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ON STABILITY OF THE CRANK-NICOLSON SCHEME WITH
APPROXIMATE TRANSPARENT BOUNDARY CONDITIONS FOR
THE SCHRODINGER EQUATION. PART II*

B. DUCOMETT AND A. ZLOTNIK?

Abstract. We continue to consider initial-boundary value problems for a generalized time-
dependent Schrodinger equation in 1D on the semi-axis and in 2D on a semi-bounded strip. The
Crank-Nicolson finite-difference schemes with general approximate transparent boundary conditions
(TBCs), including the discrete TBCs, are investigated. We prove unconditional stability in L? and in
the energy norm with respect to initial data and free terms in the equation and the approximate TBC,
in general non-uniform in time, under new suitable conditions (inequalities) on a non-local operator
S of the approximate TBC. These inequalities are valid for the operators S;of of the discrete TBCs.
The results are applied to derive collections of stability bounds with respect to the perturbation
Sref —S. For the discrete convolution-type operators S (in particular, for S;ef), we present necessary
and sufficient conditions for the stability inequalities to be valid, together with bounds for norms
of Syef — S, in terms of reproducing functions of the convolution kernels. The analysis exploits the
Hardy spaces of analytic functions.
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1. Introduction

We continue to consider initial-boundary value problems for a generalized time-
dependent Schréodinger equation in 1D on the semi-axis and in 2D on a semi-bounded
strip closely related to a microscopic description of low-energy nuclear fission dynam-
ics [7, 13]. We investigate the Crank-Nicolson finite-difference schemes with general
approximate transparent boundary conditions (TBCs) including the discrete TBCs
[4, 5, 12].

The importance of the stability problem is well-known for mesh methods with
the approximate TBCs of solving time-dependent Schrodinger-like equations in un-
bounded domains see [1]-[6], [8, 9, 12], [15]-[17], [19]-[21]. In Part I of this study (see
[10]), a new form of the approximate TBCs has been suggested, with a non-local op-
erator S governing properties of the schemes. The uniform-in-time stability bounds
in L? have been proved under suitable condition (inequality) on &, for non-uniform
meshes in space and time.

In the present Part II, we establish essential further results in this direction. We
prove unconditional stability in L? and in the energy norm with respect to initial data
and free terms in the equation and the approximate TBC, in general non-uniform in
time in order to cover broader applications. To this end, we introduce new suitable
conditions (inequalities) on S. These inequalities are valid for the operators Syet of the
discrete TBCs (ensuring the uniform-in-time stability); we clarify them by considering
the corresponding schemes on infinite space meshes. We suggest a trick reducing the
derivation of general non-uniform in time bounds to the derivation of simpler uniform
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268 TRANSPARENT BOUNDARY CONDITIONS II

ones. Note that our bounds in the energy norm do not impose additional restrictions
on the mesh Hamiltonian operators, in particular, on their potentials.

These stability bounds are applied to derive collections of stability bounds with
respect to the perturbation S..f —S, both non-uniform and uniform with respect to
the space mesh step; the bounds in the energy norm are exploited to prove the latter
stability bounds. These collections of bounds are important for construction and
analysis of the simplified discrete TBCs [5].

In the 1D case, for the operators S of a discrete convolution type (in particular, for
Sief) and the uniform time mesh, we present necessary and sufficient conditions for va-
lidity of the stability inequalities in terms of inequalities for reproducing functions g of
the convolution kernels. The latter inequalities hold for the reproducing function ¢et
corresponding to Syef. Moreover, using a slightly different discrete convolution rep-
resentation (with improved properties of the convolution kernel), we present bounds
for norms of S,ef —S by the L®*—norms of ¢t —¢, both non-uniform (for 1< s<o0)
and uniform (for s =00) with respect to the time mesh step. It is natural to exploit
the classical Hardy spaces of analytic functions in this analysis.

In the 2D case, we also introduce an important class of the approximate TBCs
(including the discrete TBC) allowing to reduce both the 2D stability inequalities and
the 2D bounds for norms of S;ef —S to their 1D counterparts.

Our results essentially develop the corresponding stability analysis in [5]. In the
short form they are partially presented in [23].

The paper is organized as follows. Section 2 is devoted to the stability study
in the 1D case for general S and for S,er. In Section 3, the case of the 1D discrete
convolution-type operators S is considered. Section 4 deals with the stability study
in the 2D case.

2. Stability bounds for the 1D Crank-Nicolson scheme with an approx-
imate TBC
We first consider the generalized 1D time-dependent Schrodinger equation

ew o

815 Ox

=he= 2@(

>+V1/), for x>0 and t>0 (2.1)

involving the 1D Hamiltonian operator H, for the unknown complex-valued wave
function ¢ =1 (x,t). Hereafter ¢ is the imaginary unit, A=const >0 and B= B(z) >
v>0and V =V(x) are given real-valued functions.

Equation (2.1) is supplemented with the following boundary condition, the con-
dition at infinity and the initial condition

Y|pe=0=0 and ¢(x,t) >0 as x— oo, for any ¢>0, (2.2)

Y],_g=1"(z) for z>0. (2.3)
We assume that, for some Xo>0, B(x) = Bio >0, V() =V, and ¥°(z) =0 for any
CL’}XO

We write down an integro-differential TBC for this problem in the form, for any
X =2 Xy (for example see [12])

oY _ Lot i/t L d (Voo/m)0 40
o (X, t)= e fdt/ P(X,0)e W for t>(0. |
2.4
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We need to recall and to extend some notations from Part I. We fix some X >
Xo and introduce a non-uniform mesh @y o in « on [0,00) with the nodes 0=z <
- <zry=X<... and the steps h;:=x; —x;_1 such that h;< X —-X, and h;=h=
hy for j>J. We also introduce a non-uniform mesh @” in ¢ on [0,00) with the
nodes O=tg<---<t,, <..., t;,, > 00 as m— o0, and the steps 7, :=t;, —t;n_1. Let
Wh,o0 = Wh,00\ {0}, @h:={x;}]_g, wh:= {a:j};]:_f and W™ i=w"\ {0}, wi; = {t, M,
and @i, = {t, }M_,.
We define the backward, the modified forward and the central difference quotients
with respect to x
=5 .o Vi=Wia Wjs1—

~ W. o
8IW] = 78IW] = -~ ,aij =
hj hj+1/2

Wit =W,
2hji1/2

where hjq/0:= (hj+hji1)/2, together with the backward difference quotient, an av-
eraging and the backward shift in time

étq)m _ m _ pm—1 gtq)m _ pm—1 +Pm
' T ' 2

(i)m =M 1

)

We introduce some mesh counterparts of the inner product in the complex spaces
L2(0,X) and L%(0,tpr):

J—-1

% W h
(Ua W)wh = Z Ujo hj+1/2’ (Uv W)wh L= (U’ W)wh +U;W; 9’
j=1
J
(U W), :=> UW;hy,
j=1
M
(@,Y)w& 1= Z (Y ™) T,
m=1
together with the associated mesh norms |- ||w,, |||z, |||z, and [|-[lo7,. Hereafter

z*, Rez and Imz denote the complex conjugate, the real and the imaginary parts of
zeC.
We also use the 1D mesh Hamiltonian operator

2 —~ —
H,W = —%8,0 (BthW) + VW,

where By ; =B (z; —h;/2) and V},; =V (x;) (for definiteness), and we study the Crank-
Nicolson scheme with general approximate TBC of the form from Part I

iho U =Hp5 U +F on wpxw’, (2.5)

0'=0 for m>1, (2.6)

h2 — h, = m
D7 = ) B1oo0,5: 0 — 5 (ih0, ¥ — Va5, 0)
J
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h? A
:?Bloosmlll}"'—i—Gm for m>1, (2.7)

V=0 on w,, (2.8)

where \I/%j =9%x;) (for definiteness) and thus ¥ ; =0, and the condition ¥) =0
is also assumed. Moreover, ¥ ={0%}™ , and S¥; serves as general (abstract)
approximation of the right—hand side in the TBC (2.4); a discussion of this form of
the approximation is given in Part I. We do not suppose that the operator § is linear.
Finally, F: wp xw™ —C and G: w™—C are given perturbations that are introduced
to study the stability of the scheme in more detail.

We define the class ND(w™) of non-decreasing functions F on @™ such that E0=1.
This allows us to cover a broader family of approximate TBCs.

PROPOSITION 2.1. Let ¥ be a solution of the finite-difference scheme (2.5)-(2.8) with
any V9 such that \IJ?LO = \I/(}LJ =0. Assume that the operator S satisfies the inequality

1
m <E28<I>7st<1>) ) >0 forany M>1, (2.9)
Wy

for some E€ND(@T) and any function ®: @™ — C such that ®°=0. Then the fol-
lowing stability bound holds, for any M >1

\II’HL
pLnax 9" ||z,

<EM<||@ o+ 5 3 EmnFme,nm \f > w6 m>. (210

Proof. We recall first the energy-type equality from the proof of the similar
Proposition 2.1 in Part I

2

h= - h
§8t||\11||%h :Im{(F, 5:¥),, —GGEV) ——

: Blws\pJ(sth>*}. (2.11)

Substituting ¥ = EY and dividing the result by E?, we get the following relations for

the auxiliary function Y:

h= 0i(E?)
3 [Pz, + 2 vz, |

1 A 1 h?
_Im{ (F 5 (EY))% —Gﬁ (G(EYy))* — mBleWJ(stq;J)*}

h?

1_ A L
<l 55l +1G1 5005~ 5

BrooIm (ST 5 (35,77)"). (2.12)
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The standard argument involving the multiplication by 27/ hi, the summation over
m=1,...,M together with the application of the inequality 0;F >0 and condition
(2.9) lead us to the following bound for Y

S Y7 o, <[[¥° s, + hZ m I

wn T \[Z |G 7, (2.13)

for any M >1. The inverse substitution Y =¥ /E clearly implies the result. a
REMARK 2.1. It is easy to check that the quantity

1/2
EM [hBlOOIm (ﬁS\PJ,Et\I/J)w, ] is also bounded by the right-hand side of (2.10),
M
for any M >1.

COROLLARY 2.2. Let the hypotheses of Proposition 2.1 together with the a priori
estimate

10,9z, <CoE on @7, (2.14)

for some E € ND(@T), be valid. Then the G-term in bound (2.10) can be replaced by

]

P i, (2.15)

. . —M
Proof. According to the previous proof, for Y :=maxo<m<m |Y" |, , the fol-
lowing inequality

M

=M 2 1 m vl
(7)) <ivoe, + (hZEmIIF IMm>Y 2 (16t gsal)

-
m=1 M

holds. (Actually, (2.13) follows from this one.) Using the well-known multiplicative
inequality

W1, = e, W2 <2 W, 1 W, (2.16)

(with Wy =0), together with the a priori estimate (2.14), we get
~ 1 R —
<|GI, 5t|YJ|> V20 - <|G|,E\/stE> VY
Wiy
Plugging this bound into the previous inequality for vV and solving the arising

elementary quartic inequality for \/?M, we find that the G-term in (2.13) can be
replaced by

2/3

2/ ~ 1 A
% QCOﬁ (|G|7E Y% StE>

which implies the result. ]

T
M
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Note that the new term (2.15) is a norm of G to the power 2 /3 only, but no longer
contains the factor 1/2/h.
Obviously, any function E€ ND(@") may be written as EM = H em with
1<m<M
em:=E™/E™ 1 >1. If e,, <1+co7y, for any m > 1, for some ¢y >0, then EM /E™ <
eco(tm—tm) for any 0 <m < M.
We define the Hermitian-symmetric bilinear form,

h? = =
Lo, (UW):= 5 (Br0.U, azW)@ +(VUW)g,
on functions U,W: @y — C. The identity
h? = h .
Lo (UW) = (MU W), + | 5 Bioc0:Us+ 5 VaUy | W (2.17)

holds provided that Wy =0. For any such W, one has clearly

W3¢, +or:, = Lo, (W, W) +0l|[W[E, =] 0.W]]3, (2.18)
with vy :=vh?/2, for any real number v >vy. Here vg:= —miny ¢;<sVj; in particular,

vo < 0 provided that V' > 0. I is the identity operator.

PROPOSITION 2.3. Let W be a solution of the finite-difference scheme (2.5)-(2.8) with
any V9 such that U9 =9 =0 and G=0. Assume that the operator S satisfies the
inequality

Im (S@,ihgtq)—i—v@q))w >0 forany M>1, (2.19)
M

for any ®: @™ — C such that ®° =0 and some v=>vy. Then the following bound holds:
M
m 0 2 m
max ||V [y, +orm, < | Vhllr,4ona, Jrﬁ Z | F"™ 1t +01:@, T for any M >1,

o<m<M
m=1

(2.20)
where F'™ is extended by Fi* =F7 =0.

Proof. Taking the (-,-),-inner product of equation (2.5) and H;5; ¥ and applying
identity (2.17), we get

2 *
Lo, (ih3,0,5,%) — k3,0, (’; Blwawsth+’;vwstqu>

= [Hn5e V|5, + (F. Hy5:0),, -
Since according to the boundary condition (2.7) for G=0

h? — h h . — h?
?Bloo(’)ﬁt\l&; + 5 Veos: V= §ih6t\IfJ—|— 7BlooSq’J7

taking the imaginary part, we have

h— h? _
30tLa, (V,0) Im{(F, Hisi¥),,, — 5 Biso (S%) (z‘hatqu)*} .
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Combining this equality with the corresponding equality (2.11) from the previous
proof, we obtain

h_—
5315 [ﬁwh (U, ¥)+v ||‘I’H%h]

2
—Im { (F,(Hp+oD)50),, — % Bioo (%) (iR, W 5 +v5, W) } . (2.21)

Once again multiplying this by 27 /A, summing over m=1,...,M and applying (2.18)
and (2.19), we get the relations

M

2 -
M1, oriz, SN NR, 4orm, 5 Tm Y (F™, (Hy+0D)59™),, 7

m=1

2M

<, gz, 5 D N Ity orion (i€ bty 4or,) ™ T

m=1
which yield the result. O
COROLLARY 2.4. Let us consider the scheme (2.5)-(2.8) in the case F=0 and G=0,

for some v=wvg. If condition (2.19) is valid for =V ;, then the solution satisfies the
equality

max||\llm||7'fh+vl;wh, = H\Ij%”Hh“l’UI?wh‘
m>=0

Conversely, if this equality is satisfied, then condition (2.19) for &=V ; is valid.

Proof. Equality (2.21) for F'=0 implies that

”\I/M Hgih-&-vl;ah - ||\I'O||${h+vl;wh = _hBlooIm (S‘I’J7 ihgt‘l{] +U§t\I’J)

Wiy’
for any M >1, and the result follows. 0

A similar property relating ||¥™ ||z, to condition (2.9) for E=1 and ®=V is
contained in Part I. Note that condition (2.9) in Proposition 2.1 and condition (2.19)
in Proposition 2.3 have been applied for & =W ; only.

Now we analyze and prove condition (2.19) in the case of the discrete TBC. To
this end, we turn to the Crank-Nicolson scheme on the infinite space mesh for the
original problem (2.1)—(2.3)

ih0, U =Hp5 ¥+ F on Wh,oo XWT, (2.22)
U=0 for m>1, (2.23)
WO =09 on @ o, (2.24)

where F' is a given perturbation; this has already been exploited in Part I. We consider
only the solutions having the property ¥ € Hy, for any m >0, where Hy, is a Hilbert

o0
space consisting of mesh functions W: @y, oc — C such that Z |W;|? < 0o and Wy =0,
j=1

equipped with the inner product (U,W)g, ::ZUj Wihji1)2.

j=1
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For U,W € H}, we define the Hermitian-symmetric bilinear form

fi? _ _ .
523%, (0:U;) (0W;) hj+(VUW) = (HUW)y ,  (2:25)

j=1

Ly, (UW):=

with the extension (H,U)o:=0; the equality follows from an identity like (2.17) but
for the mesh {z; };0:0 by passing to the limit as jo— oco. Clearly, one has

> = 2
W13, 401 =Ly oo (W, W) 0 [Wi, 200> |02W| Ry for any W e Hy, (2.26)
j=1
for any v > vg.

PROPOSITION 2.5. Let F™ € Hy, for any m>1 and V9 € H,. There exists a unique
solution of the scheme (2.22)-(2.24), and the following stability bound holds:

M
2

max (" |3, 1or < W5 20,01+ 5 Y NF™ 4ty 0orTm for any M >1,

0<m<M hm:1

for any v=vg. Moreover, for F =0, the following conservation law holds:

19 194,01 = [ ®hl3¢, 401 for any m>0.

Proof. The existence and uniqueness of the solution and the boundedness of the
operator Hj: Hj — Hj, together with the energy-type equality

B
5&”\1}\\12% =Im(F,5V)g,,

are known from Proposition 3.1 in Part L.
Taking the (-,-) g, -inner product of equation (2.22) and H,5, ¥, applying identity
(2.25) and taking the imaginary part, we get

h—
§8t£ghm (\I/,\I/) :Im(F, tht\Ij)Hh .

Combining the both equalities, we obtain
[
50 Lz, . (U, 0)+0 || 0[|F, | =Im(F, (Hy+vl)5,¥) (2.27)

The proof is completed in the same manner as the proof of Proposition 2.3. ]

COROLLARY 2.6. Let F" =0 and \Il?Lj =0 for j>=J and m > 1. If the solution of the
scheme (2.22)-(2.24) satisfies the relation

<8$st\11> =S for any m>1, (2.28)
J

then the following equality holds, for any M >1 and any real v:

hBis Im (Sref‘PJ, ihat\PJ +”l)§t\:[fj)

.
“nm
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2

=Ls, @, (P U)o y|qu||wm\wh, (2.29)
where
h? - 2 9
Loy o WW)i=Bioe D [0:Wi[ h+ Ve W2, o

j=J+1

h oo

IIWllih,x\whﬁ:ngjI?Jr Z [W;[?h.
j=J+1

Consequently, S=S,ct satisfies condition (2.19) for ®=V; and any v>—V.
Moreover, for the uniform mesh @™, S,of is the operator of the 1D discrete TBC, (see
[12] and Part I) and the condition is valid for any ® mentioned in it (rather than
O=U; only).

Proof. Since the solution of (2.22)-(2.24) satisfying (2.28) solves the scheme (2.5)-
(2.8) with G =0 too (see the similar Corollary 3.3 in Part I), by subtracting equalities
(2.27) and (2.21), we obtain the equality

g 0t | L, . \wn (¥, 0) +’U||‘I’||ihm\wh] = g BiooIm ((Sref‘I’J) (ih0, ¥ s +vs, ¥ ;) *> )
which clearly yields equality (2.29).

For the uniform mesh @”, it has been proved in Part I (see the first proof of
Proposition 3.3) that any function ®: wj; — C can be extended as the solution of the
scheme (2.22)-(2.24) such that ¥;=® on wj,, with some F' such that Fj" =0, for
j>Jand m>1, and ¥? =0. This completes the proof. 0

The corollary clarifies and proves condition (2.19) in the case of the discrete TBC;
compare with the study of condition (2.9) for E=1 in Part L
Let us go back to the scheme (2.5)-(2.8).

PROPOSITION 2.7. Let the hypotheses of Proposition 2.3 be valid, with the following
generalization of condition (2.19):

1 _
Im( - S@,ih@tq)—l—vstfb) >0 forany M>1, (2.30)

2
E Wiy

for some E€ ND(@7), any ® such as in (2.19) and some v=vo. Then the following
bound holds:

M
. 2 1
M
Oé?na‘éMH\Ijm”Hh"FUI%wh <E <|\112||Hh+vf;wh+h § 1Em Fm||Hh+vI;th7n> )
m—

where F'™ s extended by Fj* =F7'=0.

Proof. The argument is similar to that of Proposition 2.1. Namely, substituting
U =FEY into (2.11), dividing the result by £? and using (2.18), we get the equality

L Fu(E?) oo
5 [8tY|Hh+vI;wh + E"Q HYHHh‘l"UI;Uh
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h2

2F2

— Im{ (F é (Hp +v1)st(EY)) —

Wh

Bis (S\I’J) (iﬁgtq{] —|—St\I/J)*} .
Since clearly

1 A 1 .
F, = Ns(EY)) |<|IF .7A—H* EYH
(7 s Ot oD5(BY)) <P, g5 [5E,,

1_
< Fllny+or;m, EStHYHHthvI;wha

a standard argument leads to the following bound:

1
m HFmHHthvI;UhTma

M

2
L P L D D
m=1

0<m<M
for any M >1. (Compare with (2.13).) The inverse substitution Y =¥ /FE yields the
result. O

REMARK 2.2. Taking into account identity (2.17), one can see that
W3, o1, = Lo, (W, W) +0[[W]Z, >0

(with Wy =0), and thus all the above results concerning the scheme (2.5)-(2.8) remain
valid, for v >vg=—Apmin- Here Apmin i the minimal eigenvalue of the mesh self-
adjoint real eigenvalue problem

h? = h h
HU=AU on wp, Uy=0, ?BlooazUJ+§VooUJ:§)\UJ;
I 174, +v1:m, is a semi-norm for v=—Apmin.

COROLLARY 2.8. Under conditions of any of Propositions 2.1, 2.3 and 2.7, the
scheme (2.5)-(2.8) is uniquely solvable provided that S is a linear operator.

We give a result on the unique solvability of the scheme in the case of non-linear

S.
PROPOSITION 2.9. Let S™®™ be affine in ®™, that is, S"®™=Sr®m 1+
(Sr@®™=1)d™, and

hB1oo ImST @™ ! > _n (2.31)

Tm

for any ® such as in (2.9) and any m>1. Then the scheme (2.5)-(2.8) is uniquely
solvable.

Proof. Clearly, U™ satisfies the mesh problem

h 1 hi 1
i— 0" — —H U =i — U S H, U L F™ oon wy, (2.32)
Tm 2 Tm 2

m o __
0 _07
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2 . 1 2
LA R (z’h - Voo> T %Bm (Spwp-tyem

4 2\ 7m 2 S
I hi h 1 h? R
=—7 Bioo0, 07 — 5 (iT +5 VOO> gty 5 BiooSye L G™, (2.33)

which is a system of linear algebraic equations with a square matrix. Therefore it is
sufficient to prove that the corresponding homogeneous system has only the trivial
solution.

Taking the (-,+),,-inner product of the homogeneous version of equation (2.32)
and U™, applying the homogeneous version of boundary conditions (2.33) and identity
(2.17) and then taking the imaginary part of the result, we obtain

h h h?

h - m
w2, 4 (- 5 4+ 5 BuooIm (ST ) (972 =0;
Tm 2 2

m

compare with (2.11). Applying condition (2.31), we get ¥™ =0, and the proof is
complete. 0

Now we can prove stability bounds for the solution of the scheme (2.5)-(2.8) with

respect to a perturbation in the operator S. For any £€ ND(w”) and linear S, we
define the norm

lzs®ll.y,
1l = sup =t
@+ [e2l.,

where sup is taken over all ®: W}, —C, ®° =0 and ®#£0. Let S, be a linear operator
satisfying condition (2.9) for E=1 and W, be the solution of the scheme for § = S;ef.

PROPOSITION 2.10. Let F=0, G=0 and S be linear. For any E€ND(@") and
M >1, the following claims are valid.
1. If condition (2.9) holds, then

E

hB1oo ”‘S‘Hw& ?

H\II?ZHQ}L ”Sref _S”M,é‘-

-
“nm

2
ref 7

m m
— 5 <
Oéglangl‘If Ul < 5

2. If condition (2.30) holds, then

max |[P72 — 0" ||5,

0<m<M ref
||\IJ?LHH;L+'UI;E;I ||Sref_8||M,£-

2X
<4/ —hB E|lwr
V2 B €L,
“nm

3. If both condition (2.19) for S =St and condition (2.30) hold, then

£
3

m_o_qml|_
Oérnl@agxM”\Ilref v ||‘-Uh
E
E
w

Svet = S|[3)%.

”\I/% ||Hh+v1;5h

1 "
<— \/2XthH\/E+15

V1

w7 T
M M
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REMARK 2.3. In Claims 1 and 2, the bounds are proportional to ||Syet —S||ar,e but
they contain multipliers proportional to 1/h and 1/ vh. In Claim 3, the bound is
proportional only to ||Syef —S ||%35, but this is uniform in h.

Proof. Clearly, the difference AW :=W s — ¥ satisfies the scheme
RO AU =H,5: AT on wp Xw",

AUF =0 for m=>1,

2 2

h h
DFA\IJ?:?BloO refA‘I’Sn—f— 9 Bloo( Sm)‘I’m for m>1

ref
AV°=0 on . (2.34)
Using Proposition 2.1 for AV (replacing ¥), §=8,ct and E=1, we get

max [ Wige — U™ |,
o<m<M

\/7hB1<>C Z | ref :r]n|7-m
2
<\ 2npiclely

2
2B, St Sl

Exploiting the estimate |Wjy| </2/h||W |z, and Proposition 2.1, we establish Claim
1.

1
E (Sref_S)‘IlJ

-
“nm

L% (2.35)

E
£

max ——
L 1<m<M E™m
W

Replacing E by E in (2.35) and using another estimate |W;|<
VX/1 W, +orm, (Wwith Wo=0) and Proposition 2.7, we prove Claim 2 as
well.

To establish Claim 3, we apply Corollary 2.2 instead of Proposition 2.1 together
with Proposition 2.3 (for S =S,.¢) and Proposition 2.7 and obtain

max | W — V" |,
0<m< M
9 1/2 1 2/3
iBioo | —— |09 U.w) E+1& ‘ Sret —S) T )
e (2 1R i, RECCLE
An argument similar to that just used to prove Claim 2 completes the proof. O

Note that, for linear Sycf, the above equations for W] — W™ are linear, and one
can generalize all the bounds for a nonlinear S.

REMARK 2.4. The proposition may be modified as follows. Assume that condition
(2.9) is valid in Claims 1-3 and that condition (2.19) for S&=S;es replaces condi-
tion (2.30) in Claim 2 (Probably the last moment is the most mterestlng Then

similar bounds for ¥,ef — ¥ hold, provided that the multiplier EM H = H H z Hw
M
places ||S|| and HEHW& ?H in Claims 1 and 2 and that the multiplier
Wiy
EM H\/ E+1%£ H w"' replaces ‘ E+1 ‘% in Claim 3.
M Wiy
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To check this, one just rewrites the boundary condition (2.34) in the form

S™)we, for m>1,

ref

h? Rh?

and applies Proposition 2.1 in the original form (not for S =S,f and E=1 as above)
to derive bounds for A¥. On the other hand, bounds (2.10) with E=1 and (2.20)
for ¥ =W, replace the previous corresponding bounds for V.

REMARK 2.5. The multiplicative inequality (2.16) leads to uniform bounds provided
that the assumptions of Claim 3 are valid. In particular, Claim 3 itself implies that

v =9 o@
0<ma<XMH ”C(wh)

1/2
=Y m||__ . m 1/2
<\/§<O<max 0. \Ilref||wh+0<mn?<xMH8$\I/ |wh> o Jpax e — Y™ ||,

[(FﬁBlw) \/ETHH\/;(S’

N 34, 40150, | Sret — S 3 e

Wis

REMARK 2.6. It is not difficult to generalize Proposition 2.10 (and the previous
remarks) as follows. Let

1/p
||Y||Lp wp) = <Z|Y"‘me> for 1<p< oo,

and

Py— m
¥ il (ug,) =, nax, ™| for p=co.

Let p’ satisfy 1/p'+1/p=1.
Given p,p; € [1,00], we define the more general operator norm

Iz S® L)

11131, =P
(X S

clearly, ||S||ar,e =||S||a,e,pp: for p=p1=2. Then one can replace, in the bounds of

Proposition 2.10, the norm ||« ||, respectively by ||-|| . (@) for £ and VE+1& and
M

by || . HLp(wXI) for % and %, together with ||Sref78||M7g by HSref 7'5””1)54,4,1.
Indeed, for example, to generalize Claim 1, one can write

1
5t Bl <l [ S92
M
1
< ”(C:HL”/I (@I,) ”Sref _S”M,E,p,pl Eq)
L2 (wiy)

||5|| HSref_SHM7&p7p1-

< (wis)

el



280 TRANSPARENT BOUNDARY CONDITIONS II

3. The case of discrete convolution-type operators S

Let the mesh @™ be uniform (that is, 7, =7 for m >1) in this section. We assume

now that S is a discrete convolution operator of the form

S(}:Q*gtq),

(3.1)

for some kernel Q: @™ — C and any ®: @™ — C, ®° =0. Hereafter =1 =®™|,,__;:=

and

(Q*P)™:= ZQ"@m_" for m > 0.
n=0

We apply the technique of reproducing functions and define, for any ®: @™ — C,

the power series

o0

T[®)(2):=>_ "2

m=0

If @ satisfies the bound |®™| < Cp™ for any m > 0 and some p > 0, then 7 [®] is analytic

in the disc Dy /,:={z€C:[z| <1/p}. We set ¢:=T[Q)].

We recall that the operator of the discrete TBC, see Corollary 2.6, may be written

in the form, see [12] and Part I:
Sref(I> = Qref *gt(bv

where the kernel Q.. is such that

1
Qref(z)::T[Qref](Z):E \ 72(2)_17
(2) =1 +ap—ia1— L O
TEEAT AT 0 e o T B

y/w denotes the analytic branch of /w in C with the cross-cut along the positive real

semi-axis Rew >0, Imw =0, such that /—1=q.

Let H*(D,), 1<s<oo, be the Hardy space of functions p analytic in D, such

that

27
sup /0 |p (pew) ’S dyp < 0.

0<p<r

For such functions, the trace p|y, € L*(0D,) is well defined (for example see [18]).

PROPOSITION 3.1. Let 0<r<1.

1. The operator S satisfies condition (2.9) for E™=r—"™ if and only if q is

analytic in D, and

Img(2) >0 on D,.

(3.2)

2. Let q be analytic in D,. The operator S satisfies condition (2.30) for E™ =

—m

r and some real v if and only if

Im{q(z) [ﬁzBm (1—7(2))*+U+VOOH>0 on Di.

h2

(3.3)
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REMARK 3.1. Let p be analytic in D,. The condition
Imp(z) >0 on D, (3.4)

is equivalent to Imp(z) >0 on D, provided that p(z)#0 on D,.. Moreover, condition
(3.4) is equivalent to Imp(z) =0 almost everywhere on 9D, provided that p€ H*(D,.)
(in particular, p€ C(D,)). These properties are implied by the maximum principle
for harmonic functions (since Imp is harmonic in D,.).

Proof.

1. Actually, Claim 1 follows from [14], Chapter 9. We give a somewhat different
proof both in order to develop a technique allowing to derive other results in
the section and for completeness.

We first fix M >1 and values ®',®% ..., ®M together with &~ =®%=0.
In order to satisfy 3,®™ =0 for m > M, we set @™ = (—1)""M®M for m > M
and we get, for E" =p~"™ with 0<p<r

1 =1 .
Si(p):= (E28<I>,st<1>) :TZ Ve STP™ (5,d™)
Wiy m=0
S (Q ANy
_Tm_()(E*E Em 5 (35)

where A:=35;®. Note that 7[A] is a polynomial with degree not greater than
M.

For ¢ analytic in D,., we apply Parseval’s equality for the complex trigono-
metric series and the formulas

T(Q=A=T[QI*T[A], THp" A"} _ol(2)=T[A](p2),

and we obtain, for 0<p<r

sio- [ 7[2e2] ) (1[3] ) @

27
= | alpe)|T[A] ()| do. (3.6)
T Jo
Therefore
2
ImS:(p)= i/o Imgq (pe’?) | T [A] (pe?) ‘2 dep. (3.7)

Inequality (3.2) implies that ImS;(p) >0, and since Si(r)=lim,_,_ Si(p),
we get that Im.Sy(r) >0 too.

Conversely, let ImS;(r) >0. Firstly, taking A" =0 for n£1,m (2<m<
M), we get

Sl (’}") _ QO|7”A1 |2 +7ﬂmlemferl(TmAm)* +Q0|T’mAm|2
and consequently

Im Sy (r) =ImQ° (|rA'|* + [r™A™[?)
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1
+27 (Tm—lQm—erl(rmAm)* _ (rm—lQm—l)*(TAl)*rmAm) .
1

This Hermitian quadratic form is non-negative if and only if ™~ Q™| <
2ImQ°; the bound implies analyticity of g in D,..
Secondly, we show that

ImSi(p) =0 for O<p<r. (3.8)
To this end, we set

Al(p)::HAﬁnin 1In15’1(,0) for 0<p<r.
W T

Let the point of minimum be Ag. We set A:=Ag/E and A™(p):=e MY A™
and get

A(p)=Im (g x A, A)
Wiy
. Q . ;
> = = i
> iy Im ( 7 *Ap) Alw) T Jnin Im P (pe'?),
M

m

where once again E™=p~™ and

F(z):=((ZQ)*A,A), -

M

Zm—ym
is a polynomial. By the maximum principle applied to the harmonic function
ImF, we obtain min|,|—,Im F(z) > min,—, ImF'(z). Since

F (rew) = ImSl(T)|AmEr*’"A’"(<P) >0,

we get A1(p) >0, and thus inequality (3.8) is valid.
Finally, 2717[A](z) is an arbitrary polynomial with degree not greater
than M —1. Consequently, for M =2(N +1), the expression

N
TN e e ™M= D ad™ =T (p), (3.9)
k=—N

is an arbitrary complex trigonometric polynomial with degree not greater
than N. By virtue of (3.7) and (3.8) we get

2m
/ Img (pew) \g(gp)|2 dp>0 for any g=Ty. (3.10)
0
Since the set of trigonometric polynomials is dense in L?(0,27), inequality

(3.10) is valid for any g € L?(0,27) as well, taking into account the inequality,
for any »> € L>°(0,27), f,g€ L?(0,27)

2m 2m
[ ArPao- [P ag] <l 0am I - dlroanl +sllzoz
0 0

Consequently, Img(z) >0 on 0D, for any 0<p<r, and inequality (3.2) is
proved.
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2. Once again we first fix M >1 and values ®',®?%,...,®M together with ' =
@0 =0. To satisfy (ihat@+v§t©)m:0 for m > M, we set

1+i7v/(2h)

o =g MpM M with gi=—"""""7",
p or m>M with =3 Ton)

Similarly to formulas (3.5) we get, for Em=p=" with 0<p<r

Sa(p):= (52 SP, ihat@Jrvst(I))

-
“nr

:TZ (QA*S{(I)) (Zhatq) E"'mvgt(b ) .

Since |3| =1, we have sup,,,~|®""| =max;<m<ar [9™], and therefore 7 [®](z)
and 7 [5:9](2)=((1+2)/2)7T [®](z) are analytic in D;. Moreover, for z € D;

h%Bioo
h2

T (i3] (z)=i 1 =2

T (58] () = [ a —7(2))+Voo] 58] (2).

T 142

For ¢ analytic in D, and 0< p <7, similarly to (3.6) we obtain

*

S0 =gz [ {2 [0 0onten Vi)

AT @) () }

dep, (3.11)

z=pe'¥

and thus, after setting p(z) :=q(z) [(A?Bioo/h*)(1—=7(2))* + (v+Vio)] ,

Im Sy (p) = %/o 7rImp (pei‘p) ”T[@@] (pei“’) ‘2 de. (3.12)

Inequality (3.3) implies that Im S2(p) > 0, and since Sa(r) =lim,_,,_ S2(p),
we get that Im.S5(r) >0 too.

Conversely, let ImS5(r) >0. Comparing (3.6) and (3.11), in the case
®M =0, we get another representation for Sy(p):

P A A
s2<p>:(E*E7E) , (3.13)
Wiy

where P is such that 7[P]=p, E™=p ™ and A=5,®. Consequently by
analogy with (3.8) we have (provided that ® =0)
ImSs(p) >0 for O<p<r. (3.14)

Furthermore, for ® =0, we find that

M-2
2T [5,9](2) = Z O, 2™
m=0
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is any polynomial of degree not greater than M —2 such that
ij;j(fl)m@m:o. Therefore, for M =2N +3, the expression (3.9) is an
arbitrary trigonometric polynomial T such that Ty (w)=0. By virtue of

(3.12) and (3.14) we get

2T
/ Tmp (pe*) |g(¢)|? dip > 0
0

for any g=Ty. With the help of the above density argument, the inequality
holds also for any g€ L?(0,27). Consequently, Imp(z) >0 on D, for any
0< p<r, and inequality (3.3) is proved.

O

Note that the regularizing role of the multipliers 1/E? and 1/E? in conditions
(2.9) and (2.30) is clear from the statement and the proof of Proposition 3.1; recall
also that the most interesting choice of r is r(7)=1/(1+co7) with ¢o >0.

Let us apply the last proposition for ¢ = gyef.

PROPOSITION 3.2. For 8 =S8, inequalities (2.9) and (2.30) hold for E™=E" =
r~™ with any 0<r<1 and for any v>=—V.

Proof. Recall that gyer is analytic, with Imgyer(2) >0, in D; (see Part I). Conse-
quently according to Proposition 3.1, it is sufficient to check the inequality

Im[gres(2)(1—7(2))*] >0 in Dy, (3.15)

which implies (3.3) for ¢=gyef, =1 and v > —V.

Since the linear-fractional function z —(=+(z) establishes a one-to-one corre-
spondence between D; and the lower half-plane {Im¢ <0}, inequality (3.15) can be
rewritten in the form

Im( {/{:27—1(1—@)) >0 for Im(¢<O0.

We transform this as follows

Im(‘ w(w+2)w*><0 for ITmw <0

and set w=te"? —1 with t >0 and 7 <6 < 27. Since arg(te’® +2) runs over (6,27), we
get

sinarg( WW*) =sin (; (6+arg (te’ +2)) —7T—9>

te? +2)—0
:_Smww

which proves the required inequality. ]

Note that, for S =S8,et and E=1, two other proofs of inequality (2.9) were given
in Part I.

Now we turn to estimates for Sy —S. In contrast to [5], to this end we find it
essential to rewrite (3.1) in the equivalent form

S®=Rx®d with R:=5.0Q, (3.16)
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where we set Q@ '=0. Clearly, 7[R](z2)=((1+2)/2)7[Q](z) and, in particular,
T [Ree] (2) = (1 +2)/2)qret (2), for Rye :=3¢Qrer (With Qf =0); note that an explicit
expression for Ry is available, see [12] and Part 1.

The reason is that the multiplier (1+2)/2 cancels the singularity of gt at the
point z=—1¢€ D1; see the next lemma. (Recall that form (3.16) is also more suitable
for the stable implementation of the discrete TBC, see [12].)

LEMMA 3.3. The functions

vi(z)=7(2)+ {/’W, va(z):=7(2)— W7 qref:Vl—Vz

2h
have unique continuous exrtensions Vie, Vze, Gref,e=(Vie—V2e)/(2h) from Di to

Di\{~1}.
Moreover the functions
1+2 1+2 142
2 1/16(2), 2 V2@<Z)a ?qrcf,e(z)a
defined respectively by 0,—2iay,iay/h for z=—1, are continuous on Dj.

Proof. The function 3/¢?—1 can be extended from {Im({ <0} by a function

¢2—1_, continuous on {Im¢ <0}, by setting for real x
iv1—a? for |z|<1,
VEE—-1,:= li%l Vi(z—ie)?—1=
T —(sgn z)y/22—1 for |z|>1.

This implies the first part of the lemma. Note that 0< |v1.(2)] <1 and |ve.(2)|>1 on
D;.
The limit relations ((1+42)/2)v1e(2) =0 and ((1+42)/2) (v1e(2) +v2e(2)) = (1 +
2)v(z) — —2ia; as z— —1 and z € Dy\{—1} yield the second part of the lemma. 0O
Let H*(D,) be the Hardy space of functions p analytic in D, such that
supp, |p(z)| < oo. For such functions the trace p|,, € L>(0D,) is well defined; more-
over, supp, [p(2)|=pllL=(ap,) (18]
PROPOSITION 3.4. Let g€ H*®(D,) for 0<r<1 or (142)q(z) € H>*(D;) for r=1.
Then the following bound holds, for E™=r—"":

1 1
¥Qref,e(z) - ;_Z q(Z)

sup HSref_SHM,S <

=

(3.17)

L= (dD,)

Proof. For fixed M >1 and ®°=0,®',..., &M we set ®™:=0 for m > M. With
an argument similar to that used in the proof of (3.6) applied to (3.16), we obtain the
relations, for r<1 and EM=r—""

1 2 = Rref R " P ™
Hg(Sref—S)‘I) w&_TmZ:O ( IS _5) *(8>
2
2 [ ) P )
. 27 . [0} 2
<bolteconr [T ot [ 2]

(3.18)
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where

1+2 1+2
2 qrefe() 2 q(z)

#(z):=

Here we have applied twice the Parseval equality; note also that 7[®] is simply a
polynomial of degree not greater than M.

The case r=1 is reduced to the previous one by passing to the limit »r—1_ and
using Lemma 3.3 and the limit relation (see [18])

rl_lgﬂ HgHLOQ(aDr):HgHLW(aDl) for g€ H>(Dy).
N 0

REMARK 3.2. In fact inequality (3.17) is an equality. To see that, we should analyze
the unique inequality in the chain of relations (3.18) (which finally holds for any
0<r<1) and show the inverse inequality

27
C () := sup sup =2 () |12 (r

ret )| dgp
wzt e [TIT(0] (rei)* dp

||%0||Loo(o,27r) for %0(90)3:|%(7’6w)\2a

where the second supremum is taken over all ®: @™ — C, ™ =0 for m=0 and m > M,
and ® 0. Similarly to the proof of Claim 1 in Proposition 3.1, we get

2m 2

7| Tn|™d
C(50) > sup sup ‘IOQWLNZ'@
Nz1Tvz0 [ |TN|"dye

2 2
fow%o|9| dp 2
= sup e = su s fde.
geL2(0.2m),920 [o |gl7de  120:01 11110 0m=1/0

The first equality follows from the density of the set of all trigonometric polynomials
in L2(0,27), and the second equality is obvious. Since 3¢ >0, the last supremum (over
f) equals |[5¢]| o< (0,2x), Which completes the proof.

Notice that the right-hand side of (3.17) does not change if one replaces || - || L (p,)
by || [lze<(@p,)-

Keeping in mind Remark 2.6, we can weaken the L*°(0D,)-norm in the last
proposition at the cost of a new multiplier unbounded in 7.

PROPOSITION 3.5. Let 1<p<2<p1 <o and 1/s=1/p—1/p;. Assume that g€
H*(D,) for some 0<r<1 or (1+2)q(z) € H*(Dy) for r=1. Then the following bound
holds, for EmM=r—™

142z

T(Qref,e(z)*Q(z)) (319)

1
sup ||Srer —S S oo i/s
S [Sret =Sl a,e popy < (2m7)i/s L*(0D,)

REMARK 3.3. For p=p; =2, one has s =00 and the bound coincides with (3.17). On
the other hand, for p=1 and p; = o0, one gets the minimal value s=1.

Proof. The argument is similar to the one used in Proposition 3.4, except that
one exploits the Hausdorfl-Young inequalities for series (for example see [11]) together
with the Hélder inequality instead of the Parseval equality.
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Namely, for r <1 and €™ =r""", the following relations hold:

N . — 1/p1
Hl (S — Spot) @ F1/p (Z <Rr6f R) *<(I)) p) p
— — Oref - £ €
z Lo (i) o AN & £
yp L
s/ (2m)t/m =T 121l (@D-)
<7_1/P1L||%|| éHT[(I)](Z)H
< (2m)s TN OD) LoD

0 m 1/p
< F1/p 1 (|| Z @ '
ST (myis oD gm

m=0

Tl/zorl/pH H ‘q)
= 5 1/s IXlL=(8D.) || ¢ )
(2m)1/: el Loer,)

where (3°_, |Y|p1)1/p1, for p; = o0, is understood as sup,,,>q|Y"™|. This implies the
result for r <1. 0

The case r=1 is reduced once again to the previous one by passing to the limit
as 7 — 1_ with the help of the limit relation (see [18])

i lgl| Lo op,) = [l9ll+@p,) for g€ H*(D1).

4. The 2D case

We recall that for applications in low-energy nuclear fission dynamics, the 1D
model is oversimplified. In this section, we show how the above 1D results can be
extended and exploited for a 2D situation of physical interest; see [7, 13]. So we turn
to the generalized time-dependent 2D Schrodinger equation

in 22

o

K[ o\ 9 AN o\, 9 o
= | (B )+ (B )+ 3y (B ) 43 (B )|+

for (z,y)€Q:=(0,00)%x(0,Y), and t>0, (4.1)

involving the 2D Hamiltonian operator H with the real matrix {qu(x,y)}f,yqzl that
is symmetric and has eigenvalues not less than v >0 uniformly in Q. V(z,y) is real
in €.

Equation (4.1) is supplemented with the following boundary condition, the con-
dition at infinity and the initial condition

V]9 =0, [¥(z,t)||L200,y)—0 as x—o0, for any t>0, (4.2)
Plimo=9"(z,y) in Q. (4.3)
We assume that for some Xy >0,

Bi1(2,y) =Bi1s >0, Biz(z,y)=DBai(z,y) =0, Baa(x,y)=DBax >0,
V(z,y) =V and wo(:c,y)zo for z>X,, yel0,Y].
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An explicit TBC for this problem is written for example in Part I.
In addition to the notation from Section 2, we define two mesh averaging operators
with respect to x,

WG—14*MG
2

hiWi+hj+1 Wit
2hj 172 .

5. W= , SaWj=

We also introduce a mesh @y in y on [0,Y] with the nodes O=yo< - <yxg =Y
and the steps 0 :=yr —yr—1. Let ws:=ws\{0,Y}. We define the backward and the
modified forward difference quotients together with two mesh averaging operators
with respect to y,

— U, —U_ ~ Ugi1—U,
8yUk::%7 ayUkizlng

k k+1/2
_ Up—1+U; 6k Ur 4+ 0p 11U
5, Up=— 12 r S U= k26kfj/12 =

where 6j,.41/2:= (0x +0x+1)/2. We also need the inner products

K—-1
(U, UeWiidisrjas (U, W)z, ZUka5k

VW) =W o=
s k=1 b—1

and the associated norms || ||,, and ||-||z,, where I;(E(;) is the space of functions U:
ws — C with U‘k:()’[(:().

We define the product meshes Dy oo :=Wh 0o X Ws 0N Q, Wi :=wp X Ws on [0, X] x
[0,Y] and wp :=wp, X ws and introduce two mesh inner products

U W) = (U W)
K-1 K—1
Ujk, Wik),, Ok+1/2, ( = (Ujk: Wik)s, Ort1/2
k:1 k=1
together with the associated mesh norms ||-||., and ||-||z,.- The additional inner

products ()@, xwss (*+*)wy,xzs and (*;")wsxwy, and the associated norms are defined
similarly to the former one.
We continue to exploit the 2D mesh Hamiltonian operator, see [22] and Part I,

h? (~ = A =
W i= == {0, (B1ndo W) + 0.5, (Bi25.9,W)
+§z§y <B21h5x§yW) + 51/ (B22h5yW) } + VhWa
where the coefficients are given by the formulas
Biin =§y§11, Bigh = Boin=Bia, Baop=5,Ba, Vi =§x§y‘~/

with Ejk :=B(x; —h;/2,yx—0i/2). We study the following Crank-Nicolson finite-
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difference with general 2D approximate TBC, see Part 1

1ho U =Hn5: P+ F on wpxw, (4.4)
U _g=0, ¥"|,_ox=0 for m>1, (4.5)
h? hi(. = h? = _ _ "
B Blooﬁ St\If—* Zﬁat\I’—F?ngayaySt\I/—VooSt\I/
j=J
h? A
—BlooSm\I’ +G™ on ws for m>1, (4.6)
0= on wy, (4.7)
where \Ilﬂjk =4¢°(z;,yx) (for definiteness) and thus \I/g|j=J =0; we assume that the
two conjunction conditions \I/%’ =0 and \I/h‘k 0.K =0 are also valid. Hereafter we

exploit collections W'} ={¥"} }n 0 and U ={U g, 5 =0 and m>0; recall that
S™W' is non-local not only in time as m the 1D case but in y as well. Once more

F: wpxw™—C and G: ws Xw” — C are given perturbations that are introduced to
study the stability of the scheme.

PROPOSITION 4.1. Let ¥ be a solution of the finite-difference scheme (4.4)-(4.7)
with any VY, such that \I/h’ o, ;=0 and gy |/C o, x=0. Assume that the operator S
satisfies the inequality

1
Im (EzSi’,st@> >0 for any M >1, (4.8)
UJ(;XQJNI

for some E€ND@WT) and any function ®: @Wsxw’ —C such that ®°=0 and
®|p—0.x =0. Then the following stability bound holds, for any M >1

odnax 07|z,

<EM ( ”wh ﬁ Z ”Fm”thm \/72 Em |Gm||w57—m>~ (4.9)

m=1
Proof. From the proof of Proposition 4.1 in Part I it follows that
ws

h . h?
5 0.3, =Tm { (F,50),, — (G, gtxp,,) — 5 Bioe (8%, 500,),, } . (4.10)

Similarly to the proof of Proposition 2.1, for Y =¥ /E, the relations

3t( ?)

-
3 [PV I+ 2 IV,

:1m{<F ];2 (EY))Wh—<G’ ];2 (EY,))M

1_ A 1_ h? _
SUF o 7 8elY Nl +1Gllws 561 Ysllws = 575 Bioo Im(S® 5,508 5),,

2
_ WBlm(squmm}
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and consequently the bound

s [V, <[V, + hz 1 7+ \f > 6,

hold, and the result follows. 0
1/2
REMARK 4.1. The quantity EM [hBlooIm (ﬁS\PJ,Et\I/J)W T } is also bounded
M
by the right-hand side of (4.9), for any M > 1.

COROLLARY 4.2. Let the hypotheses of Proposition 4.1 together with the a priori
estimate

102915, xws <CoE on @7,

for some E€ ND(@7), be valid. Then the G-term in bound (4.9) can be replaced by
2/3

1G™ s T

QMZV

The proof is similar to one for Corollary 2.2 and exploits the multiplicative in-
equality

1nax ”ij||w5 <2||W||Wh||a W||wh><w57

0o<y<J

where W|;j—o =0 (which follows from (2.16)).
We introduce the 2D Hermitian-symmetric bilinear form

Lo, (UW): hZZZ{BMsy [(3.U)8,W*] + B1(5,0,U) 8,5, W*

J=1k=1

+Bo1(9,5,0)5.0, W+ Boas, [(0,0)0,W"]} b+ (ViU W,
J

for U,W: wy, — C. The identity
['Uh (U7 W)

h? = h (h?
= (HuU, W)wh+<{231mamU 2( Booo0y 0y U — Vi U)} ,W) (4.11)
J ws

holds provided that W|,;=9 =0 and W |x=o,x =0; actually this has already been applied
in the proof of Proposition 4.1 in Part I. Moreover, for such W, taking into account
the assumptions on {By,}2 ,—; and inequalities like 5, (|U[?) >[5,U|?, we also get the
inequality [22]

52 J K B
L, (W, W) >V—ZZ{sy 10.W1%) 45, (10,W1%) } ), b0 + (Vi W, W),

Jj=1k=1

(Ha WHthw(s—i_Ha W||wh><u)5) (VhVV?W)wh
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and consequently

W34, o1 = Lan (W) +0lWIE, Z 01 (10:W13, wus +10,WIZ, xz,) » (412)

Whp XWs
for any real number v > v with vg :=—min g,\ {0})xws Vh-

PROPOSITION 4.3. Let ¥ be a solution of the finite-difference scheme (4.4)-(4.7) with
any WP such that WD |i—o,7 =0 and ¥ |x—0,x =0 and G=0. Assume that the operator
S satisfies the inequality

Im(S@,ihgt@—FUEt@)wwa >0 forany M>1, (4.13)
M

for any ®: Ws xw™ — C such that ®°=0 and ®|r=0,x =0 and some v=vy. Then the
following bound holds

M
2
max || U™ |3, +or;@, < ||‘Il%||Hh+vI;Uh+* Z | F"™ |rtn+ol:0 T for any M >1;
o<m<M hmﬂ

(4.14)
hereafter FJi. is extended by zero for both j=0,J and k=0,K.

Proof. Similarly to the proof of Proposition 2.3, taking the (,-),,-inner product
of equation (4.4) and H,5:¥ and applying identity (4.11), we get
= = h? = _ h [ h? = _ _
‘CDh (zh(‘)tlll, St\p) - zh@t\I/J, ?Blmamst\PJ - 5 ?Bgooayayst‘lfj —VOOSt\I/J

ws

= [Hu5: |12, + (F, Ho5:0),,, -

(4.15)
Notice that
_ 1_
Reﬁwh (at\I/,Et\I/) = 5 atﬁwh (\I/, \I/)
and, by virtue of the boundary condition (4.6),
h? = h [ h? ~ = h . — K2
7Blooaz§t\1/—* 7B2mayay§t\1/—voo§t\1/ :*Zhat\:[/‘]‘f‘*BlooS‘I’J
2 2\ 2 ;2 2
Consequently after taking the imaginary part of both sides of (4.15), we find
h— _ h? =
iatﬁgh (W, W) =Im< (F, Hn5: V), — EBL)O (S¥,, 'Lhat\I]J)wé .
Combining this equality and (4.10), we obtain
h= 2
50t (Lo, (U, 9) 40| VI3, ]
h? =
:Im{(F, (Hn+0l)5,9), — ?Bloo (8w, iﬁ&t\IJJ+v§t\I')w6 } (4.16)

The last equality implies the result. ]
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COROLLARY 4.4. Let us consider the scheme (4.4)-(4.7) in the case F=0 and G=0,
for some v=vy. Condition (4.138) for ®=V; is valid if and only if the solution
satisfies the equality

maX”\I]mH'Hh+UI;Uh = ”\Ill(?l”?'{thvI;Uh'
m>=0

The result follows from equality (4.16).

Now we consider the Crank-Nicolson scheme on the infinite mesh for the original
problem (4.1)—(4.3)

ih0, U =Hp5 ¥+ F on Wh,oo XW', (4.17)
U _g=0, U, _y =0 for m=>1, (4.18)
VO=T) on Wh oo, (4.19)

where F' is a given perturbation. We consider only the solutions having the property
W ¢ Hy, for any m > 0, where Hy, is a Hilbert space consisting of functions W: wy o —
Csuch that W|;_y =0, W{,_, =0 and Z;’il [W;k||2, < oo, equipped with the inner

product (U,W)g, := Z;’;l (Ui, ij)wé hjt1/2.
We define the 2D Hermitian-symmetric bilinear form

h2 oo K N _ _ N _ _
Lo (UW):=T"" {Bugy [(3,U)8,W*] + B12(5.0,U) 8,5, W*
j=1k=1

—‘y—égl (gwgy U) Emgy W™+ §22§:1: [(gyU)gyW*] }
= (HnU, W)Hh

J

khjék + (VhU, W)Hh

for U,W € Hyp; we set HaU|j=0:=0 and HnU|r=0,x :=0. We have

oo K
W N s01 = L oo (W W) 0 (W[, 200 | D10 Wikll2, s+ D 10, Wi, 0k |

j=1 k=1

for any v>wg, by passing to the limit as jo — oo in relations like (4.12) but for the
mesh {z;}72.

ProposITION 4.5. Let F™ € Hy, for any m>1 and \II(})1 € Hy,. There exists a unique
solution to the scheme (4.17)-(4.19), and the following stability bound holds:

M
2
(nax ([ gy o1 <[ ORllrutor + 5 D IF™ Itortm for any M>1,
smsM hm:l

for any v=wvg. Moreover, for F =0, the following conservation law holds:

19" 301 = [ Cnllrtnsor for any m >0.
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Proof. The result is similar to Proposition 2.5 and is derived from Proposition
4.3 in Part I and the two energy-type equalities
h— 9 _
2 0l llz, =Im(E, 50 ¥) m, (4.20)

gaﬁwm (U, 0) =Im (F, Hn5: V) g, - (4.21)

COROLLARY 4.6. Let F™=0 and V=0 on @Wh,o\wn for m>1. If the solution of
the scheme (4.17)-(4.19) satisfies the relation

<8Ist\Il> =S¥ on ws forany m=>=1, (4.22)
J

then the following equality holds, for any M >1 and any real v:

hB1ooIm (Sper W 5, iR 0, W 5 + 05,V )

ws Xwi,
h
— (5 B0, + Va0, )
h?
+ Z ( Bis||0x \IJM|| +3 BQOQ||ay\1ﬂ”;|~ (Voo +v)|\IJMw6>h. (4.23)
j=J+1

Consequently, S=S8et satisfies condition (4.13) for ®=V; and any v=—V.
Moreover, for the uniform mesh @™, Syt is the operator of the 2D discrete TBC, see
[5] and Part I, and the condition is valid for any ® mentioned in it.

Equality (4.23) follows from combined equalities (4.20) and (4.21) together with
equality (4.16).

For the uniform mesh @7, it follows from Part I that any function ®: ws x wj; —C
can be extended as the solution of the scheme (4.17)-(4.19) such that ¥ ;=& on
ws X why, with some F' such that F™ =0 on wh o \wn for m>1 and U =0. Namely,
one can set ¥; =0 for 0<j<J -2, extend @™ =0 for m > M, and construct ¥; for
j=J—1as the solution of the equation

_ h2 ~_ ~_
9w == (Blooamaz +32mayay) 50+ Vo5 U on (whooo\wh) X W

having the property W™ € Hy, for any m >0, with ¥ =0, exploiting the technique
described in Part I for the derivation of the 2D discrete TBC. This completes the
proof. 0

Let us go back to the scheme (4.4)-(4.7).

PROPOSITION 4.7. Let the hypotheses of Proposition 4.3 be valid, with the following
generalization of condition (4.13):

1 _
Im <E28<I>,iﬁ3t<l)+vst®) >0 forany M>1, (4.24)

=
Ws XWyr
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for some E€ ND(@T), any ® such as in (4.13) and some v=vy. Then the following
bound holds:

0<ma<XM||‘I’ oz, < EM <||W%|Hh+vl;wh +

" ||Hh+'UI;UJhTm> ,

for any M >1.

The proof is similar to that for Proposition 2.7 and follows from equality (4.16);
see also the proof of Proposition 4.1.

COROLLARY 4.8. Under conditions of any of Propositions 4.1, 4.8 and 4.7, the
scheme (4.4)-(4.7) is uniquely solvable provided that S is a linear operator.

Note that Proposition 2.9 remains valid for the scheme (4.4)-(4.7) provided that
condition (2.31) is valid on ws for any ® such as in (4.8) and any m > 1.
For any £€ ND(@™), p,p1 € [1,00] and linear S, we define the norm

£ 1Sl [| o oz

15111.6.9,p, 1= sup : (4.25)

2 19Mos | o g,

where supremum is taken over all ®: ws; xwg; — C, ®° =0, ®|p—o x =0 and ®Z0. In
particular, for p=p; =2

Iz

S|, .
[S1Iar.6.p.p0 = ISIlaz.e =sup mhat

12 @,k
& ws Xwi,

Let Syer be a linear operator satisfying condition (4.8) for E=1 and W,e be the
solution of the scheme for & =S,..

PROPOSITION 4.9. Let F=0, G=0 and S be linear. For any EEND(@™), M >1
and p,p1 € [1,00], the following claims are valid.
1. If condition (4.8) holds, then

0<IH&XM H\Ijref v Hwh

2 E
< EBL €l o | £ 1198z, = STar

Lr(w},

2. If condition (4.24) holds, then

m —
plnax [[Wree — U™z,

g v hBlOCHg”LPl(w

3. If both conditions (4.13) for S =Syet and condition (4.24) hold, then

H\I/?lHHthvI;Uh [Sret = Sllar,ep.p: -
Lp(w3,)

£
3

0<ma<xM H\Ijref \Ilmeh
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R 2/3
E

[RZ =~

gi \/QXHBloOH\/E+1€

V1

/7
L7 (W) LP(wT,)

2/3
XHSref_SHJV?&p,m'

The proof exploits Propositions 4.1, 4.3 and 4.7 and is quite similar to the proof of
Proposition 2.10 and Remark 2.6; thus this is omitted. We also omit the counterpart
of Remark 2.4.

In the sequel, we analyze one particular but important case of the 2D operators
S. Following Part I, we introduce the auxiliary mesh eigenvalue problem

~9,0,0=X0 on ws, O|,_ =0, OZ0.

Let {07, M5}, 1<I<K —1, be its eigenpairs such that the functions {©;};* ;" are
real-valued and form an orthonormalized basis in H(ws); recall that A\;5 >0 for all I.

Clearly, for any U € H(ws), the expansion holds

K—-1
U=F"'U0:=> UWe,
=1

with the coefficients
UY=(FU)D.=(U,0)),, for 1<I<SK-1.
We consider S satisfying the property
(FS®)V =578 forall 1<I<K -1, (4.26)

that is, admitting the representation
S®=F1 (smr(l)) (4.27)

with some 1D linear (for simplicity) operators S;, for the same ® such as in (4.8) and
(4.13).

We recall that (see Part I), for the uniform mesh @”, the operator S,ef of the 2D
discrete TBC (see also Corollary 4.6), admits such a representation

Spo;® = F ! (Sref,l;%(l))

involving the 1D operators

_ . h?
Sref,lA = Qref,l * stA7 with Qref,l = Qref|Vx:le5 and Vool6 = Voo + 5 B200>\l6~

Another form Syef A= Ryef %A with Ryer;:= Rref|voozvool6 is usually more prefer-
able.

The following two propositions reduce a study of the 2D case to the 1D one and,
in particular, allow to apply the results of Section 3.
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PROPOSITION 4.10. For an operator S admitting representation (4.27), 2D condition
(4-8) or (4.24) is equivalent to the collection of the respective 1D conditions (2.9) or
(2.30) (with the same E€ ND(@7)) for §=8;, 1<I< K —1.

Proof. Exploiting the Parseval equality for F and property (4.26), we get

M K-1

(58.5:2),,, .0 Z > (Fsmaem) ) (s Fem®)
11l=1

- i (siFe®,5700)

=1 Wiy

This proves the result in the case of condition (4.8) due to arbitrariness of F®®),
1<I<K-—1. (For §=8,., this argument has been already applied in the proof of
Proposition 4.3 in Part I.)

The case of condition (4.24) is quite similar. 0

PROPOSITION 4.11. For an operator S admitting representation (4.27), the equality
holds

111826 5.1 :lgrlga%_IHSZHM,&nm (4.28)
provided that 1 <p<2< p1 <oo; in particular, |S||a,e =maxigi<rx—1|Sil|m.e-

Proof. By the Parseval equality for F and property (4.26), we get

I1SD|2, = Z‘JT&I’ <”( —Z’Sl}"@(l‘ |2, = Z]m»(l].

Consequently, recalling definition (4.25), we find

Lss tsae]
Lsitae]

where supremum is taken over all Ay,...,Ax_1: w}; —=C, |[A]+---+|Ax_1]|ZO0.

Lrr (i)

ISIrseppr = sup : (4.29)

1o AK—1

LP(wi)

Choosing all the functions Aq,...,Ax_1 to be zero except one of them, we obtain
1Sllar.e ppr = 1&%31?—1 1Stlla2.€ .01 (4.30)

for any p,p; €[1,00].
On the other hand, for 1 <p <2< p; < oo, by applying the generalized Minkowski
inequality for sums, we get

1/2
Pl [EXTN .

S1a,€,p,01 <A sup /2

Ak 2 1
SR i FS VN

and since clearly

1 1
SlAl E

— <
|2 < s IS || £

)

Lr(wir)

Lrv(wyr)
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we obtain also the inequality opposite to (4.30):

1S11az.6.p.p1 < 15}3?_1 1Slla1.6.p.p1 -

The proof is complete.

Notice that in the case p=p; =2 we could simply continue (4.29) as follows

/2
Sl siA 27}1
ISIme=  sup =1 Hs ! leM

- 1/2
M (KT L]

which more easily leads to the result. O

One can easily generalize the results of Part I and this part for the problem in a

rectangular parallelepiped of any dimension unbounded in one of the coordinates in
one or both its directions.
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