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Intermittency and infinite variance: the case of
integrated supOU processes”

Danijel Grahovac'  Nikolai N. Leonenko*  Murad S. Taqqu®

Abstract

SupOU processes are superpositions of Ornstein-Uhlenbeck type processes with a
random intensity parameter. They are stationary processes whose marginal distri-
bution and dependence structure can be specified independently. Integrated supOU
processes have then stationary increments and satisfy central and non-central limit
theorems. Their moments, however, can display an unusual behavior known as “inter-
mittency”. We show here that intermittency can also appear when the processes have
a heavy tailed marginal distribution and, in particular, an infinite variance.
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1 Introduction

Superpositions of Ornstein-Uhlenbeck type (supOU) processes provide models with
analytically and stochastically tractable dependence structure displaying either weak or
strong dependence and also having marginal distributions that are infinitely divisible.
They have applications in environmental studies, ecology, meteorology, geophysics,
biology, see [4, 5, 29] and the references therein. The supOU processes are particularly
relevant in finance and the statistical theory of turbulence since they can model key
stylized features of observational series from finance and turbulence (see e.g. [5, 9, 10,
12, 13, 6, 33]). Recently in [23], the supOU processes have even been used to assess the
mass of black hole.
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Intermittency and infinite variance

SupOU processes form a rich class of stationary processes with a flexible dependence
structure. They are defined as integrals with respect to an infinitely divisible random
measure (see Section 2) and their distribution is determined by the characteristic
quadruple

(a,b, u, ), (1.1)

where (a,b, ) is some Lévy-Khintchine triplet (see e.g. [31]) and 7 is a probability
measure on R, . In the construction of the supOU process {X (¢), t € R}, the choice of
(a, b, 1) uniquely characterizes the one-dimensional marginals. These do not depend on
the choice of 7. The probability distribution 7 affects the dependence structure however.
See Section 2 and [2, 5, 11, 12, 13, 17] for details.

By aggregating the supOU process {X(t), t € R} one obtains the integrated supOU
process

X*(t) = /OtX(s)ds. (1.2)

A suitably normalized integrated process exhibits complex limiting behavior. Indeed, if
the underlying supOU process has finite variance, then four classes of processes may
arise in a classical limiting scheme ([19]). Namely, the limit process may be Brownian
motion, fractional Brownian motion, a stable Lévy process or a stable process with
dependent increments. The type of limit depends on whether the Gaussian component is
present in (1.1) or not, on the behavior of 7 in (1.1) near the origin and on the growth of
the Lévy measure 4 in (1.1) near the origin (see [19] for details). In the infinite variance
case, the limiting behavior is even more complex as the limit process may additionally
depend on the regular variation index of the marginal distribution (see [20] for details).
The limiting behavior of the integrated process has practical significance since supOU
processes may be used as stochastic volatility models, see [1, 10] and the references
therein. In this setting the integrated process X* represents the integrated volatility
(see e.g. [12]). Moreover, the limiting behavior is important for statistical estimation
(see [27, 32]).

The integrated supOU process may exhibit another interesting limiting property
related to behavior of their absolute moments in time. Although a suitably normalized
integrated process satisfies a limit theorem, it may happen that its moments do not
converge beyond some critical order. One way to investigate this behavior is to measure
the rate of growth of moments by the scaling function, defined for a generic process
Y ={Y(t),t >0} as
g BJY (1)

1.3
t—oc0 logt ’ (1.3)

v (q) =

assuming the limit in (1.3) exists and is finite. We will often focus on

v(a) _ p, s EY O

q t—o0 logt

which has the advantage of involving (E\Y(t)|q)1/ ? which has the same units as Y (t). The
values ¢ are assumed to be in the range of finite moments ¢ € (0,3(Y")), where

g(Y) =sup{qg > 0: E|Y (¢)|? < oo Vt}.

To see how this is related to limit theorems, suppose that Y satisfies a limit theorem in

the form V(T
{204 20y,

with A7 a sequence of constants and convergence in the sense of convergence of all
finite-dimensional distributions as T' — oco. By Lamperti’s theorem (see, for example, [28,
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Theorem 2.8.5]), the limit Z is H-self-similar for some H > 0, that is, for any constant
¢ > 0, the finite-dimensional distributions of Z(ct) are the same as those of ¢ Z(t).
Moreover, the normalizing sequence is of the form Ar = ¢((T)T* for some ¢ slowly
varying at infinity. For self-similar process, the moments evolve as a power function of
time since E|Z(t)|? = E|Z(1)|9¢11¢ and therefore the scaling function of Z is 77(q) = Hg.
If for some g > 0 we have

W = E|Z(t)|?, Vt>0, (1.4)
T
then the scaling function of Y would also be 7y (¢) = Hq (see [17, Theorem 1]), and the
function
v(e) _ Hq _
q q

would be constant over values of ¢ for which (1.4) holds.

It was shown in [17] that the integrated supOU process X* may have the scaling
function

g H (1.5)

Tx+(g) =q—a (1.6)

for a certain range of ¢. Thus its scaling function is different from that of a self-similar
process. This situation happens, for example, for a non-Gaussian integrated supOU
process with marginal distribution having exponentially decaying tails and probability
measure 7 in (1.1) regularly varying at zero.

Note that the relation (1.6) implies that the function

qHTx*(Q):q—azl_g
q

q q

is not constant. It has points of strict increase, a property referred to as intermittency.
This term is used in all kind of different contexts. It refers in general to an unusual
moment behavior and is used in various applications such as turbulence, magnetohydro-
dynamics, rain and cloud studies, physics of fusion plasmas (see e.g. [16, Chapter 8] or
[36]).

Hence, intermittency implies that the usual convergence of moments (1.4) must not
hold beyond some critical value of ¢q. The papers [17, 18, 19] provide a complete picture
on the behavior of moments in the case where X (¢) has finite variance.

We focus here on the limiting behavior of moments and on the intermittency in the
case where X (t) has infinite variance and show that we can have intermittency even
in this case. To establish the rate of growth of moments we make use of the limit
theorems established in [20]. The type of the limiting process depends heavily on the
structure of the underlying supOU process. Hence, the form of the scaling function of the
integrated process will depend on the several parameters related to the quadruple (1.1).
Special care is needed since the range of finite moments is limited. We show that the
scaling function may look like a broken line indicating that there is a change-point in
the rate of growth of moments. Hence, infinite variance integrated supOU processes
may also exhibit the phenomenon of intermittency. Our results also indicate that in
some cases, if we decompose the process into several components, the intermittency
of the finite variance component may remain hidden by the infinite moments of the
infinite variance component. We conclude that moments may have limited capability in
identifying unusual limiting behavior.

The paper is organized as follows. In Section 2 we introduce notation and assumptions.
Section 3 contains the main results and all the proofs are given in Section 4.
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2 Preliminaries and assumptions

We shall use the notation
ky(() =C{C1Y} =logEe", (€R,

to denote the cumulant (generating) function of a random variable Y. For a stochastic
process Y = {Y (t)} we write ry ((,t) = ky+)(¢), and by suppressing ¢t we mean ry (¢) =
ky((, 1), that is the cumulant function of the random variable Y'(1).

2.1 SupOU processes

The class of supOU processes has been introduced by Barndorff-Nielsen in [2] as
follows. Let m be the product m = 7 x Leb of a probability measure 7 on R and the
Lebesgue measure on R. A homogeneous infinitely divisible random measure (Lévy
basis) on R, x R with control measure m is a random measure such that the cumulant
function of the random variable A(A), where A € B (R, x R) has finite measure, equals

C{CTAA)} = m(A)rL(C) = (m x Leb) (A)rL(C).

Here x, is the cumulant function 1 (¢) = log Be’**(1) of some infinitely divisible random
variable L(1) with Lévy-Khintchine triplet (a, b, u) i.e.

2
kr(¢) =iCa — %b—i— /]R (€% — 1 —iCal_y 3y (2)) p(dz). (2.1)
The Lévy process L = {L(t),t > 0} associated with the triplet (a,b, 1) is called the
background driving Lévy process (see [10]). It has independent stationary increments
and thus, its finite-dimensional distributions depend only on the distribution of L(1).

The supOU process is a strictly stationary process X = {X(¢), t € R} given by the
stochastic integral ([2])

X(t) = / b / T ertrhry (et — $)A(dE, ds). 2.2)
£=0Js=—o0

By appropriately choosing the infinitely divisible distribution (1), one can obtain any
self-decomposable distribution as a marginal distribution of X. Note that the one-
dimensional marginals of the supOU process are independent on the choice of 7. The
probability measure 7 “randomizes” the rate parameter ¢ in (2.2) and the Lebesgue
measure ds is associated with the moving average variable s. The quadruple (a, b, i, 7)
given in (1.1) determines the law of the supOU process {X (¢), ¢ € R}. More details
about supOU processes can be found in [2, 5, 7, 8, 11, 17].

We will consider below supOU processes with marginal distributions in the domain
of attraction of stable law. Recall that a stable distribution S, (o, p, ¢) with parameters
0<v<2,0>0 —-1<p<1andcceR, has a cumulant function of the form:

K5, (o.p.0)(C) = C{C T Z} = icC — o7 |([" (1 —ipsign(O)x((,7), CER,  (2.3)

where
tan (), 7 #1,
glog|¢l, =1

x(€; ) :{

When v # 1, then S, (0, p, ¢) is strictly stable if and only if ¢ = 0. For v =1, S1(0,p, ¢) is
strictly stable if and only if p = 0.
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2.2 Basic assumptions
We now state a set of assumptions for the class of supOU processes we consider.
Assumption 2.1. The supOU process {X (t), t € R} is such that the following holds:

(i) The marginal distribution satisfies
P(X(1)>z) ~pk(z)z™” and P(X(1) < —z)~qgk(z)xz™", asx— o0, (2.4)

for some p,q > 0,p+q > 0,0 <~ < 2 and some slowly varying function k If y =1,
we assume p = q. When the mean is finite, we assume EX (1) = 0.

(ii) 7 has a density p satisfying
p(x) ~ al(z™z*,  asx — 0, (2.5)

for some o > 0 and some slowly varying function ¢ and
oo
/ Em(dg) < oo. (2.6)
0

(iii) The behavior at the origin of the Lévy measure p is given by
p([z,00) ~cTx™? and p((—o0,—z]) ~c z? asx — 0, (2.7)
forsome0< <2, #1+a,ct,ce>0,ct +c >0.

Assumption 2.1(i) implies that the marginal distribution is in the domain of attraction
of an infinite variance stable law S, (o, p, 0) with (see [22, Theorem 2.6.1])

I'2-1) ™ )1” P—q
o= 2" (p+q)cos (—) , _r—q (2.8)
( T (r+9q) 5 =T
Note that this is a strictly stable law since p = 0 if v = 1. By [15, Propositon 3.1], the
tail of the distribution function of X (1) is asymptotically equivalent to the tail of the
background driving Lévy process L(t) at t = 1. More precisely, as © — oo

P(L(1) > z) ~vyP(X(1) > z) and P(L(1) < —z) ~vP(X(1) < —x). (2.9)
Hence, (2.4) implies
P(L(1) > z) ~ pyk(x)z™" and P(L(1) < —x) ~ gyk(x)z™7, asz — oo, (2.10)

and L(1) is in the domain of attraction of stable distribution S, (y'/7, p,0).

The next assumption, Assumption 2.1(ii), concerns the dependence structure con-
trolled by the behavior near the origin of the probability measure = in the characteristic
quadruple (1.1). In the finite variance case, 7 is directly related to the correlation
function of the supOU process X:

r(t) :/R e r(de), t>0.

Hence, by a Tauberian argument, the decay of the correlation function at infinity is
related to the decay of the distribution function of 7 at zero (see [15, Proposition 2.6]).
We assume 7 has a density for simplicity. Note that if the variance of the supOU process
is finite and « € (0,1), then the correlation function is not integrable, and the finite
variance supOU process may be said to exhibit long-range dependence. On the other
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hand, note that the tail distribution of = does not affect the tail behavior of r(¢), and in
particular the decay of correlations. Hence it is not very restrictive to assume that (2.6)
holds.

In Assumption 2.1(iii), the Lévy measure p is assumed to have a power law behavior
near the origin which will give rise to another parameter affecting the limiting behavior.
We have excluded a boundary cases v = 1 + « to simplify the presentation of the results.
If (2.7) holds, then § is the Blumenthal-Getoor index of the Lévy measure p defined by

(see [19])
Bpa = inf {’y >0: / || p(de) < oo} .
|| <1

Note that by [24, Lemma 7.15], p ([z,00)) ~ P(L(1) > z) and pu ((—o0, —x]) ~ P(L(1) <
—x) as x — oo, hence we can express (2.10) equivalently as

w([x,00)) ~ pyk(z)x™ and p((—oo, —z]) ~ qvk(x)z™7, asx — oo. (2.11)

Hence, all the assumptions can be stated in terms of the characteristic quadruple (1.1).
The condition (2.7) may be equivalently stated in terms of the Lévy measure of X (1).
Indeed, if v is the Lévy measure of X (1), then (2.7) is equivalent to (see [19] for details)

v([z,00)) ~ etz and v ((—o0, —z]) ~ ez asx — 0.

3 Main results

As stated in the introduction, we are interested in establishing the rate of growth of
moments of the integrated process (1.2), measured by the scaling function 7x- defined
by (1.3). We particularly focus on whether the scaling function exhibits non-linearities.
The situation is more delicate than in the finite variance case since the range of finite
moments is limited and the scaling function of the integrated process X* is well-defined
only over the interval (0,g(X™*)) = (0,7).

We will show that infinite variance supOU processes may exhibit the phenomenon
of intermittency. We first consider the case when the underlying supOU process has no
Gaussian component (b = 0). The obtained scaling functions for this case are shown in
Figures la-1d.

Theorem 3.1. Suppose that Assumption 2.1 holds and b = 0. Then the scaling function
Tx+(q) of the process X* is as follows:

(a) Ifa>1lorifa e (0,1) andy < 1+ «, then
1
Tx+(q) = ;Qa 0<qg<n.
(b) If 5 <14 « < ~, then

1
Tx+(q) = med 0<g¢slta
g—a, 1+a<qg<n.

(c) If1+a < 8 <7, then

1_g)q7 0<Q§B,
Tx+(q) = ( p
q—a, B<qg<n.

(d) If 1+ a <y < g, then

a
TX*((J)(l)q, 0<q<n.
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Tx+(q) ) Tx-(q)

’:/ 1+« ’Y
(a) Theorem 3.1(a) (b) Theorem 3.1(b)

x-(q) x-(q)

q q
(c) Theorem 3.1(c) (d) Theorem 3.1(d)
7x+(q) ) 7x-(q)
1
7 (1-%)q
» q » q
Y Y
(e) Theorem 3.2(a) (f) Theorem 3.2(b)

Figure 1: The scaling functions obtained in Theorems 3.1 (b = 0) and 3.2 (b # 0). There
is intermittency in the cases (b) and (c).

Note that the scaling function has a change-point in only two of the cases of Theo-
rem 3.1. Hence intermittency appears only in cases (b) and (c) of Theorem 3.1 shown in
Figures 1b and 1c, respectively. One can notice that infinite order moments may hide
the intermittency property as they limit the domain of the scaling function.
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The proof of Theorem 3.1 is given in Subsection 4.3. It is based on the decomposition
of the integrated process X* into independent components X, X35 and X; that cor-
respond to characteristic quadruples (a,0, u(dz)1l{ 13, 7), (0,0, p(dx)lgz <1y, 7) and
(0,b,0,7), respectively. In Section 4 we derive the scaling functions of X7, X; and X3
and then combine these to get the scaling function of the integrated process X*. This is
illustrated in Figure 2 in Subsection 4.3.

The finite variance component X5 exhibits intermittency in all cases, however, this
is not always apparent from the scaling function of the process X*. In these cases,
the change point in the scaling function of X3 is to the right of the moment index ~
and the scaling function of X* remains linear on (0, ) (see Figures 2a, 2b, 2c and 2f in
Subsection 4.3). Hence, infinite order moments may hide the behavior of the intermittent
component.

We next state the result for the supOU process with Gaussian component (b # 0). The
scaling functions for this case are shown in Figures 1e-1f.

Theorem 3.2. Suppose that Assumption 2.1 holds and b # 0. Then the scaling function
Tx+(q) of the process X* is as follows:

(@) Ifa>1orifa € (0,1) and vy < 7%, then
1
Tx+(q) = S 0<g<n.
(b) Ifa € (0,1) and v > 52—, then
«
Tx+(q) = <1—§)q, 0<g<n.

Note that if the Gaussian component is present, then the scaling function displays
no intermittency. For example, even if the scaling functions of the two components X7}
and X3 have a change-point, this cannot be seen from the scaling function of X* due to
infinite moments (see Figures 4c, 4d, 4e in Subsection 4.3).

4 Proofs

For the proofs of the main results, we first make a decomposition of the integrated
process X* into components that have different limiting behavior. We then compute
the scaling functions of these components and finally combine them to get the scaling
function of the integrated process.

4.1 The basic decomposition

The decomposition is based on the Lévy-I1td0 decomposition of the background driving
Lévy process L. Let

pa(dz) = p(de)lyz>1y,
p2(dz) = p(dr)lyz1<1y,

where p is the Lévy measure of the Lévy process L. Then we can make a decomposition
of the Lévy basis into independent components:

* A; with characteristic quadruple (a, 0, p1, ),
* A, with characteristic quadruple (0,0, ua, 7),

» A3 with characteristic quadruple (0, b, 0, 7).
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Note that if X (1) has finite mean, then the assumption EX (1) = 0 implies that EL(1) =0
(see [2, Eq. (2.8)]) and we must have a = _f\z\>1 |z|n(dz) (see e.g. [31, Ex. 25.12]).
Let L1(t), L2(t) and L3(t), t € R denote the corresponding background driving Lévy
processes so that we have the following cumulant functions:

C{C1L1(1)} =iCa+ /R (eic”’ —1) 1 (dz) = iCa + / (ei@ —1) p(de), (4.1)

|z|>1

CLHLa(1)} = [ (€57 =1 = iCa1p1,(a) ma(d)
= [ 1 it @) (o),

Note that L1 is a compound Poisson process and Lg is Brownian motion. Consequently,
we can represent X (¢) as

/ / eSS (deE, ds) + / / —EHES Ao (dE, ds)
&t 4.2)
—EHS A5 (dE, d
+ / / N ds)

with X;, X, and X3 independent. In the following, X7, X35 and X; will denote the
corresponding integrated processes which are independent.

Before we proceed, we note here two technical facts that will be used in the proofs
below. The first is a stochastic Fubini theorem related to the change of the order of
integration for the integrated process. It has been used implicitly in many references
(see e.g. 2,17, 19D].

Lemma 4.1. For the integrated supOU process X* one has

X*(t) = /Ot (/}R‘M]Rf(u,f,s)j\(dﬁ,ds)) du = /MX]R( Otf(u,g,s)du> A(dE, ds), a.s

4.3)
where f(u,§,s) = 6_5""’31[0700)(§u —5).

Proof. If E|X (1)| < oo, then we can directly use a stochastic Fubini theorem given in [3,
Theorem 3.1]. The conditions of Theorem 3.1 and Remark 3.2 in [3, Theorem 3.1] boil
down to showing that

(i) for every u € [0,¢], f(u,-, ) is in the Musielak-Orlicz space Lg,, that is
L] (ortwesr + [ astug P alostug ) ) sde)ds < o,
(ii) it holds that

/ / / ( Flu g s)” + /R(xf(u,f,s)ﬁAle(u,g,smu(dx)) (d€)dsdu < oo.

By [30, Theorem 3.3], Ly, coincides with the space of A-integrable functions g such that
E| [ gdA| < co. Theorem 3.1 of [2] shows that f(u,-,) is A-integrable and since we have

EJP 26 (2021), paper 56. https://www.imstat.org/ejp
Page 9/31


https://doi.org/10.1214/21-EJP623
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Intermittency and infinite variance

assumed E| X (u)| < oo, we conclude that condition (i) holds. By the change of variables
r = eSS we get

t
/ / ((72@2(_5”-"_8)1[0700)(6” _ S)
0 JRL xR

+ /R(|:re_§“+s\2 A |xe_5“+s|)1[07m)(§u — s)u(dw))w(d§)dsdu
:/Ot /}RMR <a2r21(0,1](r)+/R(|m|2A|xr|)1(0,1](r)u(dx)> 2(dé)rdrdu
_ t/}R+XR <a2r21(0,1](r) + /]R(|z7“|2 A |xr|)1(0,1](r)u(dz)> (de)rdr
[ (st o [ e 0P Alfung o)hutas) ) atdeias,

hence, (ii) follows from (i).

Suppose now that IE| X (1)| = co. We can decompose the Lévy basis similarly as in (4.2)
into independent Lévy basis A} with characteristic quadruple (0,0, 1, 7), pi(dr) =
p(dx)lgiz>1y, and Ay with characteristic quadruple (a, b, 2, ), p2(dz) = p(de)1{z<1y-
For the integral with respect to A we can apply [3, Theorem 3.1] as in the previous case.
It remains to consider A;, which is a compound Poisson random measure and can be

written as
Al(A)://xN(dmdx),
AJR

where N is a Poisson random measure on R; x R x R with intensity m x Leb x u;. We
can represent A;(A) as

oo
A (A) = Z Zk5(Rk:Fk)(A)7
k=—oc0
where —co < --- < I'_; < Ty <0< Ty < -+ < oo are the jump times of a Poisson
process on R with intensity ui(R), {Zk, k¥ € Z} is an i.i.d. sequence with distribution
p1(dz)/pr(R), {Rk, k € Z} is an i.i.d. sequence with distribution = and all three se-
quences are independent (see e.g. [15]). The supOU process can then be represented
as

X(u) = Z Zke_Rku—’_Fkl[O’oo) (Rru —T%)

k=—o0
0 o)
= Z Z]C(E_Rku—i_mC + Z Zke_Rku—’_Fkl[O,oo) (Rku - Fk)
k=—o0 k=1

The second sum has finitely many terms a.s. due to 1 ..)(Rru — I'y) term, hence one
can change the order of integration when integrating with respect to u. For the first
sum, we have by using the inequality (1 — e %)/z <1, >0,

0

0 t 0
Z / |Zk‘€_Rku+deu — Z |Zk|€Flezl(1 . e—Rkt) <t Z |Zk|er'“-
0

k=—o00 k=—o00 k=—o0

The right-hand side is finite since it is the integral of ¢e~* with respect to compound
Poisson random measure with intensity Leb x |u1]| (see e.g. [25]). By the classical Fubini-
Tonelli theorem we can change the order of integration. This completes the proof
of (4.3). O
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The second fact concerns again X*(¢) in (4.3). Clearly E|X*(¢)|? < oo for ¢ < 7. The
next lemma shows that E|X™*(¢)|? = oo for ¢ > 7.

Lemma 4.2. If the supOU process X satisfies (2.4) for some v > 0, then for the inte-
grated process X we have E|X*(t)|? = oo for ¢ > v and every ¢ > 0.

Proof. We will show that E|X*(¢)|7"¢ = oo for ¢ > 0. By (4.3), X*(¢) is representable as
an integral with respect to Lévy basis A

X*(t) :/R ]Rgt(f,s)A(df,ds).

where

t s¢e—1 _ &t
_ —&u+s _Je f (1 € )’ 5 <0,
,S) = (& 1i0,00)(§u — s du =
gt(f ) /0 [0, )(f ) {51(1 _ 67§t+s), 0< s <&t

Hence, by [30, Theorem 2.7], the distribution of X*(¢) is infinitely divisible and for Borel
set B C R, the Lévy measure 4, of X*(¢) is given by

tig,(B) = m x Leb x p ({(§,5,2) : g:(§,8)x € B\ {0}}).

In particular, for y > 0 and B = [y, o), we have

o ( / / (/91 (&, ), 00) m(d€)ds

From (2.11), which is equivalent to (2.4), one has for any § < ¢, a yo such that u ([y, o)) >
y~ 7% for y > yo. This implies that for y > yo, ug, ([y,0)) > Cy~7~%, where C =
157 [75 (9:(&,9))) ™ (d€)ds. The same argument can be used for y(—oo, —y]). But this
implies that f{\y\>1} [y 7T g, (dy) > C1 + Co f{\ylzyu} ly|¥=% g, (dy) = oo, where C; and
(5 are positive constants. Hence, we have E|X*(¢)|7™® = oo (see e.g. [31, Theorem
25.3D). O

4.2 Evaluation of the three scaling functions

We next investigate the scaling functions of each process X7, X3 and X3 separately.
These results will then be combined to give the scaling function of the integrated process.
4.2.1 The scaling function of X

The process X| has infinite moments of order greater than v and its scaling function

TX; is well-defined for ¢ € (0,7) (see Lemma 4.2). Following [20, Lemma 5.1 and 5.2],

two processes may arise as a limit of X after normalization.
Ify<1l4a,thenasT — o

{ i@} S (0. @)

where k is the slowly varying function in (2.4), k# is the de Bruijn conjugate of 1/k(z'/7)
and the limit {L. } is a y-stable Lévy process such that L, (1) < S4(01,4, p,0) with

00 1/v
51,7 =0 (7/0 é-l’y,]r(dg)) )
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and o and p given by (2.8). Recall that the de Bruijn conjugate [14, Subsection 1.5.7] of
some slowly varying function A is a slowly varying function 2* such that

h(z)h# (zh(z)) — 1, h# (z)h(zh? (z)) — 1,

as r — oo. By [14, Theorem 1.5.13] such function always exists and is unique up to
asymptotic equivalence.
If, on the other hand v > 1 + «, thenas T' — ~©

1 * d
{Tl/(1+a)£# (7)) X (Tt)} = {Li+a(t)}, (4.5)

where (# is de Bruijn conjugate of 1/¢(z'/(1*®) and the limit {L;,,} is (1 + «)-stable
Lévy process such that L ,(1) 4 S54(01,a, p1,0) with

- rl—o), = (1 + «) L/t o —c
= —_— S —_— = —-: 4_6
T1,a ( o (¢; +¢i)cos ( 5 , Pl e (4.6)

and cj,c] given by

—-1 o)
-__ Tto (g +__2 ey (g 4.7
c 1+a[m|y| pw(dy), 1+a/1 y " u(dy). (4.7)

We now consider convergence of moments in these limit theorems. First, if v < 1 + ¢,
then we get the following scaling function for the process X7.
Lemma 4.3. If Assumption 2.1 holds and v < 1 + «, then

1
x;(q) = 9 0<qg<r.

Proof. Let ¢ <y and Ar = T'/7k#(T)'/"7. We will show that {|A;' X} (Tt)|¢} is uniformly
integrable so that E|A7' X{(Tt)|? — E|L,(t)|? as T — oo, where {L.} is as in (4.4).

First we recall some known results. If Y is some random variable, let Y denote its
symmetrization, i.e. Y=Y —Y' withY’ =¢Y and independent of Y. By [35, Lemma 4],
ifr €[1,2], E|Y|” < oo and EY = 0, then

E|lY|" <E[Y]". (4.8)

On the other hand, if r < 1 and E|Y|” < oo, then we obtain from [21, Proposition 3.6.4]
that
ElY|" <2E|Y|" + 2| med(Y)|", (4.9)

where med(Y') denotes the median of Y. Furthermore, one may express r-th absolute
moment, 0 < r < 2 as [35, Lemma 2]

B =t T (1= Rexpry ()¢ dC (4.10)

where k, > 0 is a constant. .
Consider now the symmetrized random variable X (Tt). The characteristic function
of X} (T't) is |exp rx;: (¢, Tt)|?, hence from (4.10) we get

oo

B|A; Xi(Th)| = kq/ (1 — |exp rx; (A7'¢, T#)[2) [0 dC. (4.11)

— 00
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In order to bound the integral in (4.11), we shall first derive the bounds for |/‘€Xf(AEl<, Tt)|.
For this we make the decomposition from (2.2) by using Lemma 4.1:

Tt oo 13
X3 (Tt) = / / / e ST AL (dE, ds)du
u=0 J£=0
Tt 0o Eu
_ / / / e €U QU (dE, ds) + / / e EUts du (d€, ds)
u= £=0 —0o0 u=0 JE= s
[eS) Tt Eu
:/ / / eEUS du, (d€, ds) +/ / / St A, (de,ds) )
£=0 —oo Ju= £=0 =0 Js=
0o ETt Tt
/ / / e ST duh, (de, ds) + / / / e ST du (de, ds)
£=0 —o0 Ju= £=0Js=0 Ju=s/¢

o
Il
o

where we have used the fact that
Lio<u<riyL{o<s<eu} = Lo<s/e<u<ty = Ljo<s<ersy I{s/e<u<ri}-
Since AX7 (T't) and AX7 ,(Tt) are independent, we get
|kx; (A7 T < |raxy, (AT G TH| + [rax;, (A71¢, Tt (4.13)
Now we consider bounds for each term separately.

» For the first term on the right hand side we use some parts of the proof of [20, Lemma
5.1]. From the integration formula for the stochastic integral, for any A-integrable
function f on Ry x R, one has (see [30])

cict [ ant= [ wacr(e s (4.14)
Ry xR Ry xR

and we get that

oS 0 Tt
kaxy, (A7 ¢ Tt) = /0 [ KL, (cA;l /0 e€“+8du> dsm(de)
00 0
= / / K, (CAT ¢! (1 — e &T1)) dsm(dE). (4.15)
0 —o00

The assumption (2.10), together with [22, Theorem 2.6.4], imply that

kL, (Q) ~ k(L/|CD ks, (y1/70,0,0)(C),  as ¢ —0. (4.16)

Since |ks, (y1/70,p,0)(¢)] = CI¢|” and k is slowly varying at infinity, then, for arbitrary
4 > 0, in some neighborhood of the origin one has

52, (O < CLlCP ™2, ¢l <e.
On the other hand, since |¢” — 1| < 2, we have from (4.1) that
522 (O1 < [allc+2 [ 1say(da) < [allc] +
since the Lévy measure is integrable on {|z| > 1}. By taking C5 large enough we arrive

at the bound
kL, (O] < C1l¢) 1 gi¢1<e1 + Csl¢[ L ¢i>e- (4.17)
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Now we have from (4.15)
‘MXI*’I(A;lg,Tt)‘
=G /0OO /—Ooo KA;lesf_l (1 B e_th) P_é 1{\<A;1656*1(1—e*£Tt)|§e}d37T(df)
+Cs /OoC /OOO |<A;lesfil (1 - eiéTtH 1{\(A;165§*1(1—2*5T")|>s}d‘97r(d€)
< Cif¢Ptap / N / QR (671 (1—eT1))"™" dsm(de)
+ CslCltAr 1T/ / METH) T (1= e ) Lyeasrereer s dsm(dd)
= W Tl A /OOO ((€TH)~ (1 - e=¢7%))" " m(de) (4.18)

+ 03|<|tA;1T/0 (€Tt)~t (1 — e &7 L(jcazte1(1—cmeriyjsey T(dE). (4.19)

We consider now each term separately. For the first term we proceed as in the proof of
[20, Lemma 5.1]1. If v € (0, 1), then from the inequality z=*(1 —e™%) < 1, > 0, we get

1 _ e N T—
Cro—5 KPP A T /0 ((€Tt)™* (1= e=T1))" ™ m(dg)

<0 > i 5 ISRl Al S U 4 NS Al

< C4|C|7763

since 7701/ k#(T)(=7+9)/7 5 0as T — oo, duetoy — 6 — 1+ 6/y < 0. If y € (1,2),
then from the inequality (1 — e=%) < 2(1=7/(r=9) it follows

Olﬁ|c|v*5t7*5A;v+6T776 /°° (€Tt)y=' (1 - eith))Wﬂs m(d¢)

0

L ep-sp—spr—o- (07 [ -
O @ [ (et mag)
o [ =
() | emtar

S O5‘<|7757

since TO/7=°k#(T)(=7+9/7 — 0 as T — oo and [;~ &' 7n(d€) < oo due to (2.6). For
v =1 case we may use the fact that z='(1 — e=*) < 2= (=9, 5 > 0, to obtain

1 s oas s [ _ _ )
OIS AT ] e (1= e ) e
0
< Cr Pt E e ) O [ e
Y- 0
< Gsl¢°.

Returning now to the second term (4.19), from the inequality :c_l(l —e ) <1, z>0,
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we get
CaldeAT T [T (1= ) L ieosoem ey 7 (48
< CBK'“TIT/OOQ Lijcapte-1(—e-erty>epm(dE)
< C3|C|tAT1T/OOo Liciazie15e7(dE)
< CslcftA T (0,67 A" (<])) -

By (2.5), for arbitrary 0 < n < 1 + a — 7, in some neighborhood of the origin it holds
that 7 ((0,2)) < Crx*~". Hence we have

C3|C‘tA;1T/O (th)_l (1 - e_ETt) 1{|gA;1§—1(1_e—£Tt)‘>5}7T(d§)

< GsgHreTmAp T
_ 08|C|1+a—nT1—(1+a)/7+n/7

< Cyl¢|H o

since 1 4+ a > ~. We conclude finally from (4.18)-(4.19) that the following bound holds
for ‘HAXf,l (A;lc, Tt) ’

Chol¢ 2, IC] <1,

(4.20)
Cul¢ttem, ¢l > 1.

’nAX;l(A;lg,Tt)‘ < C5[C[70 + Cyl¢|i+en < {

* We now consider |/<;AX;2(A;1C, Tt)| in (4.13). Because of (4.16) we can write

k1, (€) = K(OK S, (v1/70,,0) ()5

where k is slowly varying at zero such that k(¢) ~ k(1/¢) as ¢ — 0 and KS. (v1/70,p,0) 1S
a cumulant function of a stable distribution as in (2.3). By [20, Eq. (34)] we have that

KAXfQ (A;léuTt) = K&, (y1/76,p,0) (C)

. - Y pe=1 (] _ p—ET(t—s
x/()oo/o g (l_e—ﬁT(t—S))vk((Tk#(T)) et i )>)ds7r(d§).

k#(T)
(4.21)
The definition of k# implies that [14, Theorem 1.5.13]
(T #(T
— k()l ~ k()l —1, asT — oo,
R(wra) ™)k (@werr)t)
and due to slow variation of k, forany ¢ € R, ¢ > 0 and s € (0,t), as T — o0
K*(T) _
E ((Tk#(T))*l/'Y C§71 (1 _ e*ﬁT(f*S)))
_ 1 (4.22)
F((re# () ™) K (T) X
— 1.
F (@t ()77 cer (1= ee7=9) (k1) ")
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By using Potter’s bounds (see [14, Theorem 1.5.6]), we have from (4.22) that for any
e>0

E ((Tk#(T))—l/’Y Cé——l (1 _ e—fT(t—s)))
1#(T)

< Ciz max {(55_5 (1 _ e—ST(t—S))E Nl (1 _ e—&T(t—s))g}

< Cha (1= e 707) ma {€7%, € max {¢74. ¢}

for T large enough. By taking ¢ < v we get

¢l (1 B e—ﬁT(t—s))’Y k ((Tk#(T))—l/;f(;)(l _ e—éT(t—s)))

< €167 (1= e ) ma fe ¢ max {¢ 74, ¢7)
< C1o¢' " max {€7°, & fmax {¢°,(°}.

Since v < 1 + « and (2.6) holds, we have

[e%s) t 1 oo
[ [ emaxeeyamag =t [ ¢ remtag ve [ e o) <,
o Jo 0 1
We finally conclude from (4.21) that

’KAX;Q(AFC,TU‘ <Ci3 ‘KZSW('yl/’YU,;LO) (C)' max {¢%,¢°} < Cal¢]" max {¢°, (7} .
(4.23)

* We shall now put the bounds for the terms in (4.13) together. By using (4.20) and (4.23)
one has from (4.13) that

s (As1¢, 7)< 4 Croldl"™ + CualdP™s, U <1,
1 T > = Cll|<|1+a—n+014|c|'y+s, ‘<|>1'

Since 7 < 1+ « and ¢, § and 7 are arbitrary, we may choose them so thate < d <~y —g¢q
and 1+ a —n > v+¢, hence

lkx: (A7'¢, TH)| <

-5
{015C|7 . lKl<, (4.24)

Cigl¢|' T, ¢ > 1.

This completes the derivation of the bound for |+ (A;'¢, T

—~ q
* We now turn to (4.11) to get a bound for the moment IE ‘A;le(Tt)‘ . We use (4.11),
(4.24) and

| exp mxf(A;lg,Tt)P = exp{%%nxl*(A;lC,Tt)} > exp{—?\nxf (A;lg‘,Tt)\}, (4.25)
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and get
I ‘A;I%(Tt)‘q < kq/_ (1 —exp{—2|rx; (A;IC,Tt)H) Ic|79td¢
_5 g1
< kq /C|<1 (1 - exp{—2Cl5 |<"Y }) K‘ a—1qc
+ kq (1 —exp{—2C16 \C|1+a_n}) I¢|7 77 d¢
[¢I>1

<k, /OO (1 — exp{—2C1; C|776}) ¢ d¢

— 00

e [ (1 ep(-2010 1)

By (4.10), the terms on the right-hand side are ¢-th absolute moments of (y — ¢)-stable
and (1+«a—n)-stable random variables with characteristic functions exp{—2Cj5 |¢ |7_6}
and exp{—2C1; |¢]"T* "}, respectively. Since ¢ < v—d and ¢ < 1+« —1, both integrals
are finite. We conclude that the moment of the symmetrized integrated process is
uniformly bounded. We now show this applies to the non-symmetrized process as well.

If v > 1, we may assume that ¢ > 1 and from (4.8) we have

B A7 X1(TH)|" < B |47 X7 (7)

‘q
If v <1, then from (4.8)
B|A7 X (1] < B ‘A;U’(}(Tt)’q + 9 med(A7 L X7 (T))]1.

Since {AL' X} (Tt)} converges in distribution, the median med(A;' X;(Tt)) also con-
verges (see e.g. [34, Lemma 21.2]), hence we can bound the second term on the
right. This completes the proof of uniform integrability of {|A;' X} (Tt)|?}, hence
the convergence of moments. Since the limiting process is 1/v-self-similar, from [17,
Theorem 1] we conclude that

1
Tx;(q) = 4 for ¢ < ~. O

For v > 1 + o we have the following.
Lemma 4.4. If Assumption 2.1 holds and v > 1 + «, then

1
=1a% 0<g¢<l+a,
- f(Q){ T+a (4.26)

<g—a, 1+a<qg<n.

Proof. We first consider the case ¢ < 1+ «. The proof is similar to the proof of
Lemma 4.3. We will prove that {|A;'X}(Tt)|%} is uniformly integrable where now
Ap = TV +e)p# (7)) We can assume ¢ > 1. From (4.8), (4.11) and (4.25) it
follows that
—1 v x q —1 v« a
B| A7 X7 (Tt)|" < E’AT X (Tt)‘
oo (4.27)
<k, [ (1= exp{-2lnx (AT TN I

We now derive bound for |rx: (A7'¢, Tt)|. Again we use the decomposition (4.12) and
bound |rkax;  (A7'¢,Tt)| and |kax; , (A7'¢, Tt)| separately.
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* We consider first kax; (A;lg, Tt). From (4.17) we also have the following bound for
e<l4+a—gq
[k, (O] < Cuf¢' o,

and by using Potter’s bounds we have for 0 < § < ea/(1 + )

Z(Tgil)z 1) < Cymax {T0, T} f(¢!
TR {T=o 1) i

By (2.5), we can write the density p of 7 in the form p(z) = az(xfl)xo‘*l with Zslowly
varying at infinity such that £(¢) ~ ¢(t) as t — co. Hence from (4.15) we have

UTety =

00 0
kax, (Ap'¢,Tt) = / / ki, (CAF'Te e (1 — e¢)) dsm(T 1 dg)
0 —o00

e’} 0
:/ / K, (CATITese ™ (1 — e™8)) al(Te e 1T dsde,
0 —00
and

[Rax; (AFG T < Cylg Hremsp(Hrema/ b tisasematopk () =1/ (+)

oo 0
x/ / e (€71 (1 — e €)) T h e e N dsde
0 —o00
<Oy |<|1+a ET—Eu/(1+(X +6€# —-1/(1+a) / E fa 1df
< Cyl¢)treE. (4.28)

* We consider now |/{AX;A2(A;1C, Tt)|. Analogous to (4.15) we obtain
o] t
kax;,(Ap'¢.Tt) = / / pu (AT (1= e ST0)) ) T dsr(dg)

/ /ml CA L= ( €T (1= S>))QZ(§*1)§aTdsdg.

We shall assume that ( > 0, the other case is similar. The change of variables
r = (AL ¢ yields

KAXG, (A7'¢,Tt)

o t
= CH_Q/ / kL, (@ (1= gr(¢,z,5))) A;(HO‘)TE (ATx(_l) ar”* 2dsdx
o Jo
0o pt Z(Tl/(1+°‘)£# (T)l/(1+a) xc—l)
—¢e [ [k @ gr(Cas)) ae”"dsda
o Jo 7 o #(T) ’
(4.29)
-1 ST (4
~* %7 (=% From Potter’s bounds, for 0 < n<min{y—1-a,a}

where gr(¢,z,s) =e¢
there is ('; such that

Z(Tl/(1+a)g# (T)l/(1+a) 2¢1

/ (T1/(1+a)g# (T)l/(1+a))

< Cymax {z7"¢", 2"}

and by the definition of de Bruijn conjugate [14, Theorem 1.5.13]
(1)
) ((TE# (T))l/(1+a)>

~1, asT — oo.
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Hence, for T large enough

Z(Tl/(l—ka)g# (T)l/(l-i'@) $<_1>
t#(T)

< Chmax {x~"¢", 3¢},
and by inserting this in (4.29) we get

‘MX;,Z (A7'¢, Tt) ’
< aCy(* max {¢, ¢}

o0 t
X / / lkr, (x(1—gr(¢ @, 5))) max {a~", 2"} 2~ * dsda.
o Jo
Now we use the bound (4.17) valid for arbitrary 6 > 0 to obtain

[e'e] t
KAX;2(A}1C,T75)’ < C3¢" " max {<n7c—n}/ / (z (1 g7(C,z,8))" "
o Jo

X Lfa(1—gr(C,m,s))<e} TAX {x_", a:"} ™ 2dsdx

e} t
+C4<1+a maX{C’I’C*W}/ / ZL’(].*QT(<7£L’,S))
0 0

X Lia(1—gr(C,z,5))>e) MAX {x*”, x"} = 2dsdx
= .[1 + .[2.

(4.30)

We consider each term separately.

o For I we make change of variables y = x (1 — gr({,x, s)) and get

= G ma {7} N / e
X max {y”’ (1 =g7(Cx,8)",y" (1 - gr(C, 2, 8))7"} y o
x (1= g7(¢,z, ) dsdy
et man () [ [ )
x (1= g7(C, z, 5))2“_?’ dsdy
< C5C e max {¢, ¢} / Cpanriengy
= Ce¢' ™ max {¢7,¢7"}, 0

where we have used the fact that the integral in the last line is finite due to
v > 1+ « and the choice of n and 4.

o Consider now I». Since z (1 — g7 (¢, x, s)) > ¢ implies « > ¢, we have for I,
I < C7¢M* max {¢", (7"} /OO /t:v_a_ll{,ws} max {z~", 2"} dsdx
o Jo
< CgCM ¥ max {(’7, C*”} /OO PRl
= Co¢'T* max {(’7, C*”} . )
Returning back to (4.30) we conclude that

‘“Axr,z(AElC’Tt)‘ < Cro¢ T max {¢7, ¢} (4.31)
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From (4.13), (4.28) and (4.31) we get the bound for |I€X1* (A;lg‘, Tt)|. Namely, for e > 0
and 7n > 0 arbitrary small there are constants C7, Cy > 0 such that

s (A1, T < J QST T2+ Ol i <1,
PET STV aletreme 4 Cofg et ] > 1.

Assuming e.g. that ¢ < n we have

Csl¢l* e, ¢l <1,

kxs (A7, TH)| <

| 1( T ¢ )l {04|<|1-i-oz—|-777 <] > 1.

We use this to get the bound for the ¢-th absolute moment as in the proof of Lemma 4.3.
It follows from (4.27) that

E |A;1Xf(Tt)|q <k, " (1 — exp{—2C5|¢[ oY) |¢[ 79~ Ld¢
<1

+ kq (1 — exp{—2C4¢|"F*F}) [¢[ 717 dC
I¢I>1

g@/ (1 — exp{—2C5|c[Ho="}) ||~ Ldc

+@/ (1 — exp{—2C4 ||} || =9~ Ldc.

—00

The terms on the right-hand side are ¢-th absolute moments of (1 + « — n)-stable and
(1 + a + n)-stable random variables with characteristic functions exp{—2Cs|¢|!T*~"}
and exp{—2C,|¢|*To*"}, respectively. We are considering the case ¢ < 1 + «, hence
these moments are finite if we choose 7 small enough. Hence, {|A;' X;(Tt)|7} is
uniformly integrable, the moments converge and from [17, Theorem 1] we have that
7x:(q) = ¢/(1 + a) for ¢ < 1+ a. Since the scaling function is convex (see e.g. [18]),
hence continuous, we obtain

1
wxi(0) =10 forg<l+to

* We now turn to the case 1 + a < ¢ < v in Lemma 4.4. We will show that for arbitrary
e>0

- q
E T «a X{(T)| <C, (4.32)
for some constant C > 0 and T large enough. This implies that 7x; (¢ <g—a+e
and completes the proof since ¢ is arbitrary. To show (4.32), we will use (4.27) with

Ar = Tl-a/ate/d, First, by (4.12) and (4.14), we may express the cumulant function
of X7 (T) as

o] 0
faztx; ) (C) :/O /_ hir, (Ap'CET1e (11— e7¢T)) dsem(de)

¥ /OOO /OT re (A7 (1 e ST ) dsgr(dg).

Making a change of variables and writing p(z) = af(z~1)2®~1, with £(t) ~ £(t) as
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t — o0, yields
/fA;X;m(C):/ / Tragx Lot (1—6*1)) dsa T~ (T~ dx)
+/ / KL T%*%gfl (1—e—m(l—%)))dsmT*lw(T*dm)

[ [ ofrrmicoer
+/ /:‘iL T%*igx— —e ™)

/ / T?_ngfl (1 — $)) dual| (Tz™ ") zT~dx
+/ / ki (T%—ig‘x—l (1= e7)) dual(Ta")e*T =" da.
0 0

Take ¢ > 0 such that ¢ + ¢ < 7 and 0 < -~ and note that from (4.17) we have the
bound

duzm(T 1dm

duxm(T -1 dx)

kL, ()l < CICI"™°, (€R.
Hence,
Fazixin ()

oo 0
- OWH/ / 20Otz (1 =)0 o (1 (G~ E) @ gy dy
0 —00
= ' +5 7 a_ &
+ C|C|q+6/ / xeTa0 (1-— ef””“)q aZ(Txfl)T(E—a)(q+5)_o‘dud:17.
o Jo

Note that by the choice of §, we have (% - 3) (¢ + d) — a < 0. By Potter’s bounds, for

any n > 0 we have that /(Tz~1) < Cy¢(z~1)T™". Taking n < o — (% - 7) (¢ +9) yields

Kazixim)(©)

< CQT(%—i)(q-s-é)—a-s—nquré/ 2O—1—1-8 (1 _ efz)qu& a'ﬁv(:cfl)dx
0
a_ & o0 ! 6 =
+ C’gT(E*Z)(QH)’a*”\Q‘H‘S/ / zm90 (1- e‘“)cﬁ_ al(z Y dudx
o Jo

§C’2|C\q+6/ 2 rod(z™ ) dx
0

oS 1
+ C’3|C|q+5/ / r*ui ol (z™ ) dudz
o Jo

< Co¢|9H0 + C4|C|q+5/ am(dx)
0
é C5|<‘q+67

where we have used the inequality z7(1 —e™*) < 1, z > 0, (2.6) and the fact that 7

is probability measure. This completes the derivation of the bound for ’n A7 X (T)(C )|
T

Now we use (4.27) to get that

oo

E[r-iixi@)| <k, [ (1= exp{-2651014)) fol o

— 00
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The right hand side corresponds to the ¢-th absolute moment of (¢ + ¢)-stable random
variable which is finite. Hence, (4.32) holds and this completes the proof. O

In case 7 > 1+ «, for the moments of order ¢ in the range (1 + «, ) we are not able to
obtain the exact form of the scaling function 7x:(¢) in Lemma 4.4. However, we provide
a bound which will be enough for the proof of the main results later on. We conjecture
that equality holds in (4.26). The proofs of Lemma 4.3 and Lemma 4.4 are particularly
delicate because of the presence of infinite second moments.

4.2.2 The scaling function of X;

By the decomposition (4.2), X is the integrated supOU process corresponding to a
characteristic quadruple (0,0, ju2,7) where ps(dr) = pu(dz)1j,<1y(dr) and we assume
p2 # 0. In particular, Xj has finite variance since f‘$|>1x2/¢2(dx) < oo. Moreover,
flw\>1 e®®l115(dx) < 0o and exponential moment of X5(1) is finite which by [26, Theorem
7.2.1] implies that the cumulant function of X5(1) is analytic in the neighborhood of
the origin and all moments are finite. Hence, we may use the results of [19], namely
Eq. (4.9), Theorem 4.2 and Theorem 4.3 from [19]. These results are stated here in the
following lemma.

Lemma 4.5. Suppose that Assumption 2.1 holds. Then the scaling function Tx;(q) of
the process X3 is as follows:

(a) If o« > 1, then

1

24 0<g<gqs,
TXQ*(Q): 2 « :

q—aQ, qua

where q, is the largest even integer less than or equal to 2« and g* is the smallest
even integer greater than 2a.

(b) If« € (0,1) and B < 1 + «, then

1 <
s (q) = el 0<¢<l+a,
2 g—a, ¢g>1+a.

(c) Ifae(0,1)and 1 + a < 8 < 2, then

q— Q, QZB

Lemma 4.5(a) and convexity of the scaling function imply that for ¢, < ¢ < ¢*

q
TX; (9) < -

Note also that Lemma 4.5(a) implies that 7x; (¢) = ¢/2 for ¢ < 2 which will be enough for
the proofs of Theorems 3.1 and 3.2 below.

In contrast with the component X7, the scaling function of X3 displays intermittency
in any case covered by Lemma 4.5. Even in the short-range dependent scenario a > 1,
intermittency appears for higher order moments.
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4.2.3 The scaling function of X3

The process X defined in (4.2) is a Gaussian process. Its scaling function is given in [19,
Theorem 4.1 and 4.4]. Gaussian supOU processes do not display intermittency and their
scaling function is linear over positive reals.This result is stated here in Lemma 4.6.
Lemma 4.6. Suppose that Assumption 2.1 holds. Then the scaling function 7x; (¢) of
the process X3 is as follows:

(a) If « > 1, then
1
™x;(9) = 54 Yg¢>0.

(b) If « € (0,1), then
«
7xz(q) = (1 - 5) g, Vq>0.

4.3 The scaling function of the integrated process X*

To derive the scaling function of the integrated process X* = X + X35 + X3 we will
use the expressions for the scaling functions of components in the decomposition (4.2)
and the following proposition which shows how to compute the scaling function of a sum
of independent processes.

Proposition 4.7. Let Y7 = {Y1(¢), ¢t > 0} and Y> = {Y5(t), t > 0} be two independent
processes with the scaling functions 7y, and Ty,, respectively, and suppose that EY; (t) =
EY3(t) = 0 for everyt > 0 if the mean is finite. Suppose q € (0,4(Y1))N(0,3(Y2)) and 1y, (q)
and 7y, (q) are well-defined and positive. If ¢ < 1, assume additionally that Ty, (q) # Tv,(q)-
Then the scaling function of the sum Y, + Y, = {Y1(t) + Y2(¢), t > 0}, evaluated at point
q, equals

TY1+Y> (Q) = max {TY1 (Q)v TY, (Q)} .

Proof. Suppose that max {7y, (q), Tv,(¢)} = v, (¢). For £ > 0 we can take ¢ large enough
so that

log B|Yi ()] _ logB|Ya(t)|”

logt - logt
and hence
E|Yi(t)|? > E|Ya(t)|7t . (4.33)
From the inequality
EYi(t) + Ya()* < B Yi(1)]" + ¢ E|Ya(8)|*, g =max {1,297}, (4.34)

we have that

o logE|Yi(t) + Ya(2)]?
s (@) = Tim MO +Y5(0)

t—00 logt
q q
< lim (08¢ | log M@+ E[Y>(t)[")
t—oo \ logt logt
log E[Y1(8)* +log (1+ 207
= lim
t—00 logt
q €
< lim log E Y7 (¢)|* 4 log (1 + t¢)
t—>00 logt
=Ty, (Q) +e,

where we used (4.33). Since ¢ was arbitrary, we conclude 7y, +v,(¢) < max {7y, (¢), 7v,(q)}.
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We prove the reverse inequality for the ¢ > 1 case first. Note that in this case
EY;(t) = EY3(t) = 0 for every ¢t > 0. For = € R we have by using Jensen'’s inequality that

2| =z + EY2(8)|* < Elx + Y2(2)|"
Letting Fy, ;) and Fy, () denote the distribution functions of Y;(¢) and Y>(t), respectively,
we get by independence

E[Y, (1) = / e |tdFy, () < / El|z + Ya(t)|? dFy, o (x)

o (o)
— [ [ el dBr )iF (@) = E M0 + V)

From here it follows that
TY1+Ys (Q) > Ty, (q)

Suppose now that ¢ < 1 and let Yy = {Y;(¢), ¢ > 0} be an independent copy of the
process Yo = {Y3(t), t > 0}, independent of Y;. From (4.34) we have that
E[Yi(t) + Y2()! > BYi(t) + Ya(t) = Y3 ()" — E[Y2(1)[". (4.35)

Since Y3(t) — Yy (t) is symmetric it follows that Y3 (¢) + Ya(t) — Y5 (¢) 4 Yi(t) — Ya(t) + Y3(2).
From the identity

1
Yi(t) = 3 (Y1(t) + Ya(t) — Y5 (t) + Yi(t) — Ya(t) + Y5(t))
we get by using (4.34) that

E|Yi(t)|? <277 (B |Y1(t) + Ya(t) — Y5 (8)|" + B|Y1(t) — Ya(t) + Y5 (8)|)
=2'"7IE Y1 (t) + Ya(t) — Y3 (1)].

Returning back to (4.35) we have

E[Ya(t)|”

B[Yi(t) + Ya(8)|" > 207 B Y1 (1) " = B[V ()| = E|V1(8)|° (2 TEMQ)

) . (4.36)

We assumed that 7y, (¢) # 7v,(¢) and without loss of generality let 7y, (¢) > 7v,(q). For
€ > 0 small enough we can take ¢ large enough so that

log B [Yi ()| _ logE[Ya ()"

logt - logt te

and hence
E Vi (1)]* > E|Ya(t)|" £,

We conclude that
E|Y5(t)|
E Y1 (1)

By taking logarithms in (4.36), dividing by logt and letting ¢ — oo, we get

— 0, ast — oo.

TY1+Y> (q) 2Ty, (Q) O
We are now ready for the proofs of the main results.

Proof of Theorem 3.1. We shall combine the results of Lemmas 4.3, 4.4 and 4.5 by using
Proposition 4.7.
(a) Suppose that v < 1 4+ o and split cases depending on the scaling function of X3 .
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* Ifa > 1, then from Lemma 4.5 7x; (q) = ¢/2 for ¢ € (0,2). Since 1/vy > 1/2, we have
for ¢ € (0,7)

1 1
(@) = max {rx (0,73 (@)} = max { La. 30} = Lo

* Ifa € (0,1) and 8 < 1+ «, then we have for ¢ € (0,7)

1 1 1
Tx+(g) = max {TXT (), X} (q)} = max {,}/q7 Mq} — ;%

: 1 1
since 5 > Tha"

e Ifae (0,1)and 8 > 1+ a, then for q € (0,7)

7x+(q) = max {7x;(q), 7x; (¢) } = max {iq, (1 - a) q} = lq,

i _a 1— 1= _ 1
since 1 B<1+ 3 <1+ =5

(b) If v > 1+ «aand 8 < 1+ a, then necessarily « € (0,1). For 1 < ¢ <1+ « we have
by Proposition 4.7 and by Lemmas 4.4 and 4.5 that

1 1 1
* = * * = = . 4.37
Tx+(q) = max {7x:(q), 7x;(q) } maX{ ol 1 aq} ol (4.37)
Since 7x(q) = Tx; (q) we cannot use Proposition 4.7 for ¢ < 1, but from (4.37), 7x~(0) = 0
and the fact that the scaling function is always convex, we conclude using [17, Lemma 2]
that 7x-(¢) = 35¢ for ¢ < 1 also.
For 1+a < ¢ < v we have 7x-(q) = max {TXI* (@), Tx3 (q)} = max {ﬁq, q— a} =qg—a.
(c)lify>14a,B>14+aandf <, we have

max 1J%aq,(l—%)q}, 0<q¢<1l+aq,
Tx+(¢) = ¢ max 7x:(q), 17%>q}, l1+a<qg<g,
max {rx:(q),q — a}, B<q<n.

a 1

For the case ¢ < 1+ a, note that because > 1 + a we have 1 — % >1- 185 = 173
In Lemma 4.4 we showed that 7x:(¢) < ¢ —afor 1 + a < ¢ < vy and for ¢ < 3 we have
— $¢ > ¢ — a. Hence we obtain

1—% q, 0<qg<1l+a,
Tx+(q) = 1—% q, 1+a<qg<p,
q—a, B<q<n.

(d)Ifv>1+a, 8>1+«aandf > v, then by using the same arguments as in the
previous case we get

1 o
max —aq7<1—7>q}, 0<q¢g<1l+aq,
I+ A :<1—g>q, 0<g<r. O

Tx+(q) =
max TXl*(q),<1—%)q}, l+a<g<y,

One may follow the proof of Theorem 3.1 from Figure 2. Each subfigure shows
the scaling function of X7 in blue and the scaling function of X; in red. Following
Proposition 4.7, the scaling function of the integrated process X* (thick green) is
obtained by taking the maximum of these two functions.
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7x+(q)

7x+(q)

e l+a<pB<y

Figure 2: The scaling functions of X* when b = 0 (no Gaussian component). Each plot
shows the scaling functions TX; (blue), TX; (red) and 7x+ (thick green). Dashed parts of
the plots denote the upper bounds. The vertical thick dotted line denotes the position of

7x+(q)

i ! q
Y 14+«

b)ae(0,1),y<l+aandfB<1l+a

7x-(q)

Ol+a<y<p

v, beyond which the moments of X} and X* are infinite.

Proof of Theorem 3.2. We will use the results of Theorem 3.1 and Lemma 4.6 and com-

bine them using Proposition 4.7 so that

7x+(q) = max {TX1*+X; (Q)ng(Q)} :
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Tx+(q)

q

b)ae(0,1),y<52; <l+aand < 1+a (©aec(0,1),7y< 3% <l4+aand>1+a

Figure 3: The scaling functions of X* when b # 0: case (a) of Theorem 3.2. Each plot
shows the scaling functions TX: (blue), TX3 (red), TX: (purple) and 7x~ (thick green).
Dashed part of the plot denotes the upper bound. The vertical thick dotted line denotes
the position of v, beyond which the moments of X and X* are infinite.

(@) Ifa>1, thenforqg <~

@ {1 1} 1
Tx+(q) =maxq{ —q,-q¢ = —q.
72 v

Ifa € (0,1)and v < 72, thenalso v < 1+ 52~ < 1+ a and hence

2—a’ a

@ {1 (1 a) } 1
Tx+\q) = max§ —q, — 5497 = -4,
Y 2 ol

sincel/y>1—-a/2ev<2/(2—a).
(b) Suppose now that a € (0,1) and v > 52-.

« If 72 <y <1+aq, then
1
Tx+(q) = maX{Wq, (1 - %) q} = (1 - %) q;
since 1/y <1 — a/2.
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Tx+(q) _ 7x+(q)

0
@ac(01), 7% <y<l+aandB<l+a ®aec(0,1), 3722 <y<l+aandfB>1+a
7x+(q) 7x-(q)

1+« Y

(c)8<1l+a<~v(mpliesae (0,1)andy > (d) 1+« < B <~ (implies «a € (0,1) and v >
525 525
7x+(q)

() 1+ a < v < B (implies a € (0,1) and v >

=)
Figure 4: The scaling functions of X* when b # 0: case (b) of Theorem 3.2. Each plot
shows the scaling functions TX: (blue), TX3 (red), TXz (purple) and 7x- (thick green).

Dashed part of the plot denotes the upper bound. The vertical thick dotted line denotes
the position of v, beyond which the moments of X and X* are infinite.
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e Ify>1+4+aand 8 <1+ «, then we have

Tx+(q) = max{p%aq,(l—%)q}7 O<gslta,
max{q—a,(l—%)q}7 l+a<qg<y.
Now o < 1 implies 5 =1 — %> < 1— ¢ and for ¢ < 2 we have ¢ — $¢ > ¢ — a.
Hence,

«
Tx*(q)=(1—§)q7 0<qg<n.

e Ify>14a,14+a< fand g <, then

_fmax{(1-%)a(1-%)qp, 0<qg<B, _/ o«
TX*(q){mang_af()l_g)q;, } 5<q<7.(12)q,0<q<7,

since 1 — % < 1-— 5 and by the same argument as in the previous case.

* The same argument appliestocase vy > 14+ a, 1l +a < S and 8 > 7. O

Figures 3 and 4 illustrate the proof of Theorem 3.2. The scaling functions 7x:, 7x;
and 7x: of each component are shown on each plot in red, blue and purple, respectively,
while their maximum is denoted by the thick green line. Figure 3 is related to the case (a)
of Theorem 3.2 and Figure 4 to the case (b) of Theorem 3.2. The figures are split based
on different forms of the scaling functions of the three components X, X5 and X;.
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