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Abstract

Using marked Dirichlet processes we characterise the law of the convex minorant of
the meander for a certain class of Lévy processes, which includes subordinated stable
and symmetric Lévy processes. We apply this characterisation to construct e-strong
simulation (eSS) algorithms for the convex minorant of stable meanders, the finite
dimensional distributions of stable meanders and the convex minorants of weakly
stable processes. We prove that the running times of our €SS algorithms have finite
exponential moments. We implement the algorithms in Julia 1.0 (available on GitHub)
and present numerical examples supporting our convergence results.
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1 Introduction

1.1 Setting and motivation

The universality of stable laws, processes and their path transformations makes them
ubiquitous in probability theory and many areas of statistics and natural and social
sciences (see e.g. [UZ99, CPR13] and the references therein). Brownian meanders,
for instance, have been used in applications, ranging from stochastic partial differ-
ential equations [BZ04] to the pricing of derivatives [FKY14] and unbiased and exact
simulation of the solutions of stochastic differential equations [CH12, CH13]. Analytic
information is generally hard to obtain for either the maximum [Chal3] and its temporal
location [AI18, p. 2] or for the related path transformations [CD05], even in the case of
the Brownian motion with drift [IO19]. Moreover, except in the case of Brownian motion
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e-strong simulation of convex minorants

with drift [BS02, Dev10], exact simulation of path-functionals of weakly stable processes
is rarely available. In particular, exact simulation of functionals of stable meanders,
which arise in numerous path transformations (see [Ber96, Sec. VIII] and [UB14]), ap-
pears currently to be out of reach, as even the maximum of a stable processes can only
be simulated as a univariate random variable in the strictly stable case [GCMUB19].
A natural question (Q1) arises: does there exist a simulation algorithm with almost sure
control of the error for stable meanders and path-functionals related to the extrema of
weakly stable processes?

A complete description of the law of the convex minorant of Lévy processes is given
in [PUB12]. Its relevance in the theory of simulation was highlighted in recent con-
tributions [GCMUB19, GCMUB18a], which developed sampling algorithms for certain
path-functionals related to the extrema of Lévy processes (see also Subsection 1.3.3
below). Thus, as Lévy meanders arise in numerous path transformations and functionals
of Lévy processes [DI77, Cha97, AC01, UB14, CM16, 1019], it is natural to investigate
their simulation problem via their convex minorants, leading to question (Q2): does
there exist a tractable characterisation of the law of convex minorants of Lévy meanders
given in terms of the marginals of the corresponding Lévy process? This question is
not trivial for the following two reasons. (I) A description of the convex minorant of a
Lévy meander is known only for a Brownian meander [PR12] and is given in terms of the
marginals of the meander, not the marginals of the Brownian motion (cf. Subsection 1.3.1
below). (II) Tractable descriptions of the convex minorant of a process X typically rely
on the exchangeability of the increments of X in a fundamental way [PUB12, AHUB19],
a property clearly not satisfied when X is a Lévy meander.

1.2 Contributions

In this paper we answer affirmatively both questions (Q1) & (Q2) stated above. More
precisely, in Theorem 2.7 below, we establish a characterisation of the law of the convex
minorant of Lévy meanders, based on marked Dirichlet processes, for Lévy processes
with constant probability of being positive (e.g. subordinated stable and symmetric Lévy
processes). In particular, Theorem 2.7 gives an alternative description of the law of the
convex minorant of a Brownian meander to the one in [PR12]. Our description holds for
the meanders of the aforementioned class of Lévy processes, while [PR12] is valid for
Brownian motion only (see Subsection 1.3.1 below for more details).

The description in Theorem 2.7 yields a Markovian structure (see Theorem 3.4 below)
used to construct e-strong simulation (¢SS) algorithms for the convex minorants of weakly
stable processes and stable meanders, as well as for the finite-dimensional distributions
of stable meanders. We apply our algorithms to the following problems: exact simulation
of barrier crossing events; unbiased simulation of certain path-functionals of stable
processes such as the moments of the crossing times of weakly stable processes; esti-
mation of the moments of the normalised stable excursion. We report on the numerical
performance in Section 4. Finally, we establish Theorem 3.6 below stating that the
running times of all of these algorithms have exponential moments, a property not seen
before in the context of ¢SS (cf. discussion in Subsection 1.3). Moreover, to the best of
our knowledge, our results constitute the first simulation algorithms for stable meanders
to appear in the literature. Due to the analytical intractability of their law, no simulation
algorithms have been proposed so far.

1.3 Connections with the literature

Our results are linked to seemingly disparate areas in pure and applied probability.
We discuss connections to each of the areas separately.
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1.3.1 Convex minorants of Lévy meanders

The convex minorant of the path of a process on a fixed time interval is the (pointwise)
largest convex function dominated by the path. Typically, the convex minorant is a
piecewise linear function with a countably infinite number of linear segments known as
faces, see Subsection 5.1 for definition of such functions. Note that the chronological
ordering of its faces coincides with the ordering by increasing slope.

A description of the convex minorant of a Brownian meander is given in [PR12]. To
the best of our knowledge, the convex minorant of no other Lévy meander has been
characterised prior to the results presented below. The description in [PR12] of the
faces of the convex minorant of a Brownian meander depends in a fundamental way
on the analytical tractability of the density of the marginal of a Brownian meander at
the final time, a quantity not available for other Lévy processes. Furthermore, [PR12]
describes the faces of the convex minorant of Brownian meanders in chronological order,
a strategy feasible in the Brownian case because the right end of the interval is the only
accumulation point for the faces, but infeasible in general. For example, the convex
minorant of a Cauchy meander has infinitely many faces in any neighborhood of the origin
since the set of its slopes is a.s. dense in R. Hence, if a generalisation of the description
in [PR12] to other Lévy meanders existed, it could work only if the sole accumulation
point is the right end of the interval. Moreover, the scaling and time inversion properties
of Brownian motion, not exhibited by other Lévy processes [GY05, ACGZ19], are central
in the description of [PR12].

In contrast, the description in Theorem 2.7 holds for the Lévy processes with con-
stant probability of being positive, including Brownian motion, and does not require any
explicit knowledge of the transition probabilities of the Lévy meander. Moreover, to the
best of our knowledge, ours is the only characterisation of the faces of the convex mino-
rant in size-biased order where the underlying process does not possess exchangeable
increments (a key property in all such descriptions [AP11, PUB12, AHUB19]).

1.3.2 e-strong simulation algorithms

€SS is a procedure that generates a random element whose distance to the target random
element is at most € almost surely. The tolerance level € > 0 is given a priori and can
be refined (see Section 3 for details). The notion of ¢SS was introduced in [BPR12] in
the context of the simulation of a Brownian path on a finite interval. This framework
was extended to the reflected Brownian motion in [BC15], jump diffusions in [PJR16],
multivariate It6 diffusions in [BCD17], max-stable random fields in [LBDM18] and the
fractional Brownian motion in [CDN19]. In general, an €SS algorithm is required to
terminate almost surely, but might have infinite expected complexity as is the case
in [BPR12, PJR16]. The termination times of the algorithms in [BC15, BCD17, CDN19]
are shown to have finite means. In contrast, the running times of the ¢SS algorithms in
the present paper have finite exponential moments (see Theorem 3.6 below), making
them efficient in applications (see Subsection 4.2 below).

In addition to the strong control on the error, ¢SS algorithms have been used in
the literature as auxiliary procedures yielding exact and unbiased simulation algo-
rithms [BPR12, CH13, BC15, BZ17, BM18, LBDM18]. We apply our ¢SS algorithms
to obtain exact samples of indicator functions of the form 1 4(A) for certain random
elements A and suitable sets A (see Subsection 4.1.1 below). The exact simulation of
these indicators in turn yields unbiased samples of other functionals of A, including
those of the (analytically intractable) first passage times of weakly stable processes (see
Subsection 4.1 below).
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1.3.3 Simulation algorithms based on convex minorants

Papers [GCMUB19, GCMUB18a] developed simulation algorithms for the extrema of
Lévy processes in various settings. We stress that algorithms and results in [GCMUB19,
GCMUBI18a] cannot be applied to the simulation of the path-functionals of Lévy meanders
considered in this paper. There are a number of reasons for this. First, the law of a Lévy
meander on a fixed time interval [0, 7] is given by the law of the original process X con-
ditioned on X being positive on (0, 7], an event of probability zero if, for instance, X has
infinite variation [Sat13, Thm 47.1]. Since the algorithms in [GCMUB19, GCMUB18a]
apply to the unconditioned process, they are clearly of little direct use here. Second,
the theoretical tools developed in [GCMUB19, GCMUB18a] are not applicable to the
problems considered in the present paper. Specifically, [GCMUB18a] proposes a new
simulation algorithm for the state X7, the infimum and the time the infimum is attained
on [0, 7] for a general (unconditioned) Lévy process X and establishes the geometric
decay of the error in L? of the corresponding Monte Carlo algorithm. In contrast to the
almost sure control of the simulation error for various path-functionals of X conditioned
on {X; > 0:t € (0,7} established in the present paper, the results in [GCMUB18a]
imply that the random error in [GCMUB18a], albeit very small in expectation, can take ar-
bitrarily large values with positive probability. This makes the methods of [GCMUB18a]
completely unsuitable for the analysis of algorithms requiring an almost sure control of
the error, such as the ones in the present paper.

Paper [GCMUB19] develops an exact simulation algorithm for the infimum of X over
the time interval [0, T], where X is an (unconditioned) strictly stable process. The scaling
property of X is crucial for the results in [GCMUB19]. Thus, the results in [GCMUB19]
do not apply to the simulation of the convex minorant (and cosequently the infimum)
of the weakly stable processes considered here. This problem is solved in the present
paper via a novel method based on tilting X and then sampling the convex minorants of
the corresponding meanders, see Subsection 3.1 for details.

The dominated-coupling-from-the-past (DCFTP) method in [GCMUB19] is based
on a perpetuity equation X < V(UY*X + (1 — U)!/*S) established therein, where X
denotes the law of the supremum of a strictly stable process X. This perpetuity appears
similar to the one in Theorem 3.4(c) below, characterising the law of X; conditioned
on {X; >0:te (0,1]}. However, the analysis in [GCMUB19] cannot be applied to the
perpetuity in Theorem 3.4(c) for the following reason: the “nearly” uniform factor V'
in the perpetuity above (U is uniform on [0, 1] and S is as in Theorem 3.4(c)) is used
in [GCMUB19] to modify it so that the resulting Markov chain exhibits coalescence with
positive probability, a necessary feature for the DCFTP to work. Such a modification
appears to be out of reach for the perpetuity in Theorem 3.4(c) due to the absence of
the multiplying factor, making exact simulation of stable meanders infeasible. However,
even though the coefficients of the perpetuity in Theorem 3.4(c) are dependent and have
heavy tails, the Markovian structure for the error based on Theorem 3.4 allows us to
define, in the present paper, a dominating process for the error whose return times to
a neighbourhood of zero possess exponential moments. Since the dominating process
can be simulated backwards in time, this leads to fast SS algorithms for the convex
minorant of the stable meander and, consequently, of a weakly stable process.

1.4 Organisation

The remainder of the paper is structured as follows. In Section 2 we state and
prove Theorem 2.7, which identifies the distribution of the convex minorant of a Lévy
meander in a certain class of Lévy processes. In Section 3 we define €SS and construct
the main algorithms for the simulation from the laws of the convex minorants of both

EJP 25 (2020), paper 96. http://www.imstat.org/ejp/
Page 4/33


https://doi.org/10.1214/20-EJP503
http://www.imstat.org/ejp/

e-strong simulation of convex minorants

stable meanders and weakly stable processes, as well as from the finite dimensional
distributions of stable meanders. Numerical examples illustrating the methodology, its
speed and stability are in Section 4. Section 5 contains the analysis of the computational
complexity (i.e. the proof of Theorem 3.6), the technical tools required in Section 3 and
the proof of Theorem 3.4 and its Corollary 5.9 (on the moments of stable meanders) used
in Section 4.

2 The law of the convex minorants of Lévy meanders

2.1 Convex minorants and splitting at the minimum

Let X = (Xi)c[0,1) be a Lévy process on [0,7], where T' > 0 is a fixed time horizon,
started at zero P(X, = 0) = 1. If X is a compound Poisson process with drift, exact
simulation of the entire path of X is typically available. We hence work with processes
that are not compound Poisson process with drift. By Doeblin’s diffuseness lemma [Kal02,
Lem. 13.22], this assumption is equivalent to

Assumption 2.1 (D). P(X; = z) =0 for all z € R and for some (and then all) t > 0.

The convex minorant of a function f : [a,b] — R is the pointwise largest convex
function C(f) : [a,b] — R such that C(f)(¢t) < f(¢) for all ¢ € [a,b]. Under (D), the convex
minorant C = C'(X) of a path of X turns out to be piecewise linear with infinitely many
faces (i.e. linear segments). By convexity, sorting the faces by increasing slope coincides
with their chronological ordering [PUB12]. However, the ordering by increasing slopes
is not helpful in determining the law of C'. Instead, in the description of the law of C
in [PUB12], the faces are selected using size-biased sampling (see e.g. [GCMUB18a,
Sec. 4.1]).

Uy dy

(@ First face ®» Second face () Third face

Figure 1: Selecting the first three faces of the concave majorant: the total length of
the thick blue segment(s) on the abscissa equal the stick sizes T, T — (d; — ¢g1) and
T — (dy — g1) — (d2 — g2), respectively. The independent random variables Uy, Us, Uz are
uniform on the sets [0, 7], [0,T]\ (g1, d1), [0,T] \ U?:1(9i» d;), respectively. Note that the
residual length after n samples is L,,.

Put differently, choose the faces of C independently at random uniformly on lengths,
as shown in Figure 1, and let g, and d, be the left and right ends of the n-th face,
respectively. One way of inductively constructing the variables (U, ),ecn (and hence the
sequence of the faces of C') in Figure 1 is from an independent identically distributed
(iid) sequence V of uniforms on [0, 7], which is independent of X: U is the first value
in V and, for any n € N = {1,2,...}, Up41 is the first value in V after U,, not contained
in the union of intervals | J_,(g;,d;). Then, for any n € N, the length of the n-th face
is 4, = d,, — g, and its height is §,, = C(d,,) — C(g,). In [PUB12, Thm 1], a complete
description of the law of the sequence ((¢,&,))nen is given. In order to generalise this
results to Lévy meanders, it is helpful to state the characterisation in terms of Dirichlet
processes, see (2.3) in Section 2.2 below.
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The behaviour of certain statistics of the path of X, such as the infimum X, =
inf,cj0,7) X+ and its time location 77 = 719, 7)(X) = inf{t > 0 : min{X;, X; } = X1}, is
determined by that of the faces of C' whose heights are negative (we assume throughout
that X is right-continuous with left limits (cadlag) and denote X;_ = limg; X, fort > 0
and X,_ = 0). Analysis of their behaviour amounts to the analysis of the convex mino-
rants of the pre- and post-minimum processes X = (X );cjo,r) and X7 = (X;7)¢eo, 1),
where

X<_ _ X(TTft)f _XTv te [OyTTL and Xt_> _ XTT+t _X’IW te [O7T_ TTL (21)
! Ta te (TTvTL Ta te (TTvT]v

respectively (1 denotes a cemetery state, required only to define the processes on [0, 7).
Clearly, as indicated by Figure 2, C' may be recovered from the convex minorants C* =
C(XT)and C7 = C(X7) of X |07, and X |jo,r—-,], Tespectively. For convenience,
we suppress the time interval in the notation for C* = C(X*)and C7 = C(X 7). In
particular, throughout the paper, C< and C™ are the convext minorants of X and X 7,
respectively, only while the processes are “alive”.

ATT "’A'”UN ;g( & Wﬁfﬁ WM
M WA

T T T T

@C ® CT ©C~

X~
O

Figure 2: Decomposing (X, C) into (X*,C* ) and (X —7,C7).

2.2 Convex minorants as marked Dirichlet processes

Our objective now is to obtain a description of the law of the convex minorants C*
and C. For any n € IN and positive reals 6, ..., 8, > 0, the Dirichlet distribution with
parameter (6, ...,0,) is given by a density proportional to = — [\, mfi_l, supported
on the standard n-dimensional symplex in R"*! (i.e. the set of points x = (xg,...,%,)
satisfying > ,z; = 1 and z; € (0,1) for i € {0,...,n}). In the special case n = 1, we get
the beta distribution Beta(6y,6;) on [0, 1]. In particular, the uniform distribution equals
U(0,1) = Beta(1,1) and, for any 6 > 0, we append the limiting cases Beta(,0) = ¢; and
Beta(0,0) = do, where ¢, is the Dirac measure at = € R.

Let (X, X, 1) be a measure space with ;(X) € (0, 00). A random probability measure
= (i.e. a stochastic process indexed by the sets in X) is a Dirichlet process on (X, X)
based on the finite measure p if for any measurable partition {By,...,B,} C X (i.e.
n € N, B; N B; = 0 for all distinct ¢, € {0,...,n}, U;_, B; = X and p(B;) > 0 foralli €
{0,...,n}), the vector (E(By),...,=(By)) is a Dirichlet random vector with parameters
(u(Bo), - ., u(Br)). We use the notation = ~ D,, throughout.

Define the sets 2" = {k € Z : k < n} and 2", = 2"\ Z™ for n,m € Z and adopt
the convention erw =1 and Zkew = 0 (Z denotes the integers). Sethuraman [Set94]
introduced the construction

(1]

=3 7ds, ~ Dy, (2.2)
n=1
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where (7,)nen is an iid sequence with distribution ;(X)~!'x and (7, )nen is a stick-
breaking process based on Beta(1, 1(X)) constructed as follows: 7, = §, erZ{z (1 - 8r)
where (5, )nen is an iid sequence with distribution Beta(1, u(X)).

Consider a further measurable space (Y, )) and a triple (6, i, x), where 6 > 0, p is
a finite measure on (X, X) and « : [0,60] x X — Y is a measurable function. Let = be
as in (2.2). A marked Dirichlet process on (Y,)) is given by the random probability
measure » .., TnOw(6m,,z,) ON (Y,)). We denote its distribution by Dy, ).

Let F(t,xz) = P(X; < z), ¢ € R, be the distribution function of X; for ¢ > 0 and let
G(t,-) be the generalised right inverse of F'(¢,-). Hence G(t, U) follows the law F'(¢, -) for
any uniform random variable U ~ U(0,1). Given these definitions, [PUB12, Thm 1] can
be rephrased as

TS lnbe, =T (dn — 9n)0c(d,)—Clgn) ~ Dir.0(0.1).6)5 (2.3)
n=1 n=1

where C is the convex minorant of X over the interval [0, 7], with the length and height
of the n-th face given by ¢,, = d,, — g,, and &, = C(d,) — C(gn), respectively, as defined in
Section 2.1 above. Consequently, the faces of C' are easy to simulate if one can sample
from F(t,-). Indeed, (¢,/T)ncn has the law of the stick-breaking process with uniform
sticks and, given ¢,,, we have &, ~ F({,,-) foralln € IN.

It is evident that the size-biased sampling of the faces of C*~ and C', analogous to
the one described in the second paragraph of Section 2.1 for the faces of C (see also
Figure 2), can be applied on the intervals [0, 7r] and [0, T — 7r|, respectively. However, in
order to characterise the respective laws of the two sequences of lengths and heights,
we need to restrict to the following class of Lévy processes.

Assumption 2.2 (P). The probability P(X; > 0) equals some p € [0,1] for all t > 0.

The family of Lévy processes that satisfy (P) has, to the best of our knowledge, not

been characterised in terms of the characteristics of the process X (e.g. its Lévy measure
or characteristic exponent). However, it is easily seen that it includes the following wide
variety of examples: symmetric Lévy processes with p = 1/2, stable processes with p
given by its positivity parameter (see e.g. [GCMUB19, App. A]) and subordinated stable
processes with p equal to the positivity parameter of the stable process. Note also that
under (P), the random variable G(¢,U) (with U uniform on [0, 1]) is negative if and only if
U<L1l—0p.
Proposition 2.3. Let X be a Lévy process on [0, T] satisfying (D) and (P) for p € [0,1]
with pre- and post-minimum processes X and X, respectively, defined in (2.1). Let
(€5, =& )nen and ((¢,7,€,7))nen be the faces of C = C(X*) and C7 = C(X7),
respectively, when sampled independently at random uniformly on lengths as described
in Section 2.1. Then 71 /T follows the law Beta(l — p, p), the random functions C* and
C™ are conditionally independent given 71 and, conditional on 7, we have

-1
Tr Zaz_éﬁﬁ ND(TTvU(O’l)‘[O,lfp]ﬁc)’
n=l (2.4)

o0

(T =77)"" Y 60z ~ Do (0.1 0.0
n=1
Remark 2.4. (i) The measure U(0, 1)jp,1—,) (resp. U(0,1)|;;—, 1)) on the interval [0, 1] has
a density x — 11—, () (resp. z — 1;_, 1)(x)).! In the case p = 1, X is a subordinator
by [Sat13, Thm 24.11]. Then 7 = T and only the first equality in law in (2.4) makes

1Here and throughout 1 4 denotes the indicator function of a set A.
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sense (since there is no pre-minimum process) and equals that in (2.3). The case p = 0 is
analogous.

(ii) Proposition 2.3 provides a simple proof of the generalized arcsine law: under (D)
and (P), we have 77/T ~ Beta(l — p, p) (see [Ber96, Thm VI1.3.13] for a classical proof of
this result).

(iii) Proposition 2.3 implies that the heights (£ )nenw (resp. (&, )nen) of the faces of
the convex minorant C* (resp. C) are conditionally independent given (¢; ),en (resp.
(£,7 )nen). Moreover, £ (resp. &) is distributed as F'(¢;,-) (resp. F'(¢;,-)) conditioned
to the negative (resp. positive) half-line. Given 7, the sequence (¢ /77)nen (resp.
(¢, /(T — 77))nen) is a stick-breaking process based on Beta(1,1 — p) (resp. Beta(1, p)).

(iv) If T is an exponential random variable with mean ¢ > 0 independent of X, the
random times 7 and 7" — 7r are independent gamma random variables with common
scale parameter f and shape parameters 1 — p and p, respectively. This is because, the
distribution of 7 /T, conditional on any value of T, is Beta(1 — p, p) (see Proposition 2.3),
making 77 /T and T independent. Furthermore, by [PUB12, Cor. 2], the random measures
Zzozl 5(477@?) and Zzozl 5(@?75:) are independent Poisson point processes with intensi-
ties given by the restriction of the measure e~ '/t~ 1dtP(X; € dx) on (t,z) € [0,00) x R
to the subsets [0, 00) x (—00,0) and [0, c0) X [0, 0), respectively.

The proof of Proposition 2.3 relies on the following property of Dirichlet processes,
which is a direct consequence of the definition and [Set94, Lem. 3.1].

Lemma 2.5. Let ;41 and us be two non-trivial finite measures on a measurable space
(X,X). Let=; ~ D, fori=1,2 and § ~ Beta(u(X), u2(X)) be jointly independent, then

BE1 + (1 - B)EQ ~ DM1+M2'

Proof of Proposition 2.3. Recall that ¢,, = d,, — g, (resp. &, = C(d,) — C(g,)) denotes
the length (resp. height) of the n-th face of the convex minorant C' of X (see Section 2.1
above for definition). By (2.3), the random variables v,, = F(¢,,&,) form a U(0,1)
distributed iid sequence (v,),en independent of the stick-breaking process (£,,)nen-
Since the faces of C' are placed in a strict ascending order of slopes, by (2.2)-(2.3) the
convex minorant C of a path of X is in a one-to-one correspondence with a realisation
of the marked Dirichlet process 7' > | ¢, ¢, and thus with the Dirichlet process
E=T"1 ZZO:I énévn ~ DU(O,l)-

Assume now that p € (0,1). Since U(0,1)|0,1—, +U(0,1)|1—p,1) = U(0, 1) as measures
on the interval [0, 1], Lemma 2.5 and [Kal02, Thm 5.10] imply that by possibly extending
the probability space we may decompose = = = + (1 — §)=, where the random
elements 5 ~ Beta(l — p, p), E ~ Du(0.1)lp.-, a0 E7 ~ Dy(o,1)|,_,.,, are independent
(note that we can distinguish between values above and below 1 — p a.s. since, with
probability 1, no variable v,, is exactly equal 1 — p). Since p € (0,1), condition (D)
and [Sat13, Thm 24.10] imply that P(0 < X; <€) > 0 for all e > 0 and ¢ > 0. Then (P)
implies the equivalence: F(t,z) < 1 — p if and only if z < 0.

The construction of (v, ),cn ensures that the faces of C with negative (resp. positive)
heights correspond to the atoms of = (resp. =7). Therefore the identification between
the faces of C' with the Dirichlet process = described above implies that = (resp. =)
is also in one-to-one correspondence with the faces of C (resp. C). In particular,
since 77 = ), o fn - 1f¢, <0} €quals the sum of all the lengths of the faces of C' with
negative heights, this identification implies 7 ~ T8 and the generalised arcsine law
/T ~ Beta(l — p, p) follows from Lemma 2.5 applied to the measures U(0,1)|j0,1—p
and U(0,1)|j1—,,1] on [0, 1]. Moreover, the lengths of the faces of C*~ correspond to the
masses of the atoms of 5= . The independence of 5 and =¢ implies that the sequence
of the masses of the atoms of S=¢ is precisely a stick-breaking process based on the
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distribution Beta(1,1 — p) multiplied by §. Similarly, the random variables F'(¢;,£57) can
be identified with the atoms of = and thus form an iid sequence of uniform random
variables on the interval [0, 1 — p]. Hence, conditional on 77, the law of 75" 3°07 | 4 8¢« is
as stated in the proposition. An analogous argument yields the correspondence between
the Dirichlet process = and the faces of C—. The fact that the orderings correspond to
size-biased samplings follows from [Pit06, Sec. 3.2].

It remains to consider the case p € {0,1}. By [Sat13, Thm 24.11], X (resp. —X) is a
subordinator if p = 1 (resp. p = 0) satisfying (D). Then, clearly, p=1, 77 =0, C7 =C
(resp. p =0, 7 =T, C* = C) and the proposition follows from (2.3). O

2.3 Lévy meanders and their convex minorants

If 0 is regular for (0,c0), then it is possible to define the Lévy meander X™®T =
(X"*"),c0,r] as the weak limit as ¢ | 0 of the law of X conditioned on the event
{X; > —¢} (see [CDO5, Lem. 7] and [CDO08, Cor. 1]). Condition (P) and Rogozin's
criterion [Ber96, Prop. VI.3.11] readily imply that 0 is regular for (0, o0) if p > 0, in which
case the respective Lévy meander is well defined. As discussed in Section 2.2, the case
p = 0 corresponds to the negative of a subordinator where the meander does not exist.

In this section we will use the following assumption, which implies the existence of a
density of X; for every t > 0 and hence also Assumption (D).

Assumption 2.6 (K). [, |E (¢"**)|du < oo for every t > 0.

Lévy meanders arise under certain path transformations of Lévy processes [Ber96,
Sec. VL.4]. For instance, by [UB14, Thm 2], if (K) holds and 0 is regular for both (—co,0)
and (0, 00), then the pre- and post-minimum processes X and X — are conditionally in-
dependent given 7 and distributed as meanders of —X and X on the intervals [0, 7r] and
[0, T—77], respectively, generalising the result for stable processes [Ber96, Cor. VIII.4.17].
The next theorem constitutes the main result of this section.

Theorem 2.7. Assume X satisfies (P) with p € (0,1] and (K). Pick a finite time horizon
T > 0 and let X™*T be the Lévy meander and let ((¢{™°,£™°)),cn be the lengths and
heights of the faces of C(X™*7T) chosen independently at random uniformly on lengths.
The sequence ((¢2°, ™)), en encodes a marked Dirichlet process as follows:

oo
71 Z Efedg;ge ~ D(T,pU(lfp,l),G)' (2.5)

n=1

Proof. The case p = 1 is trivial since X is then a subordinator by [Sat13, Thm 24.11],
clearly equal to its meander, and (2.5) is the same as (2.3). If p € (0, 1), then 0 is regular
for both half lines by Rogozin’s criterion [Ber96, Prop. VI.3.11]. Fix 7" > T and consider
the Lévy process X on [0,7”]. Conditional on 77 = 7" — T, the post-minimum process
(X7 )iepo,r) defined in (2.1) is killed at 7+ = 7" — T and the law of (X;7)c[o,7] prior to
the killing time is the same as the law of the meander xme.T g [0,T] by [UB14, Thm 2].
Hence, conditional on 77+ = 77 — T, the law of the faces of the convex minorant C'(X )
on [0,7] agree with those of the convex minorant C(X™®7). Thus, the distributional

characterisation of Proposition 2.3 also applies to 7! 3> | /™€ §eme. O

Remark 2.8. (i) Condition (K) is slightly stronger than (D). In fact, it holds if there is
a Brownian component or if the Lévy measure has sufficient activity [Kal81, Sec. 5]
(see also Lemma B.1 in Appendix B below). Hence Condition (K) is satisfied by most
subordinated stable processes.

(ii) Although sufficient and simple, Condition (K) is not a necessary condition for [UB14,
Thm 2]. The minimal requirement is that the density (¢,z) — 6%F(t, x) exists and is
uniformly continuous for ¢ > 0 bounded away from 0.
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(iii) Identity (2.3) (in the form of [PUB12, Thm 1]), applied to concave majorants, was used
in [GCMUB18a] to obtain a geometrically convergent simulation algorithm of the triplet
(X1, X7,77(=X)), where 77(—X) is the location of the supremum X7 = sup;c(o 77 X;. In
the same manner, a geometrically convergent simulation of the marginal X?e’T can be
constructed using the identity in (2.5).

(iv) The proof of Theorem 2.7 and Remark 2.4(iv) above imply that if T is taken to be
an independent gamma random variable with shape parameter p and scale parameter
6 > 0, then the random measure ) .-, d(gme ¢me) is a Poisson point process on (t,z) €
[0,00) x [0, 00) with intensity e~*/?t~1dtP(X; € dx). This description and [PR12, Thm 6]
imply [PR12, Thm 4], the description of the chronologically ordered faces of the convex
minorant of a Brownian meander. However, as noted in [PR12], a direct proof of [PR12,
Thm 6], linking the chronological and Poisson point process descriptions of the convex
minorant of a Brownian meander, appears to be out of reach.

3 c-strong simulation algorithms for convex minorants

As mentioned in the introduction, €SS algorithm is a simulation procedure with
random running time, which constructs a random element that is e-close in the essential
supremum norm to the random element of interest, where ¢ > 0 is an a priori specified
tolerance level. Moreover, the simulation procedure can be continued retrospectively
if, given the value of the simulated random element, the tolerance level ¢ needs to be
reduced. Thus an €SS scheme provides a way to compute the random element of interest
to arbitrary precision almost surely, leading to a number of applications (including exact
and unbiased algorithms for related random elements) discussed in Subsection 4.1.

We now give a precise definition of an €SS algorithm. Consider a random element
A taking values in a metric space (X,d). A simulation algorithm that for any ¢ > 0
constructs in finitely many steps a random element A® in X satisfying (I) and (II) below
is termed an eSS algorithm: (I) there exists a coupling (A, A®) on a probability space
2 such that the essential supremum ess sup{d(A(w), A°(w)) : w € Q} is at most ¢; (II)

for any m € N, decreasing sequence ¢; > - -+ > g, > 0, random elements A®*,... Aém
(satisfying (I) for the respective ¢1,...,e,,) and ' € (0,¢,,), we can sample A<, given
Acr ..., A®, which satisfies (I) for &’. Condition (II), known as the tolerance-enforcement

property of €SS, can be seen as a measurement of the realisation of the random element
A whose error may be reduced in exchange for additional computational effort.

Throughout this paper, the metric d in the definition above is given by the supremum
norm on either the space of continuous functions on a compact interval or on a finite
dimensional Euclidean space. The remainder of this section is structured as follows. Sec-
tion 3.1 reduces the problems of constructing £SS algorithms for the finite dimensional
distributions of Lévy meanders and the convex minorants of Lévy processes, to construct-
ing an €SS algorithm of the convex minorants of Lévy meanders. In Subsection 3.2 we
apply Theorem 2.7 of Section 2 to construct an €SS algorithm for the convex minorant of
a Lévy meander under certain technical conditions. In Theorem 3.4 we state a stochastic
perpetuity equation (3.2), established in Section 5 using Theorem 2.7, that implies these
technical conditions in the case of stable meanders. Subsection 3.2 concludes with the
statement of Theorem 3.6 describing the computational complexity of the £SS algorithm
constructed in Subsection 3.2.

3.1 £SS of the convex minorants of Lévy processes

In the present subsection we construct ¢SS algorithms for the convex minorant
C(X) and for the finite dimensional distributions of X™®7, Both algorithms require the
following assumption.
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Assumption 3.1 (S). There is an £SS algorithm for C((+X)™®") for any t > 0.

In the case of stable processes, an algorithm satisfying Assumption (S) is given in the
next subsection. In this subsection we assume that (P) and (S) hold for the process T. X
for some ¢ € R, where T, denotes the linear tilting functional T, : f — (t — f(t) + ct)
for any real function f. We construct an ¢SS algorithm for the convex minorant C'(X),
and hence for (X7, X ), as follows (£(-) denotes the law of the random element in its
argument).

Algorithm 1 ¢SS of the convex minorant C'(X) of a Lévy process X, such that 7.X
satisfies Assumptions (P) and (S) for some ¢ € R.

Require: Time horizon T' > 0, accuracy € > 0 and c € R.
: Sample 8 ~ B(1 — p, p) and put s «+ T3

—_

2: Sample £/2-strongly f< from L(C((—T.X)™**)) > Assumption (S)
3: Sample ¢/2-strongly f~ from L(C(T . X™eT=9)) > Assumption (S)
4: return f. : t — —ct + < (s — min{t, s}) — f<(s) + f7 (max{¢t, s} — s) for ¢ € [0, 7.

Remark 3.2. (i) Note that (f.(T), f-(T)) is an €SS of (X7, X ;) as f — f(T) is a Lipschitz
functional on the space of cadlag funcitons with respect to the supremum norm. Although
Tio,7)(fe) = inf{t € [0,T] : fo(t) = fo(T)} — 710,77(X) as e | 0 by [Kal02, Lem. 14.12], a
priori control on the error does not follow directly in general. In the case of weakly stable
processes, we will construct in steps 2 and 3 of Algorithm 1, piecewise linear convex
functions that sandwich C(X), which yield a control on the error of the approximation of
7r by Proposition 5.4(c).

(ii) The algorithm may be used to obtain an ¢SS of —C'(—X), the concave majorant of X.

Fix0=ty <t <...<tn <tns1 =7 and recall from Subsection 2.3 above that
XmeT follows the law of (X),e[o, 7 conditional on {X; > 0}. Note that P(X; > 0) =0,
but P(X, > 0|X,, > 0) > 0 by Assumption (D). Thus, sampling (X;"*7,..., x*7)
is reduced to jointly simulating (X;,,...,X;,, ) and X, conditional on {X, > 0} and
rejecting all samples not in the event {X > 0}. More precisely, we get the following
algorithm.

Algorithm 2 ¢-strong simulation of the vector (X7, ..., X7,

Require: Times 0 =ty <t; < ... <t <t,+1 =T and accuracy € > 0.
1: repeat
2:  Put (Ilp, e9,1) < (0,2¢/(m +1),0)
3 repeat Conditionally on the variables in the set II;
4: Put (6i+1,i) — (Ei/2, i+1)
5 Sample ¢;-strongly z* from £(X[1*"") and put (257, 27°) < (27, 2) >
Assumption (S)

6: fork=2.... m+1do

7: Sample ¢;-strongly (2;’, z;7) from (X¢, ¢, ,, Xy, 4, ) > Remark 3.2(i)
8: Put (z7/, 23") « (z3y + 27, min{ay’ | 27 +25'})

9: end for

10: Putll, <« II,_q U {(2277§i’) erll

11: until z;) | — (m+1)g; > 0orz;), | +(m+1)g; <0
12z until 27} | — (m+1)g; >0

13: return (z7',...,25).
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Remark 3.3. (i) All the simulated values are dropped when the condition in line 13 fails.
(ii) If the algorithm satisfying Assumption (S) is the result of a sequential procedure, one
may remove the explicit reference to ¢; in line 4 and instead run all pertinent algorithms
for another step until condition in line 12 holds. This is, for instance, the case for the
algorithms we present for stable meanders.

3.2 Simulation of the convex minorant of stable meanders

In the remainder of the paper, we let Z = (Z;),c|0,7] be a stable process with stability
parameter « € (0, 2] and positivity parameter P(Z; > 0) = p € (0, 1], using Zolotarev’s
(C) form (see e.g. [GCMUB19, App. A)). It follows from [GCMUB19, Eq. (A.1)&(A.2)]
that Assumptions (K) and (P) are satisfied by Z. In the present subsection, we will
construct an €SS algorithm for the convex minorant of stable meanders, required by
Assumption (S) of Subsection 3.1.

The scaling property implies that (Z?;’T)se[oyl] 4 (T Z™*1) ¢ (0.1 and thus

(C(Z™T)(sT))sefo,n) £ (CTZ™N)(8)) o) = (T *C(Z™Y)(5))sefo.n)-

By the relation in display, it is sufficient to consider the case of the normalised stable
meander Z™¢ = Z™! in the remainder of the paper.

3.2.1 Sandwiching

To obtain an ¢SS of the convex minorant of a meander, we will construct two convex and
piecewise linear functions with finitely many faces that sandwich the convex minorant
and whose distance from each other, in the supremum norm, is at most . Intuitively,
the sandwiching procedure relies on two ingredients: (I) the ability to sample, for each
n, the first n faces in the minorant and (II) doing so jointly with a variable ¢,, > 0 that
dominates the sum of the heights of all the unsampled faces. Conditions (I) and (II) are,
by Proposition 5.2 below, sufficient to sandwich the convex minorant: lower (resp. upper)
bound C(Z™®)} (resp. C(Z™°)!) is constructed by adding a final face of height 0 (resp.
cn,) and length equal to the sum of the lengths of the remaining faces and sorting all n + 1
faces in increasing order of slopes. The distance (in the supremum norm) between the
convex functions C(Z™°)} and C(Z™)! equals ¢, (see Proposition 5.2 for details). The
€SS algorithm is then obtained by stopping at —N(¢), the smallest integer n for which
the error ¢, is smaller than ¢ (see Algorithm 3 below).

In general, condition (I) is relatively easy to satisfy under the assumptions of Theo-
rem 2.7. Condition (II) however, is more challenging. In the stable case, we first establish
a stochastic perpetuity in Theorem 3.4 and use ideas from [GCMUB19] to sample the
variables ¢,, n € N, in condition (II) (see Equation (3.3)).

Figure 3(a) above illustrates the output of the ¢SS Algorithm 3 below for the convex
minorant C'(Z™¢). By gluing two such outputs for the (unnormalised) stable meanders
Z* and Z7, straddling the minimum of Z over the interval [0,1] as in (2.1), with n
and m faces, respectively, we obtain a convex function C(Z2)y, ,, (resp. C(Z)]} ) that is
smaller (resp. larger) than the convex minorant C'(Z) of the stable process (see details in
Proposition 5.4). Figure 3(b) illustrates how these approximations sandwich the convex
minorant C(Z).

A linear tilting can be applied, as in Algorithm 1 above, to obtaina sandwich for the
convex minorant of a weakly stable processes for all & € (0,2] \ {1} (see a numerical
example in Subsection 4.2.2 below).
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C(Z™e): and C(Z™)! for (o, p) = (1.3,0.69) C(2)}, n and C(2)], ,, for (o, p) = (1.8,0.52)

som=4 .
n==6
~a-n=9
——n =17

(a) Sandwiching C'(Z™°) (b) Sandwiching C(Z)

Figure 3: (A) Sandwiching of the convex minorant C'(Z™¢) using n faces. The lower
and upper bounds are numerically indistinguishable for n = 17. (B) Sandwiching of
the convex minorant C'(Z) using n and m faces of the convex minorants C(Z*) and
C(Z7) of the meanders Z¢ and Z7, respectively. Again the bounds are numerically
indistinguishable for n = m = 20.

3.2.2 The construction of ¢,

Since stable processes satisfy Assumptions (P) and (K), we may use Theorem 2.7 and
the scaling property of stable laws as stepping stones to obtain a Markovian description
of the convex minorants of the corresponding meanders. Let S(a,p), ST(a, p) and
S™¢(a, p) be the laws of Z;, Z; conditioned to be positive and Z7*°, respectively, where
(Zt)tepo,1) is a stable process with parameters (a, p). Recall the definition of the sets
Zr={keZ:k<n}and Z" = Z"\ Z™ for n,m € Z.

Theorem 3.4. Let (({M°,£7%)),en be the faces of C(Z™¢) chosen independently at
random uniformly on lengths. Define the random variables L,;1 = Zme Znt1 L5,
Uy, =10"/Lyi1,

S, = (£, )~/ agme and M, =L ST gme (3.1)

1—-n 1—-n n+1 —m>
meZntt

for alln € Z°. Then the following statements hold.
(@) ((Sn,Un))nezo is an iid sequence with common law S («, p) x Beta(1, p).
(b) (M,)nez is a stationary Markov chain satisfying My = Z{® ~ S™¢(a, p) and

My = (1 =U,)Y*M, +U*S,,  forallne 2°. (3.2)

(c) The law of Z™® is the unique solution to the perpetuity Z™® 4 (1—-U)Yozme L yt/eg

for independent (S,U) ~ S*(a, p) x Beta(1, p).

Theorem 3.4, proved in Subsection 5.2 below, enables us to construct a process
(Dy)nezt that dominates (M,,),cz1: D, > M, for n € Z! and can be simulated jointly
with the sequence ((S,,, Uy, ))nezo (see details in Appendix A). Thus, by (3.1), we may con-
struct the sandwiching convex functions in Algorithm 3 below (see also Subsection 3.2.1
above for an intuitive description) by setting

con=LJ/"Dy> Y &m,  nez’ (3.3)

mezZn

3.2.3 The algorithm and its running time

Let —N(e) be the smallest n € IN with ¢_,, < € (see (5.8) below for the precise definition).
Remark 3.5. (i) Given the faces {((}°,&]°)};czn+:, the output (C(zme)k C(Z™e)!) of
Algorithm 3 is defined in Proposition 5.2, see also Lemma 5.1. In particular, Proposi-
tion 5.2 requires to sort (n + 1) faces, sampled in Algorithm 3. This has a complexity of
at most O(nlog(n)) under the Timsort algorithm, making the complexity of Algorithm 3
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Algorithm 3 ¢-strong simulation of the convex minorant C'(Z™¢).

Require: Tolerance ¢ > 0 and burn-in parameter m € N U {0}
1: Sample independently (S, Uy) for k € Z°, from the law ST («, p) x Beta(1, p)
2: Sample backwards in time (S, Uk, Dy) for k € Z:’rgax{erL‘N(E)‘} > [GCMUBI19,
Alg. 2]
3: Setn = max{m + 1,|N(¢e)|}
4: Fork € {1,...,n}, set (° =U_p[[;cz0 (1 -U;) and F° = (fmeyt/eg,

5: Put ¢, = ([[jez0 (1 —Ux))/*D_, and return (C(Z™)},,C(Z™)])

proportional to |N(¢)|log |N(g)|. Moreover, the burn-in parameter m is conceptually
inessential (i.e. we can take it to be equal to zero without affecting the law of the output)
but practically very useful. Indeed, since Algorithm 3 terminates as soon as ¢, < ¢, the
inexpensive simulation of the pairs (S, Uy ) increases the probability of having to sample
fewer (computationally expensive) triplets (Si, Ug, Di) in line 2 (cf. [GCMUB19, Sec. 5]).
(i) An alternative to Algorithm 3 is to run forward in time a Markov chain based on the
perpetuity in Theorem 3.4(c). This would converge in the L”-Wasserstein distance at the
rate O((1 + v/(ap))~™) (see [BDM16, Sec. 2.2.5]), yielding an approximate simulation
algorithm for the law S™¢(«, p).

Note that the running time of Algorithm 3 is completely determined by max{m +
1,|N(e)|}. Applications in Section 4.1 below rely on the exact simulation of 1 zme,} for
arbitrary z > 0 via €SS (see Subsection 4.1.1 below), which is based the on sequen-
tial refinements of Algorithm 3. Moreover, Algorithms 1 and 2 rely on Algorithm 3.
Hence bounding the tails of N(¢) is key in bounding the running times of all those
algorithms. Proposition 5.13 establishes bounds on the tails of N(¢), which combined
with Lemma 5.11 below, implies the following result, proved in Subsection 5.3.2 below.

Theorem 3.6. The running times of Algorithms 1, 2 and 3 for the eSS of C(T.Z) (for any
¢ € R), finite dimensional distributions of Z™¢ and C(Z™¢), respectively, have exponential
moments. The same holds for the exact simulation algorithm of 1{zme. ., for any x > 0.

4 Applications and numerical examples

In Subsection 4.1 we describe applications of ¢SS paradigm to the exact and unbi-
ased sampling of certain functionals. In Subsection 4.2 we present specific numerical
examples. We apply algorithms from Section 3 to estimate expectations via MC methods
and construct natural confidence intervals.

4.1 Applications of ¢SS algorithms
Consider a metric space (X, d) and a random element A taking values in X. For every

¢ > 0, the random element A° is assumed to be the output of an ¢SS algorithm, i.e. it
satisfies d(A, A®) < € a.s. (see Section 3 for definition).

4.1.1 Exact simulation of indicators

One may use ¢SS algorithms to sample exactly indicators 1 4(A) for any set A C X with
P(A € 9A) = 0, where 0A denotes the boundary of A in X. Since d(A®,dA) > ¢ implies
14(A) = 14(A°), it suffices to sample the sequence (A% "), cn until d(A? ", 04) > 27",
Finite termination is ensured because {d(A,04) > 0} = U, cn1d(A,04) > 27"} C
Unew{d(ATWl,@A) > 27"~} In particular, line 12 in Algorithm 2 is based on this
principle.
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4.1.2 Unbiased simulation of finite variation transformations of a continuous
functional

Let f1 : X — R be continuous, f2 : R — [0, 00) be of finite variation on compact intervals
and define f = f; o f1. The functional Z; - 1(z -, for some b < 0, is a concrete
example defined on the space of continuous functions, since the maps C(Z) — Z; and
Zp v Zyp - 1iz, >y are continuous and of finite variation, respectively.

By linearity, it suffices to consider a monotone f, : R — [0,00). Let ¢ be an in-
dependent random variable with positive density g : [0,00) — (0,00). Then ¥ =
T(s,00)(f(A))/g(s) is simulatable and unbiased for E[f(A)]. Indeed, it is easily seen
that P(A € 9f~*({<})) = 0. Thus Subsection 4.1.1 shows that the indicator 1 o) (f(A)),
and hence ¥, may be simulated exactly. Moreover, X is unbiased since

E[Y] = E[EZ|A]l = E UOOO Lio,£(a)) (5)9(5) " g(s)ds | = E[f(A)],

and its variance equals E[X?]-E[f(A)]? = E[G(f(A))]—E[f(A)]?, where G(r fo ds/g(s)

If we use the density g : s — 6(1 + s)~!79, for some ¢ > 0, then the variance of ¥ (resp
F(A) s B[k (14 £(A)2+0 — 1)] — E[f(A)]2 (resp. E[f(A)?] ~ E[f(A)]2). Thus, ¥ can
have finite variance if f(A) has a finite 2 + j-moment. This application was proposed
in [BCD17] for the identity function f5(¢) = ¢t and any Lipschitz functional f;.

4.1.3 Unbiased simulation of a continuous finite variation function of the first
passage time

Let (Xt)icjo,1), 0 < T < oo be a real-valued cadlag process such that Xy = 0 and, for
every t > 0, there is an €SS algorithm of X'; = sup,¢(g 40, Xs- Fix any = > 0 satisfying
P(X; = z) = 0 for almost every t € [0,T). Then o, = min{T,inf{t € (0,T) : X; > z}}
(using the convention inf ) = oo) is the first passage time of level z and satisfies the
identity {¢t < o,} = {Tmin{t,T} < z}, for t > 0. By linearity, it suffices to consider a
nondecreasing continuous function f : [0,7) — [0, 00) with generalised inverse f*.

Let ¢ be as in Subsection 4.1.2 and f(7') = limyr f(¢). By [dLF15, Prop. 4.2], f* is
strictly increasing and {¢ < f(0,)} = {f*(<) < 02} = {f*(s) < T, Xj-() < x}, where
P(X (o) =z, f*(c) < T) = 0 by assumption. Hence ¥ = 1, ..)(f(02))/g(<) is simulated
by sampling ¢ and then, as in Subsection 4.1.1, setting ¥ = 19 57 (X}-(¢))/g(s) if f*(c) < T
and otherwise putting ¥ = 0. Moreover, by Subsection 4.1. 2 Y is unblased for E[f(04)].
We stress that, unlike the functionals considered in Subsections 4.1.1 and 4.1.2 above,
it is not immediately clear how to estimate E[f(o,)] using a simulation algorithm for
X, t € [0,T). In Subsection 4.2.2 we present a concrete example for weakly stable
processes.

We end with the following remark. Consider the time the process X down-crosses
(resp. up-crosses) a convex (resp. concave) function mapping [0, o) to R started below
(resp. above) Xy = 0. If one has an €SS algorithm for the convex minorant (resp. concave
majorant) of X, then a simple modification of the argument in the previous paragraph
yields an unbiased simulation algorithm of any finite variation continuous function of
such a first passage time.

4.2 Numerical results

In this subsection we explore three applications of the ¢SS of stable meanders and
their convex minorants. Since Algorithm 3 uses [GCMUBI19, Alg. 2] for backward
simulation, we specify the values of the parameters (d, 4, v, k,m, m*) = w(a, p) appearing
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in [GCMUB19, Sec. 4] and m in Algorithm 3 as follows: (d*,r) = 1—9) and

2
(%7 0

. d log(2) 1 | log(e/2)| 3p +
w(a,p)= (d ,,ra,4—|—max{ - ,},{ , 124+ | — log ES™ ,
2 3’/](d ) ap IOg (F(I;-(ﬁ}/jggzl-i{?/)(x)) \‘ " J

where 7(d) = —ap — W_1(—apde~*r%)/d is the unique positive root of the equation dt =
log(1+t/(ap)) (here, W_; is the secondary branch of the Lambert W function [CGH*961])
and S follows the law ST (a, p). As usual, |z] =sup{n € Z :n <z} and [z] = inf{n € Z:
n > z} denote the floor and ceiling functions and 2% = max{0, 2} for any = € R. This
choice of m satisfies E[UY/®]™ =~ ¢/2 for ¢ < 1, where U ~ Beta(1,p). We fix ¢ = 2732
throughout unless adaptive precision is required (see Subsections 4.1.1-4.1.3).

Figure 4 graphs the empirical distribution function for the running time of Algorithm 3,
suggesting the existence of exponential moments of |N(¢)|, cf. Proposition 5.13 below.

Spectrally Negative Symmetric Spectrally Positive

—— Empirical V9053 . —— Empirical
S Regression Ss,_ |—Regression

Zt] 25 30 35 10 45 50
Figure 4: The graphs show the estimated value of n — log P(|N(g)| > n) in the spectrally
negative, symmetric and positive cases for a = 1.5, ¢ = 2732 and based on N = 5 x 10°
samples. The curvature in all three graphs suggests that | N (¢)| has exponential moments
of all orders, a stronger claim than those of Theorem 3.6 (see also Proposition 5.13).

To demonstrate practical feasibility, we first study the running time of Algorithm 3.
We implemented Algorithm 3 in the Julia 1.0 programming language (see [GCMUB18b])
and ran it on macOS Mojave 10.14.3 (18D109) with a 4.2 GHz Intel® Core™i7 processor
and an 8 GB 2400 MHz DDR4 memory. Under these conditions, generating N = 10*
samples takes approximately 1.30 seconds for any o > 1 and all permissible p as long
as p is bounded away from 0. This task much less time for o < 1 so long as « and p are
bounded away from 0. The performance worsens dramatically as either « — 0 or p — 0.

This behaviour is as expected since the coefficient in front of M,, in (3.2) of Theo-
rem 3.4 follows the law Beta(1, ap) with mean 17, which tends to 1 as ap — 0. Hence,
the Markov chain decreases very slowly when ap is close to 0. From a geometric view-
point, note that as p — 0, the mean length of each sampled face (as a proportion of
the lengths of the remaining faces) satisfies E/T® = ﬁ”p — 0, implying that large faces
are increasingly rare. Moreover, as the stability index « decreases, the tails of the
density of the Lévy measure become very heavy, making a face of small length and huge
height likely. To illustrate this numerically, the approximate time (in seconds) taken by
Algorithm 3 to produce N = 10* samples for certain combinations of parameters is found
in the following table:

a\p | 0.95 0.5 0.1 0.05 0.01 0.005
0.5 | 0.301 | 0.314 | 0.690 | 1.165 | 4.904 | 9.724
0.1 | 0.197 | 0.242 | 0.738 | 1.367 | 6.257 | 12.148
0.05 | 0.229 | 0.318 | 1.125 | 2.137 | 9.864 | 20.131

The remainder of the subsection is as follows. In Subsection 4.2.1 we estimate
the mean of Z7"° as a function of the stability parameter « in the spectrally negative,
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symmetric and positive cases. The results are compared with the exact mean, computed
in Corollary 5.9 via the perpetuity in Theorem 3.4(c). In Subsection 4.2.2 we numerically
analyse the first passage times of weakly stable processes. In Subsection 4.2.3 we esti-
mate the mean of the normalised stable excursion at time 1/2 and construct confidence
intervals.

4.2.1 Marginal of the normalised stable meander Z*°

Let {((f’i, Cf’T)}ie]N be an iid sequence of e-strong samples of Z1"°. Put differently, for all
i € N, we have 0 < (=" — (" < ¢ and the corresponding sample of Z™ lies in the interval
(¢=*,¢5T). For any continuous function f : R, — R, with E[|f(Z")|] < co, a Monte
Carlo estimate of E[f(Z*)] is given by & S | (F(¢Y) + f(¢T1)). If f is nondecreasing
we clearly have the inequalities E[f(¢S)] < E[f(Z™¢)] < E[f(¢"")]. Thus, a confidence
interval (a,b) for E[f(Z®)] may be constructed as follows: a (resp. b) is given by the
lower (resp. upper) end of the confidence interval (CI) for E[f(¢S)] (resp. E[f(¢5)).
We now use Algorithm 3 to estimate E[Z]*] (for o > 1) and E[(Z]*®)~ "] and compare
the estimates with the formulae for the expectations from Corollary 5.9. The results are
shown in Figure 5 below.

Spectrally Negative Symmetric Spectrally Positive

EZme EZme Y Ezme

18+

0.95

L6 10} True 15 — True
» — Tme - Estlérllate - Estlérllate
-+- Estimate 5
1.2 CI
o (e}
1.2 1.4 1.6 1.8 2 1.2 1.4 1.6 1.8 2 1.2 1.4 1.6 1.8 2
Spectrally Negative Symmetric Spectrally Positive
- — True - — True _ — True
me\—ap 1.1 me\—ap . me\—ap
1 -E[(Zl )= .- Estimate E[(Ze)=] -+- Estimate 124 B[(Z] ) ] .- Estimate
CI R CI

0.9

Mo
a’
1.2 14 1.6 1.8 2 02 04 06 08 1 12 14 16 18 2 02 04 06 08 1 12 14 16 18 2

0.85

Figure 5: Top (resp. bottom) graphs show the true and estimated means EZ"® (resp.
moments E[(Z®)~**]) with 95% confidence intervals based on N = 10% samples as a
function of « for the spectrally negative (p = 1/« as « > 1), symmetric (p = 1/2) and
positive (p =1 —1/a if @ > 1 and p = 1 otherwise) cases. The estimates and confidence
intervals of EZT*® are larger and more unstable for values of a close to 1 (except for the
spectrally negative case) since the tails of its distribution are at their heaviest.

The CLT is not applicable when the variables have infinite variance and can hence
not be used for the CIs of EZ"® (except for the spectrally negative case). Thus, we use
bootstrapping CIs throughout, constructed as follows. Given an iid sample {x;}7_, and

a confidence level 1 — \, we construct the sequence {y;}?,, where p; = % Zzzl x,(f) and

x ,4’ . is obtaine resampling with replacement from the set {z;}7_,. We then use
{«}"}._, is obtained by resampling with repl from the set {w;}j_,. We th

the quantiles A/2 and 1 — A/2 of the empirical distribution of the sample {y;}?_, as the
CI's endpoints for E[z;] with the point estimator p = 1 37| ;.

4.2.2 First passage times of weakly stable processes

Define the first passage time 6, = inf{t > 0 : Z > x} of the weakly stable process
Z = (Z)i>0 = (Zy + ut)i>o for some p € R and all z > 0. As a concrete example of
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the unbiased simulation from Subsection 4.1.3 above, we estimate [EG, in the present
subsection. To ensure that the previous expectation is finite, it suffices that EZ, =
1+ EZ; > 0 [Ber96, Ex. VI1.6.3], where EZ; = (sin(mp) —sin(n(1 — p)))T'(1 — 1)/7 (see
e.g. [GCMUB19, Eq. (A.2)]). Since the time horizon over which the weakly stable process
is simulated is random and equal to ¢, we chose g : s — 2(1 + s)~3 to ensure E¢ < oo.
The results presented in Figure 6 used the fixed values y =1 —EZ; and x = 1.

Spectrally Negative Symmetric Spectrally Positive

03E0, — Estimate P K6, — Estimate
v c CI

0.2

— Estimate
CI

Figure 6: The graphs show estimates of EG, with 95% CIs based on N = 4 x 10* samples
as a function of « € (1, 2] for the spectrally negative, symmetric and positive cases. The
estimates are obtained using the procedure in Subsection 4.1.3 with the density function
g: s+ 0(1+5)"17% for § = 2. The computation of each estimate (employing N = 4 x 10*
samples) took approximately 290 seconds, with little variation for different values of a.

4.2.3 Marginal of normalised stable excursions

Let Z% = (Zf*)icj0,1) be a normalised stable excursion associated to the stable process
Z with parameters («, p). By [Cha97, Thm 3], if Z has negative jumps (i.e. p € (0,1) &
a<lorpe(l—2=1,1]&a>1),thelaws of (Z*).c(0,1) and (Z§¥).e(0,1) are equivalent:
P(Z™ € A) = E[(Z°) " “L{zmeca}]/E[(Z]*°)"“] for any measurable set A in the Sko-
rokhod space D[0, 1) [Bil99, Ch. 3]. We remark that Z*® = Z*° a.s. and E[(Z7"°) " %] < o0
since @ < 1+ ap and E[(Z]™)"] < oo for all v € (-1 — ap,«) [DS10, Thm 1]. As
an illustration of Algorithm 2, we now present a Monte Carlo estimation of ]EZf’/‘2 by
applying the procedure of Subsection 4.2.1 for the expectations on the right side of

EZ7), = E[Z75(27¢) ] /E[(27¢) ]

Spectrally Negative Symmetric

EZ 572 — Estimate . EZ f72 — Estimate

Figure 7: The pictures show the quotient of the Monte Carlo estimates of the expectations
on the right side of EZ7), = E[Z7%;(Z1")°]/E[(Z"°)"°] as a function of the stability
parameter « € (1,2) for N = 4 x 10* samples. Computing each estimate (for N =
4 x 10*) took approximately 160.8 (resp. 123.1) seconds in the spectrally negative (resp.

symmetric) case, with little variation in a.

As before, we use the fixed precision of ¢ = 2732, The CIs are naturally constructed
from the bootstrapping CIs (as in Subsection 4.2.1 above) for each of the expectations

E[Z?/Z(Z{ne)‘a] and E[(Z¢)~*] and combined to construct a CI for EZ7,.
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5 Proofs and technical results

5.1 Approximation of piecewise linear convex functions

The main aim of the present subsection is to prove Proposition 5.2 and Proposition 5.4,
key ingredients of the algorithms in Section 3. Throughout this subsection, we will
assume that f is a continuous piecewise linear finite variation function on some compact
interval [a,b] with at most countably many faces. More precisely, there exists a set
{(an,bn) : n € ZNT!Y consisting of N € IN U {co} pairwise disjoint nondegenerate
subintervals of [a, b] such that Zgzl(bn —a,) =b—a, f is linear on each (a,,b,), and
ZnN:1 |f(bn) — f(an)| < oo (if N = co we set Z*° = Z and thus Z{° = N; recall also
Zr={keZ:k<n}and Z = 2"\ Z™ for n,m € Z). A face of f, corresponding to a
subinterval (a,, by,), is given by the pair (I, h,,), where l,, = b,, — a,, > 0 is its length and
hn = f(bn) — f(an) € R its height. Consequently, its slope equals h,,/I,, and the following
representation holds (recall z+ = max{0, z} for z € R):

N
f&) = fa)+ > hpmin{(t —an)"/ln,1},  t€ [a,b]. (5.1)

The number N in representation (5.1) is not unique in general as any face may be
subdivided into two faces with the same slope. Moreover, for a fixed f and N, the set
of intervals {(a,,b,) : » € Z) "'} need not be unique. Furthermore we stress that the
sequence of faces in (5.1) does not necessarily respect the chronological ordering. Put
differently, the sequence (a,,) ZN+ need not be increasing. We start with an elementary
but useful result.

ne

Lemma 5.1. Let f : [a,b] — R be a continuous piecewise linear function with N < oo
faces (I, hi), k € ZN T, Let K be the set of piecewise linear functions f, : [a,b] = R
with initial value f(a), obtained from f by sorting its faces according to a bijection
m: ZNT — ZN*TL More precisely, defining af = a + Y jezs bn(j) forany k € zZN*HL f o in
K is given by

N

f=(t) = fla) + Zhﬁ(k) min { (t — ag)+/lﬁ(k), 1}, t € la,b).

k=1

Ifr* . 2N — ZV T sorts the faces by increasing slope, ho« () /L (k) < R (k1) /Lne (541)
fork € Z, then f,- is the unique convex function in K and satisfies f > f.« pointwise.

Proof. Relabel the faces (I, hi), k € ZfVH of f so that they are listed in the chronological
order, i.e. as they appear in the function ¢ — f(¢) with increasing ¢. If every pair
of consecutive faces of f is ordered by slope (i.e. h;/l; < h;y1/l;y; for all i € Z{V),
then f is convex and f = f,«. Otherwise, two consecutive faces of f satisfy h;/l; >
hiy1/lis1 for some i € Z). Swapping the two faces yields a smaller function f,,,
see Figure 8. Indeed, after the swap, the functions f and f., coincide on the set
[CL, a+ Zkez; lk] U [a + Zkezi*? lg, b]. In the interval [a + Zkez{ lp,a+ Zk62f+2 lk], the
segments form a parallelogram whose lower (resp. upper) sides belong to the graph of
fr, (resp. f).

Applying the argument in the preceding paragraph to f,,, we either have f,, = f.- or
we may construct fr,, which is strictly smaller than f;, on a non-empty open subinterval
of [a,b], satisfying fr, > fr,. Since the set K is finite, this procedure necessarily
terminates at f.- after finitely many steps, implying f > f.+. Since any convex function
in L must have a nondecreasing derivative a.e., it has to be equal to f,» and the lemma
follows. O

EJP 25 (2020), paper 96. http://www.imstat.org/ejp/
Page 19/33


https://doi.org/10.1214/20-EJP503
http://www.imstat.org/ejp/

e-strong simulation of convex minorants
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Figure 8: Swapping two consecutive and unsorted faces of f.

A natural approximation of a piecewise linear convex function f can be constructed
from the first n < N faces of f by filling in the remainder with a horizontal face. More
precisely, for any n € Z{¥ let f,, be the piecewise linear convex function with f,,(a) = f(a)
and faces {(Ix, k) : k € 2y U {(1,,0)}, where [,, = Zi\[:nﬂ li. By Corollary 5.6, the
inequality || f — folloo < max{3r_, 1 AL, S h_, .1 by } holds, where [|glc = SUDyea.4) 19(1)]
denotes the supremum norm of a function ¢ : [a,b] — R and 2~ = max{0, —z} for any
x € R. If f = C(X) is the convex minorant of a Lévy process X, both tail sums decay to
zero geometrically fast [GCMUB18a, Thms 1 & 2]. However, it appears to be difficult
directly to obtain almost sure bounds on the maximum of the two (dependent!) sums,
which would be necessary for an ¢SS algorithm for C'(X). We proceed by “splitting” the
problem as follows.

The slopes of the faces of a piecewise linear convex function f may form an unbounded
set. In particular, the slopes of the faces accumulating at a could be arbitrarily negative,
making it impossible to construct a piecewise linear lower bound with finitely many
faces starting at f(a). In Proposition 5.2 we focus on functions without faces of negative
slope (as is the case with the convex minorants of pre- and post-minimum processes and
Lévy meanders in Proposition 2.3 and Theorem 2.7), which makes it easier to isolate the
errors. We deal with the general case in Proposition 5.4 below.

Proposition 5.2. Let f : [a,b] — R be a piecewise linear convex function with N = co
faces (l,,h,), n € N, satisfying h,, > 0 for all n. Let the constants (c,)nen satisfy
the inequalities c,, > ZZ‘;HH hy and ¢p+1 < ¢ — hypy1 forn € IN. There exist unique
piecewise linear convex functions f and f,} on [a, b], satistying fi(a) = f}(a) = f(a), with
faces {(I, hi,) : k € ZM1Y U {(I,,0)} and {(Ix, k) : k € 2P U {(In, cn)}, respectively,

where [,, = Z;OZHH li. Moreover, for all n € IN the following statements holds:

@) firoy > £ 0 £ > £l © f = £ > fand (@) | = fElleo = F1(0) = £E() = ca.
Remark 5.3. (i) Note that if ¢,, —+ 0 as n — oo, Proposition 5.2 implies the sequences
(fYnen and (f])nen converge uniformly and monotonically to f.

(ii) Note that the lower bounds f;; do not depend on ¢,, and satisfy || f— f|lsoc = > 5,11 Pk-
Indeed, set ¢,, = Z;O:n+1 hi (for all n € IN) and apply Proposition 5.2(c) & (d) to get

ST b= F0) = £50) < IF = filloo < 1= Fllo = > I

k=n+1 k=n+1

(iii) Given constants (c},),en, satisfying ¢, > >~ 41 hw, we may construct constants c,,
satisfying ¢,, > Z;":nﬂ hi and ¢p41 < ¢, — hy g1 forall n € IN as follows: set ¢; = ¢} and
Cpy1 = min{c),, |, ¢, — hpy1} for n € N. The condition ¢, 41 < ¢, — hy41 is only necessary
for part (b), but is assumed throughout Proposition 5.2 as it simplifies the proof of (c).

(iv) The function f in Proposition 5.2 may have infinitely many faces in a neighbourhood
of any point in [a, b]. If this occurs at b, the corresponding slopes may be arbitrarily large.
(v) Proposition 5.2 assumes that the slopes of the faces of f are nonnegative. This
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condition can be relaxed to all the slopes being bounded from below by some constant
¢ < 0, in which case we use the auxiliary faces (Zn, cfn) and (fn, cfn—&—cn) in the construction
of f and fi.

(vi) If n = 0 and ¢y > ¢; + hy, then [y = b — a and the functions fé :t — f(a) and
fl it f(a) + (t — a)co, t € [a,b], satisfy the conclusion of Proposition 5.2 (with n = 0).
Moreover, Proposition 5.2 extends easily to the case when f has finitely many faces.

Proof. Note that the set £ in Lemma 5.1 depends only on the value of the function f at
a and the set of its faces. Define the set of functions ICIL (resp. IC%) by the set of faces
{(p, b)) : k€ ZMPY U {(In, en)} (resp. {(Ir, hi) - k € 2P U {(I,,,0)}) and the starting
value f(a) as in Lemma 5.1. Let f; (resp. f}) be the unique convex function in ! (resp.
IC,%) constructed in Lemma 5.1.

For each n € NN, fi 41 and f} share all but a single face, which has nonnegative
slope in fi 41 and a horizontal slope in f}. Hence, replacing this face in fi 41 with
a horizontal one yields a smaller (possibly non-convex) continuous piecewise linear
function ¢. Applying Lemma 5.1 to ¢ produces a convex function ¢, satisfying fi 112 P
and ¢.(a) = f(a) with faces equal to those of f;. Since f is also convex and satisfies
f(a) = f(a), we must have ¢, = f+ implying the inequality in (a).

To establish (b), construct a function v by replacing the face ([n, ¢,) in fl with the
faces (l~n+1,cn+1) and (l,+1,h,+1) sorted by increasing slope (note l,,+1 + l~n+1 = I,).
More precisely, if (a/,a’ 4+ 1,,) C [a, b] is the interval corresponding to the face (I,,,c,) in
fl, for t € [a, b] we set

sy min{(t — a’) " /lps1, 1} 4 Cnpr min{(t — @’ — Lygq) " /Iy, 1}; 2ot < Snst

p(t) = . ; i
Coprmin{ (¢ = @) T, 1} 4 b min{ (¢ = @/ = Lyga)* flusn, 1§20 > 522,

By the inequality ¢, > ¢;41 + hn1, the graph of ¢ on the interval (a/,a + an) is below the
line segment t — ¢, (t — a’)/l,,. We then define the continuous piecewise linear function

Ih) t € la,d],
Y(t) = { fi(a) + (1) te(d,a +1,),
fHt) + hpat +cner —cn tE[d + Lo, b],

which clearly satisfies f| > 1. Furthermore, the faces of v coincide with those of f; 11
Thus, applying Lemma 5.1 to ¢ yields ¥ > f; 11, implying (b).

Recall that a face (Ix, hy) of f satisfies Iy = by —ay and hy, = f(bx)— f(ay) for any k € N,
where (ag,bx) C [a,b]. Let g, be the piecewise linear function defined by truncating the
series in (5.1) at n:

gn(t) :f(a)—i—th min{(t — ax) " /li, 1}, t € la,b].
k=1

By construction, g, +h, > f > g, and g,,(b)+h,, = f(b), where h,, = > rent1 he, implying
| f —gnlloo = hn. Since the set [a, b]\y_, [ax, bx] consists of at most n 41 disjoint intervals,
a representation of g, exists with at most 2n + 1 faces. Moreover the slopes of g, over
all those intervals are equal to zero. Sorting the faces of g, by increasing slope yields f}.
By Lemma 5.1, the second inequality in (c), f > g, > f}, holds.

We now establish the inequality f] > f for all n € IN. First note that f} > f} for any
n € N. Indeed, replacing the face (I,,, ¢,) in f; with (0, ¢,) yields a smaller function with
the same faces as f}. Hence the convexity of f} and Lemma 5.1 imply the inequality
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£l > fL. By (), I > limy_,« f;. Hence, part (c) follows if we show that limy o, ff = f
pointwise.
For k € N and n > k, define q; ,, and a;, by the formulae:

a’;c,n =a+ Z lj ']l{hj/lj}(hk/lk)‘F Z l ]]-(h /15,00) hk/lk Z lj,

jeZ¥ jezptt JEZ%
ap = a+ Z i Ly e,y (hae/l) + Z L w1, ,00) (hie /1)
jEZF JEZT®

It is clear that aj _, \, aj, as n — oo. Moreover, for ¢t € [a,b], we have

FLt) = fla) + Z hemin{(t — af,) /1, £ = f(@)+ S hemin{(t — a)* /1, 1}

k=1

In other words, for any k € IN and k > n, a;m (resp. aj,) is the left endpoint of the interval
corresponding to the face (I, hy) in a representation of f (resp. f). Thus, for fixed
t € [a,b], the terms hy min{(t — aj, )" /I, 1} are a monotonically increasing sequence
with limit hj, min{(¢ — a},)*/lx,1} as n — oo. By the monotone convergence theorem
applied to the counting measure we deduce that f} — f pointwise, proving (c).

Since [|f! — ftlloo = £1(b) — fE(b) = cp, claim in (d) follows if we prove the reverse
inequality. Without loss of generality, the first face of f} in the chronological order is
(In ,0). Replace this face with (In, ¢n) to obtain a piecewise linear function uy, (t) = f(a) +
nt /1,1 0.0, B+ +(f () +en)l (i..1)(t). Since u, has the same faces as f!, Lemma 5.1 implies
u, > f}. Hence (d) follows from (c): ||f] — ftlloo < [t — fHlloo = cn = f£1(b) — fH(b). O

Define 7, 4)(g) = inf{t € [a,b] : min{g(t), g(t—)} = inf, [, 4 g(r)} for any cadlag func-
tion g : [a,b] — R. Consider now the problem of sandwiching a convex function f
with both positive and negative slopes. Splitting f into two convex functions, the pre-
minimum f¢ and post-minimum f— (see Proposition 5.4 for definition), it is natural
to apply Proposition 5.2 directly to each of them and attempt to construct the bounds
for f by concatenating the two sandwiches. However, this strategy does not yield an
upper and lower bounds for f for the following reason: since we may not assume to have
access to the minimal value f(s) of the function f, the concatenated sandwich cannot be
anchored at f(s) (note that we may and do assume that we know the time s = 7y, 3 (f)
of the minimum of f). Proposition 5.4 is the analogue of Proposition 5.2 for general
piecewise linear convex functions.

Proposition 5.4. Let f be a piecewise linear convex function on [a,b] with infinitely
many faces of both signs. Set s = 11, (f) and let f< : t + f(s—1t) — f(s) and f~ :
t — f(s+t)— f(s) be the pre- and post-minimum functions, defined on [0, s — a] and
[0,b — s] with sets of faces {(I} ,h) : n € N} and {(I,;”,h,’) : n € N} of nonnegative

slope, respectively. Let the constants ¢ and c,’ be as in Proposition 5.2 for f< and f7,
respectively. For any n,m € N, define the functions fT [y m *la,b] = R by

frm®) = F@) + [(FOr(s =) = (fuls —a)] + (f )t = 5)F),

Frm®) = F(@) +[(fO)n((s =) = (fuls —a) =i T+ (F ) ((E = 5)").
For any c € R, let T, be the linear tilting defined in Subsection 3.1 above. Set s, =
Tia,p)(Tef) and sp m = Tjay (ch,{m). Then the following statements hold for any n,m € IN:
@) Tof) > Tof = Tef i
) | Tefd i = Tefimlloc = flm(B) = £t (b) = i + ¢l
(c) Snym < Se < Spm + 5 (resp.~ Spom — Uy < 8¢ < $pm) ifc > 0 (resp. ¢ < 0), where we
denote I = ZZo:nH I~ (resp. I, = Z,;'imﬂ ;)

(5.2)
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@ Teff > Tef) s and Tof} o > Teflyy 0

©) Tefy s > Teftm and Tefy g o > Tofh .

Remark 5.5. (i) The upper and lower bounds fg,m and fnl,m, restricted to [s, b], have the
same “derivative” as the corresponding bounds in Proposition 5.2. The behaviour of
f,tm and fi,m on [a, s] differs from that of the bounds in Proposition 5.2. Indeed, the
lower bound f},, does not start with value f(a) because the slopes of the faces of f
may become arbitrarily negative as ¢t approcheas a. Thus, fi,m is defined as a vertical
translation of f; . on [a, s].

(ii) Note that all bounds in Proposition 5.4 hold uniformly in ¢ € R, with the exception of
part (c) which depends on the sign of c. Proposition 5.4 extends easily to the case of a
function f without infinitely many faces of both signs. Moreover, if either n = 0 or m = 0,
then as in Remark 5.3(vi) above, Proposition 5.4 still holds.

Proof. Since T.g1 — T.g92 = g1 — g= for any functions g1, g2 : [a,b] — R, it suffices to prove
the claims (a), (b), (d) and (e) for ¢ = 0.

(a) Let h§ = > neni1 b7, then Remark 5.3(ii) gives [|f© — (f)illeo < ht, so the
inequality ¢~ > h¢ implies (f<)% +hs > f< > (f<)L+hi —c . Note that f(t) = f(a)+
f<(s—t)— f(s—a) fort € [a, s|. Moreover, since hi — f< (s—a) = —(f )L (s —a), (5.2)
yields (f),.(6) = f(t) = (f<)},.(t) for t € [a,s]. Similarly, Proposition 5.2 and the
inequality (f~) > f~ > ()}, show that the inequalities in (a) also hold on [s, b].

(b) The equalities follow from the definition in (5.2) and Proposition 5.2(d).

(c) Note that the minimum of T, f and 7, f#,m is attained after all the faces of negative
slope. In terms of the functions f and f'ri{,m' the minimum takes place after all the faces

with slopes less than —c. Put differently,

Se = Zl;c_ “L(—oone 1oy (€) + Zl? “L(—oo,—np 1) (€)
k=1 k=1

m

Snm = YU oot i) (O L—o0,0) (O Y Ix + L—oo—hi y1) () Ht + L —o0,0)(©)-
k=1 k=1

If ¢ > 0, then all the terms coming from f~ are 0 and so is l}j - 1(~o0,0)(c), implying the
first claim in (c). A similar analysis for ¢ < 0 gives the corresponding claim.

(d) The result follows from the definition in (5.2) and Proposition 5.2(a)&(b).

(e) The result follows from the definition in (5.2) and Proposition 5.2(a)&(b)&(d). O

Corollary 5.6. Let f : [a,b] — R be a piecewise linear convex function with faces
{(lg,hg) : k € N}. Pickn € IN and let g : [a,b] — R be the piecewise linear convex
function with faces {(lx, hi,) : k € 2} U {(1,,0)} (recall I, = > i1 Im), satisfying
g(a) = f(a). Then the following inequality holds:

Ifgllooimax{ S o S h;}. (5.3)
k=n+1 k=n+1

Proof. Let m1 = Y./ 1(—oo,—0)(hx) and my = n —m,. Define ¢f; = >°7° ., h, and
Cos = > hens1 bi - Then, using the notation from Proposition 5.4, the following holds

9(t) = £(@) + [(f i, (s = )F) = (fF ), (5 = @)] + (f )y, (¢ — 5)T) foranyt € [a,b].

Moreover, by Propositions 5.2 and 5.4, we have g +¢;7, > fl, . > f>fh =g—ci
and (5.3) follows. O
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Remark 5.7. The proof of Corollary 5.6 shows that using g to construct lower and upper
bounds on f yields poorer estimates than the ones in Proposition 5.4. Indeed, the upper
(resp. lower) bound in Proposition 5.4 is smaller than (resp. equal to) g + cﬁz (resp.
g - 67:1 )'

5.2 Convex minorant of stable meanders

Proof of Theorem 3.4. (a) This is a consequence of Theorem 2.7. Indeed, by the scaling
property of the law of £, , each S,, has the desired law. Moreover, (£*°),,cn is a stick-
breaking process based on Beta(1, p). By the definition of the stick-breaking process, the
sequence (Up,),czo has the required law. The independence structure is again implied by
Theorem 2.7, since the conditional law of (S,,),czo0, given (¢/=°),,en, no longer depends
on the lengths of the sticks.

(b) The recursion (3.2) follows form the definition in (3.1). Since M, is independent of
(Un, S»),the Markov property is a direct consequencel of (a) and [Kal02, Prop. 7.6]. The

stationarity of ((Sy,Un))nezo in (a) and the identity

M,= > ( 11 (1—U;€)1/“>U,1,L/“Sm, ne 2zt

meZn “kEZN |

imply that (M,,),cz: is also stationary.
(c) The perpetuity follows from (b). It has a unique solution by [BDM16, Thm 2.1.3]. O

Remark 5.8. A result analogous to Theorem 3.4 for stable processes and their convex
minorants holds (see [GCMUB19, Prop. 1]). In fact, the proof in [GCMUB19] implies a
slightly stronger result, namely, a perpetuity for the triplet (Zr, Z, 710,7)(Z)).

The following result, which may be of independent interest, is a consequence of
Theorem 3.4. Parts of it were used to numerically test our algorithms in Subsection 4.2

above.
Corollary 5.9. Consider some S ~ ST («, p).
I'(l/a)T(14 I'l/a)I'(1-1/«
(a) Ifa > 1, then BZpe = HelCaol g — TOIORE-1/a)
(b) For any («, p) we have E[(Z7)~*?] =T(1+ p)/I'(1 + ap).

(c) Fory > 0 let ko = ((1 + ’Y/Oé)min{fl’l} - 1)_max{%1}. Then we have

L(p+v/a)
L(p)I(1 +v/a)

(d) For~y € (0, ap), we have E[(ZP*)™] <T(1+ p)I'(1 —v/)E[ST]/T(1 + p — v/a).

pE[S"] < E[(Z]°)] < min{pka . 1}E[S7).

Proof. (a) Recall that E[V"] = W for any V' ~ Beta(6,,63). Taking expecta-

tions in (3.2) and solving for EZT*® gives the formula.

(b) Let V' ~ Beta(p,1 — p) be independent of Z™° and denote the supremum of Z by
Z1 = sup,¢[o.1) Z¢. Then [Ber96, Cor. VIII.4.17] implies that V'!/Zpe £ 7,. By Breiman’s
lemma [BDM16, Lem. B.5.1],

o P(VIYe(zp) Tt > a) - P(Z, >a)T(1+p)D(1- p)
1= lim = lim .
e—oo B[(ZP¢)~P|P(V-V* > ) a—oo E[(Zpe)—ar]z—ar

Since [Bin73, Thm 3a] gives 1 = lim, ., ['(1 — p)T'(1 + ap)IP(?l_1 > z)/z=, we get (b).
(@) Note E[(27*)7] = P(p)T(1 + 2)E[Z]]/T(p+ 2) for v > —ap since V' and Z"* are

independent and V'!/ >z 4 Z1. Hence, we need only prove that

pE[S7] < B[Z]] < min{pka ,, 1}E[S"]. (5.4)
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Recall that for a nonnegative random variable ¢ we have E[(?] = [ 727 'P(J > z)dx.
Since P(Z, > z) > P(Z] > ) = pP(S > ), we get E[Z]] > pE[S"]. Next, fix any z > 0
and let o, = inf{¢t > 0: Z, > z}. By the strong Markov property, the process Z’ given by
7 =Zi+o, — Zs,, t > 0, has the same law as Z and is independent of o,. Thus, we have

P(Zy>a)=P(Z1>2)+P(Z,> 2,7y <z) <P(Zy >x)+Plo, <1,Z;_, <0)
=P(Zy>2)+ (1 —p)P(o, <1)=P(Z; > 2) + (1 - p)P(Z; > x),

implying P(Z, > z) < P(S > z). Hence the same argument gives IE[S?] > E[Z]]. Note

— (L+y/a)V"=1)77 ify>1
“r afy ify <1.

The last inequality E[Z]] < pka.,E[S?] in (5.4) follows from the perpetuity for the law of
Z, in [GCMUB19, Eq. (2.1)] and the inequality in the proof of [BDM16, Lem. 2.3.1].
(d) Note that (3.2) and the Mellin transform of S (see [UZ99, Sec. 5.6]) imply

B[(27%) 7] = B[(UYezre 4 (1 - U)28) ] < B[(1-U) B[]
_ A -2)ra+ p)E[S,V] _TA+pTPA -9 TA -+ 3)
Il+p—32) TA—=7p)I(1+p)

I(l+p-12)
Remark 5.10. (i) Bernoulli’s inequality implies k., < o” for v > 1.

(ii) From V'1/«zme 27 we get EZ; = apES = % when o > 1. Similarly, for

v € (0,ap), we have E[Z, '] < p(1+ (1 —p)/(p — v/a))E[S™7]/(1 — v/a) by the proof
in (d) applied to the perpetuity in [GCMUB19, Thm 1].

(iii) Note that equation (3.2) and the Grincevicius-Grey theorem [BDM16, Thm 2.4.3] give
limg o0 H'T"]P(Ul/‘“S > z)/P(Z > z) = 1. Next, Breiman’s lemma [BDM16, Lem. B.5.1]
gives lim, oo (1 + p)P(UY*S > z)/P(S > x) = 1. Hence, [UZ99, Sec. 4.3] gives the
assymptotic tail behaviour lim,_,., P(Z7° > z)/2~* = I'(«a) sin(wap)/(mp) (cf. [DS10]).

5.3 Computational complexity

The aim of the subsection is to analyse the computational complexity of the ¢SS
algorithms from Section 3 and the exact simulation algorithm of the indicator of cer-
tain events (see Subsection 4.1.1 above). Each algorithm in Section 3 constructs an
approximation of a random element A in a metric space (X, d), given by a sequence
(Ap)nen in (X, d) and upper bounds (A,,)nen satisfying A,, > d(A, A,,) for all n € IN. The
€SS algorithm terminates as soon as A,, < €. Moreover, the computational complexity
of constructing the finite sequences A4,...,A, and A4,...,A, is linear in n for the
algorithms in Section 3. For € > 0, the runtime of the €SS algorithm is thus proportional
to N*(e) = inf{n € N : A, < ¢} since the element Aya(.) is the output of the £SS.
Proposition 5.13 below shows that for all the algorithms in Section 3, we have A,, — 0
a.s. as n — oo, implying N*(¢) < oo a.s. for ¢ > 0.

The exact simulation algorithm of an indicator 14(A), for some subset A C X satisfy-
ing P(A € 0A) =0, has a complexity proportional to

BMA) =inf{n € N: A, < d(A,,0A)}, (5.5)

since 14(A) = 14(Apaa)) a.s. Indeed, if d(A,A,) < A, < d(A,,0A) then 14(A) =
14(A,). Moreover, BA(A) < oo a.s. since d(A,,,0A4) — d(A,0A) > 0 and A,, — 0 a.s.
The next lemma provides a simple connection between the tail probabilities of the
complexities N*(¢) and B*(A). It will play a key role in the proof of Theorem 3.6.

EJP 25 (2020), paper 96. http://www.imstat.org/ejp/
Page 25/33


https://doi.org/10.1214/20-EJP503
http://www.imstat.org/ejp/

e-strong simulation of convex minorants

Lemma 5.11. Let A C X satisfy P(A € 0A) = 0. Assume that some positive constants ry,
ro, K1 and K, and a nonincreasing function q : IN — [0, 1] with lim,,_,» ¢(n) = 0 satisfy
P(d(A,0A) <€) < K1e™, P(N(e) > n) < Ko "2¢(n), (5.6)
foralle € (0,1] and n € IN. Then, for alln € IN, we have
P(BA(A) > n) < (K, + 272 Ky)q(n)™/(11H72), (5.7)

Proof. Note that {d(A,0A) > 2e} C {N*(¢) > BA(A)} for any ¢ > 0 since d(A,DA) > 2¢
and d(A,A,) < A, < eimply A, < & < d(A,,0A). Thus, if we define, for each n € IN,
en = q(n)/(MF72) /2 € (0,1/2), we get

P(BA(A) > n) = P(BMA) > n,d(A,0A) < 2¢,) + P(BA) > n,d(A,04) > 2¢,)
< P(d(A,0A) < 2¢,) + P(N*(g,) > n)
<MK e 4 Koe, 2 q(n) = (Ky 4 272 Ky)q(n)"/ (Fm2), O

5.3.1 Complexities of Algorithm 3 and the exact simulation algorithm of the
indicator 1{zme- ;)

Recall the definition ¢_, = LY/“D,,, n € 2°, in (3.3). The dominating process (Dp)pezt,
defined in Appendix A (see (A.4) below), is inspired by the one in [GCMUB19]. In fact, the
sampling of the process (D,,),cz: is achieved by using [GCMUB19, Alg. 2] as explained
in the appendix. The computational complexities of Algorithms 2 and 3 are completely
determined by

N(e)=sup{n e 2°: LY/*D, <e}, >0 (5.8)
It is thus our aim to develop bounds on the tail probabilities of N(g), which requires the
analysis of the sampling algorithm in [GCMUB19, Alg. 2]. We start by proving that the
error bounds (¢,,)men are strictly decreasing.

Lemma 5.12. The sequence (¢;,)men, given by ¢, = Ll,/,f;D,m > 0, is strictly decreas-
ing: ¢y > 41 a@.s. for all'm € IN.

Proof. Fix n € Z! and note that by (A.4)

LY*D,, = ¢s"Prezrir Wk B, - where

(d_é)Xn"l‘n&
= e Dl S
¢ keZn

The random walk (W},),cz1, the random variables y,,, n € Z!, and the constants d, §
are given in Appendix A below. The pairs (U, Si) are given in Theorem 3.4 (see also
Algorithm 3). Since supycz» Wi < supyczni1 Wy for all n € 2%, it suffices to show that
FE,_1 < E,. From the definition in (A.2) of yx,, it follows that

(d=8)xn+n8 (1 _ o(d—38)(Xn—1—Xn)
S etkbiglieg < N Gkt 1)d o(n—k—1) _ €7 7% (1-e X1 =xn))

1—ed-d
kezgn | kezir |
The inequality in display then yields
(d=8)Xn-—1+(n—1)5 __ (d—8)xn+nd
e e
En—l - En = 1 _ ed—d - endlez/_OiSn—l + Z e(k+1)dU;/aSk
kezgr |
S e(d_‘;)Xn“l‘n(s (e(d_‘;)(Xn—l_Xn)_(s -1 + 1— e(d_é)(anl_Xn))/(l _ e5—d)
_ 6(d_6)x"+n56(d_6)(x“’1_X”)(6_5 o 1)/(1 o eé—d) <0,
implying F,,_; < E, and concluding the proof. O
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We now analyse the tail of N(¢) defined in (5.8).

Proposition 5.13. Pick ¢ € (0,1) and let the constants d, ¢, and n be as in Appendix A.
Define the constants r = (1 —e*~?)/2 > 0, m* = |5 log E[S?]] + 1 (here S ~ §¥(a, p))
and

E[S’Y} Sym™
(=TS R } 20 69

K =e® 4 e (e — 1) max{

Then |N (¢)| has exponential moments: for alln € IN, we have

—n ,—n min ILIR 4 (dn)
P(IN(e)| > n) < (K/r")e e {67.dn} <|€5§{;7}_1| 1 gy (dn) (5.10)
Proof of Proposition 5.13. Fix n € Z°, put &’ = —log((1 — e’~%)e/2) = —log(re) > 0 and

let Ry = sup,,c 51 Wp,. Since L/ = exp(W,, + nd), then by (A.4), we have

1
LYaD, < en+sup,,czni Won (1 e DR Sk)
keZn
Coro 3 elktiag
N k)
kezn

Assume that n < x,,, for some m € Z1 thenn < Xm < m and thus

6<5m6n(d75) emd

k+1)d k+1)d_6(m—k—1) _
Ze( )S’“SZE( e )= 1 _o0—d S 1 _go-d

kezn kezn

Hence L/*D, < 2exp(Ry + md)/(1 — ¢°~?). Thus, the choice m = |—(¢' + Ry)/d]
gives Li/*D, < ¢ where |z] = sup{n € Z : n < z} for x € R. This yields the bound
IN(e)| < |X|=(e+Ro)/d) |- Since (xn)nezo is a function of (S, )neczo and Ry is a function of
(Un)nezo, the sequence (xn)nezo is independent of Ry. By [EG00] (see also [GCMUB19,
Rem. 4.3]) there exists an exponential random variable F with mean one, independent
of (Xn)nezo, satisfying Ry < n~'FE a.s. Since the sequence (x,)nczo is nonincreasing,
we have |x|_(+ry)/d)| < |x—s| where J = [(¢' + n~'E)/d]. By definition (A.2), for any
n € IN we have

P(IN(g)| > n) <P(lx—s| >n)=P(J > n)+P(J < n,|x_j| >n)

n—1
= IP(J > n) + ]l([gf/d]’oc)(n) Z IP(J = k‘)IP(|X_k| > TL)
k=[e’/d] (5.11)
n—1
< eIy sy () (€™ = 1) Y e TFIP(x | > ),
k=[e’/d]

We proceed to bound the tail probabilities of the variables x_j. For all n,k € IN,
by (A.2) and (A.3) below, we obtain

P(lx_x| >n+k) =P(xo| >n) < K'e™", where K’ =e"" max{K,1}
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and K is defined in (A.3). Thus we find that, for n > [¢'/d] and m = n — [¢'/d], we have

n—1
Y e MP(xk] > n)
k=[e’/d]
n—1 n—1
< Z e—kdnK/e—(S’y(n—k) _ K/e—né’y Z ek(é’y—dn)
k=[e’/d] k=[e’/d]

m(dy—dn) _ 1
—m _ 6/ e
= K'e M0 [€7/dldn (W,,_l AR\ {5y} (dn) +m - ]1{57}(d77)>

. ' 1 (dn)
—m min{dvy,d —[e"/d]d R\ {0~} n
< K'e (07.dn} g =T€"/d] "(Wn_”+n~1{57}(dn)>.

Note that K defined in (5.9) equals K = e + (e — 1)K'e?7. Let n' = n — ¢'/d.
Using (5.11), ¢’/d + 1 > [¢’/d] > £’ /d and the inequality in the previous display, we get

P(IN(e)[ > n)

—n' —n/ min ]lR 4 (d??)
<em dngdn (1o /] .00) (n)(K — edn)e v {67,dn} (|e5’\>’{d’)21| +n- IL{(;,Y}(dn) .

Since re < 1 and "¢ = ree"d, the result follows by simplifying the previous display. O

Recall from Theorem 3.4 that My = Z7"°. In applications, we often need to run the
chain in Algorithm 3 until, for a given = > 0, we can detect which of the events { My > x}
or {My < x} occurred (note that P(My = z) = 0 for all x > 0). This task is equivalent to
simulating exactly the indicator 1z, ~,). We now analyse the tail of the running time of
such a simulation algorithm.

Proposition 5.14. For any = > 0, let B(x) be the number of steps required to sample
I¢ar,>a}- Let d,n,0 and «y be as in Proposition 5.13. Then B(x) has exponential moments:

P(B(z) > n) < Kole ™" (1 +n - Lz (dn)]/ ™, foralln € N, (5.12)

where s = min{dn, 04} and K, > 0 do not depend on n.

Proof of Proposition 5.14. The inequality in (5.12) will follow from Lemma 5.11 once
we identify the constants 1, K1, r2, K2 and the function ¢ : IN — (0, 00) that satisfy
the inequalities in (5.6). By [DS10, Lem. 8], the distribution S™¢(q, p) has a continuous
density fme, implying that the distribution function of S™¢(a, p) is Lipschitz at . Thus we
may set r; = 1 and there exists some K7 > fye(z) such that the first inequality in (5.6)
holds. Similarly, (5.10) and (5.9) in Proposition 5.13 imply that the second inequality
in (5.6) holds if we set ro =1, Ko = K/(r"e®7=% —1|) and g(n) = e =*"(1 4+ n - 15,1 (dn)),
where s = min{dn, §v}. Thus, Lemma 5.11 implies (5.12) for Ky = K; + 22 K». O

Remark 5.15. We stress that the constant K is not explicit since the constant K; in
the proof above depends on the behaviour of the density fme of Z*® in a neighbourhood
of z. To the best of our knowledge even the value fne(z) is currently not available in the
literature.

5.3.2 Proof of Theorem 3.6

The computational complexity of Algorithm 3 is bounded above by a constant multiple
of |[N(e)|log|N(e)|, cf. Remark 3.5(i) following Algorithm 3. By Proposition 5.13, its
computational complexity has exponential moments. Since Algorithm 1 amounts to
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running Algorithm 3 twice, its computational complexity also has exponential moments.
By Proposition 5.14, the running time of the exact simulation algorithm for the indicator
1{ar, >z} has exponential moments. It remains to analyse the runtime of Algorithm 2.

Recall that line 8 in Algorithm 2 requires sampling a beta random variable and two
meanders at time 1 with laws Z*® and (—Z)T¢. The former (resp. latter) meander has
the positivity parameter p (resp. 1 — p). Moreover, we may use Algorithm 3 (see also
Remark 3.2) to obtain an ¢SS of Z{* and (—Z)}*° by running backwards the dominating
processes (defined in (A.4), see Appendix A) of the Markov chains in Theorem 3.4. Let
(d,n,d,7v) and (d',n’,d’,~") be the parameters required for the definition of the respective
dominating processes, introduced at the beginning of Appendix A. The €SS algorithms
invoked in line 8 of Algorithm 2 require 2m + 1 independent dominating processes to
be simulated (m + 1 of them with parameters (d, 7, d,7) and m of them with parameters
(d',n',¢,v")). Denote by Ni(¢), k € {1,...,2m+1} and € > 0, their respective termination
times, defined as in (5.8).

Note that, in the applications of Algorithm 3, the sampled faces need not be sorted
(see Remark 3.5), thus eliminating the logarithmic effect described in Remark 3.5(i). The
cumulative complexity of executing ¢ times the loop from line 3 to line 12 in Algorithm 2,
producing an ¢;-strong sample of (Z;,, ..., Z;, ) conditioned on Z;, > 0, only depends on
the precision ¢; and not on the index i. Hence, the cumulative complexity is bounded
by a constant multiple of N*(¢) = 33" |Ni((t (k2] 11 — txj2)) "/ *e/(2m + 1))|, where
we set ¢ = ¢;. Let B’ denote the sum of the number of steps taken by the dominating
processes until the condition in line 12 of Algorithm 2 is satisfied. We now prove that B’
has exponential moments.

Note that N*(e) < (2m + 1) maxj_(1, . 2m+1y |Ne(T~1/%€/(2m + 1))|. Moreover, for
any n’ independent random variables 91, ...,4,/, we have

IP( {I?{lax }ﬂk>$):P(U{§k>$}>SZIP('&I@>$)7 x € R.
: k=1 k=1

Proposition 5.13 implies that the second inequality in (5.6) is satisfied by NV A(a) with
ro = max{n,n'}, ¢(n) = e *"n and some Ky > 0, where s = min{dn, év,d'n’,§~'}. Thus,
Lemma 5.11 gives P(B’ > n) < K'(e~*"n)/ (+max{n.n'}) for some K’ > 0 and all n € IN.
The loop from line 2 to line 13 of Algorithm 2 executes lines 4 through 12 a geometric
number of times R with success probability p = P(Z, > 0[Z, > 0) > 0. Hence, the
running time B” of Algorithm 2 can be expressed as Y. | B/, where B, are iid with the
same distribution as B’, independent of R. Note that m : A — E[e*P'] is finite for any
A < s/(1+ max{n,n'}). Since m is an analytic function and m(0) = 1, then there exists
some z* > 0 such that m(z) < 1/(1—p) for all z € (0,z*). Hence, the moment generating
function of B” satisfies, Ee*?” = Em(\)%, which is finite if A < 2*, concluding the proof.

A Auxiliary processes and the construction of {D, }

Fix constants d and ¢ satisfying 0 < § < d < O%p andletn = —ap—-W_; (—apde’“”d)/d,
where W_; is the secondary branch of the Lambert W function [CGH"96] (5 is only
required in [GCMUB19, Alg. 2]). Let I}} = 1{Sk>eé(n—k—1)} foralln € 29 and k € 2.
Fix v > 0 with E[S?] < oo (see [GCMUBL19, App. Al), where S ~ ST (a, p). By Markov’s
inequality, we have

p(n) =P(S <e™)>1—-e"E[S?], neNU{0}, (A1)
implying > 2 (1 — p(n)) < occ. Since the sequence (Sy)reczo is iid with distribution

S+(a, p) (as in Theorem 3.4), the Borel-Cantelli lemma ensures that, for a fixed n € 20,
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the events {S; > e’~*=1} = {1 = 1} occur for only finitely many k € Z" a.s. For
n € Z! let x,, be the smallest time beyond which the indicators I} are all zero:

Xn =min{n — 1,inf {k € Z" : I}} = 1}}, (A.2)

with the convention inf () = —co. Note that —co < x,, < n a.s. forall n € 2. Since 2' is
countable, we have —0o < x,, < nforalln € Z° as. Let m* = Lﬁ log E[S7]] +1 and note
that e=9"™IE[S"] < 1 for all m > m*. Hence, for all n € IN U {0}, the following inequality
holds (cf. [GCMUB19, Sec. 4.1])

e M B8]

G—emi-crmgs) Y

P(|xo| > n+m*) < Koe™®™, where K, =

Indeed, by the inequality (A.1), for every m > m* we have

P(vol <m)= [ p() > [[ (1 - e E[S™]) = exp ( S log(1 e-WE[sn))

Jj=m Jj=m j=m

0 e—é’ymkE[S’y]k )

- o ( - e~ OME[S7] )
(

(1= (1 — e mE[ST)
_ Koe—M(m—m*)) >1— Koe—&/(m—m*).

Define the iid sequence (F,),cz0 by F,, = d + Llog(l — U,). Note that d — F, is
exponentially distributed with E[d — F,,] = aip. Let (W,)nez: be a random walk defined
by Wiy, = > c 20 Fr. Let (Ry,)ncz1 be reflected process of (1,,),,cz1 from the infinite past

R, = max W,—-W,, neZ.
kezn+1

For any n € 2! define the following random variables

(B=d)(n—xn)

D,, = exp(R,) T e-d + Z (n—k-1) dUl/aSk ,
(&
kGZ”’ (A4)
D,ln = eXp(Rn) (]_—eéd + DZ) y where D;{ = Z 6_(n_k_1)dSk;.
kezn

Note that the series in D! is absolutely convergent by the Borel-Cantelli lemma, but D,

cannot be simulated directly as it depends on an infinite sum. In fact, as was proven

in [GCMUB19, Sec. 4], it is possible to simulate ((0,,, D, +1))nezo backward in time.
Let A = (0,00) x (0,1) put ©,, = (S,, U,). Define the update function ¢ : (0,00) x A —

(0,00) given by ¢(x,0) = (1 — u)'/*z + u'/*s where § = (s,u). By [GCMUB19, Lem. 2],

M, < D,, < D}, for n € Z' and that ((8,, Ry, D}, ,1))nezo is Markov, stationary, and

p-irreducible (see definition [MTO09, p. 82]) with respect to its invariant distribution.
Hence, we may iterate (3.2) to obtain for m € Zland n e 2™,

MM( II (1Uk)1/a)1‘4n+ > < I1 (1Uj)1/a>U1i/a5k

kezm kKEZm NjEZM

(A.5)
= d)(‘ o ¢(Mn7 671,)7 M ®m—1)-
N——
m—n
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B On regularity

Lemma B.1. Assume that X is a Lévy process generated by (b,0? v) and define the
function 5% (u) = o + [*, 2?v(dx). If lim,~ o u™?|logu| "5 (u) = oo, then (K) holds.

Proof. (the proof is due to Kallenberg [Kal81]) Let ¢(u) = log [E[¢?“*1] and note that for
large enough |u| and fixed ¢t > 0 we have

1 e 1
—log (|ew’(“)‘) = §L‘u202 —|—t/ (1 — cos(uz))v(dx) > gtu252(|u|_1) > 2|log |ul|.
— 00

Hence, || = |E[e?*¥¢]| = O(u~?) as |u| — oo, which yields (K). O

References

[ACO1] Larbi Alili and Loic Chaumont, A new fluctuation identity for Lévy processes and
some applications, Bernoulli 7 (2001), no. 3, 557-569. MR-1836746

[ACGZ19] L. Alili, L. Chaumont, P. Graczyk, and T. Zak, Space and time inversions of stochas-
tic processes and Kelvin transform, Math. Nachr. 292 (2019), no. 2, 252-272.
MR-3912200

[AHUB19] Osvaldo Angtuncio Hernandez and Gerdénimo Uribe Bravo, Dini derivatives

for Exchangeable Increment processes and applications, arXiv e-prints (2019),
arXiv:1903.04745. MR-4130409

[AI18] Seren Asmussen and Jevgenijs Ivanovs, A factorization of a Lévy process over a
phase-type horizon, Stoch. Models 34 (2018), no. 4, 397-408. MR-3925667

[AP11] Josh Abramson and Jim Pitman, Concave majorants of random walks and related
Poisson processes, Combin. Probab. Comput. 20 (2011), no. 5, 651-682. MR-
2825583

[BC15] Jose Blanchet and Xinyun Chen, Steady-state simulation of reflected Brownian

motion and related stochastic networks, Ann. Appl. Probab. 25 (2015), no. 6,
3209-3250. MR-3404635

[BCD17] Jose Blanchet, Xinyun Chen, and Jing Dong, e-strong simulation for multidimen-
sional stochastic differential equations via rough path analysis, Ann. Appl. Probab.
27 (2017), no. 1, 275-336. MR-3619789

[BDM16] Dariusz Buraczewski, Ewa Damek, and Thomas Mikosch, Stochastic models with

power-law tails, Springer Series in Operations Research and Financial Engineering,
Springer, [Cham], 2016. MR-3497380

[Ber96] Jean Bertoin, Lévy processes, Cambridge Tracts in Mathematics, vol. 121, Cam-
bridge University Press, Cambridge, 1996. MR-1406564
[Bil99] Patrick Billingsley, Convergence of probability measures, second ed., Wiley Series

in Probability and Statistics: Probability and Statistics, John Wiley & Sons, Inc.,
New York, 1999, A Wiley-Interscience Publication. MR-1700749

[Bin73] N. H. Bingham, Maxima of sums of random variables and suprema of stable

processes, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 26 (1973), no. 4,
273-296. MR-0415780

[BM18] Jose Blanchet and Karthyek Murthy, Exact simulation of multidimensional reflected
Brownian motion, J. Appl. Probab. 55 (2018), no. 1, 137-156. MR-3780387

[BPR12] Alexandros Beskos, Stefano Peluchetti, and Gareth Roberts, e-strong simulation of
the Brownian path, Bernoulli 18 (2012), no. 4, 1223-1248. MR-2995793

[BS02] Andrei N. Borodin and Paavo Salminen, Handbook of Brownian motion—facts and

formulae, second ed., Probability and its Applications, Birkhauser Verlag, Basel,
2002. MR-1912205

[BZ04] Stefano Bonaccorsi and Lorenzo Zambotti, Integration by parts on the Brownian
meander, Proc. Amer. Math. Soc. 132 (2004), no. 3, 875-883. MR-2019968

EJP 25 (2020), paper 96. http://www.imstat.org/ejp/
Page 31/33


http://www.ams.org/mathscinet-getitem?mr=1836746
http://www.ams.org/mathscinet-getitem?mr=3912200
http://arXiv.org/abs/1903.04745
http://www.ams.org/mathscinet-getitem?mr=4130409
http://www.ams.org/mathscinet-getitem?mr=3925667
http://www.ams.org/mathscinet-getitem?mr=2825583
http://www.ams.org/mathscinet-getitem?mr=2825583
http://www.ams.org/mathscinet-getitem?mr=3404635
http://www.ams.org/mathscinet-getitem?mr=3619789
http://www.ams.org/mathscinet-getitem?mr=3497380
http://www.ams.org/mathscinet-getitem?mr=1406564
http://www.ams.org/mathscinet-getitem?mr=1700749
http://www.ams.org/mathscinet-getitem?mr=0415780
http://www.ams.org/mathscinet-getitem?mr=3780387
http://www.ams.org/mathscinet-getitem?mr=2995793
http://www.ams.org/mathscinet-getitem?mr=1912205
http://www.ams.org/mathscinet-getitem?mr=2019968
https://doi.org/10.1214/20-EJP503
http://www.imstat.org/ejp/

[BZ17]
[CDO5]

[CDO08]

[CDN19]

[CGH™96]

[CH12]

[CH13]

[Cha97]
[Chal3]

[CM16]

[CPR13]

[Dev10]

[DI77]
[dLF15]

[DS10]

[EG00]

[FKY14]

[GCMUB19]

[GCMUB18a]

[GCMUB18b]

e-strong simulation of convex minorants

Jose Blanchet and Fan Zhang, Exact Simulation for Multivariate It6 Diffusions,
arXiv e-prints (2017), arXiv:1706.05124.

L. Chaumont and R. A. Doney, On Lévy processes conditioned to stay positive,
Electron. J. Probab. 10 (2005), no. 28, 948-961. MR-2164035

L. Chaumont and R. A. Doney, Corrections to: “On Lévy processes conditioned
to stay positive” [Electron J. Probab. 10 (2005), no. 28, 948-961; MR-2164035],
Electron. J. Probab. 13 (2008), no. 1, 1-4. MR-2375597

Yi Chen, Jing Dong, and Hao Ni, e-Strong Simulation of Fractional Brownian
Motion and Related Stochastic Differential Equations, arXiv e-prints (2019),
arXiv:1902.07824.

R. M. Corless, G. H. Gonnet, D. E. G. Hare, D. ]J. Jeffrey, and D. E. Knuth, On the
Lambert W function, Adv. Comput. Math. 5 (1996), no. 4, 329-359. MR-1414285
Nan Chen and Zhengyu Huang, Brownian meanders, importance sampling and
unbiased simulation of diffusion extremes, Oper. Res. Lett. 40 (2012), no. 6, 554-
563. MR-2998701

Nan Chen and Zhengyu Huang, Localization and exact simulation of Brownian
motion-driven stochastic differential equations, Math. Oper. Res. 38 (2013), no. 3,
591-616. MR-3092549

Loic Chaumont, Excursion normalisée, méandre et pont pour les processus de
Lévy stables, Bull. Sci. Math. 121 (1997), no. 5, 377-403. MR-1465814

Loic Chaumont, On the law of the supremum of Lévy processes, Ann. Probab. 41
(2013), no. 3A, 1191-1217. MR-3098676

Loic Chaumont and Jacek Matecki, On the asymptotic behavior of the density
of the supremum of Lévy processes, Ann. Inst. Henri Poincaré Probab. Stat. 52
(2016), no. 3, 1178-1195. MR-3531705

Loic Chaumont, Henry Panti, and Victor Rivero, The Lamperti representation of
real-valued self-similar Markov processes, Bernoulli 19 (2013), no. 5B, 2494-2523.
MR-3160562

Luc Devroye, On exact simulation algorithms for some distributions related to
Brownian motion and Brownian meanders, Recent developments in applied proba-
bility and statistics, Physica, Heidelberg, 2010, pp. 1-35. MR-2730908

Richard T. Durrett and Donald L. Iglehart, Functionals of Brownian meander and
Brownian excursion, Ann. Probability 5 (1977), no. 1, 130-135. MR-0436354
Arnaud de La Fortelle, A study on generalized inverses and increasing functions
part I: generalized inverses, 09 2015.

R. A. Doney and M. S. Savov, The asymptotic behavior of densities related to
the supremum of a stable process, Ann. Probab. 38 (2010), no. 1, 316-326. MR-
2599201

Katherine Bennett Ensor and Peter W. Glynn, Simulating the maximum of a random
walk, J. Statist. Plann. Inference 85 (2000), no. 1-2, 127-135, 2nd St. Petersburg
Workshop on Simulation (1996). MR-1759244

Takahiko Fujita, Yasuhiro Kawanishi, and Marc Yor, On the one-sided maximum of
Brownian and random walk fragments and its applications to new exotic options
called “meander option”, Pac. J. Math. Ind. 6 (2014), Art. 2, 7. MR-3404143

Jorge 1. Gonzélez Cazares, Aleksandar Mijatovi¢, and Gerénimo Uribe Bravo, Exact
simulation of the extrema of stable processes, Adv. in Appl. Probab. 51 (2019),
no. 4, 967-993. MR-4032169

Jorge 1. Gonzélez Céazares, Aleksandar Mijatovi¢, and Gerénimo Uribe Bravo,
Geometrically Convergent Simulation of the Extrema of Lévy Processes, arXiv
e-prints (2019), arXiv:1810.11039. MR-4032169

Jorge 1. Gonzalez Cézares, Aleksandar Mijatovi¢, and Gerénimo Uribe Bravo, Code

for the e-strong simulation of stable meanders, https://github.com/jorgeignaciogc/
StableMeander.jl, 2018, GitHub repository.

EJP 25 (2020), paper 96. http://www.imstat.org/ejp/

Page 32/33


http://arXiv.org/abs/1706.05124
http://www.ams.org/mathscinet-getitem?mr=2164035
http://www.ams.org/mathscinet-getitem?mr=2164035
http://www.ams.org/mathscinet-getitem?mr=2375597
http://arXiv.org/abs/1902.07824
http://www.ams.org/mathscinet-getitem?mr=1414285
http://www.ams.org/mathscinet-getitem?mr=2998701
http://www.ams.org/mathscinet-getitem?mr=3092549
http://www.ams.org/mathscinet-getitem?mr=1465814
http://www.ams.org/mathscinet-getitem?mr=3098676
http://www.ams.org/mathscinet-getitem?mr=3531705
http://www.ams.org/mathscinet-getitem?mr=3160562
http://www.ams.org/mathscinet-getitem?mr=2730908
http://www.ams.org/mathscinet-getitem?mr=0436354
http://www.ams.org/mathscinet-getitem?mr=2599201
http://www.ams.org/mathscinet-getitem?mr=2599201
http://www.ams.org/mathscinet-getitem?mr=1759244
http://www.ams.org/mathscinet-getitem?mr=3404143
http://www.ams.org/mathscinet-getitem?mr=4032169
http://arXiv.org/abs/1810.11039
http://www.ams.org/mathscinet-getitem?mr=4032169
https://github.com/jorgeignaciogc/StableMeander.jl
https://github.com/jorgeignaciogc/StableMeander.jl
https://doi.org/10.1214/20-EJP503
http://www.imstat.org/ejp/

[GYO05]

[I019]

[Kal81]

[Kal02]

[LBDM18]

[MTO09]

[Pit06]

[PJR16]

[PR12]

[PUB12]

[Sat13]

[Set94]

[UB14]

[UZ99]

e-strong simulation of convex minorants

Léonard Gallardo and Marc Yor, Some new examples of Markov processes which
enjoy the time-inversion property, Probab. Theory Related Fields 132 (2005), no. 1,
150-162. MR-2136870

F. Iafrate and E. Orsingher, Some results on the brownian meander with drift,
Journal of Theoretical Probability (2019). MR-4091571

Olav Kallenberg, Splitting at backward times in regenerative sets, Ann. Probab. 9
(1981), no. 5, 781-799. MR-0628873

Olav Kallenberg, Foundations of modern probability, second ed., Probability and
its Applications (New York), Springer-Verlag, New York, 2002. MR-1876169
Zhipeng Liu, Jose H. Blanchet, A. B. Dieker, and Thomas Mikosch, On Optimal
Exact Simulation of Max-Stable and Related Random Fields, to appear in Bernoulli
(2018), arXiv:1609.06001. MR-4003570

Sean Meyn and Richard L. Tweedie, Markov chains and stochastic stability, second
ed., Cambridge University Press, Cambridge, 2009, With a prologue by Peter W.
Glynn. MR-2509253

J. Pitman, Combinatorial stochastic processes, Lecture Notes in Mathematics, vol.
1875, Springer-Verlag, Berlin, 2006, Lectures from the 32nd Summer School on
Probability Theory held in Saint-Flour, July 7-24, 2002, With a foreword by Jean
Picard. MR-2245368

Murray Pollock, Adam M. Johansen, and Gareth O. Roberts, On the exact and
e-strong simulation of (jump) diffusions, Bernoulli 22 (2016), no. 2, 794-856.
MR-3449801

Jim Pitman and Nathan Ross, The greatest convex minorant of Brownian motion,
meander, and bridge, Probab. Theory Related Fields 153 (2012), no. 3-4, 771-807.
MR-2948693

Jim Pitman and Gerénimo Uribe Bravo, The convex minorant of a Lévy process,
Ann. Probab. 40 (2012), no. 4, 1636-1674. MR-2978134

Ken-iti Sato, Lévy processes and infinitely divisible distributions, Cambridge Stud-
ies in Advanced Mathematics, vol. 68, Cambridge University Press, Cambridge,
2013, Translated from the 1990 Japanese original, Revised edition of the 1999
English translation. MR-3185174

Jayaram Sethuraman, A constructive definition of Dirichlet priors, Statist. Sinica 4
(1994), no. 2, 639-650. MR-1309433

Gerénimo Uribe Bravo, Bridges of Lévy processes conditioned to stay positive,
Bernoulli 20 (2014), no. 1, 190-206. MR-3160578

Vladimir V. Uchaikin and Vladimir M. Zolotarev, Chance and stability, Modern
Probability and Statistics, VSP, Utrecht, 1999, Stable distributions and their
applications, With a foreword by V. Yu. Korolev and Zolotarev. MR-1745764

Acknowledgments. JIGC and AM are supported by The Alan Turing Institute under
the EPSRC grant EP/N510129/1; AM supported by EPSRC grant EP/P003818/1 and the
Turing Fellowship funded by the Programme on Data-Centric Engineering of Lloyd’s
Register Foundation; GUB supported by CoNaCyT grant FC-2016-1946 and UNAM-
DGAPA-PAPIIT grant IN115217; JIGC supported by CoNaCyT scholarship 2018-000009-
01EXTF-00624 CVU 699336.

EJP 25 (2020), paper 96. http://www.imstat.org/ejp/

Page 33/33


http://www.ams.org/mathscinet-getitem?mr=2136870
http://www.ams.org/mathscinet-getitem?mr=4091571
http://www.ams.org/mathscinet-getitem?mr=0628873
http://www.ams.org/mathscinet-getitem?mr=1876169
http://arXiv.org/abs/1609.06001
http://www.ams.org/mathscinet-getitem?mr=4003570
http://www.ams.org/mathscinet-getitem?mr=2509253
http://www.ams.org/mathscinet-getitem?mr=2245368
http://www.ams.org/mathscinet-getitem?mr=3449801
http://www.ams.org/mathscinet-getitem?mr=2948693
http://www.ams.org/mathscinet-getitem?mr=2978134
http://www.ams.org/mathscinet-getitem?mr=3185174
http://www.ams.org/mathscinet-getitem?mr=1309433
http://www.ams.org/mathscinet-getitem?mr=3160578
http://www.ams.org/mathscinet-getitem?mr=1745764
https://doi.org/10.1214/20-EJP503
http://www.imstat.org/ejp/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

e Free for authors, free for readers
e Quick publication (no backlog)
e Secure publication (LOCKSS!)
Easy interface (EJMS?)

Non profit, sponsored by IMS3, BS* | ProjectEuclid®

Purely electronic

Donate to the IMS open access fund® (click here to donate!)

Submit your best articles to EJP-ECP

Choose EJP-ECP over for-profit journals

'LOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

2EJMS: Electronic Journal Management System http://www.vtex.1lt/en/ejms.html
3IMS: Institute of Mathematical Statistics http://www.imstat.org/

4BS: Bernoulli Society http://www.bernoulli-society.org/

5Project Euclid: https://projecteuclid.org/

6IMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/LOCKSS
http://www.vtex.lt/en/ejms.html
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
https://projecteuclid.org/
https://secure.imstat.org/secure/orders/donations.asp
http://www.lockss.org/
http://www.vtex.lt/en/ejms.html
http://www.imstat.org/
http://www.bernoulli-society.org/
https://projecteuclid.org/
http://www.imstat.org/publications/open.htm

	Introduction
	Setting and motivation
	Contributions
	Connections with the literature
	Convex minorants of Lévy meanders
	-strong simulation algorithms
	Simulation algorithms based on convex minorants

	Organisation

	The law of the convex minorants of Lévy meanders
	Convex minorants and splitting at the minimum
	Convex minorants as marked Dirichlet processes
	Lévy meanders and their convex minorants

	-strong simulation algorithms for convex minorants
	SS of the convex minorants of Lévy processes
	Simulation of the convex minorant of stable meanders
	Sandwiching
	The construction of cn
	The algorithm and its running time


	Applications and numerical examples
	Applications of SS algorithms
	Exact simulation of indicators
	Unbiased simulation of finite variation transformations of a continuous functional
	Unbiased simulation of a continuous finite variation function of the first passage time

	Numerical results
	Marginal of the normalised stable meander Zme1
	First passage times of weakly stable processes
	Marginal of normalised stable excursions


	Proofs and technical results
	Approximation of piecewise linear convex functions
	Convex minorant of stable meanders
	Computational complexity
	Complexities of Algorithm 3 and the exact simulation algorithm of the indicator 1{Zme1>x}
	Proof of Theorem 3.6


	Auxiliary processes and the construction of {Dn}
	On regularity
	References

