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Abstract. We construct a non-commutative C*-algebra C,,(U) which is a quantum
deformation of the algebra of continuous functions on the closed unit disc U. C,,(U)
is generated by the Toeplitz operators on a suitable Hilbert space of holomorphic
functions on U.

1. Introduction

Alain Connes has shown [8] that a substantial part of differential geometry can
be extended to a non-commutative setup in which a non-commutative *-algebra
replaces an algebra of functions on a manifold. Clearly, not every non-commutative
algebra has an interesting geometry and, while a satisfactory concept of a “non-
commutative differentiable manifold” has not been formulated yet, it is desirable to
study examples of such structures.

Recently, a growing number of examples of “non-commutative differentiable
manifolds” has been studied, see e.g. [16, 18,22]. These examples form, in a sense,
a testing ground for probing general concepts of non-commutative differential
geometry and so give us a better insight into the properties of a non-commutative
manifold. Also, some important applications of these ideas have been found in
other areas of mathematics and physics [3,7,9].

In this paper, we begin a program of developing a theory of non-commutative
Riemann surfaces. We believe that non-commutative Riemann surfaces should play
a distinguished role in non-commutative differential geometry, very much like
ordinary Riemann surfaces in the commutative case. Also, there are some speculations
[13] that quantum Riemann surfaces might be helpful in studying certain integrable
systems arising in string theory.

Conceptually, the simplest method of constructing non-commutative manifolds
is the framework of deformation quantization, see e.g. [2,4,19,22]. This is the
starting point of our approach.

* Supported in part by the National Science Foundation under grant DMS/PHY 88-16214
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Let M be a Riemann surface and let w be a symplectic form on M. Then, the
x-algebra C*(M) of smooth functions on M comes equipped with a Poisson bracket:

{fig}=w"'df,dg), f,geC™(M). (L)

We wish to construct a family of C*-algebras &/,,0<pu<1, called quantum

Riemann surfaces, together with “quantlzatlon maps” T“" C*(M)— s/, such that:
()

(i) T™ is linear and *-preserving and (i) lim [T‘”’ T - Ty, }“ = 0. Further-

w0 || i
more, we require that the biholomorphisms of M act on &/, and that &/, is, roughly
speaking, the fixed point algebra of the quantum universal covering of M.

In this paper we construct a quantum deformation of the unit disc (= universal
covering space of hyperbolic Riemann surfaces). Our construction draws some ideas
from Berezin’s paper [4] on quantization by covariant symbols. In a subsequent
paper [11] we will describe quantum deformations of hyperbolic Riemann surfaces.
In another development [12] we study a two-parameter deformation of the unit
disc which is closely related to the quantum group SU,(1,1). We should also
mention that quantum Riemann surfaces of genus 0 and 1 have already been studied
in the literature, see [16,20] (quantum sphere) and [8, 18] (quantum torus). Also,
quantizations of the unit disk using various symbolic calculi have been studied (see
e.g. [14,21] and references therein).

Recall that the group of biholomorphisms SU(1,1)/Z, of U = {zeC:|z| <1}
consists of fractional transformations

z—(az+b)bz+a) L, |a*—|b*=1. (L2)

The (essentially unique) SU(1, 1)/Z,-invariant symplectic form on U is

=-;-(1 —12|?)"2dz A dZ, (L3)

with the corresponding Poisson bracket

{£,9} =i(1—121**(0f g — 0f dg). (L4)

In Sect. IT we give the definition of the quantum unit disc C,,(U) in terms of
generators and construct an SU(1, 1)/Z, action on C,,(U) In Sects. III and IV we
study the representation theory of C,,(U) in terms of the algebra of Toeplitz
operators on a suitable Hilbert space. This leads us to structural theorems for the
quantum unit disc which are closely related to the Brown—-Douglas—Fillmore theory
[5]. In Sect. V we show that the SU(1,1)/Z, action can be implemented on this
space by a unitary projective representation of SU(1, 1)/Z,. Finally, in Sect. VI we
study asymptotic expansions of products of Toeplitz operators and prove that,
indeed, T™ satisfies requirement (ii) formulated above.

II. Quantum Unit Disc

ForO<u<1welet P, U) denote the unital C-algebra generated by two elements
z and Z with the following relation:

[2,2] = u(l — 22)(I — Z2). (IL1)



Quantum Riemann Surfaces 105

We call P,(U) the algebra of polynomials on the closed quantum unit disc. The goal
of this section is to study some general properties of representations of P,,(U) We
show that Pu(U) has a nontrivial universal enveloping C*-algebra. We call this
(C*-algebra the algebra of continuous functions on the closed quantum unit disc.

Let # be a Hilbert space and let n: P,(U) - £(#) be a representation of P,(U)
by bounded linear operators on J# satisfying the condition n(z)* = n(2). By abuse
of terminology, we will refer to such representations as x-representations (strictly
speaking, P,(U) is not a *-algebra). Setting n(z) = ¢?, n(2) = e ", 0 < 0 < 27, we see
that nontrivial *-representations of P,(U J) exist. By n(P, (U)) we denote the
C*-algebra of operators on # defined as the norm closure of n(P,(0)).

We will frequently use the following notation:

x:=1zZ, y:=1zz. (I1.2)
Applying = and taking the adjoint of (II.1) we find that
[n(x), n(y)] =0, (IL3)

i.e., m(x) and 7(y) generate an abelian subalgebra of n(P,,((7 )

Theorem IL.1. The operators n(z) and n(Z) satisfy
I7@) [l = =)l = 1. (IL4)

Proof. Let €*(x, y) denote the abelian unital sub-C*-algebra of () generated
by 7(x) and n(y). As a consequence of a Gelfand—Naimark theorem, C*(x, y) is
isometrically isomorphic with C(X), the C*-algebra of continuous functions on the
spectrum ' of €C*(x, y). Let x(0) and y(0), 6€ X, denote the images of 7(x) and n(y)
under this isomorphism. Clearly, x(o), y(c) = 0.

From Eq. (IL.1) we have

y(0)[px(0) + 1 — pl = (1 + Dx(0) — p. (IL5)
Since ux(o) + 1 ~ u >0, we have for all s X,
_ e+ 1)x(0)—p
(0) = @) 1 —n (I1L.6)

The function 0 < ¢t — [(u+ 1)t — u]/[ut + 1 — u] is continuous and monotonically
increasing, and thus as a consequence of (I1.6),

e+ DGl —p
plne) | +1—p

But from (IL.2), | n(x) || = [ 2(y) |l = [ =(z) | > Substituting this into (IL.7) and solving
the resulting algebraic equation yields || n(z)|| = 1, as claimed. O

Lemma I1.2.
(i) Ker(I — n(x)) = Ker(I — n(y)), (I1.8)
(i1) Ran(I — zn(x)) = Ran(I — n(y)). (IL.9)

Proof. (i) This is an immediate consequence of (IL.1) and (IL3).

Izl = (IL7)
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(i) Ify = (I — n(x))e, then from (IL.1) and (IL.3), (I + u(I — =) = — 7 (y))e.
But || u(I — n(y))|| <1, and thus ¢ = (I — n(y))(I + n(y)))~ '¢€Ran(I — n(y)), prov-
ing that Ran(I — n(x)) = Ran(I — n(y)). By a similar argument, Ran(I — n(y))
Ran(l — =(x)). O

Lemma I1.3. _
(i) Ker(I —n(x)) is invariant under n(P,(U))",
(ii) Ran(I — n(x)) is invariant under n(P,(U)).

Proof. (i) Indeed, if y eKer(I — n(x)), then by (IL8), (I — n(x))n(z}y = n(2)(I — n(y)Y =
0, and (I — n(y))m(2W = nE)(I — n(x) ¥ =0, ie., n(z)¥, n(Z)Yy eKer(l — n(x)). Since
Ker(I — m(x)) is closed, the claim follows.

@) If y = — n(x))peRan(l — n(x)), then by (I1.9), n(2}Y = I — n(y))n(Z)pe
Ran(I — n(y)) = Ran(I — n(x)). Furthermore, Y =(I — n(y))¢’ and thus zn(z)y =
(I — n(x))n(z)p’eRan(l — n(x)). O

We now write
# =Ker(I — n(x))® #, (IL.10)

where # is the orthogonal complement of Ker(I —n(x)). As a consequence of
Lemma I1.3 (i) and the fact that n(P,(U))" is a *-algebra, both direct summands in
(I1.10) are invariant under n(P,(U))".

Let now yeSU(1, 1). We will write the inverse of y as

y*1=<f b) a,beC, (IL11)
b a
where

lal? = b2 =1. (IL12)

Lemma I14. IfyeSU(1, 1), then (bn(z) + a)~ 1en(P‘,(U))‘.
Proof. Consider the series
a 'y (—bjayn(zy. (IL.13)

nz0

As a consequence of (I1.12), |b/a| < 1. Since by Theorem IL.1, || z(z)| = 1, the series
(I1.13) converges to an element of Z(#). A routine calculation show that its limit
is, in fact, (bn(z) +a)"!. O

We now set for yeSU(1, 1),
py(r(2)):= (an(z) + b)(bn(z) + @) ",
p,((2)):= (bn(2) + )~ *(an(Z) + b). (IL.14)

In the theorem below we assert that p, defines an action of SU(1,1) on n(P,‘(U))'.
Theorem ILS. Let yeSU(1,1). Then:

0] p,(7(@)* = p,(n(2)), (IL15)
@ [p,@)p,@(@)] = 1l — p, (), @ — py (D, (2(2)).  (IL16)
Proof. (i) This is clear.
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(ii) We verify (I1.16) on Ker(I — n(x)) and # separately. We set z':= p,(n(z)) and

7':= p,(n(2)). If weKer(I — n(x)), then a straightforward calculation shows that
2Ty =22 =,
which proves that (I1.16) holds on Ker(I — n(x)).

To prove that (I1.16) holds on # we observe that the inverses (I —n(x)) ™!
and (I —n(y))~! exist as densely defined unbounded operators. Furthermore,
as a consequence of Lemma I1.3 (ii), Dom((I — n(x))~ )= Dom((I — n(y)) " !) =
Ran(I — n(x)).

Lemma IL6. Relation (I1.1) restricted to A is equivalent to the following equation
on Ran(Il — n(x)):
I=nx) ' =T =)' =p (IL.17)
Proof. Multiplying (I1.17) by I — =(x) on one side and by I — n(y) on the other yields
(I1.1). Conversely, writing (I.1) as
(( = n(y) — U — n(0))e = ul — (x))I —z()o, @e#,
and using (I1.3) yields (I1.17). O

We can now conclude the proof of the theorem. As a consequence of (11.12) and
Lemma I1.4,
I —2'7 = (bn(z) + a)~ (I — n(x))(bn(2) + @)~ !, (I1.18)

and
I—77 =(bn(@) +a) (I — n(y))(br(z) +a)~ . (IL.19)
We claim that I — 2’7" and I — Z'Z’ are invertible on Ran(I — =(x)). Indeed, we set for
yeRan(l — n(x))
(I —z72)" Y = (bn(@) + a)(I — n(x)) " }(bn(z) + a)¥, (I1.20)
and
(I —22)" Y = (br(z) + a)(I — n(y)) " 1(bn(2) + a)y. (IL21)
As a consequence of Lemma I1.3 (ii) these are well defined. A simple calculation
shows that (I1.20) and (I1.21) are indeed the inverses of I —z'z’ and I —Zz'Z,
respectively.
As a consequence of the above considerations we have, as operator equations
on Ran(l — z(x)):
(I=27)"'—(I-z22)" ! =({bBn() + a)(I — n(x))” }(bn(z) + a)
— (bn(2) + a)(I — n())~ (bn(2) + )
= b1 {n()U — n(y) "' = 7 — n(x)) "}
+lal{ = n(x)™" = (I ()~}
= —b]*{[n(2), ()] — =(y))~* + un(x)} + plal|?
= u(lal*~1b1*) = .
This shows that z’ and Z' satisfy (I1.17) and the proof of the theorem is complete. [
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We now let for aeP,(U),
lall:= sup =), (11.22)

where the supremum is taken over all possible *-representations of P (U) As a
consequence of Theorem IL1, ||a|| < oo for all ae P,(U). Let N:= {aeP, (U) lal =0}
be the null-ideal in P (U) We define C,(U) to be the completion of P (U)/N in the
norm induced by ||| and call it the algebra of continuous functions on the closed
quantum unit disc. By definition, C,(U) is a unital C*-algebra with involution
defined by z*:=z. The following theorem is a consequence of the above
considerations.

Theorem IL.7. The C*-algebra C “(U) is generated by two elements z and Z satisfying
(I1.1) and such that | z|| = 1. The mapping

Y= py(2):=(az + b)(bz + a)*
defines an action of SU(1,1) on C,(U).

III. Representation Theory

In this section we classify all irreducible *-representations of the algebra of
polynomials on the quantum unit disc P,,(U) As in Sect. I1, let m: P,(U) - #(#) be
a representation of P (U) on a Hilbert space .

Proposition IIL1. Let A,:=nu(1+np)~,n=0,1,2,.... Then
(i) Spec(n(x)) = {A,,}"g {1}, (I1L.1)
(i) Spec((y)) < {An}rzoU{1}. (I11.2)

Proof. By Theorem IL1, || n(x)| = || z(y)|| = 1. Therefore, Spec(n(x)), Spec(n(y)) =
[0,1]. Furthermore, Spec(n(x))\{0} = Spec(n(y))\{0}. Let I,,n=0,1,2,... be a
sequence of open subsets of [0,1] defined by I,:=(4,,4,+.) We claim that
I,nSpec(n(x)) = & and I, Spec(n(y)) = &, for n = 0. Indeed, as a consequence of
(IL1),

n(y) = {(+ Hr(x) — ph{un(x) + 1 —p} ", (IIL.3)

and thus n(x) = 4;. Therefore, I, N Spec(n(x)) = &. Consequently, I, » Spec(n(y)) =
. We now proceed inductively. Assume that I, 1,,...,I, do not intersect the
spectra of n(x) and =n(y). If AEIM1 is in the spectrum of n(x),_then by (III 3)
A={(u+1)A— @} {ut+1—u}~'is in the spectrum of n(y). But iel,, which is a
contradiction. Therefore, I,,,; does not intersect the spectrum of m(x) and,
consequently, it does not intersect the spectrum of n(y). O

Theorem I11.2. Anirreducible »-representation (#,r) of P#(U ) is unitarily equivalent
to one of the two following representations:

(o) @ one-dimensional representation n(z) = e~ %, n(2) = ", where 0 < 0 < 2;

(B) aninfinite dimensional representation defined as follows: let # = 1(Z ..) (where
Z. is the set of nonnegative integers) and let {f,}, , be an orthonormal basis for #.



Quantum Riemann Surfaces 109

Then
o+ 2
() fn= {———1 . l)u} Jor1, n20, (I11.4)
@fy= | O n=0, (IIL5)

1/2
{ i } Juo1, 2L
1+np

Proof. We assume that (##, ) is an irreducible *- represcntatlon of P (U) We write
A as in (11.10) and observe that either Ker(I — n(x)) =0 or #H =0.1f # =0, then
n(z)n(z)* = n(z)*n(z) = I, ie., n(z) is unitary. As a consequence, # is one-
dimensional and =(z) = e"". Let Ker(I — n(x))=0 and let 4,,n=1,2,... be the
eigenspaces of n(x) corresponding to the eigenvalue A,. By the spectral theorem,
H = (—B %,. Observe that, as a consequence of (IL.1), n(z) maps %, into 4, ;, and
nz1
n(z) maps %, ., into ¥,. Indeed, if fe%,, then
(I + p— pn(z2))n(z2)n(2) f = pr(2) f — pn(2)n(z2) f
+n(@n(z2) f =k — phy + A)n(2) f.

Consequently,

n(z22n(@) f = (n— phy + A)U + p— pn(Z2)) " 'n(2) f

=(u— py + 2@ + p— pn(z2)) ' f

=(p— phn+ M) (L + p— pdy) " 'n(2) f

= b7,
ie, n(z)f€%, . In the same way we show that n(z): 9, ., — %,. Now, let i, denote
the restriction of n(z) to ¢, and let r, denote the restriction of n(z) to ¢,. Then
ifps1=4,0 and r,,,i,=4,1. This shows that the subspaces ¥, and ¥,,, are
isomorphic, n=1,2,.... We claim that ¢, is one-dimensional. Indeed, if e,,e,€%,
are nonzero and mutually orthogonal, then the subspaces generated by {n(z")e; } > 1
and {n(z"e,},,> > are nonzero, invariant under n(P,(U)) and mutually orthogonal.

As a consequence, all 4, are one-dimensional. Let fo€%, with | fo|l =1, and let
fwsn 2 1, be defined by

fu=1m@) foll "' n(Z") fo€ G+ 1. (ITL.6)

Then {f,},,formsan orthonormal basis for #. A simple computation shows that

7'C(Z =/ n+1fn+19 ngoa

n=0
n(2)f, = {
S, m2L O
We now describe a representation of P,(U) on a Hilbert space of holomorphic
functions on the unit disc U < €. This space was previously studied by Berezin [4] -
in the context of quantization of covariant symbols.
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We set

1
ri=—+1, (IIL7)
U
and observe that r > 2. Let 5#, be the Hilbert space of holomorphic functions on
U equipped with the Petersson scalar product

(@.0):= é J oW1 1Py g n df. (I1L8)
We set
dp,(0) = é(l —1CPy2de A dE (IIL9)
It is well known that the functions
_[LIeem e,
en(0) = {nn! T 1)} ¢ (I11.10)

form an orthonormal basis for 5# ;. This leads us to the following expression for the
corresponding Bergman kernel:

K¢n)=n"'r—D{1 -7 (ITL.11)

Recall that K({,7) is the integral kernel of the orthogonal projection P of LU, dp,)
onto J# y. For each continuous function f on U we consider an operator T, on 5y
defined by

T;0(0):= (PM;9)(0) = [I] K@ mf mem)du, Q). (IIL.12)

Here M ; denotes the multiplication operator on I2(U, dy,). Observe that T,e L(# ).
An operator of the form T is called a Toeplitz operator with symbol f (see e.g.
[10]). Note that Ty=Tj. Let J,(U) denote the C*-algebra generated by the
Toeplitz operators.

We define the following Toeplitz operators:

(r(2)e)():= £ K& mmem)du,(n) = L),
(=) Q)= | KA ioladatn) = (21 0)). (IIL13)
Lemma IIL.3. We have
FEIOO =L o~ g . (111 14)
Proof. We set y(0):= (n(2)9)((). Then using (IIL.11),

Y@ =n"Yr— l)ljj (L — L)~ o (n)dp,(n)

_ n"ld%, J (1= 507" olahd
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1

= dCI(l = MK, me(mdp,(n)

, d
—1[«) © i (Clﬁ(C))]-
As a consequence, we obtain a differential equation on i,

W+ry=9' (I11.15)

Solving this equation yields

Y= C"jn’ o' (n)dn,

as claimed. 0O

Theorem II14. (/,, 1) defines a x-representation of P,,(U). This representation is
unitarily equivalent with representation (f) of Theorem 111.2.

Proof. From (I11.10) and (111.13),

1/2
@(Dpn)0) = {on) = {%} a1 (0)

which proves (II1.4). Likewise, from (III.14),

1/2
(n(z)«p,,)(o=c-'jn' gy n)dn = {n_’;H} ()

for n = 1 and (n(2)¢e)({) = 0. This proves (IIL.5). O

In other words, 7 is a homomorphlsm of P (U) into I “(U) Our next result
states that, in fact, C (U) is isomorphic thh T, (U) Therefore, the concrete
C*-algebra 7,(U) may serve as a universal representation of the abstract C*-
algebra C (U)

Theorem IIL5. 7: P,(U)— 7 ,(U) induces an isomorphism of the C*-algebras C ”(U)
and T (U)

We will prove this theorem in Sect. I'V.

IV. Toeplitz Operators

Our goal in this section is to prove Theorem IIL5. The technique to achieve this is
a detailed analysis of the structure of the C*-algebra I “(U). Our analysis follows
the standard methods (in particular those of [10,1 and 6]). For the reader’s con-
venience we include the details of the proofs referring to the literature at appropriate
places. Throughout this section, f denotes a continuous function on U and | f |,
denotes its sup-norm.

Lemma IV.L () | T/ < | /o>
(i) T,=0, if and only if f =0.



112 S. Klimek and A. Lesniewski

Proof. Part (i) is clear. To prove part (ii) we observe that T, =0 if and only if
(@m Tr,) =0,m,n=0,1,2,..., where ¢, is defined by (III.10). Since

€ Tyl = [T F(Qdp ),

U
and since the monomials {"{" generate a dense subspace in L*(U, du,) this is possible
ifand only if f=0. O
Let (5 y) denote the C*-algebra of compact operators on 5.
Lemma IV.2. T eX (#y)if and only if f | 55 =0.

Proof. We follow [1] and [6]. Suppose that 1, =0. There is a sequence {f,,} of
continuous functions such that supp f,< U and || f — f,|,—0. Let {¢,} be a
sequence in £y such that ¢,, — 0 weakly (recall that a weakly convergent sequence
is bounded). We claim that T,¢,,—0 in norm which means that T, is compact.
Indeed, since ¢,,({) > 0 pointwise, it follows that, for a fixed n, ¢,,({) = 0 uniformly
on supp f,. Therefore,

I T @mll < 1 Ty, @mll + 11 Ty, @l

§C< sup @O full + ”f—_fn”oo”(pm”>,

lesupp fn

1/2
where C = {jd,u,({)} < oo. Choosing n sufficiently large and using the fact that
U

| 0.l < K, we see that the right-hand side of this inequality is arbitrarily small.
To prove the converse we consider the sequence of elements of #,

0a(0):= K1)/ K (1, m,) "2,

where 7,eU,n,—nedU. Then | ¢,|| =1 and ¢,({)—0 uniformly outside a neigh-
borhood V of 5. Passing to a subsequence, if necessary, we may assume that ¢, —0
weakly. Since

Ty = f )l * = [Illf(C) ~ f@) 1 @nQ)1du, ()

2 2
é{suplf((:)—f(n)l} +{ sup |<P.,(C)l} ILf = fl*,

leV LeU\V
we see that [|(T,; — f(n))e,|l = 0. As a consequence,

L= 1Mol < I Tronll + (T — fm))oa | =0,
since T is compact. Therefore, f(n)=0. O

Lemma IV.3- Tf Tg - ng, [Tf’ Tg]Ef(fU).

Proof. We follow [1]. Obviously, the second claim is a consequence of the first, so
we need prove that T, T, — T,,e X (# ). Clearly T;, — T, T, = PM ;(1 — P)M,. Let
H#} denote the orthogonal complement of #, in I*(U,dy,) and let H =
(1—=P)M,P: #y— #;. Then

T,,— T,T,= H*H,. (IV.1)
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Furthermore,
H=S:H,+H,T, (Iv.2)

where S,: #' - #{ is defined by S,:=(1 — P)M . Let now #:={feC(U):H, is
compact}. As a consequence of (IV.2), # is a closed subalgebra of C(U).Also,H, =0,
=0 and by (IV.1),

H}Hi=Tgz— T, T; = [n(2), n(Z) e A (H# y)-
So 1,¢,Ce A, and thus by the Stone—Weierstrass theorem # = C(U). O

LetJc T (U) be the commutator ideal of 7,(U), i.e., the smallest norm-closed,
two sided 1dea1 inJ (U) containing all the commutators.

Lemma IVA4. J =X(#y).

Proof. We follow [1]. To show that X' (#y) = 7 ,(#y) we use Theorem 5.39 in
[10]. Flrstly, H(H )T (K y) # T, as [Ty, T]e A (H# y). Secondly, we claim that
T (U) is irreducible. Indeed let Q be an orthogonal projection in #; which
commutes with 7 "(U) Then (Q¢)()) = QT,51 = ¢(O)(Q1)(() for all polynomials
peH y. From Q> =Q we have Q1 =1 and the claim follows. Therefore, by the
quoted theorem, X (# ) = I (U ). As a consequence of Lemma IV.3, J c S ().
Since A (A ) is simple [10], Ji”(HU) =J. O

Theorem IV.5. (i) Thereis a short exact sequence of C*-algebra (the Brown—Douglas—
Fillmore sequence)

0 A (A y)— T ,(U)-> C(0U) 0. (Iv.3)
(i) Every element AT, u(U) can be written as
A=T;+K, (Iv4)
where Ke A (# ;). Furthermore,
IT,+ K|l 2 iup1 L/l (Iv.5)
Proof. (i) We claim that
T (O) A (#y) = C(U), (IV.6)

as C*-algebras. Indeed, let o:C(U)— 7, (U)/Ji’ (##y) be the map defined by
o(f):= T, (mod A (#y)). By Lemma IV.3, 5 is a *-homomorphism whose range is
dense. By Lemma IV.2, Ker(¢) = CO(U):= { feC(U): f | ;u = 0}. So ¢ induces an
injective *-homomorphism

&: C(U)/COU) = C(0U) > T (O)/H (H y).

By Proposition 4.67 in [10],  is an isometry, so Ran(s) = Ran(§) = 7 ,( U)/ A (H#y),
and & is an isomorphism of C*-algebras.

(11) As a consequence of (i), every element in I~ (U) is of the form (IV.4). Since

(U)—> C@U),j(T;+ K):= 10U is a *-monomorphlsm of C*-algebras, it

follows from Proposition 4.67 in [10] that sup| f({)| < | T, + K||. O
LedU
Now we are in a position to prove Theorem IILS5.
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Proof of Theorem II11.5. Let
a= Y ouzozh..ZzeP (U), av.7n

b

. Therefore ||a] =

where o, C. By (11.22) and Theorems I11.2 and 11.4,

n(Z PR ~~z""2’">

k.l

, sup zaklck,+---+kn?‘+m+l"
=1 |k

TE(Z ak,Zk‘z_l’ -~~Zk"Z_l”>

k.l

llall=max{

By (IV.5), the maximum is achieved at

| z(a)|. The claim follows. []
As a consequence of Theorems IIL.5 and IV.5 we obtain:
Corollary IV.6. The C*-algebra C,(U) is a GCR algebra.

Let now # =1*Z,) and let {f,},0 be an orthonormal basis for s#. The
operator S defined by Sf,:= f,+1, n =0, is called the unilateral shift [10]. Let C*(S)
be the unital C*-algebra generated by S.

Theorem IV.7. C u(ﬁ ) is isomorphic with C*(S).
Proof. Let E, e #(#) be defined by E,,,f,=0,,f/n Then S= Y E,,,, and

nz0

n(Z) = Z {(n+ D/l +(@n+ YW} 2E, 1 » It is clear that S — n(Z)e A (#). Conse-

quently, (E*(S) cn(C,(U)=C (U) On the other hand, since S + KeC*(S) (see
[10]), it follows that n(z)e(E*(S) ie., n(C,,(U)) cC*S). O

V. The Action of SU(1,1)

In Sect. II we constructed a group action SU(1, 1) - Aut(C,, (0)). Under the identi-
fication C,,(U) (U) this action can be implemented by a projective unitary
representation of SU(l 1) on s#%y.

For AeC*:= C\{0} we set logi:=1log|i|+iargl, where —n<argi<m. If
yeSU(1,1), we let a, and b, denote the matrix elements of y~! as in (I1.11). The
function [14]

1 T _ - _ - _
- {log(b,,y; ' +a,,) —log(b,,,,{ +a,,,,) +log(b,  +a,)}, (V.1)

where y,,y,eSU(1, 1), €U, is independent of { (to see this, differentiate with respect
to ). We denote the value of (V.1) by A(y,7,). Furthermore, setting { = 0 it is easy
to see that A(y;,7,)e{ — 1,0, 1}. In fact, the function 1: SU(1, 1) x SU(1, 1) - Z defines
a cohomology class in H2(SU(1,1),Z), i.e.,

Ay2573) — A¥1Y2573) + A1, ¥273) — A1, 72) =0 (V.2)

(to see this, use the fact that (V.1) is independent of {). We set
0(y1,72):=exp{2mirA(y1, 7,)}- (v.3)
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For yeSU(1,1) and pe sy we define
(U,0)(0):=(b,{ +a,)"o(y~ ), (vV.4)

where (EVC +a,) "=exp{—r log(EyC +a,)}. Then U, is a unitary operator on 5y,
and

Uylyz =o.(y1,,y2)Uley2' (V'S)

Therefore, as a consequence of (V.2), y— U, is a projective unitary representation
of SU(1, 1).

Theorem V.1. The SU(1,1) actiony—p, on C“((j) is implemented by y—> U,
Proof. We need verify that

p,(2)=U,zU,-.. (V.6)
Indeed, from (II1.11),
5 1 \—r(s -1 1 ——raC+b -1
(U,z2U,-:0)(Q) = (b{ +a) "(2U,-10)y O =(bL+a) " ——(U,-10)(y" ()
bl{+a
_ - b
= (bl + d)_"—IC—Hf( —by i +a) o) = fc hi - ¢(0) = p,(2)0(0),
bl+a bl+a

as claimed. [

VI. Asymptotics of Products of Toeplitz Operators

In this section we show that, in a suitable sense, C,(U) is a quantum deformation

oo . 1
of the unit disc. To be more specific, we prove that for smooth f and g, [T}, T,]
u

approaches its classical value, as y—0.
Let C*(U) denote the Fréchet space of smooth functions on U whose derivatives
extend to continuous functions on U. For f, ge C*(U) we define

{£.}©):=i(1 = [1*)?[0f()dg(0) — 01 (D)dg(D)], (VL)
the Poisson bracket of f and g corresponding to the Poincaré symplectic form on
U, o= %(1 —1¢)?)™2d¢ A d. Obviously, {f,g}eC>(U). The goal of this section is
to prove the following theorems.

Theorem VL1. Let feC(U). Then
[T =Sl = 1Ty I + (1), (V1.2)

as r— 00. In particular, lim =
P Gm | 7y = | £ ..

Theorem VL.2. Let f,geC*(U) and let r be sufficiently large. Then:
(i) There exists a constant C (depending on f and g) such that
IH(T; T, — Tpp) + Ty — 22075, | < Cr~ Y2, (VL3)



116 S. Klimek and A. Lesniewski
(ii) There is a constant C (depending on f and g) such that

<croin, (VL4)

r
;[Tf’ Tg] - T{f,g)

Remark. It should be remembered that the operators and the operator norms in

(V1.2-4) depend on r even though, for the sake of notational simplicity, this is not

explicit in our formulas. Estimate (VL.2) says that lim || T, | = | f ||, while estimate
u—0

(IV.4) says that lim
u—0

‘ = 0. This shows that C,(U) is a quantum

1
=T, T,1 - Ty
in

deformation of the unit disc in a sense close to Rieffel’s “strict deformation quantiza-
tion” [17].

Proof of Theorem VI.1. The first inequality in (V1.2) is clear. To prove the second
one, we define y,eSU(1,1), {eU, by

1
yo=(1— ICIZ)"‘”( L g). (VLS)
1
Observe that y,(0) =, and
Inl
[y(m) =y 0)| = ——.
R I
In particular, if || < 6 < 1/2, then
[y,(n) — 7,(0)| < 26. (VL6)

Lemma VL3. If feC(U), then

=o(1), (VL7)

sup fQO—-(r- l)g S Gm))dp,(n)

asr— oo.

We shall prove this lemma after completing the main line of the argument. Using
the reproducing property of the Bergman kernel, we write

fO=0-1) lI] v S, (n) + (f O-0-1 [II vef (n)dur(n)>
=(r—1) UIZK O, myy £ f (m)du, (6) + (f O-0r-1 (fj S (’1)(##(’1))

=(T. .00, 90) + (f(C) —(r=1) gv?f(n)dur(n))

where y f(n):= f(y,(n)), and where ¢, is given by (IIL.10). As a consequence of
Lemma VI.3,

sup| /(0 < sup | T, || + of1).

LeU LeU

But, Ty;f =U, T,Uy‘gl, with U, unitary, and so || f |, < || T, | + o(1), as claimed.
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Proof of Lemma VI1.3. Since f is continuous on a compact set, it is uniformly
continuous. Given ¢ >0, we take 6 <1/2 so that |f(y) — f(n')] <&/2, whenever
|n —n'| <26. Then,

fm—(-1) (51 Som)dp(n)=(r—1) 15] (f0(0) = S (v (), ()

Inl<é d<Inl<1

Now, using (VL.6),
1] = sup | f(7(0)) — f (ye(m)] < &/2.

Inl<é
Furthermore,

ILIS201flle | dum=21flo01-08)""

i<inl<1
which is less than ¢/2, for r sufficiently large.

Proof of Theorem V1.2. Obviously, (ii) is a consequence of (i) and (VI.1). To prove
(i) we write

(T, T,0,9) = Jl K& n)fQgmemy Q)du)du,(n), (VL8)

where ¢, Y€ #. In the n-integral we substitute n = y,0, where y,eSU(1, 1) is defined
by (VLS). Then

(T; Ty, ) =n"'(r = 1) sz ©g(rO)(U,,-: o) OW (1 L 12)~"2dp, ()dys, (6)-
(V1L9)
This form of (V1.8) is suitable for asymptotic analysis. From Taylor’s theorem,
g(r.0) =9()+ (1 — |C|2)5_Q(C)9 +(1—1¢1%)09(0)8
+ (1= LM = Cag(0) + 3(1 — [£1%)%g(0)16?
+ (1= 1L = L3g(0) + 301~ 101)P9 ()1
+ (1 —1¢1%)%00g(£)60 + G(6,0), (VL.10)

where G(0,{) is the second order remainder. Let us assume for a moment that the
following fact is true.

Lemma IV.4. There is a constant C (depending on f and g) such that

|~ — 1)sz(C)G(9, O @) OO —IL17) " du,(Odp, ()]

SCr 2ol Y. (VL11)
Substituting (VI.10) into (V1.9) and using the fact that 0—>(Uy_,(p)(0) is a
holomorphic function we find: ‘

(T, T,0.9) = ,I, FQaQeOWQ)dp(0) + 7~ r—1)

= . 0
'Ufzf(C)ag(C)%(Uy; @) O O)(1 — L1272 012dp,()dp,(6)
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+r7li(r—1) Jz FO = 1L1%2009(eO(0)1017du,(L)dp,(6)
+alr—1) Jlf(C)[ —{0g(0) + 31 = 1L)3%9(0)] @(U -:19)(0)

YO =1L+ 110)*dp, ()dp, (0) + R, (VL12)

where R denotes the remainder term which obeys the estimate (VI.11). Observe that
the first term on the right-hand side is equal to (T, ¢, ¥). Furthermore, using

i r—1)[101%dp,0)=r""1,
and Y
(1—-|CI2)”"2 (U-lqv)(@)—(l—mz) 1+ 6)” —{(1 112y ”2(U -.9)0)},

(VL.13)
we write the second and third terms in (V1.12) as

%lf]f(l)gg(C)m(l =y a% {A =10 e }du )

+ %5 FO = 1L20560p QWD dm D).

Integrating by parts we see that this sum is equal to

——f — 1812?01 (D39O (Odp, () = 1( Ty — 12205295 ¥)-

We claim that the fourth term in (VI.12) can be estimated by Cr~ 2|l o| |¢ |,
with C independent of r. We proceed as follows. Using (VI.13) twice, we find that

(U 9)0)=-(1 —lCIZ)"“C {(1 —1LPYe()}

_ 2—r/2
(1 —1¢1%) 22Uy

+A =1y C{(l—ICIZ)—C[(I—ICIZ)’tp(C)]}

We substitute this into (VI.12) and use the fact that

-1 4 —
T (r 1)([}[0! du,(6) T (VL.14)
Integrating by parts we write the integral as
1 —
F 1
) g Qe (Ddp,©), (VL15)

with F({) continuous and bounded on U. Finally, we estimate (VI.15) by

r~2sup|F(O)|ll@]|l ¥ . This concludes the proof of (VI.3) up to the proof of
teU
Lemma VI4. O
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Proof of Lemma V1.4. We claim that G(6, () can be written as
GO,0)= Y. 9,/6,06%8°, (VL16)

0<js3
where g;,0 <j < 3, are smooth functions on U x U with the following properties:
@) 19,6, Dl =oM)(1—|¢13(1—161)"°, (VL.17)

(i)

a—‘l{a —|c12>-lg,-(0,c)}’+|§f{(1 LR g, 0.0} < 0()(1 —16)*, (VLIS)

(ii) soMm =LA —1ep~*. (VL19)

0
Eé gj(o’ C)

0

Indeed, we write
11 2 a3 N
GO,0)= E(I)(l —s) 1307 g(s6))ds

1 1 o —
==Y (3) J (1 =95)203,027 Iy ¥ g(s6)ds6°0> 7,
0

2073\

and define
1/3) 29 33 ik
gj(B,C):=§ ; j(l—{) 07405 V! g(sB)ds. (V1.20)
0

To verify that g;(6,{) obeys (VI.17)-(VL19) we carry out the differentiations in
(V1.20) according to the chain rule. Using the fact that for k = 1

ak

ﬁn(ﬂ) = (= DRI =R+ O (V1.21)
as well as the inequality
I1+s00]7 (1 —sl0)" (1 —-10)7Y 0=s=1, (V1.22)

we easily obtain the bound
Igj(0,4)1§0(1){ > Ila“g"glloo}(l—ICIZ)(I—IOI)'G,
1sa+p=<3

which proves (V1.17). Inequalities (VI.18) and (VI.19) follow from an analogous
argument for the derivatives of (V1.20).

Let us now estimate the contribution that each term in (VI.16) gives to (VI.11).
Letj =0. Using

~ _ 1 0 _
o1 —101% 2=:%(1—19|2)’ g (V1.23)

and integrating by parts with respect to 6 we find that
ni(r—1) sz (©)90(6,08*(U yc.,w)(o)M(l = 1¢1%) "2 du, (0)dp,(6)
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0 _ N
=-n' [ fO0- |0]2)%g0(0, DO*U -, @)OWQ(1 — L1~ dp,(()du, (6)

U2

~ 0
=1 [ fO~101%)g,(6, 6)92%(%(_@)(0)!#(0(1 = 11%) ™" du,(()dp,(0).

U2

(V1.24)
The first term on the right-hand side can be estimated by
- _ 0
2n~ tsup| f(Olsup|(1 —1¢1%) 711 = 1601)° — go(6,0)
¢ 7.6 00
1/2 1/2
'{glﬂl“(l - I9I)'”dﬂ,(9)} {I(l - ICIZ)Z"dur(C)} Tl vl
U
SCr3 ol v,
where we have used that
101%(1 = 161)~ **du,(0) < O(1yr 3, (V1.25)
U
and
A =1¢3)? rdp) = 1. (V1.26)
U

To estimate the second term in (V1.24) we first use (VI.13) and integrate by parts
with respect to (. The result is

n! Uf af ()1 —161%)g0(6, C)gz(Uyc.lcp)(B)tﬁ(C)(l — (L)L + 00) " du (O)dpy(6)

77 100 =107 2 (0~ 127 00(0.0)
& ;

U, @OV — L1777 21+ 10)du, Oy 6).

Using (VI1.22) (with s = 1) and properties (i)—(iii) above, we estimate each of these
terms by

1/2 1/2
Clel IIiﬁII{lfleI“(l—|9|)_16d#r(9)} {(f}(l—ICIZ)—’“dur(C)}

sCr ol vl

This completes the proof for j = 0.
Let j = 1. Using (V1.23) and integrating by parts with respect to 6 we find that

n”i(r—1) Jz J(©9g.(, C)9(72(Uy(_ @)OW Q)1 = 117" 2dp, ({)dp,(6)
0 —
=-—n! sz(C)(l - |9|2)%91(9, C)|9I2(Uyc-1tp)(9)l//(5)(1 = 181%™ dp(Odp,(0)

0 -
-t sz(C)(l —101%)9,(6, C)IOIZa—f)-(Uy;1<p)9)l//(C)(l =112 ™""2dp,(O)dp,(0)
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—n~ [ —161P)g,(6, C)é(Uy_ @) OW (1 — |12~ 2du (O)dp, (6).
U2 4

The first two terms on the right-hand side of this equation can be estimated in the
same way as the terms in (VI.24) in the case of j = 0. To estimate the third term we
use (VI.23) (with r replaced by r + 1), integrate by parts with respect to 8 (by doing
so we produce the missing factor of O(r ~')), and use the Schwarz inequality as in
the analysis of j = 0. The resulting bound is Cr > || ¢ || || ¢/ ||.
Let j=2. We use
1 0

o(1 —|9|2)'_2=r_—la—§(1 — 101771, (V1.27)

and integrate by parts with respect to 8 to obtain

n i r—1) sz (©g2(6, C)92§(Uy5-1<p)(9)¢(l)(1 = 11" dp, (), (6)

0 S
=-n! sz(C)(l - |9l2)5592(9, C)IGIZ(Uyl- Q) OWQ)(1 — IC17) "2 dp, ()du,(0)
-n ! sz(C)(l —101%)g2(6, C)G(Uyl- )OO = (212 ~""2dp,()du,(6).

Both terms on the right-hand side of this equation have a familiar structure and,
by the methods explained above, they can be estimated by Cr =32 | || ||V ||.

Finally, let j = 3. Using (V1.27) and integrating by parts with respect to 0 we
obtain

nir—1) sz (g3, C)03(Uyz- Q)OO — 1% dp,(Odp, (6)

0
=-—n! sz(C)(l —10) 6—593(9, DO*(U @) OO — 1) 2dp,()dp,(6).

Again, as in the case of j = 0, this can be estimated by Cr~ 32| | |y|. O

In conclusion, we notice that formula (VI.9) provides a systematic basis for
generating an asymptotic expansion of T, T, in powers of r ~ . The methods we have
used to estimate the second order remainder in this expansion can presumably be
used to estimate the remainder of arbitrary order.

Acknowledgements. We would like to express our gratitude to Arthur Jaffe, Palle Jorgensen, Marc
Rieffel and especially Raul Curto for very helpful discussions.

References

1. Axler, S., Conway, J. B.,, McDonald, G.: Toeplitz operators on Bergman spaces. Can. J. Math.
34, 466483 (1982)

2. Bayen, R, Flato, M., Fronsdal, C., Lichnerowicz, A., Sternheimer, D.: Deformation theory and
quantization. Ann. Phys. 100, 61-151 (1978)

3. Bellisard, J.: K-theory of C*-algebras in solid state physics. Lecture Notes in Physics vol 257,
pp. 99-156. Berlin, Heidelberg, New York: Springer 1986

4. Berezin, F. A.: General concept of quantization. Commun. Math. Phys. 40, 153174 (1975)



122 S. Klimek and A. Lesniewski

5. Brown, L. G., Douglas, R. G., Fillmore, P. A.: Extensions of C*-algebras and K-homology.
Ann. Math. 105, 265-324 (1977)
6. Coburn, L. A.: Singular integral operators and Toeplitz operators on odd spheres. Indiana
Univ. Math. J. 23, 433-439 (1973)
7. Connes, A.: A survey of foliations and operator algebras. Proc. Symp. Pure Math. 38, 521-
628 (1982)
8. Connes, A.: Non-commutative differential geometry. Publ. Math. IHES 62, 94-144 (1986)
9. Connes, A., Moscovici, H.: Cyclic cohomology, the Novikov conjecture and hyperbolic groups.
Topology 29, 345-388 (1990)
10. Douglas, R. G.: Banach algebra techniques in operator theory. New York, San Francisco,
London: Academic Press 1972
11. Klimek, S., Lesniewski, A.: to appear
12. Klimek, S., Lesniewski, A.: to appear
13. Moore, G.: Geometry of the string equations. Commun. Math. Phys. 133, 261-304 (1990)
14. Moreno, C., Ortega-Navarro, P.: Deformations of the algebra of functions on Hermitian
symmetric spaces resulting from quantization. Ann. Inst. H. Poincaré 38, 215-241 (1983)
15. Petersson, H.: Zur Analytischen Theorie der Grenzkreisgruppen, Teil I. Math. Z. 115, 23-67
(1938)
16. Podles, P.: Quantum spheres. Lett. Math. Phys. 14, 193-202 (1987)
17. Rieffel, M.: Deformation quantization of Heisenberg manifolds. Commun. Math. Phys. 122,
531-562 (1989)
18. Rieffel, M.: Non-commutative Tori — a case study of non-commutative differentiable mani-
folds. Contemp. Math. 105, 191-211 (1990)
19. Rieffel, M.: Deformation quantization and operator algebras. Proc. Symp. Pure Math. 51,
411-423 (1990)
20. Sheu, A. J.-L., Lu, J.-H., Weinstein, A.: Quantization of the Poisson SU(2) and its Poisson
Homogeneous space — the 2-Sphere. Commun. Math. Phys. 135, 217-232 (1991)
21. Unterberger, A. J.: A quantization of the Cartan domain BD I (g = 2) and operators on the
light cone. J. Funct. Anal. 72, 279-319 (1987)
22. Woronowicz, S. L.: Twisted SU(2) group: an example of non-commutative differential calculus.
Publ. RIMS 23, 117-181 (1987)

Communicated by A. Jaffe





