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Abstract

Recently, in [11], the “coin-turning walk” was introduced on Z. It is a non-Markovian
process where the steps form a (possibly) time-inhomogeneous Markov chain. In
this article, we follow up the investigation by introducing analogous processes in
74, d > 2: at time n the direction of the process is “updated” with probability py;
otherwise the next step repeats the previous one. We study some of the fundamental
properties of these walks, such as transience/recurrence and scaling limits.

Our results complement previous ones in the literature about “correlated” (or
“Newtonian”) and “persistent” random walks.
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1 Introduction

We are going to study a non-classical random walk. This kind of process has been
studied in one-dimension in [11], and we now define and study the higher dimensional
analogs. To avoid ambiguity, in this paper, by geometric distribution we will mean the
probability distribution of the number of Bernoulli trials (and not failures) needed to get
one success, i.e., the random variable with support on {1,2,...}. It will be denoted by
Geom(p). Finally, by symmetrized geometric distribution with parameter p € (0,1) (or
Sgeom(p)) we will mean the distribution of a random variable X such that

1
P(X:m):pmzi(kp)lm'*lp, m=+1,42,43,... (1.1)

This latter distribution will play an important role during the investigation of the two
dimensional homogeneous case; see Section 2.

1.1 The coin-turning process

We start with reviewing the notion of the coin-turning process, which has recently
been introduced in [10]; note however, that the following definition is slightly different
from that in [10]. Let p2, p3, p4... be a given deterministic sequence of numbers such that
pn € [0,1] for all n; define also ¢, := 1 — p,,. We define the following time-dependent
“coin-turning process” X,, € {0,1}, n > 1, as follows. Let X; = 1 (“heads”) or = 0 (“tails”)
with probability 1/2. For n > 2, set recursively

0, with probability p,,/2;
X =11, with probability p,, /2;

X,_1, otherwise,

that is, a fair coin is flipped with probability p,, and stays unchanged with probability ¢,.
Additionally, one can define p; = 1 and Xy = 0. The process defined above is the same as
the one in [10] with the sequence p,, := p,,/2, and so turning occurs with probability at
most 1/2.

Consider X y := % ij:l X, that is, the empirical frequency of 1’s (“heads”) up to
time N, in the sequence of X,,’s. We are interested in the asymptotic behavior of this
random variable when N — oo. Since we are interested in limit theorems, it is convenient
to consider a centered version of the variable X,;; namely Y, :=2X, — 1 € {—1,4+1}. We
have then

+1,  with probability p,,/2;
Y, :=4¢ -1,  with probability p,/2; (1.2)

Y,_1, otherwise.
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Note that the sequence {Y,,} can be defined equivalently as follows:

Y, = (_1)25;1 Wi
where Wy, Wy, W3, ... are independent Bernoulli variables with parameters p;/2, p2/2,
p3/2, ..., respectively. Let also F,, := o(Y1,Y2,..,Y,), n > 1.

For the centered variables Y;,, we have Y, = YA—l)ZL1 Wk j >4, and so, using Corr
and Cov for correlation and covariance, respectively, one has

Corr(Y;,Y;) = Cov(V;,Y;) = B(Y;Y;) = B(—1)Zin Wk (1.3)
J J
= HE(—l)Wk = H (1 —pr) =: €53
i+1 k=i+1
E(Y; | Y;) = ViB(-1)Z0 s = ¢; ;Y. (1.4)

The quantity e; ; plays an important role in the analysis of the coin-turning process.
Finally, throughout the paper, we will use the notation |z| for the standard Euclidean
norm in R¢.

1.2 The one-dimensional coin-turning walk
We recall from [11] the definition of the coin-turning walk in one dimension.

Definition 1.1 (Coin-turning walk in Z). The random walk S on Z corresponding to the
coin-turning, will be called the coin-turning walk. Formally, S,, :=Y; + ...+ Y, forn > 1;
we can additionally define Sy := 0, so the first step is to the right or to the left with equal
probabilities. As usual, we can then extend S to a continuous time process by linear
interpolation.

Even though Y is Markovian, S is not. However, the 2-dimensional process U defined
by U,, := (Sp, Sn+1) is Markovian.

In[11] the one dimensional coin-turning walk has been investigated from the point of
view of transience/recurrence and scaling limits.

1.3 Generalizing the “coin-turning walk” to higher dimensions: “conservative
random walk”

We define a random walk corresponding to a given sequence p,,n = 2,3,... in [0, 1]
for d > 2, similarly to the case d = 1 in Definition 1.1. Now, instead of turning a “coin”,
we have to roll a “die” which has 2d sides.

The steps are defined as follows. Let Y,, € {£ei,...,+eq} where e; are the 2d unit
vectors in R?, and let Y; be chosen uniformly from these vectors. Let the vectors Y7, Y5, ...
form an inhomogeneous Markov chain with the transition matrix between times n and
n + 1 given by

(1 —pp)Ig+ %Am n>1,

where 1; is the d x d identity matrix and

1 1 ... 1

11 ... 1
Ad:: .

1 1 1

is the d x d matrix of ones.
Now we define the random walk S on Z%, starting at z. Let S, := 2+ Y., Y; for
n > 0 (with the usual convention that 2?21 = 0), and denote by IP, the law of this walk.

EJP 27 (2022), paper 138. https://www.imstat.org/ejp
Page 3/29


https://doi.org/10.1214/22-EJP863
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Conservative random walk

Sometimes we will simply write IP when z = 0. Equivalently, we can define a sequence
of independent Bernoulli random variables n;, i = 0, 1,. .., such that P(n; = 1) = p;, and
the increasing sequence of stopping times 7;, such that 7o = 0 and

Tj+1=inf{k'>7'j:77k.=1}, 7=0,1,2,...

At times 7; the walk S,, behaves just like a simple symmetric random walk, while in
between those times it keeps going in the direction it was going before.

For the sake of completeness, we will include the time-homogeneous case too, that is
the case when p,, = p for n > 2 where 0 < p < 1 (when p = 0 the walk moves in a straight
line, while the case p = 1 corresponds to the classical simple symmetric random walk; so
we do not consider these two degenerate cases).

Intuitively, the walker is more “reluctant” to change direction than an ordinary
random walker, motivating the following definition.

Definition 1.2 (Conservative random walk). We dub the process S the conservative
random walk in d dimensions, corresponding to the sequence {p,}.

Remark 1.3. Regarding the sequence of the p,,’s we note the following.

(i) In this paper, we will focus on the case when the p,,’s are non-increasing (“cooling
dynamics”). Nevertheless, studying growing p,,’s and mixed cases also makes
sense. We hope to address this topic in future work.

(ii) The probability of changing the direction is p,, - Z‘é—;l < Q‘é—;l. Our setting thus rules

out the kind of heating dynamics (allowed in the setup of [10]) when the probability

of changing the direction approaches one. o

We now make a fundamental definition.
Definition 1.4 (Recurrence/transience). We call the walk S

e recurrent if Po(S, =01i.0.) =1;
» weakly transient, if it is not recurrent in the above sense;
¢ strongly transient if Pq(lim,, o |S,| = c0) = 1.

Remark 1.5 (Differences compared to traditional categorization). It is easy to see that
strong transience implies weak transience, and that, in fact, P, (lim,, o |Sn| = o0) =1
for each z € Z<. On the other hand, for recurrence, the probability might depend on the
starting point as well as on the “target.”

Unlike in the case of a simple random walk, it is not a priori clear whether weak
transience necessarily implies strong transience. For example, the walk might come
close to the origin infinitely often, without hitting it, see Figure 1. Also, as mentioned
above, it is hypothetically possible that the walker visits the origin infinitely often, yet
visits some other fixed point only finitely often.

Note that both of these scenarios are possible only if the probability p,, of updating
the direction is not bounded away from zero. Indeed, for a usual random walk, if it
hits the origin infinitely often, every time it does, it has a fixed positive probability of,
e.d., going to (1,0) on the next step. Hence, by the usual arguments, it will also hit
(1,0) infinitely often. Our random walk, while possibly hitting zero only from a vertical
direction, say, at times 71,72, 13 etc., might never change its direction at the origin and
simply continue going vertically, if ), p,, < co. Thus, the previous argument will not
work.

Finally, although a simple application of Kolmogorov’s 0 — 1 law shows (the 7, are
independent and the directions chosen at updates too) that P, (lim,,_, « |:S,| = o0) € {0,1},
we cannot rule out the possibility that e.g. Po(S, = 01i.0.) € (0,1). o

EJP 27 (2022), paper 138. https://www.imstat.org/ejp
Page 4/29


https://doi.org/10.1214/22-EJP863
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Conservative random walk

Figure 1: A sample path of the walk; the origin is denoted by star. Each arrow keeps
track of the “total” horizontal/vertical relocation only.

1.4 Some motivation coming from the literature

Models similar to ours have appeared in the literature under the names “correlated”
(or “Newtonian”) random walk and “persistent random walk.” (Here “Newtonian” refers
to the fact that the position of the particle as well as its “velocity” affect the next step.)
In the statistical physics literature, correlated random walks are often called “random
walks with internal states.”

Scientific phenomena where these models are relevant include polymer growth by
sequential addition/deletion of single monomers, and also when a population with births
and deaths is considered — in both cases, growth may predict more growth. Further
ones are flows through a branched structure and the theory of cooperative phenomena
in crystals. See [7, 8] for more details on these.

Following chronological order, we first mention that in [8] random walks with “re-
stricted reversals” (i.e. correlated walks) were studied on a class of lattices. Next, [15]
treats a two-dimensional problem, where the walker must turn either to the left or to the
right, relative to the previous step, with given (constant in time) probabilities. In [17] a
one dimensional model is considered with a fixed probability of reversal of the last step.

Proceeding to the 1980 s, one dimensional correlated random walks in the homoge-
neous case are treated in [22]. Persistent random walks were studied in [26], where
the “persistence mechanism” is given by specifying it at each lattice point and it is done
randomly (i.i.d.). In this random environment model, the setup is “quenched,” that is,
almost sure statements (with respect to the environment) are sought. The main focus of
the work was obtaining Central Limit Theorems. One dimensional correlated random
walks are again discussed in [7] and here even a related time-inhomogeneous model (“an
increasingly more sluggish walk”) is investigated. The article [12] investigates restricted
random walks on d-dimensional lattices.

Turning to the 1990 s and later, [5, 6] revisit the Gillis-Domb-Fisher correlated
random walk and generalize it, while [4] studies again the one dimensional correlated
random walk but this time with two absorbing boundaries. For d = 2, [19] investigates
the recurrence of persistent walks. The paper [16] considers (generalized) correlated
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random walks and studies their diffusive limits. Random flights are similar processes
too. Here a particle in R? changes direction at Poisson times [21].

Also, as pointed out to us by Andrew R. Wade, correlated random walks may also be
discussed by using additive functionals (this connection is found in [23] and [14]), while
some applications in statistical sampling utilize processes “with momentum” as well [2].

Finally, recalling that we are mainly interested in the case when p,, | 0, we mention
that considering “cooling” or (simulated) “annealing” is quite standard in the probabilis-
tic/statistical literature. For papers in this direction which are also quite closely related
to our own setup, please see [1, 3] and the references therein.

1.5 Outline

The rest of the paper is organized as follows. In Section 2, as a warm-up, we prove
recurrence when d = 2 and p, = p € (0,1). In Section 3, we derive the scaling limit
in this case, while in Section 4 we do that for the critical case, when the scaling limit
is very different (a “zigzag process”). In Section 5, we consider the (recurrent) case
when the sequence of the p,,’s is periodic, followed by the proof of transience for the
two dimensional walk when p,, has a sufficiently strong decay, as well as that of strong
transience for certain multidimensional cases. In Section 6 we formulate some open
problems. Finally, the Appendix states and proves some technical lemmas.

2 Homogeneous case; recurrence on 7
We start with a discussion of the time-homogeneous case. The next result is perhaps
not too surprising.

Theorem 2.1 (Recurrence on Z?; homogeneous case). Let d = 2 and p, = p € (0,1),
n > 2. Then the random walk S is recurrent, that is, S,, = (0,0) infinitely often a.s.

Proof. (i) Recall that 71, 75,... are the consecutive times when the random walk S
updates its direction, let 7y = 0 and introduce the embedded walk S = (Sj)x>0 where
Sy = Sr.,k=0,1,2,.... This process is a two-dimensional long-range random walk with

independent increments, such that

Sit1 = S = (k& (1 — K)&),

where & ~ Sgeom(p) as in (1.1), x; is Bernoulli(1/2) and {&, ~;}; is a collection of
independent random variables. Equivalently, we can describe S as a process with
independent increments distributed as

(|&],0),  with probability 1/4;
= = (—]&,0), with probability 1/4;
Sit1— 81 = . o

(0,1&]),  with probability 1/4;

(0,—1&]), with probability 1/4,
and the |§|’s are i.i.d. Geom(p) variables. We will show that, in fact, even the embedded
process S is recurrent, and, as a result, so is S. To show this, one can directly use
Proposition 4.2.4 from [18] which says that any time-homogeneous random walk on
72 with zero drift and finite second moment is recurrent, but for the sake of being
self-contained, we present a short proof based on Lyapunov functions.

Recall that |(z,y)| = /22 + y2. We use Theorem 2.5.2 from [20], implying that in

order to establish recurrence, it is sufficient to find some function f : 72 — Ryand A >0
such that

1In fact this whole subsection is based on his suggestions.

EJP 27 (2022), paper 138. https://www.imstat.org/ejp
Page 6/29


https://doi.org/10.1214/22-EJP863
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Conservative random walk

s f(2) = 0 as |z| = oo;
« if M; := f(S;) then the process M = {M;},—o.1,2.... satisfies

E [Ml-',-l — Ml ‘ gl = (Z‘,y)] S 0, (21)

whenever |(z,y)| > A, 1 =0,1,2,... So, informally, M is “a supermartingale, outside
some disc”,

We will use the function f : Z2? — R, defined as

o) — {1n(x +y?—a) =l (|(2,y)?—a), if|@y)]>vVati;

0, otherwise,

for some a > 0 to be chosen later. Denote r := |(z,y)|, 11 =2 + k§ and y1 =y + (1 — K)E,
and assume that r > 3, where ¢ and x have the distribution of ¢; and «;, respectively.

Define the event
£={l¢|<r-va+1}.
By the triangle inequality, on £ we have |(z1,y1)| > v/a + 1 and thus f(z1,y;) = In(z} +
yi — a).
Define the random variable ¢ = 9 (z,y) for ||(z,y)|| > Va + 1
x, with probability 1/2;
y, with probability 1/2,

26¢ 4 &2

P = x2+y2awhere(::am—&—y(l—n):{

and ( is independent of £. Letting S; = (z,¥), Si+1 = (21,¥1) a straightforward computa-
tion yields that if r, ||(z1, 1)|| > Vva + 1 then

Ay = f(Sip1) — f(S) =In(z? +y? —a) —In(r* —a) = In(1 +¥),
Consequently, if » > v/a + 1 then

E[A|S = ] E[Ale | S = (2,9)] + E[Alge | S = (,y)]
E[In(1 + w)lg] +E [Alee | S = (2,9)] (2.2)
E[In(1 + ¢)1e] + E [In(2? + y?)1ee] =: (I) + (I1).

Another simple computation, using the independence of ( and &, gives

]E 2
g = o,
—Qa
E 4 2 2 2 E 2
(> —a)?
6(a® + y*)EE*
E 3 — O —6 E 6
where we used the fact that the odd moments of £ equal 0. Also observe that
2 — 2 — 24+ 12(1 —
Rt SR 2-p)p J; (1-p) 2.4)
p p
since p(\) = BeMél = ﬁ € (0,00) for A < —log(l — p), and EE™ = El¢|™ =
A o( )|,\=o for 0 < m € 2IN.
Now we will use the elementary inequality
U2 U3
In(1 + u) §u—?+§ foru > —1, (2.5)
EJP 27 (2022), paper 138. https://www.imstat.org/ejp
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and observe that (as a brief computation reveals) for fixed (z,y) satisfying r > va + 1
we have 1) > —1 almost everywhere on the event £. Hence, by (2.3), (2.4) and (2.5), we
have that

(I) < [<¢—+w3> } []Ew E(2)+ (1/)3)}4-(][])

3
_ 2-p)2a 2?;)10( _3?;()13 SO G  (ary = - CHAD ),
where 9 3
(II1) = — sz vy 1@) 156] :

and C,, is some polynomial of p. Note that C = C(a) > 0 if 2a — 3p* — 36(1 — p) > 0, that
is if we choose a = a, > 3/2 + w. We choose such an a and fix it for the rest of the
proof.

We also have

|(IIT)| < E {<|¢| + =+ W'S) 14 < Cze= O,

for some C», C3 > 0, since, assuming that r, and hence max(
we get

), is sufficiently large,

2+ —a> 4max(|z|,|y]) > 2

yielding [¢| < 1(|¢] + £?) < €2 (recall that |¢| > 1) and hence for a positive integer m

we have E(|¢|mlgr) =K <|¢|m1|§|>r_\/m) <E <§2m1|§|>r_\/m> Cl —Car using the
properties of the geometric distribution.
Let us also note the inequalities

In (x% + y%) <In ((2372 + 2/{252) + (2y2 +2(1 - ,%)252))
=1In (22% + 2y + 267) < In(2r?) + In(2€?),

which use the fact that In(a + b) < In(a) + In(b) whenever min(a, b) > 2. As a result, the
second term in (2.2) satisfies that

(I1) < E[(In(2r?) + 2In[¢]) 1ee] (2.6)
=mn@2r*)P (|¢| >r—Va+1)+2E [ln (2¢%) ]‘|§|>r7\/ﬁ:| < Oy ln(r)e 2"

for some C'1, Cy; > 0, using again the properties of the geometric distribution.
Consequently, from (2.2) and (2.6) we conclude that

C+o(1)

E[A; | S = (z,y)] < -

, as r — oo,
r

which is negative for » = |(z,y)| sufficiently large, and we can apply Theorem 2.5.2
from [20], as alluded to at (2.1), thus completing the proof. O

3 Homogeneous case; scaling limit

We will exploit the following lemma later, but we think that it is also of independent
interest. Let L,, be a one dimensional coin-turning walk, where p,, = p € (0,1) for Y,
in (1.2).
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Proposition 3.1 (Tail estimate for the one-dimensional walk). There exists an Ny € IN
such that if n > Ny then foralla > 1,

P(|L,| > av/n) < f(p,a), where f(p,a) :=2exp{—p*>a/5}. (3.1)

Before presenting the proof of Proposition 3.1, we state and prove a lemma which is
a consequence of this proposition.

Lemma 3.2 (Upper bound on distance; d > 2). If d > 2 then there is an Ny € IN such that
forall a > +/d and n > Ny,

P(Sul = avin) < df (p,a/Vd).
where f is given in (3.1).

Proof. Let SU), j = 1,2,...,d be the j-th coordinate of S. Since after an update, with
probability 1/d the walk will be moving along the same axis as before, and with probability
1 — 1/d it will start moving in a perpendicular direction, we can write

Sr(zj) _ L,(@j)

for some x = k) € {1,2,...,n}, and L has the distribution of the one-dimensional
walk as in Proposition 3.1. By Proposition 3.1, we have

P ( > a\/Z) =P (‘L,(j) > (a\/Z) \/E) <f <p,a\/z> <f (p7a/\/g)

since a — f(p,a) is decreasing, n/x > 1, and a/\/g > 1. This, in turn, implies

57(lj)

12 ,
Z |:ST(LJ):| >ayn | <P (|S7<l1)| > a\/Z for some j € {1,...,d})

j=1

O

Proof of Proposition 3.1. Define the strictly increasing integer sequence of stopping
times
0:7'0<T1 <Tp<...,

when the walk updates its direction; it keeps going in the same direction between times
7; and 7;,41. Then the 7, — 7,1 ~ Geom(p), k = 1,2,... are i.i.d. Moreover, Ly = L,
defines the embedded walk, where

L =&+ +&,

with the i.i.d. variables &; ~ Sgeom(p), while trivially,

§z| =T; — Ti—1- Let
v(n) :=min{j € Zy : 7, > n}, so that 7,(,)—1 <n < 7,(,) and v(n) < n. (3.2)

Since the walk moves in the same direction between 7,(,,)_1 and 7,(,),

|LTL| < max (‘-Z/l/(n)flh |-Z/U(n)|> s

EJP 27 (2022), paper 138. https://www.imstat.org/ejp
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hence

P (|Ln| > ay/n) < P (‘L(n)_l‘ > av/n) + P (|Lum

> a\/ﬁ) . (3.3)

Using Markov’s inequality we want to bound Ly, = &+ -+ & Indeed, for any positive
integers n, m < n (see (3.2)), and any ¢ € (0,p),

- e Eeté)™
P (Lm > a\/ﬁ) =P (H etfi > e(lt\/ﬁ> S (eit\;g = exp (—A(a,t,m,n)), (34)
i=1

where A(a,t,m,n) := aty/n — mlog (Eet51 .).Since

1
Eetét = §]E (etlil‘ + e‘tlfll) = Ecosh(t|&1]) > 1,

the function A is monotone decreasing in m, hence, for given p and ¢, A(a, t, m,n) reaches
its minimum over m < n at m = n. Note that for t < —In(1 — p) we have

1 1
EtElzg .
‘ 2<e‘t—(1—p)+et—(1—p)>

Now it follows via Taylor expansion up to the fourth order of A(a, t,n,n) with respect to ¢
that for sufficiently large n

2 2 — 1 2
Ala,t(n),n,n) = pigp) +0n Y > ]% (3.5)
where t(n) := (2#2)\/5 (< p< —1In(1—p)), since a >1and p > 0. (Here the term O(n~1!)
is uniform in a.) The result now follows from (3.3), (3.4) and (3.5). O

Our next result shows that diffusive scaling leads to Brownian motion, up to a constant
scaling factor.

Theorem 3.3 (Scaling limit in the homogeneous case). Letd > 1 and p € (0,1). Extend
the walk S to all non-negative times using linear interpolation and for n > 1, define the

rescaled walk S™ by
p S’nt
Sn(t) =, [ —- t>0
( ) 2 _ p \/ﬁ? — )

and finally, let W@ denote the d-dimensional Wiener measure. Then lim,,_, Law(S™) =
W@ on C([0,00), RY).

Remark 3.4. (i) Informally,

f} ~ /%2 . B, for large n, where B is a standard d-
n p

dimensional Brownian motion. Since /2=2

%

—P ¢ (1,00) for p € (0,1), the Brownian motion
is “sped up.” The intuition is that the updates are less frequent compared to a simple
random walk, thus there is less cancellation in the steps.

(ii) Note that e.g. for d = 2, the horizontal and vertical components of the walk are
not independent, because, for example, the horizontal component is idle (stays at one

location) for the duration of a vertical “run.” o

Proof. While using the notation of the previous section, we also take the liberty of using
the notation X; as well as X (t) for a stochastic process X, whichever is more convenient
at the given instance. We follow the standard route and prove the result by checking the
convergence of the finite dimensional distributions (fidis) along with tightness.

(i) Convergence of fidi's: We will argue that the convergence of the fidi’s is easy to check
for an embedded walk, and the original random walk must have the same limiting fidi’s.

EJP 27 (2022), paper 138. https://www.imstat.org/ejp
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To carry out this plan, recall from the proof of Theorem 2.1 the long-range embedded
random walk, S = (Si)r>0 where Sy := S,,, k > 0. In this d-dimensional setting, its
increment vectors are S;; — S, = & Y0, L{y,—iyei, 1 =0,1,... where & ~ Sgeom(p) and
U, is uniform on 1,2, ...,d (and the system {;, Uy, }1.m>0 is independent), while {e; }1<i<q4
are the unit basis vectors. Using that
2
2—p

Var(Sip1 — 1) = B(Siy1 — S)? =B - E 2

d d
Z ]l{UL:i}ei = Eff ’ ZEH{Ul:i} =
i=1 i=1

it follows that the increment vectors have mean value 0 and covariance matrix 2p_2p 1,4,
where I; is the unit matrix. Therefore, denoting v, := \/%Tp, we may apply the multidi-
mensional Donsker Invariance Principle (see e.g. Theorem 9.3.1 in [25]) to the process
S = 7 S. We obtain that the rescaled walk S™ defined by

S (t) = f/’% = yp?/’%, t>0, (3.6)
satisfies R
lim Law(5") = W on C([0,00), RY). (3.7)
In other words,
. ST(nt) (d) d
nh_}ng@ Law (t — VPW = W' on C([0,00),R?), (3.8)

where T is a random time change such that for integers t =1 > 0, T(l) := 7; and for
t=1l+s,s€(0,1), Tt):=T0)+ (T1U+1)=T())s.
Next, given that the waiting times for the updates are Geom(p), the Strong Law of
Large Numbers implies that
lim T'(s)/s — 1/p, a.s. (3.9)
S— 00
Let B be a standard d-dimensional Brownian motion. We know that for 0 < ¢; < t3 <
v < g,

. 7,
nli)ngo Law (\/% (ST(nt1)7 ST(’ILtg)"'7 ST(nt;J)) = LaW(B,g1 s Btz, vy Btk)7 (3.10)
and what we want to see next is that this implies that
. 7,
lim Law (\/’% (S%ntwsintw ...,S;ntk_)) = Law(B,, By, ..., By,). (3.11)

It is enough to show (by Slutsky’s Theorem) that the difference vector between the
vectors on the left-hand sides of (3.10) and (3.11) converges in probability to 0 as n — oo.
(These vectors are such that each of their components are in R4.) We will check this
component wise.

Denote by T~ the inverse of the (strictly increasing) map 7. Fix ¢ > 0 and define the

random variables ¢}, := 177! (%nti). Then almost surely,

T n

1 1
limt}, =lim —7"! (nti) @94,
n ’ n n p

Fix 1 <i < k. The ith component of the difference vector alluded to above, satisfies

Tp Tp
P (\/ﬁ ‘S%nti - ST(nt,i)‘ > 6) =P (\/ﬁ ’ST(nt;‘m) — S| > 6) ;
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and we now verify that this converges to zero. Given that lim, 7, = {;, a.s., it is enough
to check that

lim limsup IP (}% ‘ST(nt;") — Srnty)| > €] E;,zﬁ) =0,

=0 np—oo

where
EL = {t;, € (ti—0,t; +6)}.

Since, for any fix § > 0, lim,, P(E%?) = 1, there is an N5 € IN such that P(E%?) > 1/2 for
n > N(g,

n—oo

. 2 i
limsup IP (\/% ’ST(nt;n) — ST(nt,i)‘ > €| En’5> <

. "
2limsup P Sub —= |57 (ns) = S1(n Nl > €]
noee (“"e(tzﬂ—ﬁ,ti-‘ré) vn [Srne (nto) |

As § — 0, the right-hand side tends to zero, since (as a consequence of the convergence
in law to W(@))

lim P sup e ‘ST(,LS) — ST(nti)} >e| =w sup |Bs — By,| > €.
n SE(ti—b,t;46) Vn ) SE(ti—b,t;+5)

We now have verified (3.11), that is, that

~ P Sni) _ @
nh—{r;oLaWQH\/m\/ﬁ)_W ,

where t := %. Finally, use Brownian scaling: ¢ can be replaced with ¢, leading to the
equivalent limit

. P S (d)
lim L t— | —— — | = WY
oo < 2-pn )
(b) Tightness:

Exploiting Lemma 3.2, we are going to check Kolmogorov’s condition for the fourth
moments. To achieve our goal we fix an € € (0, p) and note that by Lemma 3.2, and using
the fact that |S,| < n, it follows that

nd_q n*-1
BISu[t = 3" P (ISult > i) <P+ Y P(|Su[* > 1)
=0 i=d?n?
n*—1 n’—1
— n? 4 Z P (|Sn| > aiv/n) < d*n? +d Z f (P,ai/\/g)

i=d2n? i=d2n?

j1/4

for all large n’s, where a; := > +/d, as i > d?2n2. Since

7
F (pagvd) = Y 205 < 2exp{ }
i=d?n? i=d?n? =0 5vdn

by comparing the sum on the right-hand side with the corresponding integral

o0 pral/A) | e=0N o500 @2 n? [, 15000 d2 n?
exp | — dz = — we tdu = ————,
0 5vdn p 0 p
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we conclude that there exists a €, > 0 such that ]E\Sn|4 < Cpn2, n > 1. For the rescaled
process S™ this yields

2 S 4 242
BlS" () = —L B |22 <, =02 n> 1,
(2-p° VA w2
(smce 5 < 1), provided nt is an integer. If nt is not an 1nteger recall that S™ is defined

by 11near 1nterp01at10n and use Jensen’s inequality for y = z* to get the same bound with
some Cz’, replacing C,. Finally, by the stationary increments property,

E[S™(t) — S™(s)|* < Cl(t—s)?, 0<s<t, n>1
Kolmogorov’s condition for tightness is thus satisfied. O

Remark 3.5 (A direct bound for [|S%|,
establishing tightness is via computing a bound in a more elementary way for E|S,,|*.
For simplicity, we will illustrate this in the d = 2 case.

LetL, :=S% —S¥ and R, .= S + 5% Then L, =Y, +---+Y, is really a one-
dimensional coin-turning walk with parameter p (see (1.2) and the proof of Lemma 3.2.)

2 2

Next, observe that |S,|> = (S,(f)) + (Sr(f‘/)) = (L2 + R?2), yielding that [S,|* <
+ (LY + R}). Since L, and R, have the same distribution, this implies E|S,|* < EL}.
The latter expectation can be computed directly, albeit that requires a bit of algebra. In
this time homogeneous case (1.3) and (1.4) reduce to

ey = Cov(Yi,Y)) = E(Y,Y;) = ¢~ B(Y;|Y) = VE(-)ZWe =y, (3.12)

for 7 >4, where ¢ := 1 — p. We thus have

n 4 n—1 n n—1 n n—1 n
SZRe] o) T (5 9B DR CFRR) 9B SRTERR) 9P 9RCH
1 i=1 j=i+1 i=1 j=i+1 i=1 j=i+1
n—3 n—2 n-—1

+243 0 N M Z YiY;YiYy

i=1 j=i+1 k=j+11=k+1

2 i—1
+1zznjyf ZZ Z V.Y, + Z Z YkY+Z Z AT Zy‘*) (3.13)
=1 k=11=k+1 k=i+11l=k+1 k=11=i+1 =1

n—3 n—2 n-—1

:n+3n(n—1)+8izn: EY;Y;]+24> Y > Z [Y;Y; VY1)

i=1 j=i+1 i=1 j=i+1 k=j+11=k+1
n i—2 i—1 n—1 n i—1 n
+122l YEMYI+ Y Y EMYI+) Y ENY)
i=1 Lk=1l=k+1 k=i+11l=k+1 k=1l=i+1

From (3.12) we obtain that if i < j < k < [, then
E[V;Y;YiYi] = E (VY Y, E VY., Y, Yi)) = E (YiY;Y2 ¢ %) = ¢ P E[ViY)] = ¢ x g%,
Substituting this into (3.13) gives

2 2
q n’¢®  n(5-qq¢ | 3¢°
EL! =n+3n(n—1 +8{+0 ]+24[ — +7++an
(1) 5+ 0" o (ng")
2q—3 2 3n2(2 —p)?
+12[nq q(q2 )+i21+0( n)}n(Qp)
p p p
2n(2 — p)(p* +12(1 — 8(1—p)(3—2p)(3—
_2n(2-p)(p - 1-p) , 80 -p) - p)(3 —p) +0(ng") = 0 (n?) |
p p
hence, Kolmogorov’s tightness condition holds. o
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4 The critical regime

Next, we turn our attention to the case when p,, = a/n for all large n’s where a > 0.
Following [11], we call this case the “critical regime.” We now need the definition of the
“zigzag process” in higher dimensions.

4.1 Preparation: the zigzag process in higher dimensions

For simplicity, we start with the two-dimensional case. We describe informally a
stochastic process in continuous time, moving in R? and starting at the origin. The
process is piecewise linear and always moves either horizontally or vertically.

First, notice that if p} = %pn then the direction is changed with probability p} at
time n. In our case p, = a/n and thus p} = j—z =:b/n for large n's.

One then takes a realization of the “scale-free” Poisson point process, just like it was
done in [11] for d = 1. This process is defined on (0, c0) with intensity measure %dm.
For the given realization, we construct a trajectory of the zigzag process as follows.
Let t, and t* in the point process be the left, resp. right neighbors of t = 1. Toss two
independent fair coins and assign one of the labels “N,W,S,E” according to the outcome
(that is, each has probability 1/4) to the time interval (¢.,t*]. Going backward in time,
label each interval in a way so that the next interval can be labelled in three different
ways, each with probability 1/3, and the label must differ from that of the previous
interval (if the interval containing 1 was, say, labeled “N”, then, going backwards, the
next label should be W, S or E with equal probabilities, etc.) Do the same for the
intervals between the points forward in time. This way, each interval between two
consecutive points of the PPP is labeled. All the coin tossings are independent. These
four labels will indicate the direction the process is moving in the time intervals.

Let the union of intervals labeled N be U(") and

In(t) := Leb (U(N) N [0,t]> .

Define similarly £g(t), £g(t), bw (t).
The trajectory of the zig zag process Z will then? be defined by

Zy = (Lp(t) — bw(t), In(t) — s(t), ¢ 0.

Clearly, lim;_,o Z; = (0,0) almost surely, even though there are infinitely many points of
the PPP in any neighborhood of the origin.

When d > 2, the construction is analogous. The difference is that in general p}, :=
24-1p, and p, = a/n yields p;, = (2(;;71)“ =: b/n for large n’s, and, furthermore, one

needs to work with 2d labels. The constraint is that between two consecutive time
intervals the process “must change the label”.

4.2 Scaling limit for the multidimensional case

In the critical case, just like in one dimension, proper scaling leads to the zigzag
process.
Theorem 4.1 (Scaling limit in the critical case). Let d > 2 and p,, = a/n for n > ny.
Extend the walk S to all non-negative times using linear interpolation and for n > 1,
define the rescaled walk S™ by

Sn(t) == Sg’t, t>0,

and finally, let Z(9) denote the law of the d-dimensional zigzag process, with parameter

b= 21 Then lim, . Law(S™) = Z( on C([0, 00), RY).

2Conditionally on the realization of the PPP and the labeling.
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Remark 4.2. The result is still valid for d = 1. Note, however, that the definition of p,,
in [11] differs by a factor 2, yielding unit parameter instead of 1/2.

Proof. The proof is very similar to that of the one dimensional analog which is part of
Theorem 4.11 in [11] (see Subsection 6.10 there for the critical case).

The tightness part works similarly, namely, just like in [11], one simply uses the
Lipschitz-1 property of the paths that holds for S™ for each n > 1. (This is an advantage
compared to the time homogeneous case, and it comes from the fact that the scaling is n
and not n? in this case.)

For the convergence of the finite dimensional distributions, it will be enough to show
that weak convergence holds for the processes on [0, 7] for any 7" > 1.

To keep the notation easier, in the rest of the proof we will work with the d = 2 case,
however we note that the general case is completely analogous, by considering 2d labels
instead of just four.

Consider now the space & of all double infinite sequences c_s,c_1, cg, ¢1, C2, ... Where
¢i € {N,W, S, E}. When assigning a unique path on [0, 7] to a realization of the turning
points, the situation is a bit more complicated than for d = 1. Namely, one has to use a
rule, described below in Definition 4.3 with some fixed s € &. (In one dimension, there
are only two options to assign a path; see Definition 6.10 in [11].) Informally, for the
segment containing 1, we assign the label of ¢y, for the segment to the left and to the
right we assign the label of c_; and the label of ¢;, respectively, etc.

More precisely, fix T' > 1, denote by M the set of all locally finite point measures on
the interval (0, 7], and denote by N(") = N(®7) the laws of the point processes induced
by the changes of direction of the walk S(™ on the time interval (0, 7.

Let s € G; we now assign a continuous (zigzagged) path to each realization of the
point measure.

Definition 4.3 (Assigning paths for a given s € &). Define the map ®; = ®; ,: M —
C([0,T],R?) as follows.

e First, label the (countably many) atoms on (0, 1] from right to left as a4, as, ..., i.e.,
the closest one on the left to 1 as a1, the second closest as as, etc., and note that
1 = a; is possible; also label the atoms on (1,T], from the closest to the furthest as
bl, bg,...;

 assign label “N” to all intervals (the union of which is denoted by S%N)) [ai,ait1),
which are such that in s, the corresponding letter is N. Here “corresponding”
means that ¢y corresponds to [a1,b1), and for i > 1, ¢; corresponds to [b;,b;11),
while c_; corresponds to [a;i1,a;).

e Do the same for S, E and W.

The path we obtain will make steps to the North (up) resp. to the West (left), South
(down), East (right) on SEN), resp. Siw), SES), SﬁE).

Let p € Mrp. For 0 < r <T, we define the vertical and horizontal components of the
path as

q)\{ert('u)(r) — Leb((O,r] N S§N)) . Leb((O,r] n Sgs)% with (I)‘{er‘t(,u>(0> =0,
o8 (1) (r) == Leb((0,7] N S) — Leb((0,7] N S™)), with &7 (1)(0) := 0,

and the path itself is ®(u)(-) = (@' (u)(-), @Y (u)(-)), where Leb is the Lebesgue
measure on the real line. Then ®y*"*(p)(:) is well-defined and continuous on [0,T].
Clearly,

DY (1) ()], |23 () (r)| <7, 0 <7 < T. (4.1)
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Just like in Proposition 6.13 in [11], one can show that for s € &,T > 0 given,

(@) ®15: Mr — C([0,T],R?) is a continuous and uniformly bounded functional, when
the former space is equipped with the vague topology, and the latter with the
supremum norm ||.|| = |||, 7}-

(b) As n — oo, N(® — PPP(b) in law (using the vague topology of measures on (0, 7)),
where PPP(b) denotes the law of the Poisson point process on (0, oo) with intensity
measure b/z dx.

Although the proof of (b) can be found in [11], in order to be more self contained, we
sketch here the main ideas.

Given0<a<b< oo, c>0,setp, = % A 1, and denote the number of updates from
step [an] + 1 to step [bn] by N(™((a,b]). Denoting pe.qp := cln(b/a) = f; € dz, one can
show that

(i) fork >0, 0<a<b, asn — oo,

k
Iu’c"a 1
P (VO ((0,8) = k) = exp( o) 52 40 (1) @2)
Law(N ™ ((a, b])) "=3" Poiss(tte:as); (4.3)

(i) given 0 < t; <tz < ... < t; < o0, the random variables
N ((ty,t5]), N ((ta, t3]), ... N (-1, 1))

are independent (independent increments), and
Law (N(")((tl, £]), N ((ta, t3]),s ooy N ((t1-1, tl]))
n:>’0° PPP(C) ((uc§t1;t2)? (Mc;t27t3)"'? (/’60;751717751)) .

One first proves part (i). Once that is done, since the turns from step [¢t;n] + 1 to step
[t;n] and from [t;n] + 1 to [t;n] are independent for any 0 < t; < t; < ¢; < t, < oo, part
(ii) will immediately follow.

Regarding part (i), one only needs to prove equation (4.2), and then (4.3) will easily
follow. Checking (4.2) is done via a straightforward (though a bit tedious) computation.
(For p, = 1/n,¢, := 1 —p, = (n—1)/n, n > 1, the computation is easier, since the
probability of not updating for a certain time interval then becomes a telescopic product.)

After this sketch of the ideas in [11], we now return to finish our proof. To accomplish
that, let P*™ be a law on & obtained by choosing C; uniformly in {N, W, S, E'} and doing
it independently for all ¢ € Z, and let

Q) :=P™(- |Vi€Z: C; # Ciy).

Furthermore, let T > 1 and F : C([0,T),|| - ||) — R be a bounded continuous functional.
By (a) above, F'o ®; ; : (Mr,vague) — R is a bounded continuous functional too. Hence,
by (b) above,

lim E((F o ©14)(N™)) = E((F o ®1,,)(PPP(b))).

Finally, bounded convergence yields that

117?1/ E((Foqn,s)(N(")))Q(ds):/ E((F o ®;,)(PPP(b))) Q(ds) (4.4)
S

&
The right-hand side of (4.4) is the expectation of F' applied on the zigzag process with
parameter b, while the left-hand side is the limit of those terms where the zigzag process
is replaced by S(™ (all processes restricted on [0,T]). Since F was an arbitrary bounded
continuous functional, (4.4) means that the processes S™ converge weakly on the time
interval [0, 7. O
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5 Transience/recurrence in higher dimensions

>
R

(04) ‘ T (-l-ivu\
1% Tq
E TL Ta
T3 : v’ts

;

Figure 2: A sample path of .S,, assuming the walk always turns by 90 degrees.

First, consider the case d = 2, and define the two-dimensional random walk by
S, = (X,,Y,) € Z2, n > 1. The walker keeps going in one of the four directions (up, left,
down, or right) at time n with probability 1 — p,,, while with probability p,, the walker
changes direction in one of the four possible directions, all directions having equal
probability. If > p, < oo, then the walk will make only finitely many turns and then it
will trivially drift to infinity. Hence, in the rest of the section we may and will assume
> pn = o0, i.e., the walk makes infinitely many turns a.s.

We start with a result that is easy to prove.

Theorem 5.1 (Periodic sequence). Let the sequence {p,, } be periodic, that is, assume
that there exists an r > 1 such that p, 4, = p, for all n > ng with some nyg € IN. Then, for
d = 2 the walk is not strongly transient: P(lim,, |S,| = c0) = 0.

Proof. Let T C NN be the set of “update times.” The proof is based on the following
decomposition of the random walk. Let us define a sequence of stopping times: 7y := ng
and

Tpt1 =min{m >n : r|m—ng, me T}

Define the random walk U on the time interval {0, 1,2, ...,7} as follows Let
Uil F= Png+i T Sno

and call this a “block.” We possibly concatenate further copies U2, U3, ... in case no
update occurs: U? is added if and only if ng +r ¢ 7, U? is added if and only if also
ng—+2r € T, etc. So the concatenation occurs exactly when there is no update. Of course,
even if there is an update, it might happen (with a chance that is (3/4)th of the update
probability) that the direction is unchanged, but we then do not concatenate and the
new step is considered to be part of a new U’ block.

The first step in U! can be each one of the unit base vectors with equal probabilities,
and, by symmetry, this property is inherited for further pieces. The number of pieces
(including U1) is geometric with parameter p,,,. The total length of the walk we obtained
this way is exactly 7y; this is the first time we have an “update” time which is a multiple
of r. Then repeat the same with the next finite piece of random walk of length = — 74,
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which is independent of the previous piece, and continue this construction ad infinitum.
It is easy to see that the random walk obtained this way is exactly S.

Define the embedded walk S* by S := S, . The steps of this walk are obtained by
concatenating certain blocks, as explained above, and thus they are i.i.d. vectors and
the length of each one is bounded by the total length of the corresponding piece of the
random walk. This latter is a random, geometrically (with parameter p,,,) distributed
multiple of r. In particular, the steps of S* have zero mean and a finite second moment.
It follows from Section 8, T1 in [24] that P(lim,, |S}| = o0) = 0 for d = 2. The same must
hold for S too, since lim,, |S, (w)| = co implies lim,, | S} (w)| = . O

Theorem 5.2 (Strong transience in two dimensions). When d = 2 and p, < n=1/2—¢,
n > ng, for some ny and € > 0, the walk is strongly transient, i.e., |S,| — oo a.s.

Proof. First, we prove that S is weakly transient, that is, with probability one it hits (0, 0)
only finitely often.

This statement is obviously true if e > 1/2, as ) p,, < 0o, so without loss of generality
from now on we assume that ¢ < 1/2. Moreover, p, < n~*/2~¢ implies p,, < n~'/27¢ for
0 < € < €'; hence, it suffices to prove the theorem only for small positive &’s.

As before, let 7,, be the times when the direction of the walk might change (the nth
update time); hence, for a fixed m > 1,

IP(THJrl >m+k | Tn = m’fm) = (1 _perl)(l _pm+2)"'(1 _pm+k) k’—_>>00 0

as Y p, = oco. Let us define a subsequence of these stopping times by choosing only
those at which the walk switches direction from horizontal to vertical or vice versa. To
do so formally, let x,, € {£e1, tes} be the random direction the walk chooses at time 7,,,
set g := 0 and

Njit1 =inf{INan>n;: K, L Kk}

Also observe that n;41 — n; are i.i.d. Geom(1/2).
Define the events A4; (j > 1) as

Aj:={3acZ\{0}: X, , =(0,a) or X, = (a,0)},

that is, A; is the event that at the time 7, the walker is either on the x- or on the y-axis.
The crucial observation is that in order to hit the origin (0,0) between 7,, and 7, ,, the
event A; must occur. Indeed, between times 7,, and 7, , the walk moves only along the
same line, either (z,t) or (¢,y), t € Z, and unless = = 0 (resp. y = 0) the origin cannot
be hit. Furthermore, if the walk is already on the horizontal or vertical axis, then it can
hit zero only finitely many times?® a.s. before leaving this axis. We will show that almost
surely, only a finite number of the A; occur, hence the origin is only visited finitely many
times, thus proving non-recurrence.

Fix j, denote 7n; =: ¢, and without the loss of generality, suppose that at time 7, the
walker starts moving horizontally along the line (¢,y):cz for some y # 0. Let m > 0 and

Bpii i ={njp1 =L+ m+1} = {Kep1, Ker2, - - Kogm € {—€1, €1}, Kopmy1 € {—e2,e2}}

and note that «’s are i.i.d. uniform on {4e;, £es} and are independent of all ’s. We have
for all x € Z\ {0}, that almost surely

P (Aj+1 | 'FT1{7Bm+17ST14+m = (l’,y))

1
= 5(1 - pﬂz+m+1)(1 - pTe+m,+2) e (1 - p7’z+m+\z\—1)pn+m+|r\ < DProtp+|z| (5.1)

1 1 1
< <
= Gt + D7 = (e PP = (1750

3in fact, bounded by a Geometric(1/4) random variable
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(if z = 0 then the probability on the left-hand side is zero) where the factor 1/2 comes
from the fact that at time 7., the walk has an option of going towards or away from zero
with equal probabilities; in the final two inequalities we assumed that j is sufficiently
large (i.e., j > ng where ng is as in the statement) and monotonicity of 7;’s in k.

Since the right-hand side of (5.1) does not depend on z, y and m, we conclude that
1
IP(AjJrl ‘ fﬂ,j) < W, a.s. (5.2)
for large js.

1
Our next goal is to show that the 7; are “rare” in the sense that for n; := (j/8) 1772,
7; > n;, with finitely many exceptions, a.s. (5.3)

Then (5.3) implies Zj P(Aj11 ] ]-"Tnj) < oo a.s., and thus (by the conditional Borel-Cantelli
lemma) that only a finite number of Ajs can occur a.s. Indeed, by (5.2),

oo o0 1
> Pl Frn)< 3 7 e,
j=no+1 j=no+1Tj

and, using (5.3), the sum on the right hand side is a.s. finite, as
1 1
— =) ——— e < 00,
7Tl Dirpee=-
j nj/ 5 (/8T

It remains to verify (5.3), and as we discussed at the beginning, we may (and will) assume
that € € (0,1/4). For this, note that

P(rj<n) =P+ +& > ) (5.4)

where the ¢;s are independent Bernoulli random variables with P({, = 1) = pj. Using
that 1 + x < e®, x > 0 along with Markov’s inequality, we obtain that for some positive
constant (1,

Pl 4+ +6& >j) = Ip(2£1+~~+£n > 2j) <27 HEQ& —97J H (1+pi)
i=1 i=1

. 1 : ~ 1
< ClQin <1+Zl/2+6> < Cl27j eXp{Z'L 1/2 E}
=1

i=1

. n . n1/2—8
< C1277 exp {/ z1/%E dx} =C1277 exp ()
=0 1/2 —¢

< Cjexp (4711/2_6 —jln 2) ,

which, along with (5.4) and plugging in n; = (j / 8)ﬁ, leads to the estimate
P(r; < nj) < Crelt/2-02i < 0= 0-19%,

Thus (5.3) follows by the Borel-Cantelli Lemma. This completes the proof of non-
recurrence.

To upgrade the proof to strong transience is straightforward. Fix any point (zg, yo) €
Z? and redefine the events A; as

Aj={3aeZ\{0}: X, = (z0,a)o0r X, = (a,y0)}-

Following the weak transience proof verbatim, we obtain that a.s. the point (z¢, yo) is
visited only finitely many times. Hence, the same is true for all points (zg, y) such that
[(xo,y0)| < r for a fixed » > 0. We conclude that the walk eventually leaves each given
bounded set a.s., which completes the proof of the theorem. O
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The following statement is more general than the two-dimensional one in Theorem 5.2,
as it works for all d > 1, however, it requires quite strong regularity conditions.

Theorem 5.3 (Strong transience for d > 2). Let d € {2,3,4,...} and consider the d-
dimensional coin-turning walk S described in Section 1.3 with S,, = Y1 +---+4Y,,. Assume
that for some ¢ > ¢’ > 0 and r > 1, the sequence of p,,’s satisfies the following conditions:

max P

kelonl—¢’
lim sup 6[0,—] <r; (5.5)
n—oo min Pn—k
kelo,nt—¢]
. pan!TE
lim = o0; (5.6)
n—oo Inn
i o\ /2
S () < (5.7)
n=1 n

Then Y7 P(S, = w) < oo for any w € Z%, and the walk S is thus strongly transient.

Example 5.4 (Inverse sub-linear decay). Assume that v € (0,1), and p,, = (¢ + o(1))/n".
Under this assumption (5.5) is automatically satisfied for any & > 0, and assump-
tions (5.6) and (5.7) hold too (pick € < min{~,1 — ~}). In this case, therefore, the walk
exhibits strong transience. Finally, note that the v = 1 assumption (critical case; see [10],
[11]) produces a behavior that is dramatically different from that in the v € (0,1) case;
we believe, nevertheless, that strong transience still holds.

Remark 5.5. Concerning the assumptions in Theorem 5.3, note that

(i) Assumption (5.5) implies that p,, > 0 for all sufficiently large n.
(ii) Assumptions (5.5) and (5.7) for d = 2 imply that p,, — 0 as n — oo. Indeed, if along

1—¢’

a subsequence, p,, > c¢>0forVk > 1then ) koo > £57° Z’“T = o0.
k

nl—!—:

(iii) Assumptions (5.5), (5.6), and (5.7) always hold if d > 3 and liminf,,_, p, > 0 (by
(ii) this is ruled out when d = 2), although, then strong transience is anything but
surprising.

(iv) For d > 3, assumption (5.7) is automatically satisfied when 0 <&’ <e <1-2/d. ¢

Proof. Our goal is to show that for any given lattice point w € Z¢, one has

> P(Sy = w) < oo (5.8)

n>1

The proof will proceed in three steps. First, we introduce a sequence of stopping times
and consider the embedded process. Secondly, we show that the total length of the
steps of the embedded process during a certain time interval is “not too large” with high
probability. Finally, we estimate the probability of hitting a vertex for the “remainder” of
the embedded process, using the (integral) inversion formula.

STEP ONE: Recall that n; € {0,1} was the indicator function of the update occurring at
time j; the 7;’s are independent with P(n; = 1) =1 — P(n; = 0) = p;. We now consider
the walk Sy for times £ = n,n — 1,n — 2,... backward. Let 7y := n and let 7;;’s be the
decreasing sequence of update times; formally

T =max{j <Tp_1: =1} k=1,2,....

EJP 27 (2022), paper 138. https://www.imstat.org/ejp
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For definiteness, if for some k£ we have n; = 0 for j = 0,1,2,...,7, — 1, then we set
Tk+1 = Tk42 = -+ = 0. We will estimate the summands in (5.8) as follows. Let m =
m(n) := [n'~¢p,| and V;, := S,, — S, . Clearly, a.s.

P(S, =w)=P(S, — S,

m

L =w =8 ) = (%), (5.9)

and note also that S, , and S,, — S;,, are independent. Using the bound
(%) < sup P(S,, — S;,, = z) = sup P(V,, = 2), (5.10)
A z€Z

it is enough to find numbers ~,, such that

sup P(V,, = 2) < v, a.s. and Z%‘ < 00. (5.11)
zcZ4 n>1

For that, the distribution of V,, will be handled by inverting its characteristic function,
after which some elementary but tedious computations will be carried out to bound the
multiple integrals involved. In fact, for simplicity (and without loss of rigor), we will
assume that n' ¢ p,, is an integer.

We will assume that n is so large that the ratio in the lim sup in (5.5) does not exceed
r and show below that, loosely speaking,

* the probability of the update “does not change significantly” over the time segment
[n —n'=¢ n;

* the variables Iy = 7,1 — 7%, k = 1,2,...,m are “nearly” i.i.d. Geom(p,,);

« Py + -+l >n'"'/2) is “very small,”

where the [, are defined via

{(£lx,0), (0, £lg)}, d =2,
Zi = STk—l - STk € {(:l:lk7 0, 0)7 (07 :l:lk70)7 (07 0, :tlk)}7 d= 3;

Note that
W1:Z1++Zm
(m depends on n). To be more precise, first note that given I, (s, ...,lx_1,lx, Z has the
following distribution:
(Ix,0)  with probability 1/4;
7 (—1x,0) with probability 1/4;
"7 (0,1,)  with probability 1/4;
(0, —lx) with probability 1/4,
if d = 2, with similar formulae for d > 3.

STEP TWO: Denoting
A= {l1+~-~+lm:n—Tm>n1_€,/2}, (5.12)
we now show that
P(A) = o (a*”wl) . asn — . (5.13)

1—¢

The event A is the same as having less than m = n*~¢p,, “updates” in the time segment
[n -3

§n1_8/7 n]. The probability of each update at those time points is no less than p, /r
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by (5.5), independently of the others. Hence P(A) < P(W < m) where W ~ Bin(N, q)
with N = [n'~¢"/2] and ¢ = p,,/r € (0,1/r]. Since (Nq)/i! is an increasing function in i
for i < Ngand m < Ngq as well as m = o(IN) as n — oo, we have

m—1 m—1

]P(W<m):Z(]j> 1—qN- L<Z

=0 1=

Nq) o—aN (1+o(1)

<m.- (Nq)me—qzv(1+o(1)) < emlog N—gN(1+o(1)) _ ,—¢N(1+0(1))
< e <

Since Inn = o(m) by (5.6), we conclude that Inn - ne—e = o(¢N), proving (5.13).

STEP THREE: Recall that our goal is to find a sequence (7,),>1 that satisfies (5.11).
To obtain the distribution of V,, = S,, — S;, , we invert its characteristic function, and
discuss the cases d = 2 and d > 3 separately. In the sequel, e will denote the usual dot
product in R?.

First consider the case d = 2. Let h(tq, t,) := |Ee**V |, t = (t,,t,). Since V,, has a lattice
distribution, the inversion formula is partlcularly simple (see e.g. Chapter 15, Problem 26
in [13], or [9]): for any z = (2, zy € 72 we have

27 2
(x) =P(V,, = 2) e / / et EeiteVn dt, dt,
7T
2 2m

/ Wty 1) dt, dt, = — / h(ta,t,)dt, dt,.
0 0 ™ Jo Jo

(5.14)

- (27T)2

To verify the ultimate equality, note that V,, € Z2, and its distribution is symmetric in
both coordinate variables. Hence h(u,v) = h(—u,v) = h(u,—v) = h(—u,—v) and the
integrals of h on the squares [0, 7] x [0, 7], [0, 7] X [m, 27], [7, 27] % [0, 7] and |7, 27] X 7, 27]
agree.

Since, given Iy, k = 1,2,...,m, Z; is equally likely to be (0, £lx), (£lx,0) indepen-
dently of everything else, we have

m m

iteV, ztoZA, _ cos(tzlx) + cos(tylx)
Bl [11,... ln] = [ EBle™? | 1] =[] 5 .
k=1 k=1
Consequently,
h(ta, ty) = |E (B[ | 11, ..., )| < E(JE["*" | L,...,1 B(t; 1) ] .
k=1
(5.15)

where
\cos(t lg)| + | cos(tylx)]

2

Since [j is an integer,
¢(7T - tzvtgﬂ lk) = d)(tmﬂ- - ty; lk) = ¢(7T —ty, T — ty§ lk) = ¢<t§ lk)

Consequently, from (5.14),

1 /7r /7r m 4 /2 /2
<L E|T] o(t )| dt, dt, = —/ /
7 Jo Jo kl;[l R 0

To proceed with the estimation, we now need a lemma. (Recall that the lengths [} are
defined for a given n.)

o(t; zk)] dt, dt,. (5.16)
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Lemma 5.6. Given (py)r>1 satisfying our assumptions, there exists an N € IN with the
following property. Let n > N. Let 2 < k < m = m(n). Then, we have w-wise that

E(|cos(sli)| [ 11y lk—1) < P(s)lae_ +1a,_,, Vse€0,7/2], (5.17)

where

(mzk)
-

1 ,
Ap_1 = {ll 4o+l > 5711_6 } A, (5.18)

P(s) = ¢y (s) = max (1 - 6219‘2927 1— 02)

n

and ¢; > 0, co € (0,1] are constants that depend on r only.

Proof. Since the inequality is trivial when A;_; occurs, from now on we assume that we
areon A} ,.Forafixedke{2,...,m}andj>1,letq; =Py =j|l,...,lk—1). Then

Jj—1
4j = Pn—ly—-—lp_1—j X H(l 7pn—l1—~~—lk,1—i),
=1

where the product equals 1 by definition for j = 1. Indeed, ¢; equals the probability of
turning first at time n — I, — --- — l;_1_; and then keeping the same direction for the
consecutive j — 1 steps. Aslongasl; + -+ lp_1 +1i < nl=¢ by (5.5) we have that the
above p’s lie in [p,, /r,rp,]. Consider two cases (I) p, > 5, and (II) p, < 5.

In case (I) apply Lemma 7.2 with M = 1 and so consider only ¢;, which (for n large)
> 3 x r~'. Hence, choosing a = a()(r) = 5 in the lemma, yields that the left-hand

side of (5.17) is smaller than or equal to

(M=1) ch s? cl
max (1—0’1a(1)32M2,1—c’2a(1)) = " max (1— ﬁ,l — 2—:2 (5.19)
(an%) C/152 0/2
< max (1 — 8ri p2 ;1= 27“2> . (5.20)
In case (II), note that »
q = (1- rpn)]_l —

aslongasily+ -+ lp_1+7 < nl=¢'; since we are on Aj,_,, this is fulfilled, provided

nlfa/

j < 5—.Let M := [1/(2p,)] and observe that

— L (pa<gR) 1= 1-¢' 5.6) pl—e
Lorm e l=2p 1 o Lo L GO o

2pn 2pn 2pn 2pn 2 pnnlis 2

provided that n is large enough. Thus, for j = 1,2,..., M we have
0 = (1=rp) M P2 > (1= rpy) 5 B2 = (r = 1)(1 = rpy) 7 (2 M)
r r
since p, > % An elementary calculation shows that
inf (1- rpn)ﬁn_l > inf (1- rpn)ﬁn = inf (1—y)2 =27,

Pn€(0,(2r) 1] © pn€(0,(2r) 71 y€(0,1/2]
since (1 — y)l/y is a decreasing function in y. Therefore, ¢; > % where a1y = %
Therefore, by Lemma 7.2 with a = a() the left-hand side of (5.17) does not exceed

(5.21) C/CL 82 1— 7"_1 2
max (1 — Clla(H)SQMQ’ 1— Céa(H)) S max (1 _ 1 (H) ( )

1= CIQG(H))

pa
/ o2 3
dps*(r—1) , r—1
< max (1 -, 1l —Cc—= .
= —1pdp2 29r—1,.2
2r—lpip2 2r=Lp
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or—1,4 2r2y 2T 2

proof. O

Finally, choosing ¢; := ¢} min (ﬁ, ﬂ) and cp := min (6—2 c(r=1) 1) concludes the

Let us now return to the proof of Theorem 5.3. Setting k := m, from Lemma 5.6, it
follows that when t,,t, € [0,7/2],
m

qu(t,lu) ]E(IE [T o0 [, e ID

u=1
m—1
<E (H o(t, 1) [tl);w(ty) Lae | +1Aml}>

m—1

< L H ot 1.)| +P(Am_1) (5.22)
_ (‘” (ty ) S P(Am 1)+ P(Am_) + .. + P(A)
S ( tw) w 1 )) + m - IP(A) (w(tw) + 1/’(ty)>m + o (nl—se—naf‘al) )
2
by induction on k = m,m — 3.2for B [Hﬁzl ¢(t,zu)} and using (5.13) and (5.18).

This, along with (5.16), ylelds

w/2 /2 ’
/ / < W) dtxdtﬁo(nlfse*"“g). (5.23)

As far as the second summand is concerned, we can ignore it as it is summable. Focusing
on the double integral (in the bound for (*)) only, we will split the area of integration into
four regions, depending on whether ¢, (¢, resp.) is > or < t:=p, g—f < g the value of

t which makes the candidates for the maximum in (¢) equal. We will also assume that n
is large enough (since p,, — 0 when d = 2 by (ii) of Remark 5.5). Then

(%) < ;/{)t/ot(W)mdtxdty+7i//t€[ - (W)mdmdw
1)+ (I1) 2

Turning to scaled polar coordinates: ¢, = v/2p,pcosf, t, = \/2p,psin 0, we have

t2+ t2 27 1/c1
_ CAET AN g ar, < p" p(1—crp?)™ dpdd
772 —tJ-1 j29

_ 4y _ o %n 2w
T 261(m +1) 7mei(m+1) — wepnl—¢

On the other hand,

(H)Si// 3]\ [0.82 {H(l? 2)] &t dty

2

S—// i [ 02] dtwdty:(l—%)m.

2

:q

Consequently, almost surely,

Pn C2 't
P(S, — Sy, = 2) = P(V, = 2) < (I) + (II) = (1_7) -
(Sn =8, =2) = P(Va = 2) < (D) + (1) = P : ¥
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Since the bound is uniform in z, we actually obtained that

sup P(V,, = z) < ,, (5.24)
2E72

which is summable in n because of (5.6) and (5.7). Thus (5.11) is achieved.

Consider now the case d > 3. The proof of the d = 2 case carries through up to for-
mula (5.14), but now instead of double integrals, one has to deal with multiple ones.
Namely, analogously to (5.23), one now obtains

P(V, = ()/ /( (fa) + (¢ ) w(td)) dty dts ... dtg

[0,7/2]¢

+0( Ee’ﬂ_5>’

and we split the area of integration in the same way as in the two-dimensional case,
using the same t as in the two-dimensional case. However, since d > 3, we can no longer
assume that p, — 0, and it might happen that ¢ > 7/2; in this case, a multiple integral
analogous to (II) is no longer present in the computation, which makes it easier. On the
other hand, when that term is present (i.e. whent <« /2), its estimate is similar to the
two-dimensional case:

(IT) = () / / ( (ta) +w(t2)d +w(td)>mdt1dt2...dtd

t€[0,m/2]4\[0,8]%

()/ /<1+ +1+( 2))mdt1dt2...dtd:(1—2>m

te[0,m/2]¢

The estimate of the multiple integral defined analogously to (I) however, will be different:
using scaled d-dimensional spherical coordinates t; = p,, - pcosfy, to = p, - psin fy cos 05,
ts = pp - psinfy sinfycosbs, ..., tqg = p, - psinbysinbs . ..sinfy_; and exploiting the facts
that the expression in the parenthesis in the integrand below is positive in the cube
[—t,%]¢, which lies inside the ball centered at the origin with radius /d/c; (note that
co < 1), and the Jacobian J of the transform satisfies |det(J)| < p?~1, one arrives at*

1 2 2. 2\™
(])_/.../<1cl 1ta 22+d +Cld> dty dty ... dtg
m 2

[—.8]¢

S

pE[OA,\/E]el, 0a— 26[0 ﬂ'} Oq— 16[0 27\'

_ 2 / dfe o1 (1 - cp’\" _ P d/2
T Jo d s
d

/2
= const p? - B (;i,m + 1) ~ const I'(d/2)p? - m~%? ~ const T'(d/2) ( Pn ) ,

IS9

IA

Clp ) dpd91...d9d_1

M\:..

(1 —w)™du

where B denotes the Beta-function, and we exploited its well known asymptotics, while
we also recalled that m = Lnl_a pr|. By (5.7), the last expression is summable in n. As
a result, the bound (I) + (I]) is uniform in z and is summable in n, just as in the case
d = 2. Again, (5.11) is confirmed. O

4Note: one must replace the limits in the integrals by +r/2ift > /2.
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6 Some open problems

In this section we formulate some open problems.

Problem 6.1 (Monotonicity). Fix d > 1. Is it true that if p/, < p,, for n > 1 and the walk
exhibits strong transience for the sequence {p, } then the same holds for the sequence
{p},}? (Compare with the last sentence in Example 5.4.)

Problem 6.2 (Critical case). Fix d > 2. In the critical case (p,, = const/n for large n)
we conjecture that the walk exhibits strong transience, which, of course, would readily
follow form monotonicity (cf. the last sentence in Example 5.4) and that this property is
inherited to its scaling limit, the zigzag process too.

Problem 6.3 (Transient dimensions). Is it true that the walk always exhibits strong
transience whenever d > 3? Clearly, monotonicity would imply this, since when p,, = p =
1, S is a simple symmetric random walk.

In the periodic case, for example, using the notation of the proof of Theorem 5.1,
when d > 3, it is known (see, e.g. [24]) that P(lim, |S}| = co) = 1. We know that for
all 7, < m < 741 (1/7)|Sm — S| is uniformly bounded by a geometrically distributed
variable, with parameter p,,. However, it is not clear whether this is enough to control
S via §*.

Problem 6.4 (Slow decay). What happens when d = 2 and the p,,’s decay slowly as
n — oo? We already know that if p,, = const € (0,1) then the walk is recurrent. An
interesting question is whether the answer changes if, for example, p,, ~ 1/logn.

7 Appendix

Here we state and prove two lemmas that were needed in the proofs. Some versions of
these statements are presumably known, but since we could not find a proper reference,
we present their proofs here.

Lemma 7.1. Let s € (0,1/2], so € R, and M > 2 be an integer such that Ms > 1.
Moreover, let ay, = ks + so (mod 1), fork =1,2,..., M. Then®

2
Non:={k: ar €[0,1/2)}] > =M

Proof. First, assume that s > 1/4. Since the length of the interval [1/2,1) is 1/2, and
s < 1/2, for any triple {a;,a;+1,a;12}, @ > 1, at least one element must not lie in [1/2,0).
Therefore, Ny > |M/3] > M/5.

Next, assume that s < 1/4, and define

TR = inf{i : is > k}, k=0,1,2,...
Let K € Z be such that 7x < M, 741 > M; since M's > 1 we have K > 1. Then we have
O0<ani1<api2<---<am, <1 foreach k =0,1,2,...

In each such increasing sequence, since s < 1/4, we have at least |1/(2s)| > 1/(3s)
elements in the segment [0,1/2) of length 1/2. The total number of elements in this
sequence, Tp+1 — Tk < [1/s] < 5/(4s). Consequently,

1 )
Ney > K x —while M < (K+1)x —,
’ 3s 4s

so N,y /M > 2/15 since K > 1. O

5The constant 2/15 is definitely sub-optimal. The true constant is probably 1/3, with equality achieved for
M =3,6,9,....
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Lemma 7.2. Let (¢;)52, form a probability distribution (¢; > 0, Y ;=, ¢; = 1). Assume
that for some a > 0 and a positive integer M we have

a
P> — forj=1,2,..., M.
q; = M orj 5 4y ;
Let h(s) := >_72, qj| cos(js)|. Then

h(s) < max (1 — cjas®M?, 1 —cha), 0

IN
vl
IN

for some absolute constants ¢}, cy > 0.
Proof. First notice that

‘<Z‘IJ|COSJS‘+ Z g =1~ Z%1*|COSJ5)|)

j=M+1

M
a .
—MZ(1—|COS(33)|). (7.1)
j=1
We will use the elementary inequality

0<a< (7.2)

il
27
which holds since («) := 1 — cosa — %2 has the properties ¢(0) = 0 and ¢'(a) =
sina — § > 0 for a € (0,7/2).

Case one: M > 2. Let My = |M/2| € [M/3,M/2]. If tMy < w/2 then by (7.2)

M,
j2s? M1 My +1)(2M; +1)s? _ M3s?
le(l—|cosys >Zl—cosgs >Z o 212'33.
On the other hand, if sM; > 7/2 then sM > 2sM; > 7. Let § = % < % then sM > 1 and

by Lemma 7.1 (setting jo := —1/4), in the set {j§ mod 1, j =1,2,..., M} there will be
at least 2 elements which lie in the segment [1/4,3/4); for the correspondmg indices j
this 1mphes that

|cos(sj)| < max |cosz| = cos & =

1
SERS 4 V2

Hence

and consequently,

a & ]g;f, if sMy < m/2;
Zl—|cosgs )>a- /3

;:1 =, otherwise.

Case two: M = 1. Since s € [0,7/2], (7.2) yields that,

M
a . as aM?s?
MZ(l— | cos(js)|) = a(l —coss) > = .
—
This, together with (7.1) imply the result. O
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