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Abstract

In this paper, we consider a class of generalized continuous-state branching processes
obtained by Lamperti type time changes of spectrally positive Lévy processes using
different rate functions. When explosion occurs to such a process, we show that the
process converges to infinity in finite time asymptotically along a deterministic curve,
and identify the speed of explosion for rate function in different regimes. To prove
the main theorems, we also establish a new asymptotic result for scale function of the
spectrally positive Lévy process.

Keywords: continuous-state branching process; spectrally positive Lévy process; Lamperti
transform; explosion.

MSC2020 subject classifications: 60J80; 60]J50.

Submitted to EJP on December 23, 2020, final version accepted on October 6, 2021.
Supersedes arXiv:1910.05914v1.

1 Introduction

A continuous-state branching process is a nonnegative real-valued Markov process
satisfying the additive branching property. It arises as time-space scaling limit of
discrete Bienaymé-Galton-Watson processes. On the other hand, it can also be obtained
by the Lamperti time change of a spectrally positive Lévy process stopped at hitting
0 for the first time. We refer to [24] and Chapter 12 of [18] for nice introductions on
continuous-state branching processes.

The classical Bienaymé-Galton-Watson branching processes had been generalized to
those with nonadditive branching mechanism; see for example, [25], [15], [7] and [8]. In
the same spirit, continuous-state branching processes with nonadditive branching have
been proposed in recent years. In particular, the continuous-state polynomial branching
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Explosion of nonlinear branching processes

process is introduced in [21] as the unique nonnegative solution to a generalized version
of the stochastic differential equation in [9], which can be identified as a continuous-state
branching process with nonadditive, population dependent branching mechanism. The
behaviors of extinction, explosion and coming down from infinity for such a process
are discussed in [21]. A more general class of continuous-state branching processes
is proposed in [12] via Lamperti type time change of stopped spectrally positive Lévy
processes using rate functions R defined on (0, c0), where the classical continuous-state
branching process corresponds to the linear rate function of R(x) = z and the model in
[21] corresponds to the rate function of R(x) = x%. The above continuous-state nonlinear
branching processes are further generalized in [22] as solutions to more general versions
of the Dawson-Li equation.

For the continuous-state nonlinear branching processes, on one hand, the nonadditive
branching mechanism allows richer boundary behaviors such as coming down from
infinity; on the other hand, many classical techniques based on the additive branching
property fail to work. Criteria for extinction, explosion and coming down from infinity are
developed in [21], [22] and [12] for the respective continuous-state nonlinear branching
processes via a martingale approach and fluctuation theory for spectrally positive Lévy
processes.

The speed of coming down from infinity for such processes is studied in [12] by analyz-
ing the asymptotic behaviors of weighted occupation times for the associated spectrally
positive Lévy process. Sufficient conditions are found under which the continuous-state
nonlinear branching process comes down from infinity along a deterministic curve.

For the continuous-state nonlinear branching processes introduced in [12], explosion
occurs when the process X has a positive drift and the rate function increases fast enough
near infinity. In this paper we study the explosion behaviors for such a continuous-state
branching process X. In particular, we identify the speed of explosion that is defined
as the asymptotic of X (7.} —t) as t — 0+ for the explosion time 7). We are not aware
of any previous results on the speed of explosion for general Markov processes or for
solutions to general stochastic differential equations with jumps. In addition, when
explosion happens, using techniques from [19] we also express the potential measure
of the process X using the generalized scale functions for the associated spectrally
negative Lévy process.

To find the speed of explosion, we treat separately two classes of rate functions, the
so called slow regime of rate functions that are perturbations of power functions and
the fast regime of rate functions that are perturbations of exponential functions. Our
approach relies on analyzing the weighted occupation time for spectrally positive Lévy
process. For the process X with rate function from the slow regime, given the explosion
occurs we can show that the normalization of random variable T, — T converges to
1 in the conditional probability, where T, denotes the first upcrossing time of level
xz. Similarly, if the rate function belongs to the fast regime, under the conditional
probability of explosion the random variable T'f — T, after rescaling, converges in
distribution to a random variable whose distribution can be specified using functionals
of spectrally positive Lévy process. The convergence results in both cases lead to
an asymptotic on the running maximum of the process near the explosion time. By
comparing values of the associated spectrally positive Lévy process with its running
maximum, we can show that for rate functions in both regimes the explosion occurs in
an asymptotically deterministic fashion. In particular, in the fast regime the speed of
explosion is asymptotically proportional to —logt as time ¢t — 0+.

Some parts of our approach resemble those in [12] and in [1] for studying the coming
down from infinity behaviors of the respective processes. But an additional difficulty
emerges in our work due to the overshoot when the nonlinear branching process first
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upcrosses a level x at time T,7. We remark that this difficulty seems to be essential and
we do not see schemes such as time reversal can easily get around the problem caused
by overshoot.

To overcome this difficulty, for the associated spectrally positive Lévy process we
identify the Laplace transform of its stationary overshoot distribution, and we obtain a
new asymptotic result on the corresponding scale function. For the case of fast regime,
instead of showing the convergence of Laplace transform for the weighted occupation
time as in [12], we apply the occupation density theorem to the weighted occupation time
and the properties of regularly varying functions to show the almost sure convergence
that eventually leads to the desired convergence in law.

We also want to point out that our condition on rate function, H in Section 3, for the
convergences of the rescaled explosion time can be more general than those in [12].

The rest of the paper is arranged as follows. In Section 2 we first introduce some pre-
liminary results on spectrally positive Lévy processes and the associated scale functions
together with the exit problems and the weighted occupation times. The continuous-state
nonlinear branching processes are also defined via the Lamperti type transforms in this
section. The main results are presented in Section 3. All the proofs are deferred to
Section 4. Several intermediate results are also posed and proved in Section 4.

2 Spectrally positive Lévy processes and continuous-state nonlin-
ear branching processes

Let ¢ be a spectrally positive Lévy process (SPLP), that is, a real-valued stochastic
process with stationary independent increments and with no negative jumps, defined on
a filtered probability space (€2, .%, (%:)t>0, P). Its Laplace exponent is well-defined and
of the Lévy-Khintchine form, i.e. for s > 0,

Y(s) == ¢t logE[exp(—sft)]
o? >
= 352 — s +/0 (e7°" — 1+ szl(z < 1))I(dx),

where ;1 € R, 0 > 0 and the Lévy measure II is a o-finite measure on (0, co) such that
JoS (1A a?)II(dz) < oc. It is well-known that (-) is continuous and strictly convex on
[0, 0), its right inverse is defined by ®(t) := sup{s > 0,v(s) = t}.

Denote by IP,. the probability law of ¢ for £y = z, and write IP when &, = 0. We denote
throughout this paper

p:=®(0) and v :=E[&]=—4'(0). (2.1)

Notice that y < oo if and only if [~ (zAz?)II(dx) < oo, and in this case v = pu+ [ «II(dx).
If p > 0, then ¥/(0) € [—00,0), £ is transient and goes to co as t — oo, and the following
result holds.
Lemma 2.1. Write & := SUpg<s<¢ §s for the running maximum process of . Forp > 0 we
have

/& —2 1 and f&/& — 1 Pas.

Remark 2.2. If ¢/(0) = 0, then ¢ oscillates and limsup,_, . & /& =1 P-a.s.

For ¢ > 0, the ¢-scale function W (9 is a continuous and increasing function on [0, 0)
with W (@ (z) = 0 for z < 0, which satisfies

@ () gy — —
f = g
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We write W (z) = W (z) when ¢ = 0. Define the first passage times of ¢ as

7 =inf{t >0,& <z} and 7 :=inf{t >0, >z},

with the convention inf() = co. Given the scale function, the following first passage
results can be found in Sections 8.1 and 8.2 of [18], for¢g > 0andc< x < b

W@ (b — )

RO S —q7. ] — »,—®(g)(z—¢)
W@ o) and E,le 7] =e¢ , (2.2)

E,. [67‘”;;7'5 < Tb_] =

with the convention e~ = 0. The potential measure of ¢ killed upon leaving the interval
[0,00) is given by

U(z,dy) := / P, (& € dy;t <7y )dt
0

= (e™""W(y) — W(y — z))dy = u(z,y)dy forz,y > 0.

(2.3)

Change of measure is another useful tool for the fluctuation theory of Lévy processes.
For a € R with () < oo, the process (e~*¢~¥(®)?),.; is a martingale under P. Define
the probability measure P(® by

dPp ()
dP

= e (@t ot > Q. (2.4)
T

It is well-known that ¢ is still a SPLP under P(®). The associated Laplace exponent and
scale functions under P(® are denoted similarly with subscripts «. A direct calculation
shows that

Ya(s) =Y(a+s) —Y(a) and P,(s) = P(Y(a)+s)—a for s>0,
and W (z) = e~2=W(a+¥(®) (). In particular, for the 0-scale function under P(®
Wy (y) = e W (y) 1 Wp(o0) = &'(0). (2.5)

We refer to [17] and [13] for a more detailed discussions and examples of scale functions.
The following limiting result on the resolvent density in (2.3) is useful in this paper,
and we refer to Theorem 1.21 of [2] for a similar result called “renewal theorem”.

Lemma 2.3. Ifp,v € (0,00), we have

lim (ePY®(0) — W(y)) =~

Y—>00

A direct consequence of the limit above is that for any k € R,

. 1—eP*
lim sup |u(z,z +y) — ———
Y—00 x>k Yy
. . 1—e o
= lim sup‘(e PW(x+y)—W(y) - ——| =0.
Y0 >k Y

Remark 2.4. By change of measure, we obtain the following general result where a
light-tailed condition on II is required. For ¢ > 0, let ¢(q) be the left-root of t — ¥(t) — ¢

and assume ¢'(¢(q)) € (—00,0), i.e. ¢(q) < ®(g) with 1)(¢(g)) = ¢, then ¢(g) <0 and
e(@(@)—2(a)z _ 1
o 6@)

where —¢(q) is also known as the unique nonnegative root of the Cramér-Lundberg
equation i(—t) = ¢ in risk theory.

e~ ¢y (e—q>(Q)ww(q) (x4y)— W@ (v))
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Lemma 2.3 is proved based on the following result used in [10]; see also Theorem 5.7
of [18] and [3]. If v € (0, 00), then

P(&(r,) —y € dz) yf; p(dz), (2.6)

for some non-degenerate weak limit p on [0, o), called the stationary overshoot distribu-
tion in [10], which is characterized in the following lemma, see also Lemma 3 of [4] for
Lévy process in a half-line.

Lemma 2.5. Ifp,y € (0,00), we have for s > 0

R _p(s)
/7 e **p(dz) = o 2.7)

In particular, p(p) = (y®'(0))~ 1.

The continuous-state nonlinear branching process X considered in this paper is
defined in [21] by time changing a spectrally positive Lévy process. More precisely, for a
Borel function R(-) on (0, o0), which is positive and locally bounded away from 0, define
an additive functional

t
n(t) = /O % ds fort < 767 (28)

and n(co) := lim;_, o 7(t) on the event {7, = oo}. Its right inverse function is defined as
n~L(t) := inf{s > 0,n(s) >t} for t < n(7;"). Then the process X is defined, stopped at
time n(r; ) < oo, by letting

X, =& Ht) for te[0,n(r)). (2.9)

It is true that X is a well-defined positive-valued Markov process with absorbing states
{0, 00}. Define the first passage times of X by
T, :=inf{t > 0,X; <}, T, :=inf{t >0, X; >z},
for z € (0,00) and
Ty = lim T, and T := lim T}, (2.10)
x—0+ r—00

with the convention inf () = co. The following identities on the first passage times follow
immediately from the Lamperti type transform. For any x > 0 we have

T.f =n(r;}) on the event {7;7 < 7, } and T, =n(7, ) on the event {7, < oo}. (2.11)

xT

In addition, for the absorbing time 7(7, ), we have

77(70):{ Ty =n(ry) ontheevent {7, < oo}, (2.12)

N To
T+ =mn(cc) onthe event {r; = co}.

More precisely, at 1(7; ), the process X becomes extinct at the finite time T = n(7; )
with X(7T5) = 0 on the event {n(r, ) < 00,7, < oo}; it becomes extinguishing when
lim; oo X(t) = 0 on the event {n(7; ) = 00,7, < oo}; it explodes at the finite time
T = n(oo) with X (T) = oo on the event {n(co) < oo, 7, = oo}; and it drifts to infinity
when lim;_, ., X(¢) = oo on the event {7(c0) = 00,7, = oo}. T, is called the extinction
time of X if T, < oo, and T is called the explosion time of X if Tf < oo.

We first characterize the extinction and explosion conditions for the process X using
integral tests. Note that similar results are obtained in [21] for power function R.
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Proposition 2.6. Extinction occurs for the process X with a positive probability, i.e.

w
P,(n(ry) < 00,75 < o0) >0 ifand only if / (2)
o+ B(2)
Moreover, in this case, P, (n(7;) < oo|r, < o0) = 1 and the extinction probability is
P, (T, < oo) =e P forallz > 0.
Ifp,v € (0,00), the process X explodes with a positive probability, i.e.

dz < 0.

<1
P, (n(c0) < 00,7y =00) >0 ifand only if / Wdz<oo.

Moreover; in this case, P.(n(c0) < oo|ry = oo) = 1 and the explosion probability is
P, (TS < o0) =1—eP" forall z > 0.

We remark here that by definition of explosion time in (2.10), the first passage
identities (2.11), (2.12) and the boundary behaviors for process X specified thereafter,
the event of explosion is equivalent to the finiteness of the so-called perpetual integrals
of spectrally negative Lévy processes on the set {1, = oo}, which has been studied
under different conditions; c.f. [10, 23, 16] and the references therein.

In the paper, we first introduce the following assumptions on the rate function R.

o oo Wy,
Ho: [ %«w and H;: [ R(gfj)dy<00 for p=>0.

By Proposition 2.6, condition Hy can be referred to as the explosion condition, under
which we denote by

o(x) == l/ % for x > 0. (2.13)

Remark 2.7. Observe that condition H; implies condition Hy. Further, if p > 0, then
Wp(o0) < oo and the condition H; is equivalent to

1 [e%e)
Wi(y) / 1
—dy + ——dy < o0,
/0+ R(y) 1 R(y)
which, although stronger than the explosion condition Hy, allows to find explicit expres-
sions for general R for further analysis; c.f. Corollary 4.5, Remarks 4.6 and 4.8.

Remark 2.8. For a general rate function R, {T.f < oo} = {Tf < T, },
{Ty =00} = {15 =00} U {1y <oo}n{n(ry)=o00}),

and

{T; = oo} = {T(; < oo} U ({TJ =oo}N{n(o0) = oo})
We may have P ({T5; = co}N{T}; = co}) > 0 for some R. In such a case, there is a positive
probability that the process ¢ either reaches 0 or goes to co before reaching 0, where
the associated X either extinguishes or drifts to oo respectively. Proposition 2.6 shows
that, under condition H, we have {7, < co} = {7, = o<}, and under stronger condition
H;, we have {T; < oo} = {7, < oo}, which gives P({Tf < oo} U{T; < oo}) = 1.
Remark 2.9. By Proposition VIL.10 in [2], W, (x) =< W we have

W(z) ) . * 1
/0+ R dz < oo if and only if / Wdz < o0,

and W (2) )
p\Z . .
dz < oo if and only if / —————dz < .
/ R(z) o+ 2¥p(2)R(1/2)
EJP 26 (2021), paper 148. https://www.imstat.org/ejp
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In particular, for R(z) = 2Y, by change of variable, we have from Proposition 2.6 that

L0—1
Up(2)

which coincides with Theorem 1.8 of [21]. If p,v € (0, 00), then

P, (T, <oo) >0 ifand only if / dz < oo,

P,(T5 <oo) >0 ifandonlyif 6> 1,

which coincides with Theorem 1.10(1) of [21].

3 Main results

Under the condition H;, the explosion time 7.} has finite exponential moment.

Theorem 3.1. Assume p > 0 and the condition H; holds for function R. Then m,(z) :=
E, [(T4)"; T4 < T, | is finite and can be obtained recursively by

> mn-1(y) . _
n = s h =1- pa:’ NI
my () n/o u(z,y) R®) dy with mg(z) e (3.1)

Wy (2)
R(z)

—1
where u is the potential density in (2.3). For |q| < (fooi dz) , we have for x > 0

E, [GQ'T:S;T; <Ty] = Z %mn(x) < 0.
n=0

Recall p, v defined in (2.1) and ¢ defined in (2.13). To study the asymptotic behavior
of the process X near time 7.f on {7} < oo}, we always assume p,y € (0,00), the
explosion condition H, and the following condition hold, for some A € [0, 00) and every
x>0

. plzty) -z
]Hg. =) y:)c e .
Denote by
Qt(l’,A) = IPQJ(Xt S A) = IPQJ(Xt S A,t < TJ A T;),

and under condition Hy,
QL(B) := Q.(B|Tf < o) = Py (B|ry =o0) =: PL(B),

forz > 0,t > 0,A € B(0,00) and B € o{X;,t > 0} C 0{&,s > 0}. Then Q; defines the
semigroup of X before absorption, Q! defines the probability law of X conditioned on
explosion, and P] denotes the probability law of ¢ conditioned to stay positive, where
under condition Hy and p > 0, Q] is meaningful with Q! = P! by Remark 2.8.

Remark 3.2. Recall that, a positive function f on (0, 00) is regularly varying with index
a € R atooif for any s > 0,

f(sx)/f(z) = s¢ asx — oo,

and is slowly varying at co if a = 0.
The condition H, is equivalent to function x — ¢(log ) being regularly varying with
index —\ € (—o0,0]. If there exists a positive function f such that

plzty) — f(z) forallz >0,
ely)  vooe

EJP 26 (2021), paper 148. https://www.imstat.org/ejp
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then condition Hs necessarily holds; see Theorem 1.4.1 of [5]. Moreover, under condition
Hs> we have

log o(z +y) —logp(y) — —Ax.

Y— 00

It follows from Lemma 1.4.5 of [5] that

o(z) = e~ M@z for some function e satisfying e(x) — 0 as © — oo,

which can also be obtained from a representation of regularly varying function.

A sufficient condition for the condition H; is that function z — R(logz) varies
regularly with index A > 0, which can be proved by applying Karamata’s theorem,
c.f. Theorem 1.5.11 and Proposition 1.5.9.b of [5]. An interesting example for R is a
power-like function satisfying the condition Hy with A = 0. If

liminf2®R(z) >0 and limsupz’R(z) < oo,

T—0 T—00
for some constants a > § with « — 8 < 1, then Hs holds with A = 0. Actually, under
condition Hy, we must have 8 < —1, thus for some constant ¢ > 0 and x large enough,

z+a 1 z+a
o) —pleta) L mpd _ Ly e o5

- 50 S C— % < €T
o(z) I wmty dy [ yPdy — 1+
We are ready to present our results on explosion whose proofs are deferred to

Section 4. Recall from Proposition 2.6 that, if p,y € (0, c0) and Hy holds, Q] (75 < o0) =
1.

We first present the asymptotic of the residual explosion time after first uncrossing a
level.

Theorem 3.3. Suppose that p,y € (0,00) and R satisfies the conditions Hy and H,, and
let A > 0 be the constant in H,.

(A) If A\ =0, then for every x > 0
T+ — T+
>z 1 inQ asz— . (3.2)
o(2)

(B) If A € (0, 00) and imsup, _, o 23 [ 7y 4y < oo, then as z — oo

‘P(X(T;)) :D> e e Tot - Tj :D> Ay /OO e~ Nt gt
o) o (X @) e 0 33
T - T D > ’
and == | = )\'ye_’\g/ e dt,
p(z) lal 0

where Z|Ql denotes the law of Z under Q!, and where o is a random variable
independent of ¢ with probability law p specified in (2.7).

Remark 3.4. By (4.14) in the proof of Theorem 3.3 we see that, under conditions H;
and H,, the stronger LQ(QD convergence holds for assertion (A) of Theorem 3.3, that is,

1w @ [(E= - 1) -0

Remark 3.5. If + — R(logz) is a regularly varying function with index A > 0 as = — oo,
it follows from Karamata’s theorem that

o0 R2 o0 R
ﬁ dy — (20! and / @) gy A1 as 2 oo,
. Ry . R(y)
EJP 26 (2021), paper 148. https://www.imstat.org/ejp
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thus,
1 /°° 1 vEA
dy — —.
e*(x) Jo R*(y) 2
In particular, if R(x)e~** is a regularly varying function, then z — R(log z) is regularly
varying with index A.

We now present the following main result concerning the speed of explosion.
Theorem 3.6. Suppose that p,y € (0,00) and R satisfies the conditions Hy and Hs.

(a) If A =0 and liminf, . % € (1,00] for every h > 1, then we have for every x > 0

X(TE —t)

infocser X(TE —
o 1 and infooc¢ X(T — s)
e~ 1(t)

—1 ast— 0+,
Qb e 1(t)

Ql

where ¢~ 1(t) := sup{s > 0, p(s) > t} is the right inverse of .

(b) If X > 0 and lim,_, o ﬁ = R%(y)dy < oo, then we have

X (T —t)

N )\_1 and info<s<t X(T;g — S)
—logt

— At ast— 0+.
qQt —logt

Ql

Remark 3.7. If for some M, m > 0and o > 1, maz® < R(z) < Mz for all = large enough,
then for every h > 1 we have

xh T —a
pla) —plah) _ L m@ W m LTy m
() I wmydy ~ M [Symedy M ’

and the corresponding function R satisfies the condition (a) in Theorem 3.6.

Remark 3.8. For the asymptotic functions in Theorems 3.3 and 3.6,

« if R(z) = (c+ )Y for § > 1 and any constant ¢ > 0, then

(v +c)t=?

and o (t) ~ (v(0 — )T as t — 0+
LED L and 0 ~ (0~ 1)

p(z) =

« if R(z) = e for A > 0, then p(z) = (M)~ le ™ and ¢~ 1(t) ~ —A"llogt as
t— 0+.

Remark 3.9. Studying the explosion behaviors of X for rate function R with arbitrary
behavior near oo seems to be rather challenging since the explosion may allow different
speeds when the explosion time is approached in different ways. To this end, we assume
H- on the asymptotic behavior of the rate function, which is similar to those assumptions
in[1] and [12].

Remark 3.10. We assume that v € (0,00) in both Theorem 3.3 and Theorem 3.6. It
remains open to identify the speed of explosion for continuous-state nonlinear processes
with big jumps in the sense that [, 2II(dz) = cc.

4 Proofs

This Section is dedicated to the proofs of the main results. Lemmas 2.1, 2.3 and 2.5
for SPLP are of independent interest and are proved first. They will be applied in the
proofs of main results thereafter. Recall p and v defined in (2.1).
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4.1 Proofs of Lemmas 2.1, 2.3 and 2.5

Our proof of Lemma 2.1 is based on the It6 excursion theory, where the compensation
formula and the exponential formula for Poisson point process are applied; c.f. Chapter O
of [2]. Here we use the standard notions in the fluctuation theory of Lévy process from
[2]. Let x := & — ¢ be the Lévy process reflected at its running maximum, where
& = sup,., & is the running maximum process of ¢. Let [ be a local time process of y at
0 and ! be its right inverse. Since lim;_, oo £(t) = oo, x is a recurrent Markov process.
In addition, (171, ¢ (ls‘l))s>0 defines a proper bivariate subordinator on (0, o), called the
ladder process in Chapter VI of [2], with a version of its Laplace exponent given by
kla, B) = (a)(ﬁ) The excursion process (¢5)s>0 of x away from 0, defined by

-1 < -1 _ -1 ieg—1 1
.. ::{ {xt+10h),0<t<igt =ity afit <t @.1)

A otherwise,

for some isolated point A, is a Poisson point process with characteristic measure n. The
associated excursion height process is denoted by (€;)s>0, that is,

. { SUP;-1 Vx(t) if <1t
s 7

. 4.2)
A otherwise.

Then (&;)s>0 is a R4-valued Poisson point process and we occasionally drop index s.

Proof of Lemma 2.1. Assume p > 0, then IP(T;;E < o0)=1foreverye e (0,1). Ift > Tfr/s
and £(t) — &£(t) > e-£(t), we have t € (171 (s—),17!(s)) with s = I(¢). Then we have for this
excursion ¢, € > 1 and €, > ¢ - £(t) = ¢ - £(I;}). Therefore, counting the number of those
excursions gives

. £(t) —&()
{5 < hﬁsololp T

On the other hand, since the process x has no positive jumps, the law of € given € > 1
under n(-) is identical to the law of | inf, _+ &(t)| under P_4, that is, fory > 1

} = {#{s >0l > 1,6 >e- €11} = N. = OO}.

_ W(1)
n€>y€>1:IP_<1nf§ fy>:IP_ =, < 1) = ——2.
(> yle>1) =Py inf &) < 02, <) =
Notice that similar to Lemma VI.2 of [2], the excursion height process (€, s > 0) is
independent of (£(I;!), s > 0). Therefore, conditioning on ({(I;), s > 0), N. is Poisson
distributed with parameter

(4.3)

n(e> 1)W(1)
W(ve (i 1))GZS)

Since W (x) = eP*W,,(x) > W,(1)eP* for x > 1, and P-a.s. £(I;1) = £(I;1) = £(I;1) for
almost every s > 0, by the right-continuity of ¢ and the definition of [~!, we have from
Fubini’s theorem that

T W@ Y o [T ppereeaige - PAZE)
E[ 0 W(l\/ef(ls__l))d}g/o Ef Jd —o(ep) =

where in the equality above we use the fact that £(I;!) is a subordinator with Laplace
exponent _I;‘/’f(?. Therefore, IP almost surely, we have

> 1)W(1 t) —&(t
(€ (1) ds<oo & N. <0 & liInsupwgs,
W(1ve-€(ih) tsoo (1)
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Explosion of nonlinear branching processes

and finish the proof of the first assertion.

For the second limit, for every € > 0, suppose ¢ > 0 such that & > (1 +¢) infss¢ & > 0.
There exists r > ¢ such that /1 + ¢ - infs~; & > £,. Then for this » we have
sup&s > & > (1+5)i§ft§5 >Vite &

s<r
The first assertion is then applied to prove the second assertion. O

We now prove Lemma 2.5 before Lemma 2.3.

Proof of Lemma 2.5. The proof is based on the observation that ¢ and its ladder height
process have the same overshoot when first up-crossing a level. Thus, the stationary
overshoot is identical in law to the limit of the overshoot of the ladder process, and
where we need the assumption of v = E[£] € (0, 00).

More specifically, consider a ladder height process of &, which is a subordinator with
a version of Laplace exponent %(8) = Ig(fﬁp), c.f. Theorem VIIL.4 of [2]. Let 6 and v(dz)
be the associated drift parameter and jump measure, respectively. Then we have from
Theorem 5.7 of [18] that

N o0 _ (oo} oo —8z 6
A= [ et = [y [z 4
0— 0 0 K K
1 1 [> s A(s) ¥(s)
:7(54_,/ 1—e**v(dz)) = = )
u( s Jo ( t )) ps  ps(s —p)
where p =®'(0) = YO ¢ (0, 00), which finishes the proof. O

p
Remark 4.1. From the Lévy-Khintchine formula, for the case p,~y € (0, ),
2 00 o]
~ po p —sz —PYT]
p(s) = — 7/ e (/ e "yH(y—l—z)dy>dz.
2y Y Jo 0
We are now ready to prove Lemma 2.3 by applying Lemma 2.5.

Proof of Lemma 2.3. For y > 0, define the hitting time of £ by
W = inf{t > 0,& = y}.

Since the process X has no positive jumps, v} = T;_ +7, © 97;. Applying (2.2), (2.6)
and Lemma 2.5, we have
P(r¥} < o0) = ]E[e_p(s(ﬂj)_y)] — e P p(dz) = (yv®'(0)) L. (4.4)
Yy—0 Jo—

On the other hand, it is proved in Lemma 3.1 of [20] that

_ Wh—z) Wy—2x)W(bH--c
P, (ri < 7 A T, )= — ,

( v AT Wh-y) Wy—c Wbh-y)

for z,y € (¢,b). Letting b — oo and ¢ — —o0, it follows from (2.5) that

ePW(y —c) = W(y)

P(rivt < 77) = for y > ¢, (4.5)
( W0 v
W(y) 1
(v} —ePy — = (PP () — W ().
(T <o) =e Wo(oo) ~ ®(0) (ePra'(0) (¥))
Applying (4.4) the proof is completed. O

Remark 4.2. For the case of linear Brownian motion with ¢(s) = "7232 — ps for some
constants o, 1 > 0, we have v = —/(0) = p, p = 24 and ®'(0) = (¢'(p))~' = . Then
~®’(0) = 1. On the other hand, since the Brownian motion has no jumps and due to the
positive drift, we always have P(T{y} < o0) =1 for every y > 0.
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4.2 Proof of Proposition 2.6

Since the processes X and £ are connected via the Lamperti type time transform,
in the proofs of our main results, we focus ourself on the study of ¢ and its integral

functional. In the proof, we write

9(:) == %

The process 7)(+) in (2.8) is then written as

n(t) = / t el / 9()ds,

and called the weighted occupation time process in [19], where fluctuation theory of
the J-killed spectrally one-sided Lévy processes is studied. In this paper, ¢ is always
assumed to be positive and locally bounded on (0, c0). Recall that p and v are constants
defined in (2.1), respectively, and the Lamperti type identities between the first passage
times for X and & in (2.11).

For the proof of Proposition 2.6, the condition of explosion is an immediate conse-
quence of the following result from [10]: if E[¢;] € (0,00) and f is a positive locally

integrable function, then P ( I f(&)ds < oo) € {0,1} and

IP(/()OO f(&s)ds < oo) =0 <<= /oof(x)dx:oo. (4.6)

Even for v = o0, one can find from the proof for sufficiency in [10] that the identity
on the right hand side of (4.6) is still a sufficient condition for the left hand side to
hold. Therefore, we only focus on the proof of extinction condition in the first state-
ment of Proposition 2.6, where we need the following result that extends the classical
result of (2.2) and leave the proof to interested readers; also see Remark 4 in [19] and
Lemma 4.2 of [20].

Proposition 4.3. For any b > = > ¢ > 0, we have

W (b, x)

B e <w ] = e

where W) is defined as the unique locally bounded function satisfying
W (z,y) = W(x —y) + / W (x — 2)9(z)WW (2, y) dz (4.7)
Yy
xT
=W(z—-y)+ / W (2, 2)9(2)W (2 — ) d=. (4.8)
Yy

Note that if ¥ = ¢ for some ¢ > 0, then 7(7,") = q7. and W@ (z,y) = WD (z —y),
and the identity in the proposition above exactly reduces to the classical result (2.2). For
the W) (z,y) defined above, we have the following asymptotic results.

Lemma 4.4. For any z,y > 0, we have

1
W (z,04) := Jim W@ (z,y) < oo if and only if /O I(2)Wp(2) dz < oo,
+

(4.9)
and HY(y):= lim w < oo ifand only if /DO Hz)Wp(z)dz < o0
- e W) 1 g .
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Moreover, the function H®) defined above satisfies

HD (y)=e P + / e P2Y(2)W D (2,4) dz
Yy

o0 (4.10)
=e P4 / H (2)0(2)W (2 — y) dz.
Yy
Therefore, if ¥ satisfies H;, then H¥) (04) := lim, o, H™ (y) < cc.
Proof of Lemma 4.4. We start from the existence of the limits in (4.9).
For z > y > 0, we have from (4.7) that
WNay) Wa—y)  ["W(—2)
2 = ) 4.11
W(x) W (x) +/y W (z) Wz, y) dz ( )
1+/ e P2I(2)W ) (2, 1) dz. (4.12)
Yy
Put G(z) := exp(— f1 z)dz). Then G is absolutely continuous with respect to
Lesbegue measure w1th G’( ) —(z)W,(z)G(x) for a.e. z, and for a.e. =
8 x
= —pz (@)
5 (G(Jc) (1+ /y e P2I(2)W (z,y) dz))
= G(z) (e*mﬁ(f)W(ﬁ) (2, y) — (z) Wy () (1 + / e P9 (2)W 7 (z,y) dz))
Yy
W (2, y) ’
= W (1 P2y D (z,y)dz)) <
G W) (T~ (L [ oW ) <o
by (4.12). Thus, forxz >y >0
G(z) (1 + / e P=I(2) WD (2, ) dz) < G(y).
Yy
Making use of (4.12) again gives
WW(z,y) _ Gly) ’
< = .
W) S G exp (/y Hz)Wp(2) dz) forx >y >0
From the inequality above, if [ 9(z)W,(2)dz < oo, the function z — # is

bounded from above for every fixed y > 0, which, together with the fact of being in-
creasing in = by (4.11), gives the existence and finiteness of H(”)(y) on (0,00). The
equations (4.10) for H ) follow from (4.7) and (4.8) by applying the monotone conver-
gence theorem. The “if” part in the first assertion on W) (z,0+) also follows from the
inequality above.

On the other hand, since W) (z,y) > W (z — ), we have from (4.8) that,

W (z,y) > /z W(x — 2)3(2)W(z —y) dz

> ePTVW, (z — ¢) / W (z)Wy(z —y)dz for every c € (y,z).
y

It follows that, W) (z,0+) = oo if f01+ J(2)Wp (%) dz = co. Moreover, for every ¢ > y,

. W(ﬁ) (m,y) —py ‘
I g 2, 0
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Thus,

W)
liminfﬂ oo if / Iz z)dz = 00
Z—00 W (x)

which proves the “only if” part in the assertions. H(")(0+) < oo under H; also follows.
This completes the proof. O

Proof of Proposition 2.6(extinction condition). Letting ¢ — 0+ in Proposition 4.3, we
have

. W (b,z) WO (b,x)
(70 ). 7= < 1 = 7
Egc[e ° T <Tb} = WO (h,0) T WOb,04)

for every b > xr > 0. By Lemma 4.4,
1
P, (n(ty) < oo0,7y <o0) >0 ifand only if / W(z)Wy(2) dz < o0.
0+

On the other hand, if f01+ V(2)W,(2) dz < oo, we also have for every ¢ > 0,

ﬂ W) (b, x)

Eglem@70)smg < nif] = W@ (5,0)

where W(9) is the generalized scale function in (4.7) with respect to qY(+). By the scale
function identity, for every z,y,q,r > 0,

W (z,y) = W (@,y) = (¢ - 7“)/ W) (@, 2) ()W (2, y) dz,
Yy

c.f. Lemma 4.3 of [20], we have that ¢ — W(W)(yc7 y) is increasing. It is not hard to find
that W) (z,y) — W(x —y) as ¢ — 04, which shows

P,(n(ry) < o0,y <70) = IPI(T(; < TbJr),
and the second assertion is proved. O

Applying Lemma 4.4 to Proposition 4.3 by letting b — oo, we also have the the
following results on the downward passage time of X and H(?), and we leave the proof
to interested readers. Notice that the result holds for the case that either p = 0 or
lim, o0 Wp(2) = @'(0) < 0.

Corollary 4.5. Let H") be defined in (4.9) and assume that [, ()W, (z) dz < cc. Then

- HW) (x)
-To .- = —
E, [e T < oo} T

for every x > ¢ > 0. If R satisfies H,, then the identity also holds for ¢ = 0.

Remark 4.6. If [~ 9(2)W,(z) dz < oo, we can always express H(?) as a series of inte-
grals from (4.10). On the contrary, if [~ 9¥(z)W,(z)dz = oo, the Laplace transform in
Corollary 4.5 holds for some increasing H® on (0, 00) satisfying the singular equation

HD (z / HD (2)0(2)W (2 — x)d=.

To evaluate H), if 9(z) = [~ e~ *p(dt) = () for some positive measure 1 on (0, 00)

such that the COIldlthl’l ]H1 is fulfilled, that is,

. R dy—/o+ 19(3,/)Wp(y)dy—/(H u(dt)/o Wp(y)dy—/o o) < o0,
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then H)(y) = Js~ e ¥*v(ds) for some positive measure v on [p, co) such that

v pu(ds)
¥(s)

If ju(ds) = h(s)ds for some measurable 7 >0 on (0, 00), then H") (y)=e PV [* e ¥°k(s) ds
where £ is a locally integrable function on (p, o) satisfying a Volterra equation

v(ds) = dgpy(ds) + for s > p.

1
¥(s)

4.3 Proof of Theorem 3.1

An application of Proposition 2.6 shows that, under the condition p,~y € (0, 00) and Hy,
{Tf < 0o} = {7y = oo} and has a positive probability, the moment function m,, defined
in Theorem 3.1 can now be written in terms of £ as

k(s) = (h(s) + /S h(s —r)k(r) dr) for s>p.

mp(z) = E; [n"(00); 7y =o0] < oo forn € Nandz > 0.
The following proposition on m,, is frequently used in our proofs. Similar result can be

found in Lemma 8.11.1 of [5], and here we provide a proof for readers’ convenience.
Proposition 4.7. Let U be defined in (2.3). We have my(z) = 1 — e™P* and

my(x) = n/ U(z,dy)d(y)mn_1(y) forx >0andn > 1.
0

Proof of Proposition 4.7. The expression for mq(x) follows from (2.2) by taking ¢ = 0.
Since 7, =t+ 7 o6, on the set {¢t < 7, } for the shifting operator ¢;, we have from
dn(t) = 9(&;) dt that, on the set {7, = oo},

7"(00) - 1(ry = 00) = n / " (n(00) — n(6)) "M 9(E) - 1(t < 7 = o0) di

:n/ (" H(o0)1(ry = 00)) 00, - 9(&) - L(t < 7y ) dt.
0
By the Markov property at time ¢ > 0 and Fubini’s theorem, we complete the proof. O

Remark 4.8. If v € (0, ), applying Lemma 2.3 to Proposition 4.7 we have

o

E, [n(c0); 7y = o0] < oo if and only if /0+ I(y) (1A (yWp(y))) dy < oc.

Using the idea similar to Proposition 4.7 in the following, we have for = > 0,
E, [7}(7(;); T, < oo} = / Uz, dy)d(y)Py (15 < 00).
0

Then Lemma 2.3 shows that if v € (0, 00),

oo
E, [n(7y ); 7y < oo] < oo if and only if / I(y)(e7PY A Wy(y)) dy < oo,
0+

and E,[n(ry)] < oo if and only if / I(y)W,(y) dy < .
0+

We refer to [23] for more detailed discussions on the related results. Notice that the 0-1
law in the first part of Proposition 2.6 can also be proved by showing that

1
E[n(ry );7y <7] <oo ifand only if / I (2)Wp(2) dz < 0.
0+
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We are now ready to prove Theorem 3.1. Notice that ¢ = % in Theorem 3.1 is

assumed to satisfy H;, which fulfills the condition of Lemma 4.4, and under which
n(1y ) = n(ry )11y < 00) +n(c0)1(7y = 0) <o Py-a.s.,
for every x > 0 as shown in Proposition 2.6.

Proof of Theorem 3.1. The recursive identity (3.1) on the moments of 7. is obtained
from Proposition 4.7. From (4.5), we know that the density of U is bounded by

u(z,y) =e P*W(y) — Wy —z) <Wy(y) forallz,y>0.

Therefore, with mg(z) =1 — e P* < 1, we have

mp () < n/OOO (Y)W (y)mn—1(y) dy < nl x (/000 ﬂ(y)Wp(y))n foralln > 1.

Since Carleman’s condition on the moments is satisfied, the distribution of T.f = n(oc0)
on the set {75 < T } = {7y = <} ={T, = <} = {T'f < oo} under the condition H; is
uniquely determined by its moments (m,),>0, and the desired conclusion follows. O

4.4 Proofs of Theorems 3.3 and 3.6
To compare the asymptotic behaviors of functions at infinity, we write as usual

flx) ~g(x) as z—oo if lim f(x)/g(z) =1,

T—r00

and
f@)=o(g(x)) as z oo if lim f(z)/g(x) =0,

T—00

where g(z) # 0 for x large enough. We always assume that p,~ € (0, c0) and the weight
function 9 satisfies Hy and Hs. We prove in Proposition 4.10 the asymptotic results about
the tail integrals for functions of this kind, that is,

h f(2) dz/ /OO f(z)dz — exp(—Azx) asy — oo, (4.13)
ty Y

for some constant A € [0, c0) and every « > 0. Since the condition (4.13) is closely related
to regularly varying functions as shown in Remark 3.2, similar results for “Stieltjes-
integral forms” can be found in Theorem 1.6.4 and 1.6.5 of [5]. Recall the following
Karamata’s theorem from Theorem 1.5.11 of [5].

Proposition 4.9 (Karamata’s Theorem). Let f vary regularly with index p, and be locally
bounded in [¢,00). Then

(i) foranyo > —(p+1),
x”“f(x)//gﬂt"f(t)dt%0+p+1 as r — oo;
(i) forany o < —(p+1) (and foro = —(p+ 1) if [Tt~ (PHD f(t)dt < c0),
x"“f(x)//oo tf(t)dt = —(c +p+1) as x — oo.

Proposition 4.10. Suppose that a positive function f has a finite tail integral and its
tail integral satisfies the condition (4.13) for some )\ € [0, ),
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(A) If A =0, then for any o > 0 we have

/1meayf(y)dy = 00, /1006%/:0 f(2)dzdy = oo

6_0‘””/1 e f(y) / fly dy as T — oo.

(B) If A > 0, then for any @ < A we have

/ e f(y)dy < oo, / e /y " fe)dzdy < oo,

and

and as x — oo,

[ [Tyt [Ty o [

(C) If X > 0, denoting by k the inverse of functionx — [° f(y) dy, i.e. f;&) fy)dy =z
for all small x > 0, we have

k(z) ~ —=A"tlogz asz — 0+.

Proof of Proposition 4.10. Put g(u flog . f(2)dz. Tt is true that u Ag(u) is slowly vary-
ing under the condition (4.13). In the followmg discussion, we take u = e*

For a € R and = > 1, by change of variable and Fubini’s theorem, we have

[ e ensay=a [7 [ et sy
—af e / " i) dydz = a / T )y,

Applying Proposition 1.5.1 of [5], the last integral converges if &« — A < 0 and diverges if
a — A > 0, which proves those results on the finiteness of integrals floo eV fyoo f(
and [;* e f(y) dy in (A) and (B), respectively.

If A >0and o — A <0, applying Karamata’s theorem, we further have

(oo} 1 o
@~ dy ~ )d
a/u v () dy ~ ——(ug(w)) = / f(y)dy,
If \ =0and a > 0, then u®g(u) — oo as u — co. By integration by parts, we have
[ entway=c [ rway-e [ fydyra [ evay [ e)as
1 1 T 1 Y

=e%g(e) — (u“g(u) - a/u 227 1g(2) dz).

e

z) dzdy

which proves the last result of (B).

Since u%*g(u) ~ « fe“ 29~1g(z) dz by Karamata’s theorem, the last result of (A) holds.

If A > 0, for any ¢ > 0, by Proposition 1.5.1 of [5], we have u**¢g(u) — oo and
u*~¢g(u) — 0+ as u — oc. Since g(u) is continuous and decreasing, for any fixed M > 0
we have g(e#(®)) = z and

eQ=k@y < M1 and P HORE L > g,

for all small enough = > 0. Therefore,

-1 -1
m(logm—logM) < k(z) < )\_g(logx—klogM),

which leads to the result of (C).
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Applying Lemma 2.3 and Proposition 4.10 above, we first obtain the following asymp-
totic result on the integral with respect to potential measure U of function f which
satisfies (4.13) with A = 0.

Lemma 4.11. Suppose that v € (0,00) and f > 0 is an integrable function on (0, co) with

/ f(y)dyN/ f(y)dy foreverya > 0.
r+a xT

Then

/Ooof() (z,dy) ~ / fly)dy asz — co.

Proof of Lemma 4.11. Notice that W(y — z) = 0 for y < z, we have from (2.3) that for

x>0,
/Oo fy)u(z,y)dy
0

/ T e - Wiy — 2) f)dy

/ W (o) F(y)dy + /OOO (P Wz + ) — W) S+ y)dy
=1+ L.

Since W (y)e ¥ = W,(y) T ®'(0) < oo as y — oo, we have from Proposition 4.10(A)
that

n<e©e [ =o [ 1w )
0 T
On the other hand, for every € > 0, applying Lemma 2.3, for some k > 0,
‘(e‘pr(m +y)—W(y)) — 7_1’ <ey !, foraz,y> k.

Since e P*W(z +y) — W(y) < ®'(0) by (4.5), then for z > k

o [0
< (@(0)+77) /f +y)dy+571/oof(x+y)dy
—@ O+ e[ s [ ) et [ wa
1-/:Of(y)dy as z — oo,

where we used the assumption that [° f(y)dy ~ [%, f(y)dy for k > 0 as x — oco. This

finishes the proof. O

We are now ready to prove part (A) of Theorem 3.3. Denote

+

T

J(r) = /Oo (&) dt = — T} onthe set {1y = oo}

We start with investigating the asymptotic behaviors of the first two moments of 7(c0)
under P,, and then estimate the first two moments of J(7;") under P, using the Markov
property of £. Recall that ¢ is the tail integral defined in (2.13) and p,~y € (0,00) in (2.1).

We now present the proof for Theorem 3.3 (A). The proof for Theorem 3.3 (B) is
deferred.
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Proof of Theorem 3.3(A). In this case the tail integral function ¢ of ¢ is assumed to
satisfy condition (4.13) with A = 0 and p,~y € (0, c0).
We first show that for any > 0,

lim E! [(m - 1)2] =0, (4.14)

zZ—00

under a stronger condition

o(0) = / " oy)dy < oo,

which holds under condition H; and ensures ms(x) < oo by Theorem 3.1, and implies
the desired convergence in probability in Theorem 3.3 (A). If ¥ fails to be integrable at 0,
we can apply (4.14) to the function ¥.(-) = 9(- + ¢) under P]__ for every 2 > ¢ > 0. Note
that the associated tail integral function for 9. is p.(z) = ¢(x + ¢). We then have

1 oo
N - . B - _:
]Pg,—¢<‘ SDC(Z - C) /T:C ﬁc(gt)dt 1‘ > e 7_0 OO)

J(r+
ZIPIO () TC_:OO)—>0 as z — 00,
o(2)
where we need the spatial homogeneousness of £ for the identity. Letting ¢ — 0+ and
noticing that p > 0, the desired convergence in probability in Theorem 3.3 (A) also holds.
Recall the moments m; and ms in Proposition 4.7,

—1‘25

i) = [ una e dy (@.15)
ma(z) = 2 /0 " )0y ma () dy. (4.16)
We claim that, for every x > 0, as z — oo,
mi(2) ~ p(2), ma(z) ~ ¢*(2), (4.17)
and in addition,
E, [h(E(TH)im <19 ] ~ Paulry = 00)g(2), (4.18)

where h and g are functions such that » ~ g and ¢ is a deceasing function satisfying
g(z + a) ~ g(z) for every a € R.
Actually, given (4.17) and (4.18), since J(7}") = n(o0) o 0.+, we have for z >z > 0,

EL[J()] = 5= Ba [ ()7 < 75| ~ (2),

EL[7*(70)] = B [ma(§(r1))im <70 ] ~ ¢*(2),

P, (ry = o0)

which implies the L? convergence with respect to IP; in (4.14).
To prove (4.17), we apply Lemma 4.11 to the function f;(y) = d(y)(1 — e P¥). It is not
hard to see that as z — oo

/ f1(y) dyN/ I(y) dy ~ N 19(1/)dy~/+ f1(y)dy.

Thus, f; fulfills the condition in Lemma 4.11. It follows from (4.15) that

mi(z) = /O w(z,y) fily) dy ~v7" / fi(y)dy ~ p(z) as z — oo (4.19)
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Then, we take f2(y) = 9(y)m1(y). From the result above, for any ¢ € (0, 1)
(I—=e)p(z) <my(z) < (1+e)p(z) forall z> ky,

for some k; > 0. It follows that for z > kq,

o0

and

which gives that
> 1
| s~ 5360,
and f; satisfies the condition of Lemma 4.11. Applying (4.16) and Lemma 4.11 we have
= 2/ fo(y)u(z,y) dy ~ 2y~ / f2(y)dy ~ p*(2) as z — oo. (4.20)
To prove (4.18), let ko > 0 satisfy
p([0,ke]) >1—¢ and (1 —e)g(z) <h(z) <(14¢e)g(z) forz > ko,

where p is the stationary overshoot distribution in (2.7). Then for z > ko,

E|h(€ + E +
(o2 T o Bl
E[g(§,+ )i+ < z+k2)] 29zt k)

where the monotonicity of g is applied to the first and the last inequality. Thus,
E[h(fT;r)] ~g(z) asz— oo.
Lastly, applying the strong Markov property for £ we further have
[ (gT ) < TO]
By [h(& s >] Py (1 <7) - E[A(¢,+)]
E[h(,+ +a)] —B[AE )] + Pol(r <15) - E[h(¢,+)]
~ P <15) 9(2) ~Py(ry =0)g(z) as z— o0.
This finishes the proof. O

Remark 4.12. In the proof of statement (A), we have
E! [J(mH)] ~ E! [n(00)] ~ ¢(z) as z — oo.

However, with the presence of positive jumps, ms(z) and E] [n(co)] may fail to be
monotone in x in general.

For the proof of statement (B) of Theorem 3.3, we make use of the local time for the
process &, see c.f. Chapter V of [2] for more detailed discussion. Given a SPLP ¢, its local
time exists and is defined as the density of occupation measure by,

1
L(y,t) := lim —/ 1(|¢s —y| <e)ds, foryeR,t>0, P-as.,
0

EJP 26 (2021), paper 148. https://www.imstat.org/ejp
Page 20/25


https://doi.org/10.1214/21-EJP715
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Explosion of nonlinear branching processes

and the following occupation density formula holds for all bounded Borel function f > 0,

/ffs dS—/ fly t)dy P-a.s..

We also need the following Lemmas on the regularly varying functions and the local time.

Lemma 4.13. Let ¥ be the function in statement (B) of Theorem 3.3. Let f > 0 be a
measurable function locally integrable such that the set {x € R, f(z) > 0} is bounded
from below,

/ e M f(y)dy < co and / e 2 f2(y)dy < oo for some 2a € (0, ).

— 00 — 00

Then

oo

S0(196)/0; Wz +y)fly)dy — M/m e N f(y) dy. (4.21)

Lemma 4.14. Suppose that p > 0. For any 2« € (0,p), we have

E[/ e 22 (y, 00) dy} < 00

Remark 4.15. Lemma 4.13 appears similar to the Abelian theorem, c.f. Theorem 4.1.3
of [5] where ¥(log -) is assumed to be regularly varying, and also similar to Theorem 1.7.5
in [5], where conditions related to slowly decreasing is imposed. The condition here
can be replaced by other, possibly weaker, conditions. For example, if f has bounded
variation and is bounded, right-continuous, and {x € R, f(x) > 0} is bounded from below,
an application of the uniform convergence theorem could give the same result.

Proof of Lemma 4.13. Since the set {z € R, f(z) > 0} is bounded from below, it is
sufficient to prove (4.21) for f vanishing on (—o0,0), and we only focus on integrals on
(0, 00).

By the assumption in statement (B), for some K, M > 0, we have

/OO 9 (y)dy < M - p*(z) forallz > K.
Applying Fubini’s theorem, for z > K we have
/000 (e* —1)9*(z 4+ y)dy = /OO 92 (x +y) dy /y 20e?* dt
= Za/ 2O”clt/ 92 (y) dy < QaM/ 2 (x 4+ t) dt
= 2aM/ 2(t)dt = 2aM( /OO 2a=152(log s)ds)
a-M ’

2
= . x as r — o0
w—e A_a 90() Y

u=e<*

~

L G logu)

by applying Karamata’s theorem to the last line since s — ?(log s) is regularly varying
with index —2\. Thus, under the assumption for Theorem 3.3 (B),

o0 ,,92

lim sup/ eQayM dy < 0.
z—oo Jo % ()

The Cauchy-Schwarz inequality then yields

< ([T emrom) ([T ). e
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where the second term on the right hand side is dominated by some constant.

On the other hand, it is not hard to check that the limit (4.21) holds for simple
functions f(z) = 1(xz > ¢),Vec > 0 as well as their linear combinations. Moreover, it
holds for any bounded measurable function f on (0,c0) which can be uniformly and
non-decreasingly approximated by simple functions f,, satisfying (4.21). Therefore, it
holds for all nonnegative bounded Borel functions on (0, o), by applying the functional
monotone convergence theorem, c.f. Theorem 2.12.9 [6]. Finally, for any function f
satisfying the assumption of Lemma 4.13, taking f,, = f A n and applying (4.22) gives

lim limsup </0°° M(f(y) — fn(y))dy)2 =0.

NS00 povoo sp(gj)

It follows that

<9 9
i [ 2 gy = it [ 2T g
T—r00 0 SO(:C) n—o0 r—0o0 0 sﬁ(l’)
=l [ ey =X [ eV )y
This finishes the proof. O

Lemma 4.14 is proved following the argument used in Theorem V.1 of [2], where
Plancherel’s theorem is applied.

Proof of Lemma 4.14. Let2a € (0,p) and g(y) = e~ *YL(y, o0) for y € R. Then (o), ¥ (2c)
< 0 by definition. Applying Fubini’s theorem and the occupation density formula, we

have
o0 o _1
E / e 2ok dt} :/ Ele 2% | dt = ——,
[ 0 0 { } ¥(2a)

E[/O:O eO‘yL(y,oo)dy] _E[/OOO e dt} = ﬁ;)

Thus, e~ 2%, e~2%¢ and g(y) are all integrable. The Fourier transform of g gives for every
u € R,

and

Fg(u) ::/ ei“ye_o‘yL(y,oo)dyz/ elv=& gt P-as..
0

— 00

In addition, we have

E[|Fg(uw)?] = E[Fg(u)Fg(—u)] = ]E[ /0 h /0 7 glinma)t(—iu-a)é, dtds}

o0 o0
E[ / / o(iu—a)(€i—€,)~2a€. dtds]'
0 0

—2aé,

Given the integrability of e~ ¢t and e , we can re-express the last term as

23%(/ ds/ th[e@“—a)(ft—fs)}E[e—Qafs]).
0 s

Recall the measure P(®) defined in (2.4). Under the new measure P(®) the above quantity
equals to

X (@)t [ ik, —ot—(a) - 2aé. _ 2 1
2?)%(/0 e? t]E[e e t]dt/o E[e 2 ]ds>_¢(2a)%<\lla(u)w(a))’

where

Ty(s) =t tlog E@® [eis&t] = —t)a(—is),
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is the characteristic exponent of ¢ under P(®), Noticing that —(a) > 0, we have

[ R o= g [ #( ) e

where Theorem I1.16 in [2] is applied. The proof is finished by applying Plancherel’s
theorem. O

We are now ready to prove the result of part (B).

Proof of Theorem 3.3 (B). Recall that p,v € (0,00). Let A > 0 be the constant in condition
H,, and f, g be bounded continuous and nonnegative functions.
Denote by f an independent copy of ¢ with probability law of PP, and define for z > 0

G(2) ::E[g(/ooo ’%it(j)z)dt) = oo].

Applying the strong Markov property of £ at 7,7, we have

£(t)) J() o(&(1))
E! [f(“’( B )~g( B ) —E! f(i) Nelticaa)IP (4.23)
’ o(2) p(&(mh)) v o(2)

Let L(y,t) be the local time of ¢ at level y and time ¢. Since £(f) — oo, we have
from (4.6) that [~ e™*tdt < oo P-a.s.. Applying Theorem 1.20 of [2], Lemma 4.14 and
the fact that | inf,~&| < oo, one can check that, for 2a < A A p, L(y, o) fulfills the
conditions of Lemma 4.13 PP-a.s. Therefore,

/°° Iet2) , _ /°° Wzt y)lly.)

o ¢2) —o o(2)

— )\7/ e ML(y,00) dy = )\7/ e dt, P-as..
0

Z—00 oo

Moreover, since ]P(limz_ﬂroo 1(7

—Zz

= 00) = 1) = 1, by the dominated convergence
theorem

G(z) = 1_1€_I)ZIE[9</OOO Wdt) (7, = oo)] — ]E[g(m/ooo e dt)}.

On the other hand, by the uniform converge theorem for ¢, see Theorem 1.5.2 of [5],
we have p(z +5)/¢(x) — e * as  — oo, uniformly for y € [0, 00).
Applying (2.7) and the facts above to (4.23), we complete the proof. O

For the proof of Theorem 3.6, we follow the same idea from [12] and [1].
Proof of Theorem 3.6. The theorem is proved by first claiming that under Q],

X(TE —1)
e (1)

recalling that X (¢) := Sup,e[o, Xs represents the running maximum process of X. The
desired conclusion then follows from Lemma 2.1.
We first prove the statement (a). For any h > 1, we take a constant ¢, € (1,

liminf, %). By the result of the statement A of Theorem 3.3, for any € > 0 there is

ks > 0 such that

—1 ast— 0+, (4.24)

J(r+
P( () ¢ (ch'ien)) <e and 1< < LG (4.25)
©(2) ¢(hz)
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Set ty := ¢(hks). For t < to, define a(t) := h- ¢ () and B(t) := ¢ 1(t)/h, then
a(t) > ¢71(t) > B(t) > k3. By the second inequality in (4.25),

el (1) _ 4 el (1)
) = 1)
Then we further have from 3(t) > k3 that the following inequalities hold,
J(Tie) _ ele=1(1) (i)
T(J(rt _pt ®) Py 1 ®) c
P2 () 2 ) ]Px(w(a ) = elalt) )SP“(aa(t» z h>§€,
T(5w) _ ole™' (1) T(5w) _
T J(r _ pt B(t) ply 1 B(t) ! c
Pt <0 =Lty < Sy ) <P (G <) <

which, since p(p~1(t)) =t, gives for t < t,

X(TE —t)
=1(t)

We can prove the weak limit (4.24) by first letting € — 04 and then letting h — 1+.
For the statement (b), notice that for every ky > 0

Q! (h1 < < h) =PL(J(rfy) St <J(15,)) 21— 2.

pl2) o o2)

Aky
— e as z — 0.
o(hz) — w(z +ka)

Thus, we always have liminf,_,., £ = oo for all k > 1 in this case. Since J(7)/¢(2)

o(hz)
converges in law to a random variable on (0, o), there exist M > 1 and ks > 0 such that
- 1
PIC(J(TZ ) ¢ (M)) <coand 1<M< 8 goranss s,
p(z) " \M p(hz)

which can be compared with (4.25). The same argument as in the previous case can
be applied to prove (4.24). Applying the result of (C) in Proposition 4.10, we finish the
proof. O
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