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Abstract

We consider discrete 3-ensembles, as introduced by Borodin, Gorin and Guionnet in
(Publications mathématiques de I'IHES 125, 1-78, 2017). Under general assumptions,
we establish a large deviation principle for the empirical (or spectral) measures
corresponding to these models. Our results apply in the cases when the potential of
the model depends on the number of particles, and/or has slow growth near infinity,
leading to an equilibrium measure with infinite support.
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1 Introduction and main results

Over the last few decades, several authors (e.g. [AGZ10], [BAG97], [Fér08], [Har12],
[HPOO]) have established global large deviation principles (LDPs) for the spectral mea-
sures of classical random matrix models such as the Gaussian Orthogonal, Unitary and
Symplectic ensembles. Their analysis is based on the description of the joint law of
the eigenvalues as a continuous log-gas (sometimes called Coulomb gas). More re-
cently, [BGG17] proposed a discrete analogue of continuous log-gases, called discrete
B-ensembles and the goal of this paper is to prove an LDP for the spectral measures
corresponding to these models.

In Section 1.1 we recall the definition of the continuous log-gas on R and some of the
results regarding its global large deviations. In Section 1.2 we formulate our discrete
setup and state our main results.
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A global LDP for discrete $-ensembles

1.1 Continuous setting

Let A be aclosed intervalin R, N € N, 8 > 0and V : A — R be a continuous function.
A continuous log-gas is a probability distribution on AY, whose density is

N
1 N
p(1,...,oN) = El{xl > x> >N} H (i — a3)° Hexp <—52V(95z‘)) , (1.1
1<i<j<N i=1
and Z is a normalization constant. If A is compact the above measure is well-defined,
and if A is unbounded one needs to assume V' (x) grows fast as |z| — oo, so that

N
ZN = / H{zy >0 > >zpn} H (z; — xj)ﬂ Hexp <—BNV(:CZ)> dr; < oo. (1.2)
At 1<i<GEN i=1 2
The quantity Zy is usually referred to as the partition function of the model, the
parameter § is called the inverse temperature and V(z) is called the potential.

The study of continuous log-gases for general 5 > 0 and potentials V(z) is a rich
subject with many important connections to different branches of mathematics. For
example, when A = R, V(z) = 22 and 8 = 1,2, and 4, (1.1) is the joint density of the
(ordered) eigenvalues of random matrices from the Gaussian Orthogonal, Unitary and
Symplectic ensembles [AGZ10]. We refer the interested reader to the monographs
[AGZ10, For10, Meh04] for additional background and a textbook treatment of the
classical results on continuous log-gases.

A general question of interest asks about the limiting global distribution of the z;’s
as N — oo, i.e. about the convergence of the empirical measures

1
HNZW;%, (1.3)
with (z1,...,2y) distributed according to (1.1). Note that uy are random variables that

take value in the space M(A) of probability measures on A, which we equip with the
usual weak topology. It is known under general assumptions on the potential V' that the
sequence {uy }n>1 converges almost surely to a deterministic probability measure fieq,
called the equilibrium measure, which is characterized as the unique minimizer of the
weighted energy integral

Ey(u) = // kv (z,y)u(dx)u(dz), over p € M(A), where
R (1.4)

_ 1 1
ky (z,y) =log|z —y|~' + §V(x) + §V(y).

In fact, a stronger statement in this direction says that {ux} ~>1 satisfy a large de-
viation principle on M(A) with speed N? and good rate function Iy (u) = (8/2) -
[Ev (1) — Ev (teq)]. This result was first established by Ben Arous and Guionnet when
A =R, 8 =2and V(z) = 22/2 in [BAG97]. For the case of a general potential V(z),
which grows faster than a linear multiple of log |z| near +oco, proofs of the LDP can be
found in increasing generality as [HP0O, Theorem 5.4.3], [AGZ10, Theorem 2.6.1] and
[Harl2, Theorem 1.1]. The LDP of the measures in (1.1) has also been established when
the potential V(z) in (1.1) is allowed to vary with N in such a way that

Vn(x) > (1+&)log(1 + 2?) for all |z > T and N > 1, (1.5)

where £,T > 0 are fixed, the functions Vy are continuous and converge uniformly over
compact sets of A to a function V - see [Fér08, Theorem 2.1].

The above few paragraphs aimed to give a brief overview of the global large deviation
problem for continuous log-gases and summarize some of the main results that are
available. We next turn to the discrete setup we investigate in the present paper.
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1.2 Discrete setting and main results

In this article we consider a discrete analogue of (1.1), which was introduced in
[BGG17]. To define the model we begin with some necessary definitions and notation.
Let >0,N e Nanday € ZU{—o0}, by € ZU{oo} with ay < by. We set

Yn(an,bn) = {( A1y, AN) €ZN tay <Ay < -+ < A < by},
W (an,by) = {(l1, ..., In) s € = N+ (N — ) -0, with (A,...,An) € Yy (an,bn)}.
(1.6)

We interpret /;’s as locations of particles. If § = 1 then all particles live on the integer
lattice, while for general 6 the particle of index ¢ lives on the shifted lattice Z + (N — i) - 6.
We define a probability measure P4, on W (ax,by) through

N
PO (61, ) = I @Qoti—e) JLe ™™™, Qy(a) == P+ Ll +9)

In 1<i<j<N =1 D(z)T(z4+1-6)
(1.7)
Here I is the Euler gamma function, Vy is a continuous function on R and
N
2N = > [T Qotti =) e N/ (1.8)

(€100 En)EWY, (an by ) 1SI<I<N i=1

is a normalization constant (also called the partition function). If by — ay < oo then
Zn < oo and (1.7) is a well-defined probability measure. If by — ay = oo then one needs
to assume that V grows sufficiently fast as x| — oo to ensure that Zy < co. We show
in Lemma 2.2 that as long as

l‘irln_inf NOVn(z) — (0 + (N —1)8) log(1 + 2®) > —oc for some 0 > 1/2, (1.9)
we have that Zny < co and hence (1.7) is a well-defined probability measure.

The measures in (1.7) are called discrete [3-ensembles and were introduced in
[BGG17] as discrete analogues of (1.1) and extensively studied. To see why one might
consider (1.7) as a discrete version of (1.1), note that Qg (¢;—£;) ~ (¢{;—£;)*% as {;—{; — oo
(see Lemma 2.1), which agrees with (1.1) for § = 26.

It is worth mentioning that there are other discrete analogues of (1.1); for example,
one can consider the following measure on W}V(a ~N,by) asin (1.6)

N
P(ly,....tn)oc [ =417 []e NV, (1.10)
1<i<j<N i=1

When 0 = 23 = 1 the functional equation I'(z + 1) = 2I'(z) gives Qp(z) = 22 so that the
measures in (1.7) and (1.10) are the same. For general § = 23, the measures in (1.7) and
(1.10) are different, since for the former ¢; € Z + (N — i) - 6, while for the latter ¢; € Z for
1 =1,...,N. While both (1.7) and (1.10) are reasonable discretizations of (1.1), there is
a much higher interest in the former coming from connections to integrable probability;
specifically, uniform random tilings, (z, w)-measures and Jack measures — see [BGG17,
Section 1] for more details. We also mention that (1.10) appears to lack the integrability
that is present in (1.7). In particular, while both global and edge fluctuations have been
successfully obtained for (1.7) in [BGG17] and [GH19], respectively, neither has been
established for (1.10), except when 6 = 1.

Similarly to the continuous setting, we are interested in obtaining a large deviation
principle for the empirical measures

N
1
uNzﬁgéel/N, (1.11)
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as N — oo. As before, we view puy as random variables taking values in M(R"™) with
n =1 (here M(RR"™) is the space of probability measures on R", equipped with the weak
topology). We mention that the weak topology on M(RR") is compatible with the Lévy
metric d,, defined for two measures u, v € M(R™) by

dp(p,v) = inf{6 : p(F) < v(F°)+ 6 YF C R" closed}, where (1.12)

F% = {z € R" : infyer ||z — y|l» < 6} and || - ||,, is the Euclidean distance on R"™. Also
(M(R™),d,) is a Polish space, [AGZ10, Theorem C.8].

In order to formulate our large deviations theorem we require some additional
notation that we now present. If A C R is a closed interval, we let M(A) denote the
subset of M(R) consisting of probability measures i, whose support Supp(u) is contained
in A. If \(A) > 6 (here A is the Lebesgue measure on R) we let My(A) denote the subset
of M(R) consisting of probability measures u that are absolutely continuous with respect
to ), are supported in A and have density that is bounded by #~!. The assumption that
A(A) > 0 ensures that My(A) is non-empty. The next statement summarizes the relevant
facts we require about the function Ey () from (1.4) when restricted to the set My(A).

Theorem 1.1. Let § > 0, A C R be a closed interval such that A\(A) >fandV : R — R
be a continuous function satisfying

lim inf V (z) — log(1 + 2?) > —o0. (1.13)

|| =00
Assume also that ky (x,y) and Ey (u) are as in (1.4). Then the following statements hold.
1. For each u € M(R) the integral Ey (1) is well-defined and Ey (1) € (—00, o0].
2. F{ :=inf,c pm,a) By (p) is finite and By (ud,) = FY for a unique pf, € Mq(A).

3. The function

1900 = {ewv(m — F{) for € Mp(A) (1.14)

00 for p € M(R) \ Mg(A)
is a good rate function (GRF) on M(R).

4. If p € My(A), Ey(p) < oo and there is a constant ¢ € R such that
1 1 2 1 -1
log|z —y|™ 4+ log(1 +2%) | p(dx) + -V (y) >c, for a.e. y€Supp(0 " A—p) NA,
R 2 2
1 1
/ (log |z —y|~t + 3 log(1 + x2)> p(dx) + §V(y) < ¢, fora.e. y € Supp(u),
R

then u = ugq. Here Supp denotes the support of a measure, 6~ ')\ denotes the
rescaled by 9! Lebesgue measure on R, and a.e. is with respect to \.

5. If V(z) satisfies the stronger, compared to (1.13), growth condition

lim V(z)—log(1+ 2?) = oo, (1.15)

|z|—o00
then the measure ufq from (2) above has compact support.

Remark 1.2. If V(z) is continuous and satisfies (1.13) then we note from the inequality

|z —y| < V142214 y?forall z,y € R (1.16)
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that kv (z,y) is lower bounded on R and so Ey (p) is well-defined for every u € M(RR) and
Ey(u) € (—o0, ). Also, if V(z) is continuous and satisfies (1.15) or if A is bounded then
all the statements in Theorem 1.1 follow from [DS97, Theorem 2.1] and its proof, with
the exception of part (4) where one needs to further assume that p € My(A) is compactly
supported if A is unbounded. The non-trivial (and new) parts of Theorem 1.1 are showing
that statements (2), (3) and (4) all hold when A is unbounded and V(z) satisfies the
growth condition (1.13), rather than (1.15). We establish these three statements in
Section 2.3. Our proof of (2) and (3) is based on adapting the arguments in the proof of
[Har12, Theorem 1.1] (which deals with the case when My(A) is replaced with M(A))
and our proof of (4) is based on adapting the arguments in the proof of [DS97, Theorem
2.1(d)].

The function [ ‘(’/ (1) from (1.14) is the rate function in our large deviation principle,
see Theorem 1.3. We next explain how we scale the parameters in the definition of ]P‘?V
in(1.7) as N — oo.

Assumption 1. Let ¢ € [—00,00) and b € (—o0, 0] be such that a < b. We assume
that ay € Z U {—o00}, by € Z U {co} with ay < by satisfying limy_ ..o N tay = a and
limy oo N™1bx = b. We also denote A = [a,b+ 0] N R.

Assumption 2. We assume that VV : R — R is a continuous function, which satisfies
(1.13). We also assume that Vy(z) is a sequence of continuous functions on R such that
for each N € NN the inequality in (1.9) holds. As mentioned earlier, the inequality in
(1.9) implies that PY, in (1.7) is well-defined for any ay € Z U {—oc}, by € Z U {oc}, see
Lemma 2.2. We further assume that at least one of the following two conditions hold:

(a) There exist ey > 0 such that |Vy(z) — V(z)] < ey forall N > 1,2 € R and
liInN*)OO EN = 0.

(b) There exist £, T > 0 such that (1.5) holds and for each compact set K C R we have
lmy oo SUp e |V (z) — V(x)| = 0.

In words, Assumption 2 states that either Vy converge uniformly to V on R, which
satisfies the mild growth condition (1.13), or the Vx converge to V uniformly over
compact sets, but have the uniform (in V) stronger growth condition in (1.5). The only
other aspect of Assumption 2, is that Vi satisfy (1.9) so that the measure ]P?V in (1.7) is
well-defined.

With the above notation in place we can present the main result of the paper.

Theorem 1.3. Suppose that § > 0 and ]P?V is a sequence of probability measures
on W?V(aN,bN) as in (1.6) of the form (1.7), where ay,by satisfy the conditions in
Assumption 1 and Vi satisfy the conditions in Assumption 2. If uy are asin (1.11) for
(¢1,...,¢y) distributed according to P%;, then the sequence of measures in M(R), given
by the laws of uy, satisfies an LDP with speed N? and good rate function I{‘}(,u) as in
(1.14), with A as in Assumption 1.

Remark 1.4. Theorem 1.3 can be understood as a discrete version of [Harl2, Theorem
1.1(c,d)]. The essential difference between the two results is in the rate function, which in
the continuous case is given by (1.14) with My (A) replaced with M(A) (i.e. probability
measures on A without any density constraints). The reason for this difference comes
from the fact that the measures pyx from (1.11) can only approximate measures in
My(A) and are uniformly bounded away from measures in M(A) \ My(A). This is a
consequence of the discrete nature of our state space and the fact that /; are at least
0 away from each other, which means that within any interval (aN, 8N) there are at
most 1 +6~1 - (8 — ) - N particles. This means that the measure of any interval (o, 3)
under p is asymptotically bounded by 6~! - (3 — a), which means that asymptotically
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[y cannot approximate any measure that does not have a density bounded by 6—!, and
correspondingly the rate function ¥ (1) is infinite for such measures. For the continuous
case, the empirical measures in (1.3) can approximate any measure in M(A) and that
accounts for the difference in the rate functions.

Theorem 1.3 is proved in Section 3.1 and is based on an adaptation of an elegant idea
from [Har12], which goes back to [HK12]. The core of this idea is to map the measures
pn in Theorem 1.3 to ones on the circle S := {F = (z1,22) € R?: 27 + (22 — 1/2)%? = 1},
using the inverse stereographic projection 7', that maps the one-point compactification
of C to the Riemann sphere, and restricting it to R. As explained in [Har12, Remark 1.5],
the advantage of working with the space of probability measures on S is that the latter
is compact in the weak topology. One consequence of this compactness is that it suffices
to prove a weak LDP upper bound for the measures 7T, (the pushforwards of ux by 1),
and as a result we obtain a strong LDP upper bound for T, , and consequently for uy.
Another consequence of the compactness is that it allows one to circumvent the necessity
of establishing an exponential tightness property for py, which is required in classical
works on LDPs for continuous and discrete log-gases [AGZ10, BAG97, Fér08, HP0O]. In
fact, as mentioned in [Har12, Remark 1.5], it is not even clear how to directly establish
the exponential tightness of ;1 under the weaker growth in (1.9).

While the core idea of our work is similar to [Har12], there are several new challenges
that we face, which come from the discreteness of our models in (1.7). For example,
when we prove the weak LDP upper bound of 7, puy in Lemma 3.1, the arguments in
[Harl2] only work under Assumption 2(a), and provide the correct rate function only
on the set T,(My(A)), see Section 3.2.1. To complete the proof under Assumption 2(b)
as well, and also find the correct rate function on all of probability measures on S, we
adapt some of the ideas from [Fér08, Joh00], see Sections 3.2.2 and 3.2.3. Obtaining
the strong LDP upper bound for uy from Lemma 3.1 is done in Step 1 of the proof
of Theorem 1.3 in Section 3.1, and essentially uses the argument in [Har12], which is
inspired by [DZ98, Theorem 4.1.1]. For the LDP lower bound, [Har12] relies on [AGZ10,
Theorem 2.6.1], which is not applicable in our case due to the discreteness of our models.
Consequently, we need to develop this part of the proof separately, for which we rely
on some ideas from discrete log-gases [Fér08, Joh00], as well as a couple of technical
lemmas - Lemmas 3.2 and 3.3.

To summarize, we have attempted to prove Theorem 1.3 under the weakest possible
conditions, when the intervals of support and the potentials V for the measures IP‘?V in
(1.7) are allowed to vary with N, and we assume as little as possible about them. Under
Assumption 2(a) one can adapt the arguments from [Har12], and under Assumption 2(b)
one can adapt the arguments from [Fér08, Joh00] to get the LDP upper bound, but we
need to modify both types of arguments to account for the varying nature of our supports
W?V(a ~,bn) and potentials V. For the LDP lower bound, we appropriately modify the
argument from [Har12], which is for continuous log-gases to our discrete setting.

1.3 Outline

The rest of the article is organized as follows. In Section 2.1, we provide sufficient
conditions for the measures ]P?V to be well-defined. Section 2.2 explains the compactifi-
cation argument from [Harl2, Section 2] and in Section 2.3 we prove Theorem 1.1. In
Section 3.1 we state a certain weak LDP upper bound for the pushforward measures of
pn under the map 7' in Section 2.2, this is Lemma 3.1, as well as two technical results -
Lemmas 3.2 and 3.3. Within the same section, we prove Theorem 1.3 using these three
results. Lemma 3.1 is proved in Section 3.2, while Lemmas 3.2 and 3.3 are proved in
Section 3.3. In Section 4 we give two applications of Theorem 1.3. One of them is to
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certain measures related to Jack symmetric functions, and the other is to certain discrete
analogues of the Cauchy ensembles from [Har12, Example 1.3].

2 Preliminary results

In Section 2.1 we give sufficient conditions under which the measures in (1.7) are
well-defined. In Section 2.2 we recall the compactification argument from [Harl2,
Section 2] and in Section 2.3 we present the proof of Theorem 1.1. We continue with the
same notation as in Section 1.2.

2.1 Well-posedness of P9,
We recall the following result from [DD21].
Lemma 2.1 ([DD21, Lemma 2.14]). For any x > 6 > 0 we have
Fz+HT'(z+06
Qo) = FEx)Jl:(x) +(1 - eg
Lemma 2.2. Fix > 0, N € N, ay € ZU {—o0}, by € Z U {oco} with ay < by, and

W?V(am by) as in (1.6). Suppose Vy : R — R is continuous and satisfies (1.9). For each
! = (51, ce ,EN) S W?V(CLN,Z)N) define

€ [2* - exp(—(1+0)%x7"), 2% -exp((1+0)%271)] . (2.1)

N

wey= T Qo — ;) JJe NV,

1<i<j<N i=1

where @y is as in (2.1). Then, W ({) > 0 forall{ € W& (an,by), and Zy € (—o0, o0), where
ASEES Zzewﬁv(aN,bN) W (¢). In particular, (1.7) is a well-defined probability measure.

Proof. The positivity of W (¢) follows from the positivity of the gamma function on (0, 00)
and the positivity of exponential functions. Thus, we only need to prove that

N
Z¥ =y I Qotti =) - J[e V" /™) < 0. (2.2)

LEWY (—00,00) 1<i<j<N i=1
The continuity of Vy and (1.9) imply that we can find A > 0 such that for all x € R
—ONVy(z) < A— (0 + (N —1)0) log(1 + 2?)

Combining the latter with Lemma 2.1, we conclude that

zy = Z H Qoli — ¢;) - ﬂe—anN(&/N) < AN+(1+60)° B \fN(N—1)0
KEWJQV(foo,oo) 1<i<j<N i=1
N (2.3)
x> [T (/N —£5/N)2 T e (N =00 tos(1+(0:/M)%)
LEWE, (—o00,00) 1<i<j<N i=1

where we have set B:=3_,_, .,y ﬁ and used that for £ € W (—oc0, o0) we have

1 1

> e X s
1<i<j<N ti—t; 1<i<j<N (7 —)f

Combining (2.3) with (1.16) we get that there is C' > 0, depending on N and 6, such that

zg<c % ﬂe—% log(1+(6:/N)?) < c.ﬂ (Z ! ) :

S L+ (z+ (N =) - 0)2/N2)™

LEWE; (—00,00) i=1 1=1
The last inequality implies (2.2) since 6%, > 1/2 by assumption. O
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2.2 Compactification

In this section, we describe the compactification procedure from [Harl12, Section 2],
and recall the results from that paper that we require. We mention that the setup in
[Har12] is for C, but can be readily adapted to R, using the usual embedding of R in C.

Let S C R? be given by

S:i={7=(z1,72) € R* : 2% + (z2 — 1/2)* = 1}.

In words, S is the circle of radius 1/2, centered at the point (0,1/2). Welet T : R — S be

x z?
Tz)=|——,——
() (1—&—302’1—1—302)’

and note that T is a homeomorphism from R onto S \ {np}, where we write np = (0, 1). If
A C R is a closed interval, we set

As =T(A) U {np}, (2.4)

and note that Ag is a closed subset of S, and hence R?. For a closed subset F' C R?
we endow it with the subspace topology, coming from the usual topology on R?, and
corresponding Borel o-algebra. In addition, we write M(F’) for the set of probability
measures in M(IR?), whose support is contained in F'. We endow M (F) with the weak
topology, which is the same as the subspace topology coming from M (IR?). In particular,
if d2 denotes the Lévy metric in (1.12) then (M(F), ds) is a Polish space, and the metric
topology is the same as the weak topology on M (F).

Given pu € M(R), we let T, i denote the push-forward of i under the map 7, i.e. for
each Borel set A C S we have

Tou(A) := u(T71(A)). (2.5)

We now state the first result we require from [Har12, Section 2].

Lemma 2.3 ([Harl2, Lemma 2.1]). For each closed interval A C R the map T, is a
homeomorphism from M(A) to {v € M(As) : v({np}) = 0}.

Our next task is to reformulate the minimization problem of (1.4), which is defined
for measures on R, to one that is defined for measures on S. Below we assume that V' (z)
is a continuous function on R that satisfies (1.13). We define V : § — (—o0, oo] through

_ 2 e _ =1z
V(i_,)_{V(y) log(1 + y?) iff#npandy=T""2) (2.6)

lim inﬂxHoo V(.’IJ) — log(l + ,r2) if Z = np.

The growth condition (1.13) ensures that V is lower semi-continuous and bounded from
below on S so that the function F), : S x § — (—o0, o], given by

. T R D77 SO
FV('T7y) = IOg ||I - y||2 ! + §V($) + iv(y)v T,y € Sa (27)

is lower semi-continuous and bounded from below on § x S, where we recall that | - |,
is the Euclidean distance on R". The latter implies that the weighted energy integral

Ey(v) = / | @ Qudnpan), v e M) (2.8)

is well-defined, and takes values in (—o0o, oo]. In addition, from [Har12, Equation (2.9)]
we have that if V(z) is continuous and satisfies (1.13), and Ey is as in (1.4), then

Ey(p) = Evy(T,p) for all p € M(R), (2.9)

EJP 28 (2023), paper 105. https://www.imstat.org/ejp
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provided that 7, is as in (2.5), and V is as in (2.6). Equation (2.9) is the key identity,
which allows us to transport the minimization problem in (1.4) over measures in M(R)
to one over measures in M(S), the latter space being more convenient in view of its
compactness.

We end this section by formulating a useful proposition, which can be found as
[Harl2, Proposition 2.3]. As our formulation is slightly different, we will also provide
the proof of the proposition for completeness. We mention that the core of our proof is
the same as that of [Har12, Proposition 2.3] and relies on an appropriate application of
[CKL98, Theorem 2.5]. Our main contribution is in providing a more detailed justification
of why [CKL98, Theorem 2.5] is applicable, compared to [Har12, Proposition 2.3].

Proposition 2.4. Let V be a continuous function on R that satisfies (1.13), and let V be
as in (2.6). If Fy is as in (2.8), then

(a) For each o € R the set {v € M(S) : Ey(v) < a} is compact in M(S).

(b) The function E) is strictly convex on M(S) in the sense that for any u,v € M(S)
andt € (0,1) we have

By(tu+ (1 —t)v) < tBy(p) + (1 — ) By(v), (2.10)
and the inequality in (2.10) is strict if yu # v (here co < oo is allowed).

Proof. For clarity, we split the proof into two steps. In the first step we prove the
proposition modulo a certain inequality, see (2.12), and in the second step we establish
(2.12). The inequality (2.12) will be used to show that [CKL98, Theorem 2.5] is applicable,
and its proof is based on adapting some ideas from the proof of [AGZ10, Lemma 2.6.2].

Step 1. We define for u, v € M(S) the function

Hguv) = [ [ tog |7 =i utazian) @.11)

and note that as || —¢]|2 < 1 the integrand is in [0, 00|, so that the integral is well-defined.
We claim that for any p, v € M(S) we have

2I(p,v) < I(p, p) + I (v, v). (2.12)

We will establish (2.12) in the second step. Here, we assume its validity and conclude
the proof of the proposition.

We proceed to prove (a). Since F),(Z, %) is lower semi-continuous on S, there exists an
increasing sequence FJ}(Z, ¢) of continuous functions, which converge to F\,(Z, §) from
below. From the monotone convergence theorem

Polp) =sw [ [ Py pu@)duta).
We conclude that Ey is lower semi-continuous on M(S), and so {v € M(S) : Ey(v) < o}

is closed. Since M(S) is compact we conclude the same for {v € M(S) : Ey(v) < a}.
We next prove part (b). Since log||Z — 7]/, > 0 and V is lower bounded on S we have

By(v) = I(n.v) + /S V(@) (d),

for each v € M(S). Consequently, it suffices to prove I(v,v) is strictly convex on M(S),
i.e. (2.10) holds with Ey (v) replaced with I(v,v).

EJP 28 (2023), paper 105. https://www.imstat.org/ejp
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If I(, ) = oo or I(v,v) = oo, then the equation trivially holds (recall that co < oo is
allowed). If both I(u, ) < oo and I(v,v) < oo, then from (2.11) and (2.12), linearity of
the integral and the inequality log ||Z — 75 1> 0 we get

I(lv = pl, v —pl) < I+ p, v+ p) = I(p, p) + I(v,v) + 21 (p, v) < oo. (2.13)
By linearity, we have
I(tp+ (L=t + (1= ) = L, ) + (1= )L () = t(1 = )T (p = v, 1 — ).

Equation (2.13) shows that [CKL98, Theorem 2.5] is applicable, and the latter gives
I( — v, u — v) > 0 with equality if and only if ;4 = v. The last two statements conclude
the proof of the strict convexity of I(v, v) and hence part (b).

Step 2. In this step, we prove (2.12). From [AGZ10, (2.6.19)] we have

o e =1 1 |7 — 73
log |Z —9ll3 " = / — <exp (—) — exp <— dt,
2 0 2t 2t 2t

from which we conclude that

I(p,v //52/ ( ( 2t> — exp (—”f;tgng»log|f—§|21dtu(df)1/(dg’)
/ //5 2t ( ( 2t> eXp (‘Hf;ﬂ'%)) log [|Z — 7]l * p(d@)w (dif)dt.

In going from the first to the second line we used that ||Z — #]|2 < 1, which implies that
the integrand is non-negative and the integrals can be exchanged by Tonelli’s theorem.
In view of (2.14), we see that to show (2.12) it suffices to prove that for each ¢ € (0, o)

2 [ <exp (—) ~exp <—”x;f’”)) log |1 — 13" (d)v(d7)
<[] (e (-5 ) — e (12512 ) og o — g wtamuta)
[ (o (=3 ) e (522 Ytog o - gl @t

At this point all the integrands have finite integrals and we can use linearity and symmetry
of the first line in p and v to reduce the above inequality to

og//sg exp (—”f;tg”%) (1 — 1)(dZ) (1 — v) (dF). (2.15)

Writing as usual = (21, 22) and ¢ = (y1, y2), and using the identity

_(I y) /Qt / B(x— y)>\ —tA\2 /2d)\
V 2r

which is nothing but the characteristic function of a normal variable with mean 0 and
variance t~!, we see that

//5 o ( _ty|2) (i = V)(dZ) (n = v) (@)

://szeXp( u_ul fo ;ty2)2><u—v><df><u—u><dy’>

t / —N3/2 1332 / S@r=uM () _ 1) (d) / B0z (1) ) (dif)dA s
T™JRJR S S

(2.14)

2

_ i/ / o tAT/2, 13 /2 / BN () )y (a7)| dhgd)s.
2 RJR
The last equality implies (2.15) as the last integrand is non-negative. O
EJP 28 (2023), paper 105. https://www.imstat.org/ejp
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2.3 Proof of Theorem 1.1

As explained in Remark 1.2, we only need to show that parts (2), (3) and (4) all
hold when A is unbounded and V(z) is a continuous function that satisfies the growth
condition in (1.13). We mention that the arguments below are inspired by the proofs of
[DS97, Theorem 2.1] and [Har12, Theorem 1.1]. We split the proof into two steps.

Step 1. In this step we prove part (2). From our assumption that \(A) > 6, we
can find a closed interval A’ = [a¢’,a’ + 0] C A. We observe that if y has density
=1 1{z € [d/,a’ + 0]}, then u € My(A) and Ey(u) < oo. This implies that My(A) is
non-empty, Fg < oo and Ey is not identically equal to co on My(A).

From Proposition 2.4 we know for every a € R that {v € M(S): Eyv(v) < a} is
compact. In addition, M(Ag) is a closed subset of M(S), since Ag is a closed subset of
S. We thus conclude that for every a € R the set {v € M(Ags) : Ey(v) < o} is a compact
subset of M(S). We next note that if v({np}) > 0 we have Ey(v) = oo (due to the
log||Z— |5 * term in (2.7)). The latter means that {v € M(Ag) : Ey(v) < a} is a compact
subset of {v € M(Ags) : v({np}) = 0} for any « € R.

From (2.9) we know that Ey (u) = Ey(T.u) for all 4 € M(R). Combining the latter
with Lemma 2.3 we conclude for o € R that

T.{pe M(A): Eyv(p) <a}={veM(As): Ey(v) <aand v({np}) =0}, (2.16)

and so {v € M(Ags) : Ey(v) < a and v({np}) = 0} and {x € M(A) : Ey(u) < a} are home-
omorphic. As the right side of (2.16) is a compact subset of {v € M(Ag) : v({np}) = 0}
(we explained this in the previous paragraph), we conclude that {u € M(A): By (u) < o}
is a compact subset of M(A). This proves that Ey has compact level sets in M(A).
Since Ey (u) = Ey(T.p) by (2.9), we have by (2.10) fort € (0,1) and p, v € M(R) that

Ey (tut+(1-t)v) = Ey(tTep+(1—t)Tov) <tEy(Tip)+(1—t)Ey(Thv) = tEy (u)+(1—t) By (v),

with strict inequality if ¢ # v. We conclude that Ey (i) is strictly convex on M(R).

Note that My(A) is a closed, convex subset of M(A) and from the above work
{p € M(A) : Ev(p) < o} is compact for each « € R, and also convex by the convexity of
Evy (u). The latter observation shows that for each a € R the set { € My(A) : By (n) < a}
is a compact, convex subset of My(A).

Summarizing the above, we have that Ey (u) is strictly convex on the non-empty
convex set My(A), has compact and convex level sets in Mjy(A) and is not identically
equal to oo. This implies the existence and uniqueness of its minimizer ugq € My(A).
This proves part (2).

Step 2. In this step we prove parts (3) and (4).

From our work in Step 1, we know that Fy (u) has compact level sets in My(A) and
since M,y(A) is a non-empty closed subset of M(IR) we conclude that I¥, (1) has compact
level sets. In addition, since FY is finite from Step 1, we conclude that 1Y (1) € [0, 00].
This proves that I{’} is a good rate function and completes part (3). In the remainder of
this step we prove part (4).

Let € My(A) be such that Ey (1) < oo and there is a constant ¢ € R such that

1 1%
/ <log |z —y|~t + 3 log(1 + x2)> p(dx) + % > ¢, fora.e. y € Supp(67' A — ) N A,
R
1 V
/ (log |z —y| ™+ 5 log(1 + x2)> wu(dx) + # < ¢, for a.e. y € Supp(u),
R
(2.17)
EJP 28 (2023), paper 105. https://www.imstat.org/ejp

Page 11/28


https://doi.org/10.1214/23-EJP977
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A global LDP for discrete $-ensembles

where a.e. is with respect to the Lebesgue measure on R. We seek to prove that p = ugq.
We mention that the integral appearing in (2.17) is well-defined and takes value in
(—00, 0], since the integrand is lower bounded in =z on R for each y € R and p is a
probability measure. The existence of ¢, the continuity of V and the fact that u is a
probability measure with density bounded by #~! together imply that the integral in
(2.17) is finite for each y € R.

By a direct computation using the definition of 7" in Section 2.2 and (2.5) we have

_ 1 Viy . _ ﬂ V(T(y
| (togle =172+ Gox(1 + 4 Jutae) + 2 = frog 7 - Tl ) + LG,
R S
for all y € R, where V(%) is as in (2.6). The last equation and the linearity of T\ shows
(2.17) is equivalent to
= a1 — V(g) = -1 _
log |7 — 9|3~ (Tup) (dZ) + - > ¢, fora.e. ¢ € Supp(0™ T\ — Typ) NT(A),
S V@) (2.18)
[ 1ogllE = gl (i) + T < for ae. § € Supp(Top) NT(A),
S
where the a.e. refers to the uniform measure on S.
Let us write v = T and recall that Ey (1) = Ey(v) by (2.9). In particular, we have

Ey(v) < oo, which together with the fact that V is lower bounded implies that
(v,v) < o0, /V v(dy) < oo and Ey(v) = I(v,v) + /V dy), (2.19)

where we recall I(p,r) was defined in (2.11). Setting veq = T*ugq and using that
By (Veq) = Ev(ugq) = FY < oo, we see that (2.19) holds with v = veq as well. Using (2.19)
and (2.12), we have

—

By (o) = Ev(v) = Tl ) + T0) 42 [ | [ 10w = 15 010 + X2 (v = w)(a)
= 2l) 22 [ | [1og1 = gl via) + ¥ | g - )0,

To complete the proof it suffices to show that

/S US log || — #fll; 'v(dZ) + V?] (Veq — v)(d7) > 0. (2.20)

Indeed, if (2.20) holds then the last two equations show that Ey (veq) — Ev(v) > 0, which
by (2.9) implies By (u%,) > Ev(u). As pf, is the unique minimizer of Ey over Mg(A) and
€ My(A) by assumption we conclude that u = qu'

Let us denote

1) = [ 1og 7 ~ gl wtaz) + X2 -

Using that [ ¢(veq —v)(dy) = 0, that Supp(v), Supp(veq) € As, and the fact that v({np}) =
0 = veq({np}) (see Lemma 2.3), we see that

i
/ [ / log |17 — g5 () + (;’)} (Veq — V)(df) = I + I, where
S S

i F(iD) (Veq — v)(dF), Tn= : F() (veq — v)(d7), with (2.21)

Ei={geT(A): f(§y) >0}and E; ={yeT(A): f(§) <0}

EJP 28 (2023), paper 105. https://www.imstat.org/ejp
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Since ugq € Mp(A) we have 07T, \ > veq. In addition, from (2.18) we have (07T, \ —
v)(E2) = 0. Combining the last two statements we get

L= | f(@)(Weq— 0" TA+O0TN=0)(dY) = | f(§)(Veq — 0 TN (dY) > 0. (2.22)
E2 E2
Also, from (2.18) we have v(E;) =0, and so
I = f(g)(’/eq - V)(dg) = f(g)’/eq(dg) > 0. (2.23)
E1 El
Combining (2.21), (2.22) and (2.23) we obtain (2.20). This suffices for the proof.

3 LDP for uy

The goal of this section is to prove Theorem 1.3. The proof is presented in Section 3.1
and relies on a certain weak LDP upper bound for the pushforward measures of ;i under
the map 7' in Section 2.2, this is Lemma 3.1, as well as two technical results - Lemmas 3.2
and 3.3. Lemma 3.1 is proved in Section 3.2 by adapting some of the arguments from
[Fér08, Har12, Joh00], while Lemmas 3.2 and 3.3 are proved in Section 3.3. We continue
with the same notation as in Sections 1.2 and 2.

3.1 Proof of Theorem 1.3

We begin this section by stating some results, which will be used in the proof of
Theorem 1.3.

The following lemma establishes a weak LDP upper bound for the measures
{T*MN}Nzl, where T is as in (2.5) and pn are as in (1.11), and is proved in Section 3.2.

Lemma 3.1. Continue with the same notation from Theorem 1.3 and suppose that the
same assumptions hold. Define

Zh = Zy - N~NIN=D0 (3.1)

where Zy is as in (1.8). Then, for any i € M(S) we have

1
lim sup lim sup el log (Z;V]P?V (Tepn € B, 5))) < , (3.2)

=0+ N—ooo

—0 - Ey(u) if p € T, (Mog(A))
—oo i g TL(Me(A))
where B(p,8) = {p € M(S) : da(p, n) < &} (here dy is Lévy metric as in (1.12)), ux are

asin (1.11), T, is as in (2.5) and E\, is as in (2.8) with V as in (2.6). In (3.2) we use the
convention log 0 = —oo.

We next state two technical lemmas, which are proved in Section 3.3.

Lemma 3.2. Let 0 > 0, A > /2, u>= € My([—A, A]). Suppose that (N € W (—o0, )
are such that if p¥ = N1 Zf\;l d¢v /i we have

1. imy 00 di (N, u>°) = 0, where d, is the Lévy metric on M(R) as in (1.12);
2. uy € M([-A4, A]).

Let Vv be continuous functions on [— A, A] for N € N U {co}, such that
lim N 00 SUP[_ 4, 4] |[VN (%) — Voo ()| = 0. Then, we have

N —oo

lim //R Uz # yhhvy (2,9 (do)p® (dy) = By (1), (3.3)

where ky and Ey are as in (1.4).

EJP 28 (2023), paper 105. https://www.imstat.org/ejp
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Lemma 3.3. Let a € [—00,00) and b € (—o0, 00| be such that a < b, § > 0, and set
A =la,b+0]NR. Let V be a continuous function on R that satisfies (1.13). If u € My(A),
then we can find a sequence of measures p,, € My(R) such that

1. lim, oo di(ptn, ) = 0, where d; is the Lévy metic on M(R) as in (1.12);
2. limy, 00 By (pn) = Ev(u), where Ey is as in (1.4);
3. for each n € N, the set Supp(u,,) is compact and contained in the interior of A.

With the above results in place we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. The proof we present here is an adaptation of the proof of [Har12,
Theorem 1.1(c,d)]. For clarity, we split the proof into three steps.

Step 1. Note that it is enough to show that for any closed set 7 C M(R),

1
1i —log (Z P8 <—0- inf E 3.4
im sup 75 og (ZyPy (uy € F)) < et B, (3.4)

and for any open set O C M(R),

1}\1};1})15 N log (Z\NP% (un € ©)) > —6 - ueO%I}\fle(A) Ev(p), (3.5)

where Z); is as in (3.1). Indeed, if we take 7 = O = M(R) in (3.4) and (3.5) we get
—H . 1 = — 0
A}gnoo N2 log Zyy = —0 ,uE/l\fll(f(A) Ev () OFy,

where the latter was defined in Theorem 1.1 and is finite. Combining the last equality
with (3.4), (3.5), and the definition of I{", in (1.14), we get the statement of the theorem.
In the remainder of this step we establish (3.4) and in Step 2 we prove (3.5). The
approach we take to proving (3.4) is inspired by the proof of [DZ98, Theorem 4.1.1].
As (3.4) is clear when F = (), we assume that F # () is a closed subset of M(R). Then,

P (uy € F) <P (Tupn € clo(TF)), (3.6)
where clo(7T,F) is the closure of T, F in M(S). Let us fix € > 0 and introduce
. min (Ey(p) —€,e7t) if p € Tu(Mg(A)),
Ey(p) = 1 .
€ if p & T (Mo (A)).

Then, from Lemma 3.1 for every u € M(S) we can find 6, > 0 such that

limsup — log (Zy P (Tupn € B(p,6,))) < —0E5 (). (3.7)

N—o0 N2

Since M(S) is compact, so is clo(7,F), and thus we can find a finite number of measures
Vi,...,vq € clo(T.F), such that

P4, (Tupn € clo(T,F)) % (Tupn € B(vi,6,,)) .

HM&

Combining the latter with (3.6) and (3.7), we conclude that

d

lim sup — log (ZNPY (v € F)) < athsup log (ZNPY (Tupn € B(vi,46,,)))
Nooo N2 =1 Nooo N2
< -0 ES(v)) < —60  inf
i Hilln V(V ) - chllor%T*]:) ( )
(3.8)
EJP 28 (2023), paper 105. https://www.imstat.org/ejp
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Letting ¢ — 0+ in (3.8), we obtain

1
lim sup — log (Z P4 cF)) < -0 inf Ey(v).
N*}oop N2 & ( NTN (MN )) - veclo(Ty F)NTy (Mg (A)) V( )

As T, is a homeomorphism between M(R) and {v € M(S) : v({np}) = 0}, we have

Ey(v) = Ey(v)= _inf  Ey(u),

inf inf =
veclo(Tw F)NTw (Mg (D)) VET.FNT. (Mg (A)) HEFNMg(A)
where the last equality used (2.9). The last two equations imply (3.4).
Step 2. In this step we prove (3.5). Note that it suffices to show that for each
p € My(A) and open neighborhood G C M(R), containing p, we have
. 1
lim inf = log (ZyPY (1 € G)) = —0Bv (). (3.9

Note that by Lemma 2.1 we have for all N € IN and £ € W% (an, bx)

N
1 _ v
ZNPh () =exp (O] D 9 ] (/N = £3/N)2 T e N V™)
1<i<j<N J 1<i<j<N i=1
N
=exp(O(NlogN)) [ (4/N—;/N)* ] e PNV /N (3.10)
1<i<j<N i=1

N
— exp (o (V1o N) = 08° [ # b (o ) () = 03 VNWN)),

where the constants in the big O notations depend on § alone, and may be different for
different lines. We remark that in the first equality we used that ¢; — ¢; > (j — )6 for
N>j>i>1.

If A = [a,a + 6], i.e. a = b, then we have that My([a,a + 0]) contains a single
element - the uniform measure on [a,a + 0]. Thus x has density 6= - 1{x € [a,a + 0]}.
Let /N € W (an,by) be given by (N = ay + (N —i)0 fori = 1,..., N, and set puVV =
N1 Zﬁil 5£N/N' Since limy_,oo N 'ay = a, we conclude that ;N weakly converge to
(say by the Portmanteau theorem). In addition, we see that we can find a sufficiently
large A > 0 so that p/V satisfy the conditions of Lemma 3.2 (4> = u and V., = V here).
From Lemma 3.2 and (3.10) we conclude that

. 1 2] P 1 6 N
lim inf 3 log (ZNPN (un € G)) = lim inf ~z o8 (ZNPy (¢N)) = —0Ey (p),

which proves (3.9) when a = b.

In the sequel we assume that A = [a, b+ 0] with a < b. In view of Lemma 3.3, we see
that it suffices to prove (3.9) under the additional assumption that Supp(u) is compact
and contained in the interior of A. In particular, we assume that there exist ¢,d € R,
with ¢ < d and ¢ > 0 such that

a<c—e d+e<b, Supp(u)Clc,d+ 4.
Claim. There is a sequence /N € W4 (—oo, o0) such that for ¥ = N~1 "N 8n /N

1. impy oo di(p, 1) = 0;

2. N € WY (an,by) for all large enough N;

EJP 28 (2023), paper 105. https://www.imstat.org/ejp
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3. Supp(pY) C [c — €,d + 0 + €] for all large enough N.
We prove the claim in the next step. Here we assume its validity and prove (3.9).
We observe that, as Y € W4 (ax,by) for all large N and limy o di (uV, 1) = 0,

o1 |
lﬂlgof N2 log (ZJ/VIP?V (un €G)) = l}\rlrgélof N2 log (ZEVIP?V (KN)) .

On the other hand, since Supp(u”) C [c —¢€,d + 6 + €] for all large enough N, we conclude
that we can find a sufficiently large A > 0 so that ¥ satisfy the conditions of Lemma 3.2
(u*° = p and Vo, = V here). From Lemma 3.2 and (3.10), we conclude that

li

im
N—o0

1
~7 log (ZNPY (6Y) = 0By (w).

The last two equations prove (3.9) when a < b.

Step 3. In this step we construct ¢V as in the claim in Step 2. Let us denote
the density of p by f(z), and note that since u € My([c,d + 0]) we may assume that
0< f(z)<Olforallz € R, f(x) =0forz & [c,d+ 6]. We let y;, fori =1,..., N, denote
the quantiles of p, defined as the smallest real numbers such that

vi i—1/2
dz = .
=g
Since f(z) =0 for x ¢ [c,d + 0], we know that y; € [c,d+ 6] foralli=1,..., N.

We now let ¢V denote the largest element in Z + (N — )0, which is less than or equal

to Nyn—_i+1. We claim that (¥ = (¢, ... (%) € W) (—o0,c0), or equivalently we want

AN > o> 0L, where AN =Y — (N —i)6.

Suppose, for the sake of contradiction, that A\¥ — A\ | > 1 for some i € {2,..., N}. Then,
N4+ =AY H1+H(N=i+1)0 < ) +0 < Nyn—is1+0 = Nyn—ipo+N(Yn—it1—Yn—it2)+0.
On the other hand, as f(z) € [0,071], we have

1 YN —i+2

N f(@)dr <0 yn—ite — yn—i+1) = N(yn—it1 — Yn—it2) < —0.

YN —i+1
Combining the last two inequalities we get ¢, + 1 < Nyy_,12, which contradicts
the maximality of ¢ ;. As we got our desired contradiction, we conclude that /" €
WY (—00, 00).
In the remainder of this step, we prove that ¢V satisfy the three conditions of the
claim. We readily observe that ;" weakly converge to i (say by the Portmanteau
theorem), which establishes the first statement. In addition, by construction we have

Ne—1< Ny —1< /N and ¢} < Nyy < N(d+9),

which readily establishes third statement in the claim. In addition, since limpy_ o an /N =
a<c—ecand limy_,o by/N =b > d + ¢, we see that the last inequality implies ay < E%
and ¢ < by + (N — 1) for all large N, proving the second statement in the claim. O

3.2 Weak LDP upper bound for {T.un}n>1

In this section we prove Lemma 3.1. Our proof is split into three parts - these are
Sections 3.2.1, 3.2.2 and 3.2.3. In Sections 3.2.1 and 3.2.2 we prove that for each
w € M(S) we have

. . 1
lim sup lim sup N2 log (ZNP% (Tupn € B(p,8))) < =0 - By (), (3.11)
=0+ N-—oo

under Assumption 2(a) and 2(b), respectively. In Section 3.2.3 we prove (3.2).
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3.2.1 Proof under Assumption 2(a)

In this section we prove (3.11) when Assumption 2(a) holds. The proof we present here
is adapted from [Har12, Proposition 2.3] and for clarity is split into two steps.

Step 1. In this step, we introduce some relevant notation and establish a few
technical estimates, which will be used in the next step.

If T'is as in Section 2.2, one directly verifies that

|z -yl

Vitaz?o /14y

1T () = T(y)ll2 = = for z,y € R. (3.12)

From (1.9) with N = 1, we know that there exists # > 1/2 such that

liminf OV (x) — 6" log(1 + 2?) > —oo0.

|z|—o00
The latter and the continuity of V implies that there is a constant A; > 0 such that
—0'log(1 + 2%) + A; > —0V (z) for all = € R.
The latter inequality implies that for N > 2

3 eV < ﬁ (Z exp (—HV (W)))

0eWY, (an,by) i=1 \z€z

N
o 1 exp (A2/V 1o
- H<Z(1+($/N+1_29/N)2)0’>§ p(ANl gN)’

1=1 \z€Z

(3.13)

where A, > 0 depends on 6 and ¢’ alone. We mention that the existence of A, uses that
0" > 1/2 (as observed above), and the fact that each of the above series can be bounded
by a constant multiple of N (say by comparing it with the integral [, (1 + y*/N 2= ).

If V is as in (2.6) and Fy as in (2.7), we know that F), is lower bounded and lower
semi-continuous on S x S. This ensures the existence of continuous functions {F}} />4
such that F}) increase pointwise to Fy,. By replacing F}}! with min(M, F}') we may also
assume that FY < M.

With the above notation we can proceed with the main argument in the next step.

Step 2. Combining (3.10) with (3.12), and setting z; = T'(¢;/N) fori =1,...,N, we
conclude that

ZNPY(Topin € B(p,8)) < eCoNlos NFoexN= ™ || 1
0eWS, (an by ): 1SI<G<N
T.puNEB(1,9)
N
% H679<N71)(V(ei/NHog(H(a/N)%HV(&/N)7
i=1

where Cjy is a positive constant that depends on 6 alone, and ¢y are as in Assumption
2(a). If {F{,”}le are as in Step 1, then we see that the last inequality implies for N > 2

EJP 28 (2023), paper 105. https://www.imstat.org/ejp
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and M € IN
ZNPY(Tep™ € B(p, 6))

N
< ngNlogN+05NN2 Z exp [ —6 Z Fy(Z, 27]) H e~V (t/N)
0EWY, (an by): 1<i#j<N i=1
T.punN€EB(p,s)
N
<e CoN log N+0eny N2 Z exp( ON2 // FV Z, )Ty (dZ) T, /LN(dy)> HefaV(fi/N)’
LeEWY, (an,bn): i=1
Tywpn€B(p,9)
(3.14)
Moreover, we have IP?V-almost surely
o L 1
Lun @ Tpn({(Z,9) € Sx S T=74}) =
which implies that on the event {T.uyx € B(u,0)} we have
1
// (@, P Tepin (dZ) T pin (dY) = //Fv Z,§)Tepn (dT) Tepn (dy) — - max 2
(3.15)

M
inf :E' 7) v(dy) — —,
- uEB(p, 5) //52 gv(dz)v(dy) N

where in the last inequality we used that F}}! < M.
Combining the last inequality with (3.13) and (3.14) we conclude that for some By,
depending on ¢, V and M, and N > 2

N~2log (ZNPY (Tupi™ € B(p,6)))

< inf // FM (&, 9)v(dZ)v(dg) + By - N~ log N 4+ ey,
UGB(,LL,J) S2

which implies that

limsup 3 log (ZaPA (T € Bu.d)) <6 it [ (@ pwaytan.

The last inequality and the continuity of F}/ on & x S implies

hmsuphmsup log (ZNIP9 (TN € B(p, o ) < 9// FM (&, ) p(d) p(d).
—04+ N-ooo S2

Letting M — oo in the last inequality and using that, by the monotone convergence

theorem, the right side converges to —0FEy, () we conclude (3.11).

3.2.2 Proof under Assumption 2(b)

In this section we prove (3.11) when Assumption 2(b) holds. In particular, we have that
Vi converge uniformly over compact subsets to V, and satisfy the growth condition (1.5).
Notice that by the continuity of Vy and the uniform convergence to V' over compacts,
we may shift Vy and V by the same positive constant (which of course does not affect
P%,), so that

Vi (z) > (1+&)log(1+2?%) forallz € Rand N > 1. (3.16)

The proof we present here is adapted from [Fér08, Joh00] and is split into two steps.
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Step 1. In this step we introduce some relevant notation and establish a few technical
estimates, which will be used in the next step.
Using that |z — y|? < (1 + 2?)(1 + y?) and (3.16) we have that

§

1 1
~ v (,9) = log |z —y| — LVi(e) ~ LVily) < —Slog(1 +47) — 5

5 log(1+ y?), (3.17)

where we recall that £y was introduced in (1.4). In addition, we have that there exists a
constant A; > 0, depending on 6 alone, such that forall N >2and a > 1

Z Hexp —alog(1+ (¢;/N)?))

LeWY, (an,by) i=1

< ﬁ (Z exp <alog (1 + W))) < exp(A;Nlog N).

i=1 \ze€lN

(3.18)

Let Vy be as in (2.6) and Fy, as in (2.7) with V replaced with V. For M € N set
o o . o - 1. S 1. .
FY(#,7) = min (log |7 — 7ll3*, M/2) +5 min (Vy (%), M/2)+5 min (Vx (§), M/2), (3.19)

and note that from (3.16) and (2.6) there is an M dependent neighborhood Uj,; around
the point (np,np) € S x S such that F% (Z,9) = M for &,§ € Uy . In particular, we
conclude that F\% are continuous on § x S. In addition, from the uniform convergence
of Viy to V over compact sets, we conclude that the sequence

ay = sup |FY(Z,) — FY(Z,7)| satisfies lim apy = 0. (3.20)
#,7€S N— o0

With the above notation we can proceed with the main argument in the next step.

Step 2. Let us fix p € (0,1). Combining (3.10), (3.12), (3.16) and (3.17), and setting
z; =T(;/N) fori=1,..., N, we conclude that for M, N > 1 we have

ZyBY(Topy € Bu.8) < eV B e | 01-p) 3, Fuy(@3)
LeWS; (an,bn): 1<i#j<N
Typn€B(1,0)

N

X exp | —0p Z k:vN(Ki/N,Ej/N)—GZVN(&./N) < ¢CoNlogN Z
EIEN =t EEW?V(GNbe)i
TN E€B(p,0)

eXp< (I—p Nz//?é Fr (2, i) Topun (dF) Ty (dif) —Op& (N — 1) Zlog (4:i/N)* ))

where F%v (Z,¥) are as in Step 2, and Cy is a positive constant that depends on @ alone.
Arguing as in (3.15) we have

/ / R T (@D T () = int / /S 2 F%(:ﬁz?)v(df)v(dﬁ)—%

THY
> inf // FY(2, §)v(dZ)v(df) — aX — 7147
T veB(u,9) S2 N

where F})! were defined in Step 1, and satisfy F}}! < M, while a}/ are as in (3.20).
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Combining the last two inequalities with (3.18) we conclude that for N large enough
so that 0p&(N — 1) > 1, and N > 2, and M > 1 we have

2P (T € B(u0) <exp (-0 - int [ R iviazvtan

veB(u,8)
x exp (CoyNlog N + 0(1 — p)N?al + MN + A;Nlog N).

Using that limpy_s o a% =0, see (3.20), we conclude that

lim sup —

S log (ZNPR (Tup™ € B(p,6))) < —0(1 — inf // FY (&, 9)v(dZ)v(dj).
N—00 N ) S2

VGB(IM

The last inequality and the continuity of F{}/ on & x S implies

tim sup i sup > og (2P (T € B(u.) < ~0(1—p) [ [ F (@ iudiua)
82

—0+ N—o

We may now let M — oo above, and note that the right side converges to —0(1 — p) Ey (1)
by the monotone convergence theorem, and subsequently take p — 0+ to get (3.11).

3.2.3 Proof of Lemma 3.1

In this section we conclude the proof of Lemma 3.1. We split the proof into two steps.

Step 1. If u € T.(My(A)), then we have that (3.2) follows from (3.11), which was
established in Sections 3.2.1 and 3.2.2 above. We may thus assume that ; € M(S) and

i T.(Ma(A)).

If u({np}) > 0, then we have that Ey (1) = co, because of the term log |Z — 7/||; * in Fy,
see (2.7). In particular, we see that in this case (3.2) again follows from (3.11), and we
may assume that p({np}) = 0.

From Lemma 2.3 we know that 7, is a homeomorphism between M(R) and {v €
M(S) : v({np}) = 0}, and so there is a unique measure p € M(R) such that T,p = pu.
Since p &€ Ty (My(A)) we know that p & My(A).

We claim that there exist ¢; > 0 and Ny € N, such that for N > Ny we have

P (di(p, pn) < €9) =0, (3.21)

where d,, is the Lévy metric on M(RR") as in (1.12). We will prove (3.21) in Step 2 below.
For now, we assume its validity and conclude the proof of (3.2).
Since T is a homeomorphism between M(R) and {v € M(S) : v({np}) = 0}, we
conclude that there exists d5 > 0 such that
B(u,80) N {v € M(S) : v({np}) = 0} C Ty’ € M(R) : di(p,p') < €0}
The latter implies that for § € (0,dp] and N > Ny

P4 (Tupy € B, 8)) = P4(Tup € B, )N {v € M(S):v({np}) = 0)
S ]P‘]gv(dl(ﬂ MN) < 60) = 07
which implies (3.2).

Step 2. In this step we prove (3.21). Observe that My(A) = M(A) N My(R) and
both M(A) and My(R) are closed subsets of M(R). Since p € My(A) we conclude that
there exists € € (0, 1), such that at least one of the following holds:

1. di(p, p’) > 2¢e for all p’ € My(R),
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2. di(p,p’) > 2¢eforall p’ € M(A).

Suppose first that d; (p, p’) > 2¢ for all p’ € My(R). We take Ny = [fe~'] and proceed
to prove (3.21) with this choice of Ny and ¢y = ¢. From (1.11) we know that uy =
LS 8, /n. and we let

N
fin(x) = 607" -1{x € [;/N,(;/N + 6/N)}.
i=1
Notice that iy is a probability density function on R, and using the same letter to
denote the corresponding measure we have iy € My(RR). Here we implicitly used that
l;—0; >6(j —i) for1 <i< j < N. Furthermore, we have from (1.12) that

di(pn, fin) < ONTY,

which implies that for N > Ny we have

IP?V (dl(pal’(‘N) < 6) < IP‘]QV (dl(p,ﬂN) < 6+9N—1) < IP?V (dl(pvﬂN) < 26) =0,

where the last equality used that fiy € My(R) so that dy(p, fin) > 2¢. This establishes
(3.21) when d;(p, p') > 2¢ for all p’ € My(R).

Finally, we suppose that d;(p, p’) > 2¢ for all p’ € M(A). In particular, A # R and so
we have that either A = [a,00), A = (—00,b+ 0] or A = [a, b+ 0] for some finite a, b with
a < b. As the three cases are handled quite similarly, we will only consider the case when
A =a,b+0].

From Assumption 1, we know that limy_,oc N lay = a and limy_,oo N~ tby = b.
The latter implies that there is Ny € IN such that for N > Ny and A; = [eN/4], B; =

| (1 —¢/4)N| we have
bN+(N—A1)0 aN+(N—Bl)9> A1+N—Bl
N

N =@ N

1<A; <B; <N, <b+40,
(3.22)

Below we proceed to prove (3.21) for this choice of Ny and ¢y = e.
Throughout we assume that NV > N,. For / € W?V(a ~,bn) we define

g Jmin{i € {1 N} 4 <Nb+NO} if by < Nb+NO,
o if (xy > Nb+ N0,

0 if (4, < Na~

Observe that from (3.22) wehave 1< A< A; < By <B< N forall/c W?V(aN,bN).
If uv = & SN | 85, /v we define

B_{max{ie{l,...7N}:Zi2Na} if ¢4 > Na

. (A-1)+(N-B) 1 &
fin = N Oa/N + ;5&/1\/-

Note that jixy € M(A) and also

- B A-1)+(N-B A+ N —-B
da (i i) < sup [ (F) — jig(F)] = A= DT AV =B) A L,
FCR N N

where the supremum is over closed subsets F' of R, and in the last inequality we used
(3.22). The last inequality implies that for N > Ny we have

PY (di(p, un) < €) < PR (di(p, fin) < 2€) =0,
where the last equality used that jixy € M(A) so that d;(p, fin) > 2¢. This shows (3.21).
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3.3 Proof of technical lemmas

In this section we present the proofs of Lemmas 3.2 and 3.3.

Proof of Lemma 3.2. We first observe that
J[ 1 # s g ) / / o # g} logle — y|~ ¥ (da) ()

—_— Vi () (de).
e BACCAE

Since Vy converge to V uniformly on [-A4, A] and p”V converge weakly to u>, we see
that to prove (3.3) it suffices to show that

lim //[A}”{;U # y}logle — y|u™ (dx)p™ (dy) = //[ log |z — y|pu® (dx)u>(dy). (3.23)

N—oo —A,A)?

For M € IN we let fy(z,y) = max(log|z — y|, —M) and then note that
// Uz # y}log o — ylu® (dz)p™ (dy) < // Faa (@, y)u® (da) ™ (dy) +
[—A,A]? [—A,A)?
which implies from the weak convergence of 1V to 4> and the continuity of f;, that

lim sup / /[_A,Ap o # y}log |z — ylu® (dz)u™ (dy) < / /_W Pt (@ g (da) ™ (dy).

N—00

Letting M — oo in the last equation and using the dominated convergence theorem, with
dominating function 0721{(z,y) € [ A4, A]*} - |log |z — y

N—o0

limsup// 1{z # y}log |z —y|u™ (de)p™ (dy) < // log |z —y|u™ (dz)u™ (dy). (3.24)
[_AvA]Q [_A)AP

We mention that in deriving (3.24) we used that u™ € My([—A4, 4)).
In view of (3.24), we see that to show (3.23) it suffices to prove

lin uf // Lo # y}log oyl (do)u® (dy) = [[ logla— sl (doy(dy). 3.25)
,AJ? [—A,A]2

Let € > 0 be given, and for M € N let g/ (z,y) be a smooth function on [—A, A]?> with
1> gu(2,y) >0, gu(e,y)=1for |z —y[> M, and gu(z,y) =0 for [z —y| < (2M) "}

We note that for each M, N > 1

//[ Hx#y}logu_y'“ (da)u™ (dy) = // L gu(w,y)loglz — ylp™ (dw)u™ (dy)

+ N~ 2§ § {|(N /N — e /N| < M~ '} log|6)Y /N — ¢} /N|
i=1 j=1,j#i
(3.26)

If we set Ky v = |[N0~1M~1|, we note that N/M > Ky n0, (Ky n + 1)0 > N/M. The
latter inequalities, and |[¢}Y — £)| > |i — j|6 for 1 <i+# j < N, imply

N N Ku, N

0
1{|¢Y /N — ¢ /N| < M~ '}log |6} /N — ¢} /N| > 2N - log —
> >0 MIENN = NI< M log YN < £Y/N| 22N 3 loe
i=1 j=1,j#1
= QNKMN10g9+2N10g(KMN ) —2NKMN10gN
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From [Rob55, Equation (1)] we have

< i for alln € N, (3.28)

1
I = V2"t 2e " . ¢™  where ——— <
" me e e n+l > 1o

and so if NV is sufficiently large, depending on M, §, we have

2N10g (KIM,N!) Z QNK]\/[,N 1OgK]y[7N — QNK]\/[_’N + O(NlOgN)
:2NKMN10gN+2—N210g <1>—2NKMN+O(NlogN) (3.29)
' oM oM ’ ’
where the constants in the big O notations depend on M, # and are possibly different. In
deriving the equality in (3.29) we used that Ky, v = NO~!M~! + O(1).
Combining (3.26), (3.27) and (3.29), we conclude that for each M € IN

lim jnf / / 1{z # y} log|z — ylu (do)u™ (dy)
[~ 4,4]2

N—o0

o 2 1 2[log 6 — 1]
> lim inf loglar = ylu™ ()™ (dy) + grploe | gap |+ == g3 —
tmint [ outetoste —ube @i )+ gipes (i) + 5

B o o 2 1 2[log 6 — 1]
= [, o toste — (=) + 570 (g7 ) + 25T

where in the last equality we used the weak convergence of 1V to 4> and the continuity
of gy (z,y) - log | — y|. Taking M — oo in the last line we get (3.25) once we utilize the
dominated convergence theorem with dominating function =2 - |log |z — y|| - 1{(z,y) €
[—A, A%} O

Proof of Lemma 3.3. We split the proof into two steps. In the first step, we introduce
some useful notation for our argument, and construct the measures p,,. In the second
step, we show that the pu,, constructed in Step 1 satisfy the conditions of the lemma.

Step 1. Observe that our assumption that b > a implies that there are ¢c,d € R, c < d
and ¢; € (0,1) such thata < c—e€1, b > d+ ¢;. We let f(z) be the density of i, and since
p € Mp(A) we may assume that ! > f(z) >0 forall z € R.

Fore > 0, welet Ac = {x € [c—e1,d+ 0 +e1] : f(z) > 071 — ¢} and A = {x €
[c—€1,d+0+e€]: f(x) <O —e}. If X denotes the Lebesgue measure on R, we see that
forall e € (0,671) we have

(07! — OAA) < p(Ae) <1,

which implies that there exists ¢, € (0,0") sufficiently small so that A(AS)) > ¢;. We put
€ = min(ey, €2) and note that A(AS) > e.
Let {an}nen, {antnen be such that:

1. apy1 < anand b,y > b, foralln e N, a1 <¢, by >,
2. lim, o G, = a, lim,, .o b,, = b.

We let p, = 1 — u([an,by,]) and observe that since p € My(A) (and thus has no atoms),
we have lim,, ., p, = 0. The latter implies that there exists Ny € IN such that for n > Ny
we have p,, < €2

Let us define the functions g,, through

x) -z € [an, bp]} + 2= - L{z € A} ifn > Ny,

o [J@) Hr b} sy Hee A} = No,
=1 1{z € [e,c+ 0]} if n < Np.
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It is clear from the definition of p,, that g, (z) are probability density functions on R, and
we let u,, be the corresponding measures.

Step 2. We proceed to prove that pu,, satisfy the conditions of the lemma.
We first check that p, € My(R). The latter is clear if n < Ny, so we assume that
n > Ny. From (3.30), we see that

gn(2) < fla) <07 if o ¢ AL and go(z) < (07 — o) + s <071,

where we used that p, < €2 and A\(AS) > e. Thus pu, € Mp(R).
By construction, we know that p,, are supported on [a,, b,], and u,, weakly converge
to u (say by the Portmanteau theorem). Thus we only need to show that

limsup By (pn) < By (p) and liminf By (pn) > Ev (1),

n—roo

which in view of (2.9) is equivalent to

limsup By (v,) < Ey(v) and liminf Ey(v,) > Ey(v), (3.31)
n—00 n—00
where v,, = Ty, v = Typ as in (2.5). In the remainder we focus on proving (3.31).
As Fy(%,¥) as in (2.7) is lower semi-continuous on S x S, we know that there exists
an increasing sequence of continuous functions FM (Z,7) that converge pointwise to
Fy(%,y) as M — oo. The latter shows that

liminf By (v,,) > liminf // H(Z, ) vn (dZ) vy, (df) = // FY (2, §)v(dZ)v(dy),
n—0o0 n—oo Sz 82

where we used the continuity of Fﬂ/f and the fact that v,, converge weakly to v (this
follows from the weak convergence of p, to p and Lemma 2.3). By the monotone
convergence theorem, the right side above converges to £y (v) as M — oo, which proves
the second inequality of (3.31).

Let us write pl to be the probability measure with density (1 — p,) ' f(z) - 1{z €
[an,b,]} and p? the one with density [A(AS)]~! - 1{x € A¢} for n > Ny. We also let
vl = Ty, and v? = T, p?. Then, we have for n > Ny

tn = (1= pn) 'Ui"’pn'lﬂ and v, = (1_pn)'V71L+pn'V2~
Using the convexity of Ey on M(S), see Proposition 2.4, we know that
Ey(vn) < (1= pa) - Bv(vy) + po - By(v?).

Notice that

B0 = B )] < - [ logle —ylldzdy +  swp V(@) < oo,
[c—e1,d+0+4¢€1]? z€[c—e1,d+0+€1]
which implies that lim,, o0 py, - Ey(v?) = 0 as lim,, o0 pn, = 0.
Combining the last few statements, we see that to prove the first inequality in (3.31)
it suffices to show that

hm (1—pn) Ey(vl) = By(v) «— hm (1—pn) “By(v}) = EBy(v) <

(3.32)
lim // 1{Z, 7 € T([an,bn])} - Fv(Z, §)v(dZ)v(dy) = // Fy(Z, §)v(dX)v(dy).
n— o0 32 52

Notice that T'([a,,b,]) form an increasing sequence of sets and since v(T([ay, b,])) =
1— p,, we have v (Up,>1T ([an, by])) = 1. The latter and the lower boundedness of I\, (%, )
on S x S obtain the second line in (3.32) from the monotone convergence theorem. O
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4 Applications

In this section, we give two brief applications of Theorem 1.3. In Section 4.1, we
consider certain measures related to Jack symmetric functions, and in Section 4.2, we
consider discrete analogues of the Cauchy ensembles from [Harl12, Example 1.3]. We
continue with the notation from Section 1.2.

4.1 Jack measures
Fix 0,t € (0,00), N € N. Let P2k be the measure on W%;(0, ), given by
1 N
]P}I\?ck(gh._.’&v) - . H Qo(li — 1;) He—QNVN(&/N), (4.1)

Z
N i<ici<n i=1

where (g is as in (1.7),

I'(Nz+1)

1
Vn(z) = o~ TNV

= 9N10g

N
and Zy =T(6) NV (16N) "5 T[T(6).  (4.2)

i=1

The measure IPJA‘}*CI‘ arises as a special case of the Jack measures, which are probability
measures on partitions related to Jack symmetric functions, and in turn are special
cases of the Macdonald measures from [BC14]. We refer the interested reader to [DD21,
Section 6.3], where the relationship to Jack symmetric functions is explained in detail
and it is shown that P3*F is a well-defined probability measure on W4;(0, c0). We also
mention here that the measure IP‘I]\';‘Ck was previously studied in [GS15], where it arises
as the time ¢tV distribution of a certain Markov process on partitions, which is a discrete
version of S-Dyson Brownian motion (here 5 = 26).
We have the following result about the measures Pk,

Corollary 4.1. Fix 0,t € (0,00), N € N and let P be as in (4.1). Let uny =
N1 25\7:1 d¢,/n be the empirical measures of ({1, ...,{y), distributed according to IP;'\'?Ck.
Then, the sequence of measures in M(R), given by the laws of uy, satisfies an LDP with
speed N? and good rate function

1K () o {9(EV(M) ~ By (uly™))  for jr € My([0,00)) @3)

00 for p € M(R) \ Mg ([0, 0))

where Ey is as in (1.4) and V(z) = 67! (zlogz — log(etf)x). Here juJ>** is a probability
measure on [0, 00) with density ¢?2%, which fort > 1 is equal to

1 x40t —1) 2 9
5K (1) = (O7)~ 1 arccot <\/49t:v i ey T 1)]2> forz € (0(vt —1)2,0(\/t +1)2),
0 otherwise.
and fort € (0,1) is given by
_ x+0(t—1)
(67)~ ! arccot <\/49t:17 i 1)]2> forz € (vt —1)2,0(Vt +1)2),

Jack _
o) 1 for0 <z < 0(v/t —1)2,
0 forz > 0(v/t +1)%

Proof. We first observe that P3¢ is of the form (1.7) with ay = 0 and by = oo for each
N € NN so that Assumption 1 from Section 1.2 is satisfied with A = [0, c0).
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As explained in [DD21, Section 6.3], the functions V are continuous on [0, c0) and
there exists a constant A > 0, depending on 6, ¢, such that forall N > 1and z > 0

A+ Vy(x) > 2log(1 + z?).

In addition, in [DD21, Section 6.3] it is shown that for each n € IN there is a constant
A, > 0 (depending on n, # and t) such that forall N > 1

sup |V (z) — V(z)| < A,N"'log(N +1).
z€[0,n]
The latter observations show that V and V satisfy the conditions in Assumption 2(b)
(here we extend V' and Vi to R by setting V(—z) = V(z) and Vy(—z) = V() for z > 0).
We conclude from Theorem 1.3 that the sequence of measures in M(RR), given by the
laws of uy, satisfies an LDP with speed N2 and good rate function I"} as in that theorem.
What remains is to show that I¥ = IJ** as in (4.3). From [DD21, Lemma 6.11]
we have that uJaCk is the unique minimizer of Ey on My([0,00)), which in view of
Theorem 1.1 shows that I{, = Ik, O

4.2 Discrete Cauchy ensembles
Fix f € (1/2,00), N € N. Let P{*™ be the measure on W4 (—o0, c0), given by

=

1
PR (i) = - [ Qotls =) JL 7NV, (4.4)

A
N <i<i<n =1

where @ is as in (1.7), V(z) = log(1 + 2?) and Zy is a normalization constant. We
mention that Z is finite and IP%a“Chy a well-defined probability measure on W (—o0, o0)
from Lemma 2.2. Here it is important that > 1/2 and if § € (0,1/2] then (4.4) is not a
well-defined probability measure since for W (£) = [T, ;< y Qo (& — ;) [Tj-; e OV (/M)
we have

o N
>ooow> > W) =C1y [[Qn+ G -1)0)

£EWY, (—00,00) LEWS; (—00,00): n=0 j=2
L;=(N—1i)0 for i=2,...,N

670Nlog(1+[n+(N71)(9]2/N2) >0, Zez;\’:2 26 log(n+(j—1)0)—6N log(1+[n+(N—1)6]*/N?) _ 0.

n=0

In the last set of inequalities we have that C;, C; are positive constants, depending on
0 and N. The first inequality on the second line follows from Lemma 2.1 and the last
equality follows from the fact that if ¢,, is the n-th summand we have ¢,, ~ n=2%asn — oo
and 0 € (0,1/2].

When 0 = 1 we recall that ¢; € Z for all i € {1,..., N} and Qp(z) = 22, in which case
we observe that IPJ(\J,auChy from (4.4) is a discrete analogue of the Cauchy ensemble from
[Har12, Example 1.3].

We have the following result about the measures P§™ .

Corollary 4.2. Fix § € (1/2,7], N € N and let ]P%auChy be as in (4.4). Let py =
N*12f=1 d¢,)nv be the empirical measures of ({1,...,{y), distributed according to
PSYY. Then, the sequence of measures in M(R), given by the laws of uy, satis-
fies an LDP with speed N? and good rate function

e By (uSauchy fi € R
sy o OBV = B (i) for ju € Mo(R) s
00 for p € M(R)\ Mp(R)
EJP 28 (2023), paper 105. https://www.imstat.org/ejp
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where Ey is as in (1.4). Here uecqa“hy is the Cauchy distribution on R with density

1

¢Cauchy(1,) (1 - x2)

Remark 4.3. Let us explain the restriction of the parameter 6 in Corollary 4.2. As
we explained in the beginning of the section, we require that § > 1/2 so that ]P%aLuChy
is well-defined. The requirement that § < 7 is imposed so that the minimizer of Ey
is precisely the Cauchy distribution. In general, Theorem 1.3 is applicable to P
for any 0 > 1/2 and implies that the laws of x, satisfies an LDP with speed N? and
good rate function ¥ as in Theorem 1.1. If qu is as in Theorem 1.1 for A = R and
V =log(1 4 x%) we will see in the proof of Corollary 4.2 that 2, = uca“hy, provided that
0 € (0,7]. If 9 > then pS™ & Mg(R) and so we necessarlly have pf, # p&ehy.

It would be 1nterest1ng to also find a formula for ,ueq when 6 > 7, and one possible way
to approach this question is to first guess a formula qu using ideas that are similar to
those in [DS97, Section 4], [Fér08, Section 5] and [Joh00, Section 6]. Once a formula for
ugq is obtained, one can use the variational characterization of the equilibrium measure,
see part (4) of Theorem 1.1, to verify that it is indeed the correct one.

We will not pursue the formula for ng when 6 > 7 and refer the interested reader
to [DS97, Section 4], [Fér08, Section 5], [Joh00, Section 6] and more recently [DD21,
Section 6], for related contexts where the above approach has been carried out.

Proof. We first observe that P$™"Y is of the form (1.7) with ay = —oco and by = oo
for each N € N so that Assumption 1 from Section 1.2 is satisfied with A = R. It is
also clear that V (z) satisfies the conditions of Assumption 2(a) with 93\, =@ in (1.9). We
conclude from Theorem 1.3 that the sequence of measures in M(R), given by the laws
of iy, satisfies an LDP with speed N2 and good rate function I{o, as in that theorem. This
is true for any 6 > 1/2.

What remains is to show that I‘e, = ISauChy as in (4.5) when 0 € (1/2,x]. In [Har12,
Example 1.3 and Remark 2.2] it was shown using an elegant symmetry argument that
pgte is the unique minimizer of Ey over M(R) and since ul™™™ € My(R) when
6 € (0, 7] we conclude that ueq Heq Cauchy from part (2) of Theorem 1.1. This proves that

19 = 15" when 6 € (1/2, 7). O

Remark 4.4. In the last part of the above proof, one can also deduce that ueq ug;wchy
when 6 € (1/2, 7] from part (4) of Theorem 1.1. Indeed, by a direct computation we have

1 log(1+2?) log(1 + y2) log(1 + z?)dx
1 _ 1 Cauchy — /
/]R‘ <ogfc YTt ) teg Y (d) + o129 € (0,00)
(4.6)

for all y € R. One also has from (4.6) that

auc 10 +x 10 1+ 2 auc. auch,
E ugquhy // (log|a:—y 1 g( ) g( 5 y))’ug] lhy(dx) Cu}y(dy)

/ / log(1 + z2) dy _/ log(1 + z?)dx

27 1+x2 m(1+y?)  Jp 2r(1+22)
The fact that the integral in (4. 6) does not depend on y € R, Ev(uca“hy) < 00, and
e Ca“Chy € M(R) together imply ueq = [leq Cauchy jn view of part (4) of Theorem 1.1.
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