﬁ/ <u , (T * )09 Si—sh)_ 7V_ds

\/pn
n3/2 <50;‘,,n, (F * 592,71)8052575}7»77‘)7’ dS (5-1 1)
i,j=1
\/n n n
/ 2 Z 517 1(] ) 9™ (F * 69?;’”)865t75h>7r,r ds
4,j=1
+ i (h),

where

w™ (h) Zg“”/ (09S;_sh) (627 dB.

Main lines of proof of Proposition 5.2. First begin by applying It6’s formula to ™!, for
[l =1,2: for f regular,

<ul”7 f>

(' )+ [ t (st 5081 )as+ / Zfl”)a F(0:")dBs

t (n)
b [ LS gy ) s )
0

ij—=1 Pn  DPn

. (n)
Concentrate on the last term of (5.12): write E” — M + 1 and 2> g

p = £ + 1 so0 that

t (n)
[ 8080 gy i, 017y s

ij—1 Pn  DPn

t
1 fl
_/ n2 E 7 af ezn) (an?@gn)
1,j=1
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/ = Z EM o f (62T (617, 67™) ds

zgl

/ Z EVEN e f (057) T (017,077 ds.

1,j=1

The first term above is equal to [ (u!(d6), dsf (8) (u7(d6'), T (0,6"))) ds and that the

second one is exactly fo v (dfy, dbs),T (01,62) 0pf (61)) ds (recall (4.4)). Using now the
fact that i solves (1.4), we obtain (recall the definitions of ™ in (1.6) and of 7™ in (1.10)),

+ \/ﬁ/ot (0t (0') , (u'(d0), Do f ()T (0,6"))) ds

/P / (i1(d6r, d6s), T (61, 62) 9o f (6,)) ds

b [ IS o (0T 050 ds WD),

1,j=1

All of this gives (5.7), using the definition of the noise in (5.9) and the drift term @™ in
(5.8). The rest of the proof follows from the same arguments as for Lemma 4.4. O

5.3 Tightness and convergence

Recall Proposition 2.11: under our hypotheses 1™ converges to 7 = 0 as n — 0o, SO
that we see that the term fo /PnO*N2ds in (5.7) does not contribute to the limit when

n — oo. It remains to deal with the term fo ©*w™!ds that we want also to prove that it
vanishes as n — oco. This is the purpose of the following proposition:

Proposition 5.3. Under the hypotheses of Section 2.4, the process (w™') converges to
0 asn — oo, inC ([0,T], H " (T?)).

Main lines of proof of Proposition 5.3. We follow the same strategy as for n": to write a
semimartingale decomposition for @™, to prove tightness of this process and to identify
its limit as the unique solution to a linear SPDE with noise and initial condition identically
zero, so that, by uniqueness lim,,_, . ™' = 0. We only draw the main lines of proof here.
Recall the definition of ™! in (5.8). By It6’s formula, for any regular (6;,6;) — g(61,62)

n, n ‘ 1
<wt l7g> :<w07lag> +/ <w27l7 Ag>
0

/ L Y e “‘)5““ Do, 9(05",0")T (677, 05™) ds (5:13)
i,5,k
(n)
b [ S e Sy g0 T (807 057) s 514
i,k
/ o Zﬁ(") (90, 9(05™,07")dB"s + Dp,g(0;",01")dB’s) . (5.15)

(n) . n)
Writing again 5 =1+ §§k and ”’“ =1+ 5 . » so that

t
(5.13):/ <w?*l(d01,d92),891 (01,6-) < ZF (61, 0%™) >>ds
0

EJP 28 (2023), paper 147. https://www.imstat.org/ejp
Page 43/63


https://doi.org/10.1214/23-EJP1038
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

CLT for empirical measures of diffusions on random graphs

/ O S EEE 0y, g 01", 03T (657, 657) ds

0,5,k

t
(5-14):/ <W?’l(d91ad92)7592 (601,062) < ZF (62,0%™) >>
0

/ S e dag (07 02T (027,057 ds

1,5,k

Another application of Grothendieck inequality gives that the remaining terms in the last
two sums are controlled in H~" (TQ) by respectively \/WSf(l) defined in (3.17) and
VS, (1) defined in (3.18). Hence, by Proposition 3.5, this term is of order W
which goes to 0 as n — co. Secondly, the noise term in (5.15), that we denote by W, (g)
is again controlled as follows

B (7= (0] = 2 57 (607) €588 (00,061, 6700, g 61, 057)

.5,k
and by the same argument as above, the H~ (’]PQ) -norm of W™% (for r > 3) is of order
—L_ which goes to 0 as n — oo, so that the noise term (5.15) vanishes as n — oo. Finally,

np;,
we turn to the initial condition:

(=" 9) = szun)f g (05 6m). (5.16)

3,j=1

Using the same arguments as for the proof of Proposition 2.11, it is straightforward

n,l

to show that lim,, . IEg ’ w,

] =0, Pgj-a.s.. (recall that the initial condition is
—r

supposed to be i.i.d. independent of the graph).
By the same arguments as before, one can prove that the process (w;' ’l) is tight in
H~" (T?) and converges as n — oo to the unique solution w, in H~"2 (T?) to

i 1
<wi, 9) :/0 <wi, 2Ag> ds
t
+/ <wé(d917d92) s 6919(91,02) </L5(du), r (91,U)>> ds (517)
0

+ A <wi(d017 do?) ) 8929(917 62) <:u8(du) ) r (927 U)>> dS,

which, by uniqueness of a solution to (5.17), is necessarily w = 0. This proves Proposi-
tion 5.3. O

5.4 Identification of the noise

Proposition 5.4. Under the hypotheses of Section 2.4, the joint noise process (con-
sidered in Proposition 5.2) (W,"", W;"?, W")eo,r) converges asn — oo in H="(T)? to
(Wi, W2, Wy)epo, 1) Gaussian process with covariance, for fi,fo € H", 0< s <t <T,
E [W{(f)Wi(f2)] = E[W.(f)We(f2)] = / (tta s Do 109 f2) du, 1=1,2,
0
E[W,(f)WZ(f2)] =p / (tta » 09 100 f2) du, (5.18)
0

E [Wi(f)Wi(f2)] = x/ﬁ/os (p > OgpOprb) du, 1 =1,2.
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Moreover, (W}, W2, Wy)c(0,r) is independent of the initial condition ((3, (3, m0) given in
Proposition 5.1.

Remark 5.5. In the diluted case, (W}, W72, W;),c[o,r) are mutually independent.

Proof of Proposition 5.4. This follows directly from (5.10) and the convergence results
(2.5) and (2.6). O

5.5 Proof of the main convergence result

We now turn to the proof of Theorem 2.9:
Main lines of proof of Theorem 2.9. Putting all the previous estimates into the semi-
martingale decomposition (5.7) and applying the same arguments as for the process
1™ (using in particular the weak-mild formulation (5.11) which lead to similar esti-

mates as for Proposition 4.8), we see that (™! is tight in H~"* (T) and that, almost
surely w.r.t. the randomness of the graph, the joint process (C”vl, 2, n”) converges in

C ([O,T], (H™ (’]I‘))S) towards (¢*,¢2,7) solution to

(6o 1) = o )+ [ (b 308 4007 6) ). T (0.0 ) s

+ Vb / (ne (A0) , {j12(d6), Buf (6) , T (6.0))) ds + WE(F),

o 1=t 1+ [ (e, 00 ds + (1),

that is nothing else as the weak formulation of (2.19). Note that we use here the
convergence (2.5) to identify the limit as in the proof of Proposition 4.15. Uniqueness of
a solution to (5.7) follows from the same arguments as for Section D. O

A Sobolev spaces and inequalities

A.1 From mixed L>*°-1? norms to Sobolev norms

Lemma A.l. There exists a constant C' > 0 such that, for any regular function v :
T x T — R, it holds that

2 2
9513 [lv(61, ')||L2(d92) <C|v(, ')||H1(d01,d92) :

Proof. Let u : T — R be defined for ¢, € T by u(61) = ||v(6:, -)||iz(d92). Observe that

lull . = Hv(.,.)HiQ(dehdez). In particular,
|891U(91)| S 2/ |891U(91,92)| ‘U( d01, d02)| deg S
T
< / |89, v(61,602)|" dby +/ [u(dby, ds)|* dbs.
T T
By integrating the previous expression with respect to 6;, one obtains
2 2
|00, ul[ 11 < /T |09, v(01,02)" b1 db2 + [[o(-, )| 72( a0, a6,) »
which implies
2 2 2
lullys < /T (190,061, 02)1° + 100,001, 02)1° ) 401402 +2 [0 )32 a0, a0s)

2
<2, ')HWlxz(dGl,d(ig) :
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By using [1, Theorem 5.4, Part I, Case (B)], there exists an universal constant C' > 0 such
that

sup [u(6)] = [l co < C lullyrr

1
Observe that supy, e |u(61)| = supg, ¢ [|v(61, ~)||iz(d92), the proof is concluded with the
constant given by 2C. O

B More on Grothendieck inequalities and concentration
estimates

We gather in this Section the definitions of some auxiliary (possibly weighted) em-
pirical mean values concerning the centered variables ff;l) as well as concentration
estimates for these quantities.

Define the following quantities (where v = (u;)i=1,...,» and (vj;);=1,
sequences such that |u;| <1, |v;] < 1):

n are fixed

~~~~

U;I(L’U) 725[ ]a - 7 a (B]-)
> n
UrL,l(l7U) Zf( )52] Vj, I = 1; 27 (BZ)
~ LS~
Un 2(“ U) = ﬁ Z flj UiVy, (B.3)
7,7=1
Vg (u,0,1) := - Z EMEM g, 1=1,2. (B.4)
7,7=1

In (B.1) and (B.2) (resp. (B.3) and (B.4)) the subscript 1 (resp. 2) stands for the fact that
U;l and Uil (resp. U;2 and VT:;) are of order 1 (resp. order 2) in the sense that one
sums over j only (resp. over both i and j).

Lemma B.1. Suppose that npZ —— +oc. Then for alle € (0, 3),

n—oo
lim sup(np,) ¥ ‘ v ‘ <1,P-as, =12 (B.5)
n—oo

1 >
hmbup(npn) U, (Il,v)| <1,P-as. (B.6)
n— 00 '

Moreover, under np,, —— +oo, foralle € (0, %),

n—oo

lim sup (np,,)* ¢ U;Q(u,v)‘ <1, P-as. (B.7)

n—oo

Finally, suppose that p,, > —= for some § > 0 (asn — oo). Forl € {1,2}, for any ¢ > 1=9

lim sup (np,)* ¢ V,:;(u,v,l)’ <1, P-as. (B.8)
n—oo
Proof of Lemma B.1. We first prove (B.5). By Bernstein inequality, since Al(;)vj‘ < pi

and E {(é") ) } < .-, we have ]P(‘Z;;l él(;l)vj >t> < 2exp (—%ff%) Choos-

_1
ing for e € (0,1), t = nztep; 2, we obtain that PP ( %Z lf(n) ‘ (1)15> <
npn) 2
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3(npn)E—°
3(npn) 2 (npn)

the previous quantity is further bounded by 2 exp (—%(np,)*®), which is summable under
the assumptions of the present lemma. To prove (B.6), we apply the same Bernstein

inequality to the sequence of independent é;?})é(”)vj, j=1,...,n: since ’55’”5;;‘)@] <o

and E {(5 52 ) ] < p%, we have P (‘Z?Zl 51 QJ vj‘ > t) < 2exp (_,tf¢). Hence,

the calculation is the same as before, replacing p,, by p? and the result follows from the
same calculations. Estimate (B.7) is again a simple consequence of Bernstein inequality:

for all ¢t > 0 we have P (‘Z” éij > t) < 2exp( é tQT ) Choosing t = n'*¢ps~1, the

2 exp ( QH(W). Since np, — oo, for n large we have —1+— < 1, so that

previous bound becomes 2 exp . Since np,, — o0, this quantity is further

 2lbgaree
bounded, for n large, by 2exp (—1n*p2~!). Now note that n°p?*~! > 1 whene € (0, 1),
so that the final bound becomes 2 exp (—Zns). Let us now give the proof of (B.8) for [ = 1.

Fix (u;,v;j) such that |u;| < 1 and |v;| < 1 and define

Vo= > 8VE uv;
ij=1
Denote by F; = o (518’;), P, q < z) Then (Y;),_, _, is a (F;)-martingale and one has, for
allk <n

k1 X 2
B [(YkH - Y)’ |}—k <2 ( §nk)+1§/(£r)1,q“k+1”q> | T

1

k 2
+2E (Zsi )§;”£+1upvk+1> | Fi
-

k41 )
= QZE {(§§nk)+1) } |:<€k+1 q) } “i+1”§
q=1
+2 Zk: (f( ) {(gp k+1>2] “1277)1%+1-
p=1

The above quantity is a.s. bounded by , for some numerical constant ¢ independent of

k,mn,u,v. Hence, we deduce that, almost surely (Y), < Cp” Noting that |Y;; — V3| < °p2"

almost surely, one can apply Bernstein inequality for martingales [24], we obtain,
2 2

forall t > 0 P(|V,]|>1) = P(|Vy| >t (V) <L, < 2exp (—7%). Choosing

t = n'Teps~1, for ¢ > 0 (to be fixed later) the bound above becomes P (|Y,,| > t) <
2e, 2e e e, 14¢

2 exp(—%%). Since p?—,g > 1, the previous quantity is bounded by 2 exp ( —2 Z'iﬂc” )
31-7}1,_5 " E

Since p,, > —L5 for n large, we have n°p) ¢ > n=(179)(1=9)_ Choosing ¢ > 152, we obtain
that e — (1 — 3¢)(1 — 6) > 0, the above quantity is summable in n and we conclude by
Borel-Cantelli Lemma. O

We now turn to quantities similar to the term C,, in (3.3), for which we apply again
Grothendieck inequalities. We recall here the definitions of SnT in (3.7), (3.8) and
Definition 3.4.
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Lemma B.2. Let k > 3, 7 > 0, ® := (pp(01,62)),, be a complete orthonormal system in

H"(T?), F an bounded linear operator from H" to H*, and u := (u;)i=1,...n an arbitrary
vector in T". Define the quantities

< 1 ¢ n

(@ Fou) = = 3 EGER S 00 (o) (i) 00, F (o) (i)
i,J,k=1 p>1

> 1 <« n

e, (@, F,u) := — Z &t )289 ) (wiy uk) Oy F(p) (uj, uk) -
i,J,k=1 p>1

Then, there exists a constant C' > 0, which is not depending on n, such that, for
T e {7},

seu%)n T (@, u)| < CST||F||£ Hr H)- (B.9)
Proof of Lemma B.2. We focus on the term with 7 = <, but the other terms can be dealt
in a similar manner. Write the same decomposition as for Proposition 3.3: if again
(€a)acz is the canonical basis of L?(T) then, for fixed p > 1, write 9y, F(,)(01,02) =
> acz €a(02) [ 00, F(p)(01,0)eq(0) df as well as, for a,b € Z,

z1,4(a,b) = ((1+a )(1+b2))1/4+5
(/ 9o, F(pp) (ui, 0)eq(0) d9> (/ 9o, F(pp) (ui, 0)e,(0) d@)
z2,(a) = (1+a) VA=, (),
x31(b) = (1+b2) 14=3¢, (uy),

where Cs = (ZaGZ(]‘ + a?)71/2720)1/2 for some § > 0. We then have, using Cauchy-
Schwarz inequality

1/2426
il = € Y ((1+a®)(1+6%)"*"
a,beZ

| 5 ([ onpen e ([ o000 10)

2
2

<l Z(lJr 1/2+25Z

/ D0, F(py) (111, 0)24(6) 46

a€Z p>1
2
=Cj <Z(1 +a?)t/2re IIIF,a,ui||2T> :
a€Z
(B.10)
for the linear form
Zraul / 0o, F(p)(u, 0)e,(6) do. (B.11)
Observe that for fixed a,
0= [ 0h 100, Fo)(u.0)eu(6)] @9
T
— [ 100108, F (o) .0 €a(6)30 + (i) [ 00, Pl)(1,6) ()8
T T
— [ 100,108, (o) . 0] 0(6)0 + (i)' Zr ).
T
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Taking the absolute values in the previous expression and using Lemma A.1, one obtains
that there exists a positive constant C, independent of a and u, such that

1 _ 1
Eraa@l =10 /891852F(¢)(u,9)6a(9)d9 < —75up |98, 9,9 ()| 12 (a0,
‘a’l T |a| ueT
c ! C
< w H391(992F(S0) (- ~)HH1(d91,d92) < w I F @) 1+2 (a0, ,a6,) -

This means that, taking [ = |k] — 2,

c
sup [Zall_, < | Flloar sy, foranyac Z, Ja| > 1.
ueTn |Cl|

Going back to (B.10), choosing ¢ small enough, this implies that

2
sup 1|3 < € € (Z |a1+25—2lF||i(Hr,Hk)> < CU D F I vy < 00
¢ a€EZ

We are finally in position to apply Grothendieck inequality (Theorem 3.2), which gives
the result. O

C Proof of Theorem 2.4

The proof of convergence follows the same structure for p”, ;™! and ™2, since all
of them may be written as

1 —(n
my = EZE( 'Ggsn, t € [0,T). (C.1)

4
i=1

(n) _ &

(n)

Indeed, ©” corresponds to (C.1) for the choice =,/ :=1, u”’l for the choice =

i i pn
(n) (0
whereas p™!? satisfies (C.1) for Egn) = &5 % 1p the following we use the notation
1~
Sy (2) = — =0 .
, (2) - % (C.2)
k=1

Hence, we proceed with the calculations with a general m"™ and detail the appropriate
changes when required. Consider 6, solution to df, = [T (6;,0) y; (d0) dt + dB;, where
B, is a standard Brownian motion. Define then for s < ¢ and any test function f,
P, f(0) :=Eg|[f (9L(0))], where t — P.(0) is the solution to the previous equation with
®%(0) = 6. Straightforward calculations (using It6’s formula and the fact that s — P, f

satisfies a Backward Kolmogorov equation, see e.g. [45, Lemma 4.3] for more details)
show that, for all f regular

<m’%_:uT7.f>

T
= (mg — po, Porf)+ / E;(;L)aept,Tf(ef’n)dBf
0

SRS
NE

>
Il

1

T, n n
+ /O i;agmaePt,Tf(ei’”) LSl (i o) - / r(6:7,0) e (@0) | ar

n
Pn

1 n T o
= (m§ —po, Porf) + ~ > / =" 0y Py f(65™)ABE
k=170
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+ /0 = Z =0 P £(O;)T (0,767 ) at

iEE )04 P, Tf6 ) <F (02’”, > = ﬂt> dt,

:\H

q

Z/ =0y Py f(OF™)ABE
q

T n
1 n n M 7,1 M
et [T S e ap 0 (67,60 at
0

i,j=1

|<mT’ZL’_/‘LT7f>|q§|< NO,POTf ‘q

T n q
1 n i,n R n
+ Tq_l/ -~ ZEE )80Pt,Tf(9t) ) <F (et) 7') » My — Mt> dt
0 i=1
=(A)+(B)+ (C)+ (D). (C.3)
Consider the initial condition (A): writing % = £+ 1, we see that ug = ug + gy’ ! (recall

the definition of 4! in (4.10)) and that p""? = u? + 40" + ar? + apt?

An, ,2 n
' ng 3 )595‘;"'

where

Thus, setting

0 ifm” = pu”,
mg =< ot if m™ = "t
i 1, ~n2 | ~n,1,2 . )
n + ug + Mg if mn — Mn,l,Q,

we have in all cases that (noting that if f € BL = BL(T) (recall (1.8)), Py rf is also in
BL)

(A) = [(m§ — po, Por )| <27 gy (ugy, po)? + 297 (g, Porf)|”

Consider now the term (B): note that ([45, Lemma 4.4]), there exists a constant Cy > 0
such that uniformly in ¢, ¢t < 7" and in f such that || f||;, <1 (0)| < Cy. Hence,

g
we see that E[(B)] < C ( %>, (”(")) ) , which is, P-a.s., uniformly in f € BL,
smaller than C'52 with
n=: ifm" =p",

(npn) -
(npn)
C(o)nsider now the term (C) in (C.3): using again that |0y P, rf(8)] < Cp and since
e

Brn = if mn = pm!

w\»—A w\»—A

ifmn = ‘un,l,Q.

- < —, we see by another application of Grothendieck inequality that, P ® P-a.s., (C)

is uniformly controlled by C~v%(S,, )9, where

1 ifm"™ = pu”,

) — ol
Yn =9 o ifm"™ =pu”
1 : n _ ,mn,1,2
s ifm"” =p .
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Concentrate now on the last term (D) in (C.3). Developing into Fourier series
gives, for e,,a € 7 the standard Fourier basis, for 60,00 € T, T'(61,62) =

> wez €a (02) [T (61,0) €,(0)d6. Note that | [ T (61,6) 4(6)df| < ﬁ for some constant

C' > 0 independent of 64, as ‘]8521"(91, 92)“00 < +0o0, which means that
(P (o) = )| < C S0+ lal) ™ e it = po)l-
a€Z

So we obtain, by Jensen inequality, recalling that |0g P; 7 f(0)| < Cp and the definition of
S, (2) in (C.2),

(D) < ClSa (B)] (Z(l + Ia)_T> /0 <Z(1 + la) ™" [{ea s pi = m)‘]) dt.

a€Z a€Z

Taking the expectation on both sides and noting that for any fixed a € Z, ¢, is bounded

and Lipschitz with constant equal to |a|, we obtain
q—1
E[(D)] < C1S, (3)|* (Z(l + Ia)r> (Z(l +laf)™" al")
a€Z a€Z

T
<[ sw E[sup|<f,m;—us>|q dt.
0 feBL s<t

Choosing r» = ¢ + 2, we deduce finally that there is another constant C' > 0 such that

E[(D)] <C|Sn (E)Iq/OTE {sudeL (u?,us)q} dt.

s<t

Taking expectation E [-] in (C.3), we obtain, for all f € BL, for some constant C > 0

s<T

E |sup [(m? — o f>q} < C<2q_1dm (2 10)" + 29 | (0, Por )T + B2 + (vaS,)"

s<t

T
+ ‘Sn (E)|q/ E [sup dBL (,U?, ,U/s)q:| dt) .
0
(C.4)

Specify first the analysis to the case m™ = p™: recalling that m{ =0 and S, (E) = 1 in
this case, one obtains

E {sup (s — s f>q}
s<T

T
< C<2q‘1dBL (g, 10)" + BL+ (S, )T + / E {Stgt)dm (ﬂ?»#s)q] dt) (C.5)
0 s

If we would have been able to put the supremum in f € BL inside the expectation in the
lefthand side of (C.5), the result would follow simply by a Gronwall argument. To bypass
this difficulty, we proceed by a compactness argument, which will be useful not only to
m'™ = p™ but to the other cases too, so that we write it with a general m™: the set BL is
compact, by Ascoli-Arzela theorem. Thus, for all € > 0, there exists f1,..., fr € BL such
that for all f € BL, there exists j =1, ...,k such that supycy | f(8) — f;(0)] < €. Take now
f € BL,n>1, we have,

1
o=t Sup [(m = psy O <sup [(mif — s, )|+ sup [(mid, f = f)|" + sup [{us, f = f)I"-
s<T s<T s<T s<T
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Note that since y, is a probability measure, sup,<p [(is, f — f;)|? <e? <efore <1.In
a same way, sup <7 [(m?, f — f;)|* < S, (E)?e, Py-a.s. (and this P,-a.s. does not depend
on f, g;, nor ). Hence, there is a universal constant C' > 0 such that, for any ¢ € [0, 7]

B [sup s ()| < C (145, @2+ max, B|suplint ~ s, 51| C)

s<t Jj=1,...,k s<t

Apply once (C.6) to the righthand side of (C.5) (with m™ = u"), then take f = f; and
finally the maximum over j = 1,..., k in (C.4) we obtain,

; HllanE {SUP (e — ps fj>|q:| < C<2q_1dBL (18, 110)" + BL + (Y0, )7 + 2CTe

o s<T

T

s [ e B [sup 0z = e, £ ).
0 J=1l,....k s<t

Taking limsup,, . on both sides, using (2.1), the fact that both 3, and 7,5, go to 0 as

n — oo under the present assumptions, we obtain, setting

vy = limsup max E [sup ul — us, fj>|q]
n—oo J=l,.., s<t

that vp < 20%Te + C fOT vdt, so that by Gronwall Lemma, vy < C’e, for a constant
C’ > 0 that only depends on (I',T). Inserting this estimate into (C.6) gives finally
that limsup,, . E [sup,, dr (12, 1s)?] < (C + C")e for all €, which gives the desired
convergence (2.4).

We now turn to the proof of the convergence of the local empirical measures: com-
bining (C.6) with (C.4) applied to f = f; and taking now advantage that we know that
(2.4) is true, we obtain

limsup E {sup dpr (m2, us)q} < Ce + limsup max (g, Porfi)?.

n—00 s<T n—oco J=1,...,
Note here that it is not sufficient for us to directly apply Grothendieck inequality to the
remaining term (since it is only saying that this term is bounded, not that it goes to 0).
The point here is to note that f; € BL so that g; := Py rf; € BL too. Hence, there exists
some j’, such that ||g; — f ||, < e. Writing again g; = g; — f;» + f;», we obtain further
that

limsup E [sup dpr, (my, us)q] < Ce + lim sup max (g, £, (C.7)

n— 00 s<T n—oo J'=

for another constant C' > 0. Recall that for any test function f (recall (B.1) and (B.2)),

(', f) = Z§ FOF") = U (L, v),
and

<ﬂn 1,2 ’ f> Zf(n)gén)‘f HJ n) = Uil(la U)7

for the choice of v; = f (9?70). Using (B.5) and (B.6), we obtain that in any case P4-a.s.,
max; 1,k [(Mmy, f;)|* = 0 as n — co. Note however that this P,-a.s. depends on the
choice of the functions f; and thus on ¢. Taking now ¢ of the form ¢ = % with p > 1, we
have from (C.7) and the previous argument that P,-a.s.,

lim sup E [sup dpL, (mz,mq] <<
p

n—00 s<T

for any p > 1, which concludes the proof.
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D Uniqueness results

Let us introduce some notation: define

As(01,02) == ((ps(d0") , T(01,0")) , (s (d0') , T'(62,0)))
£ =y,
2) . 2
LY =L,

so that the operator [Z,SQ) (recall its definition in (2.14)) may be written as
1
L (g) = 549+ Vg Ay(01,6).
Since I' is regular with bounded derivatives, so is (01, 02) — A(61, 62) with derivatives

that are bounded uniformly in s € [0, T]. Applying [38], p.227, the flow (X, (6))o<s<t<T
is a C™212 diffeomorphism, where X ;(6) is the unique solution to the It SDE in T?

t
Xsﬁt(ﬁ):lQ—l—/ AT(XS’t(g))dT+Bt—BS7

where 6 := (01,0:) € T? and B := (B!, B?) is a standard Brownian motion on T?. Using
this and backward It6 formula [38], p 256, it is possible to prove (see [37], p. 760 for
further details) that setting

U(t,s)g(01,02) :=Ep [9(Xs,(0))], (D.1)

one obtains, forallg € C?, all0 < s <t < T, 0 € T?

U(t,5)9(6) — 9(0) = / LOU(t,r)g(6)dr

The next step is to prove that the previous equality is also valid in the space C"2. This
relies on the following lemma (see [37], Lemma 3.11 for a proof of this result)

Lemma D.1. Under the assumptions of Section 2.1, for any probability measure v the
operator £(V2) is continuous from C™*2 to C™ and

Je]., < Clolens

|e@g -2 . <l

T

as well as, for any j < ry + 2 the operator U(t, s) is a linear operator from C? to C’ such
that

U 5)glles < Cllglles, 0 <s <t <T,
[U(t,8)g = U(t, 8" )glles < Cllgllesss V' =5, 0<s <8 <t <T.
In particular, we know that for g € C"2%3, s s £ (U(t, s)g) is continuous in C™ and

hence that fot CgQ)(U(t, s)g)ds makes sense as a Bochner integral in C™. In particular, we
obtain, for every g € C™*3 that

t
U(t,s)(g) —g= / LOU(t,r)gdr, inC™. (D.2)

With this at hand, we are ready to state the first uniqueness result:
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Proposition D.2. Under the assumptions of Section 2.1, for any functional R belong-
ing to C ([0, T], H~"2 (T?)), there is at most one solution in C ([0,T], H~"* (T?)) to the
equation

t t
& :/ £g2>7*5sds+/ Ryds, t € [0,T], in H™ (T?). (D.3)
0 0

Moreover, if £ is a solution, then one has the representation
t
& = / U(t,s)"Rsds, inC™",
0

where U is given in (D.1).

Proof. Let € be a solution to (D.3) in C ([0, 7], H~" (T?)). Since H~ " < H~"2, we have
forall g € H" (T?)

t t
<5t,g>=/ <5S7£§2)g>ds+/ (R, g)ds.
0 0

Both relations are in particular true for every g € Cr2t3 «—y g2, Combining (D.2) and
(D.3), we obtain for g € C213,

o = [ {(6 £0U@ ) + (R, VG99 )

0
t t t t
7/ / <ES,LgQ)EEQ)U(t,r)g>drds—/ / <RS,L§2>U(t,T)g>drds
0 s 0 s

= /Ot {<<€'S , Egz)U(t, 8)g> +(Rs, U(t, s)g)} ds

t T T
_ / {/ <€s L LA LA U, r)g> ds + / <RS  LOU, r)g> ds} dr
o Lo 0

= /Ot {<83 , LU, 8)g> + (Rs, U(t, s)g>} ds — /Ot <5r, £$2)U(t,r)g> ar
Z/Ot (R, U(t,s)g) ds.

Since C™%3 is dense in C™, the identity & = fg U(t,s)*Rsds holds in C~"2. Since C is
dense in H™, uniqueness for (D.3) holds in C ([0, 7], H~"(T?)). O

In an identical way, one can state a similar result concerning Egl), the only difference
being that Egl) is not the generator of a diffusion, due to the nonstandard nonlocal last
term in (2.13). Hence, we decompose £,(91) into

Egl) — Lgl) +K§1), (D.4)
where
LY f = LORF(6) + 001 (6) (n(00'), T(0,0')
KM f = (us(d6)), T (6,0) 0a f(0")) -

Setting vs(0) = (us(d¢’), I'(6,6')) define in a similar way the flow (X ,(6))o<s<i<7 @s
the unique solution to the It6 SDE in T

t
Xs.(0) =0+ / v (Xs.4(0))dr + B, — B,
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where 6 € T and B is a standard Brownian motion on T. Define also
V(t,s)f(0) == Ep [f(Xs:(0))], (D.5)

one obtains, in a same way as before the following result (whose proof is left to the
reader)

Proposition D.3. Under the assumptions of Section 2.1, for any functional R element
of C ([0,T], H " (T)), there is at most one solution in C ([0, T], H~™ (T)) to the equation

t t
& = / L€ ds + / R.ds, t € [0,T], in H™" (T). (D.6)
0 0

Moreover, if £; is a solution, then one has the representation
t
£ = / V(t,s)* Ruds, inC™",
0

where V is given in (D.5).

We are now in position to prove Proposition 4.16:

Proof of Proposition 4.16. The proof follows arguments similar to [51] (see also [46]).
Pathwise uniqueness of a solution to the second equation of (2.16) is easy: let 71,72 €
C ([0,T], H="(T?)) be two solutions in H~"2(T?). Then, the difference 9 := 71 — 7j»
satisfies (D.3) in the case R = 0, so that Proposition D.2 gives /) = 0. Now turn to the
pathwise uniqueness of a solution to the first equation of (2.16): letn € C ([0, 7], H~™ (T))
be a solution in H~"2(T). Setting h(t) := fot Lﬁgl)’*nsds = —1n — fot O*n.ds — W, €
C ([0, T],H ™ (T)) and differentiating this quantity w.r.t. ¢, one obtains that (almost
surely w.r.t. the randomness)

d \ ) N s
() = L0ty + KM ht) + £ (no + / O*ij,ds + Wt> ,
0
where we recall the decomposition (D.4).
Set R, := KV h(t) + £V (no + [ ©*fds + Wt). Since £V (no + [l 0% i,ds + Wt)
belongs to C([0,T], H ™ (T)) we focus on the regularity of the first term: we have for
0<s<t,

[(ht) = h(s), (K = KO < I0t) = R(s) Iy, ||V = KOs

b
T

and using the fact that p; has for ¢ > 0 a smooth density 1;(df) = p;(6)df (see e.g. [18]
or [30, Prop. 7.1])

1) (1) 2 _ k / ’ N / /2
|t - oy z 1] okt @.0)0050 )00 = (00| a0
<lonfl Y [ ( / |65F<9’,0>|pt<9'>ps<o'>>|do') a0, (0.7)

k?g’l“l

Since [|0s f|o < Ifllcx < CIflly < C|fll,, and since the quantity in (D.7) goes to 0 as
t — s — 0, we conclude from this that R € C ([0,7], H " (T)). Remark also that for all
J<m

s> =] [ oir @0 anr@atan| <.

o0
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for a constant C' that only depends on I'. In particular,

1
K|, <Cler < Cllfllen
and hence
HKt(”HC <c. (D.8)
o

We are now in position to apply Proposition D.3 to the case £ = h: h is solution to

t u
h(t) :/ V*(t, u) (Kﬁl)’*h(u)—i—ﬁg)’* (no+/ @*deWu))du, inC™". (D.9)
0 0

The main point of the proof is to see that h solution of (D.9) can be approximated by the
converging sequence (h,),>1 defined recursively as follows

h(t) = [y V() LY (o + [ ©hudv + W) du,
ha(t) = Jo VAt u) (K By () + L85 (o + [ ©%fudo + W,,)) du, n > 2.
(D.10)
Indeed, by the boundedness of the semigroup V' (¢, ) and by (D.8), we obtain that for all
O<u<t<T, forall feC™, forallheC™ ™

[, KOV < e [EOVE0T] < Cllllen V(1) e
< Ol 1 ller -

Thus, the sequence (h,),>1 defined in (D.10) satisfies, for all n > 2

s (8) — o (D)l]ors < C / () — Prp 1 () [ dl

By an immediate recursion, for all k& > 1, ||hynt14%(t) — Rngi(t)|| o=, < CF 71;, , so that
(hn)n>1 is a Cauchy sequence in C([0,T],C~ ") and thus converges to h, solution of (D.9).
Turning back to n and writing S(t) :=no + fg ©*7sds + W, we obtain that 7 is uniquely

written as

t t
N = nll_?gc {770+/ ©"1sds + Wy + /0 V*(t,h)ﬁﬁ)’*s(h) dty

/ / () KDV (b 1) £ S () dba Aty + .

n—1
+// / V*(t,tl)Kt(ll)’*---V*(t,tn)LEi)’*S(tn)dtn...dtgdtl}.
0 0 0

(D.11)

This proves pathwise uniqueness. But if one chooses another solution 7, defined on
another probability space, with initial condition 79 and noise W with the same law

s (no, W), we obtain the same expression as above with S replaced by S*(t) = 1o +
f(f O*1.ds + Wt. Since S and S have then the same law, uniqueness in law follows from
(D.11). Proposition 4.16 is proven. O

E On the choice of renormalisation

The question we ask here concerns the influence of a different choice of renormalisa-
tion in (1.1): namely, it would also make sense to renormalise the interaction in (1.1) by
the exact degree

dp, Zgw Li=1,...,n, (E.1)
Jj=1
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rather than the expected degree E[d,, ;] = np, as we have done in (1.1). Of course
renormalizing by d,, ; only makes sense if d,, ; # 0. Denoting by

, (E.2)

by an easy application of Bernstein inequality (as in the proof of Lemma B.1) and Borel
Cantelli Lemma, under (2.15), for all ¢ € (0,1), there exists an event A such that
P,(A) =1, and on A

1imsup(npn)%7epn <1 (E.3)

n— oo

In particular, on A, inf;—; __, d,; — co. Hence, define, on A, for n sufficiently large

) 1 < (n ) ) )
a0 = — €T (017,007 ) dt+ dBl, 0<t<T. i=1,...n, (E.4)

d,,
C—

The subscript d is here to specify this choice of renormalisation by the degree. Define
accordingly u, n and 7} the respective global empirical measure and fluctuation
processes. The corresponding local empirical and fluctuation processes become naturally,
again on A, for n sufficiently large

1 n n
U i Zg}k>59:,n, l=1,...,n (E.5)
Wl k=1

Gt = Vg (13" = 1) (E.6)

It is quite clear that this different choice of renormalisation does not change anything
concerning the Law of Large Number on the global and local empirical measures, as

dn.i . . .
P-a.s. i lasn — oo, foralli = 1,...,n: Theorem 2.4 remains identical for u
‘“Fn

and ug’l. It is a priori not clear if this change in renormalisation would influence the
fluctuation results. We suppose here for simplicity that the initial condition is chosen to
be independent from the graph. The main result of this paragraph is the following.

n
Mg

Proposition E.1. Theorem 2.8 remains unchanged when one replaces (1.1) by (E.4):
under the same hypotheses, the process i} converges to the same limit ) given by (2.18).
Moreover, under the same hypotheses as Theorem 2.9, the joint process (Cg’l,cg’Q)
converges in law w.r.t. P ® P as. n — oo towards (¢* + D'y, ¢ + D?), where (¢*,¢?)
are given in (2.19) and (D', D?) are independent real Gaussian variables D' ~ N'(0,1—p)
forl = 1,2, with (¢*,¢?) and (D', D?) independent.

Proof of Proposition E.1. Let us first consider the convergence of the global fluctuation
process 77;. Perform the same 1t6 decomposition for y/; as in the proof of Lemma 4.3: on
the event A, for n sufficiently large, for f regular, one obtains

K 1
<M3,t ; f> = <M:ill,0 ) > + /0 <:U’le,s ) §8gf + (Mjil,s * F)69f> ds + <M¢?,t y f>
t n
i £(n) in pjn in
+ /0 n2 igz:l gij r <9d,s’ 9d7s) 89f (ed,s> ds + Dn,t(f)'

The only thing that changes from Lemma 4.3 is the apparition of the supplementary drift
term

L L, 1 ) ) i
Drt(f) :=/0 =D & (d:bi - m) T (67,09™) Dy f (627) ds. (E.7)
ij=1 2 ’
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All that remains is to show that, P-a.s. /nD,,; goes to 0 as n — co. Some auxiliary
notation and results first: introduce the random variables x;, := sup,—; __,, g”" and recall

the definition of p,, in (E.2). Forall+ = 1,...,n, an application of Bernsteln inequality
leads to
P npn >2)1 =P l znjé(n) < _1 < exp _1% < exp(_n3/4)’
dni — ni veo= 2 = 87/6 ) —
under the dilution condition (2.15). A union bound on ¢ = 1,...,n together with Borel
Cantelli Lemma gives that
limsup x, <2, P— a.s. (E.8)
n—oo
Notice that
n 1 (n)
- — E.9
(dn,i Pn ) ( Z 5 ) ’ ( )
so that
/ Z el di (O (gim 05 Dy f (607) ds. (E.10)
1,J,k=1
5(") 2(n) .
Write = = ¢, i T 1, so that one obtains
Npn 2 (n) 7,m n ,m
/ng > LEET (060 uf (601) s

i,5,k=1

/ Z DPn gmp (g1, 05) Dp f (627) ds

i,7,k=1 nz

Using again (E.9) in the second term above, we obtain

N -~ " " ;
Doa(f) = — / LS MPagigtop (gin gin) g, 7 (657 ds

tl - NPn 1 - i,n nF,n @,m
+/0 > Zg EZF(G; L027) | Do f (657 ds
, n,i J=1
! 1 £(n) 1 - i,n nF,n i,n
—/0 3 > & EZF(@’ L027) | Do f (627) ds
R =

= D) + D)) + D).

Concentrate on the first term above:

D(f / Zé”’( Z >> SPRT (61, 03) Do f (957) ds

i 1 Tll
P

Informally, one expects that 7 ~ 1. Nonetheless, this term is still random and one
cannot rule out the unlikely p0551b111ty that it takes extreme values. The point is to include

this term within the Grothendieck estimate: applying (3.5) to a;; := 5(") ( Shey 5(")),
we obtain that, for some constant that depends on (T, f), P ® P-a.s.

D)) 1 & ) ) I~ 2(n) )

n, n n

B < s S (T o< 5 50 &P
ot i,j=1 ik i,7,k=1
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The main conclusion of this calculation is that one has P ® IP-a.s.

REGIE KSxn. (E.11)

Combining (E.11), (3.20) and (E.8), we see that D(l)(f) is P ® P-a.s. of order - 2 , SO
that /nD")(f (2)

n,t n,t

bound ’D(Q) ’ < Xnp2 1T | - Which, by (E.8) and (E.3), is P ® PP-a.s. of order

(npn) %4, so that \/ﬁD,(f%(f) is of order n~'/4+3¢/2 ynder (2.15). Choosing ¢ < 1/6 gives

that \fD@)( f) — 0 as n — co. Note that all the previous calculations depend on the
specific choice of test functlon f- It suffices to take a dense set of such test functions
to realise that lim,,_, o f(D + D(z)) =0, P ® P-a.s. The last term gives nothing else
than

(f) — 0as n — oo, under (2.15). For the term D, ;(f), we have the rough

VaD®)(f) = - / (A1 (d01,d62) , B £(6:) (T 5 i7) (62)) ds,

which, P-a.s., converges as a process, in law w.r.t. P to 0 under the present hypotheses
that the initial condition is chosen to be independent on the graph (as one can prove
along the same lines as what has been done before that the limit /7 = 0 in this case).
Hence, P-a.s., \/ﬁDn,t converges in law w.r.t. P to 0 as n — oo.

Turn now to the case of local fluctuations: we only sketch the proof and leave the
main details to the reader. Define first some auxiliary local processes, forl =1,...,n,
aain on A, for n sufficiently large,

_ (n)
= n—pﬂZﬁ Byt (E.12)
= y/npn (ﬁZ’ - u) : (E.13)

Think of (ﬂg’l, fg’l) as intermediate steps between (1.5) and (E.5) (resp. (1.7) and (E.6)):
they are empirical measures on the system (E.4) but we are still conserving the same
expected renormalisation np,. The same analysis as for 7} (based on Ité6 decomposition
and proof that the remaining terms vanish as n — oo) gives that, under the hypotheses of

Theorem 2.9, on A, and hence IP-a.s., the limit (in law w.r.t. P) of (f:;’l, 55’2, ng) remains

the same, i.e. is given by (2.19). An easy calculation relates the two processes g‘g"l and
¢ forl=1,2and t € [0,T],

= | G - v Zg o=y (G =ome) @1y

n7

One can interpret the decomposition (E.14) as the sum of a fluctuation term coming
from the dynamics and a term coming from the fluctuation of the degree itself. From
the easy convergence of the joint renormalised degrees (D™!, D™?) (in law w.r.t. P,)

towards some independent (D', D?) with D' ~ N(0,1 — p), the fact that , /72= — 1 as

n — oo, P4-a.s., and the convergence of (5;“1, 53’2) (in law w.r.t. P, almost-surely w.r.t. P),
we deduce immediately the result of Proposition E.1. O
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