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Abstract

In this paper, we study the small-time asymptotic behavior of the Kingman coalescent.
We obtain the Berry-Esseen bound and the Edgeworth expansion in the central limit
theorem. Moreover, by the method of mod-¢ convergence, we also obtain the precise
large deviations and the precise moderate deviations. Last, we also obtain a non-
asymptotic deviation inequality for the Kingman coalescent.
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1 Introduction

The Kingman coalescent was introduced in 1982 by Kingman in [5]. It was used
to describe the genealogy of a sample from a population. Ever since its appearance,
the Kingman coalescent has found many applications in biology. It also serves as the
dual process of the Fleming-Viot process with parent-independent mutation. As a dual
process, the Kingman coalescent usually describes the backward movement in time in
population genetics. More generally, coalescent processes, the Lambda coalescence in
particular, are dual processes of some generalized Fleming-Viot processes.

Apart from describing sample genealogy, the Kingman coalescent also has other
interpretations, such as the number of surviving ancient families. Due to genetic drift
and mutation, the ancient families are lost as time moves forward. Let D; be the
number of surviving ancient families up to time ¢t. Then D, is a pure-death Markov
chain with transition rates ¢n,—1 = (5),¢u = 0,k < n — 1, starting at co. Once an
ancient family disappears, the Kingman coalescent experiences a coalescing event.
These coalescing events arrive independently, and waiting times between coalescing
events follow exponential distributions. Let 7T;, be the arriving time of the coalescing
event, where n is the number of surviving ancient families right after 7;,. Then T, =
> et 1 fk/(g) where {{;,k > 1} are i.i.d. exponential random variables with mean 1.
Like Poisson process, D; and T,, have a dual relationship P(7,, > t) = P(D; > n). When
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Asymptotics of Kingman coalescent

we study the small-time behavior of Dy, this dual relation facilitates our computation a
lot.

As a standard coalescent model in population genetics, the Kingman coalescent
has been thoroughly studied. For instance, the law of large numbers and the central
limit theorem were summarized in [2](see also [7] for some discussion on the central
limit theorem). Some functional central limit theorem was also obtained in [9]. Large
deviation principle has been discussed in [3]. However, large deviation principle and
moderate deviation principle only aim at seeking a leading term of the logarithm of
tail probability. Therefore, polynomial correction terms will be missing if we only
consider large deviations and moderate deviations. Especially, these correction terms
play indispensable roles in statistical inference. The precise deviations, however, not
only provide the leading terms but also polynomial correction terms of the tail probability.
As far as we know, the precise large deviations and precise moderate deviations for the
Kingman coalescent are still unknown. Similarly, we have not seen any asymptotic result
like the Berry-Esseen bounds, the Edgeworth expansions and deviation inequalities
for the Kingman coalescent in the existing literatures either. Similar problems for the
Lambda-coalescents also deserve study.

In this paper, we are going to find the Berry-Esseen bound, establish the Edgeworth
expansions in the central limit theorem(CLT for short) and the local central limit theorem.
Some precise large deviations, precise moderate deviations, and deviation inequalities
are also obtained for the Kingman coalescent. Due to the dual relation P(7,, > t) =
P(D; > n), we will only focus on 7,,. The asymptotic behavior of D; is only a simple
corollary of the asymptotic behavior of 7T,,. The main methodology is an asymptotic
analysis of the generating function in the complex domain and the mod-¢ convergence
theory [4].

Our paper is organized as follows. In Section 2, will state the main results. In
section 3, we show the Berry-Esseen bound and the Edgeworth expansions in the CLT.
The Edgeworth expansions in local CLT will be presented in Section 4. Precise large
deviations and precise moderate deviations are shown in Section 5. In Section 6, we will
prove the deviation inequality.

2 Main results
Note that 7, = 332 .., &/(%), a simple computation yields
- k <0 (L, (k\] 4
S ) R My
k=n+1 k=n+1

We will rescale nT,, as Z, = @(nTn — 2). In the following, we are going to provide
the main results on the asymptotic behavior of the rescaled quantity Z,,. We will mainly
discuss the Edgeworth expansion in the CLT. The expansion involves Hermite polynomials

H(z) which are defined as

Hy(w) = (—1) ——ea?/2 L [e—ﬂ .

Vor dx!
A notation S, will be repeatedly used in the Edgeworth expansion. It is a set of k-tuple
(mq,--- ,myg), where mq, ..., my are non-negative integers and
1-m+2-mo+---+k-mp=k. (2.1)

Now we are ready to state the main results.
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2.1 The Berry-Esseen bound and the Edgeworth expansion in the CLT

Theorem 2.1. (Berry-Esseen bound). There exists a constant C > 0 such that

< Q n > 0. (2.2)

— \/ﬁ?

sup
z€R

]P(Zn < ;v) — O(x)

Theorem 2.2. (Edgeworth expansions in the CLT). For any m > 2, there exists a positive
constant C, independent of n, such that

P <Zn < z) —®(x) — > Qrn ()

k=1

C

sup
zeR

where

2 k k 1
Qk,n(x) = - \/%6796 /2 (\/ 3/”) ZHk'+2(m1+m+mk)—l(x) H %7 (24)

Sk =1
and
3An (142! 142 1
_ a+2) n2l-1 _ 4
al(n)— {3,427114 . ne;g’ l:27 n, Z k—|—1 n,Q—An,Q 3
Remark 2.3. Note that we have 4, ; — 571 and ney 2 -1 5 as n — oo, then

31!
, 1F#2
ai(n) { (QZYSWH) l i .

— 38

2.2 Local limit theorem

Let p,(x) be the density of Z,. By local limit theorem, we mean the asymptotic
behavior of p,(z) in uniform topology as n — oco. First, we establish the Edgeworth
expansion in uniform topology, then the local limit theorem will be a simple corollary.

When we consider the Edgeworth expansion, the cumulative distribution P(Z, < z)
is approximated by G,,(z) = ®(z) + 27° Qr.n(x). It is natural to use Gron(x) =
o(z) + ZZ;Q Qk,n (), where g, »(2) = Q). ,(2), to approximate the density p,(z) of Z,,.
Theorem 2.4. (Local limit theorem). There exists a constant C' > 0 such that

< Q n > 0. (2.5)

SN

R ey

pn(‘r) \/ﬂ

sup
z€R

Theorem 2.5. (Edgeworth expansions in the local limit theorem). For any m > 2, there
exists a positive constant C, independent of n, such that

C

Z Qk n

sup |pn ()

zeR

ﬁ

Remark 2.6. When n = [2+‘/m] by dual relation P(D; > n) = P(T,, > t), one can also
obtain the CLT the Edgeworth expansion of D; in the CLT and its Edgeworth expansions
in the local central limit theorem.
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2.3 Precise deviations

The strong limit of nT,, is 2 as n — oo(refer to [2]). Thus, for € > 0, both {nT},, > 2+ €}
and {nT,, < 2 — €} are rare events. Precise deviation principle is about the estimations
of P(nT,, > 2+ ¢) and P(nT,, < 2 — ¢), where ¢ indicates the level of deviations from the
strong limit point 2. Large deviations correspond to the case ¢ = O(1), and moderate
deviations corresponds to another case ¢ = o(1).

Precise large deviations and moderate deviations can be obtained by mod-¢ con-
vergence [4], which depends on carefully analysis of the moment generating function
Ee""Tn of nT), in complex domain S(—00,1/2) := {2 € C;Re(z) < 1/2}. In section 4, we
will show that 1, (z) = e~"(*)Ee*"" T has a uniform limit on S(—c0,1/2), Wwhere

n(z) = 7/ log(1 — 2—z)dx (2.7)
1 x

Here 7(z) can be regarded as the analytic continuation of the limiting log-Laplace
transformation 7(#), which has been obtained in [3]. The rate function I(x) is the
Legendre transformation of (6), 6 € R, and

20,

0.x —|—/ log(1 — —)du, ifz >0
1 u

(2.8)
+00, ifz <0

where 6, < 1 is the unique solution of the equation = = n/(f). Moreover, 7' (0) =2 and
1" (0) = 4. One can also show that I(2) = I'(2) =0, and I (2) = m =3

Theorem 2.7. (Precise large deviations). For x > 2, the upper tail probability satisfies

1
P(nT, > x :e_"l(z)<1+0 1 ) asn — oo. (2.9)
(T 2 2) 0y O
For 0 < x < 2, the lower tail probability satisfies
1
P(nT, <=z enl(m)<1+01>asn%oo. (2.10)
(T < 2) 02/ 2mnn (0;) W

.. . L. (0
For moderate deviations, we specify the deviation s =z — 2 as s = \/"T()ﬂny =o(1),

where 0 < 3, < y/n. Since 0, is the solution of 7() = x, then 0, ~ s = \/%Bny as
n — .

Theorem 2.8. (Precise moderate deviations).

() Ifr =2+ /7984, y>0,and 8, ~n'/>"1/™ m >3, then

IP(nTn Zx)
—Lex — Qy—Q_ 2m+1w i ( Bn i_2 o

(i) Ifz =2+ /93y, y <0, and B, ~n'/>~1/™ m > 3, then

P (nTn > :E)

(2.11)

3 P NS @VETOR) BT
3 eplopl gy CVITEO (B )y o)
—4+/ 27Tyﬁn 2 =3 1. \/77,
(2.12)
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(i) Ifz =2+ /725,y and B, = o(n'/%), then
]P(nTn > x) = ®(Bry) (1 + 0(1)), (2.13)

where ®(y) := [~ \/%6*12/205:5.

2.4 Deviation inequality
Theorem 2.9. (Deviation inequality). For any x > 0, n > 1, and r € (0,1), both

P (Zn > x) and P (Zn < —x) are bounded as follows:

7(17T)w2 fr
€’ , 0=z S\f(l '

IP(Z,,L > x),]P(Zn < —a:) < (2.14)

3 nr
e 2V3 | $>\/§(17r)'

Remark 2.10.

The rescaled quantity Z,, has either positive or negative deviation. When the absolute
deviation is small, the decay is of Gaussian type; when the absolute deviation is large,
the decay behaves like a Poisson tail.

3 Berry-Esseen bounds and asymptotic expansions of CLT

In this section, we are going to prove the Berry-Esseen bound and the Edgeworth
expansions in the CLT. Note that Berry-Esseen bound is only a special case of the
Edgeworth expansions in the CLT. Thus, it suffices to show the Edgeworth expansions in
the CLT. But first we need the following basic lemma (refer to [8]).

Lemma 3.1. Let F' be a cumulative distribution function. Assume that G is a differen-
tiable function, satisfying G(—o0) = 0 and G(+o0) = 1, and G’ is bounded. Then for any

r >0,
sup | P() - Gla)| < & [ |20y 2 6/,
zeR ™ J)_pr S T zeR

where ¢r(s) := [ e"**dF(x) is the Fourier transform of function F.

By Lemma 3.1, we can establish the Edgeworth expansions of cumulative distribution
P(Z, < x) of Z, through expansion of its characteristic function ¢,,(6) = Eel’“». Note

that [, e’ d®(z) = e~ and oW (z) = (—1)1_1Hl,1(x)\/%e_§, where ®(r) is the cumu-
lative distribution function of the standard normal distribution and H;_(z) are Hermite
polynomials. By integration by parts, we have

(—ig)le~ % :/ei‘%d@(l)(:p), (3.1)
R

which builds up a correspondence between expansions of P(Z,, < x) and its characteristic
function ¢,,(6).

Lemma 3.2. There exists positive constants §, N, M, such that

90(6) = W,(8) + R(9) forn > N and Y < 5
f
where ¥, (6) = + POH 2 W0 (0),
Uy n(0) = (\/3/717)k Z H M(ig)zle(HQ)mie,g
k.n ) 211 mZ' ’
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3(m—1
and [R(0)| < AL (X200 [0]*)e™
Due to the correspondence relation (3.1), we know

\pn(e) :/ lgxdG(mn =e T + Z \I/kn
R
where G, n(2) = ®(x) + Z;n;f Qr.n(z). In the following, we will show that P(Z,, < z)
has an expansion G, ,(z) = ®(z) + 1" Qp.n ().

Proof of Theorem 2.2. To apply Lemma 3.1, we take r = Cn(™1/2, where 0 < C' <

min{,/14/9,4}. Then

9 (O () -, (6) 24
ilelg ]P(ZTL S l') _Gm,n(l‘) S;/O 9 ‘d9+c (m— 1)/277' Sup ‘Gm n( )‘
24
:K1+K2+Wsup|(? ( )|,
where

Cn(m=1/2

" onl®) —wn<9>’d9, i

0 Cnl/2

2 Cn
Py
™ Jo

There exists a positive constant M, independent of n, such that m Sup,eg |Gy ()] <
M, then

00,

M

s K+ K+ T

sup

P (Zn < x) — Gmon(x)
zeR

It remains to show that both K; and K5 are bounded by W Note that

Kal < 2528 o0+ 2 [
2| S ———=— sup [¢n(0)| +
™R gscum Crvn Joym
2

It is easy to see that |¥,(0)] < M 2122)172) |0|le—%. Then by Gaussian probability esti-

mates, we know there exist two positive constants C, Cs such that

2 oo

Cﬂ'\/ﬁ N

[W,,(6)]d6.

|W,,(0)|df < Cre=C2m,

Moreover,

V/3i6n3/2 36%n3
(0)] < 1 ‘1 ‘ _ 1 ‘ ‘
on (6)] exp{ Zog FE D) } exp{ Zog BT 1)
So

32 s
sup |on(0)| <exp{ log’l—&— ’}
0>C v k2 k+1)2
By inequality log(1 + ) > = — 9”2—2, x >0, we have supy- ¢ /7 [6n(0)] < Cre @2,

Thus, there exist two positive constants M;, M, such that |Ky| < Mye "Mz By
Lemma 3.2, we know

v 3 b °oDM 1
|K1|< T n(m 1/2/ Z 0% d9< T npm=-1/2

where D = [ "5 Y gse=% df < co. So the expansion of P(Z,, < x)is G, »(z), and its

IP(Zn < x> — G ()

S

uniform approximation error sup,cgr is bounded by 7n<mj\ﬂ) 7. O
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Lign3T, | —/3ion?
Proof of Lemma 3.2. Note that ¢, () = Eez “n?4n . gmVdnz,

3. 3 oo V3i
By the definition of 7},, we have FEe %072 Tn — ¢~ 2k=n log(1- W:H) ). Because log(1 —
)= -2, ””TL switching summation order yields ¢, (6) = exp { >, @ (\;%’;’/,2 )

where A4,,; = n?~! S mv and
> 1 1 dx 21
A, = =
! ;(2)21(1—#%)171_ / 22t 2l —1

2
Introducing €, 2= A, 2 — 5 and w= W30 '\we can rewrite ¢, (0) as ¢, (0) =e~ % e~ 9(W) R (0)

Nk
) i0)! n
where Rl(a):Zl:m+1 (\/gl 0) (\;%)’1172, g(w)= l 1 9 a;(n), and
31 A, 142 l# 2
ai(n) = +2
l( ) {SA;A — N€n,2 | = 2.

One can also show that there exists constants N,0 < § < %, such that a;(n) <
214+ 1,¥Yn > N, and V |w| < 6,

m—1

3
|R1(0)] < maX{\(/W:l/QIGI’”“, 10| /8} (3.2)
and v
o)+ |Ra(0)] < max { L1070/ . (3.3)

Next we will expand f(w) = e~9(*) to get the expansion of ¢,,(6). We claim that we
can expand f(w) as

m—2
e—g(w) — bk(n)

wk + Ro(6), (3.4)
k=0

where |Ry(0)| < n<m+1>/2 P |0|Se 5 . Indeed, the error bound of R,(f) can be obtained
through composition of power series. By the uniqueness of Taylor expansion, we know
br(n) = f*)(0). To specify f*)(0), we turn to Faa di Bruno formula(see [1] and [6]). To
this end, we define h(z) = e~%, then f(w) = h(g(w)). Applying Faa di Bruno formula to
f(w), we have

k! K b

k =1

Note that g(0) = 0, so h(Zi=1m)(g(0)) = (—1)Z=1™i and g (0) = a;(n). Thus,
. 1]
bo(n) =1, b(n) =k (- 62)Zizami H Mk > 1.
Sk i=1 M
Last, we can rewrite ¢,,(0) as
02 02 w2 bk(n)
Pn(0) =e~ T e IW O — =% [ Z ka + R2(9)] e ()
k=0 ’
2 m—2 bk(’l’b) .
= 2 —_—

%l w +R3(9),
k=0
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R3(0) = e T [ bk]il )wk} (e 1)+ e_%eRl(e)Rg(H) + e_gRg(H)(eRl(e) -1)
k=0

and ’Zm 2 bi(n o Jw ’ < |e=9)| 4+ |Ry(0)|. A careful computation shows that the error

term R3(0) satisfies |R3(0)| < —25 (3027 10]%)e T
Now we see that Lemma 3.2 is true because w = %, and

in() = bk/i!n)wk = (V/3/n)" Y ()= F2ms H las(m)/i™ 0

m;!
Sk i=1 v

4 Local limit theorems

We only need to prove Theorem 2.5 because Theorem 2.4 is a simple corollary of
Theorem 2.5. By the correspondence (3.1), one can deduce that

\Ilk,n(ﬂ):/ewzqkm(m)dz:/ewmkoﬂ,,(x).
R R

Applying inverse Fourier transform, we know

m—2
1 2 1 & . & :

" o —x°/2 " _ —ifx " 0 dg_/ —z@ijn 0 d@‘

)= e S an(o)| = 5| [ o= [ oo
Sll +127

where
1 1

h=o- [0 (0) — 0, (0)|d0, I = — 6 (0) — W, (0)]d6, C > 0.

lo|<Cvn 21 Jigj=cvm
By Lemma 3.2, there exist positive constants C; and C5 such that

1 Cy Y3 s C:
L)< — / Py 1 2\ | 6—92/6d9S 2 -
2T |0|<Cv/n (m )/ n(mfl)/

where Cp = $1 [ 230071 |g|se=0%/64 < oo,
Meanwhﬂe in the proof of Theorem 2.2, we have already shown that there exist
positive constants D;, D such that |I5] < Die~ P27 Thus we have proved Theorem 2.5.

5 Mod-¢ convergence and precise deviations

In this section, we will show precise deviation principle. The key tool is the mod-¢
convergence theory. First we certify a Lemma on mod-¢ convergence for Kingman
coalescent.

Lemma 5.1. (Mod-¢ convergence). Let 1)(z) be the function defined in (2.7). Then n(z)
is the cumulant of a non-constant infinitely divisible distribution ¢. Moreover, on any
compact subset of §(_o1/2) = {2 € C | Re(2) < 3}, we have

Yn(2) = e*""(Z)E(eZ"QT") "% 4h(2) = 1 uniformly. (5.1)

Furthermore, there exists positive constant M such that

sup
1
‘Z‘Sg

Yn(z) —(2)]| < % n > 3. (5.2)
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Proof. By the definition of 7,, and 7(z), we know

o 2 2
¥n(2) = exp {n/1 (log(l - ;j) “log(1 — [H'Z]H)>dz} (5.3)

n

where log(1 — 23) is the principal branch. It is not difficult to see that 1, (z) is analytic
on S(_ o 1/2) because Re(1 — 23) > 1 — 2Re(z) > 0. Next, for given z € S(_oo,1/2), we will
show that

log ¥n(2) :n/l (log(l— %) ~log(1 H))daz L0

- [nz] [nx

uniformly. Indeed,

o0 Eyl 2z
k=n " n n
L 2z 2z
= i Z log(1 — m) — log(1 — @) du
k=n n n "
1 o0
Jr/ Z (1og(1 = 2) log(1 k ktl ))du
0 k— (n) n n

Consider two parametrizations w, (s) = W, s €[0,u] and ws(s) = W, s €
k k

[0,1]. We know

e} fo%e) 4z
2z 2z I (CDEIE=3E
2 [logu iy ) ol >] -1 X T
0

- (& +37)? (%) el S
k=n - N k=n (£+2) (54)
v 1 1
= 4z(2z)P —— —ds,
o 5
and )
- 22 22 1 (' Graree
3 [log(l— )~ sl - k“)] :_%/ S TR g,
o 1 oo . 1 o 1 e (5.5)
—— [ Yy Y i L
5)242
0 p=0 k=n n(n+n) 2rn
As functions of s in [0, 1], both 72 W% and ) ;2 W% are positive and

increasing. It is also easy to show that both of them converge uniformly to a constant
[ = 2p1+2 as n — co. Then we know both (5.4) and (5.5) are uniformly convergent
in any compact subset of S(foo’ )- Switching the order of summation and integration,

1
2
we know

n n

) o 2z 2z

1
gl
, (Hl%)g and (1+1%)2 in (5.4) and (5.5) can be expanded

Now we proceed to show (5.2). Since |z| <

1 1
» 1 . 222 r 1= - 222 .
(E2a+3) (E2a+3)
as geometric series and binomial series. After integration by terms, we have

o 2z 2z

we have |2 < 1 and |W| < 1.

Therefore

n n
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-3 52 |3 )

[ I

When n > 3, simple calculation shows that

o0 2z 2z
n/l (log(l ~ ) 1081~ ))dm

sup
‘Z‘<% n n
1 1 24p+2 M
<My ——5 = <.
>~ ;4%&-1;”1)( P > - n

So we have sup, .1 ‘efnn(Z)E(eznzT") - 1‘ < M Last, one can easily verify that (z) is a
cumulant of an infinitely divisible distribution because

[e'e] . —1/77,
n(i0) _ 713 _ it
€ = lim H (1 k(k+1) ) g

k=n 2n2

—1/n
and (1 — H;%) is the characteristic function of Gamma distribution with parame-

2n2
ters k(ftl) and 1. O
n n

By Theorem 4.2.1,Theorem 4.3.1 and Corollary 4.3.5 in [4], Theorem 2.7 and Theorem
2.8 follow immediately from Lemma 5.1.

6 Deviation inequality

In this section, we prove Theorem 2.9. Different from precise deviations, deviation
inequality is about the non-asymptotic estimations of tail probabilities P(Z,, > =) and
P(Z, < z). We need to manipulate the moment generating function of Z, to establish
deviation inequality.

Proof of Theorem 2.9:

(fenz )t §oo
Note that Fef%n = 2=z S G’ . Then for any 0 < 0 < r‘/f; and 0 <r <1,
we have

oo

> (V30n2)l & 1 X (V39)! 1 1
l; l ];L(k(k+1))l _ZZ(\/E)F2 [k(k+1)/n2)n

2307 5~ (vV36)' 2 /Oodg”<6'2 ! L
RIS e A A R Ty (e

Applying Chernoff’s upper bound, we have

92
P(Z,>z) < inf e %R <e —  su 0x — ———
< " ) T 0<o<r T =P pﬁ{ 2(1 —7")}
="z 0<9§r%

If we use substitution §' = % then

o) on,m, [t A
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Asymptotics of Kingman coalescent

Because the parameter = may change the shape of the function f(6 ') = %0’ — 72((? )i), we

need to compute the supremum separately when 0 < z < f\(Fl r . and x > f\(c r - For

0<z< f\{fi , we can show that SUDo<p’ < = f(6‘/) F((1=r)z/n) = (1-r)z? 7)0L When
T T m\f - xr

T2 f\(f e We have supg_ < <z FO0) = f(r/V3) > N e \% ) = 55 Hence,

for r € (0,1), we have

eXP(_%Jﬁ) 0<z< f‘(CTT)
PlZn2>x) < zry/n vnr
exp(=%05) T2 Ba

Meanwhile, the estimation of P (Zn < a;) ,x < 0, can be done similarly by applying the

above procedure to —Z,,.
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