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Abstract. Superconformal structures on a given 2|2-dim supermanifold give rise to
the notion of super Riemann surfaces (SRS’s). We investigate super Beltrami
coefficients which parametrize (almost) superconformal structures on the super-
manifold. The integrability condition of the structure reduces to a simple relation
among the coefficients. Taking this into account, we can write the super Beltrami
equations in a transparent form. Then an analysis of these equations enables us to
prove the possibility of the special gauge choice of the Wess-Zumino type for the
super Beltrami differentials. This gauge choice simplifies the description of the
deformations of SRS’s considerably and its existence will afford a better
understanding of the structure of the super Teichmiiller space.

0. Introduction

Two-dimensional field theories perceive the space-time which they inhabit to be a
super Riemann surface (SRS) if their couplings to supergravity are superconfor-
mally invariant. The theory of SRS’s plays an important role in the studies of the
two-dimensional supergravity, superstring in the Neveu-Schwarz formalism and
superconformal field theories. For example, holomorphy properties of the
superstring measure on the moduli space of SRS’s (super moduli space) are the
fundamental importance of the theory [1].

There are mainly two ways in defining SRS’s, that is, patch definition [2]
(including algebraic definition [3]) and frame definition [4, 5], and for each of them
there exist corresponding approaches to the moduli problem [3-6]. In this paper,
we develop the study of the super Beltrami equations, clarifying the basic
properties of the super Beltrami differentials and investigate the Teichmiiller
deformations of SRS’s of genus p>1.

This approach is based on the frame definition of SRS’s in which the notion of
SRS is derived from 2-d supergravity geometry. In this respect, it is fit for the direct
applications to physics [7-9]. The geometrical structure on 2|2-supermanifolds
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suitable for 2-d supergravity is established by Howe [10]. He set up torsion
constraints properly, assuming the reduction of the structure group from
GL(2|2,R) toU(1) (local Lorentz group), and defined the super Weyl transfor-
mations of the frame fields. The geometrical meanings of these constraints were
clarified by Giddings and Nelson [5]. They showed that the constraints of [10] are
basically the integrability conditions of the reduction of the structure group to a
certain subgroup G. (The difference as gauge groups between U(1) x [super Weyl]
and G has only secondary meaning.) A distribution (a subbundle of the tangent
bundle) that provides a reduction concerned can be defined through Pfaff
equations. The three coefficients of the Pfaffian form (omitting the scale factor)
form a set of super Beltrami coefficients (y, g, v). Here ¢ and v are Grassmann odd
superconformal tensors of weight (— 1,3) and (— 3, 0) respectively, while pis a even
superfield and not a pure superconformal tensor.

The super-extension of the Teichmiiller theory was first studied by Crane and
Rabin [11]. They represent an SRS on the universal covering space, taking a
quotient by the action of a discrete subgroup of the super Mobius transformations.
They derived the super Beltrami equations, discussed their solution and studied
the extension of the Bers’ embedding theorem to exhibit the complex structure of
the super Teichmiiller space. However, their treatment of the super Beltrami
coefficients included insufficient points. To describe the deformations of SRS’s,
they took a split SRS as the deformation origin and made a pregauge-fixing for the
super Beltrami coefficients of the form o=¢+8u=0, conjecturing that it was
always possible. Thus the structure of the space of the coefficients and how they
contribute to the deformations have not been clarified in the full context. Though
much work has been made on the super Teichmiiller theory [12-16], there still
remain things even in the elementary ground of the theory.

In the present paper, we give the complete treatment of the super Beltrami
equations that has not been presented so far and solve the problem of the gauge
choice of [11, 12]. The progress starts with the following remark. The integrability
condition for the super Beltrami coefficients is simply that p is expressed as a
certain function of g, v and their derivatives.! (Regarding this point, the approach
through the Pfaffian form seems much simpler than the vector field approach
studied in [15], in which the integrability condition leads to complicated equations
among the coefficients of the vector fields.) So, among three coefficients, two odd
ones ¢ and v are considered as the basic fields [13], which we call super Beltrami
differentials. The even superfield y can be viewed as the super-extension of the
ordinary Beltrami differential. An interesting point is that the super Beltrami
coefficients appear in the essential parts of the super Beltrami equations only
through the (modified) even coefficient ji in which the basic odd differentials are
nested. This observation enables us to prove the conjecture for the gauge choice of
[11]in a stronger form. It states that, taking a split SRS as the deformation origin,
whole deformations of SRS’s are sufficiently covered by considering the super
Beltrami differentials of special form such that v=0 and (1 — 00,)¢ =0. This gauge
condition, which is imposed uniformly on the universal covering space, is a kind of
gauge choice usually employed in the physics literature as Wess-Zumino gauge. Its
validity has been shown for the infinitesimal deformations [12,13], (although

! When struggling to complete the paper, I found that the constraints among the super Beltrami
coefficients, which express the integrability condition, had been already solved by a somewhat
different manner in [8], though the result itself I obtained a year ago. In [8], the authors are mainly
intent on the physical application to some superconformal models. The super Beltrami equations
are not investigated there
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negative arguments were made for arbitrary deformations in [12]). This gauge
choice simplifies the description of the deformations of SRS considerably and its
existence will improve our understandings of the structure of the super
Teichmiiller space.

The article is organized as follows. In Sect. 1, we describe superconformal
structures in terms of “metric” from which the Pfaffian forms are derived. In Sect. 2,
we derive the integrability condition and discuss the basic properties of the super
Beltrami differentials. In Sect. 3, the super Beltrami equations are investigated in
detail in terms of the components of the superfields. We prove the possibility of the
special gauge choice of the Wess-Zumino type in Sect. 4. We see that one of the
super Beltrami differentials v of weight (—3,0) plays a role of the background spin
field which changes the spin structures of the deformed SRS’s. In Appendix A, we
summarize the infinitesimal deformations, attending to the problem of the gauge
choice when a general (non-)split SRS is taken as the deformation origin. Under a
plausible assumption about the boundary behavior of the super Beltrami
differentials, it can be shown that the v=0 gauge is always possible. In Appendix B,
residual symmetry under the Wess-Zumino gauge is discussed. Appendix C is
devoted to a brief description of the supercomplex structure of the super
Teichmiiller space through the infinitesimal approach. The Wess-Zumino gauge
supplies a class of natural complex coordinate systems for the super Teichmiiller
space.

Throughout this paper, we do not enter into details of the specific construc-
tions of supermanifolds.? We always denote the body map by 7.

1. Superconformal Structure

An almost superconformal structure of a real 2|2-dimensional supermanifold M is
a reduction of the structure group [5]:

A% x

GL(2|2,R)~G = {( o A)eGL(lli,(E)}.

When the almost superconformal structure is integrable, it is called super-
conformal structure. Here we describe this structure in terms of “metric” on M.

Definition 1.1. A metric g on M is a degenerate symmetric two-form with the
following properties.
(i) m(g) defines an ordinary metric on 7(M).

(i) Atevery point x of M, any Grassmann odd vector field v in a neighborhood
of x with vanishing norm at x [i.e. g(v,, v,) = 0] satisfies {v, v} +0, and such v spans
at x 0j2-dimensional subspace 9, of T M.

By (i) and (ii) g defines a distribution 2 on M together with an orthogonal
structure, and has a local expression

g=|E*>. (1.1)

Then ReE* and ImE? give the Pfaffian forms defining the distribution 2. It is
possible to choose the local basis of 2 denoted by E; and E, such that

g(Ey)*—(Ey)% (Ey)? —(E2)2)=g({E1, E,}, {E\,E,;})=1,
g((E\)* —(E,) {Ey, E;})=0.

2 For various approaches to define supermanifolds, see [17] and also [18]

1.2)
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Then E, and E, are determined up to O(2) rotation. With these E, and E,, we can
define a complete frame basis by {E,, E,,(E,)*—(E,)% {E,, E,}}. Consider the
complexification of the tangent T°M and set E, =E, +iE,,* then

(E+)2=(E1)2'"(E2)2 +i{E1, Ez} .

IfE,,E, are related to E,, E, [which satisfy (1.2)] through a O(2) rotation in some
neighborhood:

E+ = ei¢E+ 5
then it follows that
(E.)?=e**(E )’ +i2E , p)e*E. .

Therefore (E.)% E, and (E.)? E. differ by an element of G with A= in (1.1).

Similarly to the ordinary case, we call the metrics g and g’ on M conformally
equivalent if and only if g and g’ are proportional at every point of M. Let #(M)
denote the set of all almost superconformal structures on M. From the description
made above, it is clear that there is one to one correspondence between the
conformal classes of metrics on M and & (M). According to the notations in [11],
we write |E?| as

|E?| = e®|dz + udz +vd6 + od0)

) _ (1.3)
=e®e* + pe* +vd0 + od|,

where
e=dz+040, =e=dz+040,
V=v+0, o=0—0u.

Super Beltrami coefficients y, v, and ¢ are complex valued superfields, the former
with Grassmann even parity, while the latter two with Grassmann odd parities.

Integrable almost superconformal structure, say superconformal structure
means that there exist local coordinate systems (u, ¢) in which E? is proportional to
du+ ¢d¢. As we will see in the next section, the integrability condition is reduced to
a certain constraint among the super Beltrami coefficients y, v, and g, from which p
(and hence o) can be expressed in terms of ¢ and v. For a given superconformal
structure, the natural coordinate systems (u, ¢) are found by solving the super
Beltrami equations [11]4:

wi(z,0) > (u, @)= (wy(z,0), wi(z,0),

_ 0, Wy+w, 0w, (1.4)
azwb+Wfasz’ )
- oWy -+ W OgW (1.4b)
0wy +w 0w, ’ ’
Dwy=wDw,, (1.4c)

f S

3 We have a direct sum decomposition of 9°: 9°=92 , ®9 _, where 9 ,(2 _) is spanned by such
E.(E_=E.)s ‘

4 In the following we will write superdiffeomorphisms as w=(w,, w), where w,, w, imply the
bosonic part and the fermionic part of the map w, respectively
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where
D,=0,+90,=D+v0,.

The supermanifold M with such coordinate systems becomes a super Riemann
surface (SRS), i.e. 1|1-dimensional supercomplex manifold patched together with
superconformal transformations [2]. Conversely every SRS has a metric locally
proportional to |dz+6d6|* [14], and hence possesses a natural superconformal
structure. In this way a real 2|2-dimensional supermanifold with a given
superconformal structure is viewed as an SRS. With this fact, we can.proceed in the
analogous steps to the ordinary Teichmiiller theory.’

We fix some standard SRS X such that its body is a marked Riemann surface of
genus p (provided with a certain spin structure.) If X’ is another SRS of genus p, we
can find a superdiffcomorphism w: X' — 2’ (since X and 2’ are equivalent as smooth
supermanifold [21]). We choose a metric g’ on X’ belonging to its natural
superconformal structure and pull back the metric g’ by the map w to g=w*g’ on
2. Then the metric g carries a superconformal structure on Z, defining the SRS
equivalent to 2. Let .#(2) denote the set of all superconformal structures on 2. We
see that every SRS of genus p is equivalent to a some superconformal structure on
2. However, since there are many possible such superdiffeomorphisms from 2 to
%', an identical SRS is represented by many superconformal structures on 2. This
leads us to define an equivalence relation in .#(Z). Let sDiff*(Z) be the group of
sense preserving® superdiffeomorphisms of X and sDiff,(X) be the subgroup of
sDIff*(Z) which consist of the elements homotopic to the identity map. Then
sDiff*(2) acts on .#(X) via the pullback. Two superconformal structures ¥ =(g, v)
and ¥’ =(¢’, V') are Teichmiiller equivalent ¥ ~ ¥’ if and only if there exists a map
w e sDiffy(Z) such that ¥ =w*¥’. The super Teichmiiller space ST ,(Z) of SRS’s of
genus p is the quotient space .#(2)/sDiffy(Z).

2. Super Beltrami Differentials and the Integrability Condition

In Sect. 1, we viewed the super Teichmiiller space ST, in terms of the super-
conformal structures on a given SRS Z. To obtain a concrete description for ST,
we adopt the uniformization theorem for SRS’s as usual [11]. In the following, we
restrict our studies to SRS’s of genus p=2. Let SH be the super upper half-plane,

ie.
SH ={(z, 0)|Imn(z)> 0}

Every compact SRS of genus p=>2 is realized as a quotient SH/I', where

(i) I'isasubgroup of Aut(SH)(the group of all superconformal automorphisms
of SH) isomorphic to the standard surface group I',, which is a group generated by
elements ay, ...,a,, with a relation

-1,-1 -1 -1 __
1001 Ay ... Ay 1Ap,05, 10, =1.

(i) n(I') is an ordinary Fuchsian group which represents the underlining
Riemann surface 7(2).

* For introductions to Teichmiiller theory and the theory of quasiconformal mappings, see, for
example [19,20]

© By the word “sense preserving,” we mean that both the super Jacobian and the Jacobian of the
body map are positive
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Let 8 be the isomorphism from I, into Aut(SH) such that 9(I})=TI". Evidently,
two such groups I and I, represent an equivalent SRS if and only if they are
related by the conjugation I =AI,A™ ', AeAut(SH). As pointed out in [11],
Aut(SH) is a much larger group than the group of all linear transformations of
SH.” However, in [14], Hodgkin showed that for a given I, there exists a
superconformal map F [which is unique up to the conjugation by elements in
SPL(2,R)] such that FT'F ~ ! is contained in SPL(2, R). By this fact, we can replace
Aut(SH) with SPL(2,IR) in the condition (i) for the “super Fuchsian group”
presented above. Thus it is sufficient to consider isomorphisms § from I', into
SPL(2,R) with the equivalence relation under oberall SPL(2,R) conjugations. To
fix the freedoms of the SPL (2, R) conjugations, we normalize 9 such that the fixed
points of 3(a;)=(94(a,), 9,(a,)) are (0,0), (c0,0) and the even coordinate of the
attractive fixed point of 3(a,) is specified to be 1, i.e. 9,(a,) (1,0)=1. After imposing
this condition, it remains one freedom of the conjugation by the fermionic
inversion I :(z, 8)—(z, —0) [11]. I’ and IT'I are different only in the signs of the odd
parameters. This overall sign ambiguity of the odd parameters of I results in the
super-orbifold structure of the ST, [11], which we will see in the later sections.

On a given SRS Z=SH/T, let us put an almost superconformal structure

(u,0,v) e F(SH/T)
as in (1.3). This structure lifts to an almost superconformal structure on SH. Then

the lifted super Beltrami coefficients transform with respect to the cover
transformation A eI as follows:®

(DA, (D,Ay)
oA i 2.1
0°A DA, e, (2.12)
voA=(DA,)v, (2.1b)
_(DA)(D,Ay) 0,4,
poA= DAZ p+ DAf@ , (2.1¢)

where A(z, 0)=(44(z, 0), A/(z,0)).
In (2.1), we notice that D A, partly appears instead of DA, in the transition
functions of ¢ and u. However it is no matter. Because of

DA
Df)oA=—2LD7,
(D,9) DA, W9

we can reform them to have the normal transition functions by multiplying D, ¥ if
necessary. From (2.1), ¢ and v are superconformal tensors of weight (—1,4),(—1,0)
respectively, while u is of weight (—1,1) but not a pure superconformal tensor.

7 SPL(2,R)is the subgroup of SPL(2, €) consisting of the elements which fix the “super real line”
SR ={(z,0)|z=z,0=0}. The boundary of SH, which we denote by SH, is not an honest super
manifold and differs from SR. Note thatSPL (2,C)is isomorphic to Aut(SC) that is the group of all
automorphisms of the supersphere S€

8 Here and after we use the same notation for the lifted super Beltrami coefficients
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Proposition 2.1. The super Beltrami equations (1.4) is rewritten as

Dw,=w Dw,— (Dgfé y 0, (2.2a)
D,wy,=w D ,w,, (2.2b)
p=—Dg+3(D,9) {Gle,)}*+0d,00, (2.3)
where _
G(o,v)=D, [ Dﬁ J + ll))vvﬁ. 24)
Proof. From (1.4c) and using the fact D2 =(D,)d,, we get d,w, + w0, w f=%.

(Note that D, must be invertible.) Thus (2.2a) is obtained from (1.4a) and (1.4b)
immediately. Differentiating (2.2a) with D, we have

Db = 5 [ (Dw)? 0wy twow,
D,w,)? {(D W) =D [ Dy 2 T owtwow,

Since {D, D, } =(Dv)d,, the compatibility of (2.2) leads the following equation which
involves w, only:

Dw,= —00,w,;+3G(0,v)D,w,.

By putting this equation into the left-hand side of the above expression of u, we
obtain the formula (2.3). Conversely, if (1, 0, v) satisfies (2.3), (1.4a) is obtained from
(2.2). Then (2.2a) and ¢ = 6 — G imply (1.4b). Finally we note that (2.3) is consistent
with the transformation properties given by (2.1). Q.E.D.

The proposition states that the solutions of the super Beltrami equations (1.4)
are controlled only through ¢ and v. In the following, by “super Beltrami
equations” we mean (2.2). As we have already seen, the compatibility of (2.2) gives
the equation for w,. Moreover it leads to a chain of the equations.

Corollary 2.2. The solution w=(wy, w,) of the super Beltrami equations satisfies a
pair of equations

Dwy=—00,w,+3G(e,v)D,w,, (2.5a)
Dwy= —0d,wy +3G(g,v)D,W,, (2.5b)
and also
a—sz=Hasz +3n(u, v)Dvwf: (2.6a)
0wy = 10wy +31(1t, v)D Wy, (2.6b)
where y(u,v) can be written as
M) =D, [ D’fﬁ] N i’;. @)

Proof. Putting (2.5a) into (2.2a) and using (2.2b), we have Eq. (2.5b). Equations (2.6)
are obtained by differentiating (2.5) by D. Then, employing the formula (2.3), the
direct computation shows that the expression for # is given by (2.7). Q.E.D.
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Remark 2.3. The superconformal transforms of the solution of (2.2) are also the
solutions of the same Eq. (2.2).

As pointed out in [11], the existence of the solution of Egs. (2.2) is ensured. We
complete their discussion in the next section.

To guarantee the solution to be a sense preserving superdiffeomorphism (which
we call quasisuperconformal map),” we must impose certain bounds on (g, v) as in
the ordinary case. Taking account of the properties of the superdeterminant and
the super Beltrami équations (1.4), (2.2),(2.5), and (2.6), we can express the Jacobian
of the transformation w:(z, 0)—(w;, w,) in terms of super Beltrami differentials,

oWy 0, Wy O,w, 0.W,
o,wy, O0,Ww, O,w, O,W
J=sdet b b !
OgWy, OgWy, Ogw, 0w,
TgWy O, Ogw; O,
O Wy +weo,w, OW,+W 0w, 0w, 0w,
O Wy +WO0,Ww, O,Wy+W0,W, O,Ww, O,W
=sdet | - 0 JES TERRETSUERS TERS RS (2.8)
Dw,—wDw, Dw,—w,Dw, Dw, Dw;
Dw,—w Dw; Dw,—wDw, Dw, Dw,
1 @ 0 47
D 2 1 0
=| Myl sdet # 21 \~
IDv{;[ -V - @ 1 EG
—¢ —V 3G 1

Since n(J) should be positive, we obtain

1 Juf?
“(i=sian) o

Asitis easily seen from (2.6) that 7(1 — |u|*) > 0 is the condition for the body map of
w to be sense preserving, we have the following boundedness conditions:

(@) D% must be invertible, (2.92)
(i) 7(ule, VI <1, (2.9b)
(iii) [n(Glo, )| <2. (2.9¢)

Note that |n(u)], |=(G)| are independent of the choice of the local coordinates. The
super Beltrami differentials (g, v) should be bounded through the formulas pand G
in a somewhat complicated way. The condition (2.9a) needs more explorations.
The following observation is indicated in [15], and we will show it explicitly in
Sect. 4. When we consider the condition (2.9) on a SRS X, (2.9a) means that n(D, )
=1+n(0gv) is a map from n(Z) to €C— {0}. The homotopy classes of such a maps
are classified by the elements of Z2? which count the twists around the handles of

® We have no intention to be completely rigorous. Throughout this paper we assume that all
functions (g, v) are smooth and as a consequence the map w becomes smooth
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7(X). A solution of Egs. (2.2) defines a superdiffeomorphism from X to some SRS 2’
and send the marking of X to that of 2’. Then the spin structure of X’ with respect to
this marking changes according to the homotopy class of n(D,¥) modulo (2Z)*.
Thus as long as the deformations of SRS’s with the same spin structure, we should
replace the condition of (2.9a) with more restricted one:

@y 1+ n(dgv) is nullhomotopic as a map from n(2) to C—{0}. (2.9a")

For a given (u, 0, v) € #(SH/T'), (2.3) is the integrability condition, and hence the
superconformal structure is completely specified by (g, v), which allows us to write
as (o, v)e A4(SH/I'). Let us denote by SB(I') the linear space of the super Beltrami
differentials on SH which satisfy (2.1a,b), and by SB(I'), the space of those
bounded by the conditions (2.9b,c) and (2.9a’). Then we identify .#(SH/I') with
SB(I),.

Next we investigate the composition law for the super Beltrami differentials
which plays important role in (super) Teichmiiller theory. Let 2, and X, be SRS’s
and w: 2, -2, be a quasisuperconformal map. As was mentioned before, through
the pullback of the natural superconformal structure of X,, w induces a
superconformal structure on X, that is given by the formulas (1.4). We denote it by
Y., =(0. v,). The expression of ¥, does not depend on the choice of the local
coordinates of X,.

Proposition 2.4. Let h: 2, —~2,g:2,—2,, and w=goh™': X, -, be quasisuper-
conformal maps among SRS’s X, X, and X,, and write the induced super Beltrami
differentials as ¥y, ¥,, and ¥, Then

(.ug U Qg —Qn Vg — vh)H = (/'twa Ows vw) oh
(1— ﬂgﬁh)g (Vh— Qgﬁh)g (@n— vgﬁh)ﬁ
X (a—z - y’gaz)h_f (ﬁ + anz)-’:’-; Dvgh_f ’ (210)
(a_z - Augaz)hf (lj + anz)hf DVghf
5 ) (D v h f )2
where (s are defined by the formula (2.3) and H=0,h,+h0,h,= Th—ﬁ—
Vh h
Proof. It can be derived from the chain rules for differentiations.'® Q.E.D.
Note that there are no appearances of the complex conjugations of g,, v,, 4, in
(2.10) and that u depends holomorphically on ¢ and v in (2.3), which become the
crucial point for the complex structure of the super Teichmiiller space. From

Proposition 2.4, we also remark that the superdiffeomorphism group sDiff* (SH)
has a representation on .#(SH), on setting

P W, =, (.11)

10 For any superfunction F(z,Z,0, ),
DLF o i]=(Dh,) {(DF) h} +(Dh, — h ,Dh,) {(2,F) - b}
+(Dhy) {(DF) h} +(Dh,—h;Dhy) {(3.F) - h},
0.LF o h]1=(0,hy) {(DF) o h} +(0.h,+ h;0.h /) {(0,F) h}
+(0.h7) {(DF) o h} +(2.hy,+h;0.h,) {(3.F) b} .
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3. Super Beltrami Equations

In this section, we investigate the super Beltrami equations (2.2) in detail, discuss
their solutions and describe the deformations of the super Fuchsian groups by
making use of them. To begin with, we consider Egs. (2.2) on the superplane SC.
Let ¥ e #(SC), assuming that ¢ and v are smooth superfunctions on SC. For any
superfunction F(z, z, 6, §), it is convenient to separate it into the f-free part and the
O-containing part, which we write as F¥ and F<, respectively:

FP=(1—08,)F, F2=0,F.

Note that DF = F2+00,FF. We expand the super Beltrami differentials in terms of
0,0:

e=0"+00%, of=0,+00, @%=0,—00s,
v=rP+ 02, =y +0v,, V2=v,—0v;, (3.1
woV)=p"+0ul, puP=po+0p,.
We also expand the functions w;, and w/:

Wy=wi +O0wg=w,. o+ 0w, +0(w,. 3 — 0w, ,)

h (3.2)
Wo=wi+O0wl=w . +0w, o+ 0w, —O0w,.3).
Equations (2.2) give the following equations for w”=(wy, w}):
a_zwb. 0 =#Oazwb.0 +%KWf I(Wf 0 + vlasz. 1) N (3.33,)
OWr 1 =Uo0Ws g +3K(Ws o +V10,W).y), (3.3b)
with
_ _ fy + 10,410 — 0,V o+ 0,v,
K—'l(ﬂ,v)lo=9=0— 1+v0+vlazv1 s
and
W0+ v10.wp )2 =(14v0+v,0,91) (0, Wy.0+Ws. 10w, 1), (3.3¢)
v
Wb.1=Wf‘1Wf.0—'1—-*_1_v(;W}.o. (3.3d)

Note that w” depends on the super Beltrami differentials only through the
combinations of u(g, v)" and v*. From (2.5), w=(wg, w9) is solved in terms of w”,
o, and v. Let us write Egs. (2.5) as

Dw=[—00,+3G(g,v)D,Jw=x(g,v:w).
Then,
we=[x(g,v:w)]* =[x(e", v:wh]". (34

According to [11], we expand Egs. (3.3) with respect to the Grassmann generators
and look them over at each grade. Let us write the expansion of the solution

(Wp.0Wy. 1) as

Wb0=W(0)+W(2)+W(4)+, Wf1=W(1)+W(3)+W(5)+ (35)
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The body part of Eq. (3.3a)is an ordinary Beltrami equation for w . At each grade
n (1), Egs. (3.3) gives an inhomogeneous Beltrami equation for w,, which
involves terms depending on the solution wy,, of lower levels (m < n). Therefore we
can solve Egs. (3.3) recursively. In [11], the boundary conditions

W(O)(O) =0, W(O)(OO) =00, W(O)(1)= 1, (3.6)

Wu(0)=0, wy(w)<oo, for nz1, '
were considered. Under (3.6), each (inhomogeneous) Beltrami equation has a
unique solution [22]. However, it should be noticed that the conditions of the soul
part of w., (i.6. Wi, n 2 1) at infinity are not essential and conventional ones. The
solution w obtained from (3.3)~(3.5) and normalized by (3.6) gives a superdif-
feomorphism of SC such that can be extended to that of SC, satisfying the
following condition??:

w(0,0)=(0,0), w(c0,0)=(0,0), 7(wy(1,0)=1. (3.7
We see that the condition (3.7) itself is still preserved under the dilatation
Dyy: (W, wy)— (k>wy, kw )

with constant k of n(k) =1, and hence less restrictive than (3.6). We also notice that
(3.7)is preserved under the composition of maps, that is, if w' (i =1, 2) satisfies (3.7),
so does w?owl, The condition (3.7) is canonical but does not fix the solution
completely. Here instead of (3.6), we adopt another condition:

w(0,0)=(0,0), w(00,0)=(c0,0), wy1,0)=1. (3.8)

This can be achieved from (3.7) by making use of Dy, Once the boundary
condition was set up, we have precisely two solutions each corresponding to the
choice of sign of the square root appearing in (3.3c). We write one of them as
w¥ =(wy,wy), then the other is Iow* =(w;, —w¥). We call them the standard
solutions.

Let SH* be the superlower half-plane: {(z, 0)|Imn(z) <0}. If ¥ =(g, v)e #(SH),
the structure ¥ can be extended to ¥ defined on the whole plane ST by the
reflection:

P=(,9)=

{(Q(Z, 0), v(z,0)) for (z,0)eSH, (39)

(0(z,0), v(z,0)) for (z,0)eSH*.

The reflection symmetry and the uniqueness (up to the composition with I) of the
solution imply that w¥ satisfies*2

w¥(z, 0)=w¥(z,0). (3.10)

Then the map w* defines a quasisuperconformal map of SH onto itself which can
be extended to dSHU(0,0) satisfying the boundary condition (3.8). In the
following, we write simply w¥ for w¥. After these studies of the quasisupercon-
formal maps, we can describe the deformations of SRS’s as the deformations of the
super Fuchsian groups.

11 Here (o0,0)is considered as a point of SE. Note that (oo, 0) and (o, &) with odd constant « are
the same point in SC, remembering that the proper coordinate transformation around the infinity
16
is (2,0~ (z,0)= (— -, ﬁ)
zZ Z
12 [f I o w¥(z, ) = w¥(Z, 0), it leads to a contradiction when we deform (g, v) continuously to (0,0).
For w¥ turns to the identity map or the map /
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If ¥ =(g,v)e SB(I),, it is a consequence of (2.1) that w¥ and w¥ o 4, A € I' satisfy
the same super Beltrami equation (2.2). From (2.1) and (2.2), one can show directly
that w¥ o 4 is a superconformal transform of w¥:

w¥ o A=A¥ ow? (3.11)

with A¥ € Aut(SH). Moreover it could be shown that A¥ is an element of SPL(2, R)
as follows. The map w¥ gives a superdiffeomorphism of S@. Thus
A¥=w¥oAow? ™" is an element of SPL(2, C). The reflection symmetry (3.10)
implies that A¥ fixes SR:
A%(z,0)=4%(,0),
from which we conclude 4¥e SPL(2, R). However, there exist subtle problems. For
the reasoning made above to be correct, (3.7) must be well defined at SR.
Discontinuities of ¥ lying across 0SH, which may occur by (3.9) in general, descend
to the solution w¥ (except its first components (w,.q,w,.;), which will be
continuous due to the good properties of the ordinary (inhomogeneous) Beltrami
equation [22]). For a non-split I', the discontinuities affect A¥ directly. We discuss
these points in Appendix A. If one takes a split I" as the initial point, however, there
arise no problems since then A¥ is determined only through the first components
of w¥, as we will see in the next section.
An isomorphism 9¥ from I, into SPL(2,R) is obtained by

F@)=w¥oa)ow¥', ael, (3.12)

where 9 is the normalized isomorphism which maps I}, on I'. Evidently I'* = 9¥(I)
is a super Fuchsian group which represents the deformed SRS >¥ = SH/F"' Here
some comments on the normalization of $¥ should be made. Since w¥ satisfies
(3.7), 9% is almost normalized, but not completely, i.e. 9¥(a,) has fixed point at (0, 0),
(00, 0), and n(95 (a,) (1,0))=1 is satisfied but not 95 (a,) (1,0) =1 in general. There is
no canonical normalization for the quasisuperconformal maps to keep wo Fow ™!
completely normalized. Our choice for w¥ is the condition (3.8). To make 9%
completely normalized, we must shift w* to Dy ow” in (3.12), choosing the
dilatation constant k (n(k)=1) properly for each ¥.

The following statement is a super-analogue concerning the Teichmiiller
equivalence relation and can be proved in the almost same way.

Proposition 3.1. Let ¥, ¥’ €SB(I'),. Then ¥ ~¥' if and only if 3% =9*%", modulo
conjugations by Dy, with n(k)= +1.

Note that D;_,,=1. Due to the existence of the two solutions under (3.8), $¥ is
primarily defined up to the conjugation by I. The resulting ambiguity peculiar to

the super Fuchsian group has been already mentioned. What about if we represent
the initial SRS by SH/IT'I? The answer is the following.

Proposition 3.2. Let ¥ =(g,v)eSB(I'),. Then — ¥ oI=(—g 1, —vol)isanelement
of SB(IF 1), and w—gol, —vol)=p(o,v)oI. The Standard solution is given by
=low¥ol

Proof. For any superfunction, we have D_, (F o I)= —(D,F) o I, where the minus
sign of —vo [ is necessary. In particular,

D_,.((ToAD))=(D,As)-1I.

Taking account of these formulas, we obtain the desired result. Q.E.D.
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Obviously, ¥ and — Yol describe the same deformation and give the
correspondence between the SB(I'), and SB(II'I),. We call a super Fuchsian group
I'splitif II'I =T, that is, all the odd parameters of the generators of I" vanish. Then
SH/TI" becomes a split SRS. If we take a split SRS as the initial point, we obtain an
interesting result as a corollary.

Corollary 3.3. Let I' be a split Super Fuchsian group. If W eSB(I'),, then
—¥PoleSB(I),and —WoI~Y.

The transformation ¥— — ¥ oI (then u—uoI) changes the signs of the odd
components of the super Beltrami differentials. The symmetry under this
transformation enters into the super Teichmiiller space SB(I'),/ ~ and brings the
super-orbifold structure.

4. Special Gauge Choice

In this section, we study the special choice of gauge for the super Beltrami
differentials conjectured in [11,12] and prove that this gauge choice is always
possible. It simplifies the various expressions in the previous sections. To start
with, we want to investigate the formula (3.11). Using the previous notations, we
separate the solution w¥ into two parts:

wh=(wp,w)),  we=ml w9,
and occasionally treat them like vector functions. Remember that w2 has the

expression given by (3.4). The superscript ¥ of w¥ is often omitted for simplicity.
An element A of the super Fuchsian group is expanded in terms of 6 as

A(Z, 0) = (Ab . O(Z) + GAb 1(2)9 Af I(Z) + 0Af O(Z)) .
Proposition 4.1. Let ¥ =(g,v)eSB(I'),. A¥ is determined only by the O-free part of

A ow=wo A, @.1)
that is
AY owP=wPo A+ A, {(Dw)o A}. 4.2)

Moreover, if I is a split super Fuchsian group, i.e. A;., = A,.; =0 for every AeT,
then AY is determined except the choice of sign of A¥., only by the first components
Of WW, ie. (Wb' 0s Wf 1).

Proof. First, we show that the identity obtained from the 8 coefficients of (4.1) is
simply a consequence of (4.2). Thus (4.1) has no additional information more than
(4.2). The 6-containing part of the left-hand side of (4.1) is

BWR (ALY o wf + WE((ATY o wE} )+ Bwg(AT o ),

where Ay(z)=(A4,.0(2), 4;.1(2)) and A,(z)=(4,.,(2), A o(2)).
Using (2.2a), wg is expressed by w% as
(Dva 27|P

wl=[x(e,v:wp)1* =wilxle,v:wp)1" — [e W] ,

thus the expression becomes

T, v:w,) {(DAF)o WP} ~§Q%{(62Aw)owp}. 43)



162 M. Takama

The O-containing part of the right-hand side of (4.1) has the following form:
Ox(o,v:wo A)=8xlo,v:w"o A)—0A4,. y(o,v: w0 A). 4.4)

Here we use the identity [w o 412 =[x(g, v: w o A)]¥, which comes from the fact that
wo A satisfies the same super Beltrami equation. By differentiating (4.2), we have

DA o wh)=BD(w* o A)— A Dy(wCo A),
G047 o wP)=00 (w" o A)+ 04,0, (Wweo A).

We should also notice the following identities:

(DA¥)ow= =D, (4¥ o),
Dw,
(Dvwf)z Wy ¥ ¥
%Dvﬁ {(0.A%) o w}=0,(A¥ ow)—0,w {(DAT) o w}.

(Under the multiplication by 0, we can replace w with w’.) Substituting these
expressions into (4.3) and taking account of the explicit form of y(g,v: ), we
obtain the equality between (4.3) and (4.4). Next, suppose that I' is split. Then the
0-free part of (4.2) becomes as follows:

A‘lfl'oowb~0+wf~1(AZ’~10wb~0)=wb~0°Ab~0> (4.5a)
A;’.lOWb.0+Wf.1(A‘;*I.Q°Wb.()):Wf.lOAb.O. (4.5b)

Remember that 47, = 4. A}, and A}, ;> =(A}.o) + AF. {(A¥.,)". Once the choice
of the sign of 47, is fixed, (4.5) determines A” order by order with respect to the
Grassmann generators. Starting to find the body part of A}.,, we can obtain the
successive higher order terms of A* inductively. Q.E.D.

The spin structure associated with SH/I" is specified by the signs (positive or
negative) of n(4 o) at the fixed point of A, where A® = Y(a;) are the generators of
I'.13 If we replace the condition (2.9a’) with more weakly one (2.9a), we have the
following proposition.

Proposition 4.2. The spin structures of X¥ are classified by the homotopy class of
(1 +vo) modulo (2Z)** (as a map from n(X) to C—{0}).

Proof. The sign of A¥., at the fixed points is determined through the f-containing
part of (4.2). Neglecting the nilpotent terms, we have

”(Wﬁ O(AJ‘I: 0°Wp.0))=T(Ap.o(Wy.0° Ap.0))- (4.6)
From (3.3c), it becomes

(1 +v0)"22 4, (a,w,,.o)”“A"'O)
¥ owpg)=m( 2 Lbo) (o) S fe0)
(AF. g0 Wy.o) ”( A4y )\ (0w, )2

13 For an element A4 of I', 4, ((2) is written as

az+b
cz+d’

Ay o(2)= ad—bc=1, |[n(a+b)>2.

Denote its fixed points by u,. Then

1 1 —————\ (>0 for n(a+b)>2
n(Af'O(ui»zn(cui+d)=n<5{(a+d)i (a+d)2—4}>{<0 for mla+b)< -2
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Note that (1 +vg) o Ay.o)=n(1+ v,) from (2.1). Thus the factor appeared in the
right-hand side equals to 1 or —1 and counts the twist mod2 around the cycle
represented by the element A(e I'). Since w,,. , is homotopic to the identity map on
H, the sign of A‘}', o at the fixed point (which is homotopy invariant) differs from that
of A;., by that factor. Q.E.D.

Now we can get the desired result about the gauge choice, restricting ourselves
to the case that the initial SRS is split.

Theorem 4.3. Let I' be a split super Fuchsian group. Then for any deformation of
SH/TI, the special gauge choice such that (1—08,)0=0 and v=0 is possible.
Especially, for any ¥ =(g,v)€SB(I'),, there exists a super Beltrami differential
(—0fi,0)e SB(I'), such that w'="9 has the first components equal to those of w¥
and hence ¥ ~(—0i,0). Such [i is given by
ﬂ(Qa V) =Ho + gﬁ'l s

Ho E,U(Q, v)'0=9=0 ) ﬂl E(Dvﬁ)l/zﬂ(ﬂ(é’, V), v)0=9=0 .
Proof. It is not necessarily a trivial thing that (— i, 0) e SB(I'),. By examining (2.1)
for a split I', we see that i becomes indeed a (—1,1) superconformal tensor.
Equations (3.3) shows that the first components of w¥ depends upon only fi. Since
fi(— 0, 0) = fi, from Proposition 4.1 and 4.2, we conclude that (— 8, 0) define the

same 9¥. We also notice that the choice of the sign of fi, is irrelevant because of
Corollary 3.3. Q.E.D.

4.7)

We refer to this special gauge as Wess-Zumino gauge according to the usage.
As a intermediate stage of this special gauge choice, we see that for any
¥ =(g,v) e SB(I),,
¥ ~(—0Bule,v), V)

because of the identity u(— u(o, v), v¥) = u(o, v)¥. This is the 6 = 0 gauge conjectured
in [11]. In regard to the f-free part, (—fu(g, v),v") and ¥ give the same solution
(WW)P> though (— 9#(@, V), VP) giVCS

Ow? = Oy(—Ou, v* : (w¥)F)=0.

What can we tell about the case that the initial I' is non-split? Studies of the
infinitesimal deformations [12, 13] imply that the v=0 gauge is always possible.
However, some plausible assumptions are needed there as to the boundary
behaviors of the super Beltrami differentials. We will state these points in
Appendix A. As to the a(g, v) (= 0+ 0u(g, v)) =0 gauge, I'm not aware whether the
corresponding gauge condition for general I'’s can be written in a simple form.'#

Appendix A. Infinitesimal Deformations and the v=0 Gauge

The infinitesimal deformations of SRS have been studied by several authors
[12,13], however, the subject seems not completed. In this appendix, we give a
description, suitably extending the arguments for non-super theory [20, 24], and
attend to the possibility of the v=0 gauge for the deformations of a general (non-
split) SRS.

14 As such a candidate, one may consider the condition w(g,v)+De=0. u+Dp is a (—1,1)
superconformal tensor, and hence this condition is covariant
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Consider a function F(¥P) defined on SB(I'),. The differentiation of F(¥) in a
direction @eSB(I') is defined through the expansion with respect to an in-
finitesimal parameter &:

F(¥ +&®)=F(¥)+eF(P) [P] + O(e?).

The derivative at ¥ =0, i.e. F(0)[®] is denoted simply by F[®]. Note that ¢®
should be Grassmann odd, however, @ (and hence &) may take both odd and even
parities. It is convenient to introduce a function Fy defined on SB(I'*),by the
identity Fy(A)=F(A * V). Then F(¥)[®] can be converted to the derivative of Fy,
at A=0:

F(¥)[0]=Fy[Ly(P)], (A1)
where Ly(®) is defined through
P+ ed={eLy(P)+O0(c)} * P

Inverting the formula (2.10), we can obtain the expression of Ly(®) from

(ALLyp(P)], Ly(®)) o w" = (i(P) [ 2], @) (F(¥)) ™", (A2)
where ji is defined through (2.3), and

(1—ppH (—eWH (@—VvH
F(¥)= |(0,—pd)w; (D+eow; Dw; |,
(B—z - “az)wf (D_ + Qaz)wf Dvwf

with ¥ =(g, v) and w* =(w,, w,). Apparently, the operator Ly, is linear with respect
to @ in the complex sense. From these remarks, derivatives at arbitrary points can
be reduced to the derivatives at origin by shifting the initial origin and replacing @
to Ly(®). So, in the following, we limit our consideration to the initial derivatives

F[®].
Now, consider the derivative at origin of the quasisuperconformal map

W] =(W,[P], W, [P]) with ed=(eg,eV)
being an infinitesimal element of SB(I"). We define a superfunction
W[P]=vw,[@]—W [P0, (A.3)
which simplifies the description. Because of (2.2b), w[ @] is expressed in terms of W:
W [@]=3{y—(-1)*DW[2]},

Wy [@]=W[P]+w, [S]6. (A4)
W[ @] satisfies the linearized super Beltrami equation which is given by
DW[d]=(—1)?g. (A.5)
The boundary condition for W[&] can be found by noting
W(z,0)=W,.0(2), A6)

DW(z,0)=Wy.,(2) +W,. () =2W,., — ¥,
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and from (3.7) [13],
» Wp.0(0)=w;.o(1)=0,

Wy 0(2) -0
2
z for z—>o.
wy.41(2) 50

z

Before trying to find the expression of the solution, we consider the corresponding
(infinitesimal) deformation of the super Fuchsian group:

A—A+eA[P], Ael.

From the definition of A¥, we obtain'®

W[®] o A=A[P]+ W[P]0,A+w [PIDA. (A.8)

From (A.3~5) and the transformation properties of @ under I', we see that
DA[®]=0, (A9)
(—1)'*'DA[®]1+A,[P1DA,+ A DA [9]=0, (A.10)

which show that the superconformality of 4 is preserved under the deformation.
Instead of A[P], it is convenient to introduce a function V,[®] just like W[®]:

V[P]=A,[®]—A[P]A,. (A.11)
Then DV,[#]=0 and A[®] is expressed by V,[®] because of (A.10):
. o 1 DV,[#]
AL0)= (- 1f°; =5,
. . (A12)
A[P]=V, [P]+A[PIA,.
We can rewrite (A.8) as follows:
VP]1=W[®]-A— (DA, W[P]
P 2 (DA f)2
=W[P] o A—(DA)*W[D]*+¢ Ag g, (A13)

DA
where W? denotes the O-free part of W. .f

Equation (4.5) and the formulas (A.12,13) imply that if A[®] depends on v, it
does only through the boundary condition. Moreover (A.6) and (A.13) show that
we encounter with the difficulties mentioned in Sect. 3, that is, the discontinuities of
@ lying across 0SH affect A[®] directly. As a result, the deformation of I" as a
subgroup of SPL(2, R) becomes dubious. For a split I', this is not the case. Being
required the smoothness on SH (and hence on SH*), @ should be extended to 0SH,
then the odd components of @ have to vanish on R because of the transformation
laws (2.1). For example, in this case, v, transforms as

VyoAy.o=(4p.0)"*,, for Aerl.

15 Here we use the notation in which w=(w;, w,) and A =(4,, A,) and their derivatives are dealt
like vector functions
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This shows ¥, vanishes at the fixed points u, of A,., because A}.q(u.)+1
[provided that 4, ., is a hyperbolic element of SL(2,R)]. Since these fixed points
are dense on R, v, must vanish on R. The same holds true for the other odd
components of @. For the case of non-split I', it appears that vanishing on R of the
first odd components (g, v,) implies

(@o+0d2,V9+7,)=0 onR

because the condition of vanishing on SR is covariant. It is not obvious whether
the same reasoning mentioned above leads the result ®=0 on SR.'® Anyway we
may have to make the following assumption [13].

Assumption A.1. The space of super Beltrami differentials SB(I'), consists of the
elements such that are smooth and become zero on SR.

It is probable that to cover the whole deformations of SRS, it is sufficient to
consider such a class of super Beltrami differentials. Admitting this assumption,
W[ @] does not depend on , in addition, WP[®] has only dependence on dyg and
so does V,[®] from (A.12) since V,[®] is determined by its values on SR. It
becomes an immediate result that the v=0 gauge is always possxble Let ¥ =(g,v)
be an element of SB(I'),. From (A.5) and (A.13), (0, 1) e SB(I" ¥) gives a stationary
direction at I'?, i.e. (A¥) [(0, A)] =0 for all A¥ eI'¥. Let ®=(g, v)e SB(I') such that
(0, )= Ly(®). Then from (A.2), we have

D

§= ~(xow*)G(T) iy,

o (A14)
v
V=(low) s,
D w¥
and hence
d=3VG(¥). (A.15)
In addition, it follows that
M(P) [@]=3Vn(P). (A.16)

Since one can take the differential v arbitrary by varying A, an infinitesimal
variation of
Y. ¥P>Y+ed

such that @ takes the form
D =v1G(¥P),1) (A17)

is an infinitesimal gauge transformation. There is no obstruction to integrate to get
v=0, if the condition (2.9a’) is satisfied.

16 Examining the transformation law (2.1b) on SR (instead of 0SH for simplicity), we are led to
consider the following identities on R:
Ay
vio Ay o= ”—Ab E vi— Ay 1(vo+va),
f.0

A2, Ar Y
(V0+Vz)°Ab-o=f(Vo+V2)+< L 1) Vi

A,
_'—f_l[az-"-gz]vl
b-0 Af'O 0

1
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On the assumption mentioned above, the boundary conditions for W[ @] are
w(0,0)=W(1,0)=DW(0,0)=0,

(A.18)
W(z,0)
22 -0
DW(z,0) for z—o0.
_ _)0
z
The solution of Eq. (4.5) with these conditions is found to be
—1
W[®](z,0)= — sL d*udEdE{(u, &) {ER(u,z)— OP(u, z)}
where
1 z z—1
R(,2)= u—z u—1 u’
. . (A.20)
P(u,z)= —— — —.
u—z u

The function W[ @] is a linear functional of the super Beltrami differentials @ in
the real sense. We can obtain a complex antilinear functional by

X[®](z,6)= W[&] +iW[id]

=%S{Idzudédfé(u,é){ER(a,z)—ep(a,z)}, C o (A21)

which becomes super-analytic: DX[®]=0. Let us introduce a functional
A[P](z,0)=0;DX[P] (2, 6)

4 0(u, )
=—(=1)1® = | Pudédf ——"2—,
(=1 T S";-I udé E(ﬁ—z—-§6)3
and consider the mapping J: ®y[P]. By examining the transformation with
respect to I', it is easily seen that y[ @] is a superholomorphic (3, 0) superconformal
tensor. Let us denote by SQ(I') the linear space of the superholomorphic (3,0)
superconformal tensors and by N(I') the linear space consisting of all stationary

directions at origin SH/I". The following proposition gives characterizations of
N(I).

(A.22)

Proposition A.2. The following conditions are all equivalent.
(@) V,[9]=0 (ie. A[®]=0) for all AeT,

(b) W[®]=0 on SR,

(c) X[®]=0in SH,

(d) x[#]=0in SH.

On the previous assumption, the proof is a straightforward extension of the
correspondent in the non-super theory [20] (see also [16]). Proposition A.2(d)
shows N(I')=kerJ. Thus the mapping J induces an antilinear isomorphism from
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SB(I')/N(I') into SQ(I'). It can be also checked that for an element S(z, 6) in SQ(I'),
a mapping J*
5 2
J*: 8(z, 0)——(—1)s! (z——zzl—eg) S 0)

defines an antilinear mapping from SQ(I') to SB(I'). We note a super-analogue of a
Bergman type reproducing formula:

. (5 s
S(z,0)= ESL d*udéd? P
=[J*S](z,0), (A.23)

which shows JJ* is the identity map. Therefore J is also surjective. We conclude
that SB(I')/N(I'), which is identified with the tangent space at origin of the super
Teichmiiller space ST(I), is isomorphic to SQ(I'). Here we set SB(I") and SQ(I') to
be those satisfying

Y®=(¢,v)eSB(I'), 0,0 is bounded on SH
and
¥SeSQ(I), 0,[(z—z—00)>S(z, )] is bounded on SH.

Note that if d,9 is bounded on SH, y[®] satisfies that
x[®](z,0)=0(Imz|~ ')+ 60(|Tmz| ~?),

which is equivalent to the statement that d,[(z —z — 00)*4[®] (z, 0)] is bounded.

Appendix B. Residual Symmetry

In this appendix, we take up the subjects which concern special properties of the
W-Z gauge. In the following, we assume I' to be a split super Fuchsian group. Let
SBwz(I') denote the linear space consisting of (—1, 1) superconformal tensors p
such that d,u=0. The super Beltrami differentials in the W—Z gauge form the
bounded space of SBy,(I') through the condition (2.9b), which we denote by
SBwz(I)s.

The super Teichmiiller space ST,(SH/T') is the quotient space of SB(I'), by
sDiff,(SH/I'). We want to investigate the residual symmetry after the reduction
from SB(I'), to SBy(I"), is performed. Before looking at this, let us characterize
the elements of sDiff,(SH/I'). As in the ordinary Teichmiiller theory, sDiff,(SH/I")
is isomorphic to the group consisting of those w and I - w such that w commutes
with all elements of I'. I' being split, then from Proposition4.1 and 4.2, a
quasisuperconformal mapping w¥ =(w,, wy), YeSB(I'), commutes with every
element of I if and only if the following condition is satisfied:

VAEF, Ab,oowb.0=wb.00Ab.0, (B.la)
COAb.():Af.oC, (B.1b)
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where { =w., ow;.¢."” In this case of split I', (B.1a) is consistent with the boundary
condition (3.8).

Now, let us consider for a given ¥ =(—08u,0)eSBy,(I), an element h in
sDiff,(SH/I') such that h*¥ also lives in SBy,(I"),.1® By making application of the

formula (2.10), we see that'®
0=(k*V)g <> — Dh, + h;Dh,=Dhyuoh), .
0=(h*0)y <> — Oghy,+ h,0gh, = Oghy(po h), .

and then
(R ) {0,y g0,y + 0, W)} =y + hy T+ o h). (B3

Through the Egs. (B.2), the map h has necessarily the u-dependence. The structure
of the symmetry that remains under the W-Z gauge may be best analyzed by
considering h close to the identity map. In references [7, 8], the symmetry algebra
that acts on SByz(I'), has been investigated in the form of BRS transformations,
introducing the reparametrization ghosts (which are made to turn from vector
fields). For the sake of completeness and for clarifying the original geometrical
setting, we describe it below. We set

h(z, 0)=(z +&v(z, 6), 0+ &{(z, 0))
with ¢ being infinitesimal, and define a vector field on SH/I" by
v =Vo,+{D+cc.,

where V(z,0)=uv(z, )+ 0{(z, 6).

Provided hesDiffy(SH/T'), V and {—iDV are (—1,0) and (—%,0) super-
conformal tensors, respectively (see Appendix A). The infinitesimal forms of (B.2)
and (B.3) are given by

o0V =(dg,0v)=%L, ¥,

0=06v=2{ —(DV+ uD?), (B.4a)
0=00=—3,(V+pb), (B.4b)
ou=[0,—ud,+ (0,01 (V+uv)+{Dpu. (B.5)

Here and below we omit the infinitesimal parameter . Equations (B.4) consist of
six equations for the component fields of V and { which leave their first
components V|g_p-o="0¢, {lg=3=0=_; free and make the other six components
expressed in terms of vy and {,. Explicitly, (B.4) and (B.5) are summarized into [7],

Opto=[0,— o0, +(0,10)1 (Wo + poTo) + {1 1y 5
opy = [gz — 0, +%(6z,u0)] (2C1 + 1417)
+[(0,141) — 3 110.] (v + poT5) -

(B.6)

17wy & is the inverse map of w,., and not (w™1),.,

18 1n practice, the formulas (B.2) and (B.3) are valid for any quasisuperconformal map h in the
sense that h* preserves the W—Z gauge condition
19 Here we write the v-component of h*'P, for example, as (h*v)y
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The gauge freedoms concerning v, and {, correspond to the ordinary diffeomor-
phism and local supersymmetry. Let ¥7;, and ¥, be the vector fields which
satisfy (B.4), and set ¥(;,=7",

V=W =Wo,+ED+cc.,
and
Vayy=1","]1=V120.+{12D+cc..
Then
Vayy=7(W)—=w(V)-2(¢,
C(12) =79&)—7).

If we ignore the u-dependences of ¥; by mistake, it might be viewed that the
infinitesimal variations of the super Beltrami differentials form a Lie algebra of the
ordinary super vector fields:

[01,6,1¥= _gvulp,
which is checked by the computation (ignoring the u-dependence of ¥7;).
Correctly, the u-dependence of ¥{; changes the result from above to
[61,6,19=—%7,¥, (B.7)
where

~ 0 0
"V12=V(12)+($Wﬂ)~1f'azy_(gvﬂ)w‘aw-

To see ¥, satisfy (B.4), it suffices to show that
(g‘?xzv)‘l’= - [51’ 52]"]'{’ =0,

(Z7,,0)e=—[61"6,]0ly=0,

which are apparent by regarding (B.4) as identity equations with respect to .
Therefore the algebra is closed on SBy;(I'),. The structure relation can be read
from

V(12)|o=a=0=V(12)|o=9=0

{1 —noli&y
1= polto
Z(12)|o=9=o=C(12)'o=D=o (B.8)

=0y0,Wo +Vg0,Wo + —(vg; {1 Wg, €),

=000, + 060,80 +5{1(0,Wo + 100, Wo)

1 (ol ¢y _m)

+
2 1—polty

_(005 ngWOs 61)

This shows the u-dependence of the Lie algebra, which is familiar in supergravity
as noted in [7,8].
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Appendix C. Supercomplex Structure of the Super Teichmiiller Space

The super Teichmiiller space ST, has a supercomplex structure entwined naturally
with the superconformal structures on SRS’s. In this appendix, we describe briefly
the infintesimal approach to this problem [20]. This gives a rigorous treatment of
the same subject that was studied in [23]. Another approach through the
generalization of the Bers’ embedding exist [11, 15]. In [15], the global existence of
the Bers’ embedding for ST, was shown.

Locally, ST, is described as deformations from the split family of SRS’s. The
local coordinate systems around split SRS’s are patched together to form an atlas
of ST, The super Beltrami differentials in the W-Z gauge supply a class of natural
coordinate systems which are the super-analogue of the Bers’ coordinates [24], in
aneighborhood of the initial point SH/I".2? First, we rewrite Proposition 2.4 to see
the transformation from SByz(I3), to SBwz(I}), supposing that SRS’s X
(=SH/I}) and X, (=SH/I;) are split ones. The transformation law becomes much
simpler in this case. We set the quasisuperconformal maps h: 2y —»2,, g: -2,
and w=goh™!:X,—%, as before and write their associated super Beltrami
differentials as ¥y, ¥, and ¥, respectively. The splitness of 2 is reflected on the
map h in a obvious way as is shown by the following proposition.

Proposition C.1. If i,(¥,)=0, then X, becomes necessarily split. Conversely, if X, is
a split SRS, then we can always set ji,(¥,)=0.

Proof. If ji;(¥,)=0, (3.3b) gives the ordinary Beltrami equation for h.,. The
Jboundary condition (3.8) means that j,(¥,)=0 is equ1valent to k., =0. Then,
from (4.5b), AT = A" =0 follows. Conversely, if 2, is split, we have from (4.5),

Ao hy.o=hy.q0 Ay.o, (C1a)
CoA,,"—A""'C with (= hflohbo (C.1b)

Since A", is determined only through h, .o, we are free to set {=0 (that is to set
i, =0), belng hy,., unchanged. Q.E.D.

What we are thinking about is to find the corresponding ¥, in SBy,([3), for a
given ¥, =(—0pu,,0) € SBy,;(I5),- Due to Proposition 4.1 and C.1, we can set h to
have the special form

h(z, 0) = (hy. o, Ok(z)).

Remember that k(z) is irrelevant to the choice of X', and hence is allowed to be an
arbitrary non-vanishing scalar function. Then, from (2.10), ¥, takes the form
(—0u,v), the expression of which is given by

0zhb.0 tuy - .u—}:

oh= 5 C.2a
g 0:hy.0 1 _/‘g.“_h ( )
th_ Zo.h —ll o (C.2b)
i 1 — gl ’
where y, = a’:b'z
2z

20 Ttis not essential for the supercomplex structure of ST, to take the W—Z gauge, but it simplifies
the description
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Note that (C.2a) is the same form as is known for the ordinary Beltrami
differentials aside from u and p, being superfields here. By choosing the function
k(z) to vanish v in (C.2b), we get ¥,, in SBy;(I}),-

The super-analogue of the Bers’ coordinates are introduced as follows. As was
shown in Appendix A, SB(I")/N(I') is isomorphic to SQ(I") of which the dimensions
are well known as

dimeSQ(IN=(3p—3|2p—2).

We choose a relative even basis {u@}, i=1...3p—3 and odd basis {6u{"},
a=1...2p—2 of SByz(I') modulo N(I'). Let t=(t,{)=(t1, ..., t3p—3, {15 -y {2p—2)
be a complex vector of the (3p—3|2p—2)-dim linear superspace. We set

3p—-3 | 2p—2
uo= 5 wn+0 3 p, (C3)

and consider the mapping 7— 3~ %@-9_ The following statements (a), (b) can be
proved in just the same way with the ordinary non-super case.

(a) The complex vector 7 serves the local coordinates of ST, in a neighborhood of
the initial point SH/TI".

The construction can be repeated for arbitrary initial point SH/I, with I, being
split. The transition functions among overlapping coordinates are specified
through the formula (C.2) and the coordinate functions {t,(u)} each defined near
£=0 in SBy;(L5),

(b) These coordinate transformations are super-analyticin 7,,’s and hence define a
supercomplex structure on ST,

A novel point in the super case is that because of Corollary 3.3, there still
remains Z, symmetry, which tells (¢, {) and (¢, —{) are the same point in ST . In this
sense, ST, is a super orbifold. This fact was noted first in the approach of Bers’
embedding [11].

Recently the Weil-Petersson Kéahler form on ST, was investigated, using the
local coordinate systems which were the super-extension of those introduced by
Fricke and Klein, and it was shown that the fundamental 2-form is closed [16]. It
will be possible to analyze the Kéhler structure of ST, by extending the Ahlfors’
work [24] in which was first studied the subject of non-super case.

Acknowledgements. The author would like to thank Y. Yasui for discussions and valuable
comments.
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