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Abstract

We present a genealogy for super-processes with a non-homogeneous quadratic
branching mechanism, relying on a weighted version of the super-process introduced
by Englander and Pinsky and a Girsanov theorem. We then decompose this geneal-
ogy with respect to the last individual alive (Williams’ decomposition). Letting the
extinction time tend to infinity, we get the Q-process by looking at the super-process
from the root, and define another process by looking from the top. Examples includ-
ing the multitype Feller diffusion (investigated by Champagnat and Roelly) and the
super-diffusion are provided.
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1 Introduction

Even if super-processes with very general branching mechanisms are known, most
of the works devoted to the study of their genealogy are concerned with homogeneous
branching mechanisms modeling populations with identical individuals. Four distinct
approaches have been proposed for describing these genealogies. When there is no
spatial motion, super-processes are reduced to continuous state branching processes,
whose genealogy can be understood by a flow of subordinators, see Bertoin and Le Gall
[5], or by growing discrete trees, see Duquesne and Winkel [12]. With a spatial motion,
the description of the genealogy can be done using the lookdown process of Donnelly
and Kurtz [10] or the snake process of Le Gall [20]. Works that are concerned with a
generalization of both constructions to non-homogeneous branching mechanisms are
the following: Kurtz and Rodriguez [19] recently extended the lookdown process in this
direction whereas Dhersin and Serlet proposed in [9] modifications of the snake.

Let X be a non-homogeneous super-process. It models the evolution of a large
population, where the location of the individuals is allowed to affect their reproduction
law. We assume the extinction time Hp,x of this population is finite. We are interested
in the two following conditionings on the genealogical structure of X:
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1. The distribution X (") of X conditioned on Hma.x = ho: we derive it using a spinal
decomposition involving the ancestral lineage of the last individual alive (Williams’
decomposition).

2. The convergence of the distribution of X (") as h, goes to co. This convergence
is studied from two viewpoints. On the one hand, we obtain a convergence re-
sult for (Xﬁho),s € [0,t]) towards the Q-process. On the other hand, we find
a convergence result for the backward process from its extinction time, namely
(X,Sﬁ‘jr)s, s € [—t,0]). We reduce both convergences to the convergence of the an-
cestral lineage of the last individual alive thanks to Williams’ decomposition.

Concerning the first conditioning, we stress on the following difference between
super-processes with homogeneous and non-homogeneous branching mechanisms, which
explains our interest in the latter model. For homogeneous branching mechanisms, the
spatial motion is independent of the genealogical structure. As a consequence, the
law of the ancestral lineage of the last individual alive does not distinguish from the
original motion. Therefore, in this setting, the description of X (") may be deduced
from Abraham and Delmas [2] where no spatial motion is taken into account. For non-
homogeneous branching mechanisms on the contrary, the law of the ancestral lineage
of the last individual alive should depend on the distance to the extinction time hq. This
fact will be precised by the second conditioning.

A few lines about the terminology “Williams’ decompositions” are in order: Williams
[28] decomposed the Brownian excursion with respect to its maximum. After Aldous
recognized in [3] the genealogy of a branching process in this excursion, this name also
refers to decompositions of branching processes with respect to their height.

Our second conditioning exemplifies the interest of Williams’ decomposition for in-
vestigating the process conditioned on extinction in remote time. The convergence of
the super-process conditioned on extinction in remote time essentially reduces to the
convergence of the ancestral lineage of the last individual alive thanks to Williams’ de-
composition. Also, we may consider the limit either on the fixed time interval [0,{] to
get the corresponding Q-process, either on the moving time interval [hg — ¢, ho]. For
non-homogeneous branching mechanisms, we expect a different behavior on these two
time intervals for the ancestral lineage of the last individual: far away from the extinc-
tion time, it should favor the fittest types; near the extinction time, it should select the
weakest ones. It is well-known how to perform such a conditioning in the homogeneous
branching mechanisms: it goes back to Serlet [27] for quadratic branching mechanism;
for more general branching mechanisms, it reduces to the corresponding decomposi-
tion for continuous state branching process, see Chen and Delmas [7] and the refer-
ences therein. For non-homogeneous branching, a first construction of the Q-process
(without genealogy) has been given in Champagnat and Roelly [6] in the particular case
of a multitype Feller diffusion.

A rigorous analysis of the ancestral lineage of the last individual alive requires the
introduction of a genealogy for the super-process, since the ancestral lineages are not
immediately identifiable in the context of measure-valued processes. We found out that
the previous genealogies defined for non-homogeneous branching mechanisms, see [19]
and [9], were not suited to our need. In particular, the description in Dhersin and Serlet
[9] preserves neither the extinction time nor the last individual alive, and thus does not
allow to disintegrate the law of the super-process with respect to its extinction time.
We thus provide a new description of the genealogy through another, more effective
modification of the Brownian snake (at least regarding our purposes). More precisely,
starting with non-homogeneous branching mechanism, we go back to an homogeneous
one via two transformations:
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¢ The first transformation relies on the non-linear h transform, or reweighting of
super-processes, introduced in Englander and Pinsky [16].

e The second transformation is based on a Girsanov change of measure on the law
of super-processes, as described in Chapter IV of Perkins [23].

Reversing the procedure, we define the genealogy associated to a non-homogeneous
branching mechanism from the one associated to an homogeneous one, see Proposition
3.12. We then obtain our two conditionings by “transfer”, using the previous knowledge
for homogeneous branching mechanisms. The drawback of this approach is that we
have to restrict ourselves to quadratic branching mechanisms with bounded and smooth
parameters.

The rest of the introduction is devoted to a presentation of a selection of our results.
Let (X;,t > 0) be an (£, 3, «) super-process over a Polish space S. The underlying
spatial motion (Y;,¢ > 0) is a Markov process with infinitesimal generator £ started at
x under P,. The non-homogeneous branching mechanism (z, \) satisfies

Yz, \) = Blx)\ + a(z)\?,

and we further assume that the functions 5 and « satisfy conditions (H2) and (H3),
see Section 2. Notice in particular that smooth functions « and 3, with « positive,
satisfy these conditions. Branching mechanisms with constant functions « and 3 are
called homogeneous. Let P, be the distribution of X started from the finite measure
v on S, and IN, be the corresponding canonical measure of X with initial state . The
process X under P, is distributed as ), ; X', where >, _; dx:(dX) is a Poisson Point
measure with intensity v(dx)IN,;(dX). We define Hpmax = inf{t > 0,X;, = 0} as the
extinction time of X, and we will assume that X satisfies almost sure extinction, that
is IN, [Hmax = oo} = 0 (this assumption is denoted by (H1) in Section 2). We also define
the function vj,(x) = N, [X}, # 0], and we introduce a family of probability measures by
setting:
h
VO<t<h dPEE l)D‘ = Onvn—t(V2) o Jo ds Oxp(Ya,on—s(Y2))
- ’ sz | Dy 8hvh(1‘) ’

where D; = 0(Y;,0 < s < t) is the natural filtration of Y, see Lemma 4.10.

The following Theorem solves the conditioning problem (1) raised above. It gives a
Williams decomposition of X with respect to its extinction time Hyy: sub-trees given
below by (X7, j € J) are grafted on a spine given by Y under piho),

Theorem (Corollary 4.13). (Williams’ decomposition under IN,.) Assume that the (L, 5, @)
super-diffusion X satisfies the almost sure extinction property. Let x € S and Yo »,) be
distributed according to Piho). Consider the Poisson point measure N' = ZJ.EJ O(s;,x7)

on [0, hg) x Q with intensity:

2 110,10)(8)d5 1{p, (X)) <ho—sy(Ys) Ny, [dX].

Conditionally on { Hyax = ho}, the (L, 8, o) super-diffusion X under N, is distributed as
X®0) = (x(") t > 0) defined for all t > 0 by:
N _
x =3 xi .
JEJ, s;<t
This also implies the existence of a measurable family (]Ngch‘)), ho > 0) of probabilities
such that ]I\L(Uh“) is the distribution of X under N, conditionally on { Hyax = ho}-
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We shall consider from now on the case where Y is a diffusion on S = R¥ or a
finite state space Markov process. The generator £ of a diffusion is defined as fol-
lows: let a;; and b; be in C'#(S), the usual Holder space of order p € [0,1), which
consists of functions whose first order derivatives are locally Holder continuous with
exponent u, for each ¢,j in {1,..., K'}. The functions a; ; are chosen such that the ma-
trix (aq;) (i jyef1... k2 is positive definite. In that case, the following elliptic operator:

K 1 K
L(u)=>> b Opu+ 5 > ij O,y
=1

4,j=1

defines the generator of a diffusion on S. The super-processes associated with a diffu-
sion is called a super-diffusion. The generator £ of a Markov process with finite state
space S = {1,..., K} for K integer is given by a square matrix (g;;)1<i j<k of size K
with lines summing up to 0, and ¢;; gives the transition rate from i to j for ¢ # j:

Lw)(i) = qij[uli) — ul@)].
J#i
This Markov process will be assumed irreducible. The super-process associated with a
finite state space Markov process is called a multitype Feller diffusion.
The generalized eigenvalue A\ of the operator 5 — L is defined in Pinsky [24] for a dif-
fusion on R¥ and, for finite state space, it reduces to the Perron Frobenius eigenvalue,
see Seneta [26]. In both cases, we have:

Ao =sup{l € R,3u € D(L),u >0 such that (8 — L)u = £ u}-

We assume that the space of positive harmonic functions for (5 — \¢) — £ is one dimen-
sional, generated by a function ¢y. From this assumption, we also have that the space of
positive harmonic functions of the adjoint of (8 — \¢) — £ is one dimensional, and we de-
note by z;;() a generator of this space (see [24] for diffusions). The operator (56— Xg) — L is
said product-critical when [ dz ¢o(x) $o(x) < 00, in which case the probability measure
P%0, given by:

P¢0
v > O, d z |Dy ¢O(}/t) o fot ds (B(Y:)—Xo)

dP, p,  ¢o(Yo) ’

defines a recurrent Markov process (in the sense given by (5.10)). We precise in Propo-
sition 5.10 (multitype Feller diffusion) and Proposition 5.11 (super-diffusion) the gener-
ators associated with P(*) and P#0. We shall assume also that ¢ is bounded from below
and from above by two positive constants. Together with the non-negativity of \g, this
implies the almost sure extinction of the associated super-process, see Lemma 5.2.

The following Theorem states the weak convergence of the probability measures
(]N;’“)), ho > 0), and partly solves the conditioning problem (2). Notice the limiting
object consists of sub-trees (X7, j € J) grafted on a spine given by Y under P%°.

Theorem (Corollary 5.19). (Q-process under N, ) Assume that Ay > 0, that ¢, is bounded
from below and above by positive constants and that the operator (5 — \o) — L is product
critical.

LetY be distributed according to P%°, and, conditionally onY, let N = ZjeI d(s;,x7) be
a Poisson point measure with intensity:
21R+(s)ds a(Ys) Ny, [dX].
Consider the process X () = (Xt(oo), t > 0), which is defined for allt > 0 by:
Xt(OO) = Z ngsj’
je€J, s;<t
EJP 18 (2013), paper 37. ejp.ejpecp.org
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and denote by N its distribution. Then, the process (Xgh“),s € [0,t]) weakly con-

)

verges to (Xéoo ,s €10,t]) as ho goes to infinity.

We also prove that ]Ngoo) actually is the law of the Q-process, defined as the weak
limit of the probability measures N{~") = IN,, [ |Hmax > ho|, see Lemma 5.14.

Remark 1.1. As noticed by Gorostiza and Roelly [17] and Li [21], the multitype Dawson-
Watanabe super-process can be understood as a single non-homogeneous super-process
on an extended space. The above Theorem provides a genealogical construction of the
Q-process associated to a multitype Feller diffusion considered in [6], and this construc-
tion gives a precise meaning to “the interactive immigration” introduced in Remark 2.8
of [6].

Remark 1.2. In Engldnder and Kyprianou [15], the spinal decomposition of a Doob h-
transform of the super-diffusion is provided, and it is “suggest[ed]” this process is the
law of the “the sum of two independent processes”, see the Discussion 2.2 of [15]. This
Theorem, or more precisely third item of Corollary 5.19 together with Lemma 5.14,
prove that the process they considered actually is the Q-process.

Remark 1.3. Interestingly, the law of the spine P%° is quite different from that of the
backbone formed by the infinite ancestral lineages in a super-critical Dawson-Watanabe
super-process investigated in Engldnder and Pinsky [16], see Remark 5.20.

We may also prove weak convergence of the probability measures (]1\14(1:“’)7 ho > 0)
backward from the extinction time. Let us denote by P(—") the distribution of ¥ under
P() shifted by h:

PR (Y, s € [~h,0]) € o) = P (Yi,is, 5 € [~h,0]) € o).

The product criticality assumption yields the existence of a probability measure denoted
by P(—°°) such that forall z € S, t > 0:
PU M ((Ys,s € [~t,0]) € o) — P9 (Y, s € [~t,0]) € o).
——+00
The following result corresponds to second item of Theorem 5.25. It completes the
answer to the conditioning problem (2). Notice the limiting object below corresponds
to sub-trees (X7, j € J) grafted on a spine given by Y under p(—o°),

Theorem (Theorem 5.25). Assume that \qg > 0, that ¢q is bounded from below and
above by positive constants and that the operator (6 — A\g) — L is product critical.

Let Y be distributed according to P(—°°), and, conditionally on 'Y, let ZJEJ d(s;,x7) be a
Poisson point measure with intensity:

2 1{s<0}04(YS) ds 1{Hmax(X)<_5} ]NyS [dX]

Consider the process (XS(_OO), s < 0), which is defined for all s < 0 by:

Xr= N X1
JEJ, 5;<s

(ho)

horss S € [, 0]) weakly converges to (X§7°°), s € [—t,0]) as hg goes

Then the process (X
to infinity.

Remark 1.4. Considering a super-process with homogeneous branching mechanism,
the Q-process may be easily defined from the well known Q-process associated with the
continuous state branching process, see [7] for instance. Thus the recurrence condition
imposed on the spatial motion is not necessary for the Corollary 5.19 to hold. This
condition seems more natural in the setting of Theorem 5.25.
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Remark 1.5. It is possible to obtain Corollary 5.19 for more general processes (without
using the generalized eigenvalue nor the product criticality assumption), as soon as the
key Lemmas 5.6 and 5.9 may be established. In this framework, the distribution P%°
is defined as a limit from Lemma 5.9. The same remark holds for Theorem 5.25, with
Lemma 5.23 in the réle of the key Lemma.

Finally, we comment on the effect of conditioning by the event { Hyaxy = h} on the
spatial motion of the ancestral lineages. For h finite, the ancestral lineage at time ¢ of
the most persistent lineage follows the path of an inhomogeneous h-transform of the
original motion, as seen from the definition of P("). This means that this ancestral lin-
eage is attracted towards the region where the branching process has high probability
of dying h — t times later. What happens when h —t — c0? We shall prove in Lemma 5.7
that there is a constant C such that:

lim —8hvh(a:) G‘)\Oh = O¢0($)

h—o0

This implies that, viewed from the root, the ancestral lineage of the most persistent par-
ticle of the super-process conditioned on extinction in remote time, that is conditioned
on {Hpmax = h} and h — oo, follows an h-transform for h(z) = ¢o(x), see the definition
of P?. This h-transform is an homogeneous spatial motion, and the resulting measure
valued Q-process inherits from it the homogeneous Markov property. On the contrary,
when h — oo with h — t fixed, the most persistent ancestral lineage viewed from the top
always follows the same inhomogeneous h-transform driven by —0,vp—_+(x). Finally, an
ancestral lineage chosen at random among those present at time ¢ follows the path of
a penalized motion, with the penalization given by exp (— fot ds B(Ys)), as seen from the
definition (4.11) of P(B-Y), We say penalization, and not h-transform, since the distribu-
tions of P(B-*) do not consistently define a process as t varies. As t — co, we shall see in
Lemma 5.12 that P(B:%) weakly converges to P% on F,, s > 0.

Outline. We give some background on super-processes with a non-homogeneous
branching mechanism in Section 2. Section 3 begins with the definition of the h-
transform in the sense of Englander and Pinsky, Definition 3.4, goes on with a Girsanov
Theorem, Proposition 3.7, and ends up with the definition of the genealogy, Proposition
3.12, by combining both tools. Section 4 is mainly devoted to the proof of Williams’
decomposition, Theorem 4.12. We also take the opportunity to give a decomposition
with respect to a randomly chosen individual, also known as a Bismut decomposition,
in Proposition 4.2. Section 5 gives some applications of Williams’ decomposition in two
particular cases, the super-diffusion and the finite state space super-process. We first
prove the convergence of the spine seen from the root, in the Williams setting first, in
the Bismut setting then, see Sections 5.3 and 5.4. We then deduce the convergence of
the super-process conditioned to extinct at a remote time, see Section 5.5. The same
limit is shown to prevail also for the super-process conditioned to extinct to extinct after
a remote time, also known as the Q-process. We then look at the convergence of the
spine from the top in Section 5.6. The convergence of the super-process seen from the
top follows, see Section 5.7.

2 Notations and definitions

This section, based on the lecture notes of Perkins [23], provides us with basic mate-
rial about super-processes, relying on their characterization via the Log Laplace equa-
tion.

We first introduce some definitions:

* (S,9) is a Polish space, B its Borel sigma-field.
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* S is the set of real valued measurable functions and bS C S the subset of bounded
functions.

* C(S,R), or simply C, is the set of continuous real valued functions on .S, C, C C the
subset of continuous bounded functions.

e D(R™,S), or simply D, is the set of cadlag paths of S equipped with the Skorokhod
topology, D is the Borel sigma field on D, and D; the canonical right continuous
filtration on D.

» For each set of functions, the superscript .7 will denote the subset of the non-
negative functions: For instance, bS™ stands for the subset of non-negative func-
tions of bS.

* My(S) is the space of finite measures on S. The standard inner product nota-
tion will be used: for g € S integrable with respect to M € M(S), M(g) =

Js M(dx)g(x).

We now introduce the two main ingredients which enter in the definition of a super-
process, the spatial motion and the branching mechanism:

* Assume Y = (D,D,D,,Y;,P,) is a Borel strong Markov process. “Borel” means
that © — P,(A) is B measurable for all A € B. Let E, denote the expectation
operator, and (P;,t > 0) the semi-group defined by: Pi(f)(z) = E.[f(Y;)]. We
impose the additional assumption that P; : C, — Cp. In particular the process Y
has no fixed discontinuities. The generator associated to the semi-group will be
denoted £. Remember f belongs to the domain D(L) of L if f € C, and for some
g € Gy,

t
fY) — f(z) — / ds g(Y;) is a P, martingale for all = in S, (2.1)
0

in which case g = L(f).

» The functions « and [ being elements of C;, with @ bounded from below by a
positive constant, the non-homogeneous quadratic branching mechanism ¢ is
defined by:

(2, A) = Blz)A + alz)\%, (2.2)

forall z € S and A € R. We will just write 9 for ¢/** when there is no possible
confusion. If « and 3 are constant functions, we will call the branching mechanism
(and by extension, the corresponding super-process) homogeneous.

The mild form of the log-Laplace equation is given by the integral equation, for
b, febST, t>0,z€S:

t

w()+E | /d V)] B[00+ [asom)] - e

Theorem 2.1. ([23], Theorem I1.5.11) Let ¢, f € bS™. There is a unique jointly (in t
and x) Borel measurable solution u{’d’(m) of equation (2.3) such that u{"z’ is bounded on

[0,T] x S forall T > 0. Moreover, u{’¢ >0 forallt > 0.

We shall write u/ for u/° when ¢ is null.

We introduce the canonical space of continuous applications from [0, c0) to M;(S),
denoted by Q := C(R", M;(S)), endowed with its Borel sigma field 7, and the canonical
right continuous filtration F;. Notice that F = F..
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Theorem 2.2. ([23], Theorem I1.5.11) Let u{¢(:c) denote the unique jointly Borel mea-
surable solution of equation (2.3) such that u{*® is bounded on [0,T] x S for all T > 0.
There exists a unique Markov process X = (Q, F, F, X, (Pf,ﬁ’ﬂ’a),z/ € My(S))) such
that:

Vo, f € bST, Ef,ﬁ’ﬁ’“) o= Xt(H)— [y ds Xs(¢):| — o vul?) (2.4)

The process X in the previous theorem is called the (£, 8, «)-super-process. We now
state the existence theorem of the canonical measures.

Theorem 2.3. ([23], Theorem II.7.3) There exists a measurable family of o-finite mea-
sures (]Ngf’ﬂ’a), x € S) on (9, F) which satisfies the following properties: Iijej O(23,x7)

is a Poisson point measure on S x ) with intensity v(dx) N7 then Y jes X7 is an
(L, B, a)-super-process started at v.

We will often abuse notation by denoting IP, (resp. IN,) instead of IPl(,L’ﬂ ) (resp.
]N§C£’B ’a)), and PP, instead of P;, when starting from J, the Dirac mass at point x.

Let X be a (£, 8, a)-super-process. The exponential formula for Poisson point mea-
sures yields the following equality:

VfebST, N, [1 — e*Xt(f)} = —log E,, [e*Xf(f)} = u{(a:o), (2.5)

where utf is (uniquely) defined by equation (2.4).
Denote Hyax the extinction time of X:

Hinay = inf{t > 0; X; = 0}. (2.6)

Definition 2.4 (Global extinction). The super-process X satisfies global extinction if
P, (Hmax < 00) =1 for allv € My(S).

We will need the the following assumption:
(H1) The (L, 3, a)-super-process satisfies the global extinction property.
We shall be interested in the function
ve(x) = Ny [Hpax > t]. (2.7)
We set vy () = lim; o | v:(2). The global extinction property is easily stated using ve.
Lemma 2.5. The global extinction property holds if and only if v,, = 0.
See also Lemma 4.9 for other properties of the function v.

Proof. The exponential formula for Poisson point measures yields:
P, (Hpax <t) =700
To conclude, let t go to infinity in the previous equality to get:
P, (Hpax < 00) = e V(vee)
O

For homogeneous super-processes (« and 8 constant), the function v is easy to com-
pute and the global extinction holds if and only S is non-negative. Then, using a stochas-
tic domination argument, one gets that a (£, 8, «)-super-process, with 5 non-negative,
exhibits global extinction (see [15] p.80 for details).
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3 A genealogy for the non-homogeneous super-processes

We first recall (Section 3.1) the h-transform for super-process introduced in [16]
and then (Section 3.2) a Girsanov theorem previously introduced in [23] for interac-
tive super-processes. Those two transformations allow us to give the Radon-Nikodym
derivative of the distribution of a super-process with non-homogeneous branching mech-
anism with respect to the distribution of a super-process with an homogeneous branch-
ing mechanism. The genealogy of the super-process with an homogeneous branching
mechanism can be described using a Brownian snake, see [11]. Then, in Section 3.3,
we use the Radon-Nikodym derivative to transport this genealogy and get a genealogy
for the super-process with non-homogeneous branching mechanism.

3.1 The h-transform for super-processes

We first introduce a new probability measure on (D, D) using the next Lemma.

Lemma 3.1. Let g be a positive function of D(L) such that g is bounded from below
by a positive constant. Then, the process (% e~ Jods (La/9(Yo) 4 > 0) is a positive
martingale under P,.

We set Dy (L) = {v €, gv € D(L)}.

Proof. Let g be as in Lemma 3.1 and f € Dy(L£). The process:

((fg)(Yt) - (f9)(=) - /Ot ds L(fg)(Ys), t > 0)

is a P, martingale by definition of the generator £. Thus, the process:
Y, toc Y
((fg)( ) po)- [ o 90D, O)
g9(z) 0 g(z)
is a P, martingale. We set:

Mtf’g — o Jods (Lg/9)(Ye) (f9) (V) — f(z)

g(x)
_ / s o Jidr (Co/p)(¥) [E(fg)(Ys) L(9)(Ys) (f9)(Y5)
0

g(x) 9(Ys)  g(x)

It6’s lemma then yields that the process (Mtf 9.t > 0) is another P, martingale. Notice
this is a true martingale since it is bounded on bounded time intervals from our assump-
tions on f and g. Remark also that the constant function equal to 1 is in Dy(L). This
choice of f yields the result. O

} . (@B

Let PY denote the probability measure on (D, D) defined by:

dPi D _ 9(Yt) e~ I3 ds (Lg/g)(Ys) (3.2)
Note that in the case where ¢ is harmonic for the linear operator £ (that is Lg = 0), the
probability distribution P9 is the usual Doob A-transform of P for i = g.

We also introduce the generator £9 of the canonical process Y under P9 and the
expectation operator EY associated to P9.

vt >0,

Lemma 3.2. Let g be a positive function of D(L) such that g is bounded from below by

a positive constant. Then, we have Dy(L) C D(LY) and
Yu € Dy(L), L9(u) = E(gu)gﬁ(g)u
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Proof. As, for f € Dy(L), the process (M]9,t > 0) defined by (3.1) is a martingale under
P., we get that the process:

is a P¢ martingale. This gives the result. O

Remark 3.3. Let ((t,z) — g(t,z)) be a function bounded from below by a positive con-
stant, differentiable in t, such that g(t,.) € D(L) for each t and ((t,z) — O:g(t,x)) is
bounded from above. By considering the process (t,Y;) instead of Y;, we have the im-
mediate counterpart of Lemma 3.1 for time dependent function g(t,.). In particular,
we may define the following probability measure on (D, D) (still denoted P9 by a small
abuse of notations):

dp?

vt >0, v o _ 9t Y1) o Jids EUERE sy

de | Dy 9(0717)

. (3.3)

where L acts on g as a function of x.

We now define the h-transform for super-processes, as introduced in [16] (notice
this does not correspond to the Doob h-transform for super-processes).

Definition 3.4. Let X = (X;,t > 0) be an (£, 3, ) super-process. For g € bS™, we
define the h-transform of X (with h = g) as X9 = (X/,t > 0) the measure valued
process given for allt > 0 by:

X{(dr) = g(z) X (dz). (3.4)

Note that (3.4) holds pointwise, and that the law of the A-transform of a super-
process may be singular with respect to the law of the initial super-process.

We first give an easy generalization of a result in section 2 of [16] for a general
spatial motion.

Proposition 3.5. Let g be a positive function of D(L) such that g is bounded from below
by a positive constant. Then the process X9 is a (Eg, %, ag) -super-process.

Proof. The Markov property of X9 is clear. We compute, for f € bST :

Em[e*th(f)] = s /g(x)[eth(fg)} = ¢ ut(@)/9(x)
where, by Theorem 2.2, u satisfies:
t
wio)+ e | [y, (00)] = B0 (30). 3.5)
0

which may also be written:

wie)+ | [ dr vtu )]+ [ ar U ()| = B [0 ().

0 s

But (3.5) written at time ¢ — s gives:
t—s
wros(@) + o { |, ut_s_m))] — B, [(f)(¥i_0)].
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By comparing the two previous equations, we get:
@)+ x| [l o0 ()] = B2
and the Markov property now implies that the process:
wv) - [ dr (Yo e (Y,)
with s € [0,7] is a P, martingale. It6’s lemma now yields that the process:
(Ve 500 [ g o a0 (Y, (3,)) (L 0)05) ()

with s € [0,¢t] is another P, martingale (the integrability comes from the assumption
Lg € Cy and 1/g € Cp). Taking expectations at time s = 0 and at time s = ¢, we have:

t
() +Ex[ / ds e o arEal D) (y (v, up_ o (V7)) — (ag/g)(mut_s(n))}
0
— B, e e o)y |
We divide both sides by g(z) and expand « according to its definition:

) (@ "5 99 g arcorn (o U2 Lo u
(=) )+EmUO ds* s (( 9)(Ya)( p ) (Ya)+( ; )(Ya) ( ; )(YS))]

g g\

—B, [gg((it)) o= Jo dr(Lg/9) (V) f(Yt)] )

By definition of P¢ from (3.2), we get that:

Uy g g Ut—s\2 Lg Ut—s g
() @) +EL] [ ds ((ag)(Ye)(—) (Ys) + (B - =)o) (—)(Ys) | ) = ES[f(Y2)].
g 0 g g g
We conclude from Theorem 2.2 that X9 is a (£9, M, «g)-super-process. O

g

In order to perform the h-transform of interest, we shall consider the following as-
sumption.

(H2) 1/a belongs to D(L).

Notice that (H2) implies that a£(1/a) € C,. Proposition 3.5 and Lemma 3.1 then
yield the following Corollary.

Corollary 3.6. Let X be an (L, 8, «)-super-process. Assume (H2). The process X'/ is
an (L, 8, 1)-super-process with:

L=/LY" and f=p-aLl(l/a). (3.6)

Moreover, for all t > 0, the law P, of the process Y with generator L is absolutely
continuous on D, with respect to P, and its Radon-Nikodym derivative is given by:

Py 1p, _ afz) ola ds (B=B)(Y) (3.7)

dP, p, «a(Y3)
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We will note P for the law of X!/® on the canonical space (that is P= ]P(E"é’l)) and N
for its canonical measure. Observe that the branching mechanism of X under IP, which
we shall write 1, is given by:

V(2 \) = B(z) A+ N2, (3.8)
qnd the quadratic coefficient is no more dependent on z. Notice that P,, (X € -) =

P,(aX € -). This implies the following relationship on the canonical measures (use
Theorem 2.3 to check it):

a(x)N,[X € ] =N, [aX € . (3.9)
Recall that v;(z) = IN,[Hmax > t] = N.[X; # 0]. We set §,(z) = N,[X, # 0]. As a is
positive, equality (3.9) implies in particular that, for all¢ > 0 and = € S:

a(z)v(z) = 04 (). (3.10)

3.2 A Girsanov type theorem

The following assumption will be used to perform the Girsanov change of measure.

(H3) Assumption (/2) holds and the function {3 defined in (3.6) is in D(£), with
L defined in (3.6).

For z € R, we set z; = max(z,0). Under (H2) and (H3), we define:

50supmax@(x)wé?(x)2/3</§><x>>+) and ()= 2P0 @)

zeS

Notice that g > 0.

We shall consider the distribution of the homogeneous (ﬁ, Bo, 1)-super-process, which
we will denote by P (P° = P(%£80.)) and its canonical measure IN°. Note that the
branching mechanism of X under P° is homogeneous (the branching mechanism does
not depend on z). We set ¢ for ¢/%0-!. Since ¢° does not depend anymore on = we shall
also write ¥°(\) for ¥°(z, \):

$O(A) = BoX + A2, (3.12)

Proposition 3.~7 below is a Girsanov’s type theorem which allows us to finally reduce
the distribution P to the homogeneous distribution IP°. We introduce the process M =
(My,t > 0) defined by:

t
M; = exp (Xo(q) - Xi(q) — / ds Xs(go)), (3.13)
0
where the function ¢ is defined by:

o(x) = d(x,q(x)) — L(g)(z), x€S. (3.14)

Proposition 3.7 (Girsanov’s transformation). Assume (H2) and (H3) hold. Let X be a
(L, B,1)-super-process.

(i) The process M is a bounded F-martingale under ]ls,, which converges a.s. to

My = eXU((I)_foJroc ds Xa(p) LiH < too}

(ii) We have:
d]PB
dP,

=M.
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(iii) If moreover (H1) holds, then IP(V)-a.s. we have M, > 0, the probability measure ]Py
is absolutely continuous with respect to P9 on F:

dP 1 dIN foo
v~ T oJo T ds Xs(w)
a0~ M’ and N0 elo .
We also have: .
q(z) = N0 [efs™ ds Xo() —1} . (3.15)

The two first points are a particular case of Theorem IV.1.6 p.252 in [23] on interac-
tive drift. For the sake of completeness, we give a proof based on the mild form of the
Log Laplace equation (2.3) introduced in Section 2. Notice that:

PO = b, A+ (@) — P, q(x)). (3.16)

Thus, Proposition 3.7 appears as a non-homogeneous generalization of Corollary 4.4 in
[1]. We first give an elementary Lemma.

Lemma 3.8. Assume (H2) and (H3) hold. The function ¢ defined by (3.14) is non-
negative.

Proof. The following computation:

p(x) =1)(x,q(x)) — L(q)(x) = q(x)* + Ba(x) — L(q)(x)

9 ~
_ (60 —B(l’)) +B($) BO —5(.%‘) —Z(q)(w)

2 2
_ 8- B(a) +2£(B) ()
4
and the definition (3.11) of Sy ensure that the function ¢ is non-negative. O

Proof of Proposition 3.7. First observe that M is F-adapted. As the function ¢ also is
non-negative, we deduce from Lemma 3.8 that the process M is bounded by e*X0(2),
Let f € bST. On the one hand, we have:

B[ M, =Xt )] = [ [o1(®)=Xe(a /)= fi ds Xa(@)] = qale)—re(a),
where, according to Theorem 2.2, r;(z) is bounded on [0, 7] x S for all T > 0 and satisfies:
~ t ~
T‘t(l‘) +E; |:/ ds 'L/)(}/t—sa rs(Y;ﬁ—s)):|
0

=E, [ /0 t ds (V(Vies,q(Yies)) — L(q)(Yi—s)) + (¢ + f)(Y2)|.  (3.17)

On the other hand, we have
Eg[e_Xt(f)] — e—wt(nc)7

where w;(x) is bounded on [0,7] x S for all T > 0 and satisfies:

) + 1. [ ds O i) = Bl )

Using (3.16), rewrite the previous equation under the form:

wo) + B, [ tdS?/;(E—s,(werQ)(Yt—s))} 5| s SV a(Vii)) + 1)), 318)
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We now make use of the Dynkin’s formula with (H3):

o) = -E.] [ t B0 + EulatYo), (3.19)

and sum the equations (3.18) and (3.19) term by term to get:

(vt (o) + B | | s (Vi (s + ) (¥i-2)

_E, [ / s (DY a(Vis) — E@(Vs)) + (a4 N0, 3,20

The functions r,(z) and w;(z) 4+ ¢(z) are bounded on [0, 7] x S for all T > 0 and satisfy
the same equation, see equations (3.17) and (3.20). By uniqueness, see Theorem 2.1,
we finally get that wy + ¢ = r,. This gives:

B, [M; e~ X)) = BO[e=X¢(H)], (3.21)

The Poissonian decomposition of the super-processes, see Theorem 2.3, and the expo-
nential formula enable us to extend this relation to arbitrary initial measures v:

B, [M; e~ X:(] = B [e=X+(/)], (3.22)

This equality with f = 0 and the Markov property of X proves the first part of item (i).
Now, a direct induction based on the Markov property yields that, for all positive
integern, and fi,...,f, €bST,0< 5, < ... <s, <t

]EV [Mt e ElSiSn X*"z(fb)] = ]E?/[e_ ZISiSH XS% (f7)]. (3_23)

And we conclude with an application of the monotone class theorem that, for all non-
negative F;-measurable random variable Z:

The martingale M is bounded and thus converges a.s. to a limit M.,. We deduce that
for all non-negative F;-measurable random variable Z:

E,[M..Z] = ES[Z]. (3.24)

This also holds for any non-negative F,,-measurable random variable Z. This gives the
second item (ii).

On {Hpmax < +oo}, then clearly M; converges to eXo(0)—J"* ds Xs(¢)  Notice that
PY(Hpax = +oo) = 0. We deduce from (3.24) with Z = 1{p, _ . that P,-as. on
{Hmax = +0}, M = 0. This gives the last part of item (i).

Now, we prove the third item (iii). Notice that (3.24) implies that IP?,-a.s. My, > 0.
Thanks to (H1), we also have that llsl,-a.s. My > 0. Let Z be a non-negative F..-
measurable random variable. Applying (3.24) with Z replaced by 1{5/ >0} Z/Moo, we
get:

E, [Z] =E, |:M001{JV[M>O}]\4Z—OO:| =E,) [J\Zol{M"">O}] =E,) []\/io] .
This gives the first part of item (iii).
Notice that for all positive integer n, and fi,..., f, € bST,0< s; < ... < s, we have

N, [1 — eXici<n Xmm} — _log (Em [ezlgign Xsi<fi>])
= —log (Eg [ezlsisﬂ Xes P+ )g" ds Xsw)D + q(z)

=N? [1 — eXisica Xo; (fi)+[oF ds Xsm} +a(@).
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Taking f; = 0 for all ¢ gives (3.15). This implies:
]Nz 1 — eXi<i<n Xs; (fi)} — INg [ef[)*” ds Xs(p) (1 _ eXi<i<n Xs; (fﬁ)} )

The monotone class theorem gives then the second part of item (iii). O

3.3 Genealogy for super-processes

We now recall the genealogy of X under P° given by the Brownian snake from [11].
We assume (H2) and (H3) hold.

Let W denote the set of all cadlag killed paths in S. An element w € W is a cadlag
path: w : [0,n(w)) — S, with n(w) the lifetime of the path w. By convention the trivial
path {z}, with « € S, is a killed path with lifetime 0 and it belongs to W. The space W
is Polish for the distance:

n(w)An(w’)

d(w, w') = 6(w(0),w(0)") + |n(w) — n(w’)| + /0 ds ds(w(o,s], wio,));
where d; refers to the Skorokhod metric on the space D([0, s], S), and wy is the restric-
tion of w on the interval I. Denote W, the set of stopped paths w such that w(0) = z. We
work on the canonical space of continuous applications from [0, c0) to W, denoted by
Q :=C(R*,W), endowed with the Borel sigma field G for the distance d, and the canon-
ical right continuous filtration G, = o{Wj, s < t}, where (W, s € R") is the canonical
coordinate process. Notice G = G, by construction. We set H, = n(Ws) the lifetime of
Ws.

Definition 3.9 (Proposition 4.1.1 and Theorem 4.1.2 of [11]). Fix Wy, € W,. There
exists a unique W, -valued Markov process W = (Q,G, G, W, P}, ), called the Brownian
snake, starting at W, and satisfying the two properties:

(i) The lifetime process H = (Hg,s > 0) is a reflecting Brownian motion with non-
positive drift — By, starting from Hy = n(Wy).

(ii) Conditionally given the lifetime process H, the process (Ws,s > 0) is distributed
as a non-homogeneous Markov process, with transition kernel specified by the
two following prescriptions, for 0 < s < s':

- Wy (t) = Ws(t) forallt < IT[[é s with H[ '] = infs<p<s Hy.
- Conditionally on WQ(H[&S/]fj, the path ZWL/(H[&SJ F1),0<t< Hy — H[&S,])

is independent of W and is distributed as Yo i, — under PWS(H[S_S,],).

[s,5'1)
This process will be called the (5)-snake started at W), and its law denoted by P%,O.

We will just write PY for the law of the snake started at the trivial path {z}. The
corresponding excursion measure N of W is given as follows: the lifetime process H is
distributed according to the Itd6 measure of the positive excursion of a reflecting Brow-
nian motion with non-positive drift —3y, and conditionally given the lifetime process H,
the process (W, s > 0) is distributed according to (ii) of Definition 3.9. Let

o =inf{s > 0; H; = 0}

denote the length of the excursion under NY.

Let (IZ,7 > 0,s > 0) be the bicontinuous version of the local time process of H; where
I7 refers to the local time at level r at time s. We also set @ = w(n(w)—) for the left end
position of the path w. We consider the measure valued process X (W) = (X;(W),t > 0)
defined under NY by:

X,(W)(d) = / " 1t 8y, (de). (3.25)
0
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The py-snake gives the genealogy of the (Z, Bo, 1) super-process in the following
sense.

Proposition 3.10 ([11], Theorem 4.2.1). We have:

e The process X (W) is under N? distributed as X under IN".

* Let) c 70 wi) bea Pois§on point measure on S x () with intensity v(dx) NO[dW].
Then } .. ; X (W) is an (L, By, 1)-super-process started at v.

Notice that, under N, the extinction time of X (W) is defined by

inf{t; X;(W) =0} = sup Hi,
s€0,0]

and we shall write this quantity Hyayx or Hmax(W) if we need to stress the dependence
in W. This notation is coherent with (2.6).

We now transport the genealogy of X under IN? to a genealogy of X under N. In
order to simplify notations, we shall write X for X (W) when there is no confusion.

Definition 3.11. Under (H1)-(H3), we define a measure N, on (Q,G) by:

dN,

Q
YW e Q, N

dIN, 1 oo
- (X = —elo T ds Xslp) |

Notice the second equality in the previous definition is the third item of Proposition
3.7.

At this point, the genealogy defined for X under IN, will give the genealogy of X
under IN up to a weight. We set

1 -
N, = —N,. (3.26)
o(z)
Proposition 3.12. We have:
(i) X(W) under N, is distributed as X under IN,.
(ii) The weighted process X"eioht — (X9 ¢ > () with

XZ”ejg“(da:):/ dslt a(Wy)dy, (dx), t>0, (3.27)
0

is under N, distributed as X under IN,,.

We may write X195 (W) for XWei9ht to emphasize the dependence in the snake .
Proof. This is a direct consequence of Definition 3.11 and (3.9). O
We shall say that W under N, provides through (3.27) a genealogy for X under IN,.

4 A Williams decomposition

In Section 4.1, we give a decomposition of the genealogy of the super-processes
(L,B,a) and (2,5, 1) with respect to a randomly chosen individual. In Section 4.2, we
give a Williams decomposition of the genealogy of the super-processes (£, [, «a) and
(ﬁ, B, 1) with respect to the last individual alive.
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4.1 Bismut’s decomposition

A decomposition of the genealogy of the homogeneous super-process with respect
to a randomly chosen individual is well known in the homogeneous case, even for a
general branching mechanism (see lemmas 4.2.5 and 4.6.1 in [11]).

We now explain how to decompose the snake process under the excursion measure
(N, or NY) with respect to its value at a given time. Recall 0 = inf {s > 0, H; = 0}
denote the length of the excursion. Fix a real number ¢ € [0,0]. We consider the
process H(9) (on the left of ¢) defined on [0,t] by HY = H_,— H, forall s € [0, ].
The excursion intervals above 0 of the process (Hﬁg) inf0<s/<s H(,),O < s < t)are
denoted UjeJ<9> (¢j,d;). We also consider the process H@ (on the right of t) defined on

[0,0 — t] by Hs(.d) = H;,s — H;. The excursion intervals above 0 of the process (H§ )
infocor<s Hﬁfi),o < s < 0 —t) are denoted |J;c ;0 (cj,d;j). We define the level of the
excursion j as s; = Hy ., if j € J) and sj = Hyye; ifj € J(@_ We also define for the
excursion j the corresponding excursion of the snake: W7 = (W7, s > 0) as

WI() = Wi (e, 40na, (- +85) ifj €9, and W () = Wi, pana, (- +55) ifj €T

We consider the following two point measures on Rt x Q: for ¢ € {g,d},

= Y S, wi)- (4.1)

jeJe

Notice that under N (and under N, if (H1) holds), the process W can be reconstructed
from the triplet (Wt,Rtg , R{) as follows. If s € [0,t], then we define, for j € J @), ¢; =
Yics 015,55,y and d; = ¢; + o/ where o' = inf{s > 0;Vt > s, W/ = 0}. Then there
exists j € J(9) such that (t — s) € [c;,d;] and we have:

Wi(u) = W7,

(t—s)—c;

(u—s;)ifu>s; and Wy(u) = Wi(u) if u < s;.

If s € [t,0], then for j € J@, ¢; =37, ;) 0'1(4,55,1 and d; = ¢; + 7. Then there exists
j € J such that (s — t) € [c;,d;] and we have:
We(u) = W/

(s=t)—c;

(u—s;)ifu>s; and Wy(u) = Wi(u) if u < s;.

We are interested in the probabilistic structure of this triplet, when ¢ is chosen accord-
ing to the Lebesgue measure on the excursion time interval of the snake. Under NV,
this result is as a consequence of Lemmas 4.2.4 and 4.2.5 from [11]. We recall this
result in the next Proposition.

For a point measure R = Z]EJ (s;,z;) On @ space R x X and A C R, we shall consider
the restriction of R to A x X given by Ra =}, ;14(8;)d(s; ;)

Proposition 4.1 ([11], Lemmas 4.2.4 and 4.2.5). For every measurable non-negative
function F, the following formulas hold:

Ng[/ ds F(WS,R;‘;,RS)} :/ o P gr B, [F(I/[(),r>,l?§’i’),l?ﬁ’f))], (4.2)

0 0 ’ ’

Ng[ / dilt F(W&Rg’,Rﬁ)} =e M E, [F(Y[o,t),R’ﬁ f)yR[Ot )} t>0, (4.3)
0

where under E, and conditionally onY, RB9 and RP? are two independent Poisson
point measures with intensity 07 (ds, dW) = ds N [dW].
The next Proposition gives a similar result in the non-homogeneous case.
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Proposition 4.2. Under (H1)-(H3), for every measurable non-negative function F, the
two formulas hold:

o [e%e] ) _
NI[/ ds F(WS,R{;,RZ)} :/ dr Egﬂ[e— I 4 PO (Yo 1y, R %), Rgioy) | (44)
0 0

where under E, and conditionally on Y, R[Bo’f) and R{g’f) are two independent Poisson
point measures with intensity

vB(ds,dW) = ds Ny, [dW] = ds a(Y;)Ny. [dW]; (4.5)

and

o oo
Nz[ / ds a(Ws)F(WS,R-g?Rg)} = / dr Ez{e_ J ds 6<Ys>F(Y[OWR[B{)’,SZVR[B;’?))}
0 0 ’ ’
(4.6)

B.39 - and Rﬁ’f) are two independent Poisson

where under E, and conditionally on Y, R[o "

point measures with intensity v5.

Observe there is a weight a( ) in (4.6) (see also (3.27) where this weight appears)
which modifies the law of the individual picked at random, changing the modified diffu-
sion ISI in (4.4) into the original one P,,.

We shall use the following elementary Lemma on Poisson point measures.

Lemma 4.3. Let R be a Poisson point measure on a Polish space with intensity v. Let
f be a non-negative measurable function f such that v(e/ —1) < +oco. Then for any
non-negative measurable function F', we have:

E [F(R) eR<f>] ~E [F(R)} (e =), 4.7)

where R is a Poisson point measure with intensity i(dz) = e/ *) v(dz).

Proof of Proposition 4.2. We keep notations introduced in Propositions 4.1. We have:
N, [ / ds F(Wy, RY, RZ)}
0
=N? [ef+ ds Xs () / ds F(Ws, Rg,Rfj)]

_ [/ ds F(W,, B9, RY) (RZ+Rf)(f)}

|
\8%%

e_ﬂ‘”“ dr E; | F(Yjo,r), R[B;’z) RF d)) (Big:?) + R, ?>)(f)]

~ i - oo N
eI dr By | F(Yjo., Ry, R) o0 s Ny e 00 1]}

[0,7)> “¥[0,r

e Por qr E (Y[O ) RE9 RB’d)) o2 Jg ds a(Ye) }

/ dr E, [ (Yo, R[o ),Rﬁf))e Jo dsﬁY)]
where the first equality comes from (H1) and item (iii) of Proposition 3.7, we set
f(s,W) = [F°° X,(W)(¢p) for the second equality, we use Proposition 4.1 for the third
equality, we use Lemma 4.3 for the fourth, we use (3.15) for the fifth, and the definition
(3.11) of g in the last. This proves (4.4).
Then replace F(W,, RY, R?) by a(W,)F(W,, R, R?) in (4.4) and use (3.7) as well as
(3.26) to get (4.6). O

EJP 18 (2013), paper 37. ejp.ejpecp.org
Page 18/43


http://dx.doi.org/10.1214/EJP.v18-1801
http://ejp.ejpecp.org/

A Williams decomposition for spatially dependent super-processes.

The proof of the following Proposition is similar to the proof of Proposition 4.2 and
is not reproduced here.

Proposition 4.4. Under (H1)-(H3), for every measurable non-negative function F, the
two formulas hold: for fixedt > 0,

N,[/O dgl! F(WS,Rg,RZ)} _Ex[e Jo ds Ws)F(Y[W),R[Bg;f),R[ﬁf))} (4.8)

where under E, and conditionally on Y, RP9 and RP? are two independent Poisson
point measures with intensity v? defined in (4.5), and

N, {/0 d,lt Q(WS)F(WS,R&R?)} —B, [e [ ds B(Y.) F(Y[O,t),R[lg:f),R[’f):f))], (4.9)

where under E, and conditionally on Y, R?9 and R®¢ are two independent Poisson
point measures with intensity v5.

As an example of application of this Proposition, we easily recover the following well
known result.

Corollary 4.5. Under (H1)-(H3), for every measurable non-negative functions f and g
on S, we have:

N, [Xt(f) eXt(g):| - E, [e it ds oxy(Ye, Wy, [1-eXt=2@ ]) f(Yf)] '
In particular, we recover the so-called “many-to-one” formula (with g = 0 in Corollary

4.5):
IN,[X:(f)] = E, [e Jo ds B(Y2) f(Yt)]. (4.10)

Proof. We set for w € W with n(w) = t and r1, ro two point measures on R x Q
F(w7 1, TQ) = f(’lzj) eh("“l)+h(r2),

where h(3c; (s, wi) = 2og, oo XMWY, 4, (9). We have:

N, [Xt(f) exﬂ N, [ / " dt (W) F(W, R&be}

0
_g, [ s s f(yt)eh(Rﬁii))-Fh(Rﬁjf))}

weight (9)

= E, | e~ Jods BO%) f(y;) e Jo 20(Y)Ny, [1—e™t=s ]}

R |

where we used item (ii) of Proposition 3.12 for the first and last equality, (4.9) with F’
previously defined for the second, formula for exponentials of Poisson point measure
and (3.26) for the third. O

Remark 4.6. Equation (4.10) justifies the introduction of the following family of prob-
ability measures indexed by t > 0:

dry) o i ds BY) @il
= ) 4.11
dP‘t ‘Dt Em |:e_ fot ds B(Yq):|
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which may be understood as the law of the ancestral lineage of an individual sampled at
random at height t under the excursion measure IN,, and also correspond to Feynman-
Kac penalization of the original spatial motion P, (see [25]). Notice that this law does
not depend on the parameter o. These probability measures are not compatible as t
varies but will be shown in Lemma 5.12 to converge as t — oo in restriction to D,, s
fixed, s < t, under some ergodic assumption, see Lemma 5.6.

4.2 Williams decomposition

We first recall Williams decomposition for the Brownian snake (see [28] for Brow-
nian excursions, [27] for Brownian snake or [2] for general homogeneous branching
mechanism without spatial motion).

Under the excursion measures Ng, Nm and N, recall that Hy.x = SUpjo, g H,. Be-
cause of the continuity of H, it is possible to define Ty = inf{s > 0, H; = Hpax }- Notice
the properties of the Brownian excursions implies that a.e. Hy; = Hpax only if s = Tiax.
We set v?(z) = NY[Hmax > t] and recall this function does not depend on z. Thus, we
shall write v? for v?(z). Standard computations give:

0 Bo

U= G

The next result is a straightforward adaptation from Theorem 3.3 of [2] and gives the
distribution of (Hmax, W, RS, , R ) under NJ.

Proposition 4.7 (Williams decomposition under Ng). We have:

(i) The distribution of Hpmay under N2 is characterized by: NO[Hpax > h] = v).
(ii) Conditionally on {Hpax = ho}, Wr,,,. under NY is distributed as Yio,n,) under P,.
(iii) Conditionally on { Hmax = ho} and Wiher Rngax and Ri}max are under NY independent
Poisson point measures on R™ x ) with intensity:

l[oyho) (S)ds l{Hmax(W)<h0_5} N‘O/VTmax(S) [dW]'

In other words, for any non-negative measurable function F, we have
Ng F(HmaX7 WTmax’ R‘;]«max, Rf}max)] = —/ Ohv2 dh E;E |:F‘(h7 Y'[O,h)7 RVV,(h)JJ7 RWV(h)ui) 7
0

where under E, and conditionally on Y}y ), "9 and R"-(")¢ are two independent
Poisson point measures with intensity 0" (ds, dW) = 1jg ) (s)ds Ly, (w)<n—s} NS [dW].

Notice that items (ii) and (iii) in the previous Proposition implies the existence of
a measurable family (Ng’(h)JL > 0) of probabilities on (2,G) such that N is the
distribution of W (more precisely of (Wr,,,RY. ,Rf )) under N) conditionally on
{Hmax = h}

Remark 4.8. In Klebaner & al [18], the Esty time reversal “is obtained by condition-
ing a [discrete time] Galton Watson process in negative time upon entering state 0
(extinction) at time 0 when starting at state 1 at time —n and letting n tend to in-
finity”. The authors then observe that in the linear fractional case (modified geo-
metric offspring distribution) the Esty time reversal has the law of the same Galton
Watson process conditioned on non extinction. Notice that in our continuous set-
ting, the process (H,0 < s < Tnax) is under Ng’(h) a Bessel process up to its first hit-
ting time of h, and thus is reversible: (H;,0 < s < Tpax) under Ng"(h) is distributed as
(h—Hr,, 5,0 <8 < Thay) under Ng’(h). It is also well known (see Corollary 3.1.6 of
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[11]) that (H,—5,0 < s < 0 — Tyax) under Ng’(h) is distributed as (H;,0 < s < Tax) Un-
der Ng’(h). We deduce from these two points that (X,(1),0 < s < h) under Ng’(h) is dis-
tributed as (X,—s(1),0 < s < h) under N This result, which holds at fixed h, gives
a version in continuous time of the Esty time reversal. Passing to the limit as h — oo,
see Section 5.7, we then get the equivalent of the Esty time reversal in a continuous
setting.

Before stating Williams decomposition, Theorem 4.12, let us prove some properties

for the functions v, () = Ny [Hmax > t] = No[X; # 0] and @ (2) = N, [Hmax > t] which will
play a significant réle in the next Section. Recall (3.10) states that
vy = V.
Notice also that (3.11) implies that ¢ is bounded from above by (3 + || 3|, )/2-
Lemma 4.9. Assume (H1). We have:
q(z) + v > 0y(x) > o). (4.12)
Furthermore for fixed x € S, 7;(z) is of class C! int and we have:
yin(w) = By, [elo Zr =) dr) 00, (4.13)
where the function . defined by:
Si(2) = 2000 + q(z) — T () = R (o)) — Dii(a, () (4.14)

satisfies: 3
0 < ¥y(z) <2q(x) < Bo+ 18l - (4.15)

Proof. We deduce from item (iii) of Proposition 3.7 that, as ¢ > 0 (see Lemma 3.8),
Bu(w) = W [X # 0] = N [, oy o™ 4 X9)] > NO[X, 2 0] = 0.

We also have

oy (z) = °°ds Xs(w)}

n
> {1{Xt¢0} elo
2 {ef(froo ds Xs(p) 71} + IN?; {1 B l{tho} ef0+oo ds X ()
= q(x) + INg [1 — 1{Xt:O} ef0+oo ds X<<(<P)j|

< q(x) +INY [1 = 1yx,—0)
= q(z) + vf,

where we used (3.15) for the third equality. This proves (4.12).
Using Williams decomposition under N9, we get:

+oo
B () = — / 0,00 dr NOA) [efi ™ 45 X.(0)]
t

Using again Williams decomposition under N?, we have

NO) [ X0 _ le% e 1)1{’“‘“}]1

E, (4.16)

+
[ 2 [T ds N[X)’s [(e-fo dt Xt () _1)1{X’r50}]‘|
e .
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We deduce that, for fixed z, r — N‘;’“) [efoJroo ds X 5(“")} is non-decreasing and continuous

as NJ[Hmax = t] = 0 for ¢ > 0. Therefore, we deduce that for fixed z, v;(x) is of class C
in t:
“+oo
8t6t(l') = Ng’(t) |:e o ds Xs(w):| 8tv?.

We have thanks to item (iii) from Proposition 3.7:
+o0
NZ [(efo dt X () —1)1{X3:0}}
~NO[X, £ 0]+ N [e‘ oFe° dt Xo () _1] ~NO {e‘ S dt Xy () 1{Xs¢o}}
=00 +q(y) — Bs(y) (4.17)
1 ~ -
- 5 |:a>\w0(v\(s)) - 6>\¢(y7 'Us(y)):| )

where the last equality follows from (3.8), (3.11) and (3.12). Thus, with X,(y) =
O\ (09) — Oxh(y, s(y)), we deduce that:

NO®) [efJ‘”ds Xs(w} — B, [efs ds Esm_s)} .

This implies (4.13). Notice that, thanks to (4.12), ¥ is non-negative and bounded from
above by 2q. O

Fix h > 0. We define the probability measures P() absolutely continuous with re-
spect to P and P on D;, with Radon-Nikodym derivative:
(h)
dp, Dn _ '
APy D, B, [elo Br-s () dr}

ejoh Shor(Yy) dr
(4.18)

Notice this Radon-Nikodym derivative is 1 if the branching mechanism ¢ is homo-
geneous. We deduce from (4.13) and (4.14) that:
(h) 0
d}jw Dn __Onvy, o Jodr (OxG (Yoo (V) =030 (45, )
dP, p,  OnOn(z)

and, using (3.7):

(h) 0
de |Dp, . 1 8hvh o f(:z dr (axw(Yr,Uh—r(Yr))faxwo(v?L,r)) . (419)

dP, p,  a(Yn) Ohon(z)

In the next Lemma, we give an intrinsic representation of the Radon-Nikodym deriva-
tives (4.18) and (4.19), which does not involve 3, or v°.

Lemma 4.10. Assume (H1)-(H3). Fix h > 0. The processes M") = (Mt(h),t € [0,h))

and M® = (3"t € [0, 1)), with:

M® — Onon—t(Ye) _ ftas os(Vewn—(v)  gpg N — ahﬁhjt(yt) o Ja ds DAYt (V2)).
8hvh(m) ahvh(x)

are non-negative bounded D;-martingales respectively under P, and P,. Furthermore,
we have for0 <t < h:

ap™ ap,
2D _ t(h) and ﬁ _ Mt(h)- (4.20)
de | Dy dPy | D,
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Notice the limit M}(Lh) of M and the limit M ,(Lh’) of MM are respectively given by
the right-handside of (4.19) and (4.18).

Remark 4.11. Comparing (3.3) and (4.20), we have that Pg") = P9 with g(t,z) =
Onvn—t(x), if g satisfies the assumptions of Remark 3.3.

Proof. First of all, the process M®™ is clearly D;-adapted. Using (4.13), we get:

B, [efoh*fzh,t,r(yr) dr] _ Ontn—1(y)

ooy _,
We set: h
M}(lh) = — elo f’l—r(YT) dr .
E. [efo'Ehw(YS) d,}
We have:

S Sy Snn(Yy) dr -
Ez[M}(Lh”Dt] _ e’/o h Ey, {6-0} Shot—r(Yy) dri|
Eac |:ef0 Shos(Ys) dr]

~ 0
_ OnOnt (V) Onth s (v ar
ahvh(x) 8h’t}2_t

~ - 0
_ OnOnt (V1) i oni (v (v2)) ds 8hgh ol oxu (vf_.) ds
6hvh(az) 8hvh_t

In the homogeneous setting, v° simply solves the ordinary differential equation:

vy = —°(vy).
This implies that
0 8}%1;2 0/..0
O log(0, = = -0
b log(Onvy,) ahvg A\ (vp)
and thus 0
LN ENG G R (4.21)
8hvh7t

We deduce that

B, V1P| py) = 0=t (D) far o3d0v, e v) ),
Onon ()

Therefore, M®™ is a D;-martingale under 1’3I and the second part of (4.20) is a conse-
quence of (4.18). Then, use (3.7) to get that M® is a D-martingale under P, and the
first part of (4.20). O

We now give the Williams’ decomposition: the distribution of (Hmax, W, R%m, R%max)

under N, or equivalently under N, /a(z). Recall the distribution P{") defined in (4.18)
or (4.19).

Theorem 4.12 (Williams’ decomposition under N, ). Assume (H1)-(H3). We have:

(i) The distribution of Hy,ax under N, is characterized by: N [Hpmax > h] = vp(2).

(ii) Conditionally on {Hmax = ho}, the law of Wr,

under Pg(uh").

under N, is distributed as Y[g )
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(iii) Conditionally on { Hmax = ho} and Wr, ., R%max and R%max are under N, independent
Poisson point measures on RT x ) with intensity:

110,h0) (8)d8 1{ (W) <hio—s} (W0, (5)) Ny () [dW'].

In other words, for any non-negative measurable function F, we have
o0

N, | F(Hpax, WTmaX,RTm R%max)] - _/ Onvn(z) dh E;h) F(h,y[oﬂhwRW,(h),g’RW,(h),d) ,
0

where under E{") and conditionally on Yio,n), R™"(":9 and RW-("-4 are two independent

Poisson point measures with intensity:
VW (ds, dW) = Lo 1y (8)ds 1wy <n—sya(Ys) Ny, [dIW]. (4.22)

Notice that items (ii) and (iii) in the previous Proposition imply the existence of a
measurable family (N&h), h > 0) of probabilities on (€2, G) such that Na(ch) is the distribu-
tion of W (more precisely of (Wr,,,, R , R} ))under N, conditionally on { Hyax = h}.

Proof. We keep notations introduced in Proposition 4.7. We have:

N;E |:F HmaX7 WTmax’ R%max R%max):|
= |:e + ds X <p) F(HmaX7 WTmax7 R%max’ R%max):|

- [F (Hmax, Wiyes RS, RT. ) <Rme+R%max><f>]

— [ 0 dn B [ F(h Yig g, R0, ) e<éW’<“*g+RW*W><f>]
0

o0 s JFo® dt x4 () _
_/ 8}1’()2 dh Ex F(h, Yv[O,h)a RW,(h,),g’ RW,(h),d) 62 foh ds N%)/S |:(e 0 x 1)1{Xr—s=0}} :|
0

- / ahvg dh Ez F(h7 YY[O h)» RW,(h),g7 RW’(h)’d) efoh Zh-s(Ys) ds:|
0

— / O} dh B, | ofd Bre(: dS]Eg’){F(h,y[o,h),RW’(h)’g,RW’(h)’d)]
0

—— [ duinta) an B (b Y, R0, 0|
0

where the ﬁrst equality comes from (H1) and item (iii) of Proposition 3.7; we set
f(s,W) = [7°° X,.(W)(y) for the second equality; we use Proposition 4.7 for the third
equality; we use Lemma 4.3 for the fourth with R":(":9 and R"-("-¢ which under E{"
and conditionally on Y}y ;) are two independent Poisson point measures with intensity
WM, we use (4.17) for the fifth, definition (4.18) of E;h) for the sixth, and (4.13) for
the seventh. Then use (3.26) and (3.10) to conclude. O

The definition of Ngch) gives in turn sense to the conditional law ]N;(,h) = IN,(.|Hmax =
h) of the (£, 8, «) super-process conditioned to die at time h, for all ~ > 0. The next
Corollary is then a straightforward consequence of Theorem 4.12.

Corollary 4.13. Assume (H1)-(H3). Let h > 0. Let x € S and Y|y ;) be distributed

according to P, Consider the Poisson point measure N' = ZjeJ d(s;,x3) on [0,h) x
with intensity:
21[0’h)(8)d8 1{Hmax(X)<hfs}a(Y8) INYS [dX]
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The process X (") = (Xt(h), t > 0), which is defined for allt > 0 by:

h ;
X,{): Z Xt]—sj’

j€J, s;<t

is distributed according to ]Ng").

We now give the super-process counterpart of Theorem 4.12.
Corollary 4.14 (Williams’ decomposition under P,). Assume (H1)-(H3).

(i) The distribution of Hy,ax under P, is characterized by: P, (Hpyax < h) = e~ v(vn),

(ii) Conditionally on {H,, = ho}, X under P, is distributed as the independent sum of
X’ and X ho), where:

- X () js distributed according the probability measure:

Onvn, (2) (ho)
/V(dm) S @rons) IN;o).

- X' is distributed according to the probability measure P, (.|Hpax < ho).

In particular the distribution of X’ 4+ X (") conditionally on hg is a regular version

of the distribution of the (£, 8, a) super-process conditioned to die at a fixed time h,

which we shall write IP(J”’).

Proof. Let u be a finite measure on R* and f a non-negative measurable function
defined on R* x S. For a measure-valued process Z = (Z;,t > 0) on S, we set
Z(fp) = [ f(t,x) Zy(dz)p(dt). We also write fs(t,z) = f(s+t,2).

Let X’ and X (") be defined as in Corollary 4.14. In order to characterized the
distribution of the process X’ 4+ X ("), we shall compute

A= E[e—X/(fu)—X(hO)(fu)].

We shall use notations from Corollary 4.13. We have:
oo Opvp(x)
A=— v(Opv e_”(h)dh/Lydx
/0 (Onvn) < (@non) (dz)
Eg;h) |:]E[e_ ZjeJXJ(fS]‘/") ‘YY[O,h)]:| EV [e_X(fH) ‘Hmax < h]

= —/Ez/(dx) /0+OO Onvn(x) dh

E( [E[e_ Zies X e ) \Y[o,h)ﬂ Eyv [e_X(fu) l{Hm“<h}} ’

where we used the definition of X’ and N for the first equality, and the equality P, (Hmax <
h) = P,(Hpax < h) = e ¥ for the second. Recall notations from Theorem 4.12. We
set:

G <Z 5(871,Wi)’ Z 5(s,i,,ww)> = o Zjeror X (W) (fs; 1)

el el
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and g(h) = E, [e=XUM 17 _13]. We have:

+oo
A= / v(dz) / Bhon (@) dh B [GURW9, R 0)g )]
E

0

= / v(dx) N, [G(Rng“,RdT‘““)g(Hmax)}
E

:/ V(dr) N, [e_x(fu) E, [e—X(fu) 1{Hmax<h}]
E

=E Ze*Xi(fu) 11 e*Xj(fu)l{Hj cHe
iel JET; j#i

—F {e— Sier Xi(fu)}

—E, [efxmn} :

h_Hmax:|

where we used the definition of G and g for the first and third equalities, Theorem 4.12
for the second equality, the master formula for Poisson point measure Zie 7 0x: with

intensity v(dz) IN,[dX] for the fourth equality (and the obvious notation H:_ = inf{t >
0; X] = 0}) and Theorem 2.3 for the last equality. Thus we get:

E[e—x/(fu)—x“bﬂ)(fu)] ~E, [e—X(fu)} )
This readily implies that the process X’ + X () is distributed as X under P,,. 0

5 Applications of the Williams decomposition

This Section is concerned with the derivation of the (Q-process from the Williams de-
composition. The main assumption needed is a product-criticality assumption, properly
defined in the diffusive and in the multitype settings. We therefore restrict ourselves to
these two settings, which we now introduce.

5.1 The super-diffusion

A super-diffusion is a super-process having a diffusion for spatial motion.

Let S be an arbitrary domain of R¥ for K integer. Let a;; and b; be in C1#(S), the
usual Holder space of order p € [0,1), which consists of functions whose first order
derivatives are locally Holder continuous with exponent p, for each 4,5 in {1,..., K}.
The functions a; ; will be chosen such that the matrix (aij)(i’j)e{l‘“ K2 1S positive definite.
In that case, the following elliptic operator:

K 1 K
L) =) bi Orut 5 D aij Or, .
i=1 i,j=1

defines a diffusion on S. The generalized eigenvalue )\ of the operator 5 — L is defined
by:

Ao =sup{l € R,3u € D(L),u > 0 such that (8 — L)u = £ u}- (5.1)

Denoting E the expectation operator associated to the process with generator £, an
equivalent probabilistic definition of the generalized eigenvalue ) is the following:

: 1 — [tds B(Y,
AO:_ASCu]}EthHologlogEf[e Io ds B )l{mc>t}]’
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where z € R¥ is arbitrary, 74c = inf {t > 0:Y(t) ¢ A} is the hitting time of the com-
plement of A, and the supremum runs over the compact subsets A of R¥. The op-
erator (8 — Ag) — L is said critical when the space of positive harmonic functions for
(B — X\o) — L is one-dimensional, generated by ¢y. In that case, the space of positive
harmonic functions of the adjoint of (8 — A\g) — £ is also one dimensional, generated
by ¢o. We say the operator (3 — \¢) — £ is product-critical if Js dz ¢o(x) do() < oco.
Under this assumption, we may and will choose the eigenvectors normalized in such a
way that [ dz ¢o(z) qgo(:v) = 1. We refer to Pinsky [24] for background on product crit-
ical operators, and to Englander et al [14] for an application to branching diffusions.
Lemma 5.6 below gives the probabilistic meaning of this assumption: The probability
measure P? defined by (3.2) with g = ¢ is the law of a recurrent Markov process.
Recall the conditions on a and 3 the parameters of the branching mechanism stated in
section 2. When L is the generator of a diffusion, assumptions (H2) and (H3) hold as
soon as « € C*(9),

5.2 The multitype Feller diffusion

The multitype Feller diffusion is the super-process with finite state space: S =
{1,..., K} for K integer. In this case, the spatial motion is a pure jump Markov process,
which will be assumed irreducible. Its generator L is a square matrix (qij)lgi’jg K of size
K with lines summing up to 0, and g¢;; gives the transition rate from i to j for ¢ # j. The
generalized eigenvalue ) is defined by:

Ao = sup {¢ € R, Ju > 0 such that (Diag(8) — L)u = lu}, (5.2)

where Diag(p) is the diagonal K x K matrix with diagonal coefficients derived from
the vector 3. We stress that the generalized eigenvalue corresponds to the Perron
Frobenius eigenvalue, i.e. the eigenvalue with the maximum real part, which is real
according to the Perron Frobenius theorem. Moreover, the associated eigenspace is
one-dimensional. We will denote by ¢y and ¢~>0 its left, resp. right, eigenvectors, nor-
malized so that Zfil $0(i)do(i) = 1. This means the operator (Diag(3) — A\g) — £, which
we shall also denote by (5 — A\g) — £ to unify notation with section 5.1, is automatically
product-critical. The Perron Frobenius Theorem includes the fact that the coordinates
of ¢9 and q?)o are positive. A reference on this Theorem is Seneta [26]. Concerning the
branching mechanism, the functions 8 and « in (2.2) are vectors of size K, and (H2)
and (H3) therefore automatically hold. For more details about the construction of finite
state space super-process, we refer to example 2 p. 10 of Dynkin [13]. For previous
investigations of the associated Q-process, we refer to Champagnat and Roelly [6] and
Pénisson [22].

5.3 The convergence of the Williams spatial motion from the root

We will show in Section 5.5 that the convergence of P(") as h — oo essentially
amounts to that of the spatial motion P("). We establish the latter convergence in this
Section.

We go on assuming that P is the law of a diffusion in R¥ for K integer or the law of
a finite state space Markov process. We will denote by )\q the generalized eigenvalue of
the operator (8 — £), see (5.2) or (5.1), and by ¢ the associated right eigenvector. We
shall consider the assumption:

(H4) The operator (3 — )\¢) — L is product-critical, ¢o € D(£) and there exist two
positive constants C; and C5 such that Vz € S, C; < ¢p(z) < Cs.

Under (H4), we introduce P%° the probability measure on (D, D) defined by (3.2) with
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g replaced by ¢g:

dp%o .
Yt > 0, z |Dy _ ¢0(}/t) e~ Jo ds (B(Ys)—Xo) . (5.3)

dPx | Dy B (ZSO(}/E))

Under (H4), we also know that the (£%, Ao, a¢g) super-process is the h-transform of
the (£, 3, «)-super-process with h = ¢y, see Definition 3.4 as well as Proposition 3.5 and
the definition of the generalized eigenvalue (5.2) and (5.1). We then define v{°(x) for
allt > 0 and x € S by:

v () = N Ao ado) (B> 1. (5.4)
Recall from (3.10) that v#° and v are linked through:

vf” (z) = ;Z((Z)) (5.5)

Our first task is to give precise bounds on the decay of vf“ as t goes to co. This is
achieved in the following Lemmas, the proofs of some of them (Lemmas 5.1, 5.2, 5.4,
5.5 and 5.7) are postponed to the Appendix.

Lemma 5.1 gives a bound in the case A\g = 0. The proof relies on a coupling argument
in the construction of Dhersin and Serlet [9], and yields bounds from below and from
above for the extinction time Hpax.

Lemma 5.1. Assume Ao =0, (H2) and (H4). Then for allt > 0:

1 2

2
llagoll S

We deduce from this lemma that assumption (H1) holds:

1
ago

ago(x) <t (x) < ago(x)

o0

Lemma 5.2. Assume )\ > 0, (H2) and (H4). Then (H1) holds.

Remark 5.3. A super-process X satisfies local extinction if its restrictions to compact
domains of S satisfies global extinction. The non-negativity of the generalized eigen-
value of the operator (8 — L) in general characterizes the local extinction property, see
Englénder and Kyprianou [15]. Here, the last part of the additional assumption (H4)
allows us to obtain the stronger global extinction property.

We then proceed by giving a Feynman-Kac formula for vg and ng .

Lemma 5.4. Assume )¢ > 0, and (H2)-(H4). Let ¢ > 0. We have:

vﬁ-a(x) = e Poh Efo {e Jo' ds a(Y:) ¢o(¥2) ”mf*s(ys) U?U (Yh)] ) (5.6)
6h”iig($) — ef)\oh Eﬁo |:e—2 foh ds a(Ys) ¢o(Ys) v;fg_s_s(ys) 8}LU?O (Yh):| . (5.7)

We give exponential bounds for vg and 8tvg in the sub-critical case.

Lemma 5.5. Assume \o > 0, (H2)-(H4). Fixty, > 0. There exists C3 and C, two positive
constants such that, forall x € S, t > ty:

Cy <ol (z) et < Cy. (5.8)
There exists C5 and Cg two positive constants such that, for allxz € S, t > ty:

Cs < 9,00 ()| et < Cg. (5.9)
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In what follows, the notation oy, (1) refers to any function F}, such that limy,_, ;o || Fi || o =
0. For improving Lemma 5.5, we need the following ergodic formula (5.10), which is a
direct consequence of the product-criticality assumption. Recall that, under (H4), the
generalized eigenvectors ¢, and ¢, are chosen normalized so that [ do(x) $O(x) dr = 1.

Lemma 5.6. Assume (H2)-(H4). Then the probability measure P?%° admits a stationary
measure 7, with 7(dz) = ¢o(z) ¢o(z) dz, and we have:

sup [BL[f(Ye)] = 7(f)] —— 0. (5.10)
febS || flloe<1 PR

The proof essentially repeats the argument used in Englander, Harris and Kyprianou
[14], see Remark 5.

Proof. We first note that —£%° is the (usual) h-transform of the operator (8—Xo)— L with
h = ¢, where the h-transform of £(-) is # Now, we assumed that (8 — A\g) — L is a
product-critical operator. First, criticality is invariant under h-transforms for operators.
Also, a calculus shows that gz~50 and ¢ transforms into ¢q q~50 and 1 respectively when
turning from (3 — \o) — £ to —L£%°, which is thus again product-critical. We finally apply
Theorem 9.9 p.192 of [24] which states that (5.10) holds, with ¢, replaced by 1 and <;~$0

by ¢o ¢o. O

We are now in position to refine Lemma 5.5.

Lemma 5.7. Assume X\ > 0, (H2)-(H4). Then for all € > 0, we have:
Do () Mot = B0 [em2 0 ds @60 v 9080 (V)] (1 4 04(1)). (5.11)
In addition, for Ay > 0, we have that:
o [e 257 ds 060 vi.(Y-2) g0 (v, )]
is finite (notice the integration is up to +o0) and:

e _(z) et = Ego [e*2f0m ds a go vl (Y-s) Do (Yo)] + on(1). (5.12)

h+e

Next step is to deduce the convergence of the spatial motion. Fix z € S. We observe
from (4.20) and (5.3) that chh) is absolutely continuous with respect to P%° on Dy, for
0<t<h.

Lemma 5.8. Assume (H2)-(H4). For Ao > 0, we have:

(h)
de [Dro, 4

do _ in LY(P?
dP‘bO‘D PR 1 Pg¢-a.s. and in L (P2°),
z |Dpo,g

and, for Ay > 0, we also have:

apt

D
zol 0.4/ } 1 P%-as. and in L' (P%°).
h—+00
dPI [Dio,h /2]
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Proof. We compute
ap™ —Aot
z | Do,y _ O —¢(Y2) e 70" ¢ (Y0)
dp?e Oon(Yo)  ¢o(Y2)
x ‘D[O,t]
O (V) e
Al (Vo)
_Ed[e” Jo ey ds a(Ya) G0 (¥2) 02, (V2) Opve° (Yo)] (1 + on(1))
E&o [e_2 SO o ds a(Ys) ¢o(Ys) vl (Ys) oo (Yo)] (1 + oh(l))
B0 [e 2 B a0 9005 v (%) g i (v )]

=2 [ ds a(Ys) vh—s(Ya)

e

o—2J5 ds a(Ys) do(Ye) vi% (Y)

(14 o0n(1))

= ) ( h
Eﬁo [6_2 fi)h,,s ds a(Ys) ¢o(Ys) v20 (Ys) 8}{0?0 (5/0)]

=1+ O}L(l),

where we used (4.20), (5.3) and the normalization v(z) = v?°(z) ¢o(z) for the first
and second equalities , (5.11) twice and the boundedness of a and ¢, as well as the
convergence of v, to 0 for the third and fourth equality, and Lemma 5.5 (if Ay > 0) or
Lemma 5.1 (if Ay = 0) for the fifth. Scheffé’s lemma then implies that the convergence
also holds in L (P%0).
Similar arguments relying on (5.12) instead of (5.11) imply that
ap™
ZolD[O,h/Z] — 1+ op(1)
z |Djo,n/2)

for A\g > 0. Since o,(1) is bounded and converges uniformly to 0, we get that the

ph) /dP?° | towards 1 holds P%0-a.s. and in L' (P%°). O

convergence of d
g z |Do,h /2] z |Dio,n/2

The previous Lemma enables us to conclude about the convergence of the spatial
motion.

Proposition 5.9. Assume \g > 0, (H2)-(H4). Then we have:

ar™ dpP?
z Do) z Pio , as h — oo, P,-a.s. and in L*(P,).
dP, Do dP, Do,
Proof. We write: *) *) .
0
ar; Do, _ P, IDpo.4) ar; Do,
Py Dy dPYp . Pz Dy
We then use the first item of Lemma 5.8 to conclude. O

In our two special examples from Section 5.1 (super-diffusion) and Section 5.2 (mul-
titype Feller diffusion), we can describe precisely the dynamic of the spine under P(*)
and P%o.

Proposition 5.10 (Multitype Feller diffusion). Assume P is the law of a finite state
space Markov process with transition rates ¢;; from i to j, ¢ # j. Then:

(i) Pgl) is a finite state space non-homogeneous Markov process defined on [0, h)
Onvn—t(j)

issued from x with transition rates from i to j, i # j, equal to ———=
6hvh—t(z)

t,0<t<h.

q;; at time
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(ii) P%° is a a finite state space homogeneous Markov process defined on [0, 00) issued
Po(4)

~ ij -
bo(i)

The logarithmic derivative of the function « — 9,v,—:(x) (respectively © — ¢g(x)) is

from x with transition rates from i to j, i # j, equal to

used to bias the dynamic at time ¢ of the Markov process with law P in Pg;h) (resp. Pfo).

Proof. The first item is a consequence of the following adaptation of Lemma 3.2 to time
dependent function. Let g:(z) be a time dependent function. We introduce the proba-
bility measure P¢ defined by (3.2) with g(¢,Y;) = g;(Y;). Denoting by £{ the generator
of (the non-homogeneous Markov process) Y; under P9, we have that:
L - L
Vu € Dy(L), LI(u)= Llgew) = Llg. (5.13)
gt

Recall that for all vector u, £(u)(i) = >, ; qij(u(j) —u(i)). Then apply (5.13) to the time
dependent function g;(z) = d;v,_:(z), and note that P9 = P(") thanks to (4.20). For the
second item, we use Lemma 3.2. O

Proposition 5.11 (Superdiffusion). Assume P is the law of a diffusion with infinitesimal
generator L. Then:

(1) Pgl) is a non-homogeneous diffusion on [0, h) issued from x with generator given

Opvp—
by (ﬁ + avhvhtV) at timet, 0 <t < h.
Onvn—t

\Y
(ii) P¢o is an homogeneous diffusion on [0, c0) issued from = with generator <E + a;“v.) .
0
A drift pointing to the high values of d,v;,_; (resp. ¢g) is added to the initial process
with generator £ in the construction of chh’) (resp. P§:¢°)). The proof is similar to that of
Lemma 5.10..

5.4 The convergence of the Bismut spatial motion

We prove in this Section that the law of the ancestral lineage of an individual ran-
domly chosen at height ¢ under N, converges to P¢° defined in (5.3) as ¢ goes to infinity.
Recall we defined in (4.11) the following family of probability measures indexed by
t>0:
Py o= J ds BY)

P, p, |, {ef Ji ds B(m} ’

The probability measure Pﬁ%), corresponds to the law of the ancestral lineage of an
individual randomly chosen at height ¢.

Lemma 5.12. Assume (H4). We have, for every 0 < to < ¢:

(B,t) ®o
dPx Drg dPx Dy

de Dy, t—+o0 dP;E Dy,

P.-a.s. and in L'(P,).

Notice that, contrary to Lemma 5.9, there is no restriction on the sign of Ay for this
Lemma to hold. Compare also with forthcoming Remark 5.20.

Remark 5.13. This result may be interpreted as a globular phase for a random poly-
mers model, see Cranston, Koralov and Molchanov, and Vainberg [8], Theorem 8.3, or
as a Feynman-Kac penalization result, see Roynette and Yor [25].
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Proof. We have:

(B.t) [ A dsﬂm)}
7dPx Do =e Jo0 ds B(Ys) Yio |© 7
dp, Dty E, [e_ JEds B(Ys)}

— Jy 70 ds (B(Y2)=Xo) o(Yeorg) 1 }
o S0 as (3 0) 90(Yi) Yo [e i ORI =)

Y — [tds (B(Ys)—Xo) $o(¥Y) 1
vl g, {e e ey ¢0(Yf,)}

AP, EY [1/00(Yies,)]
Py p,, B [1/¢0(Y1)]
dP% . m(L) - dp%o

z |Diy %o z |Dyg
1N )
t—o0 dPI |Dt0 71'(%) sz |Dt0

where we use the Markov property at the first equality, we force the apparition of \g
and ¢, at the second equality. This lets appear the Radon-Nikodym derivative of P%
with respect to P,, whence the third equality. Lemma 5.6 then ensures the P,-a.s.
convergence to 1 of the fraction in the third equality as ¢ goes to co. Moreover, the
Scheffé lemma implies that the convergence also holds in L!(P,). O

5.5 The convergence to the Q-process
Recall PV defined after Corollary 4.14 is the distribution of the (£, 3, «)-super-
process started at v € M;(S), conditionally on {Hn.x = h}. We shall compare P

with the distribution PZ" of the (L, B, a)-super-process started at v € M¢(S) condi-
tionally on { Hpax > h} defined by:

PEM =P, (-[Hmax > h).

174

Recall the distribution of the @)-process, when it exists, is defined as the weak limit of

]P,(,Zh) when h goes to infinity. The next Lemma insures that if ]Pl(,h) weakly converges to

a limit ]Pl(,oo), then this limit is also the distribution of the Q-process.

Lemma 5.14. Fixt > 0. If ]P(Vh) converges weakly to ]P(y°°) on (9, F;), then IP(yZh) con-
verges weakly to P™ on (Q, F,).

Proof. Let Z = 14 with A € F; such that IP£°°)(8A) = 0. Using the Williams’ decomposi-
tion under P, given by Corollary 4.14, we have for h > t:

E(uZh) [Z] _ eV('Uh)/ E(Vh/)[Z] f(h/)dh/7
h

where f(h) = —v(0pvp) exp(—v(vp)). We write down the difference:
o0 ’
B (2] - G (Z) = o) [ (B00(2) - EC\2]) f()av.
h
Since P weakly converges to P on (Q, F;) and P (0A) =0, we get limp/ o0 EM) [Z]—
ES[Z] = 0. We conclude that limy,_, o B [Z] — ES[Z] = 0, which gives the re-
sult. O

We now address the question of convergence of the family of probability measures
(IPQ(L.h), h > 0), and first state the result on the convergence of Ng(yh).
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Theorem 5.15. Assume A\ > 0, (H2)-(H4). Lett > 0. The triplet

(W) 10,1, (RS 0.y (RS Jj0.41)

B, B.,d
0.0 o’
Y has distribution ng") and conditionally on Y, RB9 and RB4 are two independent
Poisson point measures with intensity v? given by (4.5). We even have the slightly
stronger result: for any bounded measurable function F,

under N&’” converges weakly to the distribution of the triplet (Y[, R ) where

N F((WTmax)[O,t])(R%max)[o,t]7(R%max)[o,t])] ot Ef° {F(if[o,t]vR[BS:f]vR[B;:z) . (5.14)

The proof of the next preliminary Lemma is postponed to the end of this Section.

Lemma 5.16. Let R and R be two Poisson point measures on a Polish space with
respective intensity v and v. Assume that v(dz) = 14(x)v(dx), where A is measurable
and v(A°) < +oo. Then for any bounded measurable function F, we have:

E[F(R)] ~ BIF(R)]| < 2| F ||, v(4°),

Proof. Let h > t. We use notations from Theorem 4.12. Let F' be a bounded measurable
function on W x (R* x Q)2. From the Williams’ decomposition, Theorem 4.12, we have:

h) W.d,(h
N [F((WTmax)[O,t]a (R%. Do (RdTmax)[o,t])} E(™ [ (Yo, t],R[o : g,(R) RV J( ))]
= Egch) [@h(y[o,t])],
where " is defined by:
W.g,(h W,d,(
" (Yo.q) = B [F(y[o,t],R[of( ) Ry ))’Y - y]

We also set:
¢t0.) = B2 | F oo RS RED)

Y = y] .
We want to control:

B0 = NP0V (R (B o] — B2 | POV RES RED).
Notice that:

Ay = Eg;h) [Sﬂh(y[o,t]ﬂ - Ejﬁ“ [‘POO(Y[O,:&])]
= (EM [¢" (Yoo.)] — E2[" (Yio.0)]) +ES (0" = 0) (Vo)) (5.15)

We prove that the first term of the right hand-side of (5.15) converges to 0. We have:

ap™ - ap%
E(h) h Y: _ E¢0 h Y =E, z |De | Dy h v )
S " (Yo,g)] — EL [0" (Vo)) aP, 1o, dPy pm, ©"(Y0,9)

Then use that ¢" is bounded by || || and Proposition 5.9 to get:

Jim BV [o" (Yjo.n)] — B2 [¢" (Yo.)] = 0. (5.16)

We then prove the second term on the right hand- 51de of (5.15) converges to 0. No-

tice that conditionally on Y, ng ‘" and RWd () (resp. RE9 and R? ) are independent

[0,1] [0,¢] [0.4]
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Poisson point measures with intensity 1;y(s) v"*(")(ds, dW) where v":(") is given by
(4.22) (resp. 1y 4(s) vP(ds,dW) where v* is given by (4.5)). And we have:

1[07,5](8) VW’(h)(dS, dW) = 1{Hmax(W)<h—s}1[0,t] (S) VB(dS,dW).
Thanks to (3.10) and (4.12), we get that:

t t
/1{Hmax(w>2h—s}1[o,t](8) vP(ds, dW) =/ ds a(ys)Ny, [Hmax > h—s] =/ ds vp—s(ys) < +oo.
0 0

Using this Lemma with v given by 1o 4(s) v®(ds,dW) and A given by {Hmax(W) <
h — s}, we deduce that:

t
" — o) o) <41 F L / ds vh_a(ys).
We deduce that:
t
o )| EPUT 2 el

Recall that (H1) implies that v,_s(x) converges to 0 as h goes to infinity. Since v is
bounded (use (3.10) and (4.12)), by dominated convergence, we get:

Jim B0 [(o" — ) (Yo.)] = 0. (5.17)
Therefore, we deduce from (5.15) that limy_, 1o, Ay, = 0, which gives (5.14). O

Our next goal, achieved in forthcoming Corollary 5.19, is to establish the conver-
gence of the measure valued super-process X under both ]N;h) and IPl(,h'). We first state
a simple Lemma:

Lemma 5.17. Assume that \g > 0, and that (H2)-(H4) hold. Then the following con-
vergence holds in L' (v):
Opvn Po
l/(ah’l)h) h—+o0 U((Z)O) ’
Proof. We deduce from (5.5) and (5.11) that:

dron(x) = f(R)go(x) (1+ on(1))e 0",
for some positive function f of h. Then we get:

Omon(z) _ ¢o(x)
v(Onvn)  v(go)

This gives the result, since op(1) is bounded. O

(14 on(1)).

We now define a super-process with spine distribution P%.
Definition 5.18. Let v € M((S). Let Y be distributed according to
/ V(daj) M Pio7
v(¢o)

and, conditionallyonY, let N =3 d(s,,x7) be a Poisson point measure with intensity:

=
21R+(s)ds a(Ys) Ny, [dX].
Consider the process X () = (Xt(oo),t > 0), which is defined for all t > 0 by:

X = Y X,

Jje€J, 5;<t
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(i) Let X' independent of X(°) and distributed according to IP,,. Then, we write ]P,(,OO)
for the distribution of X’ + X (),

(ii) If v is the Dirac mass at x, we write lNSfO) for the distribution of X (°°),

Notice that for v = §,, the distribution of Y reduces to P2°. As a consequence of
Theorem 5.15 and Lemma 5.17, we get the convergence of lP,(,h).

Corollary 5.19. If )\ > 0 and (H2)-(H4) hold, then, for eacht > 0:

(i) The distribution N converges weakly to N on (Q,F).
(ii) Let v € M(S). The distribution P converges weakly to Py on (Q, F).

Proof. Point (i) is a direct consequence of Theorem 5.15, Definition 5.18 and Proposition
3.12. According to Corollary 4.14, under IPl(,h), X is distributed according to X’ + X ()
where X’ and X" are independent, X’ is distributed according to P.=" and X is
distributed according to

tde) 200 ) ey
[ ) I N0 fax,

Lemma 5.17 implies this distribution converges weakly to:

/V(da:) $o(2) IN(>®)[dX]
S

V(o)
(because of the convergence of the densities in L!(v)) on (2, F;) as h goes to infinity.
This and the weak convergence of IPf,Sh) to IP, as h goes to infinity give point (ii). O

Remark 5.20. Englander and Pinsky offer in [16] a decomposition of super-critical
non-homogeneous super-diffusion, using immigration on the infinite lineages of the so-
called prolific individuals (as denominated further in Bertoin, Fontbona and Martinez
[4]). It is interesting to note that the generator of the lineages of these individuals is L"
where w formally satisfies the evolution equation Lw = v (w), whereas the generator of
the unique infinite lineage of the Q-process is L% where ¢, formally satisfies Log = Baoo.
In particular, we notice that the generator of the backbone L" depends on both  and
« and that the generator of £L? does not depend on c.

Now comes the postponed proof of Lemma 5.16.
Proof of Lemma 5.16. Similarly to Lemma 4.3 (formally take f = —ocol 4), we have:
E [F(R)1(p(ac)=0)] = E [F(R)] ™4
We deduce that:

BIF(R)] — B[F(R)]| = [BIF(R)] - BIF(R)Ln(ae)=0p] "

< [E[F(R)] — E[F(R)1{ras)=0}]| + ‘E[F(R)l{R(AC)zo}](l — (4
< | Fll.(1 =P(R(A®) = 0)) + || F ||, P(R(A®) = 0)(e¥™) —1)

= 2| Pl (1 - o)

<2||F | v(A9.

This gives the result. O
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5.6 The convergence of the Williams spatial motion from the extinction time

We will show in Section 5.7 that the convergence as h — oo of the process (X s, s <
0), where X has law P("), essentially amounts to that of (V},,,,s < 0), where Y has law
P(")_ Our goal in this Section is therefore to provide a convergence result for the spatial
motion P(" shifted by —h. We shall work with the space D~ = D(R™, S) equipped with
the Skorokhod topology. For I an interval on (—o0,0], we set Dy = o(Y,,r € I). Let us
denote by 6 the translation operator, which maps any process R to the shifted process
0, (R) defined by:

On(R). = Ry -

The process R may be a path, a killed path or a point measure, in which case we
set, for R = Zjej O(sj,2;), On(R) = Zje] S(h+s;,z;)- We denote P(=") the push forward
probability measure of P(") by 6, defined on D(_p,0) by:

PEM(Y € o) = PW(0,(Y) € ) = PP ((Viys, s € [=h,0]) € o). (5.18)

Lemma 5.6 implies that the probability measure Pﬁo admits a stationary version on
D(R, S), which we still denote by P#°. Observe from (4.19), (5.18) and (5.3) that P s
absolutely continuous with respect to P%° on D(_,0;- We define L(=") the corresponding
Radon-Nikodym derivative:

(—h)
peh = Cr P _ L Oh e o fo atan (=20 ds (5 1)
dp %lD[ .  a(Yp)eo(Yo) ahv;fO(y_h)eAOh

The next Lemma insures the convergence of L(~" to a limit, say L(~°°).
Lemma 5.21. Assume Ao > 0, (H2)-(H4). We have:

LW 5 (=) p?.as andinL'(P%).

h— 400

Proof. Notice that limy, s 400 Opvl) €70" = —32. We also deduce from (4.14), (4.15) and
(5 8) that f Ys)v_s(Ys)—v",) ds increases, as h goes to infinity, to f?m(a(Ys)v_s(Ys)—

v ) ds Wthh is ﬁmte. For fixed t > 0, we also deduce from (5.12) (with h replaced by
h —t and ¢ by t) that P%° a.s.:

lim 8tv¢0 (Yop)e Xoh _ oHot Eﬁ" [6_2 JZL ds a(Ys) do(Ys)v?0(Ys) 816“?0 (Y,t)].

h—+oco

We deduce from (5.19) the P% a.s. convergence of (L(~" h > 0) to L(~>°). Notice
from (5.9) that, for fixed ¢, the sequence (L(_h), h > t) is bounded. Hence the previous
convergence holds also in L!(P%). O

As E¢[L=M] = 1, we deduce that E¢* [L(=>)] = 1. We define the probability mea-
sure PS %% on (D7, D(—w,g) by its Radon Nikodym derivative:

dP( O;) o
%l (o0.0) _ (=00) (5.20)
dP 1D ooy
Remark 5.22. Assume \g > 0, (H2)-(H4). Define for h >t > 0:
(*l%)
—h — —h,—t
LG =EP LD oo ) = qp% =
|D[ h,—t]
dP( 00),%0
L( oo)_ Eqs(,[ (7OO)|D(—OO —t]] u T |D(—co,—1] .
’ 0
dP T | D(—oo,—1]
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Using (4.21) and Lemma 5.4, we get:

=m — O (Y_t) ¢o(Y_n) o~ Ho(h—t) =2 [T ds a(Yo) v_(Y)
T Gn(Yon) do(Yo)
e 2 [Tl ds a(Ys) éo(Ys)v?0(Ys) atvfo (Y_,)

- — . )
E(Qh [6*2 JZThds a(Ys) ¢o(Ys) v0(Y5) 8tvf° (Y,t)]

Using Lemma 5.7 and convergence of (L(__th), h >t) to L(__too), which is a consequence

of Lemma 5.21, we also get that fort > 0:

— ! ds a(Ys ) v? ;
(=) _ o2/ % ds a(Ys) ¢o(Ye) 7%(Ya)atvf>0(y7t) .
—t - 1
Eg0 [¢~2 )70 ds a(¥a) 0(¥a) 0% g, by

These formulas are more self-contained than (5.19) and the definition of L(-°°) as a
limit, but they only hold fort > 0.

Lemma 5.23. Assume )\ > 0, (H2)-(H4). For allz € S, t > 0, and f bounded and
D|_4,0) measurable:

ECM[f(Yiirg)] ——— EC%[f(Yi_i0)]-

h—+oo

Proof. Let 0 < ¢ and F' be a bounded and D|_; g measurable function. For / large
enough, we have:

_ h
ECM [F(Yoro)] = ES[EG2 [FOn2(V)ir-9)]]
dP(h)
_ 0 = |Dh/2 (h/2)
B Eﬁ dp®e + EYh,/Q [F(Qh/Z(Y)[—tvo])]
z |Dhy2
= B2 [BY2 [F(On2 (V) —0)]] + 0n(1)

= E{/?) [F(eh/Q(Y)[—t,O])] + on(1)
= B2 [F(Ycg)] + on(D),
where we used the definition of P(-") and the Markov property for the first equality,

Lemma 5.8 together with F' bounded by ||F|| for the third, and Lemma 5.6 for the
fourth. We continue the computations as follows:

B [F(vo)] = B2 [LTMDF(Y 0] +on(1)
=E2 [LU®F(Y_10)] + on(1)
= B [F(Y_p0)] + on(1),

where we used Lemma 5.21 for the second equality. O

5.7 The convergence backward from the extinction time

A last preparatory Lemma is needed for proving the convergence of the super-
process backward from the extinction time. The proof of the Lemma is a straightforward
application of (5.8).

Lemma 5.24. Assume )\ > 0, and (H2)-(H4). Then, for all t > 0, there exists a non-
negative function m such that for all x € S, for all h > 0:

vp(z) — vpge(z) < m(h) and /100 dr m(r) < oo.
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We now state our last main result.
Theorem 5.25. Assume )\ > 0, (H2)-(H4).

(i) The distribution of the triplet (0,(Wr,,.)[~t0): Gh(R;FmﬂX)[_tyo],Gh(RdT’““)[_t,O]) under
N converges weakly to the distribution of the triplet (Y_; o, R[vz’tgo] , RF‘_/’fOJ) where

Y has distribution P(—>°) and conditionally on Y, R"V9 and RV are two indepen-
dent Poisson point measures with intensity:

1s<oya(Ys) ds 1im,, (w)<—s} Ny, [dW].

We even have the slightly stronger result: for any bounded measurable function
FI

N F(MWTW)[_t,o},eh<Rngax>[_t,o],0h<R§max>[_t,o})]

—00 W, Ww.d
— E( )[F(Y[_t,o],R[_go],R[_tvo]). (5.21)

(ii) The process 0;,(X)—t0 = (Xnts,s € [-t,0]) under N weakly converges towards

(—o0)
X 0
XCo Y X

(—t,0]” where for s < 0:
j€J, 5;<s

and conditionally on Y with distribution P(—>), $°
measure with intensity:

jes O(s;,xi) Is a Poisson point

2 1{5<0}a(Ys) ds l{Hmax(X)<_S} ]NyS [dX]
Proof. Let 0 < ¢t < h. We use notations from Theorems 4.12, 5.15. Let F be a bounded

measurable function on W~ x (R~ x Q)2 with W~ the set of killed paths indexed by
negative times. We want to control §,, defined by:

o, = N F(0,(Wr) (—r.0)» Gh(Rg"max)[t,O]yeh(Rgl“max)[t,O})]
[_t)0]7 [—t,O]

_ R(=2) I:F(Y[t,o]aRWﬂ RWd )] )

We set:

o w, W,d o
T(y[—t,o]) =E() F(y[—t,o]vR[_gg]vR[_t’o]) ‘Y = y] .

We deduce from Williams’ decomposition, Theorem 4.12, and the definition of R"*9 and
R™:4, that:

N F(eh(WTmax)[—t70]7oh(R%max)[—tﬂo]?ah(R%max)[—t,O]):| =E{™ [Y(Yi—t,0))]-
We thus rewrite §;, as:
o =B [P (Ve 0)] = B [Y(Vr0)]-

The function T being bounded by || F||. and measurable, we may conclude under as-
sumption (H6) that limp_, ; 6, = 0. This proves point (i).
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We now prove point (ii). Let ¢t > 0 and € > 0 be fixed. Let F' be a bounded measurable
function on the space of continuous measure-valued applications indexed by negative
times. For a point measure on R~ x Q, M =}, d(,, w,), We set:

F(M) =F ((2951 (X(Wi)))[t’0]> :

For h > t, we want a control of §,, defined by:
o = NV {F(G;L(X)[m])} —E( [F(RW’Q + RW’d)} :
By Corollary 4.13, we have:
N [F(&h(X)[_tm)] =NM [F (On(RS + R%max))} :
Thus, we get:
o, = N [F(Gh(R%m - R%max))} — B {F(RW’Q - RW’d)] : (5.22)

For a > s fixed, we introduce 6%, for h > a, defined by:

o =N [F(eh(R%max + R%max)[a,o])] ~ E() [F((RW + RWvd)[a,O])} . (5.23)

Notice the restriction of the point measures to [—a,0]. Point (i) directly yields that

limp, s 400 07 = 0. Thus, there exists h, > 0 such that for all & > h,,
5 <e/2.

We now consider the difference J, — §¢. We associate to the point measures M intro-
duced above the most recent common ancestor of the population alive at time —t¢:

AM) = sup{s > 0; > 1is,c -} U fpm(Wi)>—t—s,} # O}
ieT

Let us observe that:
N as., F(0n(Rf,, + RE,,)) Ha<ay = F(0n(RY,, + BT, ) —00) Lacay,  (5.24)

with A = A(0x(R}, + R%max)[,h)o]) in the left and in the right hand side. Similarly, we
have:

p(=) a.s., F(RW,g + RW’d)l{Aga} = F((RW’Q + RW’d)[_mo])]_{ASa}, (5.25)

with A = A(R"9 + R"?) in the left and in the right hand side. We thus deduce the
following bound on d;, — 6¢:

150 — 2] < 2] [N&“ (4> o] + PC®)[4 > g
=2/ Fl [Ef;h’ [1— e Judr 20V (o =) (Vo))

+ E(—OO) [1 — e~ f:odr 20‘(Y77‘)(U7‘7t_"’7‘)(yf7‘)]

< 8] F ool / dr g(r),
a—t
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where we used (5.22), (5.23), (5.24) and (5.25) for the first inequality, the definition of
A for the first equality, as well as (5.24) and the fact that 1 —e™® < x if x > 0 for the last
inequality. From (5.24), we may choose a large enough such that: |6, — %] < £/2. We
deduce that for all h > max(a, ha): [04] < |65, — 62| + |0¢| < e. This proves point (ii).

O

Appendix: Proof of Lemmas 5.1, 5.2, 5.4, 5.5 and 5.7

This appendix is devoted to the proofs of the technical Lemmas contained in Section
5.3.

The following proof of Lemma 5.1 uses a coupling argument in the construction of
Dhersin and Serlet [9] of a modified snake for non-homogeneous super-processes. This
coupling yields first bounds on vf °(x).

Proof of Lemma 5.1. From (H2) and (H4), there exist m, M € R such that
Ve e S, 0<m< ap(x) <M < occ.

Let W be a (D%OL 0, M) Brownian snake and define the time change ® for every w € W

by ®,(w) = fot ds O%O(w(s)) As 0;®,(w) > 1, we have that ¢t — ®,(w) is strictly increasing.
Lett — @gfl)(w) denote its inverse. Then, using Proposition 12 of [9], first step of the
proof, we have that the time changed snake W o ®~!, with value

(Wod™ ), = (W, (0, (W), t € [0,07 (W, Hy)))

at time s, is a (£, 0, «¢g) Brownian snake. Noting the obvious bound on the time change
@, !(w) < t, we have, according to Theorem 14 of Dhersin and Serlet [9]:

M P00, M %0 0.
pls ) (Hmax < 1) > P00 (0 < 1)

0 ()
T
which implies:

L‘c(bO’O’M
ad0(z) (3% ) (s > ) < NUE0000) (g > 1)

M

from the exponential formula for Poisson point measures. Now, the left hand side of this
inequality may be computed explicitly:

1
Mt

M_ o o M M_ o0 0, M
1\]'5&4)U ) (Hmax > t) = INOE&% ) (Hmax > t) =

and the right hand side of this inequality is v;° (z) from (5.4). We thus have proved that:

ago(x)
T <@
and this yields the first part of the inequality of Lemma 5.1. The second part is obtained

in the same way using the coupling with the (a%oﬁ% ,0, m) Brownian snake. O

Proof of Lemma 5.2. Assumption (H4) allow us to apply Lemma 5.1 for the case Ao =0,
which yields that vfg = 0, and then v, = 0 thanks to (5.5). This in turn implies that
(H1) holds in the case A\g = 0 according to Lemma 2.5. For Ao > 0, we may use item 5
of Proposition 13 of [9] (which itself relies on a Girsanov theorem) with P(£.0,a%0) in the
role of P¢ and P(£”"20.a%0) in the réle of P*° to conclude that the extinction property
(H1) holds under P(£*"Xo.ad0) =
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Proof of Lemma 5.4. Let ¢ > 0. The function v is known to solve the following mild
form of the Laplace equation, see equation (2.3):

o (a >+Ef;°[ [ Gt 1)+ alan 0, AY))?)]EW?O(W

By differentiating with respect to s and taking ¢t = ¢ — s, we deduce from dominated con-
vergence and the bounds (4.12), (4.13) and (4.15) on v = v/ and its time derivative
(valid under the assumptions (H1)-(H3)) the following mild form on the time derivative
8151)(% :

atvf°<x>+Ezz°[ [ ar o+ 2alon(v e, (7)), (v >]E£O[atvf°<n_s>}.
0

From the Markov property, for fixed ¢ > 0, the two following processes:

(vf"s(Y) /S dr (Ao + a(Y;)¢o(Y, el (Y, ) v (Y,),0< s < t)

0

and

(o, = [ ar (0 + 2000000, (1)) 00 (1), 0 < 5 < )

0

are D;-martingale under Pﬁo. A Feynman-Kac manipulation, as done in the proof of
Lemma 3.1, enables us to conclude that for fixed ¢ > 0:

<U§>OS(Y9) e~ Jodr (Ao+a(Yr)¢o(Yr)Uffr(Yr)),O <s< t)

and
(@vaS(YS Yo Ji @ (o 4200000007002, 0) g < ¢ < t)

are D,-martingale under P?°. Taking expectations at time s = 0 and s = h with t = h+¢,
we get the representations formulae stated in the Lemma:

v )eA"hEd’“{e J3' ds a(¥e) do(¥a) i . (Y2) MY;J]

0

3hvh+5( x) = e~ ok Ei’o |:e_2f0h ds a(Ys) ¢o(Vs) v, . (Ys) ahv;ﬁo (Yh)] )

O

Proof of Lemma 5.5. Since v?° = v./¢g = 9. /(ag¢g), we can conclude from (4.12), (H2)
and (H4) that v¢° is bounded from above and from below by positive constants. Simi-
larly, we also get from (4.13), (4.14) and (4.15) that |0,,7.| is bounded from above and
from below by two positive constants. Thus, we have the existence of four positive
constants, D1, Dy, D3 and Dy, such that, forall x € S:

Dy <v?(x) < Dy, (5.26)
Dy < |9y (z)| < Da. (5.27)

From equations (5.6), (5.26) and the positivity of 1?9, we deduce that:
vt (x) < Dye o (5.28)

7)\0}7, < U¢0

hae(T) with

Putting back (5.28) into (5.6), we have the converse inequality D5 e
Ds = Diexp{—Ds|la| | ¢olls /Xo} > 0. This gives (5.8).

Similar arguments using (5.7) and (5.27) instead of (5.6) and (5.26), gives (5.9). O
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Proof of Lemma 5.7. Using the Feynman-Kac representation (5.6) of 8hvfj’ra and the
Markov property, we have:

ahvthe(a:) etoh

— Ego [ =2 [ ds a(Ys) ¢o(Ys) “h+5 S(Y5) 8hv¢° (Yh):|

—Vh
ZE;f”[ —2 [ ds a g0 v?Y, 5(Y)E$?F[ o200 ds a(Ye) do(Va) v o ( ) gl (v, )]
Notice that
[ asaonit )] <l ol VRl =), 629

according to Lemma 5.5 if Ay > 0 and Lemma 5.1 if A\g = 0. We get:

— h—vh s 11 s
ahvh+e( z) et = Ef° E@%[e 2o 2o o) SolVa) V2 e )ah” (Y, f)]} <1+0h(1))

_ E¢U e—2fh VE ds a(Y)¢0(Y)v

h—Vhte— 5( a)ahv%( h_ﬁ):| (1+0h(1))

¢
_ Eio 6_2 fE(h,ﬁ) ds a(Ys) o(Ya) 20 (Ys) 6hU?O (YO):| (1 + Oh(l))

— Eﬁo 6_2 fgh ds a(Ys) ¢o(Ys) "’Z)ES(YS) 3}11}?0 (Yb):| (1 + Oh(l)),
where we used (5.29) for the first equality, Lemma 5.6 for the second, stationarity of Y’
under Pﬁo for the third and (5.29) again for the last. This gives (5.11).

Moreover, if Ao > 0, we get that:

Eﬁo |:ezfooo ds o ¢o vaS(YS) ahv‘?o (YO)]
is finite and that:

lim E¢o -2 [0,/ ds a o 0?0 (V) 8hv§’° (YO):| _ Eio {e—2f ds o o v20 (V) 8hv¢o (Yo)!.

h!—+o00
Therefore, we deduce (5.12) from (5.11). O
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