Bernoulli 29(4), 2023, 3059-3092
https://doi.org/10.3150/22-BEJ 1575

Additive regression with parametric help
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Additive models have been studied as a way of overcoming theoretical and practical difficulties in estimating
a multivariate nonparametric regression function. Several methods have been proposed that ensure the optimal
univariate rate one can achieve in estimating univariate nonparametric functions. In this paper a new method is
proposed which reduces the constant factor in the first-order approximation of the average squared error of the
most successful existing method. The new estimator is based on an orthogonal decomposition of the underlying
regression function, with an arbitrarily chosen parametric family, under a special inner product structure arising
from the bias formula of the estimator. It is shown that the proposed method entails reduction in the constant factor
of the leading bias of the existing method while it retains the same first-order variance. These theoretical findings
are confirmed in Monte Carlo experiments.
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1. Introduction

In this paper, we propose a new method of estimating the additive regression model
Y=m X))+ - +my(Xy) +e, (L.1)

where m; are unknown component functions and E(g|Xj,...,X4) = 0. The model (1.1) is the sim-
plest form of structured nonparametric models that successfully deal with the curse of dimensionality.
Several kernel-based methods of fitting (1.1) have been proposed and studied, which include ordinary
backfitting (Buja, Hastie and Tibshirani, 1989, Febrero-Bande and Gonzédlez-Manteiga, 2013, Opsomer,
2000, Opsomer and Ruppert, 1997, Sperlich, Linton and Hirdle, 1999), marginal integration (Boente
and Martinez, 2017, Lee, 2004, Linton and Nielsen, 1995, Sperlich, Linton and Hérdle, 1999) and
smooth backfitting (Huang and Yu, 2019, Jeon and Park, 2020, Jeon, Park and Van Keilegom, 2021a,
Jeon et al., 2022, Mammen, Linton and Nielsen, 1999, Mammen and Park, 2006, Nielsen and Sperlich,
2005). It is widely accepted that smooth backfitting (SBF) has both theoretical and practical advan-
tages, not shared by others. The idea of SBF has been further developed for other structured regression
problems (Han, Miiller and Park, 2018, 2020, Han and Park, 2018, Jeon, Park and Van Keilegom, 2021b,
Lee, Mammen and Park, 2010, 2012, Lee et al., 2022, Linton, Sperlich and Van Keilegom, 2008, Park
et al., 2015, 2018, Yang and Park, 2014, Yu, Mammen and Park, 2011, Yu, Park and Mammen, 2008,
Zhang, Park and Wang, 2013).

The main idea of the new proposal is to consider a parametric family {g(-,0) : @ € RP} with a known
g :R4xRP — R such that g(x,60) = g1(x1,0) + - -- + ga(x4,0), and then apply the SBF technique to
the pseudo-response Y — g(X, ). This would give an estimator, say rity_g(x ), of the additive func-
tion m — g(-,0), where m(x) = my(x1) + --- + mg(xg4), and thus produce a class of estimators of m:
{riy_g(x,0)(-) + 8(-,0) : 0 € RP}. Tt is worthwhile to note here that My _g(x,0) + &(-0) # riy, where
fty is the result of applying the SBF technique to the genuine response Y, unless g(-,0) = 0 because
of the effect of smoothing over g(X;,8). It turns out that the variances of the two are the same in the
first-order while their biases differ. To take the full advantage of the parametric family, we think of the
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(unknown) parameter vector, say 6, that minimizes the bias of 7ity_g(x g) + &(",0), or equivalently, the
bias of rity_g(x,9) as an estimator of m — g(-,0). If g is chosen so that there exists @ € RP such that
g(-,6,un) =0, then our approach with the help of g(-,0y) would improve the bias of the original SBF
estimator 7ty since the class {7ity_qx.9) + g(,0) : 0 € RP} contains ry.

To demonstrate the real advantages of the above approach in theory and in practice, we consider the
local linear SBF and focus on the parametric family with D = d and

8(x,0):=07g(x) =01 -g1(x1)+ -+ 04 8a(xa), (12)

where and throughout this paper g(x) := (g1(x1),...,g4(x4))". We consider such a family since it is
simple and easy to implement the idea of parametric help with. Since 6 is unknown, we replace 6 by
a suitable estimator, say 6. Then, the resulting parametrically-helped estimator of m is given by

A

7t .= 1l +0
=My _pecx) T 08

We show that 1 with 90 such that 90 =0 + 0p(1) always improves the bias of the direct SBF estimator
iy, regardless of the choice of g, while guaranteeing the same asymptotic variance as #ity has.

We also implement the idea of parametric help for the estimation of the individual component func-
tions m;. For the latter problem, to identify m; that we estimate, we put the constraints Em;(X;) = 0.
We find that the parameter vector 6 in estimating the additive function m is different from the one
whose jth component minimizes the bias of the respective estimator of the individual centered m;. We
show that our proposals, now say 7;, with an estimator of the latter g such that 0o =6, + op(1), also
improve the biases of the corresponding estimators of m; based on the application of the direct SBF,
again regardless of the choice of g. Both for estimating the additive regression function m and for es-
timating its components (m; : 1 < j < d), we devise simple consistent estimators of the corresponding
best parameter vectors 6.

We remark that the idea of parametric help has been implemented for the estimation of univariate
regression functions by Lee et al. (2020). Although the present work is closely related to Lee et al.
(2020), it is not straightforward from the latter work. Indeed, dealing with the additive structure of
the model (1.1) and the backfitting procedure for estimating it make the problem far different from the
development of the idea for estimating a single univariate function. It turns out that simply following
the procedure of Lee et al. (2020) for each individual component m; is not a right way for estimating
the additive regression function m. This leads us to proposing two separate schemes for estimating
m and m; (Sections 4.1 and 4.2). Moreover, the method of estimating the optimal parameter value in
the univariate regression of Lee et al. (2020) is found to be not applicable to the parametric help for
estimating the individual m; in the additive model (1.1). Furthermore, in the local linear SBF estimation
of the individual components, the constraints to be put on the estimators #; involve the estimators of
the derivatives mj’ Thus, the present problem requires a suitable way of implementing the parametric
help for the estimators of m’, as well.

We also remark that the idea of using a parametric family, which we develop for estimating the
additive model (1.1), is related to the well-known two-step procedure (Fan, Wu and Feng, 2009, Glad,
1998, Gozalo and Linton, 2000, Hjort and Glad, 1995, Talamakrouni, El Ghouch and Van Keilegom,
2015, Talamakrouni, Van Keilegom and El Ghouch, 2016). However, the two approaches are quite
different since the latter considers estimating 6 such that the underlying regression function is best
approximated by g(-,60). It is widely known that the success of the two-step procedure depends highly
on the choice of g, contrary to the technique of the parametric help that we study here, see e.g. Lee et al.
(2020). For this reason, we do not consider the two-step procedure for additive regression although the
problem has never been studied in the literature.
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In the next section we collect some general features of SBF additive regression that we use to moti-
vate our proposal and to develop the associated theory. We present the main idea of the parametric help
in Section 3, and discuss its realization in Section 4. We report the results of Monte Carlo experiments
in Section 5, and give brief remarks on some extensions in Section 6. We defer all technical proofs to
the Appendix.

2. Smooth backfitting operation

Throughout this paper, we assume that the covariate vector X = (X1, ..., Xy) has a density p supported
on [0,1]¢, and each X 7 has p; on [0, 1], with respect to the corresponding Lebesgue measures. For a
general random variable W, we let my, denote E(W|X = -). For various specifications of W for which
my is an additive function, i.e., my(x) = mw 1(x1) + - -+ + mw_g(x4), we consider the local linear
SBF estimator of my/, which we denote by rizyy. An initial theory for the local linear SBF method
was studied by Mammen, Linton and Nielsen (1999), and recently an extensive theory for the local
polynomial SBF method and for Hilbertian responses has been developed by Jeon et al. (2022). In
this section we introduce some of the theory that are essential for motivating our proposals and for
developing their theory to be presented in Sections 3 and 4.

2.1. Local linear smooth backfitting

We describe the local linear SBF method of estimating the additive function my =mw 1+ -+ mw g4
and its (scaled) partial derivatives. Throughout this paper, we use the convention of expressing an
additive function f : [0,1]¢ — R with f(x) = fi(x1) + - - - + fa(xg), simply by f = fi +--- + f;. In the
latter expression, we interpret f; : [0,1] — R as ij :[0,1]¢ — R where ij(x) = fi(x).

Since the local linear SBF involves derivative estimation as well, we describe the method in terms
of estimating a (d + 1)-tuple of functions. This is in contrast with the case of the Nadaraya-Watson
SBF method, where the corresponding SBF technique is to estimate a single additive function. Let
mw 1,;j(u)=h- m(,v j(u), where n’ for a univariate function 7 denotes its first derivative and 4 is the
bandwidth we use in kernel smoothing, see below. We consider the (d + 1)-tuple of functions

my), (x) = (mw (), mw 1131, ..omw 1,a(x2))

m%“,,j(x_,-) = (mw,j(x_,-),O,. .. ,O,mW,l,j()q,),O, e ,0) T,

where my 1 j(x;) appears as the (j + 1)th entry. Then, m;]:,(x) = m;]:/,l(xl) + 4t ma’,’d(xd). There is

one-to-one correspondence between the (d + 1)-tuple mg‘),’j and the 2-tuple (mw ;,mw 1, j)T via

(mw j(xj)omw 1 j(x)) " = jmtvﬁ)/,]—(xj), l<j<d
my, (x) = U] (mw j(x)mw 1 () T, 1<j<d,

where U; := (uy,0,...,0,u,0,...,0) are 2 x (d + 1) matrices with u; = (1,0)" as the first column and
up =(0,1)" as the (j + 1)th column.

For a baseline kernel function K supported on [—1, 1], define K}, () := A~' K (u/ h) and the normalized
kernel

Kp(u—-v)

Ky (u,v):=
e /(.)] K,(t—v)dt

. 1[0’1]2 (M,V).
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The normalized kernel has been used in the smooth backfitting literature, e.g., Jeon and Park (2020),
Jeon et al. (2022), Mammen, Linton and Nielsen (1999), Yu, Park and Mammen (2008). It holds that

Kp(u,v)=Kp(u—-v), (u,v)€[2h1-2h]x%][0,1],

1 2.1
/ Knp(u,v)du=1, vel01].
0

Because of the first identity in (2.1) and the fact that fol Ky(u—v)dv = /_11 K(t)dt for all u € [h,1 — h],
the interval [2h,1 — 2h] is called the interior region of the support [0,1] of p; in SBF estimation.
Writing vec(u) := (1,u)", define 2 X 2 matrices of functions

N v Xij Xij—x\"
N (xj) == n Zv vee | —— - Kn(xj, Xij),
i

i=

A - - X X'k — Xk T
Mjk(xj,xk) =n! vec( iy J) Vec( ! N ) 'Kh(xj7Xij)Kh(xk,Xik)-
i=1

1

Also, define p; and py ; by

(B (x) P (x)) " 1Zvec( )Kh(xj, Xij), 1<j<d.

As an estimator of the 2-tuple of the marginal regression function E(W|X; = x;) and its first derivative
multiplied by &, i.e., i - (d/dx;)E(W|X; = x;), define

- 9 -1 -1
mw,j(xj')IZ ij(Xj) ZVCC( ) Kh(x],XU) Wi. 2.2)
Now, we define the local linear SBF estimator . (x) (hw, Bw 11, .. Mw.1.q4)" of mt‘f",, where
fy is an additive (stochastic) function taking the form mwy = My, 1 + - + 1y 4 for some univariate
(stochastic) functions iy ;. It is defined as mtv“’, : Iilt‘f;, [ mW d with

iy, (x) = (Aw,j(5),0,....0.rinw 1,j(x)),0,....,0) ",

where (m i tp ) solves the following system of SBF equations: for 1 < j < d,

W,

) (x7) = Uiy (xy) - Z / UTN; () M (o) U, () dxe. (2.3
k=1,#j

We note that the SBF system (2.3) gives an estimator of mt , not those of the individual (d + 1)-tuples

. for 1 < j < d, or equivalently those of the individual 2-tuples (;mw ;(x;),mw 1,;(x;)). In fact, the

1nd1v1dua1 functions mw  ; summing up to my , themselves, are not identifiable.

tp
W 7
nient later in our theoretical development. Observing that U ij’j (xj) = (Rw j(xj), iy 1,7(x;))" and

We note that the SBF system (2.3), expressed in terms of (d + 1)-tuples of functions m is conve-
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U jUJT is the two-dimensional identity matrix, we see that (2.3) is equivalent to the following equation,
now expressed in terms of 2-tuples of functions: for 1 < j < d,

(X)) d L . Aw x(xx)
( v )Zﬁlw,j(xj)_ 2. /0 ij(xj')_lek(xj’xk)( i )dxk- 24)

A (x: m X,
W.L,j 1) KoT ] W,l,k( )

The above SBF equation is more convenient than (2.3) in practical implementation.

We now turn to the estimation of the individual my ; and my ;1 ; for 1 < j < d. We note that my 1 ;
and rityy 1 ; are identifiable, but mw ; and sy ; are determined only up to a constant, see Lemma 3
in the Appendix C. As identifiable components, we consider the centered versions m;‘v’j such that

E(my, J.(X 7)) = 0. For their estimators iy, ., we put the following constraints:

w.,j’
1
‘/0 (nﬁgv,j(u)ﬁj(u) + w1, j(w)p1,j(w)) du=0, 1<j<d. (2.5)
For any (d + 1)-tuple (i 1,. .., Ay 4), which comprises iy = ity | + - - - + iy _q, the centered ver-
sions iy, ;are uniquely determined by

1
Ay (x;) == i (x)) —/0 (w j(W)p;(u) + My 1, jw)py j(u)) du. (2.6)

The constraints at (2.5) are well motivated in Jeon et al. (2022).

2.2. Main theory of local linear SBF technique

We base our theory for the SBF method on the following basic assumptions on the density p of X, the
baseline kernel K and the bandwidth 4.

(A1) The density function p of X is bounded away from zero and infinity on [0,1]¢, and the two-
dimensional joint densities p;; of (X;, Xy ) for 1 < j # k < d are continuous on [0, 11%.

(A2) The baseline kernel K > 0 is symmetric, Lipschitz continuous, vanishes on R \ [-1,1], and
0< f_ll K(u) du < co. Without loss of generality, we assume f_ll Ku)du=1.

(A3) The bandwidth / is asymptotic to n=1/.

The above assumptions are standard in additive kernel regression. We may lift the symmetry assump-
tion on K with more sophisticated expression for the asymptotic bias terms of our estimators, but we
assume it just for simplicity. Without symmetry, we need to assume that K is supported on a nontrivial
interval in both of [0,1] and [-1,0].

In the following proposition, the first part is the specialization of Theorem 1 in Jeon et al. (2022)

to local linear SBF. It demonstrates that the SBF equation (2.3) determines Ifl;% uniquely, where the
uniqueness means that, if f and f® solves the equation (2.3), then ' = fP a.e. on [0,1]¢. For such
tuples, if both are continuous on [0, 1]‘1, then f? = P, The second part shows that lilg), is linear in the
response variable W. It helps to motivate an optimal way of utilizing the parametric model at (1.2) in
additive regression, and provides an easy way of implementing the parametrically-helped estimators,

see Section 4.

Proposition 1. Assume (Al)—(A3) and that E(|lew|%) < oo for some a > 2, where ey := W — E(W|X).
Then, with probability tending to one, the SBF equation (2.3) has a unique solution in the space of
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additive functions. Furthermore, the solution is linear in W: for any constants c; and random variables

W;, it holds that m? =cy- lﬁ[‘g,l +cy- Iiltvli,z with probability tending to one.

ciWi+c, Wy

The next proposi.ti.on presents a stochastic expansion of ﬁl[v‘:,, whose proof is given in the Appendix.
To state the proposition, put

n
Ihé,’j(Xj):zNJjj(Xj)_l n lZVCC( ) Kh(xJ,X,]) EWi»
i=1

where ew ; := W; — E(W;|X;). Define

1 T
N(u)::/0 Vec(v;u)vec(vzu) Kn(u,v)dv,

T/, _.,\2 _
y(u)::/0 (th) vec(v

Proposition 2. Assume (Al)—(A3) and that E(|lew|¥) < oo for some a > 5/2 and E(g‘ZV|X =) is
bounded on [0,1]4. If my j for 1 < j < d are twice continuously differentiable on [0,1], then

M)Kh(u,v) dv.

i), (x) = (mw (%), mw, 1,1 (1), ..omw 1 a(xa)) |
h2 d
= Z UTmW )+ = Z U}N(xj)_ly(xj) “myy (X)) + 0p (n_z/s)
j:l

uniformly for x € [0,1]4.

Next, we demonstrate the stochastic expansions of the individual component tuples. Since m;p, ; are

not identifiable, we consider their centered versions. With my, j such that E(my, j(X i) =0 and the
centered 1y, ; defined at (2.6), let ‘

m; tp(x,) = (my ;().0,....0,mw 1 ;(x),0,...,0) T,

iy " () 1= (g (6,0, .0,y 1, (), 0,....,0) T

Proposition 3. Assume the conditions of Proposition 2. If my ; for 1 < j < d are twice continuously
differentiable on [0, 1], then

c, T h2 T
riagy " (x;) - my P (x) = U] mWJ(xJ)+ SUTN()) () - iy, (x)) + 0, (n7217)

uniformly for xj € [0,1].

The proof of the above proposition is given in the Appendix. We note that Proposition 3 is not direct
from Proposmon 2. We need to make it clear how the constraints (2.5) for 7y, and E(my, (X 1)) =0
for mg,

W affect the stochastic expansion of sy, v my, g

The followmg corollary is for a special case where W itself is an additive function of X, say n(X) :=
mXy) + - +nq(Xy). Let m? 2X) be the solution of the SBF equation at (2.3) with W; being replaced
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by 7(X;). Even though 7 : [0,1]¢ — R is additive and the response observations 7(X;) do not contain
error since &,(x) = 0, 7i,,(x)(X) is not equal to 77(x) because of smoothing over X;, where 7, (x)(x) is
the first entry of ﬁlg’(x)(x). Letn ;j(x;) := hn]’.(xj). Consider the centered version of 777, denoted by nJC.,
such that E(nj? (X;)) =0. Also, let n%;(x) ; be the centered components of 1,,x) such that

1
/0 (15 ), (KB () + 1)1, (%P1, (x7)) dixj = 0.
Noting that &,(x) = 0, the following corollary is immediate from Propositions 2 and 3.

Corollary 1. Assume (Al)—(A3). Suppose that njj for 1 < j < d are twice continuously differentiable
on [0,1]. Then,

c, T h2 T - 4 -
i, %) = UF (05 (o ) T = = - UPNGy) ™y () -/ () + 0p (n72F)

uniformly for x; € [0,1]. Furthermore, uniformly for x € [0, 114,
s 2 2/5
ﬁl,f(x)(x) — (1 (1) a(xa)) T = 7 ZUTN(XJ) y(xj) -1} (xj) + op (n~ ).

With the second part of Proposition 1, the above corollary plays an important role in motivating
the idea of the parametric help. It also serves as a basic ingredient in developing the theory for the
parametrically-helped estimators in Section 4.

3. Parametric help in additive regression

Let the regression function be denoted by m = E(Y|X = -) : [0,1]¢ — R. Assume E(m(X)?) < co and
m(x) =mi(x1) + -+ ma(xq) (3.1

for some univariate functions m;. We note that the individual components m; are determined under
some constraints. In this section we discuss a new approach to additive regression, i.e., the estimation
of m and its components m;. The new scheme takes the advantages of the parametric help, which we
describe below.

We choose a d-tuple of twice differentiable univariate functions, (g1,. . .,g4), and let g : [0,1]¢ — R?
defined by g(x) := (g1(x1),...,84(x4))". Our approach is first to apply the SBF technique, described in
Section 2, to W =Y — @7 g(X) for an arbitrary 6 to get ity _g7g(x) and form

(X, 0) := ity _grg0x)(X) + 07 g(X)

as a candidate estimator of m. We consider some 6 that gives the largest bias reduction to 7i(-,6g) in
comparison with ﬁzy, or to its additive components ;(-,6p) in comparison with ity ;. Then, we find a
suitable estimator 6 of 6, and investigate whether the largest bias reduction achieved by 7i(-,6) or by
m;(+,00) is retained by (-, 8o) or by 7 1(" Bo), respectively. In this section, we develop this idea with a
general 6 and a consistent estimator 8 of 6y. Our development in this section is a foundation to the
method and theory in Section 4 where we specialize 6 for the estimation of the regression function m
and for the estimation of its identifiable components m;, to achieve the best bias properties.
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3.1. Estimation of additive regression function

Let 6y € R? be a general unknown vector that depends on the unknown distribution of (X,Y) as well as
g, and 6 be its estimator. We consider the following estimator of m:

N AT
=Ty T +6,8, (3.2)

which we call the local linear SBF estimator with parametric help. Our theory for i at (3.2) is de-
veloped in conjunction with the estimation of the partial derivatives of m. Recall that the local linear
smoothing technique involves its (partial) derivatives.

Let my,;(x;) := h - m(x;) and put m'P(x) := (m(x),my 1(x1),...,my q(xq))". We note that m; ; are
uniquely identified, contrary to m;. Motivated by the observation that mY—é)gg(X),l, ;(xj) approximates
my j(x;)—h -6y ,g}(xj) (Proposition 3), we estimate the scaled derivatives m; ; by

(X)) = my_égg(x),l’j(xj)‘*'hébj g]/'(xj), l<j<d. (3.3)

Put ' := (iiu(x), /11,1 (x1), . .,y a(xg))" as our estimator of the tuple m'P. Define g;P :[0,1] = RA+!
by

/() = (g(x;).0,...,0,hg}(x;),0,...,0) T,
where h g}’.(xj) appears at the (j + 1)th position. Then, by (3.2) and (3.3) it holds that

mee) =l - o )(X)+Z9ojg (x)): (3.4)

It is worthwhile to note that m‘; = (My, My 1 1,....0y 1, 4)" is the estimator of m' obtained by applying
the local linear SBF operation directly to the dataset {(X;,Y;) : 1 <i < n}, without the parametric help.
To state our first main theorem, we make the following additional assumptions on g;, m; and ¥ —

(A4) For &:=Y —m(X), it holds that E(|&|¥) < oo for some @ > 5/2 and E(£2|X = -) is bounded.
(A5) The components g; and m; for 1 < j < d are twice continuously differentiable on [0, 1].

Theorem 1. Assume (Al)—(A5). If 8¢ — 0y in probability, then
d
hP(x) - mP(x) = Yo (0 = |mP(x) - 2 00j87 ()| + 0p ()
i=

uniformly for x € [0,1]4.
Taking the first elements of the tuples from both sides of the equation in the above theorem, we get
1(X) = m(X) = thy_g7g0x)(X) = (m(x) = 078(%) +0p (n213) (3.5)
uniformly for x € [0, l]d . We also have

rin () = mi () = rity_gra) 1,7(%7) = (m1,; () = 60;81,(x7)) + 0p (n7F)



Additive regression with parametric help 3067

uniformly for x; € [0,1]. Below, we derive a stochastic expansion of the leading term in the expansion
(3.5). Put

K (,) = po(u, K) = ™' (v —w)py (u,K) - Ky (),

MO(M’K)MZ(M’K) - ﬂl(u’ K)2

where p;(u,K) = fol (v = u)/h)Y Ky (u,v)dv. We note that «;, (x7,X;j) approximate the kernel weights
applied to the first entry of the 2-vector my ; defined at (2.2). We also note that the first entry of the
2-vector N(xj)‘ly(xj) equals p>(xj,«). Define

n
ity (%) = n! Z Kkp(xj, Xij) - Wi.
i=1
Looking at (3.5) in the application of Proposition 2 to W =Y — 03 g(X), and noting that
ey_o7ex) = (Y —0,8(X)) —E(Y - 05g(X)X) =&,

we get the following corollary.

Corollary 2. Assume the conditions of Theorem 1. Then,
d hz d
() = m(x) = )i () + = D ey (m () = 8o 87 (x) +0p (n7)
j=1 j=1
uniformly for x € [0,1]4.

According to our notation in Section 2, rity is the direct local linear SBF estimator of m without
parametric help. From Proposition 2 we may get

d n2 d
sy () = m(x) = > il () + > D (g k) ml () + 0p () (3.6)
j=1 j=1

uniformly for x € [0, 1]¢. Thus, the first-order bias of our proposal 7ii(x) differs from that of 7y (x) by
h? Zjlzl Boj p2(xj. k) &7 (x7)/2.

3.2. Estimation of individual components

Recall that the individual components m2; in the model (3.1) are identifiable up to a constant. Put

1
mjc-(xj) = mj(xf)_‘/o mj(u)pj(u)du, 1<j<d.

Then, m}c are uniquely determined and satisfy E(mJC (X;)) = 0. We may rewrite the underlying additive
model (3.1) as m(x) = E(Y) + Z;.l:l mjc.(xj). Recall also that we estimate m; ; = hmJ’ by 7ty ; at (3.3).
The estimators 711 ; are used in constructing our estimators of the centered mjc Indeed, our proposal
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for the estimators of the centered components mj‘ are given by

1
m]‘(x]) = I’?lj(x]') - L (ﬁlj(u)ﬁ](u) + rhl,j(u)ﬁ],j(u)) du, 1 <j< d, 3.7
where (if1y,...,My) is any tuple of univariate functions such that /iy + - - - + ritg = riz. We find that

estimating m_ ; simply by ity | ; and using them in (3.7) brings disharmony with the parametrically-
helped estimation of the additive function m at (3.2), which would produce non-negligible extra bias.
We note that n%}‘ satisfy

1
[) (mj‘f(u)ﬁj(u) +imy jwpr ;) du=0, 1<j<d. (3.8)

According to Proposition 1 in Section 2.2, m'P is unique. By Lemma 3 in the Appendix C, 7t; in their

sum 7i1 are identified up to constant, so that 7iz; — /01 11 (u)p j(u) du are uniquely determined. Since 71 ;
are unique and from the definition of n%Jc at (3.7), rhjc are also uniquely determined. Below, we present
relevant stochastic expansions of /¢, as estimators of m¢.

The expansion in Corollary 2 does not give directly relevant expansions for the individual centered
components n%}c.(xj) - mJC (xj). Basically, each centered component in the sum function 7(x) — m(x)

may not equal, up to o, (n~2/3), to the corresponding centered component in my_ggg(x) (x) — (m(x) —

05 g(x)). We need to investigate how the constraints (3.8) affect the expansions of m;.(xj) - m; (x;). The
following theorem gives a new insight on this, which motivates a different design for 6 from the one
for estimating the additive regression function m, see Section 4.2 below.

Theorem 2. Assume the conditions of Theorem 1. Then, it holds that, forall 1 < j < d,

i (xj) = mS (x;)
h2
=it () + = (2, i () = Ooj [ 2, ) () = B (12X, 008 (X)) |) + 0p (n2)

uniformly for x; € [0,1].

According to our notation in Section 2, sy, j is the estimator of mJC obtained by the direct local linear

SBF without parametric help. From Propositfon 3 we get
2

A ~ x h 7" -
m;’j(xj) — mIC(xJ) = mg’j(xj) + 5 H2(xj,K) - m; (x;) +o0p (n 2/5) (3.9

uniformly for x; € [0,1]. Thus, the first-order bias of our proposal n%j‘ (x;) differs from that of 7y, ; by

h26’0j [uz()g/,K)gjf’()q/) - E(yz(Xj,K)gj’.’(X,-))]/Z. For the rate of convergence of n%jc as an estimator of
mjc., we observe that

sup | ;(xj)l =0y (n'2h12\flogn) = 0, (023 \flogn).

Xj E[O,l]

The following corollary is an immediate consequence of Theorem 2.
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Corollary 3. Assume (Al)—(AS5). Then, it holds that

max  sup |m (x7)— m; S(x;)] = -2/3 logn),
e el DN=0p(n )

4. Parametric help in action

In this section we find 6 that allows for maximal gain from the parametric help with g in the local
linear SBF estimation of m at (3.1), and the one in the estimation of its centered components m¢$. We
also present ways of obtaining consistent estimators of them. It turns out that the ‘best’ @ for estimating
m is different from the one for estimating (mjc :1<j<d).

4.1. Bias reduction in estimating m

We first note that, in the expansion in Corollary 2,
Hy- (%), K)? = i (3, K3 (), K)
Ho(xj,K) = 5
0 po(xj, K)ua(xj, K) = py (x;j, K)

For x; in the interior region [2h,1 — 2], the (incomplete) moments u;(x;,K) reduce to the com-
plete moments of K, u;(K) := f w K(u) du. From the symmetry of the baseline kernel K, we have
then up(xj,«) = ua(K) for all x; € [2h,1 — 2h]. Put m/(x) := m{'(x;) + -+ + m//(xg) and g"(x) =
(87 (x1),-- .8y (x4))". Then, from Corollary 2, it turns out that the expected value of the squared
asymptotic bias of m equals

2
A u) kp(u,v)dv =

h4
7 (KPP E(m?/(X) - 078"(X)) . @1

‘We consider

60 = (Oo1,...,00q) " :=argmin E(m} (X) - 0Tg”(X))
oer 4.2)
= [E(g"(X0g"X)7)] - E(g"(X) - m{/(X)).
For (4.1) and (4.2), we make the following additional assumption throughout this section.
(A6) maxi<j<q E(g}’.’(Xj)z) < oo, and E(g”(X)g”/(X)T) is invertible.
We note that 6] g is nothing else than the projection of m onto {#7g : @ € R¢} in the space of additive

functions 7,44 equipped with the inner product (£, 1) = E(f{"(X)n (X)), where f"(x) = f{"(x1) +-
1] (xq) for f € Hqq. According to (3.6), the expected value of the squared asymptotic blas of the d1rect

local linear estimator 7y is given by h* us(K)? E(m/ (X))?/4. Comparing this and (4.1) with the choice
6y at (4.2), we get

0 <E(m}(X)-6]g" (X))’
E(m}(X))* - [E(g”(X)- my X)) | "[E(g”X)g”X)7)] ' [E(g”(X) - m}(X))]

<E(m}(X))?
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with the equallty holding only if E(g"(X) - m{/(X)) = 0. This means that, as long as g; are chosen so
that E(g”(X) - m//(X)) # 0 and we use a consistent estimator 8o in the construction of i1 at (3.2), i
always improves the first-order bias of the direct local linear SBF rity.

Now, we find a consistent estimator of 6y defined at (4.2). Put Y 0.—y— 0T g(X) and Yig =Y -
07 g(X;), 1 <i <n. We estimate 8y by

n
8¢ := argmin n IZ (v? — ihye(X;)) 2. 4.3)
GeRd im

For a generic random variable W, recall ey = W — mw (X). We let éw ; := W; — mw (X;). Put

8g(x),i = g (x))iv- - Ega(xa)i) | = 8(Xi) — g (Xa),

where rig(x)(X) := (1g,(x,)(X),. . .. M1g ,(x,)(X)) . Then, using the linearity of the SBF operation as-
serted by Proposition 1 in Section 2, we find that @ at (4.3) can be given explicitly. Indeed, it can be
defined alternatively as

-1 n

n
Bo:=|n" Z Bax.i Eq| n7 Z Eg(X),i " Ev.is 4.4)

i=1 i=1

—1won A AT .. .
whenever n™ 31| g(x),i - € o(X).i 18 invertible.

The definition of the estimator @ at (4.3) is motivated by observing
n
n! Z(Yﬁ — rinys (X;))” = ¢ - E[(m}(X)- 0Tg”(X))2] + (irrelevant term) (4.5)

for some constant cx depending solely on the baseline kernel K. To see the approximation at (4.5), we
note that Yig =m(X;) - 07 g(X;) + &; so that

YE = iiye (Xi) = (m(X;) — 07 g(Xs) = 1t x)-g7 ) (X0)) + (81 = 11(X0)).

where we have used the linearity of /izyy in W asserted in Proposition 1. The approximation at (4.5)
then follows from the application of (B.2) in the Appendix to 7(X) = m(X) — 8" g(X). Indeed, the left
hand side of (4.5) is well approximated by

n IZ(’"(X) 0" g(X;) = Mty x)- ng(x)(X) ! —e(X;))

n n
i=1 l:1

n

= B[(m{(X) - 078" (X)*] +n7' D (& —ie(X,)) .

i=1

The first term on the right hand side of the approximation at (4.5) is what 6y minimizes, see (4.2), and
the second term does not involve 6.

Theorem 3. Assume (Al)—(A6). Let 6y and 90 are defined as at (4.2) and (4.4), respectively. Then,
0o — 0 in probability.
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In the next theorem we present the asymptotic distribution of /(x) defined at (3.2) with @ given at
(4.4). It is an immediate consequence of Corollary 2 and Theorem 3. Recall that 1;(K) = f w K(u)du
and uj(K2) = /qu(u)2 du for j > 0. Define

1 E(s?|X; = x;)
2 2 J =
oi(xj) == po(K*) ——
J T ( ) pj(x;j)
where 7 > 0 is a constant such that n!/5h — 1.

Theorem 4. Assume (Al1)—(A6). Assume also that E(|e|¥|X; =) for all 1 < j < d are bounded on [0,1]
for some a > 5/2, and E(s2|XJ- =) for 1 < j < d are continuous on [0,1]. Then, for each x € (0,1)%,
the distribution of n*/3(#i(x) — m(X)) converges to the normal distribution with mean t* (K )(m? (x) —
Hgg”(x))/Z and variance Zj-l:] U}(xj), where 0 is defined at (4.2).

4.2. Bias reduction in estimating mj

Since po(x;j,«) = po(K) for all x; € [2h,1 — 24], the asymptotic bias of n%]?(xj) equals

W ua(K) [m (xj) = 00 (g7 (x)) —E g/ (X)) | /2

for all x; € [2h,1 — 2h]. There is an extra term Egj’.’(X 1) in the expansion of the jth centered individ-
ual component estimator, which is absent in the summands in the expansion of #i(x) — m(x) given in
Corollary 2. The expected value of the squared asymptotic bias of /] equals h* o (K)? E(m?(X;) =
o [g]’.’(X i)—Eg ]f’(X j)])2 /4. For the local linear estimator ri1j, ; without parametric help, the expected
value turns out to be h* > (K)? E(mj’.’(Xj))2 /4. We note that the inequality E(m/ (X) — 08 g’ (X))? <
E(m’/(X))? for 0y at (4.2), which we observed in the estimation of m, implies neither E(mj’.’(Xj) -
90‘,-g]’.'(Xj))2 < E(mj’.’(Xj))2 nor

E(mf/(X;) - 60 [ (X)) ~Eg'(X))])* < E(m}/ (X))

forany 1 <j <d.

To take full benefit of parametric help for estimating individual components, we consider 6 that
is different from the one defined at (4.2). With a slight abuse of notation, we continue to denote it by
. For individual component estimation, we choose 8y = (Ag;,. . .,0p4)" with each element j being
defined by

] Cov(m’’(X;),g7(X}))
6o; := argmin E(m'(X;) - 6; [gj'.’(Xj) - Eg]’.'(Xj)] )2 = J J

4.6
o Var(g(X,) 0

For this definition, we assume

(A6’) 0 <minj<jey Var(g;'(X,)Z) <max|<j<g Var(g;'(xj)z) < oo,
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A projection interpretation can be given to [g]’.’ - EgJ’.’(Xj)] similarly as for Hgg in Section 4.1. It is
clear that

Cov(m]’.’(Xj ), g;'(Xj )?
Var(g?'(X;)) 4.7

E(m}’(Xj)—on[ (X))~ Bg/(X; )] (m/(x; ))2

<E(m/(X)))*

with the equality holding if and only if Cov(mj’.’(X i), 8 ]’.’(X 7)) =0.
To achieve the benefit of parametric help in the individual component estimation we have discussed
above, we need to find consistent estimators of 6p;. Put

L2 K)—h~ (v —u)i; 1 (u,K) ‘
25,0, K)aj 2(u,K) — iy 1(u, K)?

wj p(u,v):= Kp(u,v),

where fi; ;(u,K) := n! 1 h‘l(Xij —u) Kp(u, Xij). Let iy ; be the marginal local linear estimators

with W; as the response and X;; as the covariate values. It is the first entry of m ; defined at (2.2).
Then, mw ;(x;) = n! Z?:l wj p(xj, Xij) - Wi Let 6;(j,W) := W; — iy ;(X;;) and

n
BEVGLW) = 86 W) =7t Y i),
i=1

Recall that ﬁ1y j are the centered versions of components iy, ;j that comprise ity =ity | + -+ + iy g4,

the latter being the first entry of the (d + 1)-tuple m given as the solution of the local linear SBF
equation (2.3) with W =Y. We propose

-1

( an 58 (j.g5 (X)) ]

126"“ J&r (X)) i j(Xp).  (48)

The definition (4.8) is motivated from the observation that, for a smooth function 7, &;(j,n(X i)
approximates well —A2 > (X; 7, k) - 1" (X;;)/2. If we apply the approximation to 7 = g; and to n = m]‘f,
then we see that

-1

05 = (”_1 D6 (g (X)) ] 1Zf5dev J:81 (X)) - i (j.m5 (X))
i=1

approximates well 6;. Our proposal B ; simply replaces bi( j,mJC, (Xj)) in ég}. by 6 ( J>my, j(Xj))’

Theorem 5. Assume (Al)—(A5)and (A6'). Let 6y; and o j are defined as at (4.6) and (4.8), respectively.
Then, éoj — 6y in probability for all 1 < j < d.

Remark 1. One may be tempted to replace 5?6"( 7,8i(X;)) by g ]’.’(Xl- i)—8 ]’/ (X;) in the definition of by s
where gj’.’(X i) = n! P gj’.’(X[ 7). But, this does not work since then the numerator of the resulting

quantity would be of magnitude OP(hz) while the denominator converges to Var(g;’(X 7).
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Remark 2. One may estimate 6y, in a direct way if one is given a uniformly consistent estimator of
mJ’.’. If this is the case and if we denote it by nﬁj’/, then, the estimator defined by

i 2y (Xip)(g] (Xij) — g7/ (X))
T e Xy - g XK

is also consistent. For consistent estimation of m’’ one needs to employ a higher-order local polynomial
SBF and assume a higher-order smoothness of tiqe component functions m;, however.

Let 8 := (fo1,. . .,00q)". Since 8y — 6 in probability by Theorem 5, the conclusion of Theorem 2
with 6p; now defined at (4.6) still applies to n%]C defined at (3.7) with

7 j(xp) =ity _groe 1/ (%) + ho; €7(x)),

where 6 and its components ; are defined through (4.8). Thus, the bias improvement in comparison

with the direct local linear estimator 7y, ; is evidenced by (4.7). Furthermore, our proposed estimators

n%}c are jointly asymptotically normal, as demonstrated by the following theorem. To state the theorem,
define

2
Bj(x)) = % - pa(K) - (m (x;) = 6o; (87 (x;) — Eg} (X)) ) -

Recall 7 = limy, 0o n'/5h > 0.

Theorem 6. Assume the conditions of Theorem 4 with (A6) replaced by (A6’). Then, for each
x € (0,1)4, the joint distribution of n*/° (] (x1) =m{ (x1),. . .. (xq) — mé(xd))T converges to the mul-
tivariate normal distribution with mean vector (81(x1),. . .,Ba(x4))" and variance matrix diag(o-}?(x i)

S. Monte Carlo experiments

We generated the response variable Y from the following additive model:

Y= sin(27rX1) + o1 Xl(Xl - 0.5)2(X1 - 1) + COS(27TX2) + 02 Xz(Xz - 0.5)(X2 - 1) + &, 5.1)
where & ~ N(0,0°%) with o = 0.5, independently of X;. We took X; = ®(Z;) for j = 1,2, where @ is the
distribution function of the standard normal distribution and

(ZlaZZ)T ~ N2 ((Ovo)T’ (015 015)) .

Note that the generated X; are marginally uniformly distributed on [0, 1] but they are dependent since

Corr(X1,X>) # 0. We made two choices for p; and py: p1 = 0,64; p» = 0,12V3. We chose p; = 64
since maxy, ¢[o,1] |*1(x1 — 0.5)%(x1 — 1)| = 1/64, so that the two components sin(2 7x1) and 64 x; (x; —

0.5)%(x; — 1) have the same amplitude from zero. The choice p; = 123 was made for the same reason.
We investigated the following two scenarios for the working parametric family.

Case 1:  g1(x1) =sin(2rx;), ga(x) =cos(2mxy),

Case2:  g1(x1)=x1(x; —0.57(x; — 1),  g2(x2) = x2(x2 — 0.5)(x2 — ).
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For estimating m, the formula at (4.2) gives 8p; = 1 — 3p2A; /7% and 6> = 1 — 6p1 A /72 in Case 1,
and 6y, = p1 — 32072A,/7 and 6y = py — 87%A; in Case 2, where A; = E(X, — 0.5)sin(27X;) and
Ay = E(X; - 0.5)?cos(27X,). For estimating the individual components m]c , the formula for 6; at
(4.6) gives 6p; = 1 in Case 1, and 6p; = pj, j = 1,2 in Case 2.

We discuss briefly the simulation model (5.1) in conjunction with the two choices of (g1,g2). We
first consider the case where p; = pp =0, i.e., m(x) = sin(27x) + cos(2wxy). In this setting, Case 1
corresponds to the case where one picks by chance a working parametric family that contains the true
additive regression function m. In this case, the leading bias of 7z vanishes since m? — 0(; g’’ =0. From
this experiment one may be able to see how the theoretical benefit of the perfect parametric help takes
into effect in practice for estimating m. On the other hand, in Case 2, the leading bias of 7 is not zero
and our theory tells that there is some bias reduction in comparison with the direct local liner SBF
estimator sty since E(g”(X) - m/(X)) # 0. As for the estimation of the individual components, which
are my(x1) = sin(27rx1) and my(x;) = cos(2mx;), Case 1 and Case 2 are truly opposite. From (4.7) and
the correlation inequality, it follows that

E(mf/(X;) - 608} (X)) —Eg/(X))])* 2 E(m}(X;))* = Var(m] (X;))

for all g;. The lower bound is achieved by the (g,g2) in Case 1 since then Cov(mj’.’(Xj), g}’.’(Xj)) =
Var(mj’/(Xj)). On the contrary, with g; in Case 2, gj’.’ are perpendicular to the respective mj’.’, ie.,
Cov(mj/.’(Xj), gj’.’(Xj)) = E(mj’/(Xj)gj’/(Xj)) =0, in which case, according to our theory, there is no im-
provement in the leading biases of the estimators of the individual components. From the experiments
with p; #0 or po # 0 in (5.1), we may be able to assess the performance of the parametric help in the
intermediate cases between the best and worst scenarios.

We first compared the performance of our proposal /2 with the direct local linear SBF estimator iy .
We used the Epanechnikov kernel, K(u) = (3/4)(1 — u?)I(Ju| < 1), and the theoretical bandwidths &
that minimize the respective asymptotic density-weighted mean integrated squared errors

4 2
o Kt e+ 5 [k -a 52

where A = Em’/(X)? for sity and A = E(m//(X) — 6 g/ (X1) - Qozgé’(X2))2 for /7. Note that the A for
m vanishes in Case 1 with p; = p, = 0, in which case we used the theoretical bandwidth for 71y in
computing /1. As a measure of performance, we computed the Monte Carlo approximations of the inte-
grated squared bias (ISB), the integrated variance (IV) and the mean integrated squared error (MISE)
of m = m and m = iy MISE(m) := ISB(m) + IV (),

M 2
ISB(/m) := /[0 " (M—l Z D (x) - m(x)) dx,
’ i=1

M M 2
V(i) := / M! (m<f>(x)—M—1 m@(x)) dx,

where m(® is the estimate of m computed from the ith dataset and M = 100.

Table 1 reports the values of these measures. The results confirm our theoretical finding that /7 has
smaller MISE than iy, except in the worst scenario (Case 2 with p; = p = 0) where m’/ and g/’ are
perpendicular to each other for j = 1,2. We note that, in Case 2, the values of the MISE as well as
those of the ISB and the IV for our proposal 7z are nearly the same for all combinations (p1, ;) =

(5.3)
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Table 1. The values of ISB, IV and MISE, multiplied by 103, of the direct local linear SBF estimator (ihy ) and of
our proposal (7).

Case 1 Case 2

p1=0 p1 =064 p1=0 p1 =064

n iy m iy m Ay m iy m
p2=0 100 ISB 427 023 773 396 427 6,56 173 6.56
v 355 361 40.6 441 355 34.0 40.6 340
MISE 39.8 363 483 481 398 40.6 483 40.6
400 ISB 142 009 279 149 142 224 279 224
v 9.02 9.09 100 10.8 9.02 854 10.0 854
MISE 104 9.18 128 123 104 108 12.8 10.8
1,000 ISB 0.72 004 146 0.77 072 112 146 112
v 434 438 481 5.20 434 404 481 4.04
MISE 506 442 627 597 506 516 627 5.6
P2 = 12V3 100 ISB 441 440 718 526 441 672 718 6.72
v 415 356 447 465 415 342 447 342
MISE 459 400 519 518 459 409 519 409
400 ISB 123 148 229 177 .23 219 229 219
v 104 858 11.0 11.0 104 858 11.0 8.58
MISE 11.6 101 133 13.8 11.6 107 133 10.7
1,000 ISB 073 0.84 127 0.95 073 119 127 119
v 500 426 527 546 5.00 4.07 527 4.07
MISE 573 510 6.54 641 573 526 654 526

(0,0),(0, 12V3),(64,0) and (64, 12V3). This is expected. Indeed, the theoretical value of A = E(m’/(X) -
Oo187'(X1) — Hozgé’(Xz))z in (5.2) for /i in Case 2 does not depend on p; for j = 1,2. Another thing
to be commented is that, in Cases 1 and 2 with (p1,p2) = (0,12V3), the values of the ISB for 7 are
actually larger than those for 7ity. This can be explained as follows. For 7, the reduced bias E(m//(X) —
Oo187'(X1) — 6oz gé’(Xz))2 < Em/ ’(X)? led to a larger bandwidth than for the direct local linear SBF sy,
as a consequence of taking more care of the variance part. The larger bandwidth then decreased the
variance significantly while increasing the bias slightly, and thus gave the smaller values of the MISE
for 712 than for 1y . To assess the performance of the individual component estimators 7 AJC and n%ﬁ’] we
also computed the ISB, IV and MISE for each component, replacing  in (5.3) by m and ity I and
m by m‘ for j = 1,2. We call them for the jth component, ISB;, IV; and MISE;. Table 2 reports the
values of MISE; + MISE, together with ISB{+ ISB; and IV + IV,. Basically, the lessons are the same
as those from Table 1. One thing to note is that the asymptotic mean integrated squared errors

1 h 2
%‘/K(u)zdwE(sz) +Z(/u2K(u)du) ~E(m]'.'(Xj)—901( "(Xj) - Eg "(Xj )))

for /m$ in Case 2 now depend on p;, contrary to the case of sz. Thus, the theoretical values cor-
responding to those in Table 2 for PHspr in Case 2 are all different for different combinations
(p1,p2) = (0,0),(0,12V3),(64,0) and (64,12V/3), contrary to those corresponding to Table 1.
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Table 2. The values of ISB; = ISB;+ISB,, IV, = IV + IV, and MISE, = MISE; + MISE,, multiplied by 103,

for the set of the direct local linear SBF component estimators ‘SBF’ (r?tf, 1y 2) and for our proposal ‘PHggr’
(i, 15).
Case 1 Case 2
p1=0 p1 =064 p1=0 p1 =064
n SBF PHggp SBF PHggr SBF PHggp SBF PHgpr
p2=0 100 ISB+ 416 0.28 744  3.73 416 6.38 744 759
v, 435 339 49.8 437 435 417 498 424
MISE 476 242 5712 474 476 482 572 50.0
400 ISB, 142 0.09 292 149 142 219 292 246
vy 10.9  8.59 123 107 109 10.3 123 104
MISE 123 8.68 152 122 123 125 152 12.8
1,000  ISB4 0.72 0.04 1.50 0.80 072 1.02 1.50  1.22
IV, 516 4.14 571  5.07 516 4.85 571 485
MISE, 588 4.18 721  5.87 588 597 721 6.07
pr=12v3 100 ISB.+ 438 417 6.99 4.82 438 6.71 6.99 6.94
v, 53.6 384 582 50.9 53.6 419 582 424
MISE 58.0 42.6 652 559 58.0 48.6 652 503
400 ISB, 1.24 116 244 1.59 1.24 218 244 245
vy 13.6  9.57 145 124 13.6 104 145 104
MISE 14.8  10.7 170  14.0 148 12.6 170 129
1,000  ISB4 073 0.74 1.32  0.93 073 113 .32 124
IV, 6.40 2.61 6.74  5.92 6.40 4.86 6.74 4.86

MISE+ 713 5.35 8.06 6.85 713 599 8.06 6.10

6. Concluding remarks

We did not study the idea of the parametric help applied to the local constant SBF. One can imagine
that it is more complicated than the application to the local linear SBF since the local constant SBF
has boundary effects and its bias involves the joint density p as well, in an implicit way, see Mammen,
Linton and Nielsen (1999). Above all, it is inferior to the local linear option, practically as well as
theoretically.

The methodology and theory developed in this paper for real-valued responses Y may be extended to
responses taking values in separable Hilbert spaces H. In this general setting, the regression function
m:[0,1]¢ — H is structured as m = m| & - - - ® my with m; : [0,1] — H, where @ is the operation of
addition on H. Also, the parametric family that helps additive regression is given by {(6; © g;)®--- &
(fq ©ga):0; €R,1 < j <d} with gj : [0,1] — H, where O is the operation of scalar multiplication.
Let (-,-) and || - ||z denote the inner product and the associated norm of H, respectively. Then, the
parametric help with g = (g1,...,g4)" is maximized by using a consistent estimator of

6o := argmin E ||m}' (X))@ --- @ m/[(Xq) © ((61 0 &]'(X) & & (04 @g"l'(Xd)))HHZ{[.
OcR4

Here,a©b=a® (-1)© bfor a,b € H, and m’’ and g’’ are the second-order Fréchet derivatives of m;
and g;, respectively. For the estimation of the individual components, the targets in the corresponding
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parametric help are

o BUm X))/ X)) 0B/ Xw)
0j -= ’” ’” ’ =J=
! E(llg/(X;) © Eg/(X))lI3)

It is straightforward to think of versions of 0 at (4.4) and éoj at (4.8) in this Hilbertian setting. One
may also get the corresponding analogues of the theorems and corollaries in Sections 3 and 4 using the
analogues of Propositions 1, 2 and 3 that can be derived from Jeon et al. (2022).

Another extension that is immediate is to use different bandwidths A; for different covariates X;,
instead of a common £ for all X;. In this case, the bias part in Corollary 2 is modified to

d
Zm(x,,K)fF m!(x}) = 6o &]'(x))
j=1

Thus, the largest gain in the estimation of m with the parametric help is attained by using a consistent
estimator of

00=0¢y(hy,...,hg) :=argmin E
6cRd

2
(Zh2 m(x;) = 6; g; (xj))) l

Jj=1

which depends on the bandwidths /;, contrary to the case of using a common bandwidth. However, for
the estimation of the individual component functions, the targets 6; remain the same as in Section 4.2.
A further extension of the present study is to consider a nonlinear parametric family where g(x,0) is
nonlinear in  while it is additive in modeling the effects of X. This would only involve additional but
straightforward complication in the corresponding methodology and theory.

Although we studied the advantage of the parametric help in the case where the underlying model
is additive, one may be also interested in what happens when the true model is not additive. Here,
we discuss the estimation of the multivariate regression function m only since it is hard to think of
individual components of a non-additive function. In the non-additive case, our proposal with the
parametric help is not actually considered as an estimator of the regression function m = E(Y|X = -)
itself, but as an estimator of its projection onto the space of additive functions .7%,4q. Call the projection
my. We believe that one still benefits from the parametric help in terms of estimating m. . To investigate
this, one first needs to derive versions of Propositions 1 and 2 for a general response variable W with
non-additive my = E(W|X =-). Let mw 4+ be the projection of my onto 5%4q. We continue to let Ay
denote the solution of the SBF equation (2.4). Then, the versions of Propositions 1 and 2 basically
replace my by my + and my, W, by the second derivatives of the components of myy . In the proofs
of these versions, ew + := W —myw _(X) takes the role of ew := W — my (X). One notable difference
from the additive case is that one cannot use E(ew +|X) = 0 since it is no longer valid in case mw is
not additive. Instead, one has

E(ew,+|1X;)=0, 1<j<d 6.1)
since E(ew +|X =) = mw — mw 4 is perpendicular to .7/;4q and thus
0=E[E(ew +[X)n(X))| = E[E(ew +|X))n(X;)]

for all square integrable functions 7. With (6.1), one may be able to prove the versions of Propositions 1
and 2. However, there are several hurdles one needs to overcome in going through other details with
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£+ :=Y —m,(X) replacing . For example, for the consistency of @ (Theorem 3), one needs to prove,
in the non-additive case, that

n
n! Z Dj(Xij) “E4,i = 0p (n_4/5), (6.2)
i=1

where f)j is defined at (B.4) and &, ; := ¥; — m+(X;). Compare (6.2) with the equations at (B.6). We
note that the second equation at (B.6) is crucially dependent upon E(g;|X;) = 0. However, one has only
E(e;|X;) = 0 from (6.1), and the second equation is no longer valid for &, ; replacing &;. The main
reason is that ﬁj(Xij) involves not only {Xj;,...,Xp;} but also {Xig,..., Xy} for all k # j. We note
that (6.2) follows if one proves

n
sup |n_1 ZD]‘(X,']') &4l =0p(1’l_4/5) (6.3)
DjEGn i=1

for some class of functions G,, where ﬁ ;i belongs with probability tending to one. Such a class would
be for those D; such that SUP, €0, 1] |Dj(x;)] < Cin~2/3 and |Dj(xj) — Dj(x]'.)| < Czn_1/5|xj - x]’.l for
all xj,xjf € [0,1]. Then, one may employ a maximal inequality from the empirical process theory to
prove (6.3), where we believe one does not need E(e4|X) = 0 but E(e,|X;) = 0 would be enough. For
this approach to work, however, the bandwidth, say b, in the construction of 90 might need to be of
larger magnitude than n~1/5_ 1f this is the case, then one needs to prove (6.2) and (6.3) with o, )

replacing o), (n=*/3), and take G, accordingly, which in turn requires versions of Propositions 1 and 2
for a flexible range of bandwidth. We think this is an interesting topic for future study.

Appendix A: Proofs of theorems in Section 3
A.l. Proof of Theorem 1

Using the linearity of the SBF operation asserted in Proposition 1, it holds that
m'?(x) - m"(x)

d d
=700 = 2 oy, 09+ 2 g )~ m* 9
J=1 j=1
d d
=Ty _grox)(X) — m®(x) - Z Hojg;.p(xj) -~ Z(éoj - goj)(mg’j(xj)(x) _ g;.P(xj)) .
J=1 Jj=1

An application of Proposition 2 to W = g;(X;) gives that Iilg; (Xj)(x) — g}p (xj) = 0p(n—2/5) uniformly

for x € [0,1]¢. This and the assumed consistency of @ imply the theorem.
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A.2. Proof of Theorem 2

Let (i1, .. .,mg) be a tuple such that w1 = iy + - - - + fiig. Then, from Theorem 1 and Lemma 3 in the
Appendix C, it holds that, for some &; = Op(1),

1y (x7) = rity_grax) (%) + 007 8(x)) + & +0p (n~2?) (A1)
uniformly for x; € [0,1]. Also, we get that, uniformly for x; € [0, 1],

1y j(xj) = iy _g7ecx)1,7(%i) + h6oj 87(x}) + 0p (n25). (A.2)
Now, for a tuple (ﬁ’ly_egg(x)’l,. . .,my_egg(x), 4) comprising

Ity g7 g(x)(X) = Tty _gTo(x),1(X1) + -+ + 1ty _gTe(x),a(Xa);

let ﬁz;_ OTe(X).j be their centered versions satisfying the constraints (2.5) with W =Y — 05 g(X). Then,
; &X),

by (A.1) and (A.2)

1
s (x;) :m;—ogg(X),j(xj) + 6o, gj(xj)—/o (g/(w)pj(u) + hg(w)p1,;(u)) du

(A3)
+op(n??),

uniformly for x; € [0,1]. Note that the ¢; in (A.1) are canceled out in the above equation for the centered
versions.
On the other hand, applying Proposition 3 to W =Y — 6 g(X), we obtain

~C N\ — ,C . ~A .
Tity_g7 91,1 50) = My _grg0x),; 5 + My _gr o) (57
2 (A4)
+ = kol ) [m () = Bz ()] +0p (n27)
. A ,.,A . _ ~ A .
uniformly for x; € [0,1], where /mj, 67E(X).j is the first element of the 2-vector my, 078(X).)" Since
) 1
m;—OSg(X>,j(xj) =m; (x;) — Oo; gj(xj)—/o gj(u)Pj(M)du],
the approximations (A.3) and (A.4) imply that, forall 1 < j <d,
: : A h?
1 (x7) = 5 (x) + 1y _gr ) (65) + = Ha(x,K) [m7/ (xj) = 6087 (x))]
(A.5)

+ 901 +0p (n—2/5)

1 1
[ sitwmstadu= [ (gm0 + hejp i) du
0 0
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uniformly for x; € [0,1]. We elaborate on the integrals in the last term in (A.5). We observe that
1 1
| swmswau= [ (g« hejwpi0) du

- /0 - [g/(v) = &) = (v = w)g ;)] p;(V)Kn(u,v) dv du + O, (n'12)
. 5 (A.6)
n2orl ) s

=3 /0 ﬂz(u,l()gj (w)pj(u)du + op(n~"°)

h2 1 ’” _
= 7/0 po(u, k)g ! (w)p;(u) du + op (n 2/5).

In (A.6), the first equation follows from the normalization property of the kernel Kj,(-,-) at (2.1) and the
fact that

1
/0 (gj(u)ﬁj(u)+hg}’.(u)]51’j(u)) du
1
) E(/o (8 ()P () + hg (w1 ;) du| +0p (n~'/2)
= ‘/[;) P [g () + (v —w)g} ()] pj(V)Kpn(u,v) dv du + Op (n12).

The approximation at (A.6) with (A.5) gives the theorem.

Appendix B: Proofs of theorems in Section 4

B.1. Proof of Theorem 3

Recall &y ; = W; — ity (X;). Put m®(x) := m(x) — 6 g(x). We claim

n

WY B Egyxpi = 0p (), 1<j<d. (B.1)
i=1
It also holds that, for any additive function 7,
n
n Y by =0p(n), 1<) <d. (B.2)

i=1
The two claims give the theorem. To see this, we note that
Y2 —tityo (Xi) = e x),i + 8.0 = (0 = 00) 8g(x).i-
From the definition of 90 at (4.4), we may write

n n

n -1
=60+ |n" Z Eg(X).i 'é;(X),i) ("_1 Zégmi Beitn Zégo&),i “Eme(X),i
i=1

i=1 i=1
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Now, applying the second part of Corollary 1 with (x) = g;(x;) foreach 1 < j < d, we get

) & " -
g, (x;)(X) — gj(x)) = 5 m2(xj,6) 85 (x7) + 0p (n™2)

uniformly for x; € [0,1]. This gives that

n

- A A h4 ’7 17 —
Y Baa By = 7 12K E(87(X)g (X)T) +0p(n*).

i=1

This and the two claims (B.1) and (B.2) entail 8 = 6 + op(1).

It remains to prove the two claims at (B.1) and (B.2). For (B.1), recall that u>(x;, k) is the first entry
of the 2-vector N(xj)_ly(xj). We apply the second part of Corollary 1 twice to 7(x) = m®(x) and to
n(x) = g;(x;). By taking the first entries of the respective tuples in the resulting expansions, we obtain

h2 d )
max |8m9(X) i E MZ(Xlla K)(”lk (Xlk) QOk gk (‘(lk)) I ( 2/5)’
1<i<n
max |&g.(x;),i —2 H2(Xij ) 87 (Xij)l = o (n—z/s)'
l<i<n SIWHE 2 ) J J 14

The above two uniform expansions entail that, for each 1 < j < d,

n

-1 N A
n Zsme(x),i T Egi(X))i
i=1

h4 d n
In Z Z 2 (Xik k)2 (Xij, ) (] (Xixe) = Oon 8 (Xix)) 87 (Xij) + 0p (n=5)
k=1 i=1
1’14
= n(K)E([m(X) - 058" (X)] - (X)) +0p(n™*7)
=0p (”_4/5)’

where the last equality follows from the definition of 6 at (4.2).
Next, we prove (B.2). Applying Proposition 2 with W = ¢ and the second part of Corollary 1, and
since E(g]|X) =0, we get

n
-1 A A -1
n E (e Enx),i =N
i=1

&i (n(Xi) = iy x) (X))

‘M=

i=1

(B.3)

n lzl/h ](le) U(Xl) m,l(x)(Xl)) +0P( _4/5)’
i=1

M&

Il
—_

J

where we have also used the simplification that m . reduces to 7. ;. We prove that both terms on the

right hand side of (B.3) are of magnitude o, (n~ 4/5). We give a proof for the second term only since the
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first one is simpler. Put
n
Dj(x;)=n"" Z wj n(Xij, x7) (n(X3) = iy x) (X)) -
i=1
From the second part of Corollary 1, it follows that

sup |Dj(xj)| =0, (n2).

xj€[0,1]

Since Dj(xj) involves only X;, 1 <i < n, and E(¢g;|X;) =0, we find from (B.5)

! Z e j(Xij) (n(Xi) = 1) (Xi)) = n”! Z Dj(Xij) - &

i=1 i=1

=0,

i=1
= 0, (n").

This completes the proof of (B.2).

B.2. Proof of Theorem 5

First, we note that ﬁz{f’ iz g j. By applying Proposition 3 to W =Y, we get
2
1<i<n

This gives

max |8 (j. iy (X)) + m( Xijk)m (Xi) = 81 (jone (X)) | = 0p (1),

1<i<n

Also, we note that

1<i<n

It suffices to prove then
126‘1“ J.85(X) - 8i(juime j(Xp) = 0p (n™3).

To prove (B.7), put

n

Aij=n IZ 5d V(j.8i(X))) — Z wj p(Xinj, zj)5dev(] g (X)) |wj.n(Xirj, Xij).

i’=1 i”=1

n
Jl’l_2 Z Dj(Xij)zE(SﬂX],. .. ,Xn)

h ~ _
max s, ;(Xiz) = m§ (Xij) = = pa(Xig k) m7/ (Xig) + i j(Xij) | = 0p (n7F).

h? iy _
max | 8;(.8;(X))) + = 12X ) 8] (Xij) | = 0p (n2F7).

(B.4)

(B.5)

(B.6)

(B.7)
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~

Then, the left hand side of (B.7) equals T := n-l 2?:1 A; j - €. We claim
n
nt Y A} =0, (7). (B.8)
i=1

Since Ai,j for all i depend on solely on X, .. X,;, we get E(T|Xjj,...X,;) = 0. From (B.8) we also
have

n
Var(T|X1j,. .. an) = n_2 Z A%’j . E(S?lXij) = Op (n—9/5) .
i=1

This proves (B.7).
It remains to prove the claim (B.8). Define

n
Ajxy)i=n Y wpn(Xigxg) - 85 (g (X)),
i=1

n
Bj(x]') = n_] ij’h(xij,x]') . Aj(Xij)~
i=1

Then, Ai,j = A;j(X;;) — Bj(X;j). It suffices to prove

sup |4;(x)] = Op (). sup |Bj(xj)| = 0p (?). (B.9)

xj€[0,1] x;j €[0,

To prove the first assertion in (B.9), we note that

n

sup 167 (j.g;(X;))| < sup |$i(]',gj(X_/'))|+nilz sup [6: (/. g;(X;))]

1<i<n 1<i<n i=1 1<i<n

<2 sup [6;(j.g;(X))I-
1<i<n
Recall that Si(j,gj(Xj)) = —%/Jz(Xij,K) gj’.’(Xij) + op(hz) uniformly for 1 <i < n. Since the assumption
(A2) on the baseline kernel K ensures that sup,,¢jo 17 |#2(u,«)| < C; for some absolute constant 0 <
C1 < oo, we get sup| 1, 18:(/.8,(X;))| = Op(?) and thus sup, ;. 163(j.g;(X,)] = O, (). Since
there exists an absolute constant 0 < C, < oo such that

n n
w7 o aXip )l < Coon7t T KXo xp), (B.10)
i=1 i=1

this completes the proof of the first assertion in (B.9). The second assertion in (B.9) follows immedi-
ately from (B.10) and the first assertion.

Appendix C: Further technical details

Here, we bring in relevant function spaces in our theoretical development in Sections 2—4, together
with some linear operators mapping .# to .#; and .#,qq to itself, which pertain to the SBF operation
that we described in Section 2. We also present the proofs of Propositions 1-3 in Section 2.
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C.1. Function spaces

Let vec(u) := (Luy,...,uq)" foru=(uy,...,uz) € R? and define

d
M(x) := p(x) - /nec(u)nec(u)T l—[ K (uy) du.
k=1

The space that embodies all function tuples considered in our paper is the collection all (d + 1)-tuples
of real-valued functions

M= {FP P(x) = (£0x), £ (x), ..., f19(x)) T for real-valued functions

f%and £ defined on [0,1]¢, /

[0,1]d

fP(x) TM(x)FP(x) dx < oo}.
We endow . with the inner product
(f°, gtp>2 = / fP(x) " M(x)gP(x)dx, P,g® e ./,
(0,114

and let || - ||» be the induced norm.
Now, we introduce function spaces pertaining to additive functions and individual component func-
tions. Let .#,qq be the subspace of .# such that, for f'P € .#,qq,

FOx) = filx) + -+ falxa)  fHx) = fi(x))

for some univariate functions f; and f; ;. Now, let .#; be the subspaces of .#,qq C .# containing P
such that f0(x) = fitxi), f Lk(x) = 0 for all k # j and f1/ (x) = f1,;(x;) for some univariate functlons
fj and fi ;. Below throughout this paper, when we say f = ffor f,f € .4, wemeanthat || f — f|» =
Since not all points in a rectangle with non-empty interior lie on a common hyperplane in R?, ||f?||, =

is equivalent to that fP(x) = 0 a.e. for x € [0,1]¢, provided that p is bounded away from zero.

C.2. Smooth backfitting linear operators
Recall vec(u) = (1,u)T € R? and define
M;(xj) = pj(x;)- /vec(u)vec(u)TK(u)du.
The M;;(x;) are considered as approximations of M ;j(x;). Define ; : M — M by
i (£P) (xj) := UjTij(xj)_lUj /[(‘)’l]dl MFP(x)dx_;, Pe..
It can be shown that each n; : .# — .# is a projection operator, provided that p;(x;) > 0 for all

€[0,1].PutT=(-ng)o(I—mg_1) ool —my): Maad = Madd-
To introduce sample versions of the projection operators, let

T d
M(x):=n 1Znec( . X)nec(Xih_X) nKh(xk,X,-k).

k=1
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Define #t; : M — .#; by
ﬁ'j (ftp) (Xj) = U}—ij(xj')_lUj / 9j?(x)t*p(x) dX_j, ftp eM.
[Q’l]d—l

Put T:= (I —#g) o (I — Rg_y) oo (I —Ay): Maga = Madaa» Where I : M — A is the iden-
tity map. Then, the SBF equation at (2.3) can be expressed in terms of Iil;?, =(w, + -+
mw @, Mmw 1 js- - Mw.1,4)" and

d
B, 1= ) (I =Ra) oo (I = #;4)UT tiw , .
Jj=1

where we interpret (/ —#4)o---o(I—7#j41) = I for j = d. Indeed, the SBF equation at (2.3) is equivalent
to

), =7 () +fw . (C.2)

For an operator L : #y,qq — 444, define its operator norm by

I Lllop := sup{ 1L (£P) |12 : £ € Maaq with [Pl = 1}.

C.3. Basic lemmas and their proofs

Lemma 1. Assume that p is bounded away from zero and infinity on [0, 119, Then, there exists a
constant 0 < ¢ < oo depending only on d such that, for all P € a4, there exists f;.p €M, 1<j<d,

such that f* = ftlp +- 4 fg’ and max| <j<q ||f;.p||2 < c||f®]lp. Furthermore, ||T||op < 1.

Proof. The projection operators r; : .4 — .#; restricted to .#j for k # j are compact since they are
Hilbert-Schmidt. According to Proposition A.4.2 in Bickel et al. (1993), .#,qq is closed in .# . The
first part of the lemma is then an immediate consequence of applying Theorem 3.1 in Blot and Cieutat
(2016). The second part follows from an application of Theorem 4.6 in Xu and Zikatanov (2002). [

Lemma 2. Assume that p; is continuous and bounded away from zero and infinity on [0,1]. Let f; P(x) =
£705) = (S50, 0, /i j(x)),0,....,0)T for £ € .4;. Likewise, let £ be defined by £ (x;) :=

1 R N
(ff (%j),0.....0.f1,,0.....0)" € .}, where ff(x}):= fj(x;) = Jo (i@pj(w) + fij@)pr j(w)du.
Then, for any € > 0 it holds that ||f;.p||§ >(1- e)||fjc.’tp||§ with probability tending to one.

Proof. Let ¢; = [O‘ (fjp;(u) + fi j(w)p1, j(w))du. Then, ||(c;,0,...,0)7||3 for the norm defined in
Section C.1 equals clz.. This gives

1
||f;P||§ = ||tj’tp||§ +c} +2¢; /O (first row of M(x)) - fj‘."P(x) dx. (C.3)
By the definition of tj " and noting that /01 (first row of i(x)) - f; P(x) dx is nothing else than c;, we get

1
/ (first row of Mi(x)) - t?’tp(x) dx =0.
0
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Thus, applying Holder’s inequality we obtain
1
/ (first row of M(x)) - tj’tp(x) dx
0

1
/ (first row of [M(x) - M(x)]) tf P(x) dx

(B (x) = pix)* L pu(x))? )1/2 (C.4)
d ———dx;
(/ 2;(5) xj+/o i)

1/2
: (/0 (ff () + fl,j(xj)z)[’j(xj)dxj)
—~dpj - 172
for some stochastic sequence {d}, j} such that 0 < d, j = 0p(1). For the second inequality in (C.4) we
have used the facts that p;(x;) = po(xj, K)p;j(x;) + op(1) and py ; = p1(xj, K)pj(xj) + 0p(1) uniformly

for x; € [0,1] and that po(x;,K) = 1 and p;(x;,K) = 0 for all x; € [2h,1 — 2h] and they are bounded on
[0,1]¢. From (C.3) and (C.4) it follows that

. A , 2
1213 = 165 PIZ - (1= d2)) + (dj - 165771l = 1)

> 167713 (1= dy).
This completes the proof of the lemma. O

Lemma 3. Let f;: [0,1] > Rfor1<j <d. Ifzjil fi(xj)=0fora.e. x €0, 114, then filxj)=cjae.
for xj € [0,1], where c; are constants such that 27:1 ¢; =0. If in addition each fj satisfies E(fj(X;)) =
0, then fij(x;) =0 a.e. for x; € [0,1] forall 1 < j < d.

Proof. We prove only the first part of the lemma since the second part is immediate from the first one.
For the first part, we prove fi(x;) = ¢; for some constant ¢; a.e. for x; € [0,1]. Put § := {x € [0,1]¢

fi(x1) + fo1(x_1) =0}, where f_1(x_1) := Zj.l:zfj(xj) and x_; := (x2,...,xq) for x = (xq,...,xq).
For an arbitrary measurable set D C R, put

A=AD):= £ (D)= {x1 €[0.1]: fi(x) € D},
B=B(D):= (D)= {x_1 €[0,1]7": — £y (x_1) € D}.
Since fi(x1) + f-1(x-1) =0 o0n S, we get
(Ax[0,119 ) ns=([0,1]xB) NS

=[(Ax[0,117") nS] n [([0,1]1x B) N S] (C.5)
=(AxB)NS.
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Let Leb, denote the g-dimensional Lebesgue measure for ¢ > 1. Then, from (C.3) and since Leby(S) =
1, we obtain

Leb;(A) = Leby (A x [0,1]1971)
=Leb (A X B) (C.6)
=Leb;(A) - Leby_(B).
Similarly, we get Leby_1(B) = Leb;(A) - Leby_1(B). This and (C.6) entail that
Leb;(A) = Leb; (f; (D)) =0 or 1

for any measurable set D C R. Since Leb( fl‘l(R)) =1 and it cannot happen that Leb( fl_l(D)) >0

and Leb( fl‘l(D")) > 0, the set R is an atom of the measure u defined by u(E) := Leb( fl‘l(E)).
According to Lemma 10.17 in Aliprantis and Border (2006), there exists a singleton {c;} C R such that
Lebl(fl‘1 ({c1})) > 0. Since Lebl(fl_l({cl })) must be either 0 or 1, we conclude Lebl(fl‘1 H{a ) =1,
which means f(x;) = c; a.e. for x; € [0,1]. This concludes the proof of the lemma. O

C.4. Proof of Proposition 1

We only outline the proof. It can be shown that ||#; — 7;|lop = 0p(1). This implies 17 - Tllop = 0p(1).
By the second part of Lemma | we get that

||7A"||Op < 7 with probability tending to one for some 0 <7 < 1. (C.7)

We note that fw _4 defined at (C.1) belongs to .#,qq with probability tending to one. Indeed, we may
prove that there exists a constant 0 < C < co such that ||fw +||>» < C with probability tending to one.
From the SBF equation at (C.2) and by (C.7), it holds that

o0
At N
iy, = 17 (w.) € Mg (C8)
r=0
with probability tending to one, where the convergence of the series is in || - ||>. This proves the first

part of the proposition.
To prove the second part, observe from the definition (2.2) that M¢,w;+c,w,,j = €1 - Wy, j + ¢ -
myy, ;. From the definition (C.1), fw . is also linear in W. From (C.8) and the fact that T is a linear

operator, so are 7" for all r > 2 as well, we may conclude that Ifl;?, is linear in W.

C.5. Proof of Proposition 3

Define Ajc.’tp, which takes values in //j, by

h2
7.

Ac,tp

AP () = migy () = m P () = Ul gy () = 5 - UPNGy) () - myy (). (C9)

Let A]‘.' and A 1,j be the first and the (j + 1)th entries of &;’tp. Below, we prove

sup AP =0, (n72), 1<j<d. (C.10)
/\”_,‘E[O,l]
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Put ASP(x) := Sd AT TP0g) = (A + -+ A%, A ..., Ay g)T. Along the lines of the proof of
Theorem 4.1 in Jeon and Park (2020), we may prove that, uniformly for x; € [0,1],
4
AT () + Z / UTM; ()™ M (g i) U - Ay () dye = 0 (n72F5), (C.11)
k=1,#j

or equivalently ﬁj(ﬁi’tp)(xj) =0p (n~2/3), for all 1 < j < d. This gives
4
AP (x) = T(AS™) (x) + 0p (n72) (C.12)

uniformly for x € [0,1]¢. Since ||IA‘||(,p < 1 with probability tending to one for some 0 < 7 < 1, as we
have seen in the proof of Proposition 1, we get

IAS ™2 = 0, (n723). (C.13)

Now, according to Lemma 1, there exists a constant 0 < ¢ < oo depending only on the dimension d
and &;.p = (Aj,O, ,0,A; j»0,...,0)T € .#; such that A P = Atp C+ &:5 and max| <<y ||&;.p||2 <
c||&i’tp||2. Furthermore, by Lemma 2 it holds that, for any € > 0,

max ATl < (1-€) 1~lmax IAT Il (C.14)
<Jj<

1<<

with probability tending to one, where &jﬁt" = (A;,o,. .,0,A;;,0,...,0)T with
~ ~ 1 ~ ~
50 = 8,0~ [ (&0, 0+ B 01 w) d
‘We note that
L . ! zCp
0= /0 (AT (x))pj(xy) + Ay j(x)pr,j(x))) dxj = /0 (Bj(x).p1,j(x)) - U;A (xj) dx;,  (C15)

satisfying the constraints (2.5) for AJC.. Since &i’tp = ltlp +- 4 &3) and p(x) > 0 on [0,1]¢, we get from
Lemma 3 that &;’tp —&;.p =(cj,0,...,0)" € R4*! on [0, 1] for some constant cj. Likewise, A P —A
(c;,O,. ..,0)T e R4*1 on [0,1] for some constant cJ’.. We claim

ctp

1
/0 (ﬁi(’?/),ﬁl,j(xj)) -UjAT tp(xj)dxj =op(n 72/5)- (C.16)

This with (C.15) entails ¢’ = op(n~ 2/5) since /0 pi(xj)dx; =1, so that ||Ac P _ jc.’tp||2 = op(n’z/S).
From this with (C.13) and (C.14) we get

ctp

Ac,tp c,tp T C,tp -2/5 .
AT Pl < JATP = APl + AT P = 0p (n72°), 1< <d.

Now, from (C.11) and an application of Holder’s inequality, we may conclude (C.10) since

INCeR St — —
sup AP0l < Y AL I - 0p(1) + 0p (1727) = 0 (n727).
X_,‘E[O,l] k:l,ij
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It remains to prove the claim (C.16). We multiply the row vector (p;(x;), p1,;(x;))U; on both sides of

the defining equation (C.9) for &jc-’tp and then integrate them. We first note that, due to the constraints
2.5),

1
(ij(Xj),pAl,j()Q/))Uj -ﬁl%’,tp‘(xj)dxj =0. (C17)
0 >J

c,tp

Next, for the targets m,;, " we use E(mgv’j (X;)) = 0 to obtain

1
010010, i )

nooal
=n"! Z '/0 (m\c/i/’j(xj) + (X[j - xj)m{,v’j(xj) - mﬁv’j(Xij)) Kh(xj,Xl-j)dxj
i=1

-1/2
+0p(n7) (C.18)
= —‘/[0 " (ma,j(v) —myy (xj) = (v = xj)m{,v’j(xj))Kh(xj,v)pj(v) dv dx;
+0, (n_l/z)
h* 2 ! 2/5
-7 / u K (u)du - /() pj(xj)m{,(,’j(xj)dxj +op(n” / ).
It can be also shown that
1
11, U - U NG ) 5
(C.19)

1
=/u2K(u)du-/O pj(xj)m",(,’j(xj)dxj+op(l).

Furthermore, for the stochastic term U}m% 7 the standard arguments in kernel smoothing give

1
/o (Bj(xj).P1.; () Uj - Uiy (xy)dx;y = Op (n”"1%). (C.20)

The results (C.17)—(C.20) conclude (C.16).

C.6. Proof of Proposition 2

Recall the definition of the centered components 7y, j at (2.6). Also, note that my, j(xj) =mwy j(x;) -
E(mw ;(X;)), where (mw j : 1 < j < d) is any tuple that comprises my = mw 1 + -+ + mw 4. It holds
that

d
mw () = D my, (x)) +E(W),
j=1
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d d 1
i (0= Yy )+, [0 0+ 10 00) .
j=1 j=1
The proposition follows from Proposition 3 if we prove
d 1
> /O (hw ;(W)p; () + w1 j(@)p1 j(w)) du =EW) + 0, (n77). (c.21)
j=1

To prove (C.21), we observe that the first row of ij(xj) equals (pj(x;),p1,j(x;)). Also, by the normal-
ization property of the kernel Kj(-,-), the first row of /01 Mjk(xj,xk) dx; reduces to (P (xx), P1.x(xx))-

Thus, by multiplying M /7 (xj) on both sides of the SBF equation (2.4), then integrating both sides with
respect to x; and comparing the first entries of the resulting quantities, we get that

d 1 n 1
Z/o (1w j(x)B; (x)) + i 1,5 ()P, (x))) dxj=n_lz/0 K (xj, Xij) dxj - Wi
j=1 i=1

=E(W)+0,(n?).

Here, we have also used the normalization property of the kernel that /01 Ky (u,v)du = 1forallv €[0,1].
This completes the proof of the proposition.
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