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Abstract. We consider the quantum dynamics of a particle in a time dependent
potential V(t\ assuming it to be a Markovian random function of time. We
derive a formula for the density matrix at time t averaged over the realisations of
the potential. We then obtain a kind of RAGE theorem for the time evolution of
compact observables, and some information on the phase space behaviour of the
system.

I. Introduction and Results

Since the pioneering work of Anderson [1] on localisation of electronic states in a
static disordered lattice, random time independent Schrodinger operators have
become increasingly popular in solid state physics to describe effects of impurities
and thermal disorder in crystals. By now such models are also fairly well understood
mathematically, see for example [2] and [3]. On the other hand time dependent
random Hamiltonians received much less attention, probably because of the
intrinsic difficulties encountered when dealing with non-autonomous systems. We
mention some works (see for example [4]) on the <5(ί)-correlated gaussian random
potential, typically a problem of the form:

idtφt = (-A + Vt)ψt on the lattice Zv, (1.1)

where A is the discrete Laplacian (or some tight binding Hamiltonian), and Vt(x) a
gaussian random field of mean zero and covariance

Such models can be explicitly solved to give a finite diffusion constant, i.e.

0 < lim ( -Σx2|ι/φ)|2 } = D < oo,

and thus a finite electrical conductivity. Another interesting special case is to take
the potential Vt in (1.1) as a Markovian random function of time. Such potentials can
be constructed in the following way: choose a homogeneous Markov process ξ(t) on
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some state space E (for example E a discrete set or a bounded region of R") and a
function V(x, ξ\ then simply set Vt(x) = K(x, ξ(t)). Such systems have been used to
describe electron propagation in disordered media. However, the methods used are
all approximate and difficult to control (see [16]). The purpose of this paper is to
derive an exact formula for the mean time evolution of the density matrix associated
with (1.1). It turns out that this evolution is rather simple, since it is given by a
contraction semigroup, a fact reflecting the absence of memory of the potential. We
also apply ergodic theory to this contraction semigroup to obtain information on
the asymptotic behaviour of some observables, and then using a random ergodic
theorem, we convert this mean result into an almost sure one.

In this paper we consider the continuum case, i.e. Equation (1.1) on [Rv, but it will
be clear that all our results are also valid on the lattice with a bounded potential
V(x, ξ). In the continuum we assume V(x, ξ) to be a small perturbation of — A
uniformly in ξ, and a smooth function of x and ξ. Furthermore we require ξ(t) to be
continuous or at least piecewise continuous (allowing for a discrete set of jumps); the
precise hypotheses are exposed in Sect. 1.

Since our discussion is rather technical, we shall expose here the underlying
heuristic ideas. Let p(x, x') be a density matrix, its time evolution is governed by the
equation,

dtPt = - iίH(ξ(t))9 p3 = - K(ξ(t))pt, (1.2)

where we have set H(ξ) = — A + V(ξ,x\ and K(ξ) = i[H(ξ\ •] a linear operator on
the space of density matrices. If we allow for a dependence of the initial state p0 of the
system on the initial state of disorder ξ(0), we are then interested in computing the
expectation value

(1.3)

giving the mean state at time t. To do that we first look at the conditional
expectation,

from which (1.3) is obtained by integration over the (time independent) distribution
of ξ(t). To first order in at we have

= Pt(ξ(0)) - K(ξ(t))Pt(ξ(Q))dt.

So that taking expectation

£[/W£(0))IΦ + dt) - <Π - £[(1 - K(ξ(t))dt)Ptm)\ξ(t + dt) = ξ'l

Now using a well known property of conditional expectations and the Markov
property

El(l-K(ξ(t))dtMξ(0))\ξ(t), ξ(t + dt)l = E ί ( \ - K ( ξ ( t ) ) d t ) P t ( ξ ( U ) ) \ ξ ( t ) l

since pt(ξ(Q)) is independent of ξ(t + dt\ we obtain

Elpt+dt(ξm ξ(t + df) = f '] = ElEKl - K(ξ(t))dt)Pt(ξ(0))\ξ(tn I ξ(t + dt} = ξ'1
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If we now introduce the infinitesimal generator A of the process ξ(t) as

(e-A«-S)fm = EU(ξ(sm(t) =ξ} (0 < 5 < ί)?

we can rewrite (1.4) to first order in at as

Elpt+dt(ξmξ(t + dt) = <Π = (e-AdtEl(l - K(ξ(t))dt)pt(ξ(Q))\ξ(t) = •])«')

= ((1 - (A + K)dt)Elpt(ξ(Q))\ξ(t) = •])«')

where we have to interpret X as a multiplication operator in ξ, i.e. (Kp)(ξ) =
K(ξ)p(ξ). The last identity can be recast in differential form as

and thus integrated to give

which is the promised semigroup formula. In Sect. 3 this is proven rigorously for a
large class of equations of the type

jtx(t)=-K(ξ(t)Wt), x(0) = x (1.5)

on abstract Banach spaces. This result is also of potential interest in other problems,
like diffusion in disordered media, wave propagation etc ____

The reader who accepts the above derivation may skip Sects. 2 and 3, going
directly to the application given in Sect. 4. There we remark that under some very
weak spectral assumption on the generator (K + A\ the mean ergodic theorem
applied to the semigroup e~

(K + A)t implies

0 (1.6)

for any compact observable c, where <c>p(ί) = tr(cpt) is the quantum mechanical
expectation of c in the state pt. Our main achievement is then to remove the
expectation symbol in formula (1.6) to obtain an almost sure result. This is done
using a random ergodic theorem due to Beck and Schwartz [5]. At the end we
discuss some consequences of this result on the phase space behaviour of the system.

Perhaps the most interesting consequence is for discrete systems (i.e. (1.1) on the
lattice Zv). Then under the above assumptions we prove the absence of bound states
in the following sense: in any state ψ of the system, the mean occupation probability
of any bounded region B c Zv vanishes, i.e.

0 xeB

Finally let us note the analogy between our technique and the approach to time
dependent (and in particular time periodic) Hamiltonians initiated by Rowland in
[20] and further developed by Yajima ([21]) and Yajima and Kitada ([22]). For a
periodic Hamiltonian (of period 1) they introduce the augmented space
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where Jf is the usual quantum mechanical state space. On this space the self adjoint
operator,

ot

generates a unitary group which in some sense is equivalent to the quantum
evolution generated by H(t\ In this case questions like existence of bound states,
asymptotic completeness, etc. . . , may be answered in terms of spectral and scattering
theory for P. This operator thus bears some analogy with the generator

of the mean evolution of density matrices in the Markovian case. There are however
two major differences: first the semigroup generated by ̂  only gives statistical
information on the solutions to the time dependent Schrδdinger equation (1.1) for a
given class of potentials. More technical is the fact that, while P is self adjoint, ̂  is
not, due to the dissipative effect of randomness (i.e. to the term — iA). At first sight
this may seem troublesome, but the non-self adjoint (and perhaps non-spectral)
operator @H turns out to be much easier to analyse than P. The point is that for the
large time behaviour of the corresponding semigroups only the real part of the
spectrum is relevant. While for P the nature of the spectrum (and hence the
asymptotic behaviour of the state ψt(x)) depends very sensitively on the potential
(with the possible occurrence of resonances, see for example [23] or [24]), it is very
easy to control the eigenvalues of ̂ , the dissipative term — iA always pushing them
down in the lower half plane, thus making random systems much simpler than
deterministic ones!

2. Notation and Hypotheses

a) The Driving Dynamics. We denote by (Ξ, Z, P) the underlying probability space:
Ξ is a set of paths ξ = (ξ(t))t^Q on the topological state space E, Z a σ-algebra on Ξ
and P a probability measure, we write £[•] for the associated expectation. We
assume P-almost all paths in Ξ to be right continuous and to have a finite number of
discontinuities on any compact time interval. Introducing the past (respectively the
future) σ-algebra Ps (respectively Fs) at time s as usual, the Markov property may be
stated as:

t)'] for any AePt and Bε¥t.

Time translations are given by a family (τr)^0 of measure preserving map, on Ξ:

(τtξ)(s) = ξ(t + s).

Finally E being the Borel σ-algebra on E we assume the existence of a unique
invariant measure μ on (E, E):

We also introduce the Hubert space
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on which the operator family

is well known to be a strongly continuous contraction semigroup. Let A be its
generator:

(e~Atf)(ξ) = Elf(ξ(mξ(t) = ξl (2.1)

Thus A is a m-accretive operator on h. If the process is symmetric, i.e. if:

Plξ(t)eB\ξ(W = Plξ(0)eB\ξ(t)l BeE, t£0,

then A will be self-adjoint; however we do not assume that in the following.

b) The Evolution Equation. Now we describe the hypotheses on the generator of the
evolution, essentially Kato's conditions [10] assuring existence and uniqueness of
the solution to the initial value problem (1.5):

(i) The underlying space X is a separable Banach space with the norm || ||.
(ii) There is a second Banach space Y with the norm || ||y densely and

continuously embedded in X.
(iii) To each ξeE there is a densely defined operator K(ξ) on X generating a

strongly continuous contraction semigroup:

(iv) y ci f}D(K(ξ)) so that K(ξ)eE (Y9X). We also assume the map
ξeE

to be norm continuous and bounded.
(v) There is an isometry S: Y-*X such that

SK(ξ)S-l=K(ξ) + B(ξ) B(ξ)εB(X)

and B( ) is strongly continuous.

Then they are two constants M and β such that for P-a.a. paths £ a unique
propagator

U ( ζ \ t 9 s ) = U ( t , s ) 0^5^ t

exists, with the properties:

(I) II U(t, s) || S 1, U(t, t) = I, U(t, s) = U(t, r)U(r, s).
(II) U(t,s)Y <= Y and || C7(ί,s)||r g Me"(i-s).

(III) ί/(ί,s) is jointly strongly continuous in (ί,s) both in X and Y.
(IV) For any ye Y and at each continuity point of the path £:

- ί/(ί, % = - K(ξ(t))U(t, s)y (^-strongly).

(V) For fixed 0 ̂  S < T, let

f o r S + t
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then we have the bound

II {t/(£| r,^-c/(^
~ s

for any yeY, in particular,

U(ζ\T9S) = s-lim !/(£(„)IΓ,S) = s-lim Jl
« -»• oo n-+co j = 0

(VI) ||{E/(έ|t,0)-/}j;||gM^f||ί:({(s))||yχί/S||y|
0

(VII) (/(£|ί,s)x(£) is strongly measurable for all strongly measurable X-valued
functions x(-).

The propositions (I)-(VI) are the results of Kato, thus we only give a

Proof of (VII). First we note that for any ye Y,

ds
so that by integration

[e-κ(& - e~KMt}y = - J e-K(ξ}(t~s}{K(ξ) - ,

and using the bound (II) for the path £(ί) = η9

\\0-K(ξ)t 0-K(η)t\\ ^ tMpβt II K(F\ K(n\ II\\e ™—e \\YX<iMe \\j^(ς) —J^(η)\\γχ,

so we obtain the bound

ΓT e-K(ξj)tj _ -ΓT e-K(ηj)tj [yί

7=1 7=1 J 1

II n k - 1 n
_ V ΓT e-K(ξj)tjfe-K(ξk)tk_e-K(ηk)tkϊ ΓT e-K(ηjf)tjty

^ Σ Me^+1'ik=l

where we have used (II) again. Thus by assumption (iv),

7=1

is jointly continuous mξl9ξ2,...9ξn, and so is Borel measurable. But since U(£ \ t, Q)y
is by (V) a norm limit of such expressions, it is also Borel measurable. Now any
strongly measurable ^-valued function x( ) on E is by definition and (ii) a norm limit
of Y- valued simple functions y( ) for which U(ζ\ t, 0)X^) is Borel measurable, so that
since the I7(£|t,0) all are contractions, C7(^|ί,0)x(^) is Borel as norm limit of Borel
functions. Finally since we assumed X to be separable, strong measurability follows.

Note that as a by-product
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is strongly measurable in (ξί9ξ29...9ξn)εEn for any strongly measurable X-valued
function x( ) on E. Π

Remarks. (1) Separability of X was only assumed to simplify measurability
questions. In the general case Petti's theorem should do the job.

(2) Condition (iii) is not so restrictive as we may think, for if K( ) is stable in the
sense of Kato [10], i.e.

II n n

:M0e
β0^

for some M0, /?0, we may first absorb β0 in K and then introduce a new but
equivalent norm on X:

\\x\\'= sup
n > 0 | | .7=1 ||

thus obtaining condition (iii).
Before ending this section we want to prove a Banach space version of the

Markov property which will be useful in the next section:

Lemma 2.1. Assume the map Ξ~>H(X)9 ζ\—*B(ζ)9

is such that:

(i) b = esssup\\B(ξ)\\<co

(ii) B(£)xls strongly FΓmeasurable for any xeX.

Then for any strongly Pt-measurable, Bochner integrable x( ):

Proof. Assume first x(ξ) =f(ζ)x with xeX and / a Pt measurable essentially
bounded function, then

B(ξ)x(ξ)=f(ξ)B(ξ)x

is strongly measurable, and since

£[ || B(ξ)x(ξ) || I ξ(ί)] ̂  II / II oo esssup || B(ξ) \\ \\ x \\ < oo,
~ ~ ~ ξeΞ

is also Bochner integrable. Then for any leX* a well known property of Bochner
integrals and the ordinary Markov property give

</,£[B(φc

Thus the desired identity holds in that case. But by definition of Bochner
integrability (see for example [6]) there is a sequence xn(-) of finite linear
combinations of such functions such that

lim xn(ξ) = x(ξ) P-a.s. and lim £[ || x(ξ) - xn(ξ) || ] = 0. (2.2)
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Then the simple estimates

|| E[_B(ξ)x(ξ)\ ξ(ί)] - ElB(ξ)xH(ξ)\ζ(t) ] || ̂  bE\_ \\ x(ξ) - xn(ξ) || |£(f)]

|| ElB(ξ)Elx(ξ) I |(ί)] I £(f )] - £[β(£)£[x )̂ | £(ί)] I £(ί)] II ̂ E[ I I *(£) - *„(£) I I I £(0],

combined with the triangle inequality give

E[ || £[β(|)x(ζ)||(ί)] - £[B(|)£[x(ξ)| ξ(ί)] l|«] II ] ̂  26£[ || x(ξ) - xn(ξ) \\ ],

which using (2.2) give the desired result as we let n -> oo . Π

3. The Mean Evolution

In this section we show that the mean solution to Eq. (1.5) is given by a contraction
semigroup on the Banach space

which is defined as the set of all X-valued strongly measurable functions on E being
norm square integrable,

The space Y is defined in the obvious analogous way. From assumption (ίi) it follows
that Y is densely and continuously embedded in X. In the following we will drop the
subscript X on the norm since no confusion can arise.

On X we define the operator family

= ElU(ξ\t,0)x(ξ(0))\ξ(t) = ξ].

This makes sense by (VII) and the bound:

g £[ || U(ξ I ί, 0)x(ξ(0)) || 2 1 ξ(t) = η-]dμ(η)

Thus Q is a contraction on X. In fact we now prove the

Lemma 3.1. Q* is a strongly continuous contraction semigroup on X.

Proof. We first show the semigroup property:

s) = ζ\

Now by (V), (VII), ί/(ξ|ί,0)x(ξ(0)) is strongly PΓmeasurable and for any
, U(ξ\t + s,i)x is strongly FΓmeasurable, so application of Lemma 2.1 gives:

^
(

By homogeneity and the fact that
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we obtain

(Qt+sx)(ξ) = ElU(^\s^){Qtx}(ξ(Q))\ξ(s) = ξ] = (β'β'xXf).

Now we prove strong continuity. Since Q* is a contraction, it suffices to prove it on a
total subset of X. We choose

x(ξ)=f(ξ)y with /eh and ye Y,

then

2 - t, 0)3>/(£(0)) - 3,/(£(ί)) | £(t) = ξ] \\ 2dμ(ξ)

J^
ξe£

where we have used the bound (VI). Since the last expression clearly converges to
zero as t J,0, the proof is complete. Π

To get a precise description of the generator of Q we will need two further
operators on X which we now define. By the remark in the proof of Lemma 2.1, the
operator

makes sense on X. That it is a contraction semigroup is clear. Strong continuity is an
easy consequence of the bounds used in the proof of Lemma 2. 1 and the dominated
convergence theorem. We denote by K the generator of this semigroup:

e ~ x μ-a.s..

Using the same technique, we can easily show Y c D(K) and

(Ky)(ξ) = K(ξ)y(ξ) for

Further since Y is invariant under the semigroup, it is a core of K.
The second operator we will need can be defined by

By the proof of Lemma 3.1 (with K(ξ) = Q), this is also a strongly continuous
contraction semigroup on X, the generator of which we call A. The dense set
D(A)® X (i.e. the set of finite linear combinations of terms of the ϊormf(ξ)x,feD(A)
and xeX) is invariant and thus a core of A. Clearly: (Axf)(ξ) = x(Af)(ξ) μ-a.e.

Remarks. (3) Let Pt(ξ\dή) = P[_ξ(0)edη\ξ(t) = ξ] be the transition kernel of the
process. Then

(4) D(A)® Y is dense in X and contained in Z)(A)n/)(K), so B0 = A + K is a
densely defined accretive operator on X.

We are now ready to characterise the generator of Q.
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Theorem 3.2. Let B0 = A + K on D(A)nD(K), and Qt = e~^, then B0 c B. In
particular z/Ran(B0 + λ) is dense in Xfor some λ > 0, then B0 = B.

Proof: We fix T > 0 and define ξ(n)(t) for 0 ̂  t ̂  T as in (V) (with S = 0). Pick xεX
and set

y(ξ)=U(ξ\t,0)x(ξ(Q)).

By (V), lim yn(ζ) = y(ζ) P-a.s., and since \\y(ξ)\\ and \\yn(ξ)\\ all are bounded by
n-»oo

||x(|)||, we have by the dominated convergence theorem:

But then, setting

II {β1 - &}χ I I 2 = ί II E[y@ - yJiQ\i(t) = ft II2<W£)

So we have shown

s-lim<2<=β'.

We now seek an explicit formula for Q'n:

(β f

Bχ)(ξ)=fiΓ"Π'

= (e~ ̂ tlne ~ Kt/n '-e~ Aί//"
i.e.

The result then follows by standard arguments on the Trotter product formula (see
for example Davies [7]). Π

Thus defining P: X -> X by Px = J x(ξ) dμ(^), we formulate our result as

for the solution x(t) to (1.5).

4. An Application to Quantum Mechanics

We now consider the quantum mechanical system with time dependent Hamilton
operator

H(ξ(t))=-Δ + V(ξ(t),x), (4.1)
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A being the ordinary Laplacian on H = L2(RV\ and K a measurable function on
E x Rv. Assuming for some a < 1 and a.a. ζeE,

eD(Δ}: \\V(ξ, )φ\\^a\\Δφ\\+b\\φ\\ h

formula (4.1) defines, via the Kato-Rellich theorem ([8]), a family of self-adjoint
operators with common domain D(H(ξ)) = D(Δ). Further assuming

the function V(ξ9 )(l - Δ)~l to the
/T>\

bounded operators on H to be norm continuous'

we fulfill condition (iv) with Y = D(Δ). Finally choosing S = 1 — A and requiring

1(1-4)-
(Q,

to be bounded and strongly continuous

we also assure condition (ι;). Thus the unitary propagator U(ξ\t,s) of the system
satisfies (I)-(VII). Let us denote by ^(£|f,s) the induced propagator of density
matrices, and by tfl+(ζ\t,s\ its dual which propagates bounded observables,

<U + (ζ\t9s)C=U*(ζ\t,s)CU(ζ\t9s).

We first prove an almost sure result on the propagation of compact observables:

Theorem 4.1. Let C be the space of compact operators on H, then the ergodic mean

exists P-a.s. in the uniform topology and is a continuous linear map from C to
L\Ξ,dP\C).

Proof. Using the density of finite rank operators in C, it is not hard to see that the
restriction o f W + ( ξ \ t , s) to compact operators is strongly continuous in s and ί, and
strongly measurable in £, so the ergodic mean

(4.2)

exists as a strong Riemann integral and is strongly measurable. Now set t = n + ε
with 0 ?g ε < 1. Then (4.2) can be written as

which as n -» oo is the same as

"

Using the time translation by one τ = τl this becomes
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n (4.3)

If we assume now C to be Hubert-Schmidt we are exactly in the situation of the
random ergodic theorem of [5] which assures the P-a.s. existence of the uniform
limit of (4.3) as n — * oo (we must first restrict C, because this theorem only works on
reflexive Banach spaces). But then using the density of Hubert-Schmidt operators in
C, it is easy to show that the limit exists for any compact operator. The asserted
linearity and continuity is also an easy matter. Π

To get more information about the ergodic mean C(Q we now proceed to apply
the result of Sect. 3 to ^(£|ί,0). Using the well known isomorphism between
Hubert-Schmidt operators and H ® H, we may identify density matrices (which are
trace class and hence Hubert-Schmidt) with elements of H(χ)H. Doing so, the
evolution equation for tfl(ξ \ ί, 0) becomes

~W(ξ\t,0)=-i{H(ξ(t))®I-I®H(ξ(t))}®(ξ\t,<)).

Thus setting K(ξ) = i{H(ξ) ® / - / ® H(ξ)} and formally B = K + A, we have

Let C be some positive Hubert-Schmidt operator and denote by <,> the inner
product of L2(E,dμ; H®H). Then

/ Γi ί Ί \
= tr E\ -\<%+(ξ\s,0)Cds \p . (4.4)

\ \_to ~ J /

Taking the ergodic mean of the last identity, we obtain

11
-
t

If we now make the crucial assumption,

(Σ): zero is not an eigenvalue of B,

(see the appendix for a simple criterion), we obtain as ί -> oo in (4.4), using the mean
ergodic theorem for contraction semigroups,

Since p is arbitrary and C positive we easily see that C(ξ) = 0 P-a.s., and since any
Hubert-Schmidt operator is a finite linear combination of positive operators of the
same class, the result extends to arbitrary Hubert-Schmidt's and by continuity to all
compact operators. Furthermore,

|}l/(!|s,0)*C*Cl/(£|s,0)ds
K o
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Upon setting Fc(ξ\t) =
i r I I
-f C/(£|s,0)*C*Cir(£|s,0)ds , we have proved the

-\U(ξ\5,0)*CU(ξIs,0)d5 - 0 P-a.s.
~

Theorem 4.2 Under assumptions (A), (B), (C) and

lim -j
f-»oo £ θ

for any compact operator C on H. In particular there is a function Fc(ξ\t) with

lim Fc(ξ\t) = 0 P-a.s.
ί-^oo ~

απrf

In the case of time independent potential, this RAGE theorem holds on the
continuous spectral subspace of the Hamiltonian (see e.g. [9]), so we would expect
our result to imply absence of bound states in some sense. However the lack of
energy conservation introduces new complications, for the energy can now grow
without bounds as ί->oo. As already remarked by Enss and Veselic [11], time
boundedness of energy is a very difficult question which, to our knowledge, has only
been answered in explicitly solvable cases (see [11] for further comments and
examples). No attempt will be made here to solve this problem.

A geometric characterisation of bound states was first proposed by Ruelle [12]
on the basis of ergodic theory for unitary groups (see also [13] for further
developments). It reads

HΛ£) = H, = {/eH| lim sup || F(|x| > Λ)l/(£|ί,0)/ 1| = 0}.
K->co ί^o

Further we may define a subspace of states having time bounded energy in a
completely analogous way:

m sup \\F(H0 > £)l/(£|f,0)/|| = 0}.
E^oo t^Q

These two subspaces are closed, as is

HP = H f enHb e,

which can also be characterised as the set of states with precompact trajectories

Hp = {/eH I {U(ζ I ί, O)/11 ̂  0} is compact in H}

(see [11] for an easy proof). We can now state the

Corollary 4.3. Under the assumptions of Theorem 4.2, Hp = {0}, i.e. they are no bound
states of bounded energy.

In particular

lim ~]\\F(\x\<R)U(^\t,Q)f\\2dt = 0 VfeHbe(ξ).
T->oo 1 0
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Proof. Let /eHfcnHbe. Then

, + 2\\F(\X\<R)F(H0>E)U(ξ\t,0)f\

+ 2\\F(\x\<R)F(H0<E)U(ξ\t,Q)f\\2}dt

^sup\\F(\X\>R)U(ξ\t,0)f\\2+2sup\\F(H0>E)U(ξ\t,Q)f\\2

r^O ί^o

+ 2 - f || F( I x i < R)F(H0 < E)U(ξ \ t, O)/ 1| 2dt.
- t o

First allowing T -> oo and using Theorem 4.4:

since F( \ x \ < R)F(H0 < E) is compact. Letting then R, E -» oo , we obtain/ = 0. The
last statement of the corollary is proven in the same way.

Remark (5). We worked in the continuum [Rv, but clearly all our results also hold on
the lattice Zv with a tight-binding Hamiltonian H(t) = - A + V(ξ(t\ x). Then the
energy is always bounded, so there are no bound states in this case,

H6={0}.

Finally let us make the further assumption:

[for some C, ε^O.

Then by Cook's method (see [9]) the wave operator

Ω(ξ) = s-limU(ζ\t,Q)*eiΔt

ί-» + 00

exists. The vectors in the range of Ω(ξ) are called scattering states, Hs = Ran Ω(ξ),
because they have an asymptotically free motion:

0eHs=> lim \\U(ζ\t,tyφ-e-iΔtψ\\=Q for some ψeH.
f-» + oo

It then clearly follows that Hs c Hbe. We have the following

Corollary 4.4. //v ̂  5, then Hs = Hbe.

Proof. Jafaev proved (see [17]):

but by Corollary 4.3 any /eHbe has the desired property. Π

Remarks. (6) In some cases it is possible to show the wave operator Ω to be unitary.
Then H = Hs = Hbe. This occurs for example:
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(i) for short range repulsive potential (see [18]),
(ii) in the weak coupling case (see [19]).

(7) More elaborated consequences of our formalism will be published in a
forthcoming paper.

Appendix: The Condition (Σ)

We begin with a simple

Lemma. Assume $4 to be m-sectorial (see [14~]} and ueD(έ%) with &u = Q. Then
and 3/u = tfu = 0.

Proof. Since ̂  is accretive the quadratic form

is closable with closure q. Restricting this form to D(A) ® H2(R2v) which is a core of
«s/, we obtain the form

q0(f) = Re(/, (^

since 3C is anti self-adjoint. But stf is m-sectorial, so it has the representation

<tf = <g(I + i@)<g with ^-^*^0 and ||D||<1,

Thus

Clearly q0 is also closable with closure

But since ̂  is self-adjoint the form qQ has no proper closed extension, i.e.

q = q<>.
So

»u = 0 => φ) = 0 => ίo(") = 0 => weD(^) and ^u - 0

=>ueD(j/) and ,δ/w = 0.

Now clearly (<9 - ^/)r^)nD(jΓ) - KrD(^)nD(jr), so letting veD(xt)nD(3ίΓ):

(tfv, u) = (&υ, u) - ($ίΌ, u) = (ϋ, 0$*u) - (v, j/*u) = 0,

so Jί^*w— — Jί^w = 0. Here we have used a well known fact about m-accretive
operators, namely: If G is m-accretive, uεD(G) and Gu = Q, then weD(G*) and
G*w = 0. The proof of the lemma is now complete. Π

Now by unicity of the invariant measure μ, the equation $4u = 0 has only
solutions of the type

u=\®C withCeHOH.

So we need only to consider the equation

O. (A.I)
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Looking at C as an operator on J ,̂ this is equivalent to

-j = Q for any £ ̂  o and

Then the spectral projections of the self-adjoint compact operator C*C all commute
with the unitaries e~iH(ξ]t. This means that for (μ-a.a.) ξ0eE, any such projection
(associated with a positive eigenvalue) can be written as

p=
where the/,, are normalised eigenfunctions of H(ξ0). The invariance condition (A.I)
now implies

with

To exclude such a possibility we now formulate two conditions on V:
(LB) Local boundedness: for fixed ξeE, there is a closed set Γ c #v of measure

zero so that RV\Γ is connected and so that V(ξ,.) is bounded on any
compact subset of RV\Γ.

(LI) Local irreducibility; there are two disjoint non-empty open sets 0 l 9

Θ2 c #v such that for almost all xe0 l 9

lV(ξ9x)-V(ξ9y) ]P(x9y) =

Q(x9 Jθ = {[Ho <8> / - / ® H0]P} (x, 3;).

is not μ-a.s. constant.
These two conditions will be very easy to verify in almost all applications.

Clearly (LI) implies:
P(x9y) = 0

So for any geJtf supported in 02

;

(Pg)(x)=

Grouping in this equation the eigenfunctions according to their eigenvalues we
obtain

By locality of the Schrodinger operator H(ξ0) this further implies

M

n = l

But since

det
1
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it follows /„(*) = 0 on 015 for n = 1,... ,M.
Now by (LB), the unique continuation theorem for Schrodinger operators (see

[15]) yields

(//ι>0) = 0 for any gE^F supported on
or

so that a new application of the unique continuation theorem gives /„ = 0, which
contradicts the hypothesis \\fn\\ = 1.

We have thus proven the

Lemma. Under the assumptions (A), (B), (C) and:
(i) A is m-sectorial,

(ii) (LB),
(iii) (LI),

the condition (Σ) is satisfied.
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