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Abstract. We study the Cauchy problem for non-abelian Yang-Mills-Higgs
theory in (3 + 1)-dimensional Minkowski spacetime. With suitable conditions
on the background fields and a suitable choice of a Sobolev space for the
subtracted gauge potentials and the Higgs field, we establish local existence.
We then prove global existence by showing that an appropriate norm of the
solutions cannot blow up in a finite time.

1. Introduction

Irving Segal [1], in 1963, introduced a general existence theory for semi-linear
evolution equations. In 1979 Segal [2] himself showed that classical Yang-Mills
theory could be cast into a suitable form to make use of this general theory and he
showed that the local-in-time Cauchy problem could be solved. This means that if
one is given regular initial data on IR® at some initial time (call it ¢ = 0), there exists
a unique smooth solution to the field equations compatible with the initial data
over some finite time interval (— ¢, t,).

This result was improved on in 1982 by Ginibre and Velo [3] who added a
Higgs field to the Yang-Mills potential and showed that local-in-time existence
still held. The next major step forward was achieved, also in 1982, by Eardley and
Moncrief [4] who independently derived the local existence result for Yang-Mills-
Higgs theory and then extended this to obtain a global existence proof, that is to
show that the time existence interval (—t,,t,) can be made unboundedly large.

The major interest in classical solutions to the Yang-Mills-Higgs equations is
due to the existence of magnetic monopole solutions (which demand that the
Yang-Mills potential A falls off like 1/r) and non-trivial topologies in the Higgs
field (which require that the Higgs field remain finite at infinity). However, all the
existence results to date demand that both the Higgs field and the Yang-Mills
potential be square-integrable on IR?, which naively demands that everything fall
off faster than »~3/%, and are incompatible with the magnetic monopoles and with
non-trivial topologies.
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In this paper we will give a global existence proof for a class of Yang-Mills-
Higgs solutions which include solutions with magnetic monopoles and non-trivial
topologies. The result we obtain here is not only interesting for its own sake; it is
also immediately useful. For example, there has been some interest recently in
approximation methods to study monopole-monopole scattering (e.g. Manton [5]
and Atiyah and Hitchin [6]). In any approximation method one had better be sure
that the approximate solution is an approximation to some exact solution,
otherwise one may get nonsense (e.g. linearization instabilities in general
relativity). The proof we give here should act as an underpinning to all these
approximation techniques.

The method used in this paper to prove the desired existence theorem is quite
straightforward. We specify, as part of the initial data a static background Yang-
Mills potential A and Higgs field &. These are chosen so that their asymptotic
behaviour permits a finite magnetic charge and non-trivial topology. We then
write the total potential A as A+a and @ as &+ ¢ and regard a and ¢ as the
dynamical fields which are square integrable, and so fall off rapidly at infinity. We
will describe this in detail in Sect. IL.

Of the two local-in-time existence techniques the Eardley and Moncrief
method is superior to the Ginibre and Velo method. This is due to the fact that
Eardley and Moncrief have found a way to build the divE =0 constraint directly
into the dynamical equations whereas Ginibre and Velo, following Segal, ignore it
until the end, and then show that the dynamics are compatible with the constraint.
This allows Eardley and Moncrief to prove existence with weaker conditions on
the initial data than Ginibre and Velo require.

Unfortunately, the background subtraction method turns out to be incompat-
ible with the Eardley-Moncrief local-in-time technique (which Eardley and
Moncrief realised themselves.) Happily, the background subtraction method turns
out to be entirely compatible with the Ginibre and Velo proof, and so our local
existence proof is obtained by a straightforward extension of their technique. Of
course, we have to include extra terms in our field equations which arise from the
background static f&, & fields, but these are easy to handle. We prove the local-in-
time existence result in Sect. III.

To turn the local existence result into a global existence proof we switch back
to Eardley and Moncrief and copy their technique. The difficulties in the local
proof are not relevant to the global part and so we can follow them. Of course we
still have to worry about the background fields. A further problem is that we have
to make the global part of the proof agree with the local part. This means that we
have to extend the global proof to one degree of differentiability higher than
Eardley and Moncrief require. We manage to deal with both of these problems and
get our global result in Sect. I'V.

This should not come as any great surprise. For any theory, the only situations
where one would have local but not global existence is where we would have either
some local loss of differentiability through some form of singularity developing or
where nothing bad would happen at any point, but some integral over the whole
space would blow up. In view of the hyperbolic nature of the field equations, the
singularity formation should be a strictly local phenomenon, and should not be
influenced by asymptotic conditions. The problem of the norms blowing up can
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only be avoided by sensible choice of norm. For us, the natural norms are the
energy and the higher derivative pseudo-energies, and so we are not surprised
when they remain finite.

II. Background and Dynamical Fields

We will study classical Yang-Mills-Higgs theory on Minkowski space with a
Yang-Mills potential 4,(t, x) and a Higgs scalar ®(t, x). The field corresponding to
A, is
F,,=0,A,—0,4,+[A4,,A,]. (2.1
The Lagrangian we will use is
&= _%<Fuvs Fﬂv>+<Du®a D#@>_(|@|2_1)2, (2'2)

where D is the covariant derivative with 4, as connection. This is the natural
Lagrangian to use to get a non-trivial topology in the Higgs field at infinity and a
magnetic monopole, together with finite energy. This is achieved by having @ non-
constant at infinity but in such a way that |@|—1 at infinity. In addition we require
D,®=0,9+ A, to fall off rapidly at infinity. This can be achieved because while
we naively expect 0,9 to fall off like (at best) 1/r at infinity, we can assume A, ~ 1/r
at infinity, and so 4,® also falls off like 1/r. The two 1/r terms in d,® and 4,9 can
cancel to give a faster fall-off to D,®. This is how the standard static monopole
solutions behave.

We will assume the existence of two static background fields /iu and &. These,
at least asymptotically, will behave like static monopole solutions. The actual
potential and scalar fields we will write as

o

At x)=A,(x)+a,t,x), A,=0, (2.3a)
&(t, x) = D(x) + (¢, X). (2.3b)

We will treat the subtracted fields (a,, ¢) as the dynamical fields and demand that
they fall off rapidly enough to give us finite energy solutions.
We will describe everything in terms of the Sobolev spaces H, with norm

lulf = > loullz, < oo (24)

la] <k

for various values of k, except A and &. We will assume that A and & satisfy the
following conditions

(1) A, deCk,
(1) ep0An+ AjA) e Hyy o
#=0,0+AbeH,.,,
0A;eH,—, (B*—1)eH,,

for some specified k> 2. These conditions are compatible with the magnetic charge

associated with A . e
g= th @ - Bdx', (2.5)
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and the topological winding number associated with &, i.e. for a triplet
o 1 (] o o i
n= g i gijkan(a)ak@(b)gabcé(c)dx N (26)

being non-zero. Although we are mainly interested in topologically nontrivial
finite-energy configurations (magnetic monopoles), our proof covers topologically
trivial configurations in topologically trivial and nontrivial models with sponta-
neous symmetry breaking as well.

III. Local Existence Proof

Following Segal we will work the local existence proof in the temporal gauge
Ao=0. We will split F,, in the standard way,

E;=Fy;=0,4;, (3.1
B;=¢,3(0;4,+ 4;4,) - (3.2)

We wish to make a further splitting, because we wish to write
At X)=A(x) +at, x), (3.3)

where A,(x) is the static background with slow fall-off (with 4,=0), a,(¢, x) is the
time-varying field with fast fall-off. Having defined

By=e,(0,A,+ A4, (3.4)
we also define
bi=Bi—]§i=sijk(6jak+ajak+fijak+ajfik), (3.5)
and of course
e;=E;=0,a;. (3.6)
The natural splitting of the Higgs field follows from writing
&(t, x) = D(x) + o(t, ). (3.7)
In general we have for the first derivative of @,
n=D,®=0,P, (3.3)
n;=D;@=0,0+A;D. (3.9
We now define
p=0pp=m, (3.10
pi=m— =00 + a0 +a;d+ ;0. (3.11)

The initial data (at a fixed time ¢t =0) we will spgch:y for the Yang-Mills-Higgs
field will consist of the static background fields (4;, #) and a sextuplet of fields

(ab €, bi’ ®, v, 1.01) = u(ts X) . (312’)
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Following Ginibre and Velo [3] [their Egs.(2.4) and (2.5)], the dynamical
equations now read

dou(t) = Tu(t) + K(u(t)) + K(u(t)), (3.13)
with T o
T= ( 0" T¢> , (3.14)

R)y=siuds. R=—V, (3.15)

K= (07 - 8ijk[aj’ bk] —2Re <wi, ea(p>0a7

) (3.16)
elaje +a;a), 0, a9, —ol* 0, 6,0 +ap) ,

K=(0, - Eijk(ajﬁk + [/ija b+ [a; B+ [Aja B
—2Re(<y;, 0,8 + (i, 0,0)
+ <7ty 0,80)0,, (A e +e;Ay), (3.17)
0, Ot + Ap; + ait;— 28|
—2p+ D) (1B +2(S, 0> +9I* = 1), e+ Aw).

These, by themselves, do not constitute the Yang-Mills-Higgs field equations. We
must add three constraints to them

bi-8ijk(6jak+ajak+/ijak+aj/ik)=0, (3.18)
Wi—ai¢—ai¢—ai9f’—f‘ii(ﬂ=0> (3.19)
e+ [a;, €]+ 2 Rey, 0,070,
+[Ase]+2Rey, 0,80,=0.
These equations are essentially equivalent to those of Ginibre and Velo. The only
difference is that their variables are

(3.20)

(Ai, Eia Bi’ ¢a T, Tci) not (ai’ €, bi’ o, P, IP,) .

With the change due to subtracting the background, we still have that the linear
operator T is identical to theirs, and our K operator is identical to their non-linear
term. The only change is the extra K term, where we accumulate all terms which
depend on the background.

We wish to apply the Segal existence theorem to (3.13). This theorem will not
deal directly with (3.13), but with the associated integral equation

u(t)=U(t)uo+ jt" drU(t— 1)K o (u(?)) , (3.21)
0

where .
Kw=K+K, (3.22)
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and where U is the transformation generated by the linear operator T [(3.14) and
(3.15)].

The first thing we have to do is to choose a Banach space B in which we want
u(t) to lie. In this case the obvious choice is

Bszk(]R3)kax XHk, (3.23)

where k is some positive integer. We now show that U is very well behaved on B.
Lemma 2.1 of Ginibre and Velo give us the desired result

Lemma 3.1. For any k, U(t) is a (bounded) strongly continuous one parameter group
in B, and for any te R, uy € By, U(t) satisfies the estimate

IU@uoll = (@) lluol ,
p(O) = {1+t + (> +4) )12

We next have to look at K, , and show that K, maps Binto itself. To do this we
choose k=2. This allows us to use the fact that H,(IR?) is a Banach algebra for
k=2. There are no derivatives in K, only terms like ae;. Since a;€ H, and
e;€ H, = ae;e Hy, obviously K maps B—B. In K there are two derlvatlve terms
6 B and 0,7 We put as part of the initial conditions that B,ieH k+1- The other
terms are of the kind A ;. If we demand A; e C*, then e;eH, = A; ;€ H,. The
only other term that needs special treatment is > —1 H . It then follows that the
operator K,,, maps B into itself.

The second property that we need for K, is that it satisfy a Lipschitz condition

K or(11) = Kiotx)ll = C(lluy [, luz]) 4y —ua|l, (3.24)

where C is an increasing finite real function, and | - || is the (H,)® norm. This again
follows from the Banach Algebra property of H, for k=2. All the terms in K are of
the form ab except for the ¢ term. The ab term leads to

aiby—ayby=a,(b;—by)—b,(a;—a,)

and las(bs —b2) i, < Collas 1, by —bs s,
The ¢3 term gives
o3 =3Il =(01— ¢2) (01 + 0102+ ¢3),
and
@+ @102+ 02) (@ = @)1, S ColloT + 0102+ @3 w01 — @2 1,
<Cillodli+leal)?llor— @2l g, -
The terms in K are of the form Ab which gives A(b, —b,) and
—b ) SN Allcellby —ba s
together with d¢? which gives (¢? — ¢?2) and satisfies
B0} - 93l £ Cs
All these together combine to prove (3.24).

I+l ller—@slm,-
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The Lipshitz condition on K, and the fact that U(t) is a (semi)group is all that
we need to apply the Segal existence theory. This immediately gives us that there
exists a unique solution to (3.21) for some finite time interval [ — T, T'] and that u(z)
for any te[— T, T] belongs to H,.

To go from the integral Eq. (3.21) to the differential equation (3.13), we have to
show that K, is a C' map. This is quite straightforward. Since K, is a third order
polynomial in u (the > term), the Frechet derivative of K,,, is quadratic in u. We
now just repeat our proof of the Lipschitz condition for this simpler case.
Analogously, we can prove that K, , is a C® map since all derivatives higher than
third order vanish.

As we remarked earlier, the differential Eq. (3.13) is not equivalent to the Yang-
Mills-Higgs equations. We need to also satisfy the constraints (3.18), (3.19), (3.20).
This is quite straightforward. We choose the initial data at t =0 so as to satisfy the
constraints. The dynamical Eq.(3.13) is consistent with the constraints and
automatically propagates them (see Proposition 2.3 of Ginibre and Velo). Thus we
have our desired local existence proof.

IV. A Priori Bounds

To expand the local proof to a global existence proof we will switch over to imitate
the global existence proof of Eardley and Moncrief [4]. The key idea in their
analysis is to obtain an a priori bound on F,, and D,®.

We start off with regular initial data and use the local existence proof to
demonstrate the existence of a classical solution on a patch of spacetime. (To
guarantee the smoothness Eardley and Moncrief want for working in Cronstréom
gauge we impose the necessary smoothness conditions on the initial value data.)
To extend this to a global solution we have to show that nothing goes bad at the
boundary. This requires showing that the H, norms of (a;, ¢;, b;, @, p, v;) do not
blow up. This means that we extend beyond the boundary and so continue.

Just as with the local Ginibre and Velo proof [3], we need only make minor
modifications to the global Eardley and Moncrief proof to accommodate the extra
A and & terms. The first point of importance is that we still have a finite conserved

energy E,= H{S ed®x, where

s=YE2+BY)+n-n+D,® D+ (O] —1)>>0. @.1)

This conserved energy can be derived from an energy-momentum tensor T*¥ given
by

T* =Tr {F*F}—in"'F ,;,F**} + 2D*® - D'® — "D, ® - D*® —**(|0|* — 1)?,
(4.2)

which satisfies 0, T*"=0.

Let us choose a point p in the domain of local existence and shift coordinates so
that p becomes the origin of coordinates. The initial slice now is labeled t = —t¢,,.
Consider the back light cone K, from p to the original surface. Call the solid sphere
where the light-cone intersects the original surface B, Now consider the
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conservation of energy on the set which is the interior of K, (call it Kp)
0= [ 0,Tyd*x=| Ty-n+ [ Ty-n (4.3)
KP KP BP

(on using the Gauss theorem). This, when written out, is of the form
| r2drdQ{ATr[3(/ - F-m)* +(7 - F - 6 )

Kp
+3(84- F-ép)*]1+(19* —1)*
+[De®- D&+ Dy, & D, 0]
= [ ed’x<E,, (4.4)

Bp
where
/=—0/ot+0/or, wm=0d/0t+0d/or,

N 1
e= <r 5/@9,m6/aq}>.

The integral along the light-cone is a set of quadratic (positive) terms.
Therefore we have that each one individually is bounded by the finite total energy

E,, ie. .
| r?drdQTr(/-F-m)*<E,,

K
v 4.5
Kf r2dr dQ(|®|2 — 1)2 <E,, *-3)

and so on.
The next stage is to realise that the Yang-Mills equations can be manipulated
to give us wave equations for F and D®:
rl”vauavFaﬁ = 2ay[Ay, Fap] + [ayA)” Faﬁ]
- [Ay> [Ays Fa[]]] + 2[FZO Fy/i] + 2((Fa[3¢) : Oa@)aa (46)
+2((Dg®) - 0,(D,P)—2D,P) - 0,(Dy®))0,=: 0oy »

70,0 (D, @) = —23,(A*D,®) +(0,4*)D, & — A,A"D,®

4.7
+2((D,®) - 0,9)0,9 —2F4D P +4D {P(|P]*— 1)} = 0,.

The right hand side of each of these equations can be regarded as a source term
for a wave equation. This allows us to write F,; at p as the average value of F,; on
the boundary of B, plus a term arising from the integral of the source along K. In
other words

1 1
F ()= in sz dQ(rom"0,F 5+ F 5) — in [ rdr dQg,p, 4.8)

Kp

where S, is the sphere of radius r=r,= —t, on the original slice. Equivalently we
have

1 1
D,B(p)= 4 Sj dQ(rom?0,D, B+ D,®)~ - | rdrdQy,. (4.9)



Global Existence of Time-Dependent Yang-Mills-Higgs Monopoles 93

There is no difficulty in handling the two-sphere integral and showing that it is
finite. The real problem arises from the light-cone integral, and there we need to use
the bounds obtained from the energy conservation equation. One useful bound
that can be obtained is

[ (@P—1<E, = [ [(|9=1)|<])/CEot*
Kp Kp

= [0 <)/CEot3*+Ct (4.10)
KP
(where Ct} is the volume of the cone) and also
[ |91* <Eq+2]/CEyt3* +3C83. 4.11)
KP

The only real problem we have in going from Eardley-Moncrief to our spaces is the
fact that for us such functions as

[ 121*d°x

R3
are not finite.

However, in deriving the a priori bounds on F and D® we need never integrate

over IR? only over K ,, where the relevant integrals are finite and so the proof goes
through unchanged. Thus we also have that ||F||. and |D,®| . remain finite.

V. Bounds on Everything Else

Given that ||F||;~ and ||D,®|| .. remain finite in the local range of existence of a
solution, we now need to show that the H, norms of (a;, e;, b;, @, @, ;) also remain
finite. We begin by showing that the L, norms remain finite. Let us begin with

d 2
a _ < 2|1/2 2|12 «
i 191* =20 v 022\ WL ¢ <Y 20l (5
which implies
le®l 2= 9(0)llL,+]/2Et, (5.2)
and so ||¢| ., remains finite. Next
d
E(IlaiIIL2)2=2n£3 a;-¢; =)/ 2Eq ||ag] L, - (5.3)

The L, norms of e;, 1, B;=b;+ B; and D,® =, +#, do not blow up from energy
conservation. Because B; and #; are constant and belong to L,, the L, norms of b;
and y; cannot blow up.
The next stage is to integrate the equations
0 0

Eai__—ei, §(p=w (54)

to give
t
lall L= l[a;(0)]| L + (f) dsle,(s)]| L» < o0, (5.5a)
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and

lollz==lleO)] Lo+ i ds || p(s)ll e - (5.5b)

The final inequality follows from the fact that e,(s) is part of F,; and y(s) is part of
D@, both of which were shown to remain finite in Sect. IV.
We have that

bi=Bi_B°i=8ijk(ajak+ajak+Iéijak""ajfik), (5.63)

and
pi=m—#=00p+ap+ad+Ae. (5.6b)
We know a;, b;, v, @ € Ly, and ||a;]| =, | A;l|L» and ||®] ... are finite. Therefore,

0;0 € L, and ¢;3,0,a, € L, hold. Further [[y;]| 1<, 00| 1, [1b;l L, and |50l o
are all finite. Finally the third constraint

6iei = [aiz ei] —2Re <1pa ea(p>0a - [/iia ei] —2Re <1P, 0a5>0a (57)

also gives us d,e;€ L,, and || 0,¢;|| . finite.
The next stage is to show that (a;, e;, b;, @, v, v;) € H,. This means

aiaj, aiej, aibj, aiqD, (3ilp, alw] € L2 .
Let us start with 0,a; and consider
Eo=—%Tr | [e;-e;+(0,a;) (0,a;)]d%x . (5.8
R3

Now d

Eéao'—' _Trj[ei{sijkakbi_sijk[ap bk] .
—2Re{y;, 0,050, +&3(0,B;— [A;, b ]
—[a;, B1-[4;, B1—2Re(<y;, 0,0
+ <7, 0,0 + (7, 0,9))0,} +0,a;0,e1d°x . (5.9)

All the terms in the expression above involving background fields are clearly finite
and the two terms e;;;[a;, b,] and e;Re{y;, 0,00, are finite because |e;| =,

lajlle, 1Delle,s Wil llle, < oo.
This leaves only

[ Tr {eie;u0xb; +0,a,0:¢;} = [ Tr {e,0,(04a; — 0, + [y, ;]
+ [/ik’ a1+ [ak I‘ii])"‘ d,a;0.e;} - (5.10

The first and last terms combine to form d,(e;0,a;) and so integrate to zero. The
second term can be written as

0;e,0,a;,— 0i(€;0,:41) -
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Now

jaieiakaké Haiei”Lz”akak”Lz§C &> (5.11)

since ||0¢; ., is finite. The total divergence can again be ignored. The three
commutator terms fall in line, the worst being

Ieiakakaié lleill Lo llaxll, 10kl L, = C1]/ & - (5.12)
Hence we have
d
E£0=c2+c31/5"0, (5.13)

which implies that &, remains finite and hence 0,a; € L,.
To show that e, b;, 1, and y; belong to H; we have to show that

& =% {(0e;) (0;e;) +(0;b;) (0;b;) + (0w) (O) + (Ow) (aiwj)}d3x (5.14)
remains finite. To show this we calculate

d
E gl = .’. {ajeiaj[eimnanbm - Bimn[am> bn]
—2Re <w:” Ha(p>€a - 8imn((amBon + [am7 Bon]
+ [Aoma bn] + [fima én]) -2 Re(<wi> 0a¢>
+ <7%i9 Ga q)> + <7%ia Gaq%>)0a
+ 6jbiaj[8imnamen + 8imn[amﬂ en]
+ Simn[Aoma en]] + (W/wl - terms)} . (515)
The two leading terms form a total divergence 0,{0;e&;,0;b,,} and so can be
ignored. The next terms to be considered are
§0€:0,0,by < byl L= 10,61l 1,100l 1, < C)/ 6, (5.16)
and
J 010,00 S Nl =10 0,10, L, S CE (5.17)

The terms 0;e;0,,¢0 and y;0,e;0;¢ can be handled in the same way.
All the terms involving the background fields are quite straightforward. We
only need to use
aia,.é,,,, 3]-/im eL,; A,B,eL”

to get terms proportional to |/&; and to &,. We finally get

d
L ESC/ 6+ Caby, (5.18)

which shows that &, remains finite, and hence

||6jei”L2’ ||ajbi”L2a ||6i1P||L2, ”aiwj“Lz
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remain finite. These can now be inserted into the constraints to force ¢;,0,a;, 0,0,
and J,e; to belong to H,.

The next step is to show that 0,a, itself belongs to H, or equivalently that 0,0,
belongs to L,. This is the same as showing that

4 z%j {(ajei) (ajei) + (aiajak) (aiajak)} (5.19)
remains finite. To do this we calculate
d
i &1 =I {(ajei) (ajaoei) + (aiajak) (aiajek)} . (5.20)

Substituting for d,e; we get a total derivative plus
0,(0:€:)0;0,a,— (0€,)0,0,[a;, a, 1+ ...

On using d,e;€ H; we can bound the first of these terms by C}/ 7.
The second term requires some care. One part will be of the form

Ja,0j,0,0,a, < lall . 110seill 1,100, ., < C7 - (5.21)

The other parts, however, are of the form

0e,0,a;0,a, or 0;a;0,a,0a,.
The trick is to remember that || F,, [« is finite which implies ||b;| .. finite which
implies [0;a;— 0;al| ;. finite, and so we can replace d;a; with da; to give

0,e,0,a,0,a,=0;[0,e,a,0,a,] —a;0,a,0;0:¢;—a 10,€:0,0,a,, . (5.22)

The divergence is fine, the first term is finite because 0,¢; € H, and the second term
is proportional to ]/ &]. Everything else is well behaved, so we finally get

(aia(p)€H29 (eiabialp)IPi)eHl'

The last stage of the proofis to show that the H, x H, norm remains finite. The
obvious thing to do is to write down the equivalent of &, i.e.

&, =%j {(akajei) (akajei) + (akajbi) (akajbi) + (6kaj‘l’) (akaﬂl’)
+ (akaﬂpi) (akajwi)}d3x (5.23)

and show d&,/dt <(polynomial with constant coefficients in &,). Now

4 10,010,040 Lembubm— el by]

ol 2 Re ;009> 0s— i OBy + (s B, T+ [ Ay bod + [Am> B,
—2Re((y;, 0,8 + (i, 0,00 + (i, 0,8)0,]
+ 0k0;b:0 10 EimnOmen + Eimnl Ams €] + Eimn[ A €11
+ (p/p;—terms). (5.24)
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Again, the leading terms form total divergences
Onl€imn0i0,€,0,0;b,,] and  0;[0,090,0,%;],

and so can be ignored. However when we look at the next term we run into
difficulties. This is of the form

0,0 jeieimnaka j[ama b,].
The two terms

f 8imnbnakajeiakajam§ 16, Lo ”akajei”Lz”akajam”Lz =C)é&,,
(5.25)

and

j simnamakajeiakajbn é ||am||L°° I| akajei”Lz ” akajbn”Lz é CgZ
(5.26)

offer no difficulty, but the third term |e;,,0,0;¢,0,a,0,b, has to be dealt with
carefully. We know that it is bounded by

[ akajei [ La [ ajamakbn [ Lay*

We also know from the Sobolev multiplication theorem that H,; x H, is uniformly
embedded in L,. Hence

10,8 0bull ., = Coll Ol a1, | bl - (5.27)

But of course [|0;a,,|| g, is finite and ||,b,||, is bounded by a finite number times
&,. Hence

| €m0 1€:0,0,0b, S C1|/ 62+ C,6, . (5.28)

All the other terms are well behaved. To deal with the terms which include the
background terms we need slightly sharper conditions, on these, i.c.

BeH,, #eH,, 060deL,, (5.29)
and we finally get
d
T HSCt C,)/6,+C36,. (5.30)

This guarantees that &, remains finite and hence that each of (e;, b;, v, ;) remain in
H, if originally there. We already know a; remains in H,, and of course since
v = 0,0+ a0 +a,®+ A;p, we know that ¢ belongs to H. Hence we have that the
norms we needed to prove the local existence theorem do not blow up, and this is
sufficient to prove global existence.
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