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Abstract. We prove that in the high temperature regime (7/J > 1) the deviation
of the total free energy of the Sherrington-Kirkpatrick (S-K) spin glass model
from the easily computed log Av(Z,({fJ})) converges in distribution, as
N— o0, to a (shifted) Gaussian variable. Some weak results about the low
temperature regime are also obtained.

1. Introduction

We consider the Sherrington-Kirkpatrick [ 1] spin glass model, with the mean field
Hamiltonian

H=

Jy
- 0,0;, 1.1

1< i;jgN /N J ( )
where the spins 6, ..., oy take values + 1, and the J;’s are independent identically
distributed random variables with mean zero and variance J?. (The randomness is

reflected in the unusual scaling factor 1 /l/ﬁ in H.) It is believed that this model has
trivial behavior at high temperatures (for fJ < 1) while at low temperatures (5J > 1)
it has a rich structure of “Gibbs states” or “valleys” described by Parisi’s Replica
Symmetry Breaking solution; see [2] for a review of the history, the current status,
and an extended list of references — on this and related subjects.

While the Parisi solution is widely believed to be exact, it is not claimed to be
rigorous. In fact, we have not found in the literature a complete treatment of even
the high temperature region. The main purpose of this note is to provide a full
description of the free energy in that regime. We supplement the existing analysis
by deriving the limiting probability law of the fluctuations in the total free energy.
In addition, the results of Sherrington and Kirkpatrick [1] and Thouless et al. [3]
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on the average value of the free energy per site are given here a rigorous proof. Also
presented are some weak but explicit bounds pertaining to the low temperature
region, on an order parameter which is similar to that of Edwards and Anderson,
and on the energy per site.

2. Assumptions and Statement of Results

We make the standing assumption that the distribution of the J;;is symmetric with
respect to zero, and has moments of all orders. In particular we write

Iiy=72,
denoting by (...)», or alternatively by Av(...), the average over the J;;’s. This is to
be distinguished from the averages over the g,’s — of which the a-priori (equal
weight) average is denoted here by tr, and the thermal average (corresponding to

fixed {$J;;}) is denoted by {...). Examples to keep in mind are that of J;/s
independent Gaussian variables, with

1
P(dJ;)= ———(exp—J}/2J%)dJ ;, (2.1)
/2nJ
and the discrete case, J;;= + 1, with
P(dJ ;)= 3(0(J;;— D)+ 0(J ;;+ ) dJ ;. (2.2)
Of principal interest is the distribution of the partition function
Zy{BIN)=Y ...V exp—BH=2"trexp ¥, B 0,0, (2.3)

oN i<j1/ﬁ

where {fJ} denotes the family of couplings fJ;;.
Note that by the symmetry of the distribution of the J;;’s we have

«Zy=2"11 <<C05h f/JN>> (2.4)

so that

4
logZy»=N[log2+ % B*J*]— 5 B*J*+ %—, +0<%>, (2.5)
with 1=J$,»—3«J%,»? (which vanishes in the Gaussian case). Here, and in
what follows, the subscript N is sometimes omitted.

The calculation of the mean free energy, which is proportional to Py(f)
=1/NlogZ is, of course, more difficult. In addition, the question of the
sharpness of the free energy per site, in the sense of its convergence in distribution to
a constant as N— oo [asin (2.11)], is nontrivial for the SK model. In this respect, a
special situation exists whenever

1 1
Jlim - (logZ = lim 5 logdZ, (2.6)
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(ie. the “quenched” and the “annealed” free energies agree) — which is predicted by
Sherrington and Kirkpatrick [1] and Thouless et al. [3] to hold for fJ < 1. In such
case, the sharpness of the distribution of the free energy density may be deduced
from just the mean value. [However, it is generally expected that the distribution
remains “sharp”, i.e. the free energy density has the “self averaging” property, even
when (2.6) fails.]

It turns out that (2.6) is equivalent to the vanishing, as N — oo, of the mean value
of

2

w{hID =y =1 (10))* 27

1)1<;<1<N

(see Proposition 4.1). The limit of the corresponding mean, if it exists, defines an
order parameter which is somewhat similar to that of Edwards and Anderson.

The following statement summarizes the high-temperature behavior of the free
energy to leading order in N.

Proposition 2.1. For all J <1,
) llm 1 Koy ({BI1y=0, (2.8)

ii) the mean free energy satisfies
.1 .1
lim —logZy=log2+ §f*J>= lim —log(Zy, (2.9)
N—- o N N—-w N
and iii) the free energy per site converges to its mean value, in probability,

—logZ —(log2+ 1 B*J?)

>8>——>0 forall >0, (2.10)

Prob, <

and also in the I sense for each p< co.

We shall go beyond (2.10) by showing that the fluctuations of the total free
energy, i.e. log(Z/(Z), are of order one, and converge in distribution to a (shifted)
Gaussian. (Actually, we need this analysis for the proof of Proposition 2.1.)

To describe the fluctuations let us decompose the free energy as follows,

[yt o enpvcomt?
Zy{pJ})=2 [;D,COShl/_ Zy, with Zy tri]:[j 1+0,0;tan Vﬁ(. |
211

Proposition 2.2. For J <1,
i) Zy tends in distribution, when N — oo, to the log-normal variable

T=exp(v—4<v?)), (2.12)
where v is a Gaussian random variable with variance
© 9
)= —3llog(1—p>JH)+ 2+ 5404 = ¥ g{(ﬁzﬂ)", (2.13)
k=3

and
i) Zy/KZyy tends in distribution, when N — 0, to

T=exp(u— $<u?)), (2.14)
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where u is a Gaussian random variable with variance
u?y=—3[log(1—p2J%)+ p2J2 — 2fp*/4]. (2.15)
Remarks. The convergence in distribution, of a sequence of random variables X,

to a variable Y (Z-limXy=Y, or Xy =, Y), means that for all intervals [a, b]

Prob(a< Xy<b)—>Prob(a=Y=<bh),

provided Prob(Y =a)=Prob(Y=5)=0, i.c. provided the limiting density does not
have a ¢ function at Y=a or b.
A well known criterion is [4]:
C1) If the moments of a sequence of random variables X, converge to the
moments of V, i.e.
(X3 ——=—— V" for n=1,23,...,

N-> o
then also

2
XN——)V’

provided the distribution of V is uniquely determined by its moments. A sufficient
condition for the latter is that (V")/[¢"n!]—0, for each £>0.
In our case, the moments of the limiting distribution T are given by
nn—1)

1 p272 1 4
exp(—32B°J" + 5B )) > (2.16)
|/ 1—p2J?

Their rate of increase with »n is such that criterion C1 does not apply — the log-
normal distribution is actually a known example of a law which is not uniquely
determined by its moments (see Derrida [5] for specific examples of other
distributions with such moments, and a discussion of this point in a relevant
context). So even had all the moments of Z/(Z > converged to (2.16) for fJ <1,
that would not be sufficient to prove (2.2). In fact however, as pointed out to us by
Derrida, for each fJ the higher moments of Zy/(Zy», i.e. from a certain value
n(f) < oo, diverge as N— co. The study of the distribution of the free energy has
therefore to be based an other techniques. [ Nevertheless, it is interesting to note
that «Z3Y/(Zyy> > E(T?) for fJ <1]

As anotion of convergence, Z-convergence is one of the weakest. In particular,
in itself it does not imply the convergence of the mean values. However, with some
extra compactness — like in the following criterion [4], it suffices.

E(T") = <

C2) If Xy 2, Y, while for some £>0 | X y|' *©) stays bounded uniformly in
N, then also ¢Xy»—->«YD.

This criterion applies to the leading order of the free energy, i.e. the free energy
per site (Sect.4), and enables us to deduce Eq.(2.9) from the results of
Proposition 2.2.

Finally, we present some weak low temperature results. To place them in a
context, let us first note some implications of well known basic principles. First, in
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any random system, if a function g(-) defined on [0, 00) satisfies

-1

tim sup” ~log(Z» < (8, @17)
N-o©

then also the following bound holds

-1

gtimsup? —logZ,({BTH=2*(B), .18)
N—-x N

where g*(f) is the pointwise largest function which is: i) nonincreasing in 3, and ii)
satisfies g*(f) < g(f), for all =0. An inequality involving “Z2-lim sup” [asin (2.18)],
or “9-liminf,” means here that the probability measure of the set of J’s for which
the inequality is violated tends to zero.

The bound (2.18) is derived in two steps. First one may note that such an
inequality with g(-), instead of g*(-), is implied by a simple consideration of the
mean value of Z, [see (4.9)]. The improvement represented by g* is based on a
monotonicity statement which is implied by the nonnegativity of the entropy:

%ﬁ‘ UogZy(BT}) = — B~ *[log Zy({ BT} — BCH 5]
ZB_ZgQ(ﬁJ}(G) 10ngJ;(°’)§O> (2.19)

where gg,(0) =~ #H)/Z ({J}) is the Gibbs state corresponding to {J}, and the
inequality holds since g(o)<1.

For the systems considered here the simple calculation (2.5) shows that (2.17) is
satisfied by g(f)=(log2)p !+ pJ?*/4. The above considerations involving g*(-)
suffice to imply that the free energy cannot satisfy (2.9) for J >2]/log2 =~1.39
(which is, however, somewhat far from the generally expected critical value
p.J=1).

Another quantity of interest is the ground state energy (per site): eo({J})
=min,H(o;J)/N. Simple thermodynamic considerations related to the above
show that

Z-limsuple,({J}) < |/log2 J=0.83J. (2.20)
N—- o
Since the order parameter defined in (2.7) also satisfies the relation
2leq({J 1
Canprppz1- G o) 221
pJ VN

[see (4.14)], one has bounds which show explicitly that it does not vanish at low
temperatures [additional information on its behavior near f =1 is provided by the
related inequality (4.12), of Proposition 4.2].

The result presented below provides some bounds which tend to be comple-
mentary to the above inequalities.

Proposition 2.3. For all f,

1 2u
2-lim inf% logZy=log2 + |dulogcosh (V;u ﬁJ) . (2.22)
0

N-w
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The implication of (2.22) for the ground state energy (obtained by letting f— c0)
is

22
Z2-liminfley| = V- -J=~0.53J. (2.23)
N—w 3

Making a mild use of Wigner’s “semicircle law” one can get a better bound for e,:

Proposition 2.44. For the Gaussian ensemble (2.1),

. 2
P-liminfley| = - J=0.64J. (2.24)

N— o0

The restriction to the Gaussian case is expected to be just a matter of
convenience for the proof. The value produced by numerical studies is
limy, . leg|=0.76J [6, 7]. While there is obviously room for improvement, let us
note that the energy densities of typical configurations accessed by states in the
high temperature regime satisfy

—ex~1pJ?<057, (2.25)
so that the bounds in (2.22)—(2.24) do reflect on the the low temperature region.

3. The Fluctuations in the Total Free Energy at High Temperatures

In this section we analyze the limiting distribution of the random variable
Z\({BJ}). We start by presenting a convergence criterion useful for our purpose

[4].

C3) Ifagiven sequence of variables X y can be approximated arbitrarily well in
the I? sense by Z-convergent sequences, i.e. if for each £>0 there exist random
variables X and Y® such that

i) IXy—XPl,=<¢

ii) X9 -2, Y9  (as Nooo),
then the following limits exist and are equal

2-lim Xy=2-limY®,

N—- o =0

Let us now turn to the quantity Zy, defined in (2.12). Expanding the product,
and performing the tr, one arrives at the following expression

Z= Y wl) (3.1

or=9

with

_ By
w(l)= b’edgsofrtanh <1/N>
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The summation in (3.1) is over all the graphs with vertices in {1,2, ..., N} which are

simple and closed, i.e. no bond (i.e. edge) is repeated, and the set
or={ie{1,...,N}|i belongs to an odd number of edges of I'}

is empty.

We shall also encounter here graphs with multiplicities. In general, for a graph
I', we denote by |I'| the number of its bonds, counted with their multiplicities in the
graph.

The following result indicates the origin of the Gaussian distribution which
appears in Proposition 2.2, and demonstrates the way we apply the above
convergence criteria.

Lemma 3.1. With y ranging over simple loops on the vertex set {1,...,N}, let

W= ) w) (3.2)

v, simple loops

then, for pJ <1
Yy v, (33)

where v is a Gaussian random variable of variance given by (2.14). Moreover, the sum
of w(y)* converges to a constant:

;w(v)z —= <v*), (3.4)

where the convergence is both in 9 and in L2, and
1
Prob <myax{lw(y)|} = W—?) —=0 (3.5)

for each ¢>0. By implication,

S Iw)F——0  for each k>2. (3.6)

Proof. The main result here is (3.3) which will be proven first. Our strategy is to
split the sum over the graphs into two parts,

§W(V)= X W+ y_]§>kW(v)EF§k+F>k, (3.7)

vyl =

of which F . will be shown to be of a small I* norm, and F ., will be shown to
converge on the basis of its moments. By Wick’s identity for the moments of the
Gaussian distribution, and the criteria mentioned above it suffices to show

i) IF il =é, (3.8)
uniformly in N, with ¢,—0 (as k— o0).
ii) lim lim ¢F%.»=<{v*), (3.9
k=0 N— o -

and (the heart of the matter) —
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iii) the quantities

R, (N)=«(F <)y — #[pairings of {1,...,n}] ~<<F2§k>>”/2, (3.10)
vanish in the limit N—oo:
Ry (N)—=-0 forall k and n>0. (3.11)

First, we note that as square-integrable functions of {J;;} the weights w(y) are
orthogonal for different loops [with respect to the measure P(dJ)]. By easy
counting

CNIN—1)(N=2)...(N—k+1) 87,2\
i SO = 2 <<<<ta“h Vﬁ) >>>

(BZJZ)k
3.12
wo0) 2k (312)
which directly implies (3.8) and (3.9). What is left is the main part of the analysis:
dealing with the higher moments. These, however, are considerably simplified by

the introduction of the finite cutoff k.
To prove iii) let us write

Ry (N)= %  &wlyy)... w(v,)»

- X X WO )WY - W, (3.13)

palrlngs Viseens
of {1,..., n} |yl = k
and group the terms in the above expression according to I'=y, ¢ ... y,, by which
we denote the multi-graph whose multiplicity for each bond is the number of loops
y; containing that bond.

For I which consist of non-intersecting “double loops” the structure of the
contributing n-tuples y,, ..., 7, is unambiguous — up to permutations. To each such
permutation there corresponds exactly one term in each of the sums over
{71,...,7) In (3.13), and there is exactly one pairing in the second sum with
nonvanishing {w-wy...{w-w, which then equals ¢w(I')). The two terms
clearly cancel each other, and hence the net contribution of the double loop graphs
to R is zero.

By an easy estimate of the remaining contributions, one gets

IR (N = 2 () (). (3.14)

with
ﬂsz ny/2
olI)= H<<<T> >> LB MITNTIR L 3s)

The summation (*) is over multi-graphs, each of which is given by the set of
multiplicities {n;|1 <i<j<N}, such that:
1) |rl an](r)gn'k,
i<j
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2) for each bond with n,;(I") #0, and each vertex with nonvanishing order 7i(I")

= ¥ ml),
i 2<n(N<n, and A()=4,

3) there is either a vertex with A(I')=8, or a pair of vertices each having
Al z 6.

(The last two properties follow from the fact that I' is a union of simple loops,
has no single bonds, and is not decomposable into a collection of nonintersecting
double loops.)

The coefficient ¢(I') in (3.14) is a combinatorial factor satisfying

dl=alk,n),
uniformly in N.

For each n and k, there is only a uniformly finite number of equivalence classes
of graphs I', modulo permutations of {1, ..., N}, which contribute to the sum in
(3.14). For each such class the weight associated with each graph decays with N as
const - N~ !T/2/ while the number of elements in the class grows proportionally to
N"®)_ where V(I') is the number of vertices of I'. However the above restrictions 2)
and 3) on I" imply that

IF=3YaNz2V(IN)+2,

ie.
\r2—vrzt. (3.16)
Therefore we obtain
[Rk,n(N)l é d(ks Vl)/N B (317)

which, by the criterion C1 of Sect. 2 — and by the known structure of the Gaussian
moments, implies that F., converges in distribution to a Gaussian, whose
variance is easily computed [as in (3.12)] to be
< (B2
Wwi>= % :

m=3 2m

The claim made in (3.3) follows now by the convergence criterion C3.
The other two statements, (3.4) and (3.5), are much more elementary.
Equation (3.4) is equivalent (in its [? sense) to:

A (2007 = D)) = O,

Y

which is easy to prove by the arguments used above. For (3.5) we take any
k>min{2,3/¢} and use the bound,

1
Prob <maX{|W(Y)I} = N 6) < Z<<'W(?)|k>> NGk
x*/6

IA

‘N_(sk_?’)w 0,(318)

| &

1—x-N' 2
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where x = (| J /¥, and the summation is performed just as in (3.12) (with the
dominant term corresponding to |y|=3). O

Before we turn to the partition function, let us note the following consequence
of the above limits.

Lemma 3.2. For fJ <1,
2
[T +w)] = expo— 3 v?)), (3.19)
v

where v is the same Gaussian variable as in (3.3) and (2.14).

(To prove it, one may start by rewriting each factor, using: 1+x
=exp[x— 3 x%+ 0(x%)], for x < %, and then substituting (3.3)—(3.6) of Lemma 3.1.)

Let us now turn to the reduced partition function Z. Our first step is to reduce
the collection of graphs with which one need be concerned. Because of its general
usefulness, the following estimate is stated separately.

Lemma 3.3. For BJ <1, the contribution to Z of large graphs decays exponentially,
in the following sense,

<<< Y w(r)>2>> <consteV?* - (B2J2). (3.20)
I'simpleclosed
Irizk
Proof. By the orthogonality of the different graphs’ weights,
LHS.= Y ). (3.21)
I‘sinlxﬂic,iosed

For given sufficiently large k, let e=é(k)>0 be defined by e*(8J)>=1—1/]/2k. We
have

) <<w(F)2>>§e‘”‘l [T 1+ wy)*ye™)

I'simple closed 0ops y
T2k

ée—skexp[ io: %(esﬂZJZ)m]

m=3

I\

1 1
2 y2\k _ £R2 T2 -
(B J ) exp[ kln(eﬁ J )+21_eeﬂ2J2:l
<conste"?¥B*J3)*. O (3.22)

Putting together the various estimates obtained above, we shall now prove the
main result of this subsection.

Proof of Proposition 2.2. 1) Let
)= [I [T+zw@)]. (3.23)

v, simple loops
This function — which depends on N and {fJ}, is a polynomial in z. Using
Lemma 3.1, and the remainder formula,

m R 1
_ _— (m), < _ -7
o= 2 51070 = g ger Sup 1) (29

|Z|=R
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(for a function which is analytic in a disk of radius R > 1) which we apply with a
fixed R>1, it is easy to see that

NOHWOD- 3 5 wh) w0 (329)

,,,,,

i *v; |71|<kN

(where the sum is over n-tuples of distinct loops), provided ky and my diverge when
N- 0.
At the same time, by the arguments which were used in the proof of Lemma 3.1,

2

Z—¥ X W) ew)
n=0 {y1,...,yn}
IS SZH I Y

<Cm-kYN+ 5 «wl)*y

I'simple closed
IT|zm-k

<C(m-k)/N+C exp[ —In(BJ)"2-mk+|/mk], (3.26)

where C is a finite quantity which is independent of N, and the last step is by
Lemma 3.3.

With m and k chosen so that m, k— oo while C(m-k)/N—0 (as N—o0), the
estimates (3.25) and (3.26) show that

2

— 10 +w)] =0, (327)
Y
which together with Lemma 3.2 imply that the distribution of Z tends to that of
the log-normal variable described by (2.13).

ii) To complete the derivation of the fluctuations in the total free energy, we
note that by the decomposition (2.12),

Z/2NZ)=exp (Z. log cosh(ﬁJij/[/]V)>

1
=exp<i;j[ﬁ 2J%— 4'N2 B J+O(1/N)>

=6Xp<(N—1)%ﬁ2J2 B+ 5y £ B JZ)+0<%>>

=(Z2¥y - exp <u— 1LE*Y+0 (N))’ (3.28)

where in the last step we use (2.4)—(2.5), and # is the random variable

i= Y I3 —IH/CN).
i<j
By the central limit theorem, 7 converges in distribution to a Gaussian variable
[with variance 1/8-B*«JT,»—J*]. Note that for each N the variable @ is
orthogonal, in the - ) sense, to the quantity ), w(y) — which is the source of the
residual fluctuations in logZ. Using the analysis of Lemma 3.1 it is easy to show
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that in the limit N—oo the two fluctuation terms in logZ add as a pair of
independent Gaussians (as suggested by their orthogonality). The result is that the
distribution of log Z tends to the log-normal law described in Proposition 2.2.  []

4. Mean Free Energy and an Order Parameter

The preceding discussion yielded an explicit form for the distribution of the total
free energy. In this section we step back, in a sense, and use just the leading order of
that law for a proof of the result of SK and TAP on the free energy per site, for
BJ <1 (a conditition identified by TAP).

Let us start with a useful thermodynamic relation, which implies that any
deviation in the free energy density of the “quenched state” from that of the
“annealed system” [i.e. any violation of (2.6)] is necessarily associated with the
nonvanishing of the order parameter defined by (2.7).

Proposition 4.1. For each N and f,

15 N CORZ(BI)y = HBI — o {BT))) + R @)
where Ry is a remainder term which vanishes as N — co, satisfying
Ry=constf?/|/N . (4.2)
Proof. Standard differentiation gives
d 1 1

J..
logZ\({pJ})= N —% 000415

% N i<j
where, as we shall see, the weak correlation of {a;0;> with the direct coupling J;; is
significant. Denoting (with some abuse of notation) by {s;0;>, the expected value
in a system for which the coupling J;; is set equal to zero, we have

tanh(BJ;/)/N)+ 0,05
<‘7i0j>=

1+<0,0;5, tanh(BJ,;/}/N)

J .. 2J2
=000+ II;N (1 —<aioj>3>+0<ﬂ N> (43)
Hence,

1 d, Zy({BT)) LY B~ (o0,
ﬁ;i_[? ogZy({p } _Fi;j i 0;0; o)

1 ~
= N2 i;j*]ij<0i0j>o+RN (4.4)

with a reminder R, which satisfies a bound like in (4.2). Since the average (over J) of
the first term on the right side of (4.4) vanishes, the above expressions directly yield

4.1. O
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Proof of Proposition 2.1. Let
o1
Q(p):= lim Nlog((ZN):]ogZ-f— iBPJE. (4.5)
N—- oo

We shall now obtain the three claims presented in Proposition 2.1 — in reverse
order.

iii) Taking just the leading order of the result of Proposition 2.2 (ii) on the total
free energy, we obtain:

%logZN({ﬁJ})— oB) T@w’ 0, forall pJ>1, (4.6)
which is an equivalent form of (2.10). (The I? convergence is proven along with ii).)

ii) Inorder to deduce from (4.6) the convergence of the mean values (i.e. {...),
one has to determine that they are not affected by some large fluctuations whose
probability vanishes in the limit. The following two general bounds show that the
distribution of the free energy per site is sufficiently compact; for example, it
certainly satisfies the criterion C2 presented in Sect. 2.

1) For all {J}

1
ﬁlngN({ﬁJ})§10g2, 4.7)
which follows from:
Zy({BI}/2" = tre P > exp(—tr fH (o)) =1. (48)
And, in the other direction,
2) for all §
1
Prob, <N logZy({BJ}) 2 Ox(B) +e> <e (49)

where Q () is the finite volume approximant of Q(f). (The last bound is derived by
considering the mean value of Z.)

As explained above, the two bounds (4.8) and (4.9) imply that, at any
temperature, Z-convergence of the free energy per site implies also the conver-
gence of the mean values. Hence, we may deduce from (4.6) the relation (2.9), as well
as the following stronger statement,

<<'%1OgZN_Q(ﬁ)’p>> ———0, forall p<oo. (4.10)

1) By Proposition 4.1, the derivative with respect to f§ of the left side of (4.10) is
nonpositive for all f = 0. The vanishing of the limit for f < 1 implies, therefore, that
also the derivative tends to zero, as N—oo. By the explicit formula (4.1), the last
statement means that

lim {ty({BJ})»=0, forall BJ<T1, 4.11)
N-w

proving the first assertion in Proposition 2.1. []
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It might be interesting to note that the above proof, together with the
monotonicity mentioned below, implies that for each open set in the range of ff the
three conditions listed in Proposition 2.1 are in fact equivalent.

Formula (4.1) carries also the following implications for the order parameter 7
in the low temperature regime.

Proposition 4.2. i) For fJ>1

g-lim supty({J})<1— L (4.12)
N—-w

pJ’
and in general Z-lim supy_, ,, BL1 —t5({BJI})] (as well as other well defined D-limits)
are increasing functions of p.
il) «tn({BJI})Y obeys the lower bound (2.21).

ii) -liminfry({BJ})=1—0(1/p), as P—oo. (4.13)

Proof. i) By general principles the left side of (4.1) is a monotone increasing
function of . Equation (4.12) is a consequence of this monotonicity and the fact
that this function vanishes for all fJ <1.

ii), iif) Since the left side of (4.1) equals the negative of the mean value of the
energy per site, e,(f)=<{H(c)/N >, (which is typically negative), (4.1) may be
rewritten as follows

cltpspy =1+ 2D o). (@14

This directly implies the lower bound (2.21). Equation (4.13) is obtained by
combining (4.14) with any bound on |¢e,»|, e.g. an L' version of (2.20). []

5. Some Weak Bounds for the Free Energy at Low Temperatures

The thermodynamic arguments mentioned in the introduction show that the
situation described by Proposition 2.1 does not persist at low temperatures. The
phase transition is generally expected to occur at §J =1 [3, 6]. [Note that this is
the point at which the O(1) fluctuations of the total free energy, in Proposition 2.2,
diverge.] The transition reflects the fact that for low (negative) values of e, the
number of spin configurations with energy densities H j(o)/N = e is lower than what
is obtained from an extrapolation of the high temperature entropy, which is S(e)/N
=log2—(e/J)* [computed by a Legendre transform of P(f)]. In this section we
present some explicit bounds whose purpose is to show that S(e) does not vanish
too fast. While the results are not very strong, and they do not deal with the
structure discussed in [5, 6,8, 9], they demonstrate two algorithms for the
construction of some low energy configurations.

It might be remarked first that for any fixed configuration ¢ the energy per site,
H(0)/N, is vanishingly small for “typical” J, since

CH o) y!?= (L J*/N)?=0)/N). (5.1)

Hence the low energy configurations do have a nontrivial J dependence.
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a) A Sequential Algorithm

For a fixed set of couplings {J;;}, let us associate to each spin configuration ¢
(={0;}) a sequence of integers n;= +1, defined by

n,=0,, andfor j>1,

ji—1 j—1
o;sgn ‘=Zx Jijo; if .; J;jo: %0

"= (5.2)
0,0 otherwise .
The energy can now be expressed as
N

H)(0)= — k‘;l Ao, J)n(0,J), (5.3)

where A, is the nonnegative quantity
A=y Tu 5.4)

= g;:. .
k igll ‘/N i (

The distribution of 4, at any fixed o is, for k of the order of N, asymptotically

given by the density
2
—2-—exp<—i A > for A=20
2

k—1 k—12J2
P(A)= 2n ~ J (5.5)
0 for A<O0
(by the central limit theorem), with the mean value
M= (A0, J)» (ata fixed o)
2 k—1\'?
~ (; T) J. (5.6)

For a fixed set of couplings J, the map g —# is invertible (by a simple procedure
in which o; are recovered in the order i=1,2,...), and its inverse defines for us
a(n,J). We now claim that for a large collection of ,e.g. = + 1, the energy at fixed
n is for “typical” J not O(Vﬁ), as it is at fixed ¢ [by (5.1)], but is instead of order
O(N) — with an O(Vﬁ) fluctuation with respect to the quantity

N
En)=— % oy (5.7)
Lemma 5.1. For each fixed n
N—1
K(H (o(n, )~ EMm)*p=J 2T' (5.8)

Proof. For a fixed y, the quantities ¢4, ...,0,_, and A, ..., A, _ — as functions of
(n,J) depend on only those couplings J;; for which i,j<k. Yet when all those
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couplings (i.e. not just a,, ...,a,_,) are specified, the distribution of
k 1 J

N

is independent of their values, since those affect this quantity only through the
variables ¢;, and the distribution of J_ , is independent of the previous J’s and is
invariant under reflection “gauge transformations.” It follows that the random
variables A, = A4,(a(,J),J) are jointly independent (!), and their distributions do
not even depend on 7.

By the above independence property, the left side of (5.8) is

<<L‘=Ll (Ak_<<Ak>>)’7k:l >> =2 A=Ay

N k=1 j2

s Y Yoy=lW=12, (5.9)

k 1 j=1
where the actual behavior of the left side is ~(1—2/m)J*(N —1)/2 [using
(.61 O
As # is varied, Ey(y)/N varies over the interval [ —e¥, e¥], where [by (5.6)]
, L2 \'2 22
lim e1’$=j<~a) Jdoc=‘/—;J§0.53J. (5.10)
N- o 0\T n3

Hence the lower bound (2.23) on e,({J}).

The above procedure may be used to generate a large number of low energy
configurations. The corresponding lower bound for the free energy at finite 5 is
stated in Proposition 2.3, which we are now ready to derive.

Proof of Proposition 2.3. Let us recall the standard variational principle, accord-
ing to which (for each J)

logZy({BJ})= max{Zo o)logo(c)™ —,BZO(G H,(0)|0=0, Zo(a } (5.11)

For a given J we choose to consider the variational state

. e~ PE((e. )
Opnlo)= W: (5.12)
with the {J}-independent normalizing factor
Zﬁ(ﬂ) - Z e ~PEMm(a. ) — Z e ~PEM
[ y n
=2N kD1 cosh(BoM). (5.13)

The substitution of g;45(-) in (5.11) yields the bound

1 1
108 Z() 2 1108 Z(H) — ON((BT)). (514)
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with
ﬁ e~ PEN()
ON{BIN= X" gy L0 0) ~ En(a]. (515
By Lemma 5.1, and the triangle inequality,
KON{BI}?Y' > SBIJ)/2N, (5.16)

and therefore Z-limy_ ,Qn({BJ})=0. Using (5.6) and (5.13) to evaluate
N~ 'logZ%, we see that (5.14) reduces as N—oo to the claimed inequality

222. 0O

b) Shadowing the Ground State of J;;

Another algorithm (less explicit than the above) for generating low energy spin
configurations is to choose ¢ which maximizes the overlap with one of the low
eigenstates of the symmetric matrix M; j=Jij/(2\/N) — for which we generate
diagonal terms with the same distribution as the other J’s. The Hamiltonian (1.1)
may be expressed by means of M (with M;;=0) as

H,(0)=— ¥ oM, jo,+ ¥ Ji/(2)/N)= ¥, 2.{p"|0)* +0(1), (5.17)

where ¢* are normalized eigenvectors of M and A, are the corresponding

eigenvalues.
By Wigner’s semicircle law, which has been extended also to other than
Gaussian ensembles [10], the eigenvalues 4, are asymptotically distributed with

density
C|/J*—u? du,

over the interval [ —J, J]. Let @ correspond to the lowest eigenvalue, or any other
“fixed” eigenvalue with A~ —J. The components @; of @ have, approximately, a
Gaussian distribution with mean 0 and variance 1/N. Choosing o;=sgn,, we

have
@ ) l/N N
(ploy=N | |x|e” N>/ hdx:z\/h’ (5.18)

2
(Ploy?x EN;O.64N.

and hence

We also argue that if ¢ is chosen by the above criterion then for typical J’s the
contribution to H ;o) from all the other eigenvectors in the expansion (5.17) is of
order O(Vﬁ). In the Gaussian case that is easily seen from the invariance of the
distribution of the frame of all the eigenvectors under general unitary rotations —
even when it is conditioned on the spectrum. By this invariance, a bound like (5.1)
applies also to H (o) —Z{{|a )2, even when ¢ is allowed to depend on H through
the eigenvector @.



20 M. Aizenman, J. L. Lebowitz, and D. Ruelle

Therefore ey(J) { —(2/n)J) (for a “typical” J), as stated in (2.24). This result is
not improved if instead of one “specific” eigenvalue A one takes a finite number of
eigenvalues.
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