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Abstract. In this paper, we first construct multi-lump (nonlinear) bound states
of the nonlinear Schrédinger equation

Loy R .
zhE——7Al//+Vl//—7|¢| ¥

for sufficiently small # > 0, in which sense we call them “semiclassical bound
states.” We assume that 1 <p< oo for n=1,2 and 1 <p<1+4/(n—2) for
n =3, and that V is in the class (V), in the sense of Kato for some a. For any
finite collection {x;,...,xy} of nondegenerate critical points of ¥, we construct
a solution of the form e~ “E"y(x) for E < a, where v is real and it is a small
perturbation of a sum of one-lump solutions concentrated near x;,...,Xy
respectively. The concentration gets stronger as #— 0. And we also prove these
solutions are positive, and unstable with respect to perturbations of initial
conditions for possibly smaller # > 0. Indeed, for each such collection of critical
points we construct 2¥ ! distinct unstable bound states which may have nodes
in general, and the above positive bound state is just one of them.

1. Introduction

In [W.a] and [FW.a], the following nonlinear Schrédinger equation (abbreviated
as NLS) on R",

L0y h? b1

= =AY+ VY= Y17ty (1)
was proposed to study stabilizing linear modes concentrated near local minima
for sufficiently small 4> 0 for potentials bounded below. In [FW.a], Floer and
Weinstein (Alan) proved the existence of solutions of (1) for sufficiently small # > 0
for bounded potentials, which are localized near each given nondegenerate critical
point of V for all time; in fact, solutions of the form e~ “E#y(x). In [O1], the present
author generalized their existence result to arbitrary potentials in the class (V),.
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(As we pointed out in [O1], this restriction on V is needed even for bounded
potentials.) These solutions have only one “lump” in the sense that they are
concentrated at one point, for whose precise meaning we refer to [O1] or
Theorem 4.1 in the present paper. However, as already pointed out in [FW.a] and
[O1], this concentration gets stronger as #—0 and so, when # is sufficiently small,
we may try to construct N-lump solutions by adding N such one-lump solutions
which are concentrated at distinct N nondegenerate critical points of V. In the
present paper, we construct such N-lump solutions which are small perturbations
of the sums of N one-lump solutions. We refer readers to later sections for its
precise meaning. The method of the proof is again the Lyapunov-Schmidt
reduction as in [FW.a, O1]. In other words, we first find nice approximate solutions
whose errors can be controlled with respect to # and then try to perturb them to
get exact solutions. The approximate trial solutions will be sums of N one-lump
solutions and their slight translates. Then we estimate the norm of the Fredholm
inverse of the linearized operator at trial solutions to reduce the problem to a
finite dimensional one. Finally, we solve this finite dimensional problem by some
simple topological means.

Although the basic line of proof is the same as in the one-lump case in
[FW.a,O1], most of the estimates are more involved, depend on some judicious
cut-off functions, and furthermore we need a new idea to estimate the norm of the
Fredholm inverse, which was not needed for the one-lump case. In fact, estimating
the Fredholm inverse is the most essential and difficult step in these kinds of
problems (see [JaT, T] for a problem of this kind).

If we substitute e ~ ‘/"p(x) into (1) where v is real, we get the following nonlinear
eigenvalue problem.

2
—%Av+(V—E)v~|v|”_1v=O. )
If we divide the equation by #% and set A = 1/h2, we get NLS without #,
—1Av+ AV — AE)o — A|p|P~ v =0, @)

and then our semiclassical result can be interpreted as a “quantum” result when
the wells are deep enough, E is negative enough and y = 4 is big enough.
If we change variables by x = Ay and set u(y) = v(hy), Vi(y) = V(hy), we get NLS

—LAv+ (V,— E)Ju—|ulP " 'u=0, 2"

and then we get a quantum existence result when the distance between wells is
large enough and the wells are wide enough. In this paper, we solve (2”) for #
sufficiently small as in [FW.a, O1].

In [RW.m], Rose and Weinstein (Michael) got an existence result of different
sorts of one-lump bound states which bifurcate from the bound states of linear
Schrodinger equations, while the bound states obtained in [FW.a,O1] are
perturbations of the well-known ground state solution of NLS,

—3Au+u—|ul’ tu=0, (3)

where A = V(x,) — E, x, is the critical point being considered. Our lump solutions
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will be perturbations of sums of N ground states of the latter kind whose centers
locate near x,,..., Xy, respectively.

After we establish the existence result, we consider the stability and positivity
of the solutions. We prove if A > 0 is sufficiently small, the N-lump solutions found
above which are, in some sense, sums of positive one-lump bound states, are all
positive, and unstable for N = 2. Recall that the stability of one-lump solutions
depend on whether the critical point x, is a local maximum or a minimum (See
[GrSS, 03]). The method of the proof is that we first show that the real and
imaginary parts L7 of the linearized operator of (1) at the solutions satisfy certain
spectral results, and then apply the instability criterion by Jones and Grillakis (see
[Gr,Jo]). As a by-product, we show that the solutions are positive. The same line
of ideas was used in [O3].

We also apply the same method of constructing the above positive solutions
to construct the bound states which are now, in some sense, signed sums of N
positive one-lump bound states and so have nodes in general.

We now briefly outline the organization of the contents of this paper. In
Sect. 2, we give the definition of the class (V), and some of its consequences which
are needed for later estimates, and set up the problem. Sections 3,4 and 5 deal
with the problem of the one-dimensional and two-lump case for bounded potentials.
Sections 3 and 4 study the existence problem using the Lyapunov-Schmidt
reduction as in [FW.a,O1]. Section 3 contains main estimates for reducing the
problem to a finite dimensional one and Sect. 4 finishes the proof of the existence
for the two-lump problem solving the finite dimensional problem by an elementary
degree theory. Section 5 deals with the positivity and stability of the solutions
found in Sects. 3 and 4. Section 6 shows how we can refine the results for the
one-dimensional two-lump case to generalize them to the N-lump problem for
general dimensions under unbounded potentials in the class (V),. Since these
generalizations are only a matter of complicating the estimates, we just indicate
how we modify the proof of the one-dimensional two-lump problem for the general
cases. Finally in Sect. 7, we indicate that the same proof goes through to construct
2N~ 1 distinct bound states which have nodes in general, and then give some remark.

2. Preliminaries

In this section we recall the definition of the class (V), in [K,Ol1], and its
consequences.

Definition 2.1. We say that a potential V' defined on IR” is in the class (V), for
aeRR, if either V = a identically or V(x) > a and (V —a)~V?eLip(R").

Remark 2.2. As already mentioned in [K,O1], most potentials that increase
(eventually) monotonically as |x|— co belong to the class (V)= ( | (V),, but the

aeR
following bounded potentials which have accelerated oscillations as |x|— co are
not in the class (V):
V(x) = sin|x|? or sine!*",

although sin|x| is in the class.
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Proposition 2.3 (see [K] or Proposition 2.3 [01,02]). Let Ve(V), with b=
I(V—a) 2|, and H= —3A+ V. If b< 1, then

i) H is self-adjoint with domain D(H) = D(A)nD(V).

i) For each ueD(H)

I(H—E)ul, 2 (1—=b)|(V—E)ul,
for any E€R with V — E > 0, where such E exists by the definition of the class (V),.
Now let us define the operators
Hy= —3A+V,
where V,(y):= V(hy). Then it is easy to see that V,e(V), for all A if V is in (V), and
IVi—a) =11V —a) "2 |l

Corollary 24 (see Lemma 3.2 [O1] and also see [O2]). Let Ve(V), with
bi=|(V—a)"V*||;, and E <a. Then if 0 <h, <d <1/b for some d, we have

| (Hy— E)ull; 2 Allull,
for all ueD(H,) and for some A > 0 independent of h, where |- | is defined by
lull =f14ul® + [(V, — E)*|ul®.

Note that when V is bounded, all ||-||, are equivalent to the H> norm and so
we will use H2 norm for bounded potentials. We refer to [O1, 02] for the proofs
of Proposition 2.3 and Corollary 2.4. From now on until Sect. 5, for simplicity of
proof, we will consider only the two-lump case where n = 1, ¥ bounded and p = 3.
In Sect. 6, we indicate how to remove these restrictions.

We also need the nondegeneracy on the linearized operator of (3) at the ground
states.

Nondegeneracy. Let R, be the unique ground states of (3) and consider the
linearized operator at R,

L0= —%A‘l'l_pRg_l.
Then L, has the kernel

R
ker L, = span {6_0} .
0x; 15isn

Proof. This is previously known to be true forn=1and forn=3and 1 <p<2
(see [W.m, Appendix A]). The complete proof for the general case is also contained
in [W.m, Appendix A] modulo the fact that any solution of the following equation:

ar? r d
Ww(0)=0
‘ w(0)=1

is unbounded. However this is now established by Kwong [Kw] in the course of



Multi-Lump Bound States 227

his complete proof of the uniqueness theorem of the ground state of the equation
—Au+u—uf=0
(see Sects. 4 and S in [Kw]). O

From now on we shall seek solutions of the form

Y(x,t)= exp< — iI;})v(x)

of the equation
6gb h2 o4y
a2 ox?

where v is real-valued and ¥V — E >¢> 0. Then the function v must satisfy the
nonlinear eigenvalue equation

+ VY =y lyI*y, 1)

hz
——i—v”+ Vv—yv® = Ev

which we will study as #— 0. Without loss of any generality, we may assume y = 1
so that the above equation is reduced to

hz
——2—0”+(V—E)v—v3=0.

As in [FW.a, O1], we introduce a new variable y = x/h and define the function u
by u(y) = v(hy). Then u satisfies Eq. (3):
-+ (V,— EyJu—u’=0,

where V,(y):= V(hy).

Suppose that {x;,x,} is two non-degenerate critical points of ¥ and without
loss of any generality assume that x, = — R, x, =R. Denote a=V(—R)—E
b= V(R) — E. By the choice of E above, we have

a,b>¢e>0.

The rescaled potentials V, have the corresponding nondegenerate critical points
at + R/h with the same values respectively as V. Define

u(y)= ﬁsechfy,
u,(y)= \/%sech \/Egy,

which are unique solutions (up to translation) of the equations
—du' +au—u®=0, @
—Ju' +bu—u?=0 Q)
respectively. Due to the translational invariance of these equations

ui,c(}’):= ui(y - C)a i= 17 2, CG]R
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will be also solutions of (4) and (5) respectively. We define trial solutions by
Uo 4(y) =uy(y + R/h) + u,(y — R/h) and

R+z, R+z,
uz; () =u | y+ n Uyl y— » ,

where Z =(z,,z,) and |z;| <. Following [FW.a, O1], we define

1 d*u
S,,(u)= —-§W+(Vh—— E)u—— u3.
Then S, is a smooth map from H? to I? and its Fréchet derivative is given by
1 d?
S;,(u): —‘z‘d—;}—z-'f'(Vh— E)— 3“2.

We want to find a zero of S, i.e. a solution of (3) of the form u;, + ¢ for sufficiently
small #> 0 and small ¢. We have

Stz + @) = Syluz ) + Siluz,)d + N5 (), (6)

where N ,(¢) = 3u;,¢* + ¢°.

In the following sections, all constants k;’s, K;’s and C,’s will be independent
of . Also for a later purpose, we choose the following partitions of unity {ay, f,}
for each > 0 such that o,(y) = a(hy), where

R
1 f -
or y< 5

R
0 f —
or y>2

and f,=1—a,.

3. Reduction to Finite Dimension

3.1. Error estimates: Sy(u5,).
Proposition 3.1. There exists positive constant k such that for every p >0, we have
ISu(uz) 12 S ky[e™ 24 + e R 4 (V — V(= R)Zp(— R —2,)
+(V=VR)n(R +2,)], ™

where p=min {./2a,./2b}, and we use the notation W,,(z) to denote the minimum
of the function W on the closed interval B,(z) (See [FW.a, Lemma 3.5]). In particular,

IShu: )13 >0 as (71,4)—0.
Proof.

Suuz4) = Spuy — (R +z0ym + U2 (r +:z)/h)

1 d?
=-3 W(“n.—mn.)/n + iy R zoyn) T Vi — EXUy — g+ zm + Uk +220m)
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3
— Uy R+ 20 T U2, (R+220/m)

= §h(u1, —(R+zy )/@) +\Sﬁ(“2,m +:1)/h2
) an

(2 2
- 3“1.—(R+z‘)/h'u2,(R+zz)lﬁ (ul,—(R +zom T “2,(R+Zz)/ﬁ)'

«m

We estimate (I),(II) and (III) separately. We have
(D) = Su(uy, R +z0m) = [Va(¥) = V(= R) Juy, - R+ 20 m

using the fact that u; _ g ., satisfies (4). Similarly, we have

(I1) = Sy(uz & +zz)/ﬁ) =[Vily)— V(R)]uz,(R+zz)/h'

Then, these two terms can be estimated to prove
D13 <K [e™% + (V= V(= R)En(— R—z)], ®)
IADNZ < Kp[e™% + (V= V(R)Gn(R + 25)] )

for any p > 0 in exactly the same way as in the proof of Lemma 3.5 [FW.a]. To
estimate (ITI), first note that

”M“wé 2a7 ”u2”co§\/ 2b

Therefore,

| (XIT) | éf (2a + 2b) “1 ~ Rz “2 (R+~2)/y.()’)d}
R

R R
= [ 3(2a + 2b) u1<y+ ;z )ué(y— ;Zz>dy
R

=6(a+b)°jouf<y+ +21> R+22>
0

+6(a+b) j'u1<y+ +Zl> ( R+22>dy

. R R
—6@a+b) | uf<Y+ thy ”2>u§(y)dy
—(R}zi)/h h h

(R+2z2)/h R R
+6(a+b) | uf(h)u§<y_ 221_%)@

=t ot s (B2 i3

éKs(e~2\/§;-{R+zl)/h+e—2ﬁl;'(R+22)/h).

Now setting 4 = min {\/2a,,/2b} and k, = max {K,, K,, K}, we have finished the
proof of (7). The last statement comes from setting p =k~ 2. ]
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3.2. Estimates of the Fredholm Inverse: S,(u;,).
Definition 3.2.

’ ’
) Ki"’ = SPaN {U), _ R+ z,ym U2 R+ 220 )
- K3, = *-orthogonal complement of K, in H.

: n?,,,, 3, the restrictions to H? of the ‘Lz-orthogonal projections to K, and
K?,, respectively

7 h nzh(s Uz4)):
The operator L, maps H*> to K;,. Now we have the following analogue of
Proposition 2.3 in [FW.a].
Proposition 3.3. There exist positive real numbers k,,hy and ay(<3) so that for
|Zo] <, 0 <h < hy and ueKz,,
ILzpull; 2 Kz e

Proof. We use the same indirect argument as in [FW.a]. Suppose the contrary.
Then there exists Z; =(z, ;,z,,) and A; with |z, ;|,|z, ;| and A;— 0 such that there
are some ¢;€K; , with

L?,,hi‘ﬁi“’o and [ ¢;llg2=1,

+(Va,— E)¢: — 3u%i,hi¢i

1d%¢,
=73 dy -7+ (Vi — E)d’i“3(“%.—(R+z‘,.-)/h.»+“§,(R+zz..»)/n,)¢i
= Oy, Rtz o U2 R+ 22 0m Di

=S8 (U1, - R+, _.)/ﬁ,-)aﬁ. ¢+ Sk, (U2 + zz,,)/fu)ﬂh,-qsi'
(L) an

2 2
+(3(ots, — 1)“1,~(R+z,,.-)/h.- + 3(Bﬁ, - 1)“2,(R+Zz,f)/fl, - 6“1,—(R+z‘,g)/ﬁ.-'“2.(R +22,i)/ﬁi)¢i

(m

Let us first estimate (III). By the choice of «;, §;,, it is easy to see that

R R
130t — D42 _ (s syl < 3-2asech? /24 <—~ —;Z— ‘Eﬁ)
< K, e 2R (yging that |z, | <1). (10)
Similarly,
13(Bs — D s zaynll oo < Ks-e N/ F, (11)
Next,

6Uy —(R+ziyn Uz, R +z2ym = 124/ absech (/2 <y+ ) sech /2 <y+

%)
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Therefore,

-2mm{ﬁ,\/—277}-R/2h‘ 12)

16Uy, - (R +z0ym Uz R+ 2y |0 = K€

Combining (10),(11) and (12), we have

A, = | 3(oy, — l)u%,"(k‘*Zl,i)/hi + 3(ﬁh. - 1)“%.(R+zz,i)/ﬁi

- 6“1,—(R +zy 0k Y2, (R + 22,00k ol Bl
SK,e HRIm (13)

where we recall that y = min {,/2a,,/2b}.
To estimate 7 ,((I) + (II)), we introduce more definitions.

Definition 3 4.

: Kzl,h =Sspan of {ull.—(R+zx)/ﬁ}

’ Kzz,h =Sspan of {uIZ,(R +zz)/fl}

- K3, , = L*-orthogonal complement of K, , in H%, i=1,2

* T4 Wiy the projections to each of the above spaces respectively, i = 1,2
© Ly pi= 15, Sl - R +z0m)

’ Lzz,h:= 7.l"i.z,h'Slh(ul.(R+zz)/'l)'

Also from now on, we will use the notation O(g(h)) to mean that
[0(g(h)| = C-g(h),
where C is a constant independent of 4. Now, note that
<u1,—-(R+Z1)/ﬁ’ Uz, r +zz)/h> = O(e—"RM), (14)

where y = min {,/2a,./2b}.

Lemma 3.5 There exist positive constants ks, ky, ks and k, such that for any peH?
with | ¢llg2=1,

s Shlt, a2 S Ryve YR, (15)
LI T P R (16)

and so
I nfl,hslfu(u1,—(k vz — Lz w(0@) |2 < kye HRI2h, (17)
” ﬂ;,hs;.(“z,(k +zymBn® — Lo, w(Brd) 2 = ke HRIZh, (18)

Proof. The inequalities (15) and (16) can be easily proved using the fact that o,
(respectively B;) has support (— co, — R/2k] (respectively [R/2h, 00)), that u, g .4
(respectively u; _(g+,,),) has the maximum ~ e~ WHIR (respectively e~ V2HR)
there and that | ¢ |42 = 1. The inequalities (17) and (18) come from (14), (15) and
(16). O

Now, let us continue the proof of Proposition 3.3. By the definition of L, and
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the assumption in the beginning of the proof, we have

1704, S, (0,1, )0: 15 = Il Lz, (00) |15 0.

However,
725, Sh Uz ) i 113 = 73, (D) + I 7z, (1) + 7z, (D) |3
=L, 5% ®i+ L., nBndil5 + O(e#F?")

by (13), (17), (18) and the fact that n?l‘,,i(l) and n;ﬁi(H) are uniformly L2-bounded
since || @;||g2 = 1. Therefore,

“ L21,i,fliaﬁi¢i + Lzz,i,h‘ﬁfu¢i ”% - as l — 00. (19)
Note that
Lz, o O @i = S'(ug, —(R+2z1,)/h )0, i — AU, — (R +z1,0)/hi?
z2 B @i =S'(u,, (R+22,,)/hi )Bridi — Az iy, R+ 2, h
where

_ <Sl(u1, -(R+21,i)/'li)aﬁ.'¢i’ url,—(R +zx,i)/fl.->
v1,i =

B

l u’1.—(R+z1,.~)/fu “%

and similarly for 4, ;. Therefore,
Lz, 1% Dis Loy o B i)
= (S Uy, — R+ 20, 0m:) %0 Pis S (U2 (R + 22, /m.) B i”
- '12,1'<Sl(u1,—(R+zl,i)/h.-)ah.»¢i’ Uy (R +220M)

— AUy —r +zl|,')/h,-Sl(u2,(R + zz'.‘)/hi)ﬂhi(ﬁi - ’12,iu/2,(R 425 0)/ki h2

Since || ¢;||g= =1, and so |4, ;|, |4, ;| are uniformly bounded over i, we can estimate
the second and third terms above in the same way as before to prove that they
are of order O(e™*®?"), using the fact that a,, (respectively f,) has support
(— o0, — R/2h;] (respectively [R/2h;, 00)). In particular, they converge to zero as
i— 00. Now, let us deal with the first term, which is easier to deal with than
L,  w%Pi> L,  5Br,P:> because it involves only “local” operators, while L,, .,
L,, . are “nonlocal” operators as they involve projection operators. Now,

{8 (uy, —(R+ 21,0/ Y ¢, S'(uy (R +z2.00m B DD
R/2H,

= (Rj;m) S'(uy, — R4z ,;)/f.i)“h,»d’i‘sl(“z,(k +22,0)/hi VB, ®:dy (20

from the locality of the operators S'(u;,— g+, ) and S'(Uz g+ 2, m)- HeTE,

S'(uy,—(x +Zl,i)/ﬁ.')ahi¢i

1 d?
- zd—z(ah'(bi) + (V," - E)(aﬁ‘¢i) - 3uf, ’(R+zl,i)/fli.aﬁi¢i

1d*¢, R 1 a2
=aﬁ. Zd 1.2 +(Vﬁ, E)¢l _3ul,—(R+zl,i)/ﬁiahi¢i+ d .20 h. ¢|9
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SI(“Z,(R+22 /i) Br i
dz

1d?
= ﬁh.< 2 d ¢2) + (Vh E)¢l) - 3u%,(R +zz,i)/ﬁiﬁh.~¢i [d zsﬁh ]¢M

where [-,-] is the commutator. Note that

2Rk
I “f,—(R+zl,.~)/hl°‘h,~ I w0, — (R/26) <y < (Rj2h) = K4 Ve (21

—2\/—R/h (22)

I u%,(R+zz ) h,ﬂh. ll o, —(Ri2h)<y<Rjzhy = Ks-e
i)/

where || f . a<y<b:=SUPa<y<sl f(¥)]. On the other hand, we have

[l [fnonn o
In fact,
=2 (hy)—d—)i + ko (hy) o,
~ B+ B ),
and so

H[d z,ani]¢:llz S il 20 (hy) Il

< Kgh;

e R EXC AR
2

as || ¢; |l g2 = 1,and &’ and o” have compact support by the definition of «. Combining
the above discussions, we have

R/2k; d2¢ 5
<L21,|,hia'li¢i’ Lzz’i,hiﬂhi¢i> = j ahiﬁh.’ 3.2 + (Vh, - E)d) | dy + O(hl)
~ (RJ2hs) 2 dy

Hence, we have proved the following
Lemma 3.6.
I L, , 5% P + Lo, , 5. Bn: I3
= || L;, . »%, ¢ I3+ L,,  uBn®: I3+ (L, oo ®is Ly o i Bra®iD

= zt.h.ahd) ||2+" z1, hﬂnd’:”z
R/2H; 2¢, 2
+ | awBu|—5=5 + (Vs — E)py| dy + O(h,).
~ (RJ2h) 2.dy

In particular, the right-hand side is a sum of positive terms modulo O(h;) and so each
term goes to zero separately as i — oo since the left-hand side — 0 from (19).



234 Y.-G. Oh

This will give a contradiction to our hypothesis in the beginning of the proof.

Since | ¢;]|g2- =1, we may assume (by passing to a subsequence) that one of the
following holds:
Case I). || ;llgz, -, - ri2ng = €1 >0 for all sufficiently large i for some ¢, > 0.
Case I1). || ;| u2,(rj28, ) = € > 0 for all sufficiently large i for some ¢, > 0.
Case I11). || ¢;llpz, - r200,R/20) = 1 88 i 0.

First, let us suppose the Case I) holds. Define

1 d? R
= 1 _——— PR _ 2 ¢ —_——
L, n1< 24y + (Vi —E) 3u1>oz,,i< hi>,

where n' is the L*-projection onto {u)}+

R )
ViG)= Vh,<y - %) =Vlhy—R-2,)
and ¥(y):= ¢i(y — (R + z; ;/h;). Then
Ly :i—0 (24)

because L,, , a5 ¢; =0 from Lemma 3.6 and L, ;i/; is nothing but the translation
by R/h; of L, . 5.04,;. Since || ¢; || g2 = || ;| g2 = 1, we may assume (by passing to
a subsequence) that y; converges weakly to some i, in H2. It is easy to see that

Yooty =0 25

as (Y, u; ) =0 from (¢;, v}, —(R+ 2, ;/h;> =0 by the hypothesis. Defining
L, o= —ld—22+ac— 3ul, a=V(—R)—E,
’ 2dy

we show in the same way as in p. 401 [FW.a] that

Ly oY, =0. (26)
In fact, for any given bounded interval Q< IR,

IL1o¥ill2, 0= nﬂ-q,o!bi 2, from <y;,uy)>=0
= 1[Ly; =75 (V7 = V(= R)Will 2,0+ O™ ™)

R
for sufficiently large i such that oz,,‘<- —E> =1 on Q2

SILy il + ma{;‘l Vi) = V(=R 1]l + O(e™ ™),
JE:

Since lim max|V,(y) — V(—R)| =0 on any bounded interval £ and from (24), we
i»>o0 yeQ

have
lim || Ly, o¥ill2,0=0 (27)

1= 0
on any bounded interval. The weak convergence of ; to ¥, in H? implies the
weak convergence of L, o; to L, o¥, in L?, and hence the weak convergence of
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the restrictions to £2. From (27), the restriction of L, (¥, to each bounded 2 is
0 and thus L, ¥, = 0. From the nondegeneracy of L, ,, (25) and (26),

Vo =0.

Since y;— 1, weakly on H? Y, -y, on the bounded interval in the L? sense.
Since u? has the exponential decay, we have

3u2y; -0 (28)
in the L? sense. Combining (24) and (28), we have

R
”ani—‘xh;(_E)‘pi”z—’o, (29)
where
1 d?
.—:= _——— V~_— .
Hi = =50+ =B

Since we assume that Case I) holds,

ahi<' - g)lp;

On the other hand, we have

in-2)

by Corollary 2.4 and so

= ||“m¢i gz 2 1 @ ||H2,(— w,~R/2k] = €1 (30)

HZ
“h.-("‘%)‘//i
Hf“r..—(";%)d’i

for all i by (30). From (29) and (31), we have

(vtion(- =5 o)
d =1. (32)

R
Ho | —— ¥,
i ah.( h;‘)lpl
Since u) is annihilated by L, ,,
Hu, =[V,— V(—R)+ 3u?]u,, (33)

and so by the self-adjointness of H; , we have

<u/1 SHi o‘ru(’ _hg)‘//;> = <[V: — V(= R)Juy, “ﬁ.-(' *§>¢:> + 3<ufu’1, A, < "S‘)l/’|>

Then first term goes to 0 since [V; — V(—R)]u; —»0 in L* and o, (- — (R/A)Y; is
L?-bounded. The second term goes to 0 since ¥; —0 weakly, |¢;|, < |V llg=1
and oy, (-, —(R/h;))uiu; —0 in L2. This contradicts to (32). So we have taken care

=2

2

H?

= e, 31)

2

lim
i—= o0

lluill,

2
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of Case I). Case II) can be taken care of in the same way. Therefore, we suppose
Case III) holds now. Then

lim || ¢, ||H2( 0, R/Zh]_ hm | &:ll a2 J[R/28i, 0) = 0, (34)

i—
I Lz, 5, i I13=1 n‘z‘i,hisﬁi(u‘z'i,h,)d)i 3
<S;1.-(u7. h.)d)i’ ul. —(R+2z, i)/fl.-> 2
= || S (5,481 115 — — 3
”u1 ~(R+z1,i)/hi Iz

|<S' (uz hy )i, Uy AR+ 22,0)/hi )2

s, R+ 22 00m: 13

+ O(e "RI2M)  (35)

from (14). (Note that if u; _ (g ,, s @0d Uy g+ ., s Were orthogonal, the equality
would be exact.) However,

<S,r..(“?,.,h,)¢i, Uy~ (Rbz1,0m ) = {s, S;..(“?,,h,.)“’l ,~(R+zy ,.')/h.>

R/2h;

= j ¢i‘S;I,(u?i,hi)ull,—(R+Z|‘.')/h.' dy
—R/2h,
‘*‘( ) + f )‘ﬁi'S;ni(“?,,n,.)“,l, ~R+z,om Y-
(=, ~R/2h)  [R/2hi, )

(36)

Since Sy, (uz,5 )41, - R+, 18 uniformly L?-bounded, the second term goes to 0 by
(34). Moreover I S, (“— h)ul —R+z1,0m o, = Rj2n, Ry20y = O(€” 2aR 2Ny ), and so the
first term in (36) also goes to zero. Therefore the second term in (35) goes to zero.

In the same way, we prove that the third term also goes to zero in (35). Since
we assume L, ¢;—0 in L? by the hypothesis, we have

I S/ﬁ,(ufi,h,.)d’i ll—0. (37)
And it is easy to see by the same way as before that
d2¢ 2
| S5, (uz ) P; I12= -7 + (Vi — E)p; — 3“‘3‘,-,hi¢i
i 2 d 2
1d*¢; - .
=|—-z=5+(V,,—E +0 #R/2hi
“ 3yt V= BB+ 0T
+ Ol §ill 2, - w, - rj2m)) + OUI B3l 2, Rs 28,0
Hence,
1d*¢;
” 3 _d— + Vi, — E)¢;u -0 (38)
by (34) and (37). On the other hand, we have
1d°¢;
3 T DO ZAdil=1>0
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by Corollary 2.4, where A is independent of i. This contradicts to (38) and so we
finally finish the proof of Proposition 3.3. [

3.3. Reduction. Now we are ready to find a solution of the equation
—3u' +(V,—Eu—u*=0
modulo K, for sufficiently small # > 0.
Proposition 3.6. There exist positive constants ks,a, and h, so that for every
Z =(24,2,) and h with |z;| < a,,i=1,2 and 0 < h < h,, there exists a unique element

¢:,€K, such that
Su(uz, + ¢-,)eK5,

and
I ¢?,h a2 < ksl Sﬁ(u‘z',h) ll2- (39)

Proof. Once we have Proposition 3.1 and 3.3, the proof is the same as the one of
Proposition 3.7 [FW.a]. We invite the readers to provide their own proof or refer
them to [FW.a] for details. []

4. The Reduced Problem

In this section, we will prove our main existence theorem for the one-dimensional
two-lump case with a bounded V.

Theorem 4.1. Let Ve(V), for some acR and E < a, and V be bounded. Then for
each pair (x,,x,) of nondegenerate critical points of V, there is an hy > 0 such that
for all h with 0 < h < h,, the equation

— 2y (V= Ep—u?=0

has a nonzero solution with.the following concentration phenomena: For each given
&,0 > 0, there exists some h> 0 such that if 0 <h <h,

sup [u(x)[ > ke~ /2(V(x,) — E),

XxeBglxy)
sup |u(x)| >k, ~/2(V(x;) — E)
xeBg(x;)
and

sup lv(x)] <e,
xe€R\Bg(xy)uUBs(xy)

where kg, k, are independent of h.
Here we would like to note that u implicitly depends on .

Proof. Let a, and h, be the constants from Proposition 3.7 and suppose # < h,.
We project S,(u., + ¢-,) onto the space K., to define a reduced “vector field”
Spi(— 02, 85) X (= 003, 0,) = R? by 54(Z) = (5,1(7), 55,2(7)), where

1 ,
Sh‘j( z)= 7 {Spluzy, + ¢s,;,), uj,z,.h>,
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where uj, ,(y) = uj(y — (x; + z;)/h) for j=1,2. Consider the “linear vector field”
00(Z) = (v0,1(Z), vo,2(7)), where

0o,1(Z) = —3u; 3V"(x1)zy,
00,2(Z) = = 3Ux13V"(x2)z,
together with the family of vector fields v, defined on the square [ —1,1]? by
vo(Z) =h""s,(h"Z),

where v is a fixed number chosen 1 <v <2 and # < min(h,,«}?). Then we have
the following proposition. (See Proposition 4.4 [FW.a].)

Proposition 4.2. The vector fields v, converges uniformly to vy on [— 1,112

Assuming this proposition for the moment, let us proceed with the proof of
Theorem 4.1. We have only to prove that v,(Z) has a zero in (— 1, 1)? and so s4(7)
has a zero in (— «,,a,)* because this together with that

Suluz), + ¢5,)€K;, = span {2y o U220}
implies
Sultz+ ¢5,)=0

for some z with —#* <z <#h".

Note that the vector field uy(Z) has degree + 1 or — 1 depending on the signs
of V”(x,) and V”(x,). In any case, the degree is nonzero. Moreover, v,(Z) never
vanishes on the boundary of [ — 1,1]2. Now by Proposition 4.2, v, is homotopic
to v, under the homotopy which never vanishes on 0[ — 1,1]% Since the degree
is invariant under such a homotopy of vector fields, v, will have nonzero degree
and so must have a zero in (— 1, 1)

For the last statement in Theorem 4.1, recall the solutions of (2) corresponding
to the solution u of (3) is

() = ,,(z;_) _ u(i‘:.’%:i) N uz(s_:x_;-_Zz> N (,,”(%)

u,(y)=./2asech./2ay, a=V(x,)—E,
u,(y)=./2bsech . /2by, b=V(x,)—E.
Here as #—0, z/h—0 since we choose z so that |z|<h” and v>1, and

¢;4(/h) converges to O uniformly by Proposition 3.3, 3.7 and the Sobolev
inequality. Moreover, u,((x — x; — z,)/h) and u,((x — x, — z,)/h) become more and

more concentrated at x,,x, and have maximum values ./2(V(x,)— E) and
/2(V(x,) — E) respectively. This finishes the proof of Theorem 4.1. [

Now we have only to prove Proposition 4.2.

and

Proof of Proposition 4.2. We will closely follow the proof of Proposition 4.4 [FW.a]
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but we have to take care of two-lumps, which complicates the estimates. The
expansion (6) gives

hs;l,j(?)=< JrZjs fnSﬁ(u h+¢ h)>
_<u]z, InSﬁ(u h)>+<ujz, k> (u h)¢ h>
(U] (")

+< Jz,h’ zh(d)zh
1m

for j=1,2.
For the simplicity, we assume j=1, and j=2 can be dealt with in the same
way as j=1,

D =<u) ,z1,h Sﬁ(u‘z',h)>
’ 1 dz 3
= UL,z m ) W‘(“l,zl,h F g o) F(Vi— EYy 2y 5+ 2 200) — U 2y on U2 25 05)
= <u’1,zl SR Sh(ul,zl ,h)>

1 d?
/ 3 3
+<“1,zl,hs —2d 7 Uz, st (Vi— )uz.zz,h_(ul.zl,h+u2,zz,ﬁ) — Uiz n) )

The second term can be estimated to prove that it is of order O(e ~#®/2%), R > 0 fixed
as before by noting that it involves products of u; and u,. (Here, we again assume
that x;, = — R x, = + R.) For the first term, the same argument as in [FW] works

to prove that
7 ] ! R
Uy 2y oo Sy 2, ) D = _—§<u1,zn Vh(' _Z>u1,zl >

1
M= ——§<u1,zl, V’,,<~ — %)uu‘> + O(e™#RI2h),

Then by exactly the same argument as in p.406 in [FW.a], we have

I
LT,

Therefore

S Cil(lzs] + ph)* +e7] (40)

for any p > 0.
Next, it is easily to see that

|| £ C [l §4l1F2 < Call Saluz,) 13 (1)

by Proposition 3.1 for the second inequality and by the fact that |[N¥)|, <
Cll¢ 4. for the first inequality, which can be easily proven. (See Lemma 3.2
[FW.a])

Now, let us estimate the term (II). Note that
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2

wzp) = — 3 W +(Vi—E)=3luy ;o thy 2, 407

. . 2
=831 20 0) = 3Quy 2y 5 U2 2yt U 2y 0)-
Therefore,

(ID) = {1 2, 0 Salz0) D)

2
= U] 200 S;.(“l,z,,r.)d’z;.) = U 5y s 32Uy oy U o T US 20) 7,h>-

In the same way as estimating the second term in (I), we prove that the second
term in (II) is of order O(e  *®/?%). For the first term,

[<UY 2, 00 S;a(“l,zl,h)¢7,h>| = [ SpU1 2, W)¥1 24 00 4’7,;.) |

_ I<<V _ V,,< _g))u¢>

R
(Vh - Vh( - z))u,l,zl,h I Sa(uz ) Il2- (42)

Once again, the factor (V, — V,(— R/h))u] ,, , can be estimated in the same way as
Su(uz,) in Proposition 3.1, which this time becomes easier.
Together with Proposition 3.1, (41) and (42) yield

|(IT) + (IID)| < C6l:e““” + <V— V< —5>>2 (—R— zl)].
h (ph)
Therefore,

|Uh,1(?) - Uo,1(7)| =|h""sy(0"7) — Uo,1(hv?)' =|h""(s;(n"Z) — Uo,1(hv_5))|
S BTG 12,1+ P + €™ + ColI' |2, + ph)* +e=0/h)}.

Choosing p = h~ with ¢ > 0 which will be chosen later, and recalling that |z,| < 1,
we have

<,

[05,1(Z) — 00,1 (Z)| S Coh ™" (0" + 1 ™% + Csh™ (0 + 1 79
+ C,A™vexp(— uh™?).

Since we assume that v <2, we can choose ¢ >0 small enough so that all terms
go to zero as h— 0. Hence we have proved that

|0n,1(Z) — 00,1(Z)| >0
uniformly over Ze[ — 1,1]? Similarly, we can prove that
|04,2(Z) — v,2(2)| =0

uniformly over Ze[ — 1, 1] Hence Proposition 4.2. []

5. Instability and Positivity

In the previous sections, we have constructed a solution u, of the form u, =u, , +
Uy, + ¢, of the equation
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1 d*u
C24)?

where u, ,(y) = uy (y — (X1 + 23)/h), u 4(y) = uy(y — (x; + z,)/h) and @, satisfies the
following estimates:

| oale < kikse™ 2 + e™#8% 4 (V— V(— R)y(— R +2,)
+ (V= VR)Zm(R +2)], 43)

where we assume x; = — R, x, = R and |z;| <h",v being chosen any 1 <v < 2.
In this section, we study the stability of these solutions with respect to the
perturbations of initial condition. We consider the rescaled version of (1),

1y
Yok T T 20y

as in [O3]. First, we introduce the definition of Lyapunov stability.
Definition 5.1.

+(V,— E)ju—u’=0,

+ Vil — Y1y (44)

0,= {u,e®eQ(H,)|0eR},
7 (9):= inf ({(H, —E)(e®d —uy), e b —u;>)

f8eR

=inf 3<{e®V¢d — Vu,, eV — Vu, )

fgeR
+{(Va— E)€®¢ —u;), €% — u;)),
where H,= —4d?/dy? + V,. Of course if we assume that V, is bounded, then

Q(H,)= H'(R) and we may use H!-norm instead of the form norm used above.

Definition 5.2. The solution u, is (Lyapunov) stable if for any given &> 0, there
exists a 0 >0 such that if p(,uh(l/I(O))<5, then pc"h(t//(t))<s for all teR, where
Y(2) satisfies the time-independent equation (44).

Now, we are ready to state the main theorem in this section.

Theorem 5.3. The solutions u, we found in the previous sections are all unstable for
N =2 if his sufficiently small.

Remark. In [O3], we proved that for the one-lump case, the solution is stable if
it is localized near a local minimum and unstable if it is localized near a local
maximum (see also [GrSS, Gr]). The above theorem says that once the solution
has more than two lumps, the lumps begin to interact with each other to give the
instability. It would be interesting to study how they interact.

If we linearize (44) at u,, we have the following real and imaginary parts of
the linearized operator,

.1 )
Lh = 2d 2+(Vﬁ E)—3uh’

_ 1 d?
Ly =- 2d 2+(Vh )—u,%
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We will use the following instability criterion by Jones and Grillakis to get the
instability result (See e.g. [Gr,Jo]).

Instability criterion) Define N* =# of strictly negative eigenvalues of L7 res-

0 L;
pectively. If [N* — N ™| = 2, then the linearized operator at u; of (44) < L+ (;' )
]
written in the Hamiltonian form has real positive eigenvalues and so u;, is unstable.
Having this criterion in mind, we will study the spectral properties of L, and
L, . For this, we need the following lemma. (See Lemma 3.1 [O3].)

Lemma 5.4.
i) The operator L ,(4) = —3d?/dy* + 1 — 3u} has just one negative eigenvalue — 31

and one dimensional kernel in H*, where u,= \/Z—Asech \/2_/1y. Moreover, the
corresponding eigenspaces are spanned by u} and uy respectively.

ii) The operator L_(A) = —1d?*/dy? 4+ A — u3 has one dimensional kernel in H* which
is spanned by uy.

iil) Neither operator has positive eigenvalues and

infess(L,(4)) =infess(L_(4))= 4.
Proof. See Lemma 3.1 in [O3]. O

Corollary 5.5.
i) Let v be orthogonal to the eigenspaces of L%, ie., v Lspan {uy,u3}. Then,

{L,(A)v,0>=iv,v).

ii) Let v be orthogonal to the eigenspace of L_(7) i.e. the span {uy}. Then,
(L_(Av,v) = Av,v).

Proof. We leave the proof.to the reader or refer to Corollary 3.2 [O3]. [J

Using this, we prove the following propositions, which will imply Theorem 5.3
by the instability criterion.

Proposition 5.6. There exists hy, > 0 such that if 0 < h < h,, then L, has no negative
spectrum and one dimensional kernel spanned by u,.

Proposition 5.7. There exists hs >0 such that if 0 <h <hs, then L, has at least
two negative eigenvalues.

Before proving proposition, we give the proof of the fact that u, is positive if
0 < h < hy as a corollary of Proposition 5.6. We first need the following well-known
fact on Schrodinger operators (See [ReS] or [GlJa]).

Lemma 5.8. Consider the Schrédinger operator on R”,
H=—-A+Y,

and suppose that H has a ground state, i.e. the bound state of the lowest eigenvalue.
Then the ground state is nodeless and may be chosen strictly positive on R". Moreover,
the positive ground state is unique up to positive scalar multiple.
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Proof. See Theorem 3.3.2 and Corollary 3.3.4 in [GlJa]. [J

Theorem 5.9. The solution u, found in the previous sections is positive, if 0 <h < h,
so that L satisfies the properties in Proposition 5.6.

Proof. This is immediate from Proposition 5.6 and Lemma 5.8. []

Now, we go back to the proofs of Propositions 5.6,5.7. We first need the
following lemma.

Lemma 5.10. Let ¢, be as in (43). Then we have for any fixed 0 <e < 1.
I dallfz < kght =2

if 0 <h<hg for some hg >0, where kg depends only on .

Proof. See Lemma 2.2 [O3]. [

Proof of Proposition 5.6. We know that u, satisfies the equation

_ 1 d%u
by the definition of u,, i.e., u,eker L, . We will prove
Ly v,0)

vl(ul,l::fuz,h} <U,U>
in Lemma 5.12 where ¢ does not depend on # if # is sufficiently small. Assuming
this for the moment, let us proceed with the proof. Equation (45) means that the
restriction of L, to {u; , u,,}" is positive definite and so L; has at most one
negative eigenvalue because we already know that L, has one zero eigenvalue
with the eigenfunction u, = u, , + u, , + ¢,. Suppose L, has one negative eigen-
value and the corresponding eigenfunction w with ||w|, = 1. Decompose

>c>0 45)

W=Dply g+ QU+ W,
where w, is the orthogonal projection to {u; ;,u; 4} ",
Qg Wy = Qg+ Up  + G W)

= Uy pt+ gy W) + (P W)

=pllugull® + qllugnl? + (0 + @) <uy s 424> + {Dps W)
Recall that {u, 4, u, ;> = O(e~**™) from (14). And from Lemma 5.10 and [|w], =1,

(Ppw) =O0(h?)

by choosing ¢ = 4. Therefore,

0= Cup, W) = pllug sll* + qlluz s> + OR*3).

Hence, if A is sufficiently small, then p and g have different signs. On the other
hand, we will prove

Ly (puyp+ qua ) 0> = O(h*?) (46)
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for any v with ||v], =1 in Lemma 5.11. Then,
0> CLyw,wy =Ly w W, + Ly (puy 5+ quy ), W
=<{Lywy,w, )+ O0H?)
=c{w,,w, >+ O0Hh*?)
by (45). Therefore we have
0<w, 3=<w.,w. )< O0m"). 47

Moreover, we also have

- 1 d? 5
ILﬁ WJ,9W1_>I= ( Ezy—z‘i'( ;,—E)—u,, Wi,w,

1{ldw
= Ii d_xl , +{(Va—E—ud)w ,w > < OH?).
Since V,, uZ are bounded, we have
dw ||?
—=£ =0H¥?). 48
o |, (! (48)

Combining (47) and (48), we proved that
Iw |gn—0 as #—0.

(Here, note that w, implicitly on #.) By the Sobolev inequality H' =, L, w,
uniformly converges to zero. Also, p and ¢ in

W=Dpuy +quy,+w,
satisfy
P2 lug sl + @ luz sl + 0B = Wl =1,
plluy sl +qlluz 411> + O(H*?) =0,

and so

1/4
st /T BT =2(2) (2 VB

” 1 h”Z

/4
% ”::2\/11 1ﬁ||z+||“2ﬁ”2—_2<b> (2a+/20)"",
Zﬁ

which are uniformly away from zero over h. Therefore, if # is sufficiently small, w
must change sign as the signs of p and g are different, and so w cannot be the
ground state of L, by Lemma 5.8, which contradicts to the hypothesis that w has
the (unique) negative eigenvalue and so it is the ground state. Therefore, L, has
no negative eigenvalue. Then Proposition 5.6 comes from the uniqueness of the
ground state by Lemma 5.8. []

Now, it remains to prove (45) and (46). We give the proofs of them in the form
of lemmas.
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Lemma S.11. For any given p,qeR and v with ||v||, = 1, we have

Ly (puy 5+ quy 3), 0> = oh>?).

Proof.
Ly (puy 5+ quy 5) = pLy uy 5+ gLy uy 4
_ 1 d?
Ly “1,ﬁ=< 24 +(Vy— E)—u,f)ul,,l
1 d* )
= 2d 5+ (Vi—E) = (uy s+ uap+ @5 Jurs
1 4d? 5
= 2d =+ (Vi — E) = ui sy | — tn(uy 5+ Op)tiz s
= (Vs — V(= R)uy s — uy(uy 5 + dp)tiy 5 (49)
Therefore,

Ly g 3y 0) = (Vi — V(= R)uy 5, v) — uy (U s + D)y s V).
We can prove

(V= V(=R)uy 4, 0> = O(h*'?) (50)
in the same way as in (8) or (9). And,
Qup(tg p+ Pp)ug 4o 0> = O(B?) (51

by Lemma 5.10 and the fact that
gty ll o = O™ HR/2H).
By (50), (51) we have proved
Ly ty 40y = O(R3?).
In the same way, we have
(Ly U p,0) = O(R2),
and hence the proof. [J

Lemma 5.12. If h is sufficiently small, there exists some ¢ > 0 which is independent
of h such that

if a0y

c>0.
vL{ug gtz p} v, 0)

Proof. We have

B 1 d?
L; U=<_2d 5+ (Vi— E)—(ul,h+“2,h+¢n)2)v

1 a? 1 d?
= ( 2d Fav) + (Vh )_ uf,,)oz,lv + < 2d 5.2 + (Vh ) u%,ﬁ)ﬁhv

— Quy =ty + (1 —oud 4+ (1 — Bus , + ¢y, ).
(A)
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Combining (10), (11), Lemma 5.9, (47) and the fact that ||u; || ., is bounded uniformly
over h, we have

I(A) [l = O®>?) (52)
if we assume that ||v]|, = 1. If we denote
_ 1 d?
m1 = _5W+(Vh_ E)—ui,,
_ 1 d?
Ly,=— EW +(Vi—E)—ul,,

then
(Ly 0,0) =Ly 10+ Ly 2 Bp)v, 0) + O(h*?)
= Ly 00,0 + {Ly 2 B0, 0) + O(R*3). (53)

Now, suppose that v L {u, ,,u,,} and |v]|, = 1. To estimate (53), we may assume
without loss of any generalities that in Sect. 3, when we choose « and f,

a=y% and B=62
which is possible because a, B = 0 and are smooth. It follows that o, = y? and B, = 62,
Ly 1050,0) =Ly yav,0)
= (L, 70,0 + CLLL pdvat, 03
= Ly 1vn0, vn0 ) + LY,y dypv, 0)- (54)
Here,
C[Lg, 1 vadyav, 0> = O(h) (55

due to the same reason as (23). In other words, apply

_ 1 d?
[Lp1575] =|:—§Ej, Vﬁ:|
h .. d ”
= —5()’ (hy)zi—y+ hy"(hy))

to (55). For the first term of the right-hand side in (54), first note that
(rabs Uy ) = Oe™#RIZ), (56)
ie. y,v is “almost orthogonal” to u, ;. In fact,
vty thy ) = <0,y ) + (L =y 0
=<0, (1 = ppuy 5
as {v,u, ;> =0 by the hypotheses. Then it follows as before that
[<o,(T = yp)uy w | S N0l 1 (1= va)uyall

= O(e™HRIZh),
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Now,

Ly 700, ¥30D = (Lo, 1 740, Y0 + {(Vy — V(= R))yuv, y,0), (57)
where

L= ~1d—2+(V(—R)—E)—— ul,.

, 2dy ,

Using Corollary 5.5 ii) and (56), we have
Lo, 740,740 Z (V(=R) = E)Xyyv, y,0> + O(e™*R12%),
Substituting this into (57), we have
(L, 700, 740> Z {(Vy — E)ypv, y50) + O(e ™ #R/2%),
Since we assume in the beginning of this paper that
V,—E>e>0,
we have
L1705 750D Z Y0, Y50 + O(e ™ HR/2H)
= e{yv,0) + O(e ™ *RI?H)
=¢g{auv,v) + O(e ™ *RIZH), (58)

Substituting (55) and (58) into (54), we have

Ly 1050,0) Z a0, v) + O(h). (59)
Similarly, we have

Ly 2w, 0> 2 €{Byv,v) + O(h). (60)
Substituting (59) and (60) into (53), we have

{Liv,0)> Ze(v,v)+ O0(h)
since o, + f, = 1. By choosing a smaller ¢, we have proved that
Ly v,v)2edv,0)

if vl {uy u,,}. Hence Lemma 5.12. Finally, we have finished the proof of
Proposition 5.6. [

Proof of Proposition 5.7. By Lemma 5.4, the negative eigenvalues of

. 1 d? 2
Ly, = —53;5+(V(—R)~E)—3u1,;.,

L1 :
Ly, = +(V(R) — E) = 3u3

2dy?
are —3a and — 3b respectively, where
a=V(—R)—E and b=V(R)—E.



248 Y.-G. Oh

We will show that if 4 is sufficiently small, then these eigenvalues survive as ones of

1d?
W==3a

And we also know from Lemma 5.4 that the eigenfunctions of Lg, and Lg,
corresponding to the negative eigenvalues are u? , and u3 , respectively. First, note
that u} ; and u2 , are “almost orthogonal”, i.e.

(ui i3 > = O(e™ ") (61)

which can be proven easily. We will prove that if 4 is sufficiently small, the restriction
of L) to the span{u},,u3,} is negative definite, which will conclude by the
mini-max principle (see [ReS]) that L, has at least two negative eigenvalues. It
is now easy to show that

+(Vy— E) — 3ul.

(L ui i3 ) = O(e™ 0. (62)
On the other hand,

1d?
Ly ud o ui ) = <( T2t (Va—E)— 3“'%>u%"" u%’">

1 d?
= << - Ed_yi +(Vi—E)=3(uy 5+ 5+ ¢n)2)uf,m u%,h>

2
= (er,lu%,n“iﬁ - 3<“h“2,n“%,na “%,h) - 3<uh¢hu%,h> Ui p)s

where L;; = —(1/2)(d*/dy*) + (V; — E) — 3u?;, i = 1,2. In the same reason as (62),

Qg i g ud 4> = O(e™HRIZR) (63)
and from Lemma 5.10,
Cupdpud o u ) = O(?). (64)
And,
Ly 4y 3 5> = LG 1 3 o 3 ) + (Vi — V(= R)Yuid g, 13 1. (65)
Since u? , is the eigenfunction of Ly, with the eigenvalue —3a, we have
Ly yui o uip) = —3alud g ui ). (66)
Moreover, we can estimate
((Vy=V(=R)ui ui ;> = O(h*?) (67)

again in the same way as in (8), (9) and Lemma 5.10. Substituting (66) and (67)
into (65), we have

L yud oul > = —3adu? ul > + O(h32).
Therefore, we have

Ly ui o ul p) = — 3aui 43 4> + O(R7). (68)
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Similarly, we prove
CLy U3 g3 ) = —3b<u3 pu3 5> + O(H*2). (69)

Combining (61), (62), (68) and (69), we have proved that the restriction of L, to
span {u? ;,u3;} is negative definite, and so that by the mini-max principle, L; has
at least two negative eigenvalues. This finishes the proof of the proposition. [

Remark. In fact, in the course of the proof we have proved that L; has one
eigenvalue near each of —3a and —3b if % is sufficiently small.

6. Generalizations

6.1. Construction. We can remove the assumption that V is bounded as long as V
is in the class (V),, by using, as in [O1], cut-off functions and the operator domain
D(H,) and the corresponding weighted norm instead of the space H2. Now, we
explain how we modify the previous construction to deal with multi-lump case.

Let a collection of nondegenerate critical points {x,,...,xy} of V be given. We
again consider the rescaled equation

—tw+(Vy— Eu—u®=0,

and now trial solutions given by

X;+z X, + 2z Xy+2
“”=“1<'_ K 1)“"(" T 2>+"'+"”<'“ T N)’

where Z =(z,,...,2zy) and

ui(y) = /2a;sech \/2a;y, a;,=V(x;)—E.

We can estimate the error S;(u;,) in the similar way as in Proposition 3.1 using
the fact that the N lumps u,(- — (x; + z;/h)) farther and farther away as A—0. To
estimate the Fredholm inverse of S;,(u; ), we introduce the partitions of unity given
as follows:

Let d:= the minimum of |x; — x;|, i,j=1,..., N, and define

d
1 for |x—xj|<§

0 for |x—xj|>%3(1

aj(x) =

N
Bx)=1— Z ®;.
=1
~ as our partitions of unity where

%;5(y) = a;(hy),  Baly) = B(hy).

Now, we have to take care of the following cases separately as in the proof of
Proposition 3.3

.....

Choose {a;,,B,};=1
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Case I). | @ill g2,1-@/3ng + e o), @30 + xym01 = €1 > 0 for all sufficiently large i and for
some j=1,...,N and ¢ >0.

Case II) lim max N | &; "Hz,[—(d/3hi)+(x,-/h,),(d/3h.)+(xj/fli)] =0.

ir0j=1,...,

Case I) can be taken care of as in the Case I) or II) in Proposition 3.3 and
Case II) can be taken care of as in Case III) there. For the reduced problem,
consider the reduced vector field defined by

su(Z) = (55,1(2), - ., sp.n(7)),
o(Z) =h"sy(h ™" 7),
where s, ;(Z) = (1/h)<uj ;, 4 Sa(uz,)) for j=1,...,N. Now we prove in the same
way as in the two-loop case that v, uniformly converges to the linear vector field
vy on [—1,1]" defined by
vo(Z) = (vo,1(Z)s- - -, Vo,¥(Z))
vo(Z)=—3luI2V"(x)z;, j=1,...,N.

Then we prove that v, has the nonzero degree since v, does so because
N
deg(ve) = [ sin V"(x;) #£0
j=1

due to the nondegeneracy of critical points. Moreover, these arguments work even
for high dimensional situations under the same hypothesis and so we have the
following generalization of Theorem 4.1.

Theorem 6.1. Let Ve(V), for some acR,V — E>¢>0 and p be chosen so that it
satisfies the basic hypothesis in the abstract of the present paper. Then for each
collection {x,...,xy} of nondegenerate critical points of V, there is an h, >0 such
that for all h with 0 < h < h,, the equation

2

h
— 5o+ (V—Ep— o 'o=0 (70)

has a nonzero solution with the corresponding concentration phenomena as in
Theorem 4.17.

So far, we studied Eq. (1) in the semi-classical point of view, i.e. when #—0.
However, we can reinterpret this existence result as a genuine “quantum” result:

I) The Case of Deep Wells. If we divide Eq. (70) by 4% and set A = 1/h2, we have
the equation

— 380+ MV —Ep— AP 'v=0. (71)
If we consider the family of potentials V,, eigenvalues E; and y, defined by
Vix)=AV(x), E,=AE, y,=4,

then as A — oo, each potential well of V, gets deeper and deeper, and inf V,(x) — E,
and y, become bigger and bigger.
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Theorem 6.1'. Suppose that Ve(V), and V — E >¢>0. Consider the nonlinear
Schréodinger equation

—34v+(V, - E,l)v—yxlv|"'1v=0,

where V,=AV, E,=AE and y,=A. Then for each collection of critical points
{xy,...,xn} there exists some Ay, >0 such that for any A> A, the equation has a
nonzero solution with the corresponding concentration phenomena as in Theorem 4.1.

Note that we do not need the separations of the wells as long as the wells are deep
enough.

II) The Case of Wide Wells with Large Separations. On the other hand, if we look
at the rescaled equation itself

—3Au+(Vy— Eu—ulP*u=0

as h—0, the wells of V, become wider and wider and the distances between the
wells become larger and larger.

Theorem 6.1". Suppose that Ve(V), and V — E >¢>0. Consider the nonlinear
Schréodinger equation

—1Au+(Vy— E)u—|ulP " 'u=0, (72)

where V(y) = V(hy). Then for each collection of critical points {x1,...,xy} of V (and
so critical points {x/h,...,xy/h} of V}), there exists some hy >0 such that for any
0<h<hg, (72) has a nonzero solution with the lumps concentrated with nonzero
concentration near of x;/h. In particular, the lumps becomes more and more separated.

Remark. The reason why we have chosen (72) to solve (43) and (45) is that it has
the nicest limit among them as #—0 that we can deal with, while (43) and (45)
have singular limits as either 4 — oo or #— 0 respectively.

6.2. Instability and Positivity.

Theorem 6.2. The solutions of the form u, = u;, + ¢,, where
Usp = Uty +zgm T F UN xw+znm

are all positive and (Lyapunov) unstable if h is sufficiently small.

Again this theorem comes from the following two propositions and the
Instability Criterion.

Proposition 6.3. The operator
Ly = 34+ (V,— E)—|u /"""

has one-dimensional kernel, no negative eigenvalue and all the other spectra are
positive.

Proposition 6.4. The operator
Ly

—%A+(Vh_E)_P|“ﬁ|p_l
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has at least N negative eigenvalues.

Proofs of these propositions are following essentially the same line of ideas as
in the proofs of Proposition 6.6 and 6.7 using the following facts:
1. The operator Ly = —3A+ 4 —|uy|?~! has one-dimensional kernel spanned
by u, and no negative eigenvalues, where u, is the “unique” ground state of the
equation

—1Au+u—|ulP lu=0.
2. The ground state of a Schrodinger operator
H=-3A4+V

has no node and so can be chosen to be positive everywhere and such a ground
state is unique (See Lemma 5.8).
3. The operator

Ly = —3A+A—pluylp™*

has one negative eigenvalue.
1. and 2. will be needed to prove Proposition 6.3, and 3) will be needed to
prove Proposition 6.4.

7. Final Remarks

Note that summing up one-lump solutions is not the only way of getting an
approximate N-lump wave solutions. For example, we can choose any of the
following

Uy i +zm £ U2 0+ 2om £ EUN eyt 2ym

as an approximate solution. Then it is easy to see that exactly the same estimates
hold as before and that we may even choose the same constants in the estimates
as in the case u; 4 z,ym + = + UN (x +zny-

This gives 2V~ ! distinct N-lump bound states of NLS (1). Of course, these
solutions have nodes, i.e., change their signs. Again, we can prove that all of these
solutions are also unstable this time using a more refined instability criterion in
[Gr, Theorem 1.2]. In fact, we can prove that the real part L, has at least N
negative eigenvalues (all of which are of order O(1)) while the imaginary part L,
has at most N — 1 negative eigenvalues (all of which are of order O(h)).

We may even choose a sum of one-lumps with different phases as approximate
solutions (the above solutions correspond to the phase ¢°*=1 or "= —1).
However, unless the phase is real, i.e. r® = + 1, the corresponding standing NLS
equation is not a single equation but a system of equations. For example, when
N =2, if we let the solution be of the form

e—iEt/h(u +eiov)’

where u and v are real and e* # + 1, then u and v satisfy the equation

h? . ) ) .
- —Q—A(u +€%) + (V — E)(u + ) — |u + e“v|*(u + &%) = 0,
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and so
2

—%Au+(V——E)u — (u? + v? + 2uvcos O)u = 0,

2
—%Av-+—(V—E)v—(u2 + v% + 2uvcos O =0,

since € is not real. (If e is real, then we have just one equation.) One can easily
see that the pair (u=u, ,,v=u,,) is an approximate solution of this system of
equations whose error can be estimated as before, but this time estimating the
Fredholm inverse is not as clear as before. So far now, it is not clear whether
such N-lumps with different phases exist. This will be a subject of our future
investigations.
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