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Fluctuations of transverse increments in
two-dimensional first passage percolation

Ujan Gangopadhyay*

Abstract

We consider a model of first passage percolation (FPP) where the nearest-neighbor
edges of the standard two-dimensional Euclidean lattice are equipped with random
variables. These variables are i.i.d. nonnegative, continuous, and have a finite mo-
ment generating function in a neighborhood of 0. We derive consequences about
transverse increments of passage times, assuming the model satisfies certain prop-
erties. Approximately, the assumed properties are the following: We assume that
the standard deviation of the passage time on scale r is of some order o(r), and
{o(r),r > 0} grows approximately as a power of r. Also, the tails of the passage time
distributions for distance r satisfy an exponential bound on a scale o(r) uniformly
over r. In addition, the boundary of the limit shape in a neighborhood of some fixed
direction 6 has a uniform quadratic curvature. By transverse increment we mean
the difference between passage times from the origin to a pair of points which are
approximately at the direction 6 and the direction between the pair of points is the
direction of the tangent to the boundary of the limit shape at the direction 6. The main
consequence derived is the following. If o(r) varies as r* for some x > 0, and ¢ is
such that x = 2 — 1, then the fluctuation of the transverse increment of passage time
between a pair of points situated at distance r from each other is of the order of rX/&,
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1 Introduction

In this paper, we investigate the transverse increments of passage times in the
classical model of first passage percolation (FPP) on Z?2, which was introduced in [19].
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Transverse increments in FPP on Z2

1.1 A brief description of the model

Let E(Z?) be the set of nearest-neighbor edges in Z2?. On E(Z?) we consider a
collection of random variables T := { 7.: e € E(Z?) }, which are called edge-weights. We
assume certain properties of the edge-weights. We categorize these assumptions as
being basic or technical. We use the basic assumptions throughout the paper. We use
the technical assumptions more selectively.

The basic assumptions: We assume that the edge-weights are i.i.d., nonnegative, and
continuous. In addition, there exists C' > 0 such that E[exp (C.)] < oc.

Using the edge-weights, we define the passage time of a self-avoiding lattice path 7,
denoted by T'(v), as the sum of the edge-weights of all the edges on the path 7, i.e.,

T(v) = Z Te .

7 contains e

In the above definition, we adopt the convention that a path is a continuous, piece-wise
constant curve in R? which traces the edges of the integer lattice. Next, we define the
passage time between two points v and v in Z? as

T(u,v) = 1inf{T(v): v is a path joining w and v } .

It follows from the above definition that 7 is a random pseudo-metric on Z?2. In [34] it was
shown, assuming only the i.i.d. and nonnegative assumptions on the edge-weights, the
infimum in the definition of T is attained for some paths, i.e., the infimum is a minimum.
Since we have assumed that the edge-weights are also continuous, it follows that there
is only one such minimizing path almost surely. We call this path the geodesic between
u and v, and denote it by I'(u,v). Since the edge-weights have finite expectation, the
passage times T'(u, v), for all u, v, also have finite expectation. Therefore,

h(u) = E[T(0,u)]

is well-defined. From the triangle inequality of T it follows that A is subadditive, i.e., for
any u,v € Z2 we have
h(u +v) < h(u) + h(v) .

The subadditive ergodic theorem in [25] implies that for any u € Z? the following limits
exist almost surely and in L':

T
g(u) = lim 70, ny) = lim hnw) = inf h(nu) .
n— 00 n n— 00 n n>0 n

The domain of g can be extended to Q? by taking limit along appropriate subsequences
in the above definition. By extending the domain in this way, ¢ becomes a norm on Q2.
Therefore, the domain of g can be further extended to R2. The unit ball in the norm g is

B:={xzeR’: g(x)<1},
This is called the limit shape. The wet region at time ¢ is defined as
B(t)={xeZ*: T0,z)<t}.

The shape theorem in [13] implies, under conditions milder than our basic assumptions,
B(t) approaches B in an appropriate sense as t — oo. In addition, B is compact, convex,
has a nonempty interior, and has all the symmetries of the lattice.
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Notation 1.1. Here, we define passage times between points in R2. For x € R?, let ||
be the down-left corner of the unit square containing x in Z*. For x,y € R?, let

T(z,y) =T([=], |y]) -

Similarly, by I'(x,y) we mean the geodesic I'(|x ]|, |y|). Furthermore, for x € R?, let

h(z) = h(|lz]) .

Remark 1.2. Throughout the paper, we denote by C, Cy, C1,Cs, ... constants that de-
pend only on the distribution of the edge-weights. We restart numbering of C;s in
each proof. Often we break the proof of a theorem in propositions and claims. In these
situations, we do not restart numbering the constants in the proof of the propositions and
claims. Also, when we use a result which has been proved before, we use “tilde-version”
of the variables and the parameters.

Remark 1.3. Extending definition of T from Z? to R? yields a minor technical issue.
Although g(z) < h(z) for all z € 7?2, this may not be true for = € R?. Instead, we have,
for some constant C; > 0 and for all z € R?

g9(x) = C1r < h(z) .
Similarly, we have, for some constant C, > 0 and for all x,y € R?

h(z +vy) — Co < h(z) + h(y) .

1.2 Heuristics of the main results

It is common in the literature, for instance, in the works [29], [30], [27], [14], [15],
to assume specific unproved properties of the limit shape. Often properties such as
differentiability, and curvature, either locally or globally, which eliminates the possibility
of facets or corners. These properties are believed to be valid under our assumptions,
but there is no proof yet. We also make similar assumptions.

Suppose the boundary of the limit shape is differentiable at a direction 6, and ¢! is the
corresponding tangential direction. By transverse increments we mean differences of
the form 7'(0, ) — T/(0,y) where x has direction 6, x — y has direction . Heuristically
we can say what the order of the fluctuations of transverse increments should be. For
this, we need the scaling exponents y and &.

It is believed that for FPP on Euclidean lattices of any dimension, that there exists
an exponent y, called the ‘fluctuation exponent,’ such that 7'(0,v) — h(v) is of the order
of ||v[|X (]| - || is the Euclidean norm.) Also, it is believed that there exists an exponent ¢,
called the ‘wandering exponent,” such that the geodesic I'(0,v) wanders ||v|° distance
on average from the line joining 0 and v. The two exponents are related by the equation
x = 2£ — 1 which has been proved in [12] assuming x and & exist in a certain sense. In
dimension d = 2 it is believed that x = 1/3 and £ = 2/3. In d = 3 it is believed that x
is approximately 1/4, and in higher dimensions there does not seem to be a consensus
even among physicists about values of x and &, see for example [28], [26], [17], [24], [5].
In the exactly solvable models of two-dimensional last passage percolation, it has been
proved that x = 1/3 and £ = 2/3, see [20], [21], [7].

If one assumes the existence of these exponents in some appropriate sense, then
fluctuations of the transverse increment 7'(0,x) — 7(0,y) should be of the order of
|l — yHX/ ¢. The heuristic of this is the following, see Figure 1. We expect that the
geodesics I'(0, x) and I'(0, y) stay disjoint after starting from « and y respectively for a
distance of the order of || — y||'/*. Then these two branches should contribute approxi-
mately independently ||z — y||X/ ¢ to the fluctuation. The right scale of the coalescence
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time as above has been proved in [9] for the exactly solvable model of two-dimensional
last passage percolation.

4o}

Figure 1: Nlustration for the heuristic of the exponent x/¢: directions of  and y are
approximately 6y; direction of y — x is 6}; the two geodesics I'(0,z) and I'(0,y) are

1/¢

expected to coalesce approximately at distance || — y||"/* in —6, direction when traced

starting from x and y respectively.

One reason for studying the fluctuations of transverse increments is the following. In
d = 2, it is believed that the transverse increments behave like increments of Brownian
motion, that is, the increments are approximately uncorrelated. If this is true, then the
exponent for fluctuation of transverse increments should be 1/2 so that x/¢ = 1/2. This
with x = 2¢ — 1 would imply xy = 1/3 and £ = 2/3.

Figure 2: Illustration for the heuristic of the exponent 2x/(1 — &): directions of a and
b are approximately 6; direction of a — b is 6; distances of @ and b from origin are
approximately n; distance between a and b is 2Jn¢; the two geodesics I'(0,a) and
I'(0, b) are expected to branch apart at approximately distance m from the origin where
mé/m = Jn¢/n.

As an application of the upper bound on fluctuations of transverse increments we
get an upper bound on long-range correlations. By long-range correlation we mean the
correlation between 7'(0, a) and T'(0, b) where a and b are points approximately in the
same direction from the origin and distance between a and b is large compared to typical
wanderings of the geodesics I'(0, a) and I'(0, b). Heuristically we can say the following
about this correlation, see Figure 2. Assuming y and £ exist, typical wandering of the
geodesics I'(0,a) and I'(0, b) is of the order of n® where n is the distance of the points a,
b from the origin. Suppose the distance between a and b is Jn¢ for some large J. Then
I'(0,a) and I'(0, b) are expected to branch apart at a distance m from the origin such
that the distance between the rays joining 0 to a and 0 to b at distance m from the origin
is of the order of the typical wandering of the geodesics of at distance m from origin.
So we have approximately m¢/m = Jn¢/n. Hence m = nJ~(1=9"" Then the covariance
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between T'(0,a) and T'(0,b) is expected to be of the order of m?X. So the correlation
should be of the order of .J~2X/(1=¢),

1.3 Advanced assumptions

Along with our basic assumptions we make the following assumptions. Similar
assumptions have been used in [3], [4], and [18]. We assume that there exists o :
(0,00) — (0, 00) such that the following hold.

Assumption 1.4. There exist positive constants C;, Cs, such that for all x,y € R? and
allt > 0, we have

P(|T(x,y) — h(z —y)| = to ([l — y[])) < Crexp(=Cat) . (A1)

Assumption 1.5. There exist constantsp >0, q > 0, « € (0,1), 8 € (0,1), a« < 8, such

that for all x > y > 0 we have
a B
p (”3) <2 <x> : (A2)
y oly y

Assumption 1.6. There exist positive constants ¢, C, such that for ¢,y € R? with
|z —yl|| > C, we have
P(T(z,y) < h(
P(T(z,y) > h(

z—y)—eo(|z—yl) >e, (A3)
x—y)ter(|le—y|)) >e.

Y

Remark 1.7. Assumption 1.4 is known to hold for various sub-optimal ¢. First, it was
shown in [23] that (A1) holds for o(z) = xz/2. In [31] it was shown that (A1) holds
for o(z) = 2'/? and with ¢? in place of ¢ in the right-hand side. In [11] it was shown
that (A1) holds for o(z) = 2'/?/(log, x)'/? when the edge-weights take the value a with
probability 1/2 and the value b with probability 1/2 for some b > a > 0. In [10] it was
shown that (A1) holds for the scale o(z) = 2'/2/(log, )'/? but for a much larger family
of distributions called “nearly-gamma” distributions. In [15] it was shown that (A1) holds
for the scale o(z) = 2'/2/(log, x)'/? under very mild conditions on the distribution of the
edge weights.

Remark 1.8. In this paper we are considering two-dimensional percolation. Thus,
Assumptions 1.4-1.6 are expected to hold for some o(z) of the order z'/3.

Remark 1.9. By Remark 1.1 of [3], we assume without loss of generality that o is
monotonically increasing and continuous.

Remark 1.10. Under Assumption 1.4, Assumption 1.6 is equivalent to saying that there
exist positive constants C;, Cy, such that for all z,y € R? with |z — y|| > C}, we have

Var(T(z, y)) = Coo® ([l — yl)) -

Remark 1.11. The assumption S < 1 is natural because, from results in [23], the
passage times are known to satisfy exponential concentration with scaling exponent 1/2,
which shows that x must be < 1/2 under any reasonable definition.

Remark 1.12. The assumption « > 0 is natural because, for a certain definition of y and
¢ it was shown in [33] that x > (1 — (d — 1)€)/2 in d-dimensions, which in two dimensions
coupled with y > 2¢ — 1 and x < 1/2 yields x > 1/8.

Notation 1.13. For any direction 6 the unit vector in direction 6 is denoted by ey. By
abuse of notation, we denote the standard unit vectors in R? by e; and e,.
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Definition 1.14. We say that a direction 6, is of type I if there exist constants C' > 0,
01 > 0, 02 > 0 such that the following holds: the limit shape boundary 0B is differentiable
in the sector (6y — 61,0 + 01); for |6| < 02 and 6 € (6 — 61,00 + 1), we have

gleg + dege) — g(eg) > C6?
where 0 is the direction of the tangent to OB at the point in direction 6.

Remark 1.15. We take the direction of the tangents in counter-clockwise direction
around the limit shape boundary.

Remark 1.16. An alternative formulation of type I direction is the following: there exist
constants C' > 0, §; > 0 such that 0B is differentiable in the sector (8y — d1, 60 + 61); for
0 € (6p — 01,600+ 61) and all § € R we have

gleg + degr) — g(eg) > Cmin{ |6],6% } .

Definition 1.17. We say that a direction 6, is of type 1l if there exist constants C > 0,
01 > 0, 2 > 0 such that the following holds: the limit shape boundary 0B is differentiable
in the sector (6y — 61,6y + 61); for |6| < 02 and 6 € (6y — 41,00 + 1) we have

g(eg + deg) — gleg) < C6% (1.1)

where, as before, 0! is the direction of the tangent to OB at the point in direction 6.

Remark 1.18. In a neighborhood of a type I direction the limit shape boundary cannot
have a facet. Similarly in a neighborhood of a type II direction the limit shape boundary
cannot have a corner.

Remark 1.19. As observed in Remark 1.2 of [3], the condition in (1.1) can be alterna-
tively stated as follows. If uy is the point on 9B in direction 6, then in a neighborhood of
ug, the boundary is squeezed between the tangent at uy and a parabola tangent to 98
at up. This implies that the direction of the tangent grows at most linearly in a neigh-
borhood of 6. So, if 0 is a direction of type II, then there exist constants C > 0, §; > 0,
02 > 0 such that the following holds: 0B is differentiable in the sector (6 — d1,00 + 91);
for 01,05 € (0g — 61,00 + 61) with |0; — 03] < J2, we have |0] — 05| < C|6; — 02].

Remark 1.20. If 6, is of type I then in a neighborhood of 6, all directions are uniformly
of type I in the sense that the condition in Definition 1.14 holds with same parameters
C, 01,62 for all directions in this neighborhood of §,. The same can be said about
directions of type II.

1.4 Main results
Notation 1.21. Given two linearly independent directions 61, 05 we define the projec-
tions 7;, o, and ng,ez so that for any v we have
v = Wéhgz('v) ep, + 7731792('0) €ep, -
Notation 1.22. Forn > 0 let
A(n) = (no(n))/? .
Our first main result is the following.
Theorem 1.23. Let 0, be a direction of both type I and II. Forn > 0, L > 0, define

Z(n,L) ::{a: € R? ﬂ'ém%(a:) =n,0< 93(58) < L} ,
D(n,L) =max{|T(0,z) —T(0,y)|: z,y € Z(n,L) },
Z'(n, L) ::{:c € R? Wéo p(@)=n,—L <7 ,(x)< ()} )
D'(n, L) =max{|T(0,z) - T(0,y)|: z,y € I'(n, L) }
EJP 27 (2022), paper 58. https://www.imstat.org/ejp
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Fixn € (0,1]. Then, under the Assumptions 1.4 and 1.5, there exist positive constants C,
CQ, L(), no, to, such that for L > Lo, n >ng, t> 1o, L < A(n), we have

P(D(n,L) > t(log L)"o (A™'(L))) < Cy exp(—Cat(log L)) ,
P(D'(n,L) > t(log L)"o (A~ (L))) < Cy exp(—Cat(log L)") .

We prove this in Section 5. The following theorem is our lower bound on the fluctua-
tions of transverse increments. In this theorem, we show that the standard deviation of
the transverse increment between a pair of points at a distance L is at least of the order
of o (A‘l(L)) with a correction factor smaller than any power of L.

Theorem 1.24. Let 0y be a direction of both type I and II. Fix v € (1/2,1). Then, under
the Assumptions 1.4, 1.5, and 1.6, there exist positive constants Ly, ng, such that for
L > Ly, n>ng, L <A(n), we have

Var(T(O,nego) —T(0,neq, + Le%)> > exp(—(log L)")o?(A™Y(L)) .

Same bound holds for variance of T'(0,neq,) — T'(0,neq, — Leg; ).

We prove this in Section 6. As a corollary of Theorems 1.23 and 1.24 we get the
following result. It shows that if we assume x and ¢ exist in a certain sense, then x/¢ is
the correct scaling exponent for the fluctuations of the transverse increments.

Corollary 1.25. Suppose there exists x > 0 such that

lim logo(x) .

z—oo logx
and let
1 log A
(o Ltx_y, loebl)

z—oo  logx

Let 6y be a direction of both type I and II. Then, under the Assumptions 1.4, 1.5, and 1.6,
there exist functions fy, f2, f3, which converge to 0 at co, and positive constants Cy, Cs,
Cs, no, Lo, to, such that forn > ng, L > Lo, t > to, L < néT1(") we have

IP(‘T(O, neg,) —1(0,neq, + Leg: )| > tLX/5+f2(L)) < Cy exp(—Cat)
Var(T(O, neg,) — 1T(0,neq, + Lee(t))> > Cy [PX/EHfs(L)
Same bounds hold for T'(0, neg,) — T'(0,neg, — Leg: ).

Proof. Fixn € (0,1) and v € (1/2,1). Define fi, f2, f3 such that for all > 1,
2@ = Az)
D) = (A (2)) (log 2)"
aX/EHTs(@) — o= (log2)"0 524y

Then f1, f2, f3 converge to 0 at co and the result readily follows from Theorems 1.23 and
1.24. O

Notation 1.26. Define

A(n)(logn)!/?

f(n) = and f~'(y)=sup{=z: f(x) >y}.
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Remark 1.27. Since 8 < 1 by (A2), and because we have assumed ¢ is monotonically
increasing and continuous, we get that f is continuous and goes to 0 at co. Therefore,
f~!is continuous, monotonically decreasing, and converges to 0 at co.

Now we state the result on upper bound of long-range correlations.

Theorem 1.28. Let 6, be a direction of both type I and II. Recall § and q from (A2).
Fix § € (0,(1 — 3)/2). Then, under the Assumptions 1.4 and 1.5, there exist positive
constants C, .Jy, ng, such that forn > ng, J € [q'/%.Jy, n’], we have

Cov (T(o, neg, — JA(n)(logn) ey ), T(0, neg, + JA(n)(log n)l/“‘e%))

< Co? (f—l (jofm))) log .

The next corollary shows how we get the exponent 2x/(1 —¢) under further regularity
assumptions on o.

Corollary 1.29. Suppose o(n) = nXL(n), where L is a slowly varying function. Let
&= (1+x)/2. Fixd € (0,(1 — 5)/2). Let 6y be a direction of both type I and II.
Then, under the Assumptions 1.4 and 1.5, there exist positive constants C, Jy, such
that the following holds: for any d2 > 0 there exists ng > 0 such that for n > ny and
J € [q*/2Jy,n%], we have

Corr(T(O, neg, — JA(n)(logn) /ey ), T(0, neg, + JA(n)(log n)1/2e93))
< C.J~2x/(1=8)+62 logn .

Proof. From Theorem 1.28 we get positive constants C4, Jy, ng, such that for n > ny,
J € [q/%Jy,n%], we have

Cov (T(0,a),T(0,b)) < Cio?(m)logn , (1.2)

where

a = ney, + JA(n)(logn)lmegé )

b :=neg, — JA(n)(log n)l/Qegé )
mi= NI/ )

Using J < n’', 6, < (1 — B3)/2, and (A2), we get ||a|| < Cyn,
and (A2), we get

b|| < Cs. Hence, using (1.2)

2
Corr(T(0,a), T(0,b)) < Cs ZQ((Z)) logn . (1.3)

From m = f=1(Jf(n)/Jo) we get
A(m)(logm)'? _ A(n)(logn)"/2

Jo =J
m n

Therefore, using J € [q'/2Jy,nj], 61 < (1 — B)/2, and (A2), we get m < n and logm >
Cylogn. Fix an §> > 0 and let §3 > 0 be such that

2 2x — 20
e S i S Ny (1.4)
1-¢ 1—¢&+d3/2
Since L is slowly-varying, by possibly increasing ng based on é5, we get
L(n) n\ 9%
> (— . 1.5
T(m) = () (1.5)
EJP 27 (2022), paper 58. https://www.imstat.org/ejp
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Therefore, using A(n)(logn)'/? = nfL(n)Y/?(logn)/? we get

(ﬁ)lfg_i L(n)logn 1/2>J(n)53/2
m ~ Jo \ L(m)logm ~ Jo \m '
Combining this with (1.5) and (1.4), we get

2x—283
o2(m) m\2x (L(m)\> mA 2x—253 Jo\ T8 /2 2 oy
_(m < (™ < (20 < Ji-¢ =X 452 ]
o?(n) (n) (L(n)) _(n) _(J> SJo

Combining this with (1.3) completes the proof of Corollary 1.29. O

2 Wandering of geodesics

In this section we establish some upper bounds on the wandering of geodesics.
Lemma 2.2 provides a preliminary bound on the wandering of geodesics. The proof of
Lemma 2.2 follows from Proposition 5.8 of [22] under our basic assumptions. Lemma 2.2
has been shown to hold under milder assumptions in Theorem 6.2 of [6].

Notation 2.1. For any set A C R? let
Diam(A) == sup{ ||z —y|/: z,y € A} .

Lemma 2.2. There exist positive constants Cy, Cy, (3, such that the following holds. If
|u —v|| > C for some u,v € R?, then

P(Diam(T'(u, v)) > Colju — v]])) < exp(=Csllu — v]|) .

Utilizing the curvature of the limit shape we get a refined bound on the wandering
of the geodesics. The curvature of the limit shape is utilized in the following manner.
Consider two points in R2. The shortest path between these two points in the g-norm is,
of course, the line joining them. When the geodesic between these two points wander
transversely too far from the line joining them, the extra distance covered by the geodesic
in the g-norm can be thought of as a cost for excessive wandering. Therefore, a lower
bound of this cost yields an upper bound of the wandering of the geodesic. A lower
bound on this cost can be obtained from a lower bound of the curvature of the limit
shape. This is stated in Lemma 2.3 which is essentially same as Lemma 2.3 of [3]. Thus
we skip the proof of Lemma 2.3.

Lemma 2.3. Let 0y be a direction of type 1. Then there exist positive constants C and §
such that forn > 0, k, I, d, satisfying |l|/n < J, we have

o) +ofa )~ gta) = Cuinfja, 1.

where a = neg, + leg: and u = keg, + (1% + d)eg:.

Geodesics cannot wander too much transversely because the cost associated with the
g-norm becomes difficult to be compensated by the fluctuations of passage times. Thus,
bounds on the fluctuations 7'(0, ) — g(x), combined with Lemma 2.3 yields upper bounds
on transverse wanderings of geodesics. By Assumption 1.4 we know T(0,z) — h(x)
satisfies exponential concentration in the scale o(||z||) uniformly over . So we need a
bound on the differences h(x) — g(x). These differences are known as nonrandom fluctu-
ations in the literature. A general method of bounding the nonrandom fluctuations was
developed in [1, 2]. There it was shown, using exponential concentration of 7'(0, x) — h(x)

on the scale of \le/2 from [23], that h(x) — g(x) is at most of the order of Hle/z log||x]|.
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In our case, Alexander’s method can be used without any significant alteration to yield
a bound of the order of o(||z||) log||x||. We state this without proof in Proposition 2.6.
Improvements to the logarithmic bound have been made in [32], [16], [4] in related
models, which we briefly discuss in Section 4. In our model, we improve the logarithmic
bound to o(||x|)(log||x||)" for arbitrary small » > 0 in Section 4. This improvement is
necessary to prove the lower bound result Theorem 1.24. To state the bound on the
nonrandom fluctuations we use the notion of ‘general approximation property’ from [2].

Notation 2.4. Let ® be the set of functions from (0,00) to [0,c0) such that for every
¢ € ® there exists some C > 0 such that ¢(x) > 0 for z > C and inf,~~c ¢(x)/d(y) > 0.
Forn € (0,1], define ¢,,(k) =0 for k <1, and fork > 1

on(k) =k %o (k)(logk)" .

Also define $(k) =0fork <2, and fork > 2

~

o(k) = k™% (k) loglogk .

So (E and ¢,, for all ) € (0, 1] belong to ®.

Definition 2.5. For v > 0 and ¢ € ® we say that h satisfies the general approximation
property with exponent v and correction factor ¢ in a sector of directions S if there exist
positive constants C' and M such that for all x € R? with ||z|| > M and having direction
in the sector S we have

h(z) < g(z) + Cllz|"o(llz]) -

When we want to specify the relevant constants, we say h satisfies GAP(v, ¢, M,C) in
sector S.

We often refer to functions ¢ as in the above definition as correction factors. In [2],
the class of correction factors consisted of non-decreasing functions and the general
approximation property was not restricted to any particular set of directions. In our setup
the class of correction factors is extended, and we also pay attention to the sector of
directions. These are some minor modifications we need in our setup. As we mentioned
before, we get the following result in our context by following Alexander’s method.

Proposition 2.6. Under the Assumptions 1.4 and 1.5, there exist positive constants
C and M such that h satisfies GAP(«, ¢1, M,C) in all directions, i.e., for all ¢ € R?
satisfying ||x|| > M, we have

hz) < g(z) + Co(|z)log|z] -

Let us now introduce a notation to measure wandering of geodesics.

Notation 2.7. Suppose 6, is a direction where the boundary of the limit shape is
differentiable. Let 0} be the direction of the tangent. Let u, v be points in R? with
Tp,.00 (v — u) # 0. For w € R? define

sY0

2 1 0,05 (0 — W)
¢ (u,v,w) =5 g (w —u) = o (w — u)m .
Y0

For k € R define
W (u,v,k,0y) = max{ € (u,v,w)|: w e T'(u,v), W;Oﬁé(w —u) = k} .

Thus W (u, v, k,0) is the maximum wandering of the geodesic I'(u,v), in +6}, directions,
from the line joining v and v, when the geodesic is at a distance k from w in 6, direction.
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The parameter k is continuous, it can take any real value. In the above definition, w is
not necessarily a lattice point. But, there is no issue with measurability because if 6} is
one of the axial directions then we can consider only lattice points for w, and of 0} is
not one of the axial directions then the set of points w € R? satisfying w € I'(u,v) and
ﬂ-éoﬁfj (w — u) = k is countable.

For k € R define

W (u, v, k,00) = max{ 1€ (u, v, w)|: w € D(w,v) N Z2 7} o0 (w—w) € [k k + 1) } .

Thus, W (u, v, k, 0y) measures maximum wandering in a cylinder, whereas W (u, v, k,6p)
measures maximum wandering along a line. In the above definition w is a lattice point
(points with both coordinates integer valued).

The following relation holds between YV and W:

W (u,v,k,00) <W (u,v,k,0p) +1. (2.1)

In Theorem 2.8, we consider ‘global’ wandering of geodesics. We consider a point a
approximately at distance n and direction 6, from 0. We consider wandering of I'(0, a) at
distance k from 0 at direction 6, i.e., we consider W (0, a, k,0y). Here k is arbitrary. We
show that W (0, a, k, 6p) is at most of the order of A(n) with some logarithmic correction
factors. This bound is sub-optimal for k£ bigger than a multiple of n, because in this case
we get a better bound using Lemma 2.2.

In Theorem 2.10 we consider ‘local’ wandering of geodesics. Again we consider a
point a approximately at distance n and direction 6, from 0. We consider wandering
of I'(0, a) at distance k from O at direction 6, i.e., we consider W (0, a, k, 6y). We show
that W (0, a, k,0) is at most of the order of A(k). Thus we get a better bound than
Theorem 2.8 when k is of smaller order than n.

In Theorems 2.5 and 2.7 of [8], and in Theorem 3 of [9] similar bound on wandering of
geodesics has been proved in the integrable model of last passage percolation. There the
results are sharper in the sense that there are no logarithmic correction factors involved.
This is because, in the integrable model of last passage percolation exact asymptotics of
the distribution of the passage times are known.

Theorem 2.8. Let 0y be a direction of type I. Suppose h satisfies GAP with exponent
« and correction factor ¢, for some n € (0,1] in a sector (6y — 9,6, + ). Then, under
Assumptions 1.4 and 1.5, there exist positive constants C, Cs, 61, d2, ng, to, such that
forn > ng, t > to, tA(n)(logn)"? < néy, || < nds, k € (—o0,0), we have

IP(W (0, neg, + leg: . k, 90) > tA(n)(log n)”/Q) < Cy exp(—Cat*(logn)") .

The same bound holds for W (0, neg, + legg, k, 00).

Proof. Due to symmetry of the lattice, without loss of generality we assume 6, € [0, 7/4].
Fix 41 > 0, 2 > 0, to be assumed appropriately small whenever required. Fix ng > 0,
to > 0, to be assumed appropriately large whenever required. Consider n, t, [ satisfying
n > ng, t > to, tA(n)(logn)"? < ndy, |I] < ndy. Let a = neg, + leg;. We will focus on
W (0,a,k,0). The bound on W (0, a, k, 6) will follow from (2.1) with slight adjustment
to the various constants.

Assuming d2 < 1 we get |la|| < 2n. Therefore, by Lemma 2.2, the geodesic I'(0, a)
stays inside a square of side length Cin centered at the 0, with probability at least
1 —exp(—Cyn). Using tA(n)(logn)"? < né;, assuming ¢, is small enough, and using (A2),
we get t?(logn)" < C3n/o(n) < Cyn'~. Hence, the probability bound in the statement
is trivial for |k| > Csn. So let us consider k satisfying |k| < Csn.
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We split the probability under consideration as
]P(W(o, a,k,0) > tA(n)(log n)"/Q)
< P(W(0,a,k,0p) >n) + IP(tA(n)(log n)12 < W(0,a,k,6)) < n) Q2

For any point w on I'(0, @) we have

= (T'(0,u) — h(u)) + (T'(u,a) — h(a —u)) = (T(0,a) — h(a))
+ (h(u) — g(u)) + (h(a — u) — g(a — u)) — (h(a) — g(a))
+ (9(u) +g(a —u) —g(a))

Therefore

7(0,u) = h(u)| +[T(u,a) = h(a —u)| +[T(0,a) — h(a)
> (h(u) = g(u)) + (h(a — u) = g(a —u)) = (h(a) - g(a)) + (9(u) + g(a — u) — g(a))
> (9(u) +g(a —u) — g(a)) — (h(a) - g(a)) . (2.3)
Let V be the set of lattice points u (points with both coordinates integer) with wéo, o; (u) €
[k, k + 1). Define a function d : V' — R as follows. For u € V let

l
d(u) = Wgo,ag(u) - ﬂéo,eg(u)g :
Let V1 C V be the set of points uw € V with |d(u)| > n. Let V; be the set of points u € V
with tA(n)(logn)"/? < |d(u)| < n. Thus, if W (0, a, k,6) > n, then I'(0, a) goes through a
point w € V;. Assuming 6, is small enough and using Lemma 2.3 we get

g(w) + gla —u) — g(a) > Cold(u)| . 2.4)

Using h satisfies GAP with exponent « and correction factor ¢,, in a neighborhood of 6
and assuming J, is small enough we get

h(a) — g(a) < Cro(n)(logn)" . (2.5)

Using |d(u)| > n,

max{|lu — al|, [[ul, [lal]} < Cs|d(u)| .
Therefore, using (A1) and (A2), we get for all ¢’ > 0
P(max{|T(0, u) — h(u)],|T'(u,a) = h(a —w),|T(0,a) - h(a)|} = t'o(|d(w)]))
< Cyexp(—Chot’) . (2.6)
Combining (2.3)-(2.6) and using (A2), we get
P(W(0,a,k,0) > n)
Y Criexp(—Cia(Cold(w)| — Cro(n)(logn)") /o (|d(w)]))

ueVy
< Y Cizexp(—Chald(w)|/o(|d(w)]))
ueVy

S 015 exp(fC’wn/J(n)) . (27)

IN
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IfW(0,a,k,0p) € [tA(n)(logn)"?, n], thenT'(0,a) goes through a point u € V. Assuming
02 is small enough and using Lemma 2.3 we get

()l

- > Cy7t?o(n)(logn)" . (2.8)

g(u) +g(a —u) —g(a) > Ci7

Since |d(u)| < n, we have
max{|[u — al|, [lul, [la|} < Cisn .
Hence, using Assumptions 1.4 and 1.5 we get, for all ¢’ > 0

P (nax{|T(0, w) — h(u)], [T(u, @) — h(a — w)|, [T(0, a) — h(a)]} > Fo(n))
< Crgexp(—Cyot’)

Using this with (2.3), (2.5), (2.8) we get

]P(W(O,a,k,&o) e [tA(n)(logn)"/z,nD

<y 021exp<c22 (Cnld(u)' &a(n)(logm")/a(n))

n
ueVs

< Cos exp(—024t2(log n)") . (2.9)
Assuming 4; is small enough and combining (2.7), (2.9), (2.2) we get
IP(W(O, a,k,0) > tA(n)(log n)"/2> < Oy exp(—026t2(10g n)”) .
This completes the proof of Theorem 2.8. O

Corollary 2.9. Let 6, be a direction of type I. Then, under Assumptions 1.4 and 1.5, there
exist positive constants Cy, Cs, 81, 83, ng, to, such that forn > ng, t > to, tA(n)(logn)'/? <
nd1, |I] < nda, we have

IP(;)IE%};OOW (O,ne(g0 + lege, k, 90> > tA(n)(log n)1/2) < Cyexp (—C2t2 log n) .

Here, the maximum over all real numbers k. But there is no issue with measurability
since we can only consider those values of k for which there exist a lattice point u such
that m ,. (u) = k.

0,Y%y

Proof. Due to symmetry of the lattice, without loss of generality we assume 6, € [0, 7/4].
Fix §; > 0, 05 > 0, to be assumed appropriately small whenever required. Fix ng > 0,
top > 0, to be assumed appropriately large whenever required. Consider n, ¢, and [,
satisfying n > ng, t > to, tA(n)(logn)l/2 < ndy, |l] < nds. Let a = neg, + le%. Since
maxer W (0, a, k, 0y) is equal to maxyez W (0, a, k, ), we work with ) instead of W.

Assuming J; < 1 we get ||a|| < 2n, so that by Lemma 2.2, the geodesic I'(0, a) stays
inside a square of side length C;n around 0 with probability at least 1 — exp(—Csn). On
this event |7r§0}93 (u)] < Csn for all w in I'(0, a). Assuming ¢; < 1 and using (A2) we get
t?logn < n/o(n) < Cyn'~“. Thus

P W(0,a, k. 6y > tA 1 1/2
(k>g;%),(kezw( ;a,k,00) = tA(n)(logn) >

< exp(—Can) < Cs exp(fC’ﬁt2 logn) . (2.10)
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Using Proposition 2.6, Theorem 2.8, and a union bound, we get
P W (0,a,k,0) > tA(n)(l 1/2) < —Cst?1 . 2.11
(kggizi)’(%ZW( sa,k,0p) > tA(n)(logn) < Crexp(—Cst®logn) ( )

Combining (2.10) and (2.11) completes the proof of Corollary 2.9. O

In Theorem 2.8 and Corollary 2.9 we deal with global wandering of geodesics. We
have shown transverse wandering of the geodesic between two points roughly at a
distance n is at most of the order of A(n) up to some logarithmic correction factor. In
Theorem 2.10 we deal with local wandering of geodesics. We consider two points roughly
at distance n. We consider wandering of the geodesic between them at a distance &£ < n
from one of the end points. We show that this wandering is at most of the order of A(k)
with some logarithmic correction factor.

Theorem 2.10. Let 6y be a direction of type 1. Suppose h satisfies GAP with exponent
a and correction factor ¢, for some n € (0,1] in a neighborhood of 0. Then, under the
Assumptions 1.4 and 1.5, there exist positive constants Cy, Cs, 61, d2, ko, ng, to, such that
forn > ng, t > to, k > ko, k < n, tA(k)(logk)"? < kéy, |I| < nd,, we have

]P(W (0,nego —|—le@3,k,90) > tA(k)(logk)”/2> < Oy exp (—Cat*(log k)") .

Proof. Due to symmetry of the lattice, without loss of generality we assume 6, € [0, 7/4].
Fix §; > 0, 62 > 0, to be assumed appropriately small whenever required. Fix kg > 0,
ng > 0, ty > 0, to be assumed appropriately large whenever required. Consider k, n, [, t
satisfying n > no, t > to, k > ko, tA(k)(log k)"/? < kéy, |I| < ndy. Let a = neg, + leg .

Construction of sequences of points (a,);", and (b,);.,: We construct two se-

quences of points (ap);];t)l and (bp);’j(} in the following manner.

(i) Fix a parameter ( satisfying 1 < ¢ < 2/(1 4+ ). Define another parameter ¢ :=
1—¢(1+ B)/2. Fix parameters A > 1, X’ > 0. Later we choose ) so that (2.14) holds,
and we choose )\ based on A so that (2.12) holds.

(i) Let m > 0 be such that ANk < n < A1k,
(iii) Define both a,,+; and b,, 1 to be the point a.

(iv) To define (a,),., and (by),", first we fix the W;O o+ values of these points. For each
Yo
0<p<mlet
Wéo,%(ap) = Wéo)%(bp) = NPk .

(v) Now we fix the 7r§079{j values of the points (a,);%, and (b,);’,. We have already

_ _ 2 _ 2 _
set a;r1 = b1 = a so that 7790796(0’"’*1) = 7790796(1)’"*1) = [. Now we define

wgolﬁ(t%(am), e 7”30,95(‘10) and Wgo,eg (brn), - - - 77r(§0’63(b0) recursively. For each 0 < p <
m le

1
o0t (@p) = ng o (@pi1) + NtANPE) (log(APE))"/?
0,08 7T90,06<0,p+1> 0,08

ﬂ—émgé (bp) 9

730,93(%) = Too.00 (Bp+1) — NtAAPE)(log(APk))"? .

7é0795 (bp+1)
Recall that we have assumed 6 € [0, 7/4]. Also by our convention of taking tangents

in the counter-clockwise direction we have 6§ > 0. This means, a,, is above the line
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joining 0 and a,;. And the distance in 6f, direction of the point a, and the line
joining 0 and a,,;; is N'tA(APk)(log(A\SPk))"/2. Similarly b, is below the line joining
0 and b, 1. And the distance in 6} direction of the point b, and the line joining 0
and b, is NtA(XPE)(log(\SPk))"/2.

as
aq ’,”
-
ay -1 __--~
-
s Pt
7 -~
Og/$’ —_———mm—————— as
®¢=--" =l ... >
S IO
SN T
AN SN Il
S SO0~
b ~o \\\\ I2
0 e ~<
<
b1 T~<
b,

Figure 3: Rough sketch for m = 2: a,,+1 = b;,+1 = a; for 0 < p < m the segment joining
a, and b, is Z,,, and extending Z, we get the line Z,; for all 0 < p < m if the geodesics
I'(0,a,) and I'(0,b,) do not wander excessively then for all 0 < p < m the geodesic
I'(0,a) intersects Z, whenever it intersects Z,,.

Defining (f,,):;o, (Ip);”:O, Z: For0<p<m,let

Z,:= {w € R%: Wém%(az) = )\pk} .

Thus a,, b, are on this line. Let Z, be the segment joining a, and b,. Define the half-line

To0s(®) 1
I=qzeR* m Qt(w)Zn,%:f ,
0,0 7T1 (:13) n
80,0

Strategy of the proof: We want to establish a lower bound of the probability of the
event W (0, a, k,6) < tA(k)(log k)"/%. We will choose )\ (depending on \) in a such a way
that the event W (0, a, k, 6y) < tA(k)(log k)"/? includes the event that whenever I'(0, a)
intersects Z,, it intersects Z,. So we will establish a lower bound of this event. This
event happens if all of the events listed below happen:

(i) Forall 0 < p < m, the geodesic I'(0, ap+1) intersects Z, whenever it intersects Tp.
(ii) For all 0 < p < m, the geodesic I'(0, a,,) does not intersect 7.
(iii) For all 0 < p < m, the geodesic I'(0, bp+1) intersects Z,, whenever it intersects fp.
(iv) For all 0 < p < m, the geodesic I'(0, b,) does not intersect 7.

If these events happen, then I'(0, a) intersects Z,, whenever it intersects fp, for each
0 < p < m. In particular, I'(0,a) intersects Z, whenever it intersects Z,. Here we
crucially use the uniqueness of geodesics. All the geodesics I'(0, a,) and I'(0, b,) for
0 < p < m after starting from 0 cannot touch or intersect each other, Figure 3 shows the
situation for m = 2. Now we will choose )\’ and establish lower bounds on the probability
of the events listed above.
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Choosing \': Forany 0 < p < g < m, using (A2) we get

quA(Ach) (log()\CQk))”/z - Cl)\_e(q_p) <M>U/2
A—PANPE) (log(APE))? — pClog A + logk

(g — p)Clog A

n/2
AR ) < 0sA ) (14 (g — p)log A)V?
pClogx\-Hogk:) <G (1+(g=p)logA)

< 02)\*6(11717) (1 +

Therefore, we can choose )\, depending on ), such that

m

AP ARIE) (0g(38)) " < S ANR) (log(0PR)"7 212)

q=p

Therefore, for 0 <p <m

o0 (@p) = Apk% +XEST AT@PA(AE) (log (Ak)) "
q=p
< )\Pk% + tA(APE) (log (\PR)) "
T 0t (bp) = Apk% — VYT AT@PIA(ASg) (log(Ak))™

q=p
> A”k% — tA(XPE) (log (APk))"? |

Therefore, the event W (0, a, k, ) < tA(k)(log k)"/? includes the event that whenever
I'(0, a) intersects Zo, it intersects Zy.

Defining the events (£})", (£7),",: For0<p <mlet

&) = { W (0,541, X7k, 60) < NtA(NTE) (1og(\7k)) " }

P

E =9 W(0,bpt1, APk, 0p) < NtA(APE) (log( APk .
2 . ) ’ ¢ ¢ n/2

P

Recall that T denotes the overall edge-weight configuration. Thus, for each 0 < p < m,
ifTe&, rl&’g, then the geodesics I'(0, a,+1) and I'(0, b, 1) intersect Z, whenever they
intersect Z,,.

m

Defining the events (£7) (53);’;0: Let

p=0’

E3 = {maXW (0, am, 1, 00) < NtA(N™E) (log (A k)" } :

n’'>n

m m /2
& :_{gg)ﬁW(O,bm,n’,Qo)g)\’tA(/\C k) (log(A\™K))" }

Let us assume 63 < 1/2 so that ||a|| > n/2. Define for 0 < p < m
5;’ = {Diam(I'(0,a,)) <n/2},
&y = {Diam(I'(0,b,)) < n/2} .
So, for 0 < p < m, if T € &}, then I'(0,a,) does not intersect Z, and if T € &, then

I'(0,b,) does not intersect 7.
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Bounding probability of the events (£})7,, (£2)r,, &3, &: Fix 0 < p < m and
consider the event £!. We use Theorem 2.8 to bound P((£,)°). We use the following
parameters:

i ) N ANPE) (log (APk)) "
fi=mn, 0= W;mgé (apt1), = Wgo,e(t)(ap+1) , t=MNt ( )( ( )) .

A7) (log )"

Recall from Remark 1.2 our convention of using tilde on parameters. So we use Theo-
rem 2.8 with 7 in place of 7, n in place n, and so on. We need to verify n > ng, t> fo,
iA(7)(log7)/? < 76y, |I| < 7d. The condition 7 > iy holds by taking ko large enough
because 7 > k > ko. Using 7 < APtk and (A2) we get t > C4t. Sot > t, holds by
choosing t, large enough. Using 72 > APk, (A2), tA(k)(log k)"/? < kd;, and assuming 0; is
small enough, we get

1- 1 1 -
—tA(n)(logn)"? < @mm(vk)(log NPE)1/2 < CotA (k) (log k)12 < Cry <6y .
n
If p = m, then |I|/7 = |I|/n < §; < &. For p < m, using tA(k)(log k)"/2 < kéy, |I| < néds,
(A2), and assuming 6, d2 are small enough, we get

| 17, 0 (@pi1)]
n Wéo,gé (@p+1)
1 41,00 ¢(p+1) NCSTANCE
< T (Ap kEHA(A P k)(log()\ P k))
gt 5 AR (log (X OR)) "
= MNP A (k) (log k)n/2
1 1 77/2
< (52+0861A_E(p+1) 14+ (p+ )C Og)‘
log k
< 02 4 Cody
<6y .

So the conditions for applying Theorem 2.8 hold. Using # < Atk and (A2) we get
t2(logn)" > Crot* NP (log k)" .
Therefore, applying Theorem 2.8 we get
P((£3)°) < Cuexp(~Crat* A" (log )") . (2.13)

Similar bounds hold for £2 for 0 < p <m, £}, &,.

Bounding probability of £ and &, for 0 < p < m: Fix 0 < p < m. From the

verification of |I|/|72] < 65 we get ||a,|| < 2\Pk and ||b,|| < 2\k. We have n > A™k. Thus
n/2 > (A/4)|lay|| and n/2 > (A/4)|lap||. Thus, assuming X large enough, we get for i = 3,4
and 0 < p < m, using Lemma 2.2,

P((£)) < Crsexp(~Crud?k) . (2.14)
Combining (2.13) and (2.14) we get
IP(W (0,a,k,0p) > tA(k)(log k:)"/z) < ]P(U?:l Upto (5;;)C) < Cisexp(—Cit*(logk)") .

This completes the proof of Theorem 2.10. O
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As a corollary we can deal with wandering of a geodesic within a fixed distance from
one of the endpoints of the geodesic. In the next result we consider geodesics with one
endpoint at the origin, and consider wandering of the geodesic in a neighborhood of the
origin.

Corollary 2.11. Let 6y be a direction of type 1. Then, under the Assumptions 1.4 and
1.5, there exist positive constants Cy, Cs, 01, 02, ko, ng, to, such that for k > ko, n > ny,
t > to, tA(k)(logk)'/? < kéy, |I| < nda, we have

IP(glg)}gW (0,71690 + legé,k',ﬁo) > tA(k)(log k)1/2) < exp(702t2 log k) .
Here k' takes real values. There is no issue with measurability since we only need to
consider k' = k and those values of k' < k for which there exists some lattice point u
such that wy . (u) =&

Yo

Proof. Due to symmetry of the lattice, without loss of generality we assume 6, € [0, 7/4].
Fix §; > 0, 62 > 0, to be assumed appropriately small whenever required. Fix kg > 0,
ng > 0, tp > 0, to be assumed large enough whenever required. Let a := neg, + legé.

Define l
71'30,06('1]) — kﬁ

t

Z::{vEIRQ:WéUﬁé(v):k, S§

A(k)(log k)2 } .

The event maxy<x W (0,a,k’,0y) > tA(k)(logk)'/? can happen in two ways: either
we have W (0,a,k,0y) > (t/2)A(k)(logk)'/2, or T'(0,a) passes through some v € T
and max, W (0,v,k',6p) > (t/2)A(k)(logk)'/2. In the first case, by Theorem 2.10 and
Proposition 2.6, we get

]P(W (0,a,k,0p) > ;A(k)(logk)m) < Oy exp(—Cat*logk) . (2.15)

For the second case, consider v € Z. We apply Corollary 2.9 with

g =6y, n:==~k, 131730,93('")» t=t.
(Recall from Remark 1.2 our convention of using tilde on parameters.) Then
l

1t 12 85
Sy 22 <6+ = .
e 2A(k)(10g k) 01 5

It

Also

1-
~TA(7) (log )2 < ZtA(k)(log k)2 < 4, .

| =

Therefore, assuming d1, Jo are small enough, we get
t
IP(H}C:}XW (0,v,k',600) > §A(k)(log k)1/2> < Csexp(—Cut’logk) .

Recall that 7 is of length tA(k)(log k)'/2. We need to take a union bound over v € 7.
Although there are uncountable many such v, number of lattice points |v| (recall
Notation 1.1) where v € 7 is of the order of tA(k)(log k)'/2. Thus, by a union bound we
get

IP(H}CE}XW (0,v,k',6) > tA(k)(log k)'/? for some v € I)

< Cs exp(—Cgt* logk) . (2.16)
Combining (2.15), (2.16) completes the proof of Corollary 2.11. O
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Remark 2.12. Recall from Notation 1.1 that geodesic between points u, v which are not
necessarily lattice points is defined as the geodesic between |u] and |v]. In Theorem 2.8,
Corollary 2.9, Theorem 2.10, and Corollary 2.11, we are dealing with geodesics having
one endpoint 0 and we are measuring the wandering at a distance from 0. Later while
applying these results we may have a point of R? in place of 0. This does not cause
any major complication, i.e., bounds that hold for wandering of I'(0, ) also hold for
wandering of I'(v, u + v), where u and v are not necessarily lattice points.

3 Preliminary upper bound of the transverse increments

In this section, our principal objective is to prove Theorem 3.2. This is a special
case of Theorem 1.23 which is our main upper bound on the transverse increments.
In Section 4, we use Theorem 3.2 to prove Theorem 4.4 which is a refinement of the
bound on nonrandom fluctuations of Proposition 2.6. We use this refinement to prove
Theorem 1.23 in Section 5.

We need the following result on curvature of the boundary of the limit shape. We skip
the proof because the result is essentially same as Lemma 2.7 of [3].

Lemma 3.1. Let 6y be a direction of type II. Then there exist positive constants C, ¢y,
02, such that for d, k > 0, L, satisfying |d| < ké1, |L| < ké2, we have

L2 ld|-|L]
< — .
C<k+ 2

g(keeo + (d + L)eG(t)) - g(ke% + de@é)

The preliminary upper bound of the transverse increments is the following.

Theorem 3.2. Let 6, be a direction of both type I and II. Forn > 0, L > 0, let Z(n, L)
and D(n, L) be as defined in Theorem 1.23. Then, under Assumptions 1.4 and 1.5, there
exist positive constants Cy, Cs, Lo, ng, to, such that for L > Ly, n > ng, t > to, L < A(n),
we have

P(D(n,L) > tlog Lo(A™'(L))) < Cy exp(—Cstlog L) .

The same bound holds for D' (n, L).

Proof. Due to the symmetry of the lattice, without loss of generality we assume 6, €
[0,7/4]. Fix Lo > 0, ng > 0, tg > 0. We assume Ly, ng, to are large whenever required.
Consider L > Loy, n > ng, t > tg, L < A(n). We focus on D(n, L). The bound on D’(n, L)
can be proved similarly. Based on the values of ¢t we consider two cases. Because
for suitably large values of ¢ we are in a large deviation regime, and the proof is
straightforward.

Case I: Suppose
t>4pl (o(A(L)logL) ™",

where p is the expected passage edge-weight. Since Z(n, L) has width L, the set of
lattice points {|x|: x € Z(n,L)} (see Notation 1.1) can be joined by a lattice path of
at most [2L] edges. Hence D(n,L) < X; + --- + X157, where X;’s are i.i.d. random
variables which have the same distribution as that of the edge-weights. Therefore,
P(D(n,L) >t (log L) (A~ (L)))

< P(Xy+ -+ Xparg > t(log L) o(ATH(L))

< Crexp(—Cat (log L) o(ATH(L)))

< Csexp(—CytlogL) .

This concludes the proof in this case.
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Case II: Suppose
t<dpL(o(A (L) logL) ™" . (3.1)

Define

7= [_tmL(lOgA—l(L))l/?, (1 - A_;(L)>L + 1121 (log A*(L))”ﬂ ,

I {a: €R?:mh g (@) =n— ATN(L), 72 (@) € J} : (3.2)

€ = {TI'(0,u) intersects Z* forall wu € Z(n,L) } .

Observe that, if T ¢ &, then W (u,0,A"!(L),—6y) > t'/2L(log A='(L))*/? for some
u € Z(n,L). Consider a point u € Z(n,L). We want to apply Theorem 2.10 with the
variables

t:= /2, 91)::—907 n=1.

(Recall from Remark 1.2 our convention about using parameters with tilde, essentially
we want to use Theorem 2.10 with k in place of k and so on.) We need to verify that
these variables satisfy the conditions of Theorem 2.10. The point w is not necessarily a
lattice point. But this issue has been addressed in Remark 2.12. The conditions on 6o
hold because by assumption 6 is of type I (so that, by symmetry —60, is also of type I),
and by Proposition 2.6 h satisfies GAP with correction factor ¢; in all directions. Now,
we need to verify the conditions k > ko, 7 > 1ig, T > o, tA(k)(logk)V/2 < kdy, |I] < 7d,.
Assuming ng, Lo, to are large enough, we get k > ko, i > 1o, L > {y. From u € Z(n, L) we
get |7r§0103 (u)| < L. Therefore, using L < A(n), (A2), and assuming ng is large enough,
we get

Il
=<

A(n)

n

3

< na(l_ﬁ)/z S 5~2 .

<

puil

Using (3.1), (A2), and assuming L is large enough, we get

#1172, (log A=1(L))"/*
AI(L)

L3/2(log A=Y (L))/?
A=HL)(o(AL(L)) /?(log L)/?

L1/2

_ (1-5)
LT s < C8L0_2<11+’3> <8 .
(A=H(L))r/2 — - -

< Cs

Therefore, all the conditions for applying Theorem 2.10 are satisfied, and we get
P (W (u,0,A=1(L), —6) > t*/2L(log A‘l(L))l/Q) < Cyexp(—CotlogL) .
Therefore, taking a union bound over { |u|: w € Z(n, L) } (recall Notation 1.1) we get
P(E°) < Ci1exp(—CiatlogL) . (3.3)
So in order to complete the proof we consider T € £.

EJP 27 (2022), paper 58. https://www.imstat.org/ejp
Page 20/61


https://doi.org/10.1214/22-EJP772
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Transverse increments in FPP on Z2

AQt
:90
7 :
| Z(n, L)
u
7
.
td
e
Yy .-
(/
A
- U
0 ————————— ‘\\ z -
_———————— -
P it e SUR >
bo

Figure 4: Hlustration for Theorem 3.2 under case II: distance of Z(n, L) from 0 in 6,
direction is n, width of Z(n, L) in 6} direction is L, distance of Z* from 0 is n — AL, if
T € £ then geodesics from 0 to points in Z(n, L) passes through Z*.

Consider two points u and v on Z(n, L). Since T € &, there exist points y and z on Z*
such that the geodesic I'(0, u) passes through y, and the geodesic I'(0, v) passes through
z. Then

T(0,u) —T(0,v) < (T(0,2) + T(z,u)) — (T(0,2) + T(z,v)) =T(z,u) — T(z,v) .
Similarly, we get the opposite inequality with y in place of z. Therefore,
|T(0,u) — T(0,v)| < ;IB%E%‘T(:E’ u) — T(xz,v)| . (3.4)
Fix an x € Z*. Then

T(2,u) - T(w,v)] < |T(@,u) — h(u - )| + [T(2,) - hv - )|
+|h(u - ) — g(v — @)| + [h(v — @) — g(v — @)| +|g(u— ) — g(v — )| . (3.5)

Since u, v are in Z(n, L), we have

Tooor(w—v) < L. (3.6)
From (3.2) we get
oo, (U — ) = ATH(L) 3.7)
and
7730’96 (u—x)| < Clgtl/ZL(IOg A_I(L))l/2 . (3.8)

Combining (3.6), (3.7), (3.1) we get
|lu— x| < CluATHL) . (3.9)
Hence, by Proposition 2.6, and using log L and log A~!(L) are of the same order, we get
|h(u —x) — g(u — x)| < C150(A"H(L))log L . (3.10)

Similarly, (3.7)-(3.10) hold for u replaced with v. By Lemma 3.1 and using (3.6), (3.7),
(3.8), we get

L2
lg(u —x) —g(v —x)| < Clgtl/zm log A™Y(L) < C7t?0(A™H(L))log L. (3.11)
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Using (3.10) and the same for u replaced with v, (3.11), and (3.5), we get
P(|T(x,u) — T(z,v)| > to(A (L)) log L)
< P(|T(x,u) — h(u — z)| > Cista(A™ (L)) log L)
+P(|T(,v) — h(v — x)| > Cisto(A™(L))log L) .
Therefore, using (3.9) and the same for u replaced by v, and using (Al) we get
P(|T(z,u) — T(x,v)| > to(A™(L))log L) < Cgexp(—Caotlog L) . (3.12)

The number of choices of lattice points corresponding to x, u, v i.e., number of triplets
(lz],|u], |v]) (see Notation 1.1) is at most Cy;tL?(log L)'/2. Using (3.4), (3.12), and a
union bound, we get

P(D(n,L) > to(A™'(L))log L and T € £) < Coyexp(—Castlog L) .

This concludes the proof because we already found in (3.3) that £¢ has appropriately
small probability. O

We need the following variation of the last result. In the last result we chose a
direction of both type I and type II, and considered the transverse increment over a
segment with one endpoint having that chosen direction. In the next result, we consider
transverse increment over a segment whose endpoints have direction in a neighborhood
of a fixed direction which is of both type I and type II.

Corollary 3.3. Let 0y be a direction of both type I and II. Forn > 0, L > 0, d, let
I(n, L,d) ::{ 2 e R?: m g(x)=n,d <l g (x) <d+ L} :
D(n,L,d) =max{|T(0,z) —T(0,y)|: ¢,y € Z(n,L,d) } .

Then, under the Assumptions 1.4 and 1.5, there exist positive constants 61, 65 Cy, Cs, Cs3,
Lo, no, to, such that for L > Ly, n > ng, t > to, |d| < nd1, L < 5A(n), we have

IP<D(n,L, d) > C’g,LM +ta(AY (L)) log L> < Cyexp(—Catlog L) .
n

Proof. Due to symmetry of the lattice, without loss of generality we assume 6, € [0, 7/4].
Fix §; > 0, 02 > 0, to be assumed appropriately small whenever required. Fix ng > 0,
Ly > 0, tg > 0, to be assumed appropriately large whenever required. Consider n, L, t, d
such that L > Lo, n > no, |d| < nd1, L < 02A(n). Let u = neg, +deg;, v == neg,+(d+L)eg; .
Let 61, 65 be the directions of u and v respectively. Let w be the projection of w on the
line joining 0 and v in direction #¢ which exists assuming §; is small enough. Let Z* be
the segment joining v and w.

Figure 5: Illustration for Corollary 3.3. The segment joining v and v is Z(n, L, d). The
segment joining v and w is Z*.
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Let
D = max{|T(0,z) - T(0,y)|: z,y € T*} .

Let |Z*| be the length of Z*. To bound D* we use Theorem 3.2 with the following variables

- ~ ~ e

0o = b1, n:”u”» L::|I‘7 t:§7 n=1.
Recall Remark 1.20. Since 6 is of both type I and type II, assuming ¢, is small enough,
we get all possible values of ¢; are uniformly of both type I and type Il i.e., they satisfy
the curvature conditions with same constants. Thus the condition on 6; for applying

Theorem 3.2 holds. Assuming ¢; is small enough, we get
ClL < |I*| < C2L, and an <n< C4TL

(because if 0; — 0 then we have d — 0, |w — v|| — 0, and |Z*| — L). Therefore, L> EO,
il > ng hold assuming Ly and ng are large enough. Also from L < 02A(n) we get
L < A(n). Hence all the conditions for applying Theorem 3.2 hold and we get
t
IP(D* > §G(A’1(L)) log L) < Csexp(—CgtlogL) . (3.13)
Now let us consider the difference |D* — D(n, L,d)|. Considering the triangle with

vertices u, v, w, we get
|sin(0% — 6f)]

[v —w = L sn@ —0y)] (3.14)
Assuming ; and d, are small enough, we get
|sin (6] — 62)| > C7sin(6f — 6o)| , (3.15)
and
|sin(6" — 63)| < Cs|0% — 05| < Col01 — 65|
< Cholsin(6y — 0p)] < Cll%l\sm(eg —-0)| < Clg‘%l‘sin(% —60)|, (3.16)

where the second inequality holds by Remark 1.19. Combining (3.14)-(3.16) we get
|d|

||’U — w|| S ClgLf .
n
Therefore, if « is a point on Z(n,L,d) and y is its projection on Z* in direction 65,
then || — y|| < Cy4L|d|/n. Since h is subadditive and therefore sublinear, we get
h(xz —y) < Cy5L|d|/n. Assuming 0; < 1, taking L, large enough, and using (A2), we get
|d|/n <6 <1< A~YL)/L, so that L|d|/n < A~Y(L). Therefore, using (A1) we get for
allt! >0 p
]P<T(a:,y) > 015L% + t/U(Al(L))) < Chgexp(—Chrt’) .

Using |Z*| < C3L,

Z(n,L,d)| = L, and using a union bound, we get

IP(D* —D(n,L)| > C'15L% + t'o(A‘l(L))) < CigL? exp(—Chot’) .

Therefore, taking ¢ = (¢/2)log L, and assuming ¢, and L are large enough, we get
IP(D* —D(n,L)| > ClsL% + %U(A’l(L)) log L> < Oyexp(—CortlogL) . (3.17)

Combining (3.13) and (3.17) completes the proof. O
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4 Refined upper bound on nonrandom fluctuations

Theorem 3.2 of the previous section provides a preliminary upper bound of the
fluctuations of the transverse increments. To prove the refined bound of Theorem 1.23,
we need to reduce the correction factor in Proposition 2.6 from log to fixed but arbitrary
small power of log. Related results are known in the literature. In [32] it has been shown
that (log x)'/? is a valid correction factor in FPP on Cayley Graphs on integer lattices. In
[16] it has been shown that any iterate of log is a valid correction factor in a spherically
symmetric model of FPP. In [4] an upper bound without any correction factor has been
shown in a spherically symmetric model of FPP. In our case, to reduce the correction
factor, we use a modified version of the procedure of [2]. We now introduce the concept
of convex hull approximation property from [2].

Notation 4.1. Let Sy be the set of directions where the boundary of B is differentiable.
Consider z € R? with direction in Sy. Let H,, be the tangent to dg(x)B at z. Let HY be
the line through 0 parallel to H,,. Let g, be the unique linear functional on R? satisfying
gz(y) =0 for ally € HY, and g,(x) = g(x). Recall ® from Notation 2.4. Define for ¢ € P,
v>0,C>0, K >0,

Qu(v,¢,C,K) = {y € 2%: |ly| < K|z, g=(y) < g(z), h(y) < gu(y) + Cllz||"o(|z|) } -

Definition 4.2. We say that h satisfies the convex hull approximation property (CHAP)
with exponent v > 0 and correction factor ¢ € ® in a set of directions S C Sy, if there
exist constants M > 0, C > 0, K > 0, a > 1 such that z/YT € Co(Q«(v,¢,C, K)) for
some Y € [1,a], for all z € Q* with ||z|| > M and direction of z in S, where Co denotes
the convex hull. When we want to specify the specific constants, we say h satisfies
CHAP(v,¢,M,C, K, a) in sector S.

The procedure in [2] in our terminology as follows. The objective of [2] was to prove
GAP with exponent « and correction factor ¢;. To achieve this, first, it is shown that
CHAP with exponent o and correction factor ¢; holds. This is done in an iterative way.
GAP with exponent 1 and correction factor ¢, holds trivially because h is sublinear. Then
the exponent of GAP is reduced from 1 to « iteratively using CHAP with exponent «.
Here we are not concerned about the exponent .

In contrast to [2], here we want to change the correction factor of GAP from ¢, to ¢,
for some small n > 0 while keeping the exponent o« unchanged. We do this in two steps.
In the first step, we prove that CHAP holds with exponent « and correction factor qAS
(recall 5 from Notation 2.4). From Proposition 2.6 we get h satisfies GAP with exponent
« and correction factor ¢;. Using this, we reduce the correction factor of GAP from ¢, to
¢y, which is the second step. The result on CHAP with exponent « and correction factor

~

¢ is the following.

Theorem 4.3. Let 6y be a direction of both type I and type II. Then, under Assump-
tions 1.4 and 1.5,Athere exists > 0 such that CHAP holds for h with exponent o and
correction factor ¢ in the sector (6y — 6,6y + 9).

After carrying out the second step we get the refined upper bound on the nonrandom
fluctuations stated below.

Theorem 4.4. Let 6, be a direction of both type I and type II. Fix n € (0,1]. Then, under
Assumptions 1.4 and 1.5, there exist constants C > 0, M > 0, § > 0 such that for all
llz|| > M with direction of x in (6y — 0,60 + §), we have

hz) < g(x) + Co(|=|)(log]lz[)" ,

i.e., GAP(«, ¢, C, M) holds in the sector (6o — 9,0y + 9).
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In the first subsection below we prove Theorem 4.3, then in the second subsection
we prove Theorem 4.4 using Theorem 4.3.

4.1 Proof of Theorem 4.3

Due to the symmetry of the lattice, without loss of generality we assume 6, € [0, 7/4].
Let us now choose a parameter 6 > 0 which is fixed throughout the proof of Theorem 4.3.
Since 6 is of both type I and II, we choose § > 0 such that dB is differentiable in
(0o — 20,00 + 29) and there exists §; > 0 such that for all 8 € (§y — 26,600 + 25) and |d2| < &3

C165 < g(eo + dzeg:) — gleg) < Ca65 . (4.1)

So all § € (6y — 9,6 + &) are of both type I and type II with same constants. This allows
us to use results which hold in type I or type II directions with same constants for all
0 e ((90 — 9,0y +(5)

We extract a sufficient condition from [2] for the Theorem 4.3 to hold. We state the
condition as Proposition 4.5. Since it is essentially proved in [2], we do not prove it here.
To state the condition we need the concept of skeletons of paths defined below.

Construction of fine skeletons: For x € R?, n > 0, A > 0, K > 0, the fine
Qz(a, ¢, \, K)-skeleton of a self-avoiding path « from 0 to nx is the sequence of marked
points vy, ..., v, on v constructed as follows. Let vy := 0, and given v;, let v§+1 be the
first point (if any) in v such that vj_ | —v; € Qz(a, ¢, A, K); then let v; ;1 be the last lattice
point in v before v, if v, exists; otherwise let v;;.1 = [nx] and end the construction.
Proposition 4.5. Consider an infinite sequence of i.i.d. copies of the passage-time
configuration (Ti)‘,?io on the lattice. Suppose for some positive constants \i, \a, A3, we
have

. A
P ( [h(v; = vi +1) = T (v;,v,01)| > Temo(|2]) loglog|e|

3

I
=)

for some m > 1 and some Q(«, ;5, A1,5)-skeleton (v;)jL,

of a path from 0 to nx for some n)

< exp (—Az loglog||x||) (4.2)

for all x with ||z|| > A3 and direction of x € (6y — J,00 + ¢). Then there exists M > 0 such
that h satisfies CHAP (a, $> M, \,4, 2) in the sector (6y — 0,600 + 9).

In order to verify (4.2) we need the concept of ‘coarse skeletons.’

Construction of coarse skeletons: Consider x € R? with direction § € (6y — 6,00+ 6).
Define

z = ﬁ . 4.3)
Also, for i, j € Z, define
Bij = {y € R*: mj 4 (y) € [ile, (i + 1)la), 75 4 (y) € [AWU), G+ DA(lR)) }, (4.4)

where « is defined in Assumption 1.5. So B;; is a parallelogram with side lengths ¢, and
A(lg), and these parallelograms cover the whole plane. Given v € B, let

Ge(v) = |ilgeg + jJA(Lz)eqt |, Fp(v) = |(i+ 1)leeg+ jA(L)eqt] .

EJP 27 (2022), paper 58. https://www.imstat.org/ejp
Page 25/61


https://doi.org/10.1214/22-EJP772
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Transverse increments in FPP on Z2

Recall that we have assumed that 6 € [0,7/4]. Thus § € (—d,7/4 + ). Also recall
from Remark 1.15 that we take tangent in counterclockwise direction. Thus we can
assume 6' > 0. So, F(v) is the lattice point corresponding to down-right corner of
the parallelogram B;; containing v and G(v) is the down-left corner, see Figure 6.
Suppose (v;), is a fine Q4 (a, 5, A, 5)-skeleton of some path for some A\ > 0. Then its
coarse skeleton (wj)izlo_l is defined as follows. For 0 < i < m — 1, let wy; == Fy(v;) and

Wiy = Gp(Viy1).

Figure 6: Construction of the coarse skeleton: for every pair of consecutive points v,
v’ in a fine skeleton of a path, we have F(v) and G, (v’) as consecutive points in the
coarse skeleton of the path.

Remark 4.6. If for some n, (v;)", is a fine Q. (a, 5, A, 5)-skeleton of a path from 0 to
ne and (wj)?zlo_l is the corresponding coarse skeleton, then ||v; — v;y1| < 5|« and

|lwai—1 — wa|| < 6]||| for large enough ||x||.

We state two propositions which in combination establishes (4.2). We define a few
constants first. Let Cs, C4, Cs, Cs, C7, be positive constants such that for all z € R? with

|z|| > C3, and for all u,v € R? with Cy < ||u — v|| < 6/|z||, we have
P(|T(u,v) — h(u —v)| > to(||z]])) < Cs exp(—Cgt) , (4.5)
and
Cr:=256-a - Cgt-(1+Cs). (4.6)

For all € R?, we use the shorthand notation
Qm = Qm (aa ¢a C7a 5) .
Proposition 4.7. Under the assumptions of Theorem 4.3, there exist positive constants

Cs, Cy such that for x with direction in (6y — 6,6y + 9) and ||z|| > Cs, and for allm > 1,
we have

m—1

. C

P <Z [h(wm‘ —wait1) — T (wai, wait1) | > 3*277”0 (l]l) log log||z||
i=0

for some coarse (),-skeleton (wj)?fo of a path from 0 to nx for some n)
< exp(—mCy loglog||z|) .

Proposition 4.8. Under the assumptions of Theorem 4.3, there exist positive constants
C19, C11 such that for x with direction in (6y — 6,6y + 6) and ||z|| > C1o, and forallm > 1,
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we have
m—1 N N
P (Z [h(vz —viy1) = T (v, viq1) — h(wai — wait1) + T (wa;, w2i+1)]
Cr
> 3—2ma(||a:|\) log log||z|| for some fine Q-skeleton (v;)’", and the

corresponding coarse skeleton (wj)?go of a path from 0 to nx for some n)

< exp(—mChy loglog||x]]) .

So (4.2) holds by Propositions 4.8 and 4.7. Hence, to complete the proof of Theo-
rem 4.3, we only need to prove these two propositions. We need the following lemma
first.

Lemma 4.9. Under the assumptions of Theorem 4.3, there exist positive constants Co,
C43 such that for x with direction in (6 — 0,6y + §) and ||x|| > C12 we have the following.

(i) Forally € Q. |75 5. (y)| < C13A(||2|)(loglog|x|)'/?, where 0 is the direction of x.

(ii) The number of coarse Q-skeletons of length 2m + 1 is at most (log||x||)*™/®, where
« is defined in (A2).

Proof. Fix x with direction 6 in (g — §,00 + §). We assume that ||z| is large enough
whenever required.

Proof of (i): Consider y € Q.. Then g(y) < h(y) < gz(y) + Cro(||x||)

9(y) — 9= (y) < Cro(|||) loglog||z|| - (4.7)

Consider three cases.

Case I: Suppose 7} ,.(y) > 0 and |72 5. (y)| < 617} 4:(y), where §&; is defined in (4.1).
From (4.1) we get

9(Y) = 92 (y) = 9(mg g: (y)es + 75 g: (y)en:) — g(75 : (y)es) > Cmm . (48
779,9t (v)

Since y € (), we have
7.0 (y) < Cislly| < Cisllz| -
This with (4.8) and (4.7) implies

7500 ()| < CrzA([lz])) (log log 1 ]|) '/ .
Case II: Now suppose 7, o, (y) > 0and |77 5. (y)| > d17 4 (y). Let us consider 75 5. (y) >
0, the case Wgﬂt (y) < 0 is similar. Using convexity of g and (4.1) we get
gm(y)
o (Yy)eo + 7 o: (Y)eg) — g(m 61 (y)en)

9(mg 9 (Y)es + 017y 4 (y)eot) — g(75 40 (y)es)
51”;,91% (?J)/Waet (v)

=75 9:(¥)6; "(g(eq + dreg) — gleq))

9(y

) -
= g(ms,

| \/
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Hence using (4.7) and (A2) we get

.00 (y) < Croo(|[]]) loglog||z|| < C20A(||2|))(log log||z()"/? .

Case III: Suppose 7} ,.(y) < 0. Then g,(y) < 0. Using y € Q, (4.7), and (A2) we get

.00 (y) < Canlly|l < Cozg(y) < Cozo(|lz]) logloglla|l < CaaA(]|]])(loglog||2])/? .

Proof of (ii): Given any v let Q(v) denote the translate of Q, by v. Suppose part
of a coarse skeleton is given as (wy,...,ws;). We find an upper bound on number of
possibilities of (wg;11,wai4+2). Consider a fine skeleton (vy,...,v;) corresponding to
(wo, ..., w;). Since (wa;_1,wo;) is fixed, all choices of v; lie in the same B, ;,. Consider
the union of @, (v) overallv € B, ;,. Each Q4(v) is contained in a parallelogram of length
Cas|lz|| in @ direction and length CysA(||||)(loglog||«||)/? in 6! direction. Hence, the
union of all such Q. (v) as v varies in a parallelogram B, ;, is contained in a parallelogram
of length Cyr||x| in @ direction and length CagA(||||)(log log||x||)*/? in #* direction (using
(i)). From (4.3) we have

A(|J]1) (log log]|)'/2

< 1 (1+8)/a (1o 1 1/2
AL < Cao(logl|x|) (log log||[|)"/~ ,

and,

T
B2 — (g 2/

Therefore, using 8 < 1, the number of parallelograms B;; that cover the aforementioned
union is at most (log||z||)*/*. Hence, the number of choices of (wa; 1, w2, 2) is at most
(log||x||)*/@. Tterating this from i = 0 to m, we get the result. O

4.1.1 Proof of Proposition 4.7

Fix a point # € R? with direction § € (6y — §,6 + §). We assume ||z|| is large enough
whenever required. Fix a coarse (J.-skeleton (wj)?go for some m > 1. By Remark 4.6
and equation (4.5) we get

P<h(w2i —waip1) — T (was, wai1) > tU(HﬂUH)) < Cs exp(—Ct)
For C5 :== Cg/(1 + C5) we get
. +
E[GXP (Cso (h(’w% — Wait1) — T'(w2i,’w2i+1)) /U(Hw”)ﬂ <2.

Using the independence of Tis we get

E

exp <C30 z_: (h('in — Waiq1) — Ti(w2i’w2i+l)>+/0(|m)>] <2m.

=0

Hence, for all t > 0, we have

m—1
P(Z h(wa; — waig1) = TH(way, wig1) > tm0(|$)10g10g33|>
1=0

< 2™ exp(—C3omt loglog|lz|) .
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From Lemma 4.9 we get that the number of coarse skeletons of length 2m + 1 is at most
(log||||)™*/). Therefore, by (4.6) we get

m—1

. C

P ( > [hws = waie) = T (wai wais) | > Zomo(|2]]) loglog|@|
1=0

for some coarse (),-skeleton (wﬁ?fo of a path from 0 to nx for some n)

C
< 2m’(log||w|\)m(4/o‘) exp (—030327mlog log||a‘,||>
< exp(—mCsy loglog||x]]) -

This completes the proof of Proposition 4.7.

4.1.2 Proof of Proposition 4.8

Fix a point € R? with direction 6 € (6y — §,6p + §). We assume ||z|| is large enough
whenever required. Fix a coarse (),-skeleton (wj)ifg ! of a path from 0 to nx for some
n > 1. For 0 <i <m — 1, define the set

Vi i={(v,v) € Z* x Z*: Fy(v) = wai, Gz (V') = waip1, v —v EQy }
and also define

X, = max h(v —v') = T'(v,v") = h(wy; — waig1) + T (i, waiy1) .
(w)ev, o ()

By Remark 4.6, we have ||v — v'|| < 5||z|| for all (v,v’) € V; and 0 < i < m — 1. Therefore,
the number of elements in V; for any 0 < i < m — 1 is at most Cs,||z|*. Hence, for all
t > 0 we have

P(X; > t) < Cysl|z||* exp(—Caat) . (4.9)

If we show that for some constant Cs5 > 0

m—1
C
P> X > —mloglog|z| | < exp(—Cssmlog|l) (4.10)
= 32

then Proposition 4.8 follows using Lemma 4.9. Therefore, we prove (4.10) now. Let
C3 = 8C3," (4.11)

and let Ny, N7 be positive integers such that

C
2No < 9—6710glog||m|| < oMo+l (4.12)
2N1=1 < Caglogx|| < 2™ . (4.13)
Then
m—1 C m—1 C
IP(; X; > 327mloglog||ac||> < IP(; X 12N < X; < 2Ny > 9gmloglog|w||>
m—1 C
+P( Y XX > 2V) > omloglogal| | . (4.14)
= 96
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For the second term in the right-hand side of (4.14) we have

m—1
C
P (Z X(X; > 2M) > ggmloglogHazH)

i=0

;_A

— Cy
Z 201 (20! > X; > 29) > %mloglogHwH Z 9—(g—N1+1)
i=0 q=N1

P

IN

£M8

q

e m—1
Cy
Z IP(Z (X; >29) > %mloglogHwHT\’l 2(q+1)>

q=N1 =0

11

IN

oo

< > exp(—mlI(ai(q)[b1(q))) , (4.15)
q=N1
where

Cy
ar(q) = ggmloglogla2V 2D b(q) = max P(X;>27),

and I is the large deviation rate function for Bernoulli random variables:

1—
I(zly) = gclogE + (1 —=x)log 1 °
y _

(4.16)

Using (4.9), (4.11), and (4.13), we get for ¢ > NV,
bi(q) < Casl||* exp(—C3427) < exp(—C3729) .

So bi(q) is much smaller than ay(¢). Therefore, using (4.16) for I(ay(q)|b1(g)) and
expanding the log terms we see that the term a;(q) log(h1(¢)~!) dominates the others.
Hence

I(a1(q)|b1(q)) = Cssa1(g) log(bi(q)™") = Csg loglog|z|| log]lac]|277 .

Therefore, continuing from (4.15) and using (4.9) we get

m—1
C
IP(Z X (X; > 2N > ggmloglogw|> < exp(—Caomlog|x]]) . (4.17)
i=0

For the first term in the right-hand side of (4.14) we have

m—1
C
P(Z X2 (2% < X, <2M) > Cimlog 1og||w||>
=0

m—1 lel

SN arti(x; > 20) > %mloglog\\w\\
i=0 g=No

IN

IN

Ni—1 m—1
C-
Z ]P(Z (X; >27) > %m(loglogHwH) (a+1) (N, N0)1>

q=Np =0
N;—1

< Y exp(—ml(az(q)lb2(a))) , (4.18)

g=No

where

a2(a) = 7 (loglog[e])2 TNy ~ No)! . bafa) = max P(X, > 27).

0<i<m—1 -

We use the following claim to derive a bound of b5(q). The proof of the claim is presented
later.
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Claim 4.10. For0 <i <m — 1, (v,v') € V;, and t € [2"0 2N1~1], we have

IP(h(v —v') = T'(0,v") = h(wai — wais1) + T (wai, wait1)) > ta(||.’1:||))
< exp(—Cuitlog|x|]) .

By this claim and using that the number of elements in V; is at most Cs, ||z||* we get,
fOI‘N()SqSNl—l

ba(q) = max P(X;>27) < Caofla|* exp(—Cua2? log||z|) < exp(~Ca2? log|]) -
From (4.13) we get C45277 < a2(q) < Cy6279. Therefore, using (4.16) for I(az(q)|b2(q)),
and expanding the log terms, we see that the term as(q)log(b2(g)~!) dominates the
others. Hence

I(a2(q)|b2(q)) > Caraz(q)log(ba(q) ") > Cuslog|lz]| .

Therefore, continuing from (4.18) we get

m—1
C
IP(Z X 12N < X; < 2Ny > 9gm10glogw|> < exp(—mCyg log||z]]) .
i=0

Combining this with (4.17) we get (4.10). Therefore, to complete the proof of Proposi-
tion 4.8 we only need to prove Claim 4.10.

Proof of Claim 4.10. Fix 0 <i <m —1 and (v,v’) € V;. Define
D(v,v') == h(v —v') — T"(v,v") — h(wg; — waip1) + T (wai, woir1) -

Define

bzl
(logl|z )7~

We consider two cases.

Case I: Suppose 7, ,.(v) — v) < (. This includes the case 7} ,. (v — v) < 0. Using
Lemma 4.9, |73 5. (v — ws;)| and |72 g (V) — wa;t1)| are at most CsoA(z) log log||z|| which
is smaller than /. Since Fyp(v) = way; and Go(V') = wait1, |7 4o (v — wo;)| and |7} o (v —
wao;+1)| are at most ¢, which is smaller than ¢y,. Hence |v —’wgiH and ||v" — wgijrl || are
at most of the order of ¢;. Therefore, using (A1) and (A2), we get

P(D(v,v") > to(||z|])) < Cs1exp(—Csata([|z]|)/a([[to]]) < exp(—Csstlog|z|]) -
So the claim is proved in this case.

Case II: Suppose
.00 (V' —v) > Lo . (4.19)

Let

Dl (’U )

') = h(v—v") = T(v,v") — h(v—wai1) + T(v,wa41) ,
Dy(v,v") = h(v — waiy1) — T(v,wai41) — h(wa — wair1) + T(wai, waiy1) -

Therefore, D(v,v’) = Dy (v,v’) + D2(v,v’). Hence

P(D(v.v) > to(|al) < P(Di(v.v)) > ale)) . @.20)

N | =+

alel)) + P (Pafo,) >

N | =+
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We only consider the first term on the right-hand side, the second term can be dealt with
similarly. Suppose iy and j, are such that v’ € B, ;,, where recall that B;; is defined in
(4.4). Let

J = [j0A () ~ 1'/2A (L) (108 £a)/2, (o + DA (la) + /A (t) (log )] |
R(t) = {y € R?: 7} 4:(y) = iola , 5t (y) € J } .
So R(t) is an extension of a side of the parallelogram B, ;,. Define the event
E(t) == {T'(v,v') intersects R(t) } .

Since v’ € B,,j,, the distance of the segment R(t) from v’ in —6 direction is less than
(.. Therefore, if T ¢ £(t), then W (v, v, k, —0) > t'/2A(l3)(log l)'/? for some k < (.
Hence, to bound the probability of T ¢ £(¢) we use Corollary 2.11 with

0o =—0, i=njp( —v), li=mppv—0), ki=l,, t=t/,

(Recall from Remark 1.2 our convention of using tilde on parameters.) We now verify
the conditions of Corollary 2.11. Recall that by our choice of § from (4.1) 6 is a direction
of type I, hence so is —f. Using (4.19) we get n > ¢y > ny. By Lemma 4.9 we have
I| < Cs4A(|z]) loglog||x||. Hence, |I| < 71ds, as required. Using ¢ < 2V1~1 and (4.13), we
get t1/2A(l~c)(log 15) < kés, as required. Thus, all the conditions for applying Corollary 2.11
hold, and we get

P(E()¢) < exp(—Csstlog ly) < exp(—Chet log|lx]]) - (4.21)
Let R := R(2M~1). For any y in R let
Di(y) =h(v —y) —T(v,y) — h(v — waiy1) + T(v, wait1) ,
Dy(y) = hly —v') = T(y,v) .

If T'(v, v') passes through y then D, (v,v’) < D} (y) + Ds(y). Hence

a(el) )

U(||:n||)) +P(E®)) . (4.22)

A~ =+

p(Pifo.0) = follal)) < P (i) >

| o

P Dy(y) >
+ <glgg 2(y) 2

Let us consider the first term in the right-hand side first. We use Corollary 3.3 with

0o =10,

i = igly — mh g0 (V)

L= A(lz)(1 + 2N~ D/2  (log £,)1/2) |

d = A(le)(jo — 2D/ (log €)' /?) — 77 5. (v) .

(Recall from Remark 1.2 our convention of using tilde on parameters.) We now verify
the conditions of Corollary 3.3. By our choice of § in (4.1), 6 is of both type I and type II.
Since 7 is the distance of R from v in direction —6, we have

n>ly — Ly > Csrly > 1 .
Using (4.13), (A2), and nn > Cs7¢y from above, we get
L < CssA(ly) log|z|| < CsoA(lg)(log]|a||)t~1+A/ ) < 5,A(R) . (4.23)
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By Lemma 4.9 we have
75,6 (0" —0)| < CooA(=)(loglog||2|)'/? .

Since v’ € B we have

0o
75,00 (0) = JoA(le)] < Alle) -
Therefore, using (A2) and nn > Cs7{y, we get
|| < Co1A(|l2) (loglog||2[)'/2 + 2™/ A(€) (log €)'/
< CsaA(||]|) (log log||z|)/? < 617 . (4.24)
By Corollary 3.3 we get for ¢ > tg
P (I;le.&%(D'l (y) > CGSE% +io(AY(L)) log A_l(f/)> < Cea exp(—C’Gsflog f/) . (4.25)

Let ¢ be such that

SN AL fa(A’l(Z» log A™Y(L) = iaq\mu) . (4.26)

n
We need to verify ¢ > t,. Using (4.23) and (A2), we have
L < CssA(lg) log|la|| < CorA(]|a]]) (log|la||) 1/ . (4.27)

Using this with (4.24) we get

it

n

Using t > oNo (4.12), (4.26), (4.28), and (4.27), we get

: olel) N\
P> Cont e AU > o (90) et

SS9

< Coso(||||) (log log||2)"/? (log||2[) =1/ . (4.28)

A 2a/(1+8) ~
> one (S020) (logzl))~" > Crst(loglle]) 1 =P/0+) > £,

Therefore, from (4.25) and (4.26), we get

t
P (max D (w) 2 Jollel)) < Crsexp(~Cratloglel) /7))
YyER 4

S 075 exp(—C'76t(log||ac||)) . (429)

Now we consider the second term in the right-hand side of (4.22). By (4.27) width of R is
less than A(x). Distance of R from v’ in 6 direction is less than 4. So ||y — v'|| < Crrly
for all y € R. Thus, using (A1), (A2), and a union bound, we get

P (max D) > o(lel) ) < Crallel exp(~Crotoal)/o(ts)
< Cso eXp(*CESlt(log”m”)z) :

Using this in (4.22) together with (4.21) and (4.29) we get appropriate bound for the
first term in the right-hand side of (4.20). The second term can be dealt with similarly.
This completes the proof of Claim 4.10. O

This also completes the proof of Proposition 4.8.
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4.2 Proof of Theorem 4.4

Due to the symmetry of the lattice, without loss of generality we assume 6, € [0, 7/4].
We also assume that 1 < 1 because for 7 = 1 the result is same as Proposition 2.6.
Let n be a positive integer such that (1 — )™ < n/2. Define for 0 < m <nand k > 3

Um (k) = k™o (k) (log k) '~ (loglog k) 1= .

Because ¢, (k) < ¢, (k) for large enough k, to prove Theorem 4.4 it is enough to show
that h satisfies GAP with exponent « and correction factor ,,.

By assumptions of Theorem 4.4 6, is a direction of both type I and II. Therefore,
by Theorem 4.3, there exist positive constants §, C., M., K, a, such that h satisfies
CHAP (a, $, M.C. K, a) in the sector of directions (6y — 9, 6y + 9). Define Sy = [0, 27],
and for 1 < m < n define

— 1 — 1
S - [90_5"’:+,90+5“m+ .

We show that h satisfies GAP with exponent « and correction factor v, in S,,.

By Proposition 2.6, h satisfies GAP with exponent « and correction factor ¢; = ¢y in
all directions. Hence, there exist constants Cy > 0 and M, > 0 such that for |z| > M,
we have

h@) < g(®) + Coo (||2]) log|lz|| . (4.30)

We use an inductive argument. Fix 0 < m < n. Suppose h satisfies GAP with exponent «,
correction factor v,,, in the sector S,,, with constants C' and M. We show that h satisfies
GAP with exponent «, correction factor v,,,+1, in the sector S,,41, with constant C' and M.
This establishes that h satisfies GAP with exponent «, correction factor ¢, in the sector
S,. The constants C' and M need to remain unchanged. We will see that if C and M are
chosen large enough then the inductive step works. We assume without loss of generality
K>1,M>3, M > M, M > M, Alsowe assume M is large enough, independent
of m, so that ¢,,4+1(||x||) > 1 for all ||x|| > M, which is possible by (A2). Since h has
sublinear growth, there exists constant » > 0 such that for all  we have h(x) < r|/z|. Let
vi=(1-08)/4, co =3C,, c1 = Cea, c2 = 3K, c3 = (c1 + co+ Cyca(av) )p~t, ¢y = cp~1,

11—« @
a l—a « -«
e s <<1—a> +< « ))

and cg == (1 — a)cz(acy) L. We start the inductive step now. Consider z with direction
0 € Spm+1 and ||z|| > M. We need to show

hz) < g(x) + Cllz|* Yma(2]) - (4.31)
We are free to choose C and M large enough, independent of m. In various steps we

assume C' is large enough depending on M, and M is chosen to be large enough without
depending on C.

Bounding /(x) when ||z|| is small: Suppose ||z|| < coM. Assuming C' > rco M, we get
hz) < rlz| < re;M < C < Cllz|*¢mi(z) < g(@) + Clla| "™ () -

Thus (4.31) is verified.
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Defining =*, x| and xs when |x| is large: Suppose
lz]] > coM.
Take q € [ca, ||2]|/M] N Q. Then |z/q|| > M > M.,. Applying CHAP(«, ¢, M,, C,, K, a) to

x/q we get

3 3
2/q = Ty, with Ty >0, S T, €[l and y,; € Quyq (a, 2, CC,K) . (4.32)

i=1 i=1
Let
. 1—v
L(g) = {10 <3yl > le/al ™ }

and

3

= g Yy = > Yailgs TS =Y Vel s (4.33)

i=1 i€L(q) i¢L(q)

where
Vi = qLqi — I_qTqu €10,1).

Therefore,

r=x"+x +x5 .

Direction of x| : Consideri € L(q). Then
lygill > lz/all'™ (4.34)

Using Lemma 4.9, y,, € Qg /q(a, (E, C., K),
(A2), we get

x/q|| > M, assuming M is large enough, and

172 60 (Y1) < C1A(2/q)(loglog||z/q|))/? < Callz/q]| "7 (loglog||z/q]))/? .
Therefore, using (4.34), (A2),and 1 —v =1 — (1 — 8)/4 > (1+ 3)/2, we get
178,00 W) = [[9gill = 178,00 (i) = Cllw/all' ™,
and, further, using 1 —v — (1+ 8)/2 = (1 — 8)/4 we get

b0 Waidl _ ., ll@/all" T2 (l0g log @ /qll) /2
Im5,00 (Wil ~ e

Since 0 € Sy,+1, assuming M is large enough, we get direction of y,; is in Sy,. This
implies x| has direction in S,,.

(loglog M)'/?

<G i

Bounding h(x*): Using subadditivity of &, (4.33), (4.32), and (A2), we get

3

ha®) < S oLaTylh(y,) < DoLa Tl |9 (w,e) + Colw/al "o/l

i=1

< go (@) + c1p ¢ ]| (|| - (4.35)
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Bounding /(xs) when |zs| is large: Suppose ||zs| > M,. Using ¢ > ¢ = 3K > 3,
|x/q|| > M > 1, and (4.33) we get

sl =1 > Yave| < Y vaillyall <3llz/al ™ < 3|a/qll < 2] -
i#L(a) i#L(a)

Using this and log||z|| < ||z||*"(av)~! we get

a(llzsl]) logllzs| _ 1(||:vs||)°‘ log|||

o(|l]]) loglog]|| — [zl / loglog|||

1 c5q* log||x]|

Fle ™ Toglogle] =P Glew)

Since ||zs|| > M,, using (4.30) we get
h(zs)
< g(@s) + Cyllzs||“ 1 ([|2s]l)

< D Y4i9(¥gi) + Cgo(fls]|) log|las|

i¢L(q)
< ga(@s) + D Vai [9Wgs) — 92(0)] + Coo(|lzs||) log]|zs]|
iZL(q)
< ga(@s)+ D> Vai [9Ug1) — 9o (¥gi)] + Cop 5 (ar) " g o(|la]]) log log |
iZL(q)
< ga(@s)+ D Yai [9Ug) — 9w ()] + Cop ™' c5 (av) " g o (||z|) loglog|z| . (4.36)
iZL(q)

Bounding h(xs) when ||zs|| is small: Here we consider the case |zs|| < M,. Since
yqi S Qm/q(aa ¢)27 Ccv K)'
0 < h(Yg) < 92(Ygi) + Ceq |l *d(llz/qll) -

Therefore N
9a(Ygi) > —Ceq ||| o(llz/qll) -
So, letting I(q) == {i < 3: 9z (Yyi) < 0}, and using definition of ¢y, and (A2), we have
g2(Ts) = > Yai2 W) = — Y |92(yy)]
iZL(q) i€l(q)

> —coq " dllz/all) = —p~ " coa |z "o(])) -

V

Therefore, using ||zs| < M, and h(xs) < r|xs||

h(ws) < My < go(@s) + b~ coq™* @] “G(|||]) +r, . (4.37)

Bounding /() when ||z | is large: Suppose ||z.|| > M. Using ¢ > c» > 1, ||z/q|| >

M >1, (4.33), and ||yqu < K||z/q|, we get
Izl = || Y vaivgl € D Yaillygll < calle/all < iz -
i€L(q) i€L(q)
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Using this and applying GAP(«, ¥,,, M, C), which holds by the induction hypothesis for
m, we get

() < g(@L) + Cllad]|*dm (|2

< 3 iy + Co a2 e (ll2])
i€L(q)

<ge(@)+ D Yail9We) — 92(Yg)] + Co 'S |l Ym(l2]) . (4.38)
i€L(q)

Bounding h(z) when ||z || is small: Suppose |z, || < M. Then by similar calculations
that lead to (4.37) we get
h(zL) <M < go(@L) +p~ eog ||zl *o(||z) + rM . (4.39)

Overall bound on h(z): Using y,; € Qz/4(a, ¢, C., K), definition of ¢y, and (A2), we
get

3 3
Y ail9Wa) = 90(Ya)] < D Vai [MYgi) — 92 (Y1)
i=1 =1

< collz/ql|*d(llz/qll) < cop™ g [l||*B(||]]) -
Combining this with (4.35)-(4.39), we get
h(x)
< h(z*) + h(mL) + h(wxs)
< g(x) + c3q' %o (||| log log||z||
+ Ceaq o (||z]|) (log||]) =" (log log || )= =™ + +M + M, . (4.40)

Optimizing over ¢: The optimal ¢ that minimizes the right-hand side (4.40) is

g = O —24 <1og||$|| >(1a)m
(I = a)cz \loglog|z|| '

Plugging in ¢ = ¢ in (4.40) we see that if C is large enough depending on r, M, M,,
then

h(@) < g(@) + ¢sC* o ([lz]) (log|l /) =" (loglog||a|))! =" 4 rM + riM,
_a)mt! C(1—a)™t!
< g(x) + Co([||])(log||lz|) =" (log log|Ja||)' =1 =" .
Thus we get (4.31) provided we prove qq is feasible.
Feasibility of ¢y: We need to verify that ¢y € [co, ||z||/M]. We get g9 > c2 using

llz|| > M, m <n, choosing C' > 1, and assuming M is large enough. Suppose ||z| < goM
so that we have

1 —(l—a)™

og|lz|| )

ol (4.41)
log log|| |

CM > 06|w(

This gives an upper bound on ||z||. So ¢ is not feasible when ||x| is too small. But we
can prove (4.31) in a different way. Consider two cases. Case I: Suppose x is such that

m+1

logllz \'""7

c>C,| —— .
- g<loglog||wl
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Then from (4.30) we get
_ym+1 (1 ym+1
h(z) < g(@) + Co(|||l)(logllz|)* " (loglog ||| ==,

Thus (4.31) is verified. Case II: Suppose x is such that

1-(1—a)™*?!
o SCq( log |z ) |
7 \log log||z||
Combining with (4.41) we get
1 I—(1—a)™*! 1 —(1—a)™
ch( ogl=| ) zc6||w||( ogll| ) |

log log||z||
So

—(1-1-a)™ P (1—a)™ -2
CSIM > ||93|| 10g||$|| (= ) o " > HwH 10g||:12||
6 log log||z| - loglog|lz| /) -

Therefore, M > F(||z|), where F : [3,00) = (0,00) is F(k) := ¢6C, 'k(log k/ loglog k) 2.
Observe that F is strictly increasing. Therefore, taking C' > rF~1(M), we get

h(x) < rlle]] < rF~H(M) < C < g(a) + Cmpa([l]]) -

Thus (4.31) is verified.
This concludes the inductive step and proves Theorem 4.4.

5 Upper bound of the transverse increments

In this section, we prove Theorem 1.23, which is our main result on upper bound of
the transverse increments. Let 6y be a direction of both type I and II. Due to symmetry of
the lattice, without loss of generality we assume 6, € [0,7/4]. Fix Ly > 0, ng > 0, tg > 0,
to be assumed large enough whenever required. Consider n, L, t, satisfying n > ng,
L > Ly, t>tg, and L < A(n). We establish the bound on D(n, L), the bound on D’(n, L)
can be established in a similar manner. If ¢ > 4,L(o(A1(L))((log A*(L))")™"), where
1 is the expected edge-weight, then we are in a large-deviation regime, and the proof is
similar to Case I of Theorem 3.2. Therefore, let us assume

t<apL (o(a7(L)(l0g A‘l(L))">_1 . (5.1)

Define an interval J and a segment Z* as

A~I(L)

n

J = [—tl/QL(logA_l(L))n/27 (1 — )L+t1/2L(1ogA—1(L))”/1 ;

T+ — {a: € R2: wéo,%(w) =n—-A"YL), Wgoﬂ(t)(m) € J} .
Let
M:=(1+8)/(2a), Np:=|(logL)M|, Ny:=][t'?(ogL)M*"/?]. (5.2)

Divide the segment Z(n, L) in N; segments of equal length: 7;,...,Zy,, with endpoints
ao,...,an,, as shown in Figure 7. Divide the segment 7* in N3 segments of equal length:
Ii,...,1y,, with endpoints by, ...,by,, as shown in Figure 7. By (A2), log L is of the
same order as log A~!(L), i.e.,

Cilog L <log A™Y(L) < Cylog L . (5.3)
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Therefore, length of the segments Z; and 77 are bounded as

CsL(log L)~ < 7§ g(ai1 —a;) < CaL(log L)™', (5.4)
CsL(log L)~ < 73 4 (bj—1 —b;) < CeL(log L) . (5.5)
bo
406
“.EU/O
......................... _
0 oo i S Rk
n— A-I(L) A-Y(L) @ o
by,

Figure 7: Setup of Theorem 1.23: width of the portion of Z7* between the dotted
lines is L(1 — A~!(L)/n); width of the portion of Z* above the line joining 0 and ay is
t'/2L (log A—l(L))n/Q; width of the portion of Z* below the line joining 0 and a, is also
t1/2L(log A=Y (L))",

Define the event
£ ={TI(0,a;) passes through Z* forall 0 < i < Ny } .
Define
DM = max{ |T(0,a;,) — T(0,a;,)]: 0 < iy <is <Ny},
D= max{ |T(z,a;,) — T(x,a;,)|: 0<i, <iy <Ny, zeT"},
DBl = max{|T(b;,a;,) — T(bj,a:,)|: 0<iy <ia <N;,0<j <Ny},
D = max{|T(b,a;) — T(b\,a;)|: b,b/ €T}, 0<j< N2, 0<i< Ny},
D; = max{|T(0,z) - T(0,y)|: xz,y € Z; }, for 0 <i < Nj .
Therefore
D(n,L) < DM + oax Di,
DB < pBl 4 2pl) | (5.6)

We claim that if T € £ then
pll < pi, (5.7)

To prove this, we take 0 < iy < iy < Np. If T € &, then there exist points y and z in Z*
such that I'(0, a;, ) passes through y, and I'(0, a,,) passes through z. Therefore

T(0,a;,) —T(0,a;,) <T(0,2)+T(z,a;,,) —T(0,2) — T(z,ai,) =T(z,a;,) — T(z,a;,) .
Similarly;,

T(O7 aiz) - T(O, ai1) < T(y7 aiz) - T(y> ai1) .
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Therefore
|T(07 a’i1) - T(07 ai2)| < inea%\T(w, a’il) - T(w7 a’iz)‘ .

Thus, (5.7) is proved by taking maximum over values of i1, 3. Combining (5.6) and (5.7)
we get that on the event &,

D(n,L) < DBl +2DW 4+ max D, .
0<i< Ny

Therefore
P(D(n. ) > to(A~ (D)) 0g ") < P(°) + P(DF > fo(a~ ()0 1))

+1P(D[4] > flo(A—%L))(logL)") +]P(Og}g>]§h D, > ia(A*(L))(logL)") .68

First, we show that P(£¢) is small. If T ¢ &, then for some i, I'(0, a;) wanders more than
t1/2L(log A=(L))"/? in 46} directions when it is at a distance A~!(L) from a; in —6,
direction. Since 0y is a direction of both type I and type II, by Theorem 4.4 h satisfies
GAP with exponent o and correction factor ¢, in a neighborhood of 6. Thus, applying
Theorem 2.10 with the variables

n=mn

9~0 = 790,
k:=A"Y(L),

)

Fgo’eé (a;), t=1t/?]

)

S

(recall from Remark 1.2 our convention of using tilde on parameters) and using (5.3), we
get

]P(W (ai,0, A7 (L), —6p) > t'/2L(log A—l(L))W?) < Crexp(—Cst(log L)), (5.9)

provided 7 > 1, > to, k > ko, tA(k)(logk)™/? < kéy, and | < ids. We verify these
conditions now. Taking ng, Lo, to large enough we get 7 > iy, t > £y, and k > kq. Using
(5.1) and (A2) we get

tA(k)(log k)2 t'/2L(log A=Y (L))"/? -c LY/?
;; N A=I(L) = A2

< CL 2 < oLy <5 (5.10)

Using L < A(n) and (A2), we get

7(171) < 6'127“06(1%;)/2 <oy .

I
=<

n

3|t
P>

<

Thus all the conditions for (5.9) to hold are true. From (5.9) taking a union bound over ¢
values we get
P(£°) < Chrzexp(—Chat(log L)) . (5.11)

Now we show that the second term in the right-hand side of (5.8) is small. Take « in Z*
and u, v in Z(n, L). Then

T(@,u) - T(x,v)| <|T(x,u) = h(u—2z)| + |T(2,v) - h(v - z)|
+h(u—2) —g(u —2)| + [h(v —x) — g(v — o)
+lg(u—z) —glv—=)|.
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From the definition of Z* it follows
Thoor(w—@) = AN, |mg o (w— )| < Cist'/*Llog A™H(L))"2 . (5.12)

By same calculation as in (5.10) we get that the direction of u —x can be made arbitrarily
close to 6y by choosing L large enough. So by Theorem 4.4 and equation (5.3) we get

|h(u —x) — g(u — )| < Crgo(A™(L))(log L) . (5.13)
Same holds true for v replaced by . Using (5.12), Lemma 3.1, and (5.3), we get

(log(A~1(L)))
A~H(L)

2

lg(u —x) — g(v — )| < 017t1/2L ’ < Cist'?o(ATY(L))(log L) . (5.14)
Using (5.13), (5.14), and (A1) we get

IP<|T(a:,u) —T(z,v)| > ia(Afl(L))(log L)”) < Cyg exp(—Capt(log L)) . (5.15)

Equation 5.15 is true for fixed «, w and v. Thus we get for all 0 < i; < i3 < N; and
0<j5< Ny

IP(T(bj,ail) —T(bj,a;,)| > ia(A‘l(L))(logL)") < Ca1 exp(—Caat(log L)) . (5.16)

By (5.2), the number of triplets (i1, i, j) is less than Cy3t'/?(log L)*+"/2, Therefore,
from (5.16) we get by a union bound

A~ =

]P(D[s] > U(Al(L))(logL)”> < Oy exp(—Cost(log L)) . (5.17)

Now let us consider the third term in the right-hand side of (5.8). Fix 0 < ¢ < N; and
1 < j < Ns. Applying Corollary 3.3 with the variables

Oy =00, = A"NL), L= |mj, g (bj1 = b)), di=m5 4 (b — ai),
(recall from Remark 1.2 our convention of using tilde on parameters) we get for all £ > t;

P| max
bbb €T

< Cyy CXP(*ngtIOg f/) , (5.18)

T(b,a;) —T(¥, ai)’ > C’ggi'? +to(ATH(L))log Al(i)>

provided the following conditions are satisfied: |J| <&n, L< &A(ﬁ), f > 1y, L > L.
Let us now verify these conditions. From definition of Z* we get

|| < Caot"/2L(log A=1(L))"?

so that by calculations similar to (5.10) we get \cﬂ < 5173. Combining this with (5.5) we
get

2

E‘T < Csot' 2o (A™H(L))(log L)™™ (5.19)
n
Let ¢ be such that
| - . -t
CQGL% +to(ATHL))log AT (L) = ZU(A*(L))(log L) (5.20)
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Using (5.19), (A2), lower bound on L from (5.5), value of M from (5.2), and (5.3), we get

t> Csqt

U(A_I(L»(logL)W o) 2aM/(14+8)+n—1
o(A-1(L))log A—L(L) > Ciot(log L) At

> Csst(log L) > Casto(log Lo)" .

So we have ¢ > t,, assuming ¢, and L, are large enough. Therefore, all the conditions
for (5.18) are satisfied. Combining (5.18) with (5.20), we get

P| max
b,b'€Tx

The number of choices of i and j is at most C3st'/?(log L) +7/2, Hence using a union
bound we get

T(b, ai) - T(b/7 ai)| >

R

U(A_l(L))(log L)") < Cy exp(—Cg5t(logL)1+") ,

IP(D[4] > ia(A—l(L))aogL)") < Cy7 exp(—Cast(log L)) . (5.21)

Now we are going to consider the fourth term in the right-hand side of (5.8). Fix an i. To
bound D; we apply Corollary 3.3 with the following variables:

n=mn, L= ‘7730,93(“1’*1 —a;)|, d= Wgo’eé(ai) .

By Corollary 3.3 we have for all ¢ > ¢

]P(Di > ngi\dl + to(k) 1og/;) < Cyo exp(—c41tlog1%) , (5.22)

n

provided the following conditions are satisfied: |cZ| <&n, L< &A(fz), i > 1y, L > L.
From definition of Z(n, L) we have |d| < L. Therefore,

Also, using the bound on L from (5.4) we get

- |d uL 2 _ _ _
L% < Cy3L(log L) Mg < 044A71(L) (log L)™™ < Cys0(A71(L))(logL)™™ . (5.23)
Let ¢ be such that
@J% +io(ATHL))log A™H(L) = %(A*(L))(log L. (5.24)

> Cust(log L)" > Ciysto(log Lo)" .
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Sot > t~0 assuming ¢y and Ly are large enough. Combining this with (5.22) and (5.24)
we get

P (Di > io(Afl(L))aog L)") < Cug exp(—Csot log L)1) .
Using a union bound over values of ¢ we get
IP(m?X D; > to(A™Y(L))(log L)”) < Cs1 exp(—Ciat(log L)1) . (5.25)
Combining (5.11), (5.17), (5.21), (5.25), and (5.8), completes the proof of Theorem 1.23.

6 Lower bound on the variance of the transverse increments

In this section, we prove Theorem 1.24. In accordance with the statement of The-
orem 1.24, we consider a direction 6, which is of both type I and type II. Due to the
symmetry of the lattice, without loss of generality we assume 6, € [0, 7/4]. We also fix a
constant v € (1/2,1) as in the statement of Theorem 1.24. In addition, we fix a constant
n € (1/2,1). Consider n > 0 and L > 0 satisfying L < A(n). Define k such that

L= A(k)(log k)" . (6.1)

Therefore, a lower limit of %k yields lower limits of both » and L. Hence, we will state
results which hold for large enough £k, tacitly assuming n and L are also large enough
so that the two relations L < A(n) and (6.1) hold. We will establish the lower bound
on the variance of 7'(0, neg,) — 7(0,neq, + Leg: ). The lower bound on the variance of
7(0,neq,) — T(0,neq, — Leg:) can be established in a similar manner. Let us introduce
some more notations. We will use these throughout this section.

Notation 6.1. Let a := ney,, b := ney, + LEQB,

h*

max{ h(z —a): z € Z*, |z —al| <k},
{zeZ’ h(x—a)<h"},
7= min{T0,x): x € H},

H

F

{eez’:TOx) <7},
OH ={xecH:x+te € H  forsomei=1,2}.

So the set H C Z? is the smallest h-ball around the point a which contains within
itself the Euclidean ball (in 7?) of radius k around a; the set OH is the vertex-boundary
of H i.e., the set of vertices in H which are also adjacent to some vertex outside H; T is
the time required to reach H from the origin 0; the set F' is the set of vertices that can
be reached by time 7 from 0 i.e., F' is the wet region B(7). We emphasize the fact that H,
F, OH are subsets of Z? i.e., they contains lattice points.

We also define E C E(Z?) to be the set of nearest-neighbor edges which have at least
one endpoint in F, and we let F be the sigma-field generated by r, F, and { 7.: e €E }.
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Figure 8: Illustration for a, b, H, F, OH: direction of a is 6, direction of b — a is 0. We
want to prove a lower bound of the variance of the transverse increment 7°(0, a) — 7°(0, b).

Remark 6.2. Since h is sublinear and g is a norm, we have for |u| > C4,
Collu| < h(u) < Csllull . (6.2)

Therefore
Cuk < h* < Csk .

Every y € OH has an adjacent vertex that does not belong to H. Therefore, for all
y € OH we have
K >h(y—a)>h*—Cs. (6.3)

Combining (6.2)-(6.3) we get that for all y € 0H,
Crk < |y —al < Csk . (6.4)

Therefore, H can be inscribed in a square whose sides are of the order of k£ around a.

Remark 6.3. Using (A2), (6.1), and L < A(n), we get that for any § > 0, & < dn for large
enough %k depending on §. Therefore, using Remark 6.2, we get that 0 lies outside H. In
this case, the region F' touches the region H i.e., ' H C 0H. Since the edge-weights
are continuous, I’ touches H at only one point (almost surely). So we assume that & is
large enough such that the origin O lies outside H.

Now we state three propositions, and then we will complete the proof of Theorem 1.24
using these propositions. We prove these propositions separately in later subsections.

Proposition 6.4. Under the assumptions of Theorem 1.24, there exist constants Cy > 0,
€1 > 0, such that for large enough k

P(P(T(0,a) < h* +7 — e10(k)|F) < e1) < exp(—k) .

By definition of 7 (see Notation 6.1), T(0,a) — 7 is an upper bound of the time it takes
for I'(0, a) to exit H after starting from a. Recall from (6.3) that ~2* is approximately the
expected passage time from a to any point on 0H. Also recall from (6.4) that points of
OH are at a distance of the order of k from a. Therefore, Proposition 6.4 implies that, for
most F (i.e., with probability > 1 — exp(—kc9) the following happens given F: there is a
nonnegligible probability (i.e., with probability > 1 — ¢;) that the time taken for I'(0, a)
to exit H starting from a is less than h* by a fraction of o(k) i.e., the geodesic T'(0, a) is
faster than usual before exiting H starting from a with nonnegligible probability.
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Proposition 6.5. Under the assumptions of Theorem 1.24, there exist constants v; €
(1/2,v), e2 > 0, such that for large enough k

P(T(0.a) > h* + 7+ c0(k)) > exp(—(log k)"") .

Proposition 6.5 implies that, roughly speaking, there is a nonnegligible probability
(that is > exp(—(log k)**)) that the time taken by the geodesic I'(0, a) to exit H starting
from a is greater than h* by a fraction of (k). That is, the geodesic I'(0, a) is slower
than usual before exiting H starting from a with some nonnegligible probability.

Clearly Propositions 6.4 and 6.5 will yield a lower bound on the variance of 7'(0, a)
given F. Proposition 6.6 bounds the covariance of 7'(0, a) and 7'(0, b) given F. Thus we
will get a lower bound on the variance of T(0,a) — T'(0, b) given F.

Proposition 6.6. Under the assumptions of Theorem 1.24, there exist a constant Cyg > 0,
such that for large enough k

0 < E[Cov(T(0,a),T(0,b)F)] < Cio .

Now we complete the proof of Theorem 1.24 using Propositions 6.4-6.6. Let €3 :=
min {€1, €2 }. Expanding the expectation of the conditional variance given F, we get

Var(7'(0,a) — T(0,b))
> E[Var(T'(0, a)|F)] + E[Var(T(0,b)|F)] — 2E[Cov(T(0,a),T(0,b)|F)] . (6.5)
For any random variable X, Var(X) = E (X — X’)* /2, where X’ is another random

variable with the same distribution as X and is independent of X. Therefore, for any
random variable X and for any a > b,

Var(X) > ~(a—b)?*P(X > a)P(X <) .

N =

Thus
Var(T(0, a)|F)
> C110%(k)P(T(0,a) > h* + 7 + e30 (k)| F) P(T(0,a) < h* + 7 — e30(k)|F) . (6.6)
As a shorthand notation let us use
X =P(T(0,a) > h" +7+e30(k)|F) -P(T(0,a) <h*+71 —es0(k)|F),
V= P(T(0,a) > 1" + 7+ e30(k)|F) - €3
Proposition 6.5 implies that
E[Y] > €5 - exp(—(log k)™*) . (6.7)
Furthermore, using Proposition 6.4 and 0 < X,Y < 1, we get
E[(Y - X)"] <P(Y > X) < exp(—k“°) .
Therefore, using (6.7) and the inequality E[X] > E[Y] — E[(Y — X)*], we get
E[X] > €5 - exp(—(log k)"*) — exp(—k“?) > C12 exp(—(log k)"*) .
Combining this with (6.6), we get

E[Var(T(0, a)|F)] > Ci302(k) exp(—(log k)"*) .

EJP 27 (2022), paper 58. https://www.imstat.org/ejp
Page 45/61


https://doi.org/10.1214/22-EJP772
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Transverse increments in FPP on Z2

Therefore, by (6.5), Proposition 6.6, and (A2), we get
Var(T(0,a) — T(0,b)) > C140%(k) exp(—(log k)**) .
Therefore, using (6.1), v > vy, and (A2), we get
Var(T'(0,a) — 7(0,b)) > o* (A" (L)) exp(—(log L)") .

This completes the proof of Theorem 1.24 using Propositions 6.4-6.6. Now we prove
these propositions.

6.1 Proof of Proposition 6.4

Recall the definitions of F, 7, and E from Notation 6.1. Conditioned on F, consider
i.i.d. random variables { 7/: e € E } each having distribution of the original edge-weights.

For a path ~ let
T'(v) = Z T+ Z Te -

~ contains e ~ contains e
and e€E and e€E®

For any two points y, 2 € R?, let
T'(y,z) == inf{T'(v): v is a path from y to z } .

Therefore, the conditional distribution of all the passage times {T'(y,z): y,z € R*}
given F is same as the unconditional distribution of all the passage times { T'(y, 2z): y, 2z €
R?}. For all y,z € R? let I''(y, z) be the geodesic corresponding to 7"(y, z). Let « be
the point where F' touches H. Let u be the first point belonging to F' when the geodesic
I(a,x) is traced starting from a, see Figure 9.

Figure 9: Setup for Proposition 6.4: given a realization of the edge-weights on the whole
lattice, we take another configuration on E, which is the set of edges having at least one
endpoint in F. The geodesic I''(a, x) is then constructed in the environment where we
have the new edge-weight configuration on E and the original realization of edge-weights
in E°.

Since u € F, we have T(0,u) < 7. Let w be the lattice point on I (a, x) preceding u
when I''(a, x) is traced starting from a. Then I''(a, w) consists of edges only in E¢, and
hence T'(a,w) < T'(a,w). Therefore,

T(a,u) < T(a,w)+T(w,u) <T'(a,w)+T(w,u) .
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For any v € Z? let
d(v) =max{T(v,vte;):i=12}.

So T(w,u) < d(u), and hence T(u,a) < d(u) + T'(u, a). Therefore,
T(0,a) <T(0,u)+T(u,a) <7+du)+T (u,a) <7+du)+T'(x,a) . (6.8)
By (A3) we get there exists ¢4 > 0 such that
P(T (z,a) < h(x —a) — ego(||x — al|)|F) > €4 . (6.9)

Since F touches H at , we have x € dH. Hence, h(z —a) < h* and ||z — a|| > k.
Therefore, by (A2), (6.8), and (6.9), we get for some ¢5 > 0

€5 < P(T'(z,a) < h* —eso(k)|F)

IN

P(T(0,a) < h* +7- %”a(k)v) +P(d(u) > %a(kﬂ]-‘) .
Therefore, taking ¢; = ¢5/2, we get
P(P(T(0,a) < h* + 7 — e (k)| F) < o)
< P(P(d(u) > 6o (k)| F) > &)
< egl P(d(u) > ego(k)) . (6.10)

Since = € 9H, by Remark 6.2 we get ||z — a| < Ci5k. Since u lies on the geodesic
I"(a,x), by Lemma 2.2 we get

P(||u — al| > Ci6k|F) < exp(—Ci7k) .

Therefore,
P(Jlu — a|| > Cik) < exp(—Ci7k) . (6.11)

Since edge-weights have exponential moments, for any v and all ¢ > 0 we have
P(d(v) > t) < Cig exp(—Cot) . (6.12)
Therefore, using (6.11) and (6.12), we get
P(d(u) > €50 (k)) < Caok® exp(—Caro(k)) .
Combining this with (6.10) and using (A2) we get
P(P(T(0,a) < h* 4+ 7 — esa(k)|F) < €6) < €5 ' Copk? exp(—Ca0(k)) < exp(—k‘cg) .

This completes the proof of Proposition 6.4.

6.2 Proof of Proposition 6.5

We begin with an outline of the proof. Recall from Notation 6.1 that 7 is the passage
time from the origin to H, and h* is the maximum average passage time from a to any
point on 0H. By definition, H contains an Euclidean ball of size k around a, and by
Remark 6.2 H is contained in a ball of radius of the order of k around a. Thus, o (k) is
the order of fluctuation of passage times from a to any point on 0H. Therefore, to prove
Proposition 6.5, it suffices to show that the time it takes for I'(0, @) to reach 0H after
starting from a is slower than h* by a fraction of (k) with a non-negligible probability.
Here, by a non-negligible probability we mean probability at least exp(—(logk)¢) for
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some ¢ € (1/2,v). To prove this, we define H*, a subset of 0H, such that with high
probability I'(0, a) does not intersect 9H \ H*. Then, we show that passage times from
a to the points of H* can be uniformly slow with non-negligible probability. To achieve
this, we further define G*, a polygonal line which is roughly a discrete approximation
of a sector of a g-ball around a. We show that passage times from a to points on G*
are uniformly slow with non-negligible probability, and passage time from G* to H* are
sufficiently small, so that passage times from a to points of H* are also slow. Moreover,
G* is constructed in a way so that I'(0, a), when traced from starting from a, intersect
G* before H* with high probability.

Let us now begin the proof formally. By Remark 6.2, the maximum distance in the
direction —6, from a of a point in 9H is at most of the order of %, i.e.,

1 (a—x) < ) 1
;1’61%}}5[71'90796((1 x) < Cook (6.13)

We do not need to use any absolute value in the above equation because we have
assumed 6, € [0, 7/4]. Using Corollary 2.11 and (A2), we have for all x on I'(0, a) with
77;0 g (@ —x) < Cook

»Yo

ng,eg (a— )| < CasA(k)(log k)2,
with probability at least 1 — e~¢2¢1°¢% Thus, defining the event

&= {I‘(O, a) does not wander more than Co3A(k)(log k)'/2 in =+ 6} directions

before exiting H when traced starting from a} ,
we get
P(E)>1—exp(—Caslogk) . (6.14)
This motivates us to define H* as the portion of JH, facing towards the origin i.e.,
towards direction —f, from a, having width 2Cy3A(k)(log k)'/? in 6} direction, i.e.,

o {w € OH: ]wgmeg(a — )| < CoA ) (log k) /2, 7l g (a — ) > o} . (6.15)

Thus, (6.14) implies that the geodesic I'(0, a) does not pass through any point in the set
OH \ H* with probability at least 1 — exp(—Ca4 log k). Now we establish a bound on the
width of H*.

Lemma 6.7. Under the assumptions of Theorem 1.24 we have for large enough k

1
;2{;}1}2 7790795(a —x) > Cosk (6.16)
and
1 U | _ X 1/2
Iax Ty, o (a —x) Inin, Wao,eg(a xz) < CyA(k)(log k)™= . (6.17)

Proof. Consider x € H*. Recall the definition of g, from Notation 4.1. Then, using that
g is a norm, we get

gla —z) = g(my, o (a — )eq, + 5, o (a —x)ey;)
< g(ﬂéo,eg(a —x)eg,) + Q(Wgo,og (a—=x)ey)
= gala — @) + g(m5, o (a — x)ey;)
< ga(a — @) + Cor|mg, o (a —x)egy|
= ga(a — ) + Carlmj, o (@ — )] .
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Therefore, using (6.15), we get
Jala —x) > gla—x) — 027‘7%0’96((1 —x)| > gla — ) — CosA(k)(log k)'/? . (6.18)
Using Proposition 2.6, (6.3), (6.4), and (A2), we get
gla—x) > h* — Cyo(k)logk . (6.19)
Combining (6.18) and (6.19) we get
gala —x) > h* — C3oA(k)(log k)2 . (6.20)
Using (6.3) and Remark 1.3, we get
Jala—x)<gla—z)<h(a—x)+C3 <h"+Cs . (6.21)

Combining (6.20) and (6.21) we get

— x)— mi —x) < 12
max ga(a — @) — min ga(a — ) < CpA(k)(log k)
This establishes (6.17) because g,(a — @) is proportional to ﬂ-;o 93(‘1 — x). Combining
(6.13) and (6.17) we get (6.16). O

Construction and properties of G*: We denote the vertices of G* by (bi)fv:lf N, For

—N,; < i < N; we denote by G; the segment joining b; and b; ;. For each i # 0, we
denote the direction of a — b; by ;. We will define by in such a way that a — by has
direction 6,. So for each ¢ the direction of a — b; is 6;. Recall that we have assumed
0o € [0,7/4]. Thus, by our convention of orienting tangents in the counter-clockwise
direction (see Remark 1.15) we have 6 > 0. We construct G* satisfying the following
properties:

(1) by is situated on the line joining 0 and a;

(2) the points {b; : 0 < i < N;} are above the line joining 0 and a;

(3) the points {b; : —N; < i < 0} are below the line joining 0 and a;

(4) 0;s are in a small neighborhood of 6, say [0y — 6,6 + 4], so that 6! exists for all i;
(5) for 0 <i < Ny, direction of b; 1 — b; is 0%;

(6) for —N, < i < 0 direction of b;_; — b; is —6%;

(7) width of G* in :l:@f) direction is same as that of H*;

(8) total number of segments of G* is of the order of (log k)"2 for some vy > 0;

(9) length of the segments G; for — N, < 7 < N; — 1 are same, denoted by /; the
segments G_y, and Gy, _; have lengths < /.

Let us now proceed with the construction. Using Remark 1.19, we choose a § > 0
such that the limit shape boundary is differentiable in the sector [0y — J, 8y + J], and for 6
belonging to this sector, we have

|6° — 0F| < C3|0 — 6o] - (6.22)

Let v1, v» be constants such that

1
§<1/2<I/1<l/. (6.23)
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Let

1/2
(= M (6.24)
(log k)v2
The point b, is defined by the conditions:
Moo, (00) = 0, w5 o (bo) = max mg i (y) - (6.25)

yeH*

We construct (bi)fvzlo inductively as follows. Suppose for some j > 0 we have defined
(bo,...,b;). Further assume that (b, ..., b;) satisfies the conditions:

@) [0, —6p] <dforall0<i<y;
Gi) 75 4 (bj) < CasA(k)(log k)'/2;
(iii) direction of b;1 — b; is ! forall 0 <i < j.

Recall Cs3 is the constant used to define H* in (6.15). Due to convexity of 9B and due
to our convention of orienting tangents in the counter-clockwise direction, we have
Wéoﬂé (bjr1 — b;) > 0 and wgoy%(biﬂ —b;) > 0forall 0 <i< j. We construct b, as
follows. Let b be the point such that direction of b} — b; is 6%, ||b} — b, = {. We define
bj+1 to be b, if 7730796 (b)) < CasA(k)(log k)'/2. Otherwise, we take b; 1 to be the point
b} on the line joining b; and b which satisfies ﬂgo’%(b;') = Ca3A(K)(logk)'/?, and end
the construction. In (ii) above, the inequality is strong, because if we have an equality,
then we do not proceed with the construction. To establish that this construction is
well-defined, it suffices to show that |0;11 —6y| < J, where 0,4, is the direction of a—b;41.
Assuming § is small enough and using (6.22) we get forall0 <i < j

[sin (6 — 66)

Tgg,0t (Bir1 = b;) = by — bi”7|sin(93 )] = C546]|bi1 — byl (6.26)
and
sin(#! — 6
7730796 (bi-l—l — bz) = Hbi+1 — bT”M Z C35||bi+1 — b,H . (627)
By construction we have
Moo (bjer — @) =5 o (bjn —bo) = w5 gu (Bj1) < CasA(k)(logk)'/? . (6.28)

Taking sum over 0 < ¢ < j in (6.26) and (6.27), and using (6.28) we get
o0t (b1 = bo) < Cagdmy g (b1 — bo) < CardA(k)(logk)'/? . (6.29)
Therefore, using (6.16) and (6.25), we get
oo, (@ = bj1) > Cask . (6.30)

Combining this with (6.28) and using (A2) we get |0,41 — 6p| < ¢ for large enough
k. This shows that the construction is well-defined. In a similar way we construct
{b;: — Ny <i<0}. Werequire ”(go,eg(bi) decreases from 0 to —Ca3A(k)(log k)'/? as i
runs from 0 to —N,. Equations (6.28) and (6.30) also yield for all « in the part of G*
joining by and by,

C39k’ S ||G, — :BH S 040]{7 s (631)

but the same holds for all « in the part joining by and b_y,. By (6.27), (6.28), and (6.24)
we get N1 < Cy1(logk)”2, and the same is true for N,. Hence the total number of sides
of G* is bounded as

N =N+ Ny < C42(10g k)yz . (6.32)
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By (6.29), width of the part of G* joining by and by, is at most Cy3A(k)(log k)'/? in
0o direction, and the same holds for the part joining by and b_y,. Therefore, for all
z,y € G*

78,0t (& = )| < CaaA(k)(log k)2 (6.33)

This ends the discussion on construction and properties of G*. We now state two
propositions and complete the proof of Proposition 6.5 using them. Then we proceed to
prove these propositions.

Proposition 6.8. Under the assumptions of Theorem 1.24, there exists e; > 0 such that
for all large enough k we have

P(T(z,a) > h(z — a) + e;o(k) for all x € G*) > exp(—Cas(log k)"?) .
Proposition 6.9. Under the assumptions of Theorem 1.24, we have
]P(|T(:c,y) —h(z —y)| > 6§7a(lc) for somex € H*,y € G*) < exp(—k“*) |

where €7 is the constant from Proposition 6.8.

Let us now complete proof of Proposition 6.5 using these propositions. Define the
event

& ={T(0,a), when traced from a to 0, first intersects G* and then H* } .
Since &; C &, we have using (6.14)
P(&7) < exp(—Caglogk) . (6.34)
Define the events
& ={T(x,a) > h(x —a) +ego(k) forallz € G* } ,

and
&y = { IT(z,y) — h(z —y)| < %So(k) forall z € H*, y € G* } .

Using (6.34), Proposition 6.8, and Proposition 6.9, and (6.23), we get
P(& NENEs) > exp(—(logk)™) .

So let us suppose T € & N &y N &Es.
Since T € &, there exist points w* € G* and v* € H*, both situated on the geodesic
I'(0,a), such that
T(a,v") =T(a,w") + T(w*,v*), (6.35)

see Figure 10. Since v* € H* C 0H, we have
T(0,v") > 7. (6.36)
Combining (6.35) and (6.36) we get
T(0,a) =T(0,v*) +T(v*,a) > 7+ T(a,w*) + T(w",v*) . (6.37)
From T € & N & we get

T(a,w") + T(w*,v*) > h(w* — a) + eso(k) + h(v" —w*) — %80(1@)

> h(v* — a) + %80(1@) — Cyr,
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Figure 10: Setup of Proposition 6.5: we show that (i) the geodesic I'(0, @) when traced
starting from a intersects first G* and then H* with high probability; (ii) passage time
from a to points in G* can be large with non-negligible probability; (iii) passage time
between points in G* and points in H* are not too small with high probability. So passage
time from a to G* can be large with non-negligible probability.

where we get the extra constant at the end by Remark 1.3. Since v* is on 0H, from (6.3)
we have

h(v* —a) > h* —Cys . (6.38)
For large enough k£ we have

%So(k) — Oy — Cis > %U(k) . (6.39)

Therefore, combining (6.37)-(6.39) we get

T(0,a) > 7+ h* + %a(k) .

Letting e := eg/4 completes proof of Proposition 6.5. Let us now prove Propositions 6.8
and 6.9.

6.2.1 Proof of Proposition 6.8

Recall G; is the segment of G* joining b; and b;,; for all — N, < ¢ < N;. For all 4, let
a; be the point on G; which has the maximum expected passage time from a. By (A3),
there exists eg > 0 such that for each 1,

P(T(a,a;) > h(a; — a) + eso(|la; — al|)) > es .
Therefore, using (6.31) and (A2) we get, for some €9 > 0 and for all 7,
]P(T(a,ai) > h(al - a) + GgU(k)) > €9 . (640)

Define for each ¢
D; =max{|T(a,z) — T(a,y)|: z,y € G;}.

Recall 15 > 1/2 from (6.23). Choose v53 > 0 such that

V3 < %(W —1/2). (6.41)
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Recall from Remark 1.2 our convention of using tilde on parameters. To bound D, for
t < 0 we use Theorem 1.23 with the variables

’f] =3, éo = —91‘4_1 5 L= E, n = ||bi+1 — a|| .

To bound D; for ¢ > 0 we use Theorem 1.23 with the variables

=3, 9~0 = *91 , L

[, n = ||b1—a||

il

Using (6.24), (6.31), and (A2), we get L > Ly, 7t >, L < A(n), as required. Using
Theorem 1.23 and (A2), we get for large enough ¢

P(D; >t (logk)” o (AT(€))) < Cag exp(—Csot (logk)™?) . (6.42)
Using (6.24) and (A2), we get

o(k)

> O (log k)3t (v2—1/2)(2a)/(146)
S(A1(0)) (log Ry = Clleeh)

By (6.41), this can be made arbitrarily large by choosing & large. Therefore, in (6.42) we

can choose
) o(k)
) a(A=1(0))(logk)vs ’

and we get for large enough k&
€9 €9
> Dok ) <9
]P(D > Zalk) <5
Combining this with (6.40) we get for all ¢

€9

]P(T(a,:c) > hz —a) + %go(k) for all z € Gi) > S

Since for each i, inf{ T'(a,z) — h(x — a): € G, } is an increasing function of the edge-
weight configuration, by the FKG inequality we get

IP(T(a,a:) > h(x—a)+ %gg(k) forall xz € G*) > (%)N ,

where recall from (6.32) that N is the total number of segments in G*. Using (6.32) we
get

]P(T(a, z) > hz — a) + %%(k) forall z € G*) > exp(—Csz (log k)*2) .

This completes the proof of Proposition 6.8.

6.2.2 Proof of Proposition 6.9

By (6.17), width of H* in the direction 6 is 2C53A(k)(log k)*/2. By (6.33), width of G* in
the direction 6 is C53A(k)(log k)'/2. By construction of G* we have

: 1 _ 1
mrrégl 60,68 (x) = ;ré%x T60,0% (y) .

Both G* and H* are centered around the line joining 0 and a, and both go up to distance
Ca3A(k)(log k)'/? in the directions 6§} and —6}. Therefore, for all z € G* and y € H*

|z — y|| < CssA(k)(logk)'/? .
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Using (A2), the number of pairs (|x],y) (recall Notation 1.1) where x € G* and y € H*
is at most Cs5k2. Hence, using (A1), (A2), and a union bound, we get

]P(\T(a:,y) —h(x —y)| > %70(14;) for some x € G* and y € H*)

o(k)logk >
(A(k)(log k)'/2)

< Csek? exp <—Cs7
o
< exp(—kc58) .
This completes the proof of Proposition 6.9.

6.3 Proof of Proposition 6.6

The passage times 7(0,a) and T(0,b) are increasing functions of the edge-weight
configuration T. Therefore, using the FKG inequality and taking expectation we get

E[Cov(T(0,a), T(0,b)|F)] > 0.

Define two collections of paths

I1(0,a) == { v : v is a path from 0 to a, and for all lattice points
. . 2 1
y in v outside F' we have ‘7790796 (y — a)‘ < §A(k)(log k)T
I1(0,b) == { ~ : v is a path from 0 to b, and for all lattice points
. . 2 1 m
y in « outside F' we have ‘”90,95 (y — b)‘ < iA(k)(log k)b

Since |7r(§0 eg(a —b)| =L =A(k)(logk)", a path in I1(0, @) does not touch a path in I1(0, b)
outside F'. Let

7'0,a) = min T T'(0,b) == min T(v).
(0,a) | min (7), (0,b) o (7)

Since paths in I1(0, @) do not intersect paths in I1(0, b) outside F, 77(0,a) and 77(0, b)
are independent conditioned on F.

Let I'(a, F') be the geodesic from a to F i.e., the path with minimum passage time
from a to a point in F'. Let T'(a, F) := T(I'(a, F)). Since F touches H, we have

T(a,F) < T .
(a.F) < maxT(a.y)

By Remark 6.2, H is contained in a square of side length Csygk. Therefore, by Lemma 2.2
we get that there exist positive constants Cgg and Cg; such that

IP(T((I, F) > Cgok) S exp(mek) . (643)
Let
T'(0,a) = min{77(0,a),7 + Ceok } , T"(0,b) := min{7'(0,b), 7 + Ceok } .

Because 77(0,a) and 7"(0, b) are independent conditioned on F, 7%(0, a) and 7%(0, b) are
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also independent conditioned on F. Therefore

E[Cov(T(0,a),T(0,b)|F)]

E[Cov(T(0,a) — T*(0,a),T(0,b) — 7|F)]
+ E[Cov(T"(0,a) — 7,T(0,b) — T*(0,b)|F)]

E {(E((T(O, a) — T4(0, a))2|]-')> i (]E((T(O, b) - T)2|f)) 1/1

IN

+E {(E((T(O, b) — T*(0, b))ﬂf)) 2 (E((T’f(o, a) - T)2|]-"))1/2]

1/2

IN

(IE {(T(O, a) — T*(0, a))Q] ) v (]E [(T(o, b) — 7)2})

1/2

v (E[(T(o, b) — T(0, b))QDU2 (E[(T’f(o, a) - T)QD . (6.44)

Let « be the point where F' touches H. Therefore T(0,x) = 7 < T(0,a). Hence
0<T(0,a) — 7 <T(a,z). Using that H is contained in a box of size Cs9ok we get

E [(T(o, a) - 7)4} < E[T(a,x)"] < Ceak? . (6.45)

Since 77(0, a) is the minimum passage time restricted to some paths from 0 to a, we
have 77(0,a) > T(0, a). Therefore T%(0,a) > 7. Therefore

IT(0,a) — 7| < Cesk . (6.46)

Combining (6.45) and (6.46) we get

(E(T(o, a) — T(0, a))2)1/2

1/4

< (E(T(o,a) . Tt(O,a))4) P(T(0,a) £ T'(0,a))"*

< [(]E(T(O, a) - 7)4) Y (E(Tt(O, a) - 7)4) 1/1 P(T(0,a) £ T'(0,a))"*
< Cesk P(T(0,a) # T'(0,a)) " . (6.47)
Similarly we have
E (T(0,b) — 7)° < Cgsk? . (6.48)
and
ot 2\ 1/2 " 1/4
(E (T(0,b) — T(0, b)) ) < Coehk P (T(0,b) # T(0,b))/* . (6.49)
Therefore, combining (6.44), (6.47)-(6.49) we get
E[Cov(T(0,a),T(0,b)|F)]
< Crk? (IP(T(O, a) # T'(0,a))"* + P(T(0,b) # T*(0, b))1/4) . (6.50)

Let us consider the term P(7(0,a) # T%(0,a)), the other one can be dealt similarly.
Depending on Cg there exist positive constants Cgg and Cgg such that for large enough
k we have

]P(mln{ T(a, y): ||y - a” = C(;gk} < 060/6) < exp(—ngk) . (651)
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Define the events
51 = {T(CL,F) < Cﬁok} 5
&y = {min{7T(a,y): |y — al| = Cegk } > Ceok } ,
& = {Diam(T'(a, F)) < 2Cgsk } .

Therefore, £; and & implies £3. Recall Notation 2.7. Let

= I } n
&y = {k/%%iskW(a,O,k ,—bp) < 2A(k:)(log k)T b

Using Corollary 2.11 and > 1/2, we get
P(&5) < exp(—Cro(logk)*) . (6.52)

IfT € & NENEy then T(0,a) = T(0,a). Therefore, combining (6.43), (6.51), and
(6.52), we get
P(T(Oa a) 7é Tt(oa Cl)) S eXp(—C'n(lOg k)277) .

Similar bound holds P(7(0,b) # T*(0,b)). Therefore, using (6.50) and 1 > 1/2, we get
E[Cov(T(0,a),T(0,b)|F)] < Cra

for any C75 > 0, provided k is large enough. This completes the proof of Proposition 6.6.

7 Upper bound of the long-range correlations

In this section, our objective is to prove Theorem 1.28. Due to symmetry of the lattice,
without loss of generality we assume 6, € [0, 7/4]. Fix Jy > 0, ng > 0 to be assumed large
enough whenever required. Consider n > ng, J € [q'/2Jy,n’]. Let m := f~*(Jf(n)/Jo),
so that

A(m)(logm)'? _ A(n)(logn)'/?

Jo =J : (7.1)
m n

Using J > q'/2.Jy and (A2) we get m < n. Using § < (1—)/2, J < n’, (A2), and assuming
ng is large enough, we get

logm > Cilogn . (7.2)
As a shorthand notation let us use
a = neg, + JA(n)(log n)l/Qega ,
b = neg, — JA(n)(log n)l/Zegé .
Using 6§ < (1 — 8)/2 and J < n°, we get ||a/| and ||b]| are at most Con. Let
H = {a: € R?: 71'50,98(.’13) > m} .

Let F be the sigma-field generated by all the edge-weights 7. such that both endpoints
of the edge e are in H. Our objective is to establish upper bound of Cov(T'(0, a),T(0,b)).
We split the covariance in expectation of conditional covariances given F and covariance
of conditional expectations given F, and establish upper bound of them separately.

Proposition 7.1. Assuming .Jy and ng are large enough, we have

|Cov(E(T'(0,a)|F), E(T(0,b)|F))| < Cs . (7.3)
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Figure 11: Setup of Proposition 7.1: distance between u and v is 2JA(m)(logm)'/?; H
is the region to the right of 9H; R, is the subset of H above the line in direction 6y, Ry
is the region below the line; with high probability I'(0, a) stays in R, while it is in H,
I'(0,b) stays in Rp while it isin H.

Proof. Define two regions
R, = {ac € R*: Wémeé(m) >m, 71'30,96(:1}) > 0} ,
Ry = {:c € R%: 7750’96(33) >m, 7"30,03(‘”) < 0} .
Define the event
& = {I'(0,a) stays inside R, while it is in the region H } ,

i.e., for all w € I'(0,a) with 7 . (u) > m we have 7 ,.(u) > 0. Similarly, define the
Y0 70
event

&y = {T'(0,b) stays inside Rp while it is in the region H } .

Define a set of points V as follows. Recall that we have assumed 6y € [0,7/4]. If 6y =0
then let V be the points ke; with k& € [m,n] N Z (recall e; is the positive x-axis direction).
If 6y # 0, then let V be the set of points u on the edges of the integer lattice grid (so that
u has at least one integer coordinate) satisfying wém% (u) € [m,n] and wgo% = 0. Thus,
in both cases, the number of points in V is bounded by Cyn. Let K be the set of values of
7;0,03 (u) where u € V. Therefore, if T ¢ £, then we have the following three cases:

(i) either W (0,a,m,0y) > JoA(m)(logm)'/2; or,
(i) W(0,a,k,0y) > Jo(k/m)A(m)(logm)!/? for some k € K; or,
(iii)) W (0, a,k,0y) > JA(n)(logn)'/? for some k > n.
Using Corollary 2.11 and (7.2) we get
]P(W (0,a,m,0y) > JoA(m) (log m)1/2> < Csexp(—CgJg logn) . (7.4)
By (A2) and (7.2) we get for k € [m, n|

Jo(k/m)A(m)(logm)*/? > JoCrA(k)(log k)2 .
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Therefore, using Corollary 2.11 and (7.2) we get for each k € K
IP(W (0,a,k,0) > JO%A(m) (logm)l/z) < Csexp(—CyJg logn) . (7.5)
Assuming Jj is large enough, we can take a union bound over k£ € K. Then we get
]P(W (0,a,k,00) > JO%A(m) (logm)1/2 for some k € IC)
< Chio exp(fClng logn) . (7.6)
Using Corollary 2.9 we get
]P(W (0,a,k,600) > JoA(n) (logn)"/? for some k > n)
< Chiaexp (—Cngg log n) . (7.7)
Combining (7.4), (7.6), and (7.7) we get

P(&7) < Cua exp(—Clg,Jg log n) . (7.8)

The same holds for the event &s.

Let T(O, a) be the minimum passage time among of all paths from 0 to a which
stays in R, when in H. Similarly define 7(0, b). Then E(7'(0, a)|F) and E(7(0, b)|F) are
independent because R, and R, are disjoint. If T € &, then T(0,a) = 7(0,a), and if
T € &, then T(0,b) = T(0,b). Using ||la|| < Can, ||b]| < Cyn, (7.8), and the same bound
for &, we get

Cov(E(T(0, a)|F), E(T(0,b)|F))

IA

o\ 1/2
(E(T(O,a) —T(o,a)) ) (ET(0,b)2)"/

+ (]E(T(O, b) — 10, b))2> v (ET(0, a)2)1/2

IN

P(&) (]E (T(o, a) — 70, a)>4> v (ET(0,b)%)"?

+P(e5)? <E(T(0, b) — 10, b))4)1/4 (ET(0,b)%)"

< Cign? eXp(—CnJg log n)
<Cis .
This completes the proof of Proposition 7.1. O
Now we consider the expected conditional covariance. We have
E[Cov(T(0,a), T(0,b)|F)] < (E[Var(T(0,a)|F))/*(E[Var(T(0,b)|F))*.  (7.9)

We establish an upper bound of E[Var(T(0,a)|F)]. A similar upper bound also holds
for E[Var(T'(0, a)|F)]. Consider an independent edge-weight configuration on the edges
which have at least one endpoint not in the half-space H. Let 77(0, a) be the passage
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time from O to a on the new configuration. Let I''(0, a) be the corresponding geodesic.
Then T'(0,a) and 77(0, a) are independent given F. Therefore

E [Var (T(0, a)|F)]

E {E (; (T(0,a) — T'(0,a))? ]f)]
SE[(10.0) - T'(0,0)7] . (7.10)

Proposition 7.2. Assuming J, and ng are large enough, we have

E [(T(o, a) - T’(o,a))ﬂ < Cro0?(m)logn . (7.11)

Figure 12: Setup of Proposition 7.2: the segment 7 is a part of 9H, see Figure 11 for
the location of OH; the geodesic (0, a) is constructed by taking a new configuration in
the left-side of 9H. With high probability, both geodesics I'(0,a) and I'(0, a) intersect Z
when they intersect 0H.

Proof. Consider the line segment
7= {m € R%: Wéo’%(w) =m,0< ”go,eg(w) < 2JoA(m)(logm)'/? } .
Define the event &3
&3 = {T(0,a) and I'(0, a) pass through Z } .

If T ¢ & then both I'(0,a) and I'(0,a) wander more than JoA(m)(logm)/? in +6}
directions when they are at distance m in 6, direction from 0. So, using Theorem 2.8
and logm > C1logn, we get

P(&5) < Cyexp (—Cgng log n) )
Therefore, using ||a| < Can and assuming .Jy is large enough, we get
E[(T(O, a) - T’(o,a))zn(z‘g)} < Oy . (7.12)
If we have T € &, T'(0, a) passes through « € Z, and I'V(0, a) passes through y € Z, then
T(0,z)—T'(0,z) <T(0,a) —T'(0,a) <T(0,y) —T'(0,y) .
Therefore

E|(T(0,a) — T'(O,a))Z]l(Sg)} < E[max(T(O,z) —T7(0,2))°| . (7.13)

z€T
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For every z € Z, T(0, z) and 77(0, z) have the same mean. Using (7.1), J < nd, § <
(1 —8)/2, and (A2), we get ||z|| < Ca3m for all z € Z. Therefore, by (A1) and (A2), for all
t>0

IP(max|T(0,z) —-T'(0,2)| > tU(m)) < Coymexp(—Cost) .

z€T
Therefore,
E[ma%((T(Q z) — T’(O,z))z] < Cag0?(m) logm .
ze
Combining this with (7.12), (7.13), and using m < n proves Proposition 7.2. O

Combining (7.10) and (7.11) we get
E[Var(T(0, a)|F)] < Car0?(m)logn .
By symmetry, the same statement holds if we replace a by b. Therefore by (7.9) we get
E[Cov(T(0,a),T(0,b)|F)] < Cago?(m)logn . (7.14)

Therefore, by (A2), the bound on the covariance of the conditional expectations in (7.3)
is negligible compared to the bound on the expectation of the conditional covariance in
(7.14). Thus, combining (7.3) and (7.14), proves Theorem 1.28.
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