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Abstract. We use the no-binding theorem of Thomas-Fermi theory to prove
that a large diatomic molecule is “almost” neutral. That is to say, that if
the total nuclear charge is Z then the number N of electrons required for
the diatomic molecule to be stable satisfies Zhngo N/Z = 1. In contrast to the

atomic case the emphasis here is on the lower bound on N. Our analysis will
imply a new bound on the size of the molecule. These results are proved in
the Born-Oppenheimer approximation. We also give bounds on N which hold
for all Z by a very elementary method, not assuming the Born-Oppenheimer
approximation.

1. Introduction

In this paper we will study stability of diatomic molecules. The Hamiltonian for
a diatomic molecule is
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where H(N, Z) is the Hamiltonian with the center of mass motion of the nuclei
removed, Z = (Z1, Z>). Rem = (A + 1)"1 (AR + R,) is the center of mass of the
nuclei, where A = M{/M,. &, i =1,..., N are electron coordinates. We are not
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assuming that 4 is equal to Z;/Z,, but we will assume that M;/Z; is of the order
of the proton mass m,,.
Introducing the coordinates

R=(R;—Ry) and x;=¢& —Reu,

we can write
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H(N, Z) is an operator which in the physically relevant case acts on the fermionic
N
space L2(R}) ® (/\ LAR3 ; (Ez)), but in general one can consider other spaces

i=
with different kinds of symmetry.

The question we are interested in here is when H(N, Z) has a stable ground
state 1y, stable meaning with an eigenvalue (energy) E(N, Z) below the continuum.
In [9] it was proved that neutral diatomic molecules are always stable, since there
is at least a vander Waals attraction between the atoms (this was proved in the
limit where the masses of the nuclei are large compared with the mass of the
electron).

On the other hand if a molecule is too far from being neutral it cannot be
stable. There are two different cases of instability:

1. It was proved in [7] that if N > 2(Z; +Z,) + 2 then the molecule will break
up into a molecule with fewer electrons and at least one free electron.

2. In a recent paper [11] Ruskai points out that if N is too small (or equiva-
lently Z;, Z, too large) then the molecule breaks up into two independent
atoms.

In her paper Ruskai not only proves this, she also derives asymptotic (N — o0)
bounds on the critical nuclear charges in the fermionic case. Here we first present
an elementary proof in the spirit of Lieb [7] which gives bounds on the critical
charges for all N indepedent of particle symmetry. Our main result, however,
is that for fermions diatomic molecules must be asymptotically neutral. The
asymptotic bound is derived in the Born-Oppenheimer approximation, M; =
M, = oo, while the global bound is for completely dynamic nuclei. In the Born-
Oppenheimer approximation R is a parameter and the energy is a function of
R =|R|,

E(N, Z, R) =infspecH(N, Z, R),

N
H(N, Z, R) acts on ( A L2RS ; (]32)). In this case we define
i=1

E(N,Z)=mfE(N, Z, R).



Asymptotic Neutrality of Diatomic Molecules 187

Here having a stable ground state means that the following two conditions are
satisfied.

(a) E(N,Z) <E(N, Z, R= ).

(b) E(N, Z) corresponds to a stable ground state of H(N, Z, Ry) for some

Ry, ie, E(N, Z) is an eigenvalue strictly below the continuum for
H(N’ Z’ RO)‘

It is this notion of stability which was proved in [9]. It is worth noticing that
E(R = o0) is the sum of the energies of two non-interacting atoms, i..,

E(N,Z,R=c0) = min (E*"(Zi, N\) + E**™(Z, N2)).

Thus (a) says that for a molecule to be stable the energy must be smaller than
the energy of any pair of corresponding independent atoms. The interpretation
of (b) is that even if the molecule does not split into independent atoms we still
have to make sure that all the electrons are bounded.

If (a) does not hold we have instability as in case 2 above, and if (b) does not
hold we have instability as in case 1.

Related to the question of neutrality are the questions of what the distance
R(N, Z) between the nuclei is in a stable molecule [ie., |Ro| in (b) above], and
what the binding energy is for such a molecule. The binding energy is defined as

For fermions it is easy to prove [see (21) below] that
R=>=C(Z + Zz)—1/3 .

The binding energy is of course smaller than the absolute value of the total
energy, but to the best of my knowledge it is not easy to get a better bound. For
fermions it is possible to improve both of these results.

Theorem 1. If H(N, Z) has a stable ground state then, independent of particle
symmetry,
142 _

/3 +a " - <N,

)

where a given in (23) below is the effect of the finite nuclear mass, it is of order
m/myp. If My, My = o, then

YAV A
2/3) =———— < N<2Z1+Z 2. 4
(/)Z1+Zz_ (Z1+2Zy)) + 4

The upper bound in (4) is Lieb’s result!. The lower bound will be proved in
Sect. 3 below.
The asymptotic neutrality is formulated in

1 For dynamic nuclei Lieb only had a weaker result, see [7] Sect. VI(B). In [10] Ruskai gives an
upper bound to N for completely dynamic nuclei
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Theorem 2 (Asymptotic Neutrality). Given zy, z; > 0, with z; + z; = 1. Let
(Zy, Zy) = (Zzy, Zzy). If My, My = o0 and H(N, Z) has a stable ground state on
the fermionic space, then

AEp(N, Z)

lim N =1 and lim =0. (5)

Zow Z Z-» E(N, Z)

In fact there exist Cyi, Cy, Cs, ¢ > 0 depending only on zy, z; such that

|Z —N|<Cz'*, (6)
AEp(N, Z) < G239 (7
R(N, Z) > C3Zz~1/30=) ®)

Remark. Intuitively it might be thought that Theorem 2 is a simple consequence
of electrostatics. But as we will now show the theorem would be wrong without
the assumption of fermions. The corresponding non-neutrality for “bosonic”
atoms was shown in [2]. Since the method used there essentially applies for
molecules as well, we will only sketch the proof here and refer to [2] for details.
We consider a molecule with Z; = Z, = Z /2, without particle symmetry. We will
show that stability condition (a) will be satisfied as long as N/Z remains in some
open interval around 1. That (b) is also satisfied can be proved exactly as it was
done for atoms in [2]. As in [2] an easy variational argument gives the following
upper bound to the molecular energy

E(N,Z,R) < —Z3%(N/Z,RZ),
where —e is the Hartree energy
enr) = —inf {Le.n | [e=n} r=(ums r=l.

and L is the functional

1 1
Lie,v) = / (V@) dx — 3 / (x =i+ e = o[ edx + 5 / ngcx)—g(;l) dxdy.

On the other hand for atoms it was proved in [2] that
Eatom(Nl, Zl) > __Z3 [eatom(Nl/Zl, Zl/Z)1/2 + bz—-2/3(N/Z)5/6]2,

where b > 0 is a constant. It was proved in [6] (in the more general setting of
the TFW-model) that for n = 1 there exists rop < oo such that

—e(n=1,r)) < ani2n=1 [—e™ (1, 21 = 3) — "™ (m, 22 = 3)]

= —2e""(n=1/2,1/2). 9

From continuity we can thus find n; < 1 < n} such that (9) holds for all
n- < n < nf. But then it is easy to see that if n; < N/Z <nf, R=roZ~! and
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Z is sufficiently large then

_ 73 _ 73 .
EN,Z,R)<—Z"¢(N/Z,1r9) < —Z ngl}\lél:N

% {[eatom(Nl/Z)l/Z 1 bZ‘2/3(N1/Z)5/6]2

+ [eatom(Nz/Z)l/Z + bZ-2/3(N2/Z)5/6]2}

s atom atom
leTI\II?=N (E (Ny, Z)+E (N2, Z3)).
It is therefore clear that (a) above is satisfied as long as n; < N/Z < n} and
Z is large enough. This together with the fact that (b) also holds shows that
Theorem 2 is not valid without the assumption of fermionic symmetry.

We prove Theorem 2 by comparing with Thomas-Fermi (TF) theory, in
contrast to the above remark where we used the Hartree model. Indeed TF
theory is known to approximate the true quantum energy of fermionic atoms and
molecules to leading order.

The crucial fact about TF theory that will be needed here is that molecules
do not bind in this model. This is what is known as Teller’s no-binding Theorem.
While this is usually considered a fault of the model, in fact, it just means that
the binding energy is of lower order than the full energy, i.e., (7) above.

The actual repulsion between atoms in the TF model was studied in [1, 3].
Their results will allow us to conclude (8). This comparison with TF theory is
carried out in Sect. 4.

From (8) we see that R is larger than the TF scale Z~'/3. The TF density
of the molecule is therefore almost a sum of two atomic densities. We show in
Sect. 5 exactly how this approximation depends on R. This is of importance in
proving the bound (6).

Equation (6) consists of an upper and a lower bound to N. The upper bound,
which is very similar to upper bounds in the atomic case (see [8, 5, or 12]), is
proved in Sect.8. The lower bound is special for molecules and rely heavily on
(8). This is presented in Sect. 7.

Both the upper and the lower bound are proved by using TF theory to control
the true ground state density

ox) =N’ /!w(x, 05X, 025 ... 3 XN, ON)Pd(x2, 02) ... d(xn, oN)
a
(x is a space variable, o is a spin variable) and 2-point correlation

) = NNV =1) S [ 190 0153 023 5 3w, o), ). dlys o).
01,02
These quantities are estimated in Sect. 6.

The lower bound on N is proved by showing that this bound is necessary for
the stability condition (a) to be satisfied. While the upper bound is proved by
showing it is necessary if (b) is also to hold.

In Sect. 2 we begin by describing a general localization argument which will
be used in Sect. 3 to prove the global lower bound on N and in Sect.7 to prove
the asymptotic lower bound.
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2. Localization Argument
We will consider two-cluster decompositions o = (ay, o) of {1,..., N}. The
intercluster potential is

Z Z> 1 712,
= - +Y e T2
iezaz Ix; — (A + 1)~'R] ,ezal |x; + A4 + D)~IR| g:: i—x R

(10)
J€Ex
The cluster Hamiltonian is H, = H — I,. H, is an operator on the space of func-

tions satisfying the appropriate symmetry condition in the two clusters separately.
By a change of coordinates of the form

R=R+t) xi+th Y X
i€y i€ay

and
_{ xi—(A+1D)7IR, i€

xi+AA+1D)7IR, i€

for some constants t;, t; > 0, it is easy to see that H, = —(2M)Adg + H,, + H,,.
Here M is a certain reduced mass and H,, is the atomic Hamiltonian

_ 1 Z 1 2 1
Hak_Z( 2’”Ayi |y1‘l) 2Mk(z\7y') +Z|J’i~)’j|.

i€oy i€ i<j

By the Weyl criterion we easily conclude that if H has a stable ground state then
E =infspecH < E, = inf spec H, . (11)
The first step in the localization argument is to choose two functions yi,
12 € HI(R? x IR3) with
1% R+ pa(x, R = 1.
From the simple integration by parts argument used in proving the IMS-formula
(see [4]) we get

M + M,

E(p|Rlp) = (p|RV2HR?|yp) — MM,

(Wl ER ), (12)

and

N
(wIRVZHRp) =(p|RV? T (1(x:, R)? + x2(xi, RY?) HR'?[p)

i=1

=Y (p|RV*ZHR?yp), (13)
o

o

where x,(x, R) = [] x1(xi, R) [T x2(x;, R). Using (11) and the IMS-formula
icay Jj€u
again we obtain

(WIRVZHR|p) 23" {Ea(w|R2ZIp) + (wILRxIw) — (p|L.Rlw)}

> inf Ex(p|Rv) + ) {(wllRzv) — (wILaRIp)}. (14)
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where the localization error is

_ M+ M, 2 _L 2 1 2
Lo = ¥y 1)+ 5, LVl + 55 M2)|Zijv,xa

i N
2 1 N -
< o, R (2m +2(M1+M2)) SR (15)

The last inequality follows from the Cauchy-Schwartz inequality. From this we
easily obtain the final estimate, writing L for the sum of the error term in (12)
and all the L,,

—AEb(N Z){p|R|yp) = —(wlL|w>

2 Z 2
—Z vIR (l o R R R e e )

+ v

i<j

R (x:)*22(x))* + 21(xj)020)*) [9) + Z1 2, (16)

For simplicity we are not displaying the R-dependence of y,. Using the Cauchy-
Schwartz inequality once more we can easily estimate the error by

M M M
LSA;;IM1 TMZZR“‘+RN 211\4+M2§‘, (V21 (x0))* + Vet (x)°)
LR 1 LN > EN: ((Vers (60))? + (Vera (20))?) (17)
200 1) A R

3. Global Bounds on NV

We will now make an explicit choice of localizing functions. These functions will
depend on the parameter u = Z,/Z;. Writing

A—u = 1
f=x+-—-——R and R= —R, 18
X=Xt uTnern. S| (18)
we have
f+uR=x4+A1+1)"'R and x—R=x—(A+1)"'R.
Define
% 4+ uR % —R
X + uR| and  7a(x) = VHIX —R|

10 = = (R + gD VUFT) (=P + uR2)

We will assume that Z; > Z,, i.e., u < 1, the effect of this is to make y; greater
than y, in a larger region of space. Notice that if u = 0 then y; = 1 while y, = 0.
It is easy to see that

n+n=1.
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We consider the different terms in (16). We begin with L. A straightforward
calculation gives

R((Vx1(x, R)? + (Vexa(x, R)?) = p(u + 1) 2R3 (%> + uR?) >

(u+1)

2 TR (19)
u

For the R derivative we first notice that

R((Vex1(x, R)? + (VRx2(x, R)?) = 13 R(VRx1(x, R))

_ A—u 1 2
- m(_____w Ly ).

Thus

R(W%x1(x, R)® + (Rx2(x, R)?)

) 2
<(u+1)72y 2R(l + </1 +l1t) #‘1> (u(Vex1)? + (Vgxn)?)

2
gt (550t

<RAO+(ll?14) (20)
- A+1 ’

It is now clear that in order to estimate the error term in (16) we must estimate
(w|Ry). We do this by comparing the energy E with the energy of the cluster
decomposition corresponding to all electrons in oy, i.e.,

Eatom(Zl’ N) > Eatom(Z1 +Zz, N) +< |ZIZZ

lw).

The last inequality is very easy to derive (see [13]). It was proved in Ruskai [11]
using a simple concavity argument that

Eatom(z1 + Z, N) _ Eatom(Zl, N) > —3monZ1Z,,

where
{ IN  without particle symmetry
o =
N oN'3  for fermions,
(o is a constant). Thus
(wIR™"y) < 3moy . 1)

Putting together (17), (19), (20) and (21) we arrive at the following estimate on L
independent of particle symmetry

N(1+4)_§(’”r D’ N2t + 4a), 22)

wmw$3wzn
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where

a=ﬂ<z1+22 mM1+M2 VAV [1 1 ]
4\ M+ M, MM, Zi+2Z, 4(Zy + Z,)
m (M\Zy — MyZ5)? )

MiMy(My + M) (Z1 + Z3))’

here we have inserted the values 4 = M{/M; and u = Z,/Z; and used that we
can assume 1 < N < Z; + Z,. It is clear that a is of order O(m/m,).

Returning to (16) it is clear that the term coming from the repulsion between
the electrons in different clusters will improve the bound on the critical charges.
Unfortunately it is not easy to estimate this term. When proving the asymptotic
neutrality for fermions we of course have to use this term, but here we simply
neglect it. From (16) we get

+

(23)

Z,|%; + uR| + pZ|%; — R

|
(u+ 1) (%] +R? Rlp)+Z1Z,. (24)

0=

2 N
S EED N 40— 3wl
H i=1

We estimate
(ZaI% + uR| + uZ1|% - RI)* =Z3|% + R + 122015 — RP?
+2uZ,Z,|% + iR| X — R|
<(Z3 + Z{p) (1% + uR)® + plx — R
=(Z3 + Z7w) (+1) (% + uR?).
With the choice u = Z,/Z; we obtain

3 YAYA) 22, \
> —>N?*(1+4a)— N ,
0> 1 (1+4a) Zl+Zz+<Z1+Zz) (25)
which implies
2,7,
<(3/2)(1+a)N. 26
Z iz <6+ (26)

This completes the proof of theorem 1:

Remark. If Z; = Z, it is easy to improve (21) so that neglecting the term of order

m/my,
Zy < (1+/11/3)N <3N.

Remark. Even though (26) is true for all Z; and Z, we point out that it is trivially
satisfied whenever Z, < N. As in Ruskai [11] our method does not give any
information if Z, < N.

4. Comparison with Thomas-Fermi Theory

We turn now to the more detailed study of the fermionic case. We assume here
that M; = M, = o0, i.e., the Born-Oppenheimer approximation. For simplicity we
set m = 1/2 and R¢pr = O such that x; = &;.
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The first step is to compare with TF theory. The TF functional for a diatomic
molecule is (for a review of TF-theory see [6])

£0) = ] ¢dx — Z, / o(9lx — Ry|"\dx — Z, / 0(9)lx — Ryl Ldx
+D(o, 0) + Z1Z»/R, (27)

where

D(f. g) = (1/2) / Flx— yI™g0)dxdy .

The physically correct value of y is y, = (3n%)*? for spin 1 particles. For N < Z,
& has a unique minimizer with [ ¢ = N that we denote

o (x; Z; R; N),

where R = (R, Ry). The neutral density Q%):(x ; Z; R; Z) is the total minimizer
for &.

Thomas-Fermi theory has the following scaling property which is crucial to
our analysis:

o (x; Z; R; N) =y32%00 (2 Py~ x5 z; 13 m)

where Z = Z1 +Zy,z =Z7'Z,r = Z3y~'R, and n = Z~'N. The energy (..,
the minimum of &) scales like

ET}Z; R; N) =y ZPERz;rim), (28)
TF TF

where r = |r; — | = Z/3y~'R.

The important fact about TF theory is that Erg approximates the true
quantum energy to leading order in Z. Not only this result but details from its
proof will be of importance to us. We therefore give a very short sketch of the
proof (see [6]).

Choose g1 € Cf° (R3) radially symmetric, positive and with f g2 =1, and such
that gi(x) = 0 for |x| > 1. Let gy(x) = s73/2g;(x/s), then [g? = 1. Using the
positivity and harmonicity of the kernel |x — y|~! we find for any g € L'(R?),

N N
Y. lxi—x;7' =D ( Doast—x)% ) gl — xi)z) —ND(g, g)
i=1

1<i<j<N i=1

N N
=D(Z gs(— xi)z -0, Z gs(- — xi)2 - @)

i=1 i=1
N
+2D < Z g —x)?, é) — D@, 8) —cNs™L.
i=1

Denoting

Ky (st oov38) = D( Ygt —x =8 Y gl —x)* =), (29)
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we get the following operator inequality for the diatomic molecule Hamiltonian:

H(N, Z, R) zi he —D@, ) +Z122/R + i e

i=1 i=1

+ K(x1, ..., Xp; 9) —cNs71,
where h® and h™ are one-particle operators defined by (5 is a parameter to
be chosen later)

W = —(1 = 8)4; — Zigl » [xi — Ri|™ — Zog? * i — Ry ™' + g2 # 3 * il ™!
and
BT = — 64, + Zu (g * xi — Ru| ™ — xi — Ry ™)
+Za(g3 * Ixi = Ro| ™ =[x — Ro| ™).

Choosing g to be the Thomas-Fermi density corresponding to y = (1 — d)y,, ie,

anx) =0\ (x; Z; R; N) (30)

we find, following the coherent state proof in [6] that
HNZ,R) 2B V(3 R N) =N [ WaPdx+ Kt xwi D)

_ C(5—3/ZZS/281/2 +NS-—1)
>(1—6)"'Ef%(Z; R; N) + K(x1..., xn; 0)
— C(67322525!12 L N5 + Ns72)
With the choices 6 = Z71/30 and s = Z~1/2 this becomes
H(N,Z,R) > E¥(Z; Ry N) + K(x1 ..., xy; 8) — CZ7P0=9 (31

with ¢ = 1/70. The constant C depends only on z; and z; (not on n since from
Theorem 1 (2/3)z1z2 < n).
The famous no-binding Theorem of Teller (see [6]) states that

I'(Z;R; N)=Etr(Z; R; N)—I;im Etg(Z; R; N) > 0.
—00

As R tends to infinity the energy of the molecule will tend to the energy of two
independent atoms. i.e., there exist ny, ny with n; + ny = n such that

I;im Etr(Z; R; N) = E3R™(Z,, Zny) + E¥™(Z,, Zny). (32)
—00

n; and n, are determined by that the chemical potential for the atoms should be
equal (see Sect.5) and are thus bounded away from 0.

The quantity I" has been studied in [1] where it was proved that I' is smallest
in the neutral case. For the neutral case it was proved in [3] that R’ is increasing
in R. We recall that from (21) there exists a constant o > 0 such that R > roZ~1/3
for fermions. Thus with R = Z~!/3r, we have r > ry and

T'(Z;R;N)>T(Z;R;Z)=Z""I'(z;r; 1) > R7'r{I(z; r0; 1) = coR™7,

where we have used the scaling property of Thomas-Fermi theory.
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We choose two integers Ni, N, with Ny + N, = N and such that
INy —mZ| <1 for k=1,2.
Then Ny = Z(n; + O(Z~')) and since E1r is not only an approximate lower
bound to the true energy but also an approximate upper bound, we find
E®™(Zy, Ny) < E3™(Zy, m, Z) + 2],
We have proved

Proposition 3. If H(N, Z, R) is the Hamiltonian for a diatomic molecule with R >
r0Z '3 (which holds if H has a stable ground state) then there exist Ni, Ny with
Ni+N,=NifN<Z,or N+ N, =Z+0(Z7") if N > Z, such that

H(N} Z) ZEatom(Zl, Nl) +Eat0m(22’ NZ)
+K(x1..., xy; 8) + R — CZ"A0=9) (33)

where .
M, Z, Ry N) if N<Z
0(x) =an(x) = ~ ’ (34)
=51 (o, . B ,
otr T (x;Z;R;Z) if N>=Z
with & = Z~1/30,

Remark. Above we only described the case N < Z. The case N > Z is similar.
We know from Theorem 1 that N is always of the same order as Z.

Remark. Notice that gy = (1 — )" ((1 — §)'x).
Since for a stable ground state
0 < 4Ep(N, Z) < E**™(Zy, N1) + E**™(Z2, N2) — E(N, Z),
we immediately conclude
0 < 4Ey(N, 2) < CZ"PU) —{{p|K(x1...., xn; Dlp) + R} (39)

Observing that K > 0 this proves (7) and (8) of Theorem 2.

Equation (35) also gives a bound on K, this bound will be used to prove (6).
We will use K to compare the true quantum mechanical density ¢ with ¢. For
atoms a similar technique was employed in [5]. The next step in this comparison
is to study the structure of g.

5. The Behavior of the Thomas-Fermi Density for Large Internuclear Distance

Equation (8) shows that R is much larger than the Thomas-Fermi scale Z~!/3.
The density g will therefore be almost equal to the sum of the densities of two
independent atoms. In this section we will control this approximation using some
well known monotonicity properties of Thomas-Fermi theory. We will work with
the scaled variables z, n, r, and y = 1. Corresponding to the density grr we define
the Thomas-Fermi potential

o1r(x) = z1|x — 11| + zalx — o7 — o1E * x|



Asymptotic Neutrality of Diatomic Molecules 197

The ratio n/(z; + z2) = n and the distance r determines the chemical potential
u(r) > 0 for the molecule. We denote by ¢; and ¢, the solutions to the atomic TF-
equations (see [6]) centered at r; and r, respectively, and with the same chemical
potential u(r) as for the molecule. This means that the corresponding electron
“numbers” n (), k = 1, 2 satisfy (see the review in [6]) Z(n/zi) = z, " u(r). Here
f(A) is the chemical potential for an atom with z = 1 and A electrons. f is strictly
decreasing and convex for A < 1 and (1 — 4)™*/3[(J) is bounded above and below
by positive constants for 4 away from 0. It is then not hard to see that

0 < ¢ < |(m(r) —n(e0)/(n2(r) — ma(0))| < C,

for large r. Notice that we are not claiming that n;(r) + ny(r) will give the total
number of electrons n. This will only be true as r — oo, see Corollary 5 below.
Indeed ni(c0), k = 1, 2 are identical to the ny defined in (32).

The monotonicity property of TF theory (see [6]) gives

max{;(x), p2(x)} < ¢(x) < @1(x) + @2(x),

where we have omitted the TF-subscript.
Using the TF-equation (0%/3 = [¢ — u]+), and the fact that ¢;(x) < c|x —r;|~*
we immediately conclude the following estimate on the corresponding densities.

Proposition 4.
0 < o(x)—max{g;(x), 02(x)} < Cmin{|x—r2]2Jx—r;|™*, |x—r(|?|x—12| ™} . (36)
It is now an easy exercise to prove
Corollary 5. For large r,
In— (m(r) + m(r))| < Cr—>.
Corollary 6. If v <r/2 then

o(x)dx = ni(00) + O(F'72).
|x—rg|<r’

Proof. From the proposition,

0< / o(x)dx — / max{g;, g2}dx < Cr™' < Cr' 3.

|x—rp|<r’ x—ril<r’
But
/ ok(x)dx < / max{g;, @2 }dx < / ok(x)dx + Cr~3

[X—rk|<r’ |x—rk|<r’ |x—rg|<r’
and

nelr) = / ou(x)dx = / 2u()dx + 0(').

|x—ri|<r’

The result now follows from Corollary 5. [
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6. Estimate on the Electronic Density

The main technical step in controlling the number of electrons is to prove the
following estimate on the 2-point correlation function. A similar estimate was
proved for atoms in [12].

Lemma 7. Let 0 € C*(R%) with 0 < 0 < 1, [VO| < ¢;R™! and such that |x—Ry| >
2R, k = 1,2 on supp®, and let y € C*(R>* x R3) with 0 < y and . = x(x, *)
compactly supported. Then

| [ %63~ a-1)]0007 1t ey
C [ atpeae {20790 sup 1%l sy + 2V ¥l

+ cZR 7' sup [|Vxll 2w3) » 7

where 3n_, was defined in (34) and o, 0® are the true quantum mechanical cor-
relation functions for the stable ground state of H.

Proof. For g as defined in Sect.4 we have with the choice of s made there,
2 * 88 = 1l < sVl < IVll-Z712.

It is then not difficult to see that

| [ 3) ~ 8e06 s x|

< CZ'2|Vy| 1 / 0()8(x)2dx

N 2 12
+{N / lw(x)lzf)(xoz[ / (ng(y—xi)—@m)x(xl, y)dy} m}
=2
X {/Q()zdx}m.

Now using the Fourier transform (denoted by *) we estimate

2
l/ (ng(y—x;) —Q(y)>x(x, y)dy}
/lxxl Ip| dp/ (Zgﬁ('—x )x(p
i=2

= const ||V} xx '|L2(]RS)KN—1(X2, s XN; 0),

Ip|2dp

where Ky_; was defined in (29).
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Using the IMS-formula and the fact that we are in the ground state we find
that

EWN. 2) [ at)o00’ax
Z plO()H(N — 1, Z, R)8(x;) — [VO(x;)|?

(x,)z( 3 = x; ™ = Zilx = Ry ™ = Zafxi — Rzl—l) w), (38)
J.Jj#i

where in the i™ term we have neglected the positive —4; term. Since the ground
state is stable we know that actually

E 3 Eatom Z , Nl Eatom VA , NI .
(N, Z)<N;T1$?SN( (Z1, N} + (Z2, N3))

From Proposition 3 (used for N — 1) we can thus estimate the right-hand side of
(38) below by

E(N, Z) / 0(0)0()%dx + N / o2 K101 2d x

—C(Z"0 953 1 ZRY / 0(x)0(x)*dx — cNR72.

In the last inequality we have thrown away the term coming from the repulsion
between the electrons and used the support property for 6. Thus since R >
CyZ~30-%) we get

N / [WPKn_1(x2, ..., xn)0(x1)2d*Nx < cZ71-9/3 / 0(x)0(x)%dx + cNR72.

Putting everything together and using [ 00> < N < const Z gives (37). O
A simple modification of the above proof gives
Corollary 8. For all y € CPR?),

| 16t = -1 (0020|2090 91Vl + 2129

7. Lower Bound on NV

In this section we prove the lower bound on the number of electrons. We will
assume that N < Z. We begin by defining new localizing functions for fermions.
Choose 0y, 6, € C$(R?) and 6y € C*(R?) such that they satisfy the following
conditions.

1. 0< 0o, 04,0, < 1.
2. For k =1, 2, 0, depends only on |x — Ry],
suppf = {x | |x — R¢| < R}
and 0, =1 for |x — Ry < (1/5)R
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3. |V6y|, [V6y], [V6,| < CR™".
4. 0o(x)% + 01 (x)? + 05(x)* = 1.

For k = 1 or 2, 6, localizes close to the nucleus at Ry. As our full localizing
functions we then choose

11(x) = {01(x)% + 1606(x)?}7? and  x2(x) = {62(x)? + 0200(x)*}'/2,

where 0 < ay, p < 1 and oy + ap = 1, we are not going to make any explicit
choice for oy, ap here since it is not important for the general argument. We
will keep them in the following derivation so as to simplify the identification of
different terms. Then

21(0% + r2(x)* = 1.

The point is that we localize the core electrons, i.e., electrons in supp8; Usuppba,
differently from the outer electrons, i.e., electrons in suppfy. An important step in
our analysis is to prove that almost all electrons belong to one of the two cores.

From (16) we find

N

~AEp > —cNR2 = (y] (Zl|xi — Ry = D01 (x) % — x; |—1)°‘200(xi)2
J#i

+ (Zzlxi —Ro[™ =D 0x(x))?Ixi — x; 1_1)06190(Xi)2|w>

J#i

i=1

N
— > (I Z1lxi — Ry 7 02(x0)* + Zalxi — Ro| ™01 (xi) 1)

i=1

+ D Wl (00x)2020x;)? + 02(x:) 01 (x))?) [xi — x; 17 ) + Z1Z2/R

I<i<j<N
=—cNR2— A4, — A, +B. 39)

Where we have defined the “attraction” between the k™ screened nucleus, k = 1, 2
and the outer electrons in the other cluster k,

A =27 / 0(x)a;00(x)*|x — Ry~ dx

‘/ 0 (x, y)0k(y)oz00(x)x — yl ™ dx dy, (40)

and the “repulsion” between the screened nuclei

B =Z,Z,/R + / 0@ (%, y)lx — y[™'61(x)202(y)dx dy

~z / 002002 1x — Ry["'dx — Z, / 0(:)0, ()2 1x — Ry|dx.
(41)

The reason why we put attraction and repulsion in quotation marks is that we
do not know a priori that Ay, B are positive.

Notice that in contrast with Sect.3 we have here made use of part of the
electron-electron repulsion term in (16).
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We will now estimate A4y, B using the results from the previous sections.
Let R = C3Z~W/30-9 then from (8) R < R. Choose 0, € CP(R?) with the
same properties as 0, except that

9k(y) = {

and | VO < ¢R™". Then 0 < 0. We will estimate A by Lemma 7 with 6 = 6,
and

1 if |y—Ry <R/7
0 if |y—Re>R/6

1(x, y) = eglx — y| 7 B(y)*
Notice that if 0(x)?x(x, y) # 0, then |x — y| > cR and thus for these x

IVaxllzmy < cRPR™' and  |Vygul < cRT'R.

From Lemma 7 we can now conclude

A <2, / 0(x)ar0()*|x — R|~ldx
~ [ P ymoux =1 Buto Vv dy
<Z / 0(x)az00(x)%|x — R | tdx
~ [ a1 (hobtex = 51 Bty 2dx dy
+cZ'7*R7! / 0(x)0o(x)?dx + cZ+9/6R=2 | (42)

If Ny and N, satisfy Ny + N, = N and N¢/Z —n, = O(Z~!) then using Corollary
6 in Sect. S and the definition of R we find

/ N )B0)2dy = Ne + (1 — ) 0(R ™) = Ny + 0(2'),

and in (42) the order of the error term will not be increased by replacing gy
by the spherically symmetric TF density for an atom with N electrons centered
at Ry, ie.,

Ay <(Zs — Ny + 2\ ) / 0(9)00(x)|x — Re[~dx

+czZ'7*R! / 0(x)00(x)%dx + cZ /6 R=2
Now by Corollary 8
/ 0(x)0o(x)%dx = N — / 0(¥)(01(x)* + 02(x)2)dx = 0(Z'™). (43)

Thus again using (8) we finally arrive at
A+ Ay < C(0a(Z1 — Ny) + a1(Zy — Na) + cZ' 79 Z'*R 7.
Likewise for B
B> C(Z; —Ny)(Z; — N))R™' —cZ**R7".
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By changing the choice of ¢, (¢ — ¢/2) we can still write the error term above as
cZ20-%)

Inserting these two bounds into (39) and using 4E;, > 0 gives
(Z1 — N1) (Zy — No) — cZ'(Z1 — Ny) + (Za — Np)) — 22079 < ¢z,
or
(1=N1/Z1) (1 = N2/Zp) — cZ™(1 = N1/ Z1) — cZ™(1 = N2/ Zp) < cZ7%,

the constant ¢ depends only on z; and z,.

From i = c(1—A4)*3 for A ~ 1 (see Sect. 5) we get that |(1—N/Z)/(1—N2/Z>)|
is bounded above and below and hence 1 — N;/Z; < ¢Z¢. This is the lower
bound on N given in Theorem 2.

8. Upper Bound on N

The upper bound that we prove in this section is similar to excess charge bounds
for atoms (see [S or 12]). From our comparison with Thomas-Fermi theory we
know that the nuclei are almost screened. By copying the proof in [7] we will
conclude that there cannot be too many electrons outside the screened nuclei.
Define
o(x) = 21]x = Ry|™' + z2lx — Ro[ "

With 6y as in the previous section we compute

EN. 2) [ o000 dx
N
= (Wlfo(x)*o(x) " H(N, Z)lp)

i=1

Mz

(E(N =1, Z)(wl0o(xi)*0(x) ' y) — (w|(%(Gop ™))
i=1

N

+ 3 (lo(x) e (x) " (—zllxi—th—zanxi—Rz|+ y |xi—x,-|-1)|w>,
JJ#i

i=1
or since [V(0op~/?)| < CR™V/2,
0>-2Z /Q(X)Ho(x)zdx + /Q(Z} (6, )00(x)2@(x) "' [1 — 0o (y)*11x — y| " dx dy
41 ]Q(”(x, P00 (@)™ + @(») ) Oo(»)*|x — y|'dxdy —cNR™'.
2 (44)

We estimate the different terms independently using Lemma 7. Since we can
assume N > Z + 1 we have this time that gy_; = 9z is the neutral TF density.
If we let O, be defined as in the previous section we will use Lemma 7 with
0(x) = p(x) and

2%, ¥) =2[01(0)* + 02(9) @ (x) M x — y| 7"
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Then for x € suppfy we have
Vel < CR™' and  |Vyell2@my < CRY.
First recall that

/ 0@ (%, 1)80()2[1 — 60() 29 (0) " |x — y| " dx dy

> / 0@ (x, )02 1B ()2 + B 10 () ™ x — v dxdy,
and thus from Lemma 7

/g(z)(x, Y)06(x)*[1 — 6o (»)*J@(x) ™ |x — y| " dx dy
> /Q(X)Q(Y)90(X)2[91(y)2 + 00219000~ x — yl ™ dx dy
— c[RY2Zz0/90-0 4 Z12R7] /Q(x)eo(x)zdx —cZR'R?

> (Z —cz179) / 0(x)0o(x)2dx — cZ7/6=¢/9)
As in (43) we find from Corollary 8,

N-Z+C.z'9 < f 0(x)0o(x)?dx <N —Z + C,Z179 . (45)
We can therfore conclude that
/9(2’(x, 1600’ [1 = 60(»)1e(x) ' |x — y| " dxdy = (Z — CZ"~)a(x)Bo(x) dx.

In estimating the next term in (44) we follow the argument in [7] and use the
triangle inequality to conclude

2

() + 00" 2> zle)x — Rell ' o)y — Rel] 7 x — yI.
k=1

We now appeal to the general inequality

[P nswsoxdy> ([ewswar) - [ewswras,

which follows from (F?) — (F)? > 0. We arrive at

/ 0@ (%, 10 ()™ + p(y) ™) Bo(y)2Ix — y|~ dx dy

>3 a{ ([ et0bo02ptbe —Rull x)

k=1

/(x)eo(x 9l — Ryl] }dx
20

e0(0dx) C [ ata(xds,
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where we have used that 6y < 1 and that on suppbp,

- <o(x)|x — Ry < ey

Inserting all this into (44) and again using (8) on R we conclude

/ 0(x)0o(x)%dx < €219

and hence from (45) the desired result

N<Z+cCcz09,

This completes the proof of the asymptotic neutrality.
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and comments.
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