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Abstract. In this article we compute three corrected score statistic versions:
the Bartlett-type correction and the monotone corrected score statistics pro-
posed by Kakizawa [Biometrika 83 (1996) 923–927] and Cordeiro, Ferrari
and Cysneiros [J. Stat. Comput. Simul. 62 (1998) 123–136]. These corrected
statistics are used to test the null hypothesis concerning some parameter of
interest of an ARMA model, assumed to be Gaussian, stationary and invert-
ible. We also consider the situations where nuisance parameters are present.
The formulas are written in matrix form, appropriate for the use of symbolic
or numerical languages. Some simulation results are also presented for the
AR(1), MA(1) and ARMA(1,1) models.

1 Introduction

After the advances obtained in correcting the likelihood ratio statistic (LR) using
the Bartlett correction factor, Harris (1985) showed that a multiplicative transfor-
mation that corrects Rao’s score test statistic (which we will denote by S) does not
exist, but he obtained a transformation for the critical value from the reference dis-
tribution for a fixed nominal value that works [see also Lawley (1956)]. The same
conclusion was shown in Harris (1987), Cox (1988) and Barndorff-Nielsen (1990).
Proposals to solve the problem were suggested at about the same time by Chandra
and Mukerjee (1991) and Cordeiro and Ferrari (1991) for the case of indepen-
dent identically distributed (i.i.d.) random variables, and Taniguchi (1991) for the
case where the observation are not independent. Cordeiro and Ferrari (1991) have
shown the existence of a correction factor (called Bartlett-type correction factor)
such that the corrected statistic, SB , obtained through the multiplication of S by a
second degree polynomial in S, has a χ2

s distribution, up to order n−1 under the
null hypothesis.

Some important references about the corrections of the statistic S and its proper-
ties are given in Cribari-Neto and Cordeiro (1996). An extension of the correction
obtained by Cordeiro and Ferrari (1991) was given by Kakizawa (1997). The ana-
lytical disadvantage of this type of correction is that it is not monotone, that is, if S
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increases this does not imply that SB increases, and this has motivated works that
try to eliminate this unpleasant characteristic. Kakizawa (1996), assuming (under
the null hypothesis) that the distribution function of S has an asymptotic expan-
sion in terms of the chi-square distribution, found a monotone transformation that
has a chi-square distribution up to order n−k , k being the number of terms in the
expansion. He applied this technique to a special case of the Hotelling T 2 statis-
tic and through a simulation study concluded that the transformation works well.
In the same direction, Cordeiro, Ferrari and Cysneiros (1998) proposed another
monotone transformation. The three statistics are asymptotically equivalent to or-
der n−1, where n is the sample size.

In the same direction Fujikoshi (2000) proposed another monotone transforma-
tion such that the first two moments of the transformed statistic coincide with those
of a chi-square distribution with s degrees of freedom up to order O(n−1), different
in principle from the Bartlett correction, which requires only that the first moment
coincides with that of a chi-square distribution with s degrees of freedom up to
order O(n−1). He has shown through a simulation study that the transformation
performed better than the usual Bartlet correction.

Concerning the power of S, there are many studies since Rao (1973) that dealt
with the alternative LR and Wald (W ) statistics. In general terms, the power of
the statistic depends on the proposed model and the problem considered [Peers
(1971); Harris and Peers (1980)]. Numerical results via simulation were obtained
by Sutradhar and Bartlett (1993) and for a non-i.i.d. case the same results were
obtained by Taniguchi (1991).

On the other hand the different corrected score statistic entertained by Chandra
and Mukerjee (1991), Cordeiro and Ferrari (1991) and Taniguchi (1991) have a
null asymptotic distribution equal to a central chi-square distribution up to second
order, but not under the alternative hypothesis, specifically under a sequence of
Pitman alternatives Hn which converge to the null hypothesis at the rate n−1/2.
Rao and Mukerjee (1997), dealing with the case not necessarily i.i.d., defined a
larger class of statistics than that considered by Taniguchi (1991), and compared
the several Bartlett-type corrected score statistics with different power criteria. An
study of second-order power for the LR, W and S statistics considering the first-
order autorregressive and moving average models was developed in Lagos and
Morettin (2004).

In this paper we compute three corrected score statistics, proposed by Cordeiro
and Ferrari (1991), Kakizawa (1996) and Cordeiro, Ferrari and Cysneiros (1998),
including nuisance parameters. In Section 2 we give a matrix formula for the cal-
culations of the coefficients of the second-degree polynomial which defines the
correction factor for S and introduce the monotone corrected statistics suggested
by Kakizawa (1996) and Cordeiro, Ferrari and Cysneiros (1998). In Section 3 we
derive the results for the models AR(1), MA(1) and ARMA(1,1), assumed to be
Gaussian, with and without nuisance parameters. In Section 4 we present some
simulation results and conclude the work in Section 5.
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2 Bartlett-type factor in matrix form

Consider a time series {Yt , t = 0,±1, . . .} following a model of the ARMA (au-
toregressive moving average) family, namely,

(1 − φ1B − · · · − φpBp)Yt = (1 − θ1B − · · · − θqB
q)at , (2.1)

where BkYt = Yt−k and the at ’s are elements of a sequence of Gaussian non-
correlated random variables, with zero mean and variance σ 2 > 0. Moreover, the
polynomials in z ∈ C

φ(z) = 1 − φ1z − · · · − φpzp,

θ(z) = 1 − θ1z − · · · − θqz
q

have their (noncommon) roots outside the unit circle (|z| > 1). This means that we
have a stationary and invertible model [see Box, Jenkins and Reinsel (1994), for
details]. The general problem is to test hypotheses about the parameters of interest,
for example

H :β1 = β
(0)
1 vs A :β1 �= β

(0)
1 , (2.2)

where β1 = (β1, . . . , βs)
� is an s-dimensional vector of parameters of interest and

the remaining parameters β2 = (βs+1, . . . , βr)
� are considered fixed or nuisance

and β
(0)
1 is a specified vector. Here the vector β = (β1, . . . ,βr )

� include all the
parameters φi ’s, θi ’s and σ 2.

The total log-likelihood l(β) is given by

l(β) = −1

2
{n log(2π) + log(|�|) + Y��−1Y}, (2.3)

where Y = (Y1, . . . , Yn)
� and � depends on the vector β = (β1, . . . , βr)

�.
The partition of the vector of parameters induces the same partition in the
score vector U(β), the Fisher information matrix, K = K(β), its inverse K−1,
and the matrices A and M defined below. So we have U(β) = (U�

1 (β1,β2),

U�
2 (β1,β2))

�,

K =
(

K11 K12

K21 K22

)
, K−1 =

(
K11 K12

K21 K22

)
, A =

(
0 0
0 K−1

22

)
(2.4)

with M = K−1 − A, and K−1
22 is the asymptotic covariance matrix of β̃2 and we

suppose that the matrix K is positive definite. It follows that the score statistics S

is defined by

S = Ũ�
1 K̃11Ũ1, (2.5)

where K11 is the asymptotic covariance matrix of β̂1, obtained from (2.4), and the
notation ∼ is used to indicate functions evaluated at the maximum likelihood esti-
mates, under the null hypothesis, in this case, β̃ = (β

(0)�
1 , β̃

�
2 )�. For large samples
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and regularity conditions being satisfied, S has asymptotically a χ2
s distribution un-

der H . We use the following notation for the derivatives of the log-likelihood with
respect to the components of β ,

Ui1···id = ∂dl(β)

∂βi1 · · · ∂βid

, ij ∈ {1, . . . , r} and d ∈ {1, . . . ,4},

for the mixed cumulants of the log-likelihood κij = E(Uij ), κijk = E(Uijk),
κij,k = E(UijUk), κi,j,k = E(UiUjUk), κi,j,kr = E(UiUjUkr) and κi,j,k,r =
E(UiUjUkUr).

The expressions that determine the coefficients involved in the Edgeworth ex-
pansion of the null distribution of S, given by Harris (1985), and that define the
corrected statistic SB proposed by Cordeiro and Ferrari (1991), are given by

A1 = 3
∑ ′(κijk + 2κi,jk)(κrst + 2κrs,t )aij astmrk

− 6
∑ ′(κijk + 2κi,jk)κr,s,t aij akrmst

(2.6)
+ 6

∑ ′(κi,jk − κi,j,k)(κrst + 2κrs,t )ajsaktmir

− 6
∑ ′(κi,j,k,r + κi,j,kr )akrmij ,

A2 = −3
∑ ′κi,j,kκr,s,t akrmijmst + 6

∑ ′(κijk + 2κi,jk)κr,s,t aijmkrmst

(2.7)
− 6

∑ ′κi,j,kκr,s,t aktmirmjs + 3
∑ ′κi,j,k,rmijmkr

and

A3 = 3
∑ ′κi,j,kκr,s,tmijmkrmst + 2

∑ ′κi,j,kκr,s,tmirmjsmkt , (2.8)

where
∑′ denotes summation over suffices taking the range 1, . . . , r , aij ’s and

mij ’s are the (i, j) elements of the matrices A and M, respectively, given in (2.4).
In this way the corrected score statistics is determined by

SB = S{1 − (c + bS + aS2)}, (2.9)

where the factor that multiplies S is a Bartlett-type correction, as a function of the
statistic itself and of the coefficients a, b and c, which are of order n−1 and given
by

a = A3

12s(s + 2)(s + 4)
, b = A2 − 2A3

12s(s + 2)
, c = A1 − A2 + A3

12s
. (2.10)

The corrected statistic SB has the property that it is distributed according to a χ2
s

when terms of order less than n−1 are neglected. In the case that the computation
of the A’s involve unknown parameters, estimates are given by Ã = A(β̃), β̃ being
a consistent estimator for β , under H (e.g., the maximum likelihood estimator)
and this does not affect the order of approximation, O(n−3/2).
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However, the improved statistic SB is not always a monotone transformation. To
overcome this, Kakizawa (1996) suggested a monotone transformation involving
the score statistic and the coefficient a, b and c, given by

SK = SB + 1

4

{
c2S + 2bcS2 +

(
2ac + 4

3
b2

)
S3 + 3abS4 + 9

5
a2S5

}
. (2.11)

Cordeiro, Ferrari and Cysneiros (1998) proposed an alternative expression for
the improved score statistic which is a monotone transformation of S. It is ex-
pressed in terms of the normal distribution function 
(·), given by

SC =
√

π

3a
exp

(
b2

3a
− c

){



(√
6aS +

√
2

3a
b

)
− 


(√
2

3a
b

)}
(2.12)

if a > 0 and by

SC = 1

2b
exp(−c){1 − exp(−2bS)} (2.13)

if a = 0 and b �= 0 (a is always nonnegative). If a = b = 0, SB is a monotone
transformation of S and SC = SB .

The model ARMA(p, q) considered in (2.1) has a spectral density fβ(λ) given
by

fβ(λ) = σ 2

2π

|1 − ∑q
j=1 θj e

ijλ|2
|1 − ∑p

j=1 φjeijλ|2 , −π < λ < π;

see Brockwell and Davis (1991). Consider the following functions, needed for
computing the cumulants:

f
i1···id
β (λ) = ∂dfβ(λ)

∂βi1 · · · ∂βid

, hi1···id (λ) = f
i1···id
β (λ)f −1

β (λ),

Ui1···id (λ) = ∂d logfβ(λ)

∂βi1 · · · ∂βid

, ij ∈ {1, . . . , r} and d ∈ {1, . . . ,4},
hi,j (λ) = hi(λ)hj (λ), hi,jk(λ) = hi(λ)hjk(λ), etc.,

Ui,j (λ) = Ui (λ)Uj (λ), Ui,jk(λ) = Ui (λ)Ujk(λ), etc.

Consider also the integrals of the functions U (λ)’s and h(λ)’s given by

I· =
∫ π

−π
U·(λ) dλ = I(U·), I· =

∫ π

−π
h·(λ) dλ = I(h·).

To operate with the integrals I and I as functions of U ’s and h’s, respectively, we
shall use the notation

Ii,j = I(Ui,j ), Iij = I(Uij ), Ii,j,k = I(Ui,j,k),

Ii,jk = I(Ui,jk), Iijk = I(Uijk), etc.,
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Ii,j = I(hi,j ), Iij = I(hij ), Ii,j,k = I(hi,j,k),

Ii,jk = I(hi,jk), Ii,j,k = I(hi,j,k), etc.

The solution of the integrals I and I is carried out by tranforming the spectral
density of an ARMA(p, q) model, fβ(λ), as follows:

fτ (λ) = σ 2

2π

∏p
j=1 |1 − δj e

iλ|2∏q
j=1 |1 − ρjeiλ|2 , −π < λ < π,

where τ = (ρ1, . . . , ρp, δ1, . . . , δq, σ
2)� and the ρi ’s, δi’s denote the noncommon

roots of the characteristic polynomials φ(·) and θ(·) respectively, which may be
complex. We consider the case of real roots in what follows.

An approach exact for the geometry of AR(1) models were considered by van
Garderen (1999), suggesting how to compute the cumulants geometrically, which
in turn allows to compute the Bartlett correction factor exactly for AR(p) mod-
els.

To write the Bartlett-type correction factor in matrix form we proceed as in
Cordeiro and Ferrari (1991). First we simplify some terms involved in the co-
efficients A1 and A2 given in (2.6) and (2.7), respectively, using the cumulants
approximated in terms of the integrals I’s provided in Lagos and Morettin (2004).
The remaining elements are written using the “exact” cumulants κ’s (although in
the special models we use the approximations). For κijk + 2κi,jk , κi,jk − κi,j,k ,
κi,j,k,l − κi,j,kl , we have

κijk + 2κi,jk = δijk ≈ 1

4π
(Ii,jk − Ii,j,k − Ij,ik − Ik,ij ),

κi,jk − κi,j,k = ξijk ≈ 1

4π
(Ii,jk − 3Ii,j,k), (2.14)

κi,j,k,l + κi,j,kl = ωijkl ≈ 1

2π
(2Ii,j,k,l + Ii,j,kl).

With these coefficients we can write (2.6), (2.7) and (2.8) as follows: A1 = A11 +
A12 + A13 + A14, A2 = A21 + A22 + A23 + A24 and A3 = A31 + A32, where

A11 = 3
∑ ′δijkδkstaij astmkr , A12 = −6

∑ ′δijkκr,s,t aij akrmst ,

A13 = 6
∑ ′ξijkδrstajsaktmir , A14 = −6

∑ ′ωijkrakrmij ,

A21 = −3
∑ ′κi,j,kκr,s,t akrmijmst , A22 = 6

∑ ′δijkκr,s,t aijmkrmst , (2.15)

A23 = −6
∑ ′κi,j,kκr,s,t aktmirmjs, A24 = 3

∑ ′κi,j,k,rmijmkr ,

A31 = 3
∑ ′κi,j,kκr,s,tmijmkrmst , A32 = 2

∑ ′κi,j,kκr,s,tmirmjsmkt ,
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with
∑′ is given as in the expression (2.8). Now writing the following matrices:

N(r) = (κr,s,t ), K(ij)
1 = (κi,j,k,r ), �(k) = (δijk),

�
(i) = (δijk), �(k) = (ξijk), �(ij) = (ωijkr),

Tr11 = (
tr

(
A�(k)) tr

(
A�

(r)))
, Tr12 = (

tr
(
A�(k)) tr

(
MN(r))),

Tr13 = (
tr

(
A�(k)M�(t))), Tr14 = (

tr
(
A�(ij))),

Tr21 = (
tr

(
MN(k)) tr

(
MN(r))), Tr22 = (

tr
(
A�(k)) tr

(
MN(r))),

Tr23 = (
tr

(
MN(k)MN(t))), Tr24 = (

tr
(
MK(ij)

1

))
,

where tr(A) denotes the trace of A and the matrices �(k) and �
(i)

differ in the
fixed index. Then we can write the coefficients Aij ’s as follows:

A11 = 3 tr(MTr11), A12 = −6 tr(ATr12),

A13 = 6 tr(ATr13), A14 = −6 tr(MTr14),

A21 = −3 tr(ATr21), A22 = 6 tr(MTr22), A23 = −6 tr(ATr23),

A24 = 3 tr(MTr24), A31 = 3 tr(MTr21), A32 = 2 tr(MTr23).

Finally, for the coefficients A1, A2 and A3, we have

A1 = 3 tr(M[Tr11 − 2Tr14]) − 6 tr(A[Tr12 − Tr13]),
A2 = −3 tr(A{Tr21 + 2Tr23} − M{2Tr22 + Tr24}), (2.16)

A3 = tr(M{3Tr21 + 2Tr23}).
These coefficients are evaluated at the maximum likelihood estimates restricted to
the null hypothesis. Then, the coefficients given in (2.9) are computed in order to
obtain the corrected statistic SB given in (2.9).

Moreover, we use the rejection rate via simulation to compare the performances
of the three corrected score statistics, SB , SK , SC and its original form. We can
also compare the power functions of the tests, under a sequence of contiguous
alternatives.

3 Applications

In order to illustrate in detail the computation of the Bartlett-type correction factor
in matrix form, we consider an AR(1) model, given in (2.1) with p = 1 and q = 0.
The problem is to test H1 :φ = φ(0) against A :φ �= φ(0), when σ 2 is considered
as a nuisance parameter. Note that the vector of parameters in question is β =
(φ, σ 2)�, with |φ| < 1, β1 = φ and β2 = σ 2. To obtain the matrices in this special
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case the software MAPLE V [Abell and Braselton (1994)] was used. The matrices

reduce to

K =
⎛⎜⎝

1

1 − φ2 0

0
1

2σ 4

⎞⎟⎠ , K−1 =
(

1 − φ2 0
0 2σ 4

)
,

M =
(

1 − φ2 0
0 0

)
, A =

(
0 0
0 2σ 4

)
,

�(1) =

⎛⎜⎜⎝ − 4φ

(1 − φ2)2 − 1

σ 2(1 − φ2)

− 1

σ 2(1 − φ2)
0

⎞⎟⎟⎠ ,

�(2) =
⎛⎝− 1

σ 2(1 − φ2)
0

0 0

⎞⎠ ,

�(1) =

⎛⎜⎜⎝ − 8φ

(1 − φ2)2 − 3

σ 2(1 − φ2)

− 3

σ 2(1 − φ2)
0

⎞⎟⎟⎠ ,

�(2) =
⎛⎜⎝− 3

σ 2(1 − φ2)
0

0 − 2

σ 6

⎞⎟⎠ ,

�(11) =

⎛⎜⎜⎝
2(7 + 17φ2)

(1 − φ2)3

12φ

σ 2(1 − φ2)2

12φ

σ 2(1 − φ2)2

2

σ 4(1 − φ2)

⎞⎟⎟⎠ ,

�(12) =

⎛⎜⎜⎝
14φ

σ 2(1 − φ2)2

4

σ 2(1 − φ2)

4

σ 2(1 − φ2)
0

⎞⎟⎟⎠ = �(21),

�(22) =
⎛⎜⎝

4

σ 2(1 − φ2)
0

0
1

σ 8

⎞⎟⎠ , N(1) =

⎛⎜⎜⎝
6φ

(1 − φ2)2

2

σ 2(1 − φ2)

2

σ 2(1 − φ2)
0

⎞⎟⎟⎠ ,

N(2) =
⎛⎜⎝

2

σ 2(1 − φ2)
0

0
1

σ 6

⎞⎟⎠ .



442 B. M. Lagos, P. A. Morettin and L. P. Barroso

With these we get

Tr11 =
(

0 0
0 0

)
= Tr12 = Tr22,

Tr13 =
⎛⎝ 6

1 − φ2 0

0 0

⎞⎠ ,

Tr14 =
⎛⎜⎝

4

1 − φ2 0

0
2

σ 4

⎞⎟⎠ ,

Tr21 =

⎛⎜⎜⎝
36φ2

(1 − φ2)2

12φ

(1 − φ2)σ 2

12φ

(1 − φ2)σ 2

4

σ 4

⎞⎟⎟⎠ = Tr23 and

Tr24 =

⎛⎜⎜⎝
6(3 + 7φ2)

(1 − φ2)2

18φ

(1 − φ2)σ 2

18φ

(1 − φ2)σ 2

6

σ 4

⎞⎟⎟⎠ .

From these computed matrices we obtain the coefficients A1, A2 and A3 given
in the expressions (2.16), and the coefficients a, b and c given by the expres-
sions (2.10)

A1 = −24

n
, A2 = 18(11φ2 − 1)

n(1 − φ2)
and A3 = 180φ2

n(1 − φ2)

and

a = φ2

n(1 − φ2)
, b = − 1 + 9φ2

2n(1 − φ2)
, c = − 1

2n
.

Then, the corrected score statistic becomes

SB = S

{
1 − 1

n

(
−1

2
− 1 + 9φ2

2(1 − φ2)
S + φ2

1 − φ2 S2
)}

,

from which we notice that the correction does not depend of the nuisance param-
eter σ 2, evaluating SB , SK and SC for φ = φ(0).

A summary of the cases considered, for which the correction factor was cal-
culated is given in Table 1. The results for a moving average model of order 1,
MA(1), are the same as for the AR(1) case. The elements of the matrices become
complicated as the number of parameters increases. One example is the case of
an ARMA(1,1) model, where we want to test the hypothesis H :φ = φ(0) against
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Table 1 Bartlett-type correction factor

Parameter A’s Coefficients of the polynomial in S

Model Interest Nuisance A1 A2 A3 a b c

AR(1) φ or θ none 0 12φ
n

180φ2

n(1−φ2)

φ2

n(1−φ2)
−φ(φ2+30φ−1)

3n(1−φ2)

φ(φ2+15φ−1)

n(1−φ2)

σ 2 none 0 − 36σ 2

n
24σ 2

n
2σ 2

15n
− 7σ 2

3n
5σ 2

n

MA(1) φ or θ σ 2 − 24
n

18(11φ2−1)

n(1−φ2)

180φ2

n(1−φ2)

φ2

n(1−φ2)
− 1+9φ2

2n(1−φ2)
− 1

2n

σ 2 φ − 6
n

12
n

40
n

2
9n

− 17
9n

11
6n

A :φ �= φ(0), the vector of nuisance parameters being (θ, σ 2)�. We get for the co-
efficients A’s, a, b and c:

A1 = 24(φ2θ2 − 2 + 2φθ − φ2)

n(φθ − 1)2 ,

A2 = −18(1 + φ2 − 2φθ + 22φ3θ − 11φ2θ2 + φ4θ2 − 12φ4)

n(1 − φ2)(φθ − 1)2 ,

A3 = 180φ2(−2φθ + 2φ2 + θ2)

n(1 − φ2)(φθ − 1)2 ,

a = φ2(−2φθ + φ2 + θ2)

n(1 − φ2)(φθ − 1)2 ,

b = −1 + φ2 − 2φθ − 18φ3θ + 9φ2θ2 + φ4θ2 + 8φ4

2n(1 − φ2)(φθ − 1)2 ,

c = φ2θ2 + 2φ2 + 2φθ − 5

2n(φθ − 1)2 .

We observe that this correction also does not depend of the nuisance parameter σ 2,
a situation that was also noticed for the corrections for the likelihood ratio statistic
[Lagos and Morettin (2004)].

4 A simulation study

We first set down some formulas which are useful for the developments of the
simulations, having a completely specified model. In the simple AR(1) case the
formula for the S statistics is specified. For the other cases this is too complicated,
due to the difficulty in obtaining the score function and the Fisher information
matrix of the vector of parameters β in closed form.
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4.1 Autoregressive model of order one

Let us remember that the first-order autoregressive model, AR(1), is given by Yt −
φYt−1 = at , where |φ| < 1 and {at } is a sequence of normal random variables with
mean zero and variance σ 2 (>0). The log-likelihood is given by

l(φ, σ 2|Y) = −n

2
log 2πσ 2 + 1

2
log(1 − φ2)

(4.1)

− 1

2σ 2

[
(1 − φ2)Y 2

1 +
n∑

j=2

(Yj − φYj−1)
2

]
.

Notice that the vector of parameters is β = (φ, σ 2)�. We consider two tests,
H :φ = φ(0) against A :φ �= φ(0) with σ 2 as a nuisance parameter and H :σ 2 =
σ (0)2 against A :σ 2 �= σ (0)2 with φ as a nuisance parameter.

Considering the total score function U(β), partitioned in the same form as β ,
that is, U(φ,σ 2) = (U1(φ, σ 2),U2(φ, σ 2))�, taking the expected value of the
Hessian matrix of the l(φ, σ 2|Y), we derive the total Fisher information matrix
for β and its inverse,

K =

⎛⎜⎜⎝
1

1 − φ2

(
1 + φ2

1 − φ2 + n − 2
)

φ

σ 2(1 − φ2)

φ

σ 2(1 − φ2)

n

2σ 4

⎞⎟⎟⎠ ,

K−1 = 1

|K|

⎛⎜⎜⎝
n

2σ 4 − φ

σ 2(1 − φ2)

− φ

σ 2(1 − φ2)

1

1 − φ2

(
1 + φ2

1 − φ2 + n − 2
)

⎞⎟⎟⎠ ,

where the determinant of K is

|K| = n(1 + φ2)

2σ 4(1 − φ2)2 + n(n − 2)

2σ 4(1 − φ2)
− φ2

σ 4(1 − φ2)2 .

For the computation of the score statistic S in (2.5) we need the matrices K11, if
the interest is the parameter φ, evaluated at β̃ = (φ(0), σ̃ 2) and K22, if the interest
is the parameter σ 2, evaluated at β̃ = (φ̃, σ (0)2), resulting in

K11 = − n(1 − φ2)2

n − n2 + 2φ2 − 3nφ2 + n2φ2 and

K22 = 2σ 4(1 − 3φ2 − n + nφ2)

n − n2 + 2φ2 − 3nφ2 + n2φ2 .

We also observe that if the sample size is small or moderate the term 1
2σ 2 (1−φ2)y2

1
in the log-likelihood (4.1) cannot be neglected, as is the case when the sample size
is large, a fact that is assumed often in the literature.
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The score functions are

U1 = U1(φ, σ 2) = − φ

1 − φ2 + φ

σ 2 y2
1 + 1

σ 2

n∑
j=2

yj−1(yj − φyj−1),

U2 = U2(φ, σ 2) = − n

2σ 2 + 1 − φ2

2σ 4 y2
1 + 1

2σ 4

n∑
j=2

(yj − φyj−1)
2.

Therefore, if the interest is to test H1 :φ = φ(0), the score statistic S given by (2.5)
results

S = (φ(0)σ̃ 2 − φ(0)y2
1 + φ(0)3y2

1 − K1 + K1φ(0)2)2n

(−n2 − 3nφ(0)2 + n + 2φ(0)2 + n2φ(0)2)σ̃ 4 ,

with K1 =
n∑

j=2

yj−1
(
yj − φ(0)yj−1

)
.

If the interest is to test H2 :σ 2 = σ (0)2,

S = (nσ (0)2 − y2
1 + y2

1 φ̃2 − K2)2(1 − 3φ̃2 − n + nφ̃2)

2σ (0)4(n − 3nφ̃2 − n2 + n2φ̃2 + 2φ̃2)
,

with K2 =
n∑

j=2

(yj − φ̃yj−1)
2.

The numerical results are shown in the Tables 2, 3 and 4 for some fixed parame-
ters.

4.2 Moving average model of order one

For the model MA(1), Yt = at − θat−1, where |θ | < 1 and {at } is a sequence
of independent normal random variables, with mean zero and variance σ 2 >

0, the log-likelihood function is given in (2.3), where V = V (β) is a matrix
such that � = σ 2V. The procedure used to write l(β) in a convenient way
for the maximization procedure is the prediction error decomposition form,
given in Brockwell and Davis (1991). The matrix of autocovariances � of
the vector Y following a MA(1) model is a definite positive matrix (Toeplitz
type), given by � = σ 2V where V = (vij )

n
i,j=1 with vii = 1 + θ2, vij = −θ ,

for |i − j | = 1 and vij = 0, for |i − j | > 1, for i, j = 1, . . . , n, and �−1 =
σ−2V−1, where V−1 has a typical element computed from Galbraith and Gal-
braith (1974).

We consider two tests, H : θ = θ(0) against A : θ �= θ(0) with σ 2 as a nuisance
parameter and H :σ 2 = σ (0)2 against A :σ 2 �= σ (0)2 with θ as a nuisance parame-
ter.
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Table 2 Estimated rejection rates for S, SB , SK , SC , AR(1) model, φ is the interest, σ 2 = 1 is the
nuisance

n = 20 n = 30 n = 40 n = 50

φ(0) α → 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1%

−0.9 S 6.44 4.70 3.46 2.39 6.61 4.82 3.63 2.27 6.94 4.77 3.45 2.30 6.85 4.67 3.34 2.21
SB 8.79 6.25 4.62 2.67 8.44 5.48 3.43 0.00 8.41 5.17 3.07 0.00 8.24 4.66 2.52 0.00
SK 14.02 10.30 9.07 7.55 12.58 9.38 7.61 5.87 11.96 8.45 6.94 3.11 11.40 7.76 6.11 2.45
SC 18.45 13.05 10.72 9.58 15.19 10.60 8.95 7.21 13.57 9.34 7.71 5.51 12.51 8.39 6.62 0.00

−0.6 S 6.57 3.74 2.25 1.25 7.54 4.04 2.41 1.33 7.89 3.82 2.27 1.20 8.65 4.17 2.50 1.40
SB 9.25 4.73 2.42 0.00 9.56 4.54 2.50 0.00 9.65 4.46 2.15 0.00 10.01 5.00 2.41 0.00
SK 10.05 5.64 3.51 0.61 10.20 5.16 3.27 0.51 10.09 4.93 2.68 0.98 10.30 5.39 2.87 1.15
SC 10.27 5.81 3.66 1.21 10.31 5.24 3.31 1.16 10.15 5.06 2.70 1.06 10.36 5.46 2.87 1.23

−0.3 S 8.14 3.58 1.76 0.76 8.71 3.76 1.82 0.74 9.15 4.44 2.02 0.84 8.63 4.33 2.09 0.80
SB 9.90 5.10 2.48 1.19 9.97 4.69 2.41 1.00 10.09 5.23 2.58 1.06 9.40 4.78 2.41 0.95
SK 10.00 5.12 2.55 1.19 9.99 4.71 2.43 1.00 10.11 5.24 2.60 1.06 9.41 4.78 2.41 0.95
SC 10.08 5.17 2.61 1.21 10.05 4.76 2.47 1.01 10.11 5.24 2.62 1.06 9.42 4.81 2.41 0.95

0.0 S 8.22 3.56 1.39 0.39 8.93 4.19 2.07 0.81 9.13 4.34 1.90 0.70 9.28 4.39 2.02 0.74
SB 9.65 4.81 2.28 0.88 10.04 5.02 2.69 1.16 9.90 5.09 2.57 0.96 9.86 4.88 2.51 0.97
SK 9.70 4.84 2.31 0.92 10.04 5.04 2.70 1.18 9.91 5.10 2.58 0.97 9.87 4.89 2.51 0.97
SC 9.76 4.88 2.36 0.95 10.05 5.07 2.73 1.22 9.92 5.11 2.59 0.99 9.88 4.90 2.53 0.98

0.3 S 8.32 3.72 1.70 0.57 8.91 4.00 1.95 0.82 9.08 4.50 2.08 0.79 9.23 4.31 1.98 0.76
SB 10.29 5.14 2.54 1.04 10.29 5.20 2.56 1.14 10.17 5.28 2.54 1.01 9.92 4.99 2.34 0.85
SK 10.35 5.16 2.57 1.05 10.30 5.23 2.58 1.15 10.19 5.32 2.55 1.02 9.93 4.99 2.35 0.86
SC 10.46 5.25 2.59 1.08 10.36 5.25 2.60 1.18 10.21 5.33 2.55 1.03 9.93 4.99 2.35 0.86

0.6 S 7.01 3.65 2.29 1.28 7.77 3.99 2.28 1.27 7.93 3.84 2.11 1.11 8.62 4.24 2.45 1.26
SB 9.85 5.04 2.46 0.00 9.55 4.91 2.40 0.00 9.72 4.66 2.11 0.00 10.31 4.85 2.38 0.00
SK 10.70 5.95 3.40 0.61 10.01 5.44 3.09 0.41 10.08 5.03 2.61 0.81 10.60 5.16 2.77 1.04
SC 10.92 6.17 3.54 1.21 10.18 5.48 3.12 1.09 10.18 5.15 2.69 1.01 10.63 5.16 2.77 1.13

0.9 S 6.61 4.75 3.53 2.43 6.48 4.63 3.36 2.23 6.62 4.82 3.42 2.38 6.98 4.70 3.53 2.50
SB 9.14 6.52 4.82 2.81 8.38 5.51 3.56 0.00 8.11 4.73 2.80 0.00 8.44 4.81 2.30 0.00
SK 14.43 10.69 9.34 7.74 12.31 9.18 7.55 5.79 11.74 8.16 6.57 3.13 11.88 8.16 6.10 2.63
SC 18.43 13.33 11.07 9.79 14.41 10.36 8.75 7.20 12.99 9.02 7.35 5.45 13.10 8.89 6.69 0.00

To write an appropriate expression for the score statistic, the score vector and
the Fisher information matrix are written in matrix form. For the first derivative
of the autocovariance matrix with respect to θ , �θ , we have �θ = σ 2Vθ where
Vθ is the derivative of V with respect to θ and the first derivative with respect
to σ 2 is �σ 2 = V. With the purpose of simplifying the calculations, we define
�θ = �θ�

−1 and Vθ = VθV−1. The score vector has elements

U1(θ, σ 2) = 1

2

[
1

σ 2 Y�V−1VθY − tr(Vθ )

]
and

U2(θ, σ 2) = 1

2

[
1

σ 4 Y�V−1Y − n

σ 2

]
.
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Table 3 Estimated rejection rates for S, SB , SK , SC , AR(1) model, σ 2 = 1 is the interest, φ is the
nuisance

n = 20 n = 30 n = 40 n = 50

φ α → 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1%

−0.9 S 9.25 4.36 2.39 1.16 9.94 4.72 2.40 1.20 9.43 4.67 2.34 1.13 10.06 4.74 2.46 1.14
SB 10.43 5.12 2.72 1.02 10.78 5.47 2.83 1.27 10.15 5.16 2.67 1.12 10.58 5.20 2.69 1.21
SK 10.61 5.32 2.96 1.36 10.84 5.56 2.89 1.34 10.19 5.20 2.74 1.18 10.60 5.21 2.70 1.22
SC 10.65 5.39 2.99 1.36 10.84 5.59 2.89 1.35 10.20 5.20 2.74 1.18 10.60 5.21 2.70 1.23

−0.6 S 8.20 3.51 1.63 0.85 8.80 4.19 2.06 0.99 9.01 4.54 2.35 1.24 9.63 4.68 2.46 1.14
SB 9.26 4.47 2.05 0.78 9.62 4.82 2.38 0.99 9.55 4.97 2.64 1.25 10.14 5.13 2.76 1.17
SK 9.38 4.64 2.21 0.96 9.72 4.89 2.48 1.11 9.61 5.02 2.69 1.30 10.15 5.14 2.77 1.20
SC 9.50 4.68 2.23 0.97 9.73 4.91 2.49 1.11 9.62 5.03 2.71 1.30 10.16 5.14 2.77 1.20

−0.3 S 8.05 3.57 1.76 0.85 8.46 4.02 2.05 0.97 9.17 4.25 1.93 0.88 9.25 4.43 2.23 0.99
SB 9.21 4.41 2.29 0.86 9.25 4.61 2.31 0.97 9.80 4.75 2.37 0.92 9.88 4.88 2.53 1.05
SK 9.34 4.55 2.42 1.07 9.30 4.66 2.36 1.07 9.81 4.77 2.40 0.97 9.89 4.91 2.55 1.08
SC 9.39 4.58 2.46 1.09 9.33 4.66 2.36 1.07 9.85 4.79 2.41 0.97 9.93 4.93 2.55 1.08

0.0 S 8.84 3.98 1.91 1.01 8.72 4.06 2.06 1.04 9.20 4.43 2.49 1.19 9.78 4.72 2.38 1.02
SB 9.95 4.92 2.40 0.95 9.47 4.62 2.36 1.07 9.88 5.01 2.69 1.27 10.29 5.27 2.66 1.08
SK 10.07 5.07 2.54 1.13 9.53 4.69 2.43 1.18 9.88 5.04 2.72 1.33 10.30 5.30 2.68 1.10
SC 10.12 5.08 2.56 1.15 9.55 4.73 2.44 1.18 9.89 5.06 2.72 1.33 10.30 5.30 2.68 1.10

0.3 S 8.51 4.18 2.13 1.09 8.72 4.09 1.93 0.99 9.60 4.48 2.03 0.98 9.51 4.57 2.15 0.95
SB 9.75 4.94 2.44 1.00 9.55 4.64 2.26 0.92 10.29 5.00 2.36 0.98 9.89 5.13 2.43 1.01
SK 9.94 5.17 2.69 1.32 9.68 4.77 2.37 1.08 10.33 5.06 2.41 1.05 9.89 5.14 2.44 1.03
SC 9.99 5.21 2.71 1.33 9.68 4.79 2.37 1.09 10.35 5.08 2.41 1.05 9.89 5.14 2.44 1.03

0.6 S 8.43 3.85 1.91 0.89 8.27 3.81 1.86 0.78 9.24 4.38 2.21 1.01 9.52 4.66 2.17 0.91
SB 9.76 4.87 2.28 0.83 9.02 4.55 2.17 0.83 9.73 4.93 2.51 1.02 10.12 5.16 2.50 0.97
SK 9.91 5.03 2.50 1.10 9.10 4.60 2.23 0.93 9.76 5.00 2.57 1.08 10.13 5.17 2.50 0.98
SC 9.94 5.07 2.53 1.13 9.12 4.62 2.23 0.94 9.77 5.01 2.58 1.09 10.15 5.18 2.51 0.98

0.9 S 9.11 4.30 2.18 1.22 9.27 4.12 2.02 0.91 9.72 4.87 2.25 1.03 9.76 4.63 2.46 1.11
SB 10.16 5.10 2.46 1.04 10.23 4.93 2.39 0.87 10.34 5.43 2.73 1.05 10.17 5.07 2.71 1.11
SK 10.40 5.36 2.74 1.45 10.23 5.03 2.50 0.99 10.40 5.48 2.80 1.11 10.23 5.09 2.74 1.15
SC 10.44 5.38 2.76 1.47 10.24 5.04 2.51 0.99 10.40 5.51 2.80 1.11 10.23 5.09 2.75 1.15

The Fisher information matrix is given by

K = 1

2

⎛⎜⎜⎝ tr(�θ�θ )
tr(Vθ )

σ 2

tr(Vθ )

σ 2

n

σ 4

⎞⎟⎟⎠ ,

and its inverse is

K−1 = 1

|K|

⎛⎜⎜⎝
n

2σ 4 − tr(Vθ )

2σ 2

− tr(Vθ )

2σ 2 tr(�θ�θ )

⎞⎟⎟⎠ , with |K| = n tr(�θ�θ ) − (tr(Vθ ))
2

4σ 4 .
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Table 4 Estimated power (%) for S, SB , SK and SC , AR(1) model, φ(0) = −0.3 is the interest,
σ 2 = 1 fixed

φ(1) φ(1)

n −0.9 −0.6 0.0 0.3 0.6 0.9 −0.9 −0.6 0.0 0.3 0.6 0.9

20 α = 10% α = 5%
S 93.19 45.76 24.48 70.44 95.43 99.73 90.49 35.53 10.64 50.60 89.26 99.26
SB 57.16 48.12 29.26 74.69 96.26 99.79 53.05 38.84 15.59 59.20 92.26 99.52
SK 93.94 48.48 29.38 74.80 96.40 99.79 91.68 39.28 15.73 59.45 92.38 99.52
SC 93.96 48.52 29.50 74.96 96.43 99.80 91.71 39.44 15.92 59.71 92.51 99.52

α = 2.5% α = 1%
S 87.31 27.17 3.56 28.98 77.54 97.73 83.01 18.37 0.45 8.66 50.95 91.90
SB 48.29 31.08 6.62 40.50 84.97 98.74 41.34 22.04 1.54 17.81 66.46 95.81
SK 89.08 31.54 6.76 40.86 85.14 98.77 85.45 22.78 1.61 18.14 67.01 95.81
SC 89.14 31.71 6.94 41.37 85.33 98.80 85.56 22.92 1.64 18.60 67.61 95.98

30 α = 10% α = 5%
S 98.19 59.14 37.79 89.19 99.61 99.98 97.11 49.49 22.34 78.07 98.66 99.96
SB 36.61 60.64 41.06 90.44 99.66 99.99 34.25 51.51 26.44 81.77 99.06 99.96
SK 98.41 61.21 41.15 90.46 99.66 99.99 97.44 52.24 26.51 81.85 99.06 99.96
SC 98.41 61.24 41.19 90.49 99.66 99.99 97.46 52.37 26.58 81.88 99.06 99.96

α = 2.5% α = 1%
S 95.94 40.09 10.82 62.45 96.63 99.94 94.11 30.43 2.99 38.88 90.68 99.77
SB 31.80 42.76 14.81 69.15 97.49 99.96 27.93 32.82 4.98 47.40 93.48 99.84
SK 96.38 43.66 14.89 69.29 97.51 99.96 94.90 33.89 5.03 47.66 93.54 99.84
SC 96.40 43.73 14.94 69.44 97.52 99.96 94.90 34.04 5.10 47.94 93.62 99.84

40 α = 10% α = 5%
S 99.47 69.78 50.25 96.23 99.90 100.00 99.21 60.87 33.02 91.71 99.84 100.00
SB 22.47 69.82 52.69 96.66 99.95 100.00 21.13 61.43 36.46 92.93 99.86 100.00
SK 99.53 71.01 52.70 96.68 99.95 100.00 99.25 62.81 36.51 92.94 99.86 100.00
SC 99.53 71.01 52.75 96.69 99.95 100.00 99.25 62.81 36.60 92.95 99.86 100.00

α = 2.5% α = 1%
S 98.83 52.47 19.05 83.48 99.63 100.00 98.19 41.71 7.60 66.98 98.74 99.99
SB 19.78 53.21 22.95 86.39 99.68 100.00 17.51 42.83 9.88 72.26 99.03 99.99
SK 98.98 54.81 23.05 86.47 99.68 100.00 98.43 44.67 9.95 72.33 99.05 99.99
SC 98.98 54.84 23.09 86.52 99.68 100.00 98.43 44.74 10.00 72.39 99.05 99.99

Considering the parameter θ of interest and the nuisance parameter σ 2, the block
of matrix K−1 to be used is K11 which does not depend of σ 2, which facilitates
the calculations and if the parameter of interest is σ 2 the block is K22. These are
given by

K11 = 2n

n tr(�θ�θ ) − (tr(Vθ ))2
and K22 = 2σ 4 tr(�θ�θ )

n tr(�θ�θ ) − (tr(Vθ ))2
,

respectively.
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Table 5 Estimated rejection rates for S, SB , SK , SC , MA(1) model, θ is the interest, σ 2 = 1 is the
nuisance

n = 20 n = 30 n = 40 n = 50

θ(0) α → 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1%

−0.9 S 6.64 4.60 3.43 2.51 6.73 4.97 3.82 2.76 6.57 4.82 3.43 2.53 6.41 4.62 3.37 2.24
SB 8.09 5.99 4.73 2.79 6.83 4.95 3.37 0.00 7.12 4.78 2.70 0.00 6.61 4.14 2.13 0.00
SK 12.48 10.20 8.95 7.69 10.81 8.75 7.77 6.01 10.33 8.18 6.55 3.08 9.75 7.28 5.80 2.51
SC 15.24 11.84 10.59 9.32 12.01 9.68 8.51 7.39 11.21 8.84 7.35 5.36 10.63 7.79 6.16 0.00

−0.6 S 6.54 3.67 2.48 1.52 7.45 4.01 2.57 1.53 7.72 4.03 2.29 1.33 8.18 4.31 2.48 1.39
SB 8.80 4.51 2.21 0.00 9.31 4.56 2.33 0.00 9.35 4.62 2.26 0.00 9.28 4.87 2.42 0.00
SK 9.74 5.52 3.44 0.76 10.00 5.31 3.18 0.60 9.75 5.10 2.78 0.93 9.60 5.24 2.87 1.22
SC 10.01 5.72 3.52 1.46 10.17 5.43 3.22 1.33 9.87 5.16 2.83 1.13 9.67 5.29 2.89 1.31

−0.3 S 7.79 3.65 1.79 0.74 9.08 4.09 1.98 0.72 8.91 4.32 1.97 0.73 9.25 4.41 2.04 0.92
SB 9.62 5.00 2.58 1.18 10.51 5.19 2.49 0.97 9.92 5.08 2.51 0.99 9.97 5.00 2.47 1.09
SK 9.69 5.05 2.59 1.22 10.55 5.21 2.53 0.97 9.92 5.08 2.51 0.99 9.97 5.03 2.47 1.10
SC 9.78 5.11 2.60 1.24 10.59 5.21 2.53 0.98 9.96 5.09 2.55 0.99 9.97 5.03 2.47 1.10

0.0 S 8.57 3.65 1.60 0.36 8.95 3.99 1.74 0.52 8.88 4.36 1.98 0.77 9.71 4.76 2.37 0.80
SB 10.13 4.94 2.37 0.97 9.87 4.77 2.44 0.90 9.92 4.94 2.53 1.01 10.38 5.25 2.84 1.06
SK 10.16 4.95 2.40 0.99 9.88 4.79 2.45 0.94 9.95 4.94 2.54 1.02 10.38 5.27 2.85 1.07
SC 10.21 4.96 2.44 1.00 9.90 4.80 2.45 0.94 9.95 4.95 2.55 1.02 10.40 5.28 2.85 1.08

0.3 S 7.89 3.63 1.65 0.73 8.77 4.32 1.91 0.82 8.83 4.31 2.04 0.85 9.30 4.39 1.96 0.80
SB 9.95 5.05 2.60 1.09 10.07 5.34 2.70 1.06 9.94 4.91 2.52 1.07 10.06 4.97 2.43 0.97
SK 10.02 5.07 2.64 1.12 10.09 5.38 2.72 1.06 9.96 4.91 2.53 1.08 10.07 5.00 2.43 0.97
SC 10.09 5.13 2.68 1.14 10.11 5.40 2.73 1.07 9.97 4.95 2.55 1.08 10.09 5.00 2.43 0.97

0.6 S 6.47 3.85 2.50 1.39 7.60 4.09 2.62 1.53 8.03 3.89 2.30 1.14 8.22 4.12 2.43 1.17
SB 8.79 4.55 2.57 0.00 9.46 4.82 2.28 0.00 9.63 4.94 2.31 0.00 9.65 4.77 2.47 0.00
SK 9.66 5.49 3.65 0.71 10.14 5.57 3.24 0.59 10.05 5.29 2.73 0.80 9.87 5.04 2.78 0.90
SC 9.84 5.64 3.76 1.32 10.24 5.66 3.30 1.29 10.13 5.33 2.73 0.93 9.91 5.06 2.78 0.99

0.9 S 6.63 4.73 3.58 2.62 6.75 5.00 3.84 2.74 6.85 4.84 3.63 2.41 6.97 4.93 3.67 2.59
SB 8.00 6.05 4.50 2.71 7.31 5.13 3.29 0.00 6.95 4.63 2.79 0.00 6.98 4.54 2.16 0.00
SK 12.30 10.35 9.08 7.73 11.11 9.15 7.68 5.96 10.22 8.22 6.80 3.29 10.47 7.99 6.13 2.92
SC 15.63 11.75 10.64 9.55 12.44 10.07 8.80 7.32 11.09 8.77 7.41 5.47 11.28 8.27 6.66 0.00

For MA(1) model, the numerical results are shown in the Tables 5, 6 and 7 for
some fixed parameters.

4.3 Autoregressive moving average model of order (1,1)

For the ARMA(1,1) model in (2.1), V = (1 − φ2)−1G, where

G =

⎛⎜⎜⎜⎜⎜⎝
1 − 2φθ + θ2 (1 − φθ)(φ − θ) (1 − φθ)(φ − θ)φ . . . (1 − φθ)(φ − θ)φn−2

(1 − φθ)(φ − θ) 1 − 2φθ + θ2 (1 − φθ)(φ − θ) . . . (1 − φθ)(φ − θ)φn−3

(1 − φθ)(φ − θ)φ (1 − φθ)(φ − θ) 1 − 2φθ + θ2 . . . (1 − φθ)(φ − θ)φn−4

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

(1 − φθ)(φ − θ) (1 − φθ)(φ − θ) (1 − φθ)(φ − θ) . . . 1 − 2φθ + θ2

×φn−2 ×φn−3 ×φn−4

⎞⎟⎟⎟⎟⎟⎠. (4.2)
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Table 6 Estimated rejection rates for S, SB , SK , SC , MA(1) model, σ 2 = 1 is the interest, θ is the nuisance

n = 20 n = 30 n = 40 n = 50

θ α → 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1%

−0.9 S 57.85 55.85 54.68 54.06 51.08 48.40 47.24 46.47 45.17 42.07 40.79 40.00 38.70 35.47 34.17 33.08
SB 5.35 3.12 1.97 0.96 5.87 3.11 1.77 0.72 6.40 3.30 1.82 0.82 6.82 3.41 2.02 0.81
SK 58.43 56.27 55.14 54.15 51.62 48.87 47.54 46.54 45.58 42.48 41.00 40.02 39.11 35.72 34.32 33.11
SC 58.47 56.30 55.14 54.16 51.63 48.87 47.55 46.55 45.58 42.50 41.00 40.02 39.11 35.72 34.32 33.11

−0.6 S 21.81 18.10 16.45 15.50 15.39 10.64 8.51 7.52 11.94 7.34 5.35 4.28 10.10 5.35 3.23 2.17
SB 8.33 4.29 2.20 0.72 9.42 4.57 2.16 0.86 9.26 4.54 2.26 0.97 9.35 4.30 2.14 0.82
SK 23.09 19.11 17.06 15.62 16.17 11.33 8.91 7.63 12.58 7.88 5.61 4.33 10.74 5.71 3.54 2.22
SC 23.12 19.17 17.12 15.63 16.19 11.35 8.91 7.64 12.58 7.91 5.61 4.33 10.75 5.72 3.54 2.22

−0.3 S 12.25 7.61 5.96 5.01 9.74 5.07 2.79 1.72 9.51 4.51 2.36 1.20 9.37 4.51 2.45 1.20
SB 9.57 4.63 2.45 1.03 9.77 4.91 2.39 0.96 9.84 4.67 2.32 1.01 9.83 4.91 2.57 1.14
SK 13.61 8.69 6.53 5.23 10.63 5.77 3.27 1.86 10.17 5.01 2.64 1.34 9.94 5.03 2.69 1.27
SC 13.68 8.73 6.56 5.23 10.66 5.78 3.28 1.87 10.19 5.02 2.66 1.34 9.95 5.06 2.69 1.27

0.0 S 10.16 5.26 3.43 2.35 9.13 4.48 2.42 1.26 9.20 4.34 2.26 0.92 9.32 4.20 2.04 0.83
SB 9.92 4.81 2.26 0.87 9.79 4.97 2.70 1.03 9.68 4.75 2.48 0.86 9.77 4.73 2.27 0.82
SK 11.53 6.43 3.92 2.55 10.07 5.27 3.01 1.35 9.76 4.82 2.55 0.94 9.80 4.77 2.31 0.86
SC 11.61 6.47 3.94 2.56 10.11 5.31 3.02 1.35 9.77 4.85 2.56 0.94 9.80 4.77 2.31 0.87

0.3 S 11.09 7.16 5.48 4.70 10.06 5.20 2.93 1.77 9.22 4.38 2.34 1.08 9.77 4.62 2.31 1.06
SB 8.51 4.08 2.07 0.83 9.87 5.03 2.37 0.89 9.86 4.60 2.43 0.86 10.28 4.99 2.49 1.01
SK 12.49 8.03 6.08 4.88 10.83 6.03 3.34 1.86 10.11 4.85 2.69 1.15 10.36 5.09 2.59 1.09
SC 12.57 8.04 6.14 4.90 10.85 6.05 3.35 1.87 10.13 4.89 2.69 1.17 10.38 5.10 2.59 1.09

0.6 S 22.55 18.63 16.96 16.17 15.20 10.59 8.53 7.40 12.12 7.55 5.42 4.31 10.37 5.58 3.43 2.33
SB 8.59 4.22 2.24 1.05 9.49 4.67 2.40 0.98 9.32 4.77 2.33 0.88 9.27 4.41 2.12 0.78
SK 23.78 19.43 17.48 16.40 16.10 11.25 9.00 7.60 12.76 8.25 5.79 4.38 10.83 5.98 3.68 2.36
SC 23.81 19.47 17.49 16.40 16.11 11.28 9.03 7.61 12.76 8.28 5.80 4.39 10.83 5.99 3.68 2.36

0.9 S 58.57 56.29 55.16 54.51 50.99 48.27 47.07 46.50 45.18 42.16 40.39 39.58 39.55 36.15 34.40 33.63
SB 5.62 3.14 1.70 0.82 5.84 3.01 1.51 0.81 6.79 3.77 1.85 0.87 6.92 3.36 1.55 0.61
SK 59.32 56.85 55.45 54.59 51.58 48.74 47.25 46.55 45.57 42.57 40.64 39.67 39.96 36.40 34.61 33.67
SC 59.37 56.87 55.48 54.60 51.61 48.76 47.27 46.56 45.58 42.57 40.65 39.67 39.96 36.40 34.61 33.68
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Table 7 Estimated power (%) for S, SB , SK and SC , MA(1) model, θ(0) = −0.3 is the interest,
σ 2 = 1 fixed

θ(1) θ(1)

n −0.9 −0.6 0.0 0.3 0.6 0.9 −0.9 −0.6 0.0 0.3 0.6 0.9

20 α = 10% α = 5%
S 41.44 19.68 36.44 68.97 83.63 87.14 20.14 7.05 26.66 58.47 75.46 80.13
SB 47.93 24.22 39.48 70.65 82.18 85.06 28.00 11.15 30.39 61.38 75.17 78.64
SK 48.05 24.38 39.66 71.74 85.52 88.85 28.30 11.28 30.64 62.69 79.15 83.26
SC 48.21 24.54 39.77 71.82 85.56 88.89 28.64 11.44 30.80 62.78 79.23 83.35

α = 2.5% α = 1%
S 6.68 1.97 18.78 48.29 66.57 72.12 0.66 0.17 11.60 36.07 54.05 60.22
SB 13.14 4.14 22.50 52.25 66.75 70.98 2.60 0.69 14.81 40.27 54.76 59.59
SK 13.39 4.22 22.82 53.97 71.57 76.57 2.69 0.71 15.14 42.48 60.96 66.86
SC 13.66 4.40 22.97 54.14 71.80 76.73 2.84 0.74 15.35 42.83 61.19 67.04

30 α = 10% α = 5%
S 67.61 34.59 47.77 83.97 94.56 96.27 46.83 17.47 37.26 76.19 90.98 93.45
SB 70.99 37.81 49.74 82.77 86.96 84.97 53.18 21.82 39.95 75.38 82.91 81.32
SK 71.13 37.90 49.99 85.41 95.18 96.69 53.33 21.90 40.22 78.45 92.11 94.22
SC 71.23 37.98 50.03 85.46 95.21 96.71 53.53 22.04 40.26 78.53 92.15 94.23

α = 2.5% α = 1%
S 26.69 7.39 28.61 67.95 85.83 89.13 8.92 1.85 19.55 56.50 77.46 82.02
SB 34.00 10.36 31.24 67.57 77.83 76.53 13.93 3.23 22.01 55.91 68.25 68.37
SK 34.19 10.43 31.58 71.09 88.14 90.86 14.03 3.26 22.46 60.42 80.58 84.95
SC 34.42 10.52 31.64 71.17 88.20 90.88 14.21 3.29 22.60 60.51 80.72 85.03

40 α = 10% α = 5%
S 84.04 47.33 56.90 92.76 98.51 99.08 67.89 29.07 45.71 88.50 96.86 97.96
SB 85.83 50.04 58.32 88.29 83.55 78.79 71.86 32.52 47.61 84.22 80.64 76.23
SK 85.84 50.07 58.56 93.31 98.70 99.19 71.92 32.57 47.89 89.82 97.27 98.22
SC 85.89 50.16 58.59 93.32 98.70 99.19 71.98 32.63 47.93 89.87 97.29 98.23

α = 2.5% α = 1%
S 49.26 16.06 36.75 82.68 94.27 96.36 25.42 5.40 26.06 73.39 89.59 92.88
SB 54.65 19.49 38.95 78.22 76.98 73.21 31.24 7.34 28.37 68.41 70.45 67.11
SK 54.78 19.57 39.29 84.60 95.17 96.86 31.39 7.39 28.74 76.20 91.02 93.94
SC 54.87 19.62 39.30 84.67 95.22 96.86 31.56 7.42 28.78 76.24 91.02 93.95

We consider H :φ = φ(0) against A :φ = φ(0), with θ and σ 2 as a nuisance
parameters. For this case, the score function is given by

U(φ, θ, σ 2) = −1

2

{
2nφ

(1 − φ2)
+ tr(G−1Gφ)

(4.3)

− 1

σ 2 Y�[2φG−1 + (1 − φ2)G−1GφG−1]Y
}
,
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Table 8 Estimated rejection rates for S, SB , SK , SC , ARMA(1,1) model, φ is the interest, θ = 0.3
and σ 2 = 1 are the nuisance

n = 20 n = 30 n = 40 n = 50

φ(0) α → 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1% 10% 5% 2.5% 1%

−0.9 S 6.21 4.28 3.12 2.01 5.91 4.10 3.00 1.96 6.61 4.54 3.15 2.02 6.54 4.37 3.29 2.24
SB 9.86 6.63 4.91 2.80 8.58 5.23 3.48 0.59 9.50 5.52 3.13 0.00 8.81 4.61 2.19 0.00
SK 14.67 10.44 8.92 7.22 12.11 8.44 6.81 5.08 12.58 8.58 6.43 3.05 11.55 7.55 5.51 2.34
SC 18.36 13.39 10.83 9.31 14.11 9.89 7.87 6.34 14.12 9.48 7.36 5.17 12.63 8.21 6.03 3.27

−0.6 S 5.64 2.71 1.50 0.67 6.52 3.03 1.56 0.77 8.02 4.00 2.03 0.89 8.26 3.67 1.79 0.72
SB 8.73 4.66 2.51 1.00 9.25 4.39 2.35 1.02 9.93 5.34 2.78 1.05 10.00 4.86 2.34 0.86
SK 8.97 4.95 2.76 1.30 9.37 4.48 2.47 1.13 10.08 5.50 2.92 1.18 10.04 4.90 2.37 0.93
SC 9.22 5.12 2.94 1.38 9.47 4.54 2.56 1.20 10.14 5.59 2.94 1.23 10.11 4.92 2.40 0.94

−0.3 S 6.07 2.36 1.12 0.39 7.44 3.12 1.19 0.30 8.35 3.77 1.76 0.66 8.62 3.82 1.84 0.63
SB 8.45 3.89 1.96 0.94 9.29 4.51 2.08 0.71 10.09 4.84 2.46 1.08 9.86 4.73 2.35 0.95
SK 8.50 4.02 2.04 1.02 9.36 4.55 2.15 0.71 10.11 4.87 2.47 1.09 9.87 4.75 2.36 0.98
SC 8.54 4.10 2.13 1.04 9.39 4.56 2.16 0.74 10.18 4.90 2.48 1.10 9.90 4.79 2.36 0.99

0.3 S 5.25 1.58 0.42 0.10 7.13 2.93 1.16 0.32 7.92 3.38 1.44 0.41 8.46 3.57 1.68 0.47
SB 8.18 3.52 1.38 0.39 9.13 4.43 2.11 0.70 9.54 4.72 2.27 0.90 9.81 4.70 2.34 0.81
SK 8.30 3.62 1.42 0.43 9.19 4.51 2.17 0.77 9.56 4.72 2.29 0.91 9.89 4.72 2.35 0.82
SC 7.24 3.11 1.23 0.34 7.93 3.83 1.91 0.73 8.46 4.19 1.97 0.77 8.42 4.01 2.00 0.78

0.6 S 5.00 1.87 0.83 0.26 6.41 2.61 1.04 0.37 7.30 2.96 1.22 0.38 8.26 3.62 1.53 0.51
SB 8.78 4.29 2.29 1.09 9.25 4.59 2.29 0.91 9.77 4.62 2.30 0.91 10.44 5.05 2.42 0.90
SK 9.01 4.59 2.44 1.20 9.44 4.70 2.43 0.98 9.86 4.70 2.35 0.96 10.51 5.14 2.47 0.96
SC 9.16 4.72 2.62 1.34 9.37 4.81 2.52 1.07 9.80 4.71 2.34 0.97 10.48 5.08 2.51 0.94

0.9 S 5.01 3.05 1.69 0.72 6.21 3.67 2.16 1.19 5.47 3.41 2.30 1.29 6.02 3.79 2.41 1.26
SB 11.31 7.55 5.51 3.50 11.48 6.97 4.86 1.94 9.60 5.39 3.12 0.46 9.61 5.43 3.20 0.11
SK 14.32 9.70 7.90 5.98 13.86 9.24 6.87 4.83 11.71 7.16 5.07 3.22 11.09 6.90 4.95 1.84
SC 17.46 12.51 9.78 8.12 16.03 10.82 8.13 6.25 13.08 8.25 5.84 3.78 12.06 7.45 5.43 2.99

where Gφ = ∂G
∂φ

. The Fisher information matrix K is

K =
⎛⎜⎝ mφφ mφθ mφσ 2

mφθ mθθ mθσ 2

mφσ 2
mθσ 2

mσ 2σ 2

⎞⎟⎠ , (4.4)

where Gθ = ∂G
∂θ

, Ḡφ = GφG−1, Ḡθ = GθG−1 and mφφ = n(1+φ2)

(1−φ2)2 − n
1−φ2 +

2φ

1−φ2 tr(Ḡφ)+ 1
2 tr(ḠφḠφ), mφθ = φ

1−φ2 tr(Ḡθ )+ 1
2 tr(Ḡθ Ḡφ), mφσ 2 = 1

2σ 2(1−φ2)
×

[2nφ + (1 − φ2) tr(Ḡφ)], mθθ = 1
2 tr(Ḡθ Ḡθ ), mθσ 2 = 1

2σ 2 tr(Ḡθ ), mσ 2σ 2 = n
2σ 4 .

The numerical results are shown in the Tables 8 and 9.

4.4 The numerical results

We now describe the simulation study to investigate the performance of the cor-
rected score statistics, SB,SK and SC . This performance is measured by the esti-
mated rejection rate and the power of the test.
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Table 9 Estimated power (%) for S, SB , SK and SC , ARMA(1,1) model, φ(0) = −0.3 is the
interest, θ = 0.3 and σ 2 = 1 fixed

φ(1) φ(1)

n −0.9 −0.6 0.0 0.3 0.6 0.9 −0.9 −0.6 0.0 0.3 0.6 0.9

20 α = 10% α = 5%
S 60.37 24.39 5.50 4.75 14.37 44.84 55.59 16.07 1.22 1.69 7.28 33.95
SB 59.46 28.24 8.46 7.76 18.95 50.03 55.24 20.49 3.02 3.35 11.52 42.12
SK 62.20 28.41 8.60 7.92 19.18 50.26 58.39 20.63 3.14 3.45 11.80 42.50
SC 62.24 28.55 8.36 6.79 18.24 50.33 58.51 20.91 3.13 2.89 11.21 42.77

α = 2.5% α = 1%
S 50.65 10.49 0.27 0.53 3.32 23.24 43.44 5.86 0.05 0.15 1.05 11.85
SB 50.91 14.36 0.84 1.39 6.88 33.72 44.46 9.27 0.22 0.49 3.24 23.33
SK 54.59 14.61 0.87 1.49 7.13 34.39 49.03 9.44 0.23 0.54 3.45 24.03
SC 54.74 14.86 0.93 1.29 6.90 34.93 49.31 9.72 0.27 0.48 3.54 25.03

30 α = 10% α = 5%
S 79.72 35.05 8.59 6.90 21.66 65.49 76.99 25.21 3.36 3.02 12.63 56.50
SB 68.81 38.33 10.78 8.97 25.56 68.61 65.87 28.89 5.02 4.24 16.62 61.21
SK 80.30 38.39 10.87 9.03 25.74 68.71 78.11 28.97 5.08 4.28 16.85 61.32
SC 80.31 38.51 10.44 7.78 24.65 68.81 78.11 29.11 4.93 3.81 16.24 61.54

α = 2.5% α = 1%
S 73.96 17.62 1.18 1.03 6.91 46.44 69.34 10.58 0.15 0.27 2.51 33.29
SB 62.51 21.43 2.20 2.05 10.40 53.65 57.09 14.20 0.66 0.68 5.36 43.15
SK 75.75 21.61 2.24 2.07 10.60 53.90 71.85 14.28 0.68 0.69 5.53 43.55
SC 75.79 21.78 2.17 1.88 10.24 54.19 71.94 14.40 0.69 0.62 5.33 44.00

40 α = 10% α = 5%
S 90.38 44.24 11.16 6.97 27.02 77.83 88.87 33.35 4.90 3.12 16.62 70.62
SB 67.16 46.56 13.05 8.89 30.22 79.74 64.94 36.38 6.61 4.18 20.05 73.84
SK 90.60 46.62 13.09 8.95 30.32 79.79 89.42 36.45 6.67 4.18 20.16 73.92
SC 90.61 46.74 12.63 7.72 29.59 79.78 89.43 36.50 6.52 3.65 19.74 73.97

α = 2.5% α = 1%
S 87.23 24.78 2.00 1.32 10.03 62.75 84.75 16.23 0.34 0.41 4.50 50.82
SB 62.12 28.09 3.15 1.97 13.14 67.50 58.38 19.60 0.87 0.78 7.16 57.90
SK 87.89 28.17 3.22 1.98 13.30 67.68 85.91 19.66 0.90 0.79 7.32 58.11
SC 87.92 28.24 3.17 1.76 13.03 67.82 85.95 19.84 0.94 0.71 7.25 58.33

For simulation of size, we set the length of the series as n = 20, 30, 40 and 50
and for simulation of power, the first three values of n. The true values of the
parameters φ and/or θ for the simulation of the size were taken as −0.9, −0.6,
−0.3, 0.0, 0.3, 0.6 and 0.9, assuming that σ 2 = 1. For the power of the AR(1) and
MA(1) models, we considered φ(0) or θ(0) as −0.3, σ 2 = 1 and φ(1) or θ(1) were
set at −0.9, −0.6, 0.0, 0.3, 0.6 and 0.9. For ARMA(1,1) the parameter θ was fixed
as 0.3 in both simulations.
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We report the results for four different nominal significance levels, namely:
α = 0,10, 0.05, 0.025 and 0.01. The results are presented in Tables 2–9. Entries
are percentages. The simulations were performed using the R programming envi-
ronment and all results are based on 10,000 replications.

For AR(1) model, considering φ as the parameter of interest (Table 2), simu-
lations reveal that the score test underrejects the null hypothesis more frequently
than expected, except for |φ| near to 1 and small nominal levels. For these val-
ues of φ, SK and SC overreject and, considering α = 0.01, SB never rejects the
null hypothesis. Overall, SB has the best performance. Considering φ far from the
extremes of the interval [−1,1], we note that the three corrected statistics have
similar performance and the corrections are very effective in pushing the rejection
rates of the modified statistics toward to the nominal levels.

If the interest is to test σ 2 with φ as a nuisance parameter (Table 3), the correc-
tions improve the results; the rejections rate are near to the real levels, SK and SC

have similar and superior performance compared to SB .
For MA(1) model, testing θ , comments are the same as for AR(1) model (Ta-

ble 5). Figures in Table 6 reveal important information when the interest is to
test σ 2. The original score statistic S and the corrected statistics SK and SC are
largely liberal; their rejection rates are very large. The performance of SB is much
better than the performance of the other statistics, although it had the tendency of
underrejecting the null hypothesis.

For ARMA(1,1) model (Table 8), if φ(0) is fixed as −0.9 or 0.9, SK and SC

overreject the hypothesis and SB presents rates less distant to the true values. Oth-
erwise, SC and SK have the best performance and, if φ(0) is −0.6 or 0.6, SC is
slightly superior and, if φ(0) is −0.3 or 0.3, SK is slightly superior.

For the simulation of power of the AR(1) model (Table 4), we can notice, as
expected, that the power increases when φ(1) moves away from the fixed value
for φ(0). The corrected statistic SB presents power strongly smaller than the oth-
ers statistics, for φ(1) = −0.9, and all values considered for the nominal level and
sample size, decreasing in some cases. This can occur because SB is not mono-
tone. The power is larger for the corrected statistics than the original one, showing
superior values for SK and SC , which are similar for n = 40, SC being slightly
superior for n = 20 and 30.

For the MA(1) model (Table 7), comments are about the same, however SB

does not present smaller values for θ(1) equal to −0.9. The best performance is
due to SC statistic. The values of the power function are smaller than the others
obtained for the AR(1) model.

Finally, for ARMA(1,1) model (Table 9), the conclusions are the same as for
AR(1) model, but the performance of SB is better when φ(1) = −0.9.

Clearly, the corrections have less impact as the sample size increases.
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5 Conclusions

We can observe from the simulations that the results are coherent with what is
expected, concerning the fixed parameters under H , the length of the series and
the adopted significance levels.

For the estimated rejection rate, we observe that is clear the discrimination of re-
sults concerning stationarity and nonstationarity, invertibility and noninvertibility,
small and large values of n, nominal levels smaller and bigger than 5%.

The corrected statistics have a better performance than the original statistic S.
We also notice the following behavior about the rejection rate (p̃) of the corrected
statistics:

p̃SB
< p̃SK

< p̃SC
.

Concerning the estimated power, π̃ , it is possible to conclude more clearly the
good performance of the corrected statistics compared with the original statistic,
with the remark that if n → ∞, θ → 1 and α → 0, S has a larger power than
SB and if |θ | = 0.6 and α = 1% the corrections do not have effect on the power,
comparing to S. Lastly it can be observed that in general

π̃S < π̃SB
< π̃SK

< π̃SC
.
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