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Canonical correlation analysis (CCA) is a fundamental statistical tool for exploring the correlation structure
between two sets of random variables. In this paper, motivated by the recent success of applying CCA to
learn low dimensional representations of high dimensional objects, we propose two losses based on the
principal angles between the model spaces spanned by the sample canonical variates and their population
correspondents, respectively. We further characterize the non-asymptotic error bounds for the estimation
risks under the proposed error metrics, which reveal how the performance of sample CCA depends adap-
tively on key quantities including the dimensions, the sample size, the condition number of the covariance
matrices and particularly the population canonical correlation coefficients. The optimality of our uniform
upper bounds is also justified by lower-bound analysis based on stringent and localized parameter spaces.
To the best of our knowledge, for the first time our paper separates p| and p; for the first order term in the
upper bounds without assuming the residual correlations are zeros. More significantly, our paper derives
1 - A]%)(l - A% " D/ e — Ay 1)2 for the first time in the non-asymptotic CCA estimation convergence
rates, which is essential to understand the behavior of CCA when the leading canonical correlation coeffi-
cients are close to 1.
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1. Introduction

Canonical correlation analysis (CCA), first introduced in [17], is a fundamental statistical tool
to characterize the relationship between two groups of random variables and finds a wide range
of applications across many different fields. For example, in genome-wide association study
(GWAS), CCA is used to discover the genetic associations between the genotype data of single
nucleotide polymorphisms (SNPs) and the phenotype data of gene expression levels [7,30]. In
information retrieval, CCA is used to embed both the search space (e.g., images) and the query
space (e.g., text) into a shared low dimensional latent space such that the similarity between the
queries and the candidates can be quantified [15,22]. In natural language processing, CCA is
applied to the word co-occurrence matrix and learns vector representations of the words which
capture the semantics [8,9]. Other applications, to name a few, include fMRI data analysis [11],
computer vision [19] and speech recognition [2,27].
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The enormous empirical success motivates us to revisit the estimation problem of canonical
correlation analysis. Two theoretical questions are naturally posed: What are proper error metrics
to quantify the discrepancy between population CCA and its sample estimates? And under such
metrics, what are the quantities that characterize the fundamental statistical limits?

The justification of loss functions, in the context of CCA, has seldom appeared in the literature.
From first principles that the proper metric to quantify the estimation loss should depend on the
specific purpose of using CCA, we find that the applications discussed above mainly fall into two
categories: identifying variables of interest and dimension reduction.

The first category, mostly in genomic research [7,30], treats one group of variables as re-
sponses and the other group of variables as covariates. The goal is to discover the specific subset
of the covariates that are most correlated with the responses. Such applications are featured by
low signal-to-noise ratio and the interpretability of the results is the major concern.

In contrast, the second category is investigated extensively in statistical machine learning and
engineering community where CCA is used to learn low dimensional latent representations of
complex objects such as images [22], text [8] and speeches [2]. These scenarios are usually
accompanied with relatively high signal-to-noise ratio and the prediction accuracy, using the
learned low dimensional embeddings as the new set of predictors, is of primary interest. In recent
years, there has been a series of publications establishing fundamental theoretical guarantees for
CCA to achieve sufficient dimension reduction ([6,10,12,18,24] and many others).

In this paper, we aim to address the problems raised above by treating CCA as a tool for
dimension reduction.

1.1. Population and sample CCA

Let
x=[X1,...., X, 1" eR, y=1[Y1,....Y,]" eR™ (1.1)

be two sets of variates with the joint covariance matrix
x po ):xyi|
Cov =X := . 1.2
([y i|> [Z; 23 (-2

E(X)=0, i=1,....p1, E¥)=0, j=1,....p.

For simplicity, we assume

On the population level, CCA is designed to extract the most correlated linear combinations
between two sets of random variables sequentially: The ith pair of canonical variables

U=¢/x, Vi=y/y

maximizes

Ai = Corr(U;, Vi)
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such that U; and V; have unit variances and they are uncorrelated to all previous pairs of canonical
variables. Here (¢;, ¥;) is called the ith pair of canonical loadings and A; is the ith canonical
correlation.

It is well known in multivariate statistical analysis that the canonical loadings can be found
recursively by the following criterion:

(@, ¥) =argmax ¢ T ¥
subjectto ' T, =1, vy =1; (1.3)
¢ T.6;,=0, Y E,P;=0 Vi<j<i-l

Although this criterion is a nonconvex optimization, it can be obtained easily by spectral meth-
ods: Define

S =[d1ee byl =[P Yyl A=diag(i,..dpap). (1)

Then Ay, ..., Ap Ap, are singular values of ):;‘/zzxy):;‘/z, and E,lc/2<I>, Z;/2ﬂl are actually left

and right singular vectors of o 2):xy):y_l/ 2 respectively.

Let (xlT, yl.T) =Xi1,.--, Xip;» Yit, ..., Yip,),i =1,...,n bearandom sampleof(xT, yT) =

(X1,...,Xp,, Y1,...,Y)p,). Moreover, denote the two data matrices
T
X Y1
X=] : Y= :
T T
xn y}’l

_Generally speaking, CCA estimation problems refer to how to estimate the canonical loadings
{(¢;, 1/},-)}{2?” 2 and the corresponding estimates for the canonical variables

~ T s ~T :
Ui=¢; x, Vi=v,y, i=1...,p1Apo, (1.5)

from the data matrices X and Y. Analogous to (1.4), we define the matrices of estimated canon-
ical loadings

®:=[h).....0, 1l V=[P ¥ ap) (1.6)
For example, when n > p| + p2, the sample canonical loadings are defined recursively by
@i, ;l;z) = argmax ¢T§xy'ﬁ
subjectto ' T, p=1, ¢ S, ¥ =1; (1.7)
$'.4;=0, Y E,¥;=0, Vi<j<i—l.

where fx = %XTX e RP1*pP1, fy = %YTY e RP2%P2, fxy = %XTY € RP1*P2 are the sample
covariance matrices. As with the population canonical loadings, the matrices of sample canoni-

NS Vi P Sl . . s-l2e -2
cal loadings ):x/ ® and X y/ W are actually left and right singular vectors of X, / XX, / ,
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respectively. Subsequently, the sample canonical variables are the linear combinations by the
sample canonical loadings as defined in (1.5).

1.2. Canonical variables versus canonical loadings

For any predetermined k, any estimated canonical loading {(ai, ;ﬁ\i)}le and the corresponding
estimated canonical variables {((7[, ‘71')}{'(:1 defined in (1.5), to quantify the estimation accu-
racy, generally speaking, we can either focus on measuring the differences between the canon-
ical loadings {(¢;, wi)}le and {(ai, wi)}i.‘zl or measuring the differences between the canon-
ical variables {(U;, V,»)}i.‘=1 and {(ﬁi, Vi)}f.‘zl. Here x, y in the definition of {(U;, V,~)}§‘=1 and
{(ﬁi, \7[)};‘: | are independent of the samples based on which {@i, {0\[)}5{:1 are constructed.
Therefore, for the discrepancy between the canonical variables, there is an extra layer of ran-
domness.

As discussed above, in modern machine learning applications, the leading sample canonical
loadings are used for dimension reduction, i.e., for a new observation (xg, y), ideally we hope
to use the corresponding values of the canonical variables (u; = ¢iTxo)f.‘:1 and (v; = 1//;'— yo)f.‘: h
to represent the observation in a low dimension space. Empirically, the actual low dimensional
representations are (it; = $Ixo)f: , and (; = /l/;lT yo)le. Therefore, the discrepancy between
the ideal dimension reduction and actual dimension reduction should be explained by how well
{(ﬁ,-, f/\i)}ﬁ.‘: | approximate {(U;, V,-)}f.‘zl. Consequently, we choose to quantify the difference be-
tween the sample and population canonical variables instead of the canonical loadings.

1.3. Linear span

However, there are still many options to quantify how well the sample canonical variables ap-
proximate their population correspondents. To choose suitable losses, it is convenient to come
back to specific applications to get some inspiration. Consider the model of multi-view sufficient
dimension reduction [10], which studies how to predict Z using two sets of predictors denoted

by x =[X1,..., Xp, 1T and y=I[T1,..., Ym]T, where the joint covariance of (Z, x, y) is
X Xy Xy Oy
Cov y = Z;Cr Zy 0y
7 Ty T 2
Oy, O vz o
It was proven in [10] that under certain assumptions, the leading k canonical variables Uy, ..., Uy
are sufficient dimension reduction for the linear prediction of Z; That is, the best linear predictor
of Z based on X1, ..., X, is the same as the best linear predictor based on Uy, ..., Ui. (Simi-
larly, the best linear predictor of Z based on Y1, ..., Y, is the same as the best linear predictor

basedon Vi,..., Vi.)

Notice that the best linear predictor is actually determined by the set of all linear combinations
of Uy, ..., Uy (referred to as the “model space” in the literature of linear prediction), which we
denote as span(Uy, ..., Uy). Inspired by [10], we propose to quantify the discrepancy between
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{U; };;1 and {ﬁi };C:l by the discrepancy between the corresponding subspaces span(l? Lsenes ﬁk)
and span(Uy, ..., Uy) (and similarly measure the difference between {V; }i.‘zl and {,\7[ }f.‘: | by the
distance between span(Vy, ..., Vi) and span(Vy, ..., Vi)).

1.4. Hilbert spaces and principal angles

In this section, we define the discrepancy between span(fj Lyoons ﬁk) and span(U Ty ees Uk)/py
introducing a Hilbert space. Conditional on the data matrices X and Y, both span(Uy, ..., Uy)
and span(Uy, ..., Uy) are composed by linear combinations of X1, ..., X,,. Denote the set of

all possible linear combinations as
H =span(Xi,..., Xp,). (1.8)

Moreover, for any X, X, € H, we define a bilinear function (X, X3) := Cov(Xy, X») =
E(X1X>). It is easy to show that (-, -) is an inner product and (7, (-, -)) is a pj-dimensional
Hilbert space, which is isomorphic to R”!. With this covariance-based inner product, we know
both span(Uy, ..., Uy) and span(Uy, ..., Uy) are subspaces of H, so it is natural to define their
discrepancy based on their principal angles 7 > 6 > --- > 6; > 0. In the literature of statistics
and linear algebra, the following two loss functions for subspaces are usually used

ﬁmax(span(ﬁl, ..., U0, span(U1, ..., Up) = sin(0;)
and
—~ ~ 1
£ave(span(U1, ..., Up),span(Uy, ..., Uk)) = z(sinz(el) + .-+ Sinz(Gk))

In spite of a somewhat abstract definition, we have the following clean formula for these two
losses.

Theorem 1.1. Suppose for any p1 x k matrix A, P 4 represents the orthogonal projector onto
the column span of A. Assume the observed sample is fixed. Then

~ ~ 1
Lave(span(Uy, ..., Up), span(U1, ..., Uy)) = ﬂ”Pz{/Za]:k - P):l/2<1>1;k”12:
1 2
= E H (Ipl - PZ}[/zd)];k)Pz)lgﬂ&l:k HF

_ 1 . T =Tpol2a&
=7 leﬂé?xkE[Hu —u QH2|<I>1:I<]
= ﬁave(¢l:kv$1:k) (19)

and

Loax(span(Th, ..., U, span(Ut, ... Up) = [ Py1ig, — Pying I

= ” (IPI - PZ}(/2¢1;J<)PZ};/2$1:I< H2
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_ in E T AT 2%,
2121 QeRt<t (" —7" Q)g)"1®14]

‘= Lonax (@14, P14). (1.10)

Here ®1.x =1[@q, ..., d;] is a p1 X k matrix consisting of the leading k population canonical
loadings for x, and ® .y, its estimate. Moreoveru' := (Uy, ..., Uy) and ali= WU1,...,Ur). By
(1.5), we have u” = x " ® .4 and il =xTdy.

1.5. Uniform upper bounds and minimax rates

The most important contribution of this paper is to establish sharp upper bounds for the
estimation/prediction of CCA based on the proposed subspace losses Lmax(®1:, 611{) and
Lave (P11, 61:1(). It is noteworthy that both upper bounds hold uniformly for all invertible X,
X, provided n > C(p1 + p2) for some numerical constant C. Furthermore, in order to justify the
sharpness of these bounds, we also establish minimax lower bounds under a family of stringent
and localized parameter spaces. These results will be detailed in Section 2. Numerical simula-
tions in Section 3 further validate our theoretical findings.

1.6. Notations and the organization

Throughout the paper, we use lower-case and upper-case non-bolded letters to represent fixed
and random variables, respectively. We also use lower-case and upper-case bold letters to repre-
sent vectors (which could be either deterministic or random) and matrices, respectively. For any
matrix U € R"*? and vector u € R?, ||U]||, ||U||r denotes operator (spectral) norm and Frobe-
nius norm respectively, ||z || denotes the vector [> norm, U 1.x denotes the submatrix consisting of
the first £ columns of U, and Py stands for the projection matrix onto the column space of U.
Moreover, we use omax(U) and opin(U) to represent the largest and smallest singular value of
U respectively, and « (U) = omax(U)/omin (U) to denote the condition number of the matrix. We
use I, for the identity matrix of dimension p and I, ; for the submatrix composed of the first
k columns of I,. Further, O(m, n) (and simply O(n) when m = n) stands for the set of m x n
matrices with orthonormal columns and Sfi denotes the set of p x p strictly positive definite
matrices. For a random vector x € R”, span(x ') = {x " w, w € R?} denotes the subspace of all
the linear combinations of x. Other notations will be specified within the corresponding context.

In the following, we will introduce our main upper and lower bound results in Section 2.
Various numerical simulations that illustrate our theoretical discoveries are demonstrated in Sec-
tion 3. To highlight our contributions in the new loss functions and theoretical results, we will
compare our results to existing work in the literature in Section 4. A summary of the significance
of our theoretical results as well as future research topics are introduced in Section 5. All proofs
are deferred to Section 6, Section 7 and the supplement article [20].
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2. Theory

In this section, we introduce our main results on non-asymptotic upper and lower bounds for
estimating CCA under the proposed loss functions. Recall that the sample canonical loadings are
defined in (1.6) and the corresponding canonical variables are defined in (1.5). The following
theorem provides upper bounds for the expected losses defined in (1.9) and (1.10).

Theorem 2.1 (Upper bound). Suppose [;] ~ N (0, X) where X is defined as in (1.2). Assume
X, and X are invertible. Recall that the population canonical correlations A1, ..., kp rp, are

singular values of Z;I/ZEXyEy_l/2, and we assume A > A1 for some predetermined k. Then
there exist universal positive constants y, C, Cqy such that if n > C(p1 + p2), the top-k sample
canonical loadings ®1.; defined in (1.7) satisfy

(1-2pa _)‘I%Jrl)Pl —k (p1 + p2)?
(M — A41)? n n? (g — M)

2 2
(1—-apa _)‘k-f-l)ﬂ (P +P2)2 +e_y(p1Ap2)i|.
e —M4D)? o n?(g — Mr)?

IE|:[:ave(‘l)l:ka 61:k)] =< C()|: + g_V(f’l/\l’Z)]

IE:[ﬁmax(q’l:ka 6l:k)] = CO|:

In the special case L = 1, there holds
Linax (P, 6I:k) = Laye (P14, &;lzk) =0, a.us.
The upper bounds for ﬁl;k can be obtained by switching p1 and p».

Some features of the above upper bounds are worth highlighting

e For both the loss functions L,y and Li,x, we establish the upper bounds with the factor
(1-— A,%)(l — )%H)/()Lk — Ak+1)2 in the leading order term. This implies some interesting
phenomena of the estimation of canonical variables, particularly when A is close to 1:
When Ay is close to 1, the factor (1 — A%)(l — X%H)/(Ak — )\.k+1)2 is close to zero even if
Ak+1 1s very close to Ax. To the best of our knowledge, we first show these unique features of
CCA estimates under the non-asymptotic setups. These properties will be further illustrated
in Section 3 and explained in Section 4.2.

e We first decouple the estimation error bound of 61:,( from p, without assuming the residual
canonical correlations are zeros. More details will be given in Section 4.2.

Since we pursue a non-asymptotic theoretical framework for CCA estimates, and the loss
functions we propose are nonstandard in the literature, the standard minimax lower bound results
in parametric maximum likelihood estimates do not apply straightforwardly. Instead, we turn to
the nonparametric minimax lower bound frameworks, particularly those in PCA and CCA; See,
for example, [4,13,26]. Compared to these existing works, the technical novelties of our results
and proofs are summarized in Sections 4.3 and the supplement article [20].

We define the parameter space F(p1, p2, k, Ak, M+1, K1, k2) as the collection of joint covari-
ance matrices X satisfying
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1. The condition numbers « (X,) = k1 and k(%) = k2;
2. The kth and (k + 1)th singular values of E;l/ZnyZy_l/Z are Ay and Agqp, respectively,

and Ag > Agy1.

For the rest of the paper, we will use the shorthand F to represent this parameter space for
simplicity.

Theorem 2.2 (Lower bound). There exists a universal constant ¢ independent of n, p1, p2 and
Y such that

~ 1 =221 =22 —k —k
infsupE[ﬁmax(dn;k,dn;k)]zc2{<( DU = M) pr )MA’”k}

Dy TeF (Ak —)»k—&-l)z n

- (=20 =28 ) pr—k —k
inf sup E[Lave(®1x, ®1:0)] > Cz{( v k2+1 o > aAia }
Dy TeF (A — Ak+1) n

The lower bounds for @1;1( can be obtained by replacing p1 with p;.

This theorem shows that the lower bound is independent of the condition numbers k (X) = k|
and «(Xy) = k2. By combining Theorem 2.1 and Theorem 2.2 together, as long as the sample
size large is large enough, we can achieve the following results of minimax rates.

Corollary 2.3. When p1, p» > (2k) v C(logn) and

n>C (p1+ p2)(L+ p2/p1) .0

(ke = My D2(L = 2D A = A2, )

for some universal positive constant c, the minimax rates can be characterized by

. ~ (1= =2 )
inf sup E[Lmax((blzka <I>]:k)] = £ l;+1 ﬂ,
@ SeF (A — A1) n

. ~ (1= 2D = 25,)
inf sup IE|:£ave((l>1:k’ q’l:k)] = £ ];_H ﬂ
@k TeF Ak — A1) n

3. Numerical simulations

The purpose of this section is to illustrate Theorem 2.1 in understanding the empirical per-
t;grmances of E[Limax (®1:4, @1:0)], E[Lave (P1:k, P1:0)], E[Limax (W1, ¥1:x)] and E[Laye (¥ 121,
W ..)], particularly their dependency on the canonical correlation coefficients, dimensions pi
and py, the sample size n, and the choice of k.

In the first numerical experiment, we choose p; = 100 and p; = 150. The canonical cor-
relation coefficients are chosen as A; =1, A, = 0.99, A3 =0.98, ..., Ajgo = 0.01. As to
the population covariance X, we choose Xy =1, X, =1),, and X,, =[A,0] € R100x150
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Figure 1. The problem parameters are set as p; = 100, pp = 150 and A1 =1, 2 = 0.99, A3 = 0.98,

, 2100 = 0.01. Expected losses are approximated by taking average over 100 independent Monte
Carlo experiments. The sample sizes are chosen as n = 200, 400, 600, 800, 1000. (a) Approximated
E[Lave(® 1., ®1.4)] for k = 1,2, ..., 100; (b) Approximated E[Lave(¥].x, ¥1.0)] for k =1,2,...,100;
(c) Approximated E[Lmax (®1.k, 61:]()] fork=1,2,...,100; (d) Approximated E[Lmax (¥1.%, ‘ﬁl:k)] for
k=1,2,...,100.

Here A = diag(1,0.99,0.98,...,0.01). We assume the i.i.d. sample of xT,y")is generated
from the dlstrlbutron N0, Z) We study the empirical performances of E[Lmax(P®1:%, <I>1 1,

[Lmax (V1k, \111 ], E[Lave(®1:k, <I>1 )] and E[Lyve (¥1:k, \Ill ©)] in different choices of n =
200, 400, 600, 800, 1000 and k =1, 2, ..., 100. The results are plotted in parts (a), (b), (c) and
(d) in Figure 1. In order to approximate the expected losses, we implement 100 independent
Monte Carlo experiments and take the average for each of the four losses. From these four fig-

ures, we can make the following observations that are consistent with our theoretical findings in
Theorem 2.1:

e From figures (a), (b), (c) and (d), we see that as long as k gets close to 1, that is, Ax and
Mi+1 get close to 1, all four losses decrease to O for n = 400, 600, 800, 1000. In particular,
in the case k = 1, the losses become exactly zero. This is consistent with Theorem 2.1 in
which the leading term of upper bound is proportional to

(1 =2 (1= 2841)/ Ok = M) o (1= A7) (1 = A1) 3.

given A — Ar4+1 = 0.01 is independent of k. This phenomenon does not hold for the case
n = 200 since p; + pp > n. It is perhaps surprising that even under the moderate sample
size n = 400 compared to p; 4+ pp = 250, all expected losses approach zero as long as k
goes to 1.
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Figure 2. The problem parameters are set as p; = 100, pp =150, A =A; —0.05 and A3 =---A50 =0.
We always set k = 1 and choose the sample sizes n = 200,400, 600, 800, 1000. Expected losses
are approximated by taking average over 100 independent Monte Carlo experiments. (a) Approx-
imated E[Lave(<1>1, D1 (or E[ﬁmax(Ql,d)l)) for A1 = 1,0.95,0.9,...,0.05; (b) Approximated
ElLave (¥, \Ill)] (or E[Lmax (¥, \Ill)]) for A1 =1,0.95,0.9,...,0.05.

e Figure (a) shows that when k approaches 100, E[Le(®1:k, ?i)l:k)] approaches 0 for all
n = 200, 400, 600, 800, 1000. This fact can be partially explained by Theorem 2.1 in that
the leading term of upper bound for E[Laye (® £, 31;1()] is proportional to p; —k = 100 —k.

e In each of figures (a), (b), (c) and (d), it is observed that the expected loss decreases if we
fix k while increase the sample size n.

e By a careful comparison between Figures (a) and (b), we can conclude that E[Lax (®1:%,
61:,()] is in general no greater than E[Lpyax (W1, ‘Tll;k)]. This is also suggested by Theo-
rem 2.1 in that the leading term of upper bound for E[Lmax (®1:, 61%)] is proportional to

— k = 100 — k while that for E[Lpmax (¥1:k, @1;10] is proportional to py — k =150 — k.

In our second numerical experiment, we still set p; = 100 and p> = 150, but choose the
canonical correlation coefficients as

A1 =1,0.95,0.9,...,0.05, Ay =X —0.05, A3 =---A50=0.
As for the population covariance X, by setting A = diag(A1, 12,0, ..., 0), we still let
o=1,, X,=1,, Z,=[A0eR"

In this case we set k = 1 and choose n = 200, 400, 600, 800, 1000. Notice that because A{ — A =
0.05, (3.1) still holds. We plot the approximated losses for different values of A1 in Figure 2.

As expected from Theorem 2.1, for n = 400, 600, 800, 1000, all four expected losses approach
0 as Aj approaches 1. When n =200 < p; + p2, our numerical result shows that sample CCA
is never consistent no matter how A; gets close to 1. Note that Emax (u,v) = Lave(u, v) when
u and v are vectors, SO we have E[Lmax (P, <I>1)] =E[Le(®q, <I>1)] and E[Lax (W1, ¥ )] =
E[Lave(¥1, ¥ 1)]

Our third numerical experiment is similar to the second, but we fix A; instead of the eigen-
gap. To be specific, we set p; = 100, p» = 150, A1 =0.99, 1, =0.98,0.96,0.94,...,0, A3 =

-+A50 = 0. The joint covariance X is defined the same as before. We still set k =1 and n =

400, 600, 800, 1000. We plot the approximated losses for different values of A in Figure 3.
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Figure 3. The problem parameters are set as p; = 100, pp = 150, A =0.99 and A3 = ---X50 = 0.

We always set k = 1 and choose the sample sizes n = 400, 600, 800, 1000. Expected losses are
approximated by taking average over 100 independent Monte Carlo experiments. (a) Approxi-
mated ]E[Lave(dn,d)l)] (or E[Emax(<1>1,<l>1)]) for Ap = 0.98, 096 0.94,...,0; (b) Approximated
]E[Lave(\lll,\lll)] (orIEl[Emax(\Ill,\Ill)])forA2_098 0.96,0.94, .

In the above setup, the factor
(1=23)(1 = 23)/ (1 — 22)* 2 0.01(1 — 23)/(0.99 — 12)*

is very small even if A, is close to A1 = 0.99. Our numerical simulations are consistent with our
theoretical results.

4. Related work and our contributions

Recently, the non-asymptotic rate of convergence of CCA has been studied by [13,14] under a
sparse setup and by [5] under the non-sparse setup. The first version of [5] appeared on arXiv
almost at the same time as the first version of our paper was posted. In this section, we state our
contributions by detailed comparison with these works.

4.1. Novel loss functions

We proposed new loss functions based on the principal angles between the subspace spanned
by the population canonical variates and that spanned by the estimated canonical variates. In
contrast, [14] proposed and studied the loss Lave: [5] proposed Lmax and studied both L,ye and
Zmax, where

Zave(‘bl:lo 61:]() = %I(Illc k)E[”qu)l k— xT$l:k Q“; | 61:/(]»

L D) = ; Tdh. 1o, 2. &,
Emax(<1>1:k,<1>1:k)—geﬂgkljiézl Qenél(l}{’k)E[((x Qi —x ®140)g) | Pix]
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Lave and Lnax resemble our loss functions Lave and Lmax respectively. By Theorem 1.1, we also
have

Lave (@14, 61:1() =2 leﬂéilxk IE‘[”qu)l:k - xTal:k Q”; | 61:]‘]

o~ _ . T _ TA 2 o~
Emax(q)l:k»q)lzk)—geﬂglﬁ;:l nglléilxkE[((x P —x'@1,0)g) | D1y

Straightforward comparison between these two expressions yields

Eave(lek» al:k) = 2fZave(q)l:k» al:k) (4 l)
Lonax (@14, 1) < Lomax (@14, B14)

However, Loye (P14, <I>1 x) and Eave(<l>1 ks <I>1 k) are not equlvalent up to a constant, particularly
when Ay is close to 1, and neither are Lyax(®1.x, <I>1 r) and Emax(<I>1 ks <I>1 +). In fact, we can
prove that as long as n > max(pi, p2), if Ax =1 > Ag4+1, then

Eave(q’]:ka a;I:k) = ﬁmax(q’l:kv 6l:k) =0

while almost surely Laye (@1, ®1:¢) # 0 and Lax (®1:x, ®1:x) # 0.

To illustrate this comparison, we can consider the following very simple simulation: Suppose
pir=p2=2,n=3and X, = [(1) (1)] and X, = [(1) (1)] and X, = [0 05] In this setup, we know
the population canonical correlation coefficients are A1 = 1 and A» = 0.5, and the leading canon-
ical loadings are ¢; =[] and ¥ = [, ]. In our simulation, we generated the following data
matrices

0.0736  1.5496 0.0736  2.8982
X =]1.5390 —-0.0415 |, Y=]15390 -1.2214
0.9331 —0.4776 0.9331 2.5931

Furthermore, we can obtain the sample canonical correlations ’):1 = 1and ’):2 =0.5210, as well as

the leading sample canonical loadings ¢, = [_0'3616] and ¥, = [_0'3616]. Then Lave (¢, ¢1) =

Linax (@1, ¢1) =0 while Lyye (@, ¢1) #0, Linax (P, ¢1) #0.

This numerical example clearly shows that the sample CCA can exactly identify that among
all linear combinations of X; and X, and all linear combinations of Y; and Y3, aX; and bY;
are mostly correlated. Our loss functions L,ye and Lpax do characterize this exact identification,
whereas Laye and Lmax do not.

Moreover, the following joint loss was studied in [13]:

Lioinc((®1:x, Y1), (@14, a1:k)) = Hal:kﬁ;:—;k — BV, Hi

Similarly, Zjoim(((bl;k, Vi), (61;k, ﬁl;k)) # 0 almost surely under the special case Ay =1 >
Akt
Finally, if we denote by L and L the first k singular vectors of E;l/ 22”2;1/ 2 and

f;l/zfxyfy_l/z, respectively, then @ = Z;l/zL and @ = i;”zi. In Table 3 of [5], a
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Table 1. Comparison between our results and that in [5]

Cai and Zhang 2016 Our work
Loss function Lave(= Lave) Lave
Sample size n> C(% ~2plpz + Aﬂ%) n>C(py+p2)
k k
A1 =+=Ap =0 Yes No
P, PP A=2DU=A ) pi—k (p1+p2)* —y(p1AP2)
Upper Bound Rates nal T Gae? T Gt

loss || sin®(L, i,)||p was proposed and it is equivalent to %llPL — PZ”%- However, (1.9) in
Theorem 1.1 gives

~ 1 1
Lave(Pre. @) = 1P g1rg  — Pying IE = o IPL— Pz'lx/zgx—l/zzllg'

which is different from || sin ® (L, i,) | 7. This is not surprising since the loss functions discussed
in Table 3 of [5] are regarding estimation of canonical loadings, while ours are regarding estima-
tion of canonical variables.

4.2. Sharper upper bounds

Regardless of loss functions, we explain in the following why Theorem 2.1 implies sharper upper
bounds than the existing rates in [13,14] and [5] under the nonsparse case. Our discussion is
focused on L,y in the following discussion while the discussion for L,x is similar.

Notice that if we only apply Wedin’s sin-theta law, that is, replacing the fine bound Lemma 7.4
with the rough bound Lemma 7.2 (also see [13] for similar ideas), we can obtain the following
rough bound:

4.2)

~ +
E[.cave«b]:k,dn:k)]sco[ PLT P2 }

n(hg — hi41)?

In order to decouple the estimation error bound of 31:1( from po, both [14] and [5] assume the
residual canonical correlations are zero, that is,

M1 =" =Apiap, =0.

This assumption is essential for proofs in both [14] and [5] under certain sample size conditions.
We got rid of this assumption by developing new proof techniques and these techniques actually
work for Lave, Lmax as well. A detailed comparison between our result and that in [5] is summa-
rized in Table 1 (The results of [14] in the non-sparse regime can be implied by [5] under milder
sample size conditions).

Perhaps the most striking contribution of our upper bound is that we first derive the factors
1 - )L,%) and (1 — k,% 1) in the literature of non-asymptotic CCA estimate. We now explain why
these factors are essential when leading canonical correlation coefficients are close to 1.
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Example 1: .y =1 and M +1 =0
Consider the example that k = 1, p; = p> := p > logn, A1 = 1 and A = 0. Then Theorem 2.1
implies that ELyve (@1, ¢1) = 0, while the rates in (511 imply that
- = - 14
Eﬁave(qsla ¢1) = 2E£ave(¢1v ¢1) = C;-

Example 2: Both \y and A4 are close to 1
Consider the example thatk =1, p; = po ;== p > logn, A1 =1— {‘/g and i, =1-—-29 5. Then

=22 (1-22 - 2 .
U0 ) prk | (prdpo) wt+ e~V (P1/AP2) actually imply that

our bound rates
(Mk—hig1)? n 1% (=M1

ELave(y. 1) < CS,

while the rough rates (4.2) by Wedin’s sin-theta law implies

Eﬁave(¢1 s 31) =< C\/g.

This shows that our upper bound rates could be much sharper than the rough rates (4.2) when
both Ay and A4 are close to 1.

New proof techniques and connection to asymptotic theory

To the best of our knowledge, none of the analysis in [5,13,14] can be used to obtain the multi-
plicative factor (1 — A%)(l — A% 41 )/ Mk — At 12 in the first order term of the upper bound, even
under the strong condition that Ag41 =+ =Ap Ap, =0.

Following a different path, we do careful non-asymptotic entry-wise perturbation analysis
of the estimating equations of CCA to avoid the loss of precision caused by applying matrix
inequalities in the early stage of the proof. The main challenge is to analyze the properties of
matrix Hadamard products, especially to derive tight operator norm bounds for certain Hadamard
products. We are lucky to find a divide-and-conquer approach (1 > % and A < % in the proof of
Lemma 7.4) to decompose the target matrices into simple-structure matrices where we can apply
the tools developed in Lemma 7.6. R

The asymptotic distribution of the canonical loadings {(¢;, ¥ DJPLP? has been studied in [1]
under the assumption that all the canonical correlations are distinct and A1 # 1. Since we focus
on subspaces, we only require Ap > Ag41 for the given k. Both [1] and our work are based
on analyzing the estimating equations (7.5) of CCA. Our analysis is more involved because
completely novel techniques are required to obtain the factor (1 — )»%)(1 — )Lz +1) in the non-
asymptotic framework.

I The result was also effectively proven in [14], since their assumption that A is bounded away from 1 is not necessary
for the derivation of their upper bounds.
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4.3. Sharper lower bounds under parameter spaces with fixed A, and A;;

The minimax lower bounds for the estimation rates of CCA were first established in [13,14] under
the losses Zjoim and Laye. However, the parameter space discussed in [14] requires x4 = 0.
Moreover, the parameter space in [13] is parameterized by A satisfying A; > X, but Az is not
specified. In fact, they also constructed the hypothesis class with 1411 = 0 and the resulting
minimax lower bound is proportional to )3—2

However, this minimax lower bound is not sharp when A; and Ax4 are close. Suppose p; =

pri=p,k=1,A= % and Ay = % — \/g. Our minimax lower bound in Theorem 2.2 leads to

inf sup E[Acave(q’ltkv 6l:k)] = 0.
Pk TeF

In contrast, to capture the fundamental limit of CCA estimates in this scenario under the frame-
work of [13], one needs to choose A to capture both Ay and Agyp,i.e., Ag+1 <A < A and hence
A = 1/2. Then the resulting minimax lower bound rate will be # = O(%), which is much looser
than O(1).

Technically speaking, we follow the analytical framework of [13] and [14], but the hypothesis
classes construction requires any given Ax41 > 0 instead of Ax4; = 0, and this brings in new
technical challenges. More detailed technical discussions are deferred to the supplement article
[20].

5. Discussion

In this paper, we study the theoretical properties of canonical correlation analysis by investigating
the estimation of the canonical variables. Two losses are proposed based on the principal angles
between the linear spans determined by the sample canonical variates and those by the popula-
tion correspondents. The estimation risks are upper bounded non-asymptotically, and these upper
bounds illustrate how the population canonical correlation coefficients affect the estimation ac-
curacy in a nontrivial manner. In particular, we derive (1 — A,%)(l — )L,% +1) /(O — Ak+1)2 in the
leading term for non-asymptotic CCA estimation, and this implies that when the leading canon-
ical correlation is close to 1, the estimation of canonical variates can be significantly accurate
even with small eigen-gaps. Various numerical simulations are conducted to illustrate our the-
oretical findings, and the optimality of upper bounds are also justified by our derivation of the
same factor in the minimax lower bounds.

We leave several theoretical questions for future research: First, in Theorem 2.1, we discuss the
case A = 1 separately since this exact recovery result cannot be directly implied by the general
result, and we are particularly interested how to improve the general upper bound in order to
include this special case. Second, we are particularly interested in figuring out whether the factor
(1— k,%) 11— )\% 41 )/ Mk — At 1 )2 should also appear in the second order term in the upper bounds
as shown in Theorem 2.1. Actually we are also interested in whether the second order term can
be removed but if this is true it must rely on techniques totally different ours. Third, we are
interested in removing the implicit absolute constants in Theorem 2.1, that is, those for the upper
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bounds and that for the sample size. In particular, we hope to establish similar upper bound
results with the only assumption that n > p; + p;. Fourth, it would be interesting to extend the
current results to other CCA problems, such as kernel CCA and sparse CCA. Finally, we hope
that our techniques such as operator norm bounds for Hadamard products could be useful for
other multivariate statistical problems.

6. Proof of Theorem 1.1

Suppose the observed sample of (x, y) is fixed and consider the correlation between the two
subspaces of H (defined in (1.8)): span(Uy, ..., U) and span(ﬁl,...,ﬁk). Let (Wq, Wl),
(W,, Wz), vy (Wi, Wk) be the first, second, ..., and kth pair of canonical variates between
Uiy, ..., U and ﬁl,..., ﬁk. Then span(Wy, ..., W) = span(Uy, ..., Uy), span(Wl,..., Wk) =
span@l,...,ﬁk) and (W;, W;) = (W, VT/j) = (Wi, Wj) =0, for any i # j and Var(W;) =
Var(W;)=1,fori=1,... k.

By the definition of principal angles, we know Z(W;, Wi) is actually the ith principal angle
between span(Uy, ..., Ux) and span(Uy, ..., Uy), that is, 6; := Z(W;, W;). This implies that

k k
KLave(®10, Br0) = Y sin? 6= Y (1= [(Wi, W) [?).

i=1 i=1
Since Uy, ..., Uy, ﬁ1, e, ﬁk are linear combinations of X1, ..., X, we can denote
wi=(Wy,.... W) =x"3;”B, and @ :=(Wi,...,W)=x'3%;"7°B,

where B :=[by, ..., by], B .= [77], ... j;k] e RP*k,
By the definition of w, we have

I =Cov(w)=BT2.?Cov(x)2;’B=B"B

and si/r\nilarly I, = ETE. Then B, B are p X k basis matrices. Moreover, we have biT’l;j =
(Wi, W;) =0, for all i # j. Moreover, we have

Diag(cos(9)), ..., cos(6)) = Cov(w, ib) = B2 "/*Cov(x)=;*B = BT B.

Notice that span(Uy,...,Uy) = span(Wy, ..., Wy), (U1,...,Uy) = xT®4, and (Wi, ...,

W) =xT2;?B. Then

®,=3,""BC = xV/*®.,=BC

/

for some nonsingular k x k matrix C. This implies that B and X )lc 2<I>1;k have the same column

space. Since B € R” xk is a basis matrix, we have

BB' =P )
Ei'ﬂ‘bl:k
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Similarly, we have

AAT
BB =P_ip- .
DA IO

Straightforward calculation gives
|BBT —BB'|%. =twace(BB'BB' —BB"BB' —BB'BBT + BB BB')
=2k — 2trace(BT§§TB)
= 2k — 2 trace(Diag(cos?(0)), ... ., cos* (6x)))
=2(sin(01) + - - + sin* (00)) = 2k Lave (B1:4, P1t)
and
|(1), — BBT)BB'|. = wace((1,, — BB)BB BB (I, — BB"))
=k —trace(B" BB ' B)
= kLave (P14, P120).

The above equalities yield the first two equalities in (1.9).

Notice thg\t both I/J\l, e Qk and /VY[, ... W} are both orthonormal bases o£ span(l{l o Ur).
(Similarly, Uy, ..., Uy and Wy, ... Wi are both orthonormal bases of span(Uy, ..., Ux)).) Then
we have u” = w ' R where R is a k x k orthogonal matrix. Then

min Efu’ —a" Q5= min Elu’ —@ Q5= min Ejlw'R-a" Q|

QeRkxk o Jmin,
= min Efw’ - W QRT|? = Jmin EJw - 0|
; ~ 2
B q,-eR’Pglfl ,,,,, kEE(Wl - qul)
k
T gieRbin, ok S E(W, —i'q,)’

Notice that minqi cre E(W; — li)Tqi)2 is obtained by the best linear predictor, so

min E(W; — " g;)* = Var(W;) — Cov(i, W;) " Cov™" () Cov(ib, W)
q;€R

=1 —cos? 6; = sin? ;.
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Therefore,

k
Jmin Bl —i" o] = Esinz 6 = kLave (1. B10).

which implies the third equality in (1.9). Similarly,

. E T AT 2
(ol T~ 0l
. . T _ AT 2
= e ol BT~ 0)e)

— in E TR—w"ORT 2
reit e o8 P R0 OECE)

— . E T AT 2
serl i olib (0 =27 09)

k
. . 2
=  max min EZgiz(W,-—qui)
gk gl=1 g Rk i=1,..k =
k
=  max ZgizsinZQi
k —
gk gl=1
:sin291

Finally, we prove (1.10). By [29], we have

|BBT ~BB'|’=|(1,, - BB")BB'|’=|(1,, - BB")B|’
=max(B' (I,, —BB")' (1,,— BB")B)
= max (I — Diag(cos(01), ..., cos* (%))
=1 —cos?(61) =sin’ (61) = Lonax (P14, P12),

which implies the the equalities in (1.10).

7. Upper bound: Proof of Theorem 2.1

Throughout this proof, we denote A := Ay — Ar41. Also recall that the two samples of x and y
are X =[X;;] e R"*Pl and Y = [Y;;] € R"*P2, respectively.
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7.1. Linear invariance

Without loss of generality, we assume p> > p; := p. By the definition of canonical vari-
ables, we know that Uy, ..., Up and Vi, ..., V, are only determined by span(X1, ..., X,,) and
span(Y1, ..., Yp,). In other words, for any invertible C; € RP'*P1 and C, € RP2*P2, the canon-
ical pairs of (X1, ..., X,)Cy and (Y1, ..., Y),)C are still (U1, V1), ..., (Up,, Vy,). Therefore,
we can consider the following orthonormal bases

Ui,...,Up, €span(Xy,..., Xp))

and
Vieeo s Vo, Vot oo, Vi, €span(Yy, ..., Yp,).

Here (V1,..., Vp,, Vp+1,..., Vp,) is an orthonormal extension of Vi,..., V,,. Therefore, we
know that (Uy, V1), ..., (Up,, Vp,) are also the the canonical pairs between Uy, ..., Uy, and
Vieooo, Vp,.

Slmllarly, for a fixed sample of the variables of x and y, the sample canonical pairs
(U], V]) (Upl, Vpl) are also sample canonical pairs of the corresponding sample of
(Xl,...,X,,l)Cl and (Y1,...,Y,,)Ca. This can be easily seen from the concept of sam-
ple canonical variables. For example, ﬁl and f/\l are respectively, the linear combinations
of Xq,...,X p and Y1,...,Yp,, such that their corresponding sample variance are both 1
and sample correlation is maximized. If we replace (Xi,...,X,,) and (Y1,...,Y,,) with
(X1,...,Xp)Crand (Yy,...,Yp,)C2, respectively and seek for the first sample canonical pair,
the constraints (linear combinations of the two sets of variables and unit sample variances) and
the objective (sample correlation is maximized) are the same as before, so (fj 1, f/\]) is still the

answer. Similarly, (01, Vl), e (l’.J\,71 s Vpl) are the sample canonical pairs of (X1,..., X,,)C1
and (Y1,...,Yp,)C>. In particular, they are the sample canonical pairs of Uy,..., U, and
Vieoot, Vp,.

The above argument gives the following convenient fact: In order to bound
Eave/max(span(ﬁl e ﬁk)’ span(U1, ..., Uk))

we can replace X1,..., Xp,, Y1,..., Yy, with Uy, ..., Up,, V1,..., Vy,. In other words, we can
assume x and y satisfy the standard form

Lo=1p, Ly =1y, oy =[A, 0pyx(po—p1)] =A

where A =Diag(A1, A2, ..., Ap,) € RP1*P1 Moreover,

1
G, =1,, Wi, = P ,
e n b |:0(pz—m)xm:|

which implies that
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7.2. Upper bound under the standard form

Under the standard form, by (1.9) and (1.10), we have

. ~ 1
Laye(span(Uy, ..., Uy), span(Uy, ..., Uy)) = p |Up — Pa )P, I (7.1)

and

I

Lunax (span(U1, ..., Up), span(Uy, ... . Up) = | (I p, — Pay, ) P, (7.2)

=u

Denote @ = [2,}*] where ®", and @', are the upper k x k and lower (p; — k) x k sub-
~ 1:k
matrices of ®.;, respectively. Then

|Up — Pa,) PG, ||§ = trace(( p, — P<I>1;k)51:k(5&51%)_15&(11:. —Pa,,)),
| = Po )P |° = hmax (T py — Pay) @14 (81, 814) " 1Ly, — Payy))
Since

~ AT & =T
Ip, — Pq’l:k)q)lik(q)l:k(pl:k) @, (Ip —Poyy)

1 - AT 1 Op <k - T
= m(lm —Po )P @y (Ip — Payy) = 2@ [311* [kak (@) ]

we have

2 Op i ~ 1@ |l
H Iy — P<I>1:k)P$1;k ”F < trace ( X :| [kak ‘I’Ik]) = 1kl p (7.3)

T =~ ~] - ’
02 (®1:) [m o2 (®14)

and

2 1 Or i ~ [ @l
H (Ipl - P<I>1;k)P$|;k ” < Amax <— |:6IX i| [okxk <I’lTk]) = L (7.4)
1:k

0’,3(61:1() 0;{2(61:1()'

Therefore, it suffices to give upper bounds of ||$lkk ||% and ||$lkk |2, as well as a lower bound of
g~
Oy (P1:1).

7.3. Basic bounds

Recall that

Xo=1p, Xy=1p,, oy =[A0p x(pr—pp] == A.
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Then

and

Moreover, we can define /2:\2171 as the left upper (2p1) x (2p1) principal submatrix of 3. We can
similarly define X5, .

Lemma 7.1. There exist universal constants y, C and Cy such that when n > Cop1, then with
probability at least 1 — e~ VP! the following inequalities hold

5171, <c /2

Proof. It is obvious that || X5, || < 2. By Lemma 7.9, there exist constants y, Cp and Cy, such
that when n > Cqp1, with probability at least 1 — e~ 7P! there holds

= [ P1
”22171 - 22171 ” =< C] 7

As submatrices, we have |1 ,, — X, || < Cy,/ % Moreover,

1Z2p, = Zapy Il 1,

1y =Sl = (T, = £ Uy + ) | Z omin (L + 222 [0, = ] = |15, - 217,
which implies (17, — /)l < €1,/ 2522, 0

Lemma 7.2. There exist universal constants ¢, C and Cy such that when n > Co(p1 + p2), then
with probability at least 1 — e~ ¢P1TP2) the following inequalities hold

1/2—1,,2” | P1 :1727
~ a-12a o-— +
N A e ELT

1
(‘I’lk)> = @11 <

C |pi+p2
V< N,

where A = Ay — Ap+1 is the eigen-gap.

IZ =2 M py — Zyll, 1 Z 0y —

I\)IU-)
2
E
=)
v

|
=
*
=
IA

3

3
N W
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The proof is deferred to Section 7.7.

N
7.4. Estimating equations and upper bound of || ®,., 12

In this section, we aim to give a sharp upper bound for ||$ll:k ||2. Notice that we have already
established an upper bound in Lemma 7.2, where Wedin’s sinf law plays the essential role.
However, this bound is actually too loose for our purpose. Therefore, we need to develop new
techniques to sharpen the results.

Recall that ® € RP1P1 W € RP2%P! consist of the sample canonical coefficients. By defini-
tion, the sample canonical coefficients satisfy the following two estimating equations (because

A)lc/ 2® and fi,/ ¥ are left and right singular vectors of f;l/ 23:\”3:\;1/ 2, respectively),
%634
A A~ (7.5)
3, ®=3,¥A
If we define
_ (M P1XP1 A — Xl P1XPI
A_[ AJGR , A= A, eR (7.6)

where Aq, Xl are k x k diagonal matrices while Aj, Xz are (p1 — k) x (p1 — k) diagonal
matrices. Then (7.5) imply

- -~ o~ (7.7)
Ty @i =Xy ¥ixA
Divide the matrices into blocks,
Sl a2 sl 12
ff=F% E&} ff=F% E&]
DINED 2NN O
Sl sl2 Sl 12
fw=[2% EX} fm=[z% Z%}
ny Exy va Zyx
where fil, f;l, fi;, f; are k x k matrices. Finally, we define (Il\bf:k € Rbxk, \/I\llkk e R(r2=hyxk
in the same way as 67;,(, 611 - With these blocks, (7.7) can be rewritten as
2l S22 Q2w &~ S22al
ny‘I’th:k + ny‘lll:k = Ex <I)?:kAl + Zx <I)1:kA1 ’ (78)
21 S22 40 Q2w o ol
2:yx(I)lf:k+ny<l)1:k:2;y ‘I"f:kAl +Ey ‘Ill:kAl’ (7.9)

slis Sl2al Sl o~ al2al ~
zx;‘lllll:k"i_ziy‘l’l:k:Zx @], A +)3)1c A, (7.10)
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Sll= S22 Sllzu ~ | sl2al ~

TR AT R =2 WA+ XA (7.11)
Define the zero-padding of A»:

22 —k —k
=[Ay,0]= ny c R(P1=R)x(p2—k)
The above equations imply the following lemma.
Lemma 7.3. The equality (7.7) gives the following result
@ A2—AZ®, =B®), +R (7.12)

= (23— VAT + K (B, -V ANR, + R (7.13)

where
Bi= S A, 1+ RS2 — S22 Ky5YA,
R:=(Z)Ri — R3)A; — Ko(22 Ro + Ra),
R=R- (2}, -2 AR

and

~y o~ Sl ~u o~ Sl2al o~ ol = Si2al
Ry =@ (Al — AN+ (2, — L)@ A1+ 2, @, A — (T, — AW, —Z ¥,

R, := abll:k(Al A1)+( _Ik)‘l’lkAl+Z ‘I’lkAl ( _Al)alf:k_fyxalzk’
<2 AW

Ry:=3 8 (A1 — A) + (EV A1 — B, A1) — (Ex.v —A2)¥y,
2o Sl ~ ol $2 _3N§!

Ry=3 Wiy (A1 — AD + (X7 WA = W A1) — (250 — A7) @y

The proof is deferred to Section 7.7.
By Lemma 7.2, one can easily obtain that

p1+ p2
||R1||,||Rz||§C,/T.

Soau A~ <Al Al <2 Al
R3 =%, <I)’i{:k(Al —AD+ (Ex QA — <I>1:kA1) - (Exy - Az)\lllzk

Recall that

By Lemma 7.2, we have

H S215u

el R —An| 2 ED

5 _XZ)‘I’lkH <CP1+P2’

An
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and

528,81 - Byt < |52~ 1) Bhyhi + BhR1 — A
p1+ Pz
An

X

a2 ~] ~ ~]
< |(ZF = Lp—k) @1 Ar | + | @1 (A1 — AD| < c=—=
Therefore, we get | R3] < C%. Similarly, || R4| < C%.
Combined with Lemma 7.2, we have

p1+p2
An

IR = (3 Ri — R3) A — Ko(22 Ry + Ra)| < €

and

IRl <RI+ |55, — 22 A1 IRl < ¢ ZLE 22,

The proof of the following lemma is deferred to Section 7.7:

Lemma 7.4. Ifn > Co(p1 + p2), then with probability 1 — coexp(—yp1),

. P =2DA =22 (pi+p2)
||<I>1:k“ =C nA2 T nA2 ’

7.5. Upper bounds of risks
Notice that the inequality (7.4) yields

[l

2
|Up, — Poy)Ps,, | < @10

By Lemma 7.4 and Lemma 7.2, we know on an event G with probability at least 1 — Ce™7P!,

prl =20 =2  (p1+ Pz)z}

2
”(Ipl —P¢1:k)P$|:k|| §C|: nA2 n2A4
Moreover, since [|(I , — P‘I’l:k)P$1;k ||2 <1, by (7.2), we have

ELmax (@14, @14) =E| L, — Po,,) P3|

c prl =20 =28 ) (p1+ p)?
- nA2 n2 A4

+ e_”p‘].
Since (I 5, — Pq,l:k)P@:k is of at most rank-k, we have

1
%H Ip, — Pq’l:k)Pi;];k H2F = ”(1171 - Pq’l:k)P@l:k H2
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Then by (7.1) and the previous inequality, we have
=~ 2
ELuve(®1:x, P1k) ZE” (Ip1 - P<I>1;k)P$ljk ”
1 2
ZEEH p — Pdnzk)Pal:k ”F
2
= E” (Il’l - Pq)]:k)Pal;k ”

2 2
< C|:P1(1 — A =2, ) " (p1 + p2)? yp1:|
- nA2 2A4 :

In fact, the factor pp in the main term can be reduced to p; — k by similar arguments as done
for the operator norm. The Frobenius norm version of Lemma 7.4 is actually much simpler. We
omit the proof to avoid unnecessary redundancy and repetition.

7.6. Supporting lemmas in linear algebra and probability

Definition 7.5 (Hadamard Operator Norm). For A € R™*", define the Hadamard operator
norm as

Al = sup{llA o B| : | Bl <1, B € R"*"}

Lemma 7.6. Let {o;}!" | and {B;}!_, be two sequences of positive numbers. for any X € R™*",

there hold
|:\/(TIBJ:| oX| < l||X||, (7.14)
a1+ﬂj 2
and
”[mm(“hﬂ)]ox <Lixi, ”[max(“”ﬁ)]ox i @i
al+ﬂ/ 2 l+ﬂj 2

Proof. The proof of (7.14) can be found in “Norm Bounds for Hadamard Products and an
Arithmetic-Geometric Mean Inequality for Unitarily Invariant Norms” by Horn.
Denote

G] =|:max(ot,-,,8j)i|’ Gzz[min(ai,ﬂj)]
a; + B a; + B

The proof of (7.15) relies on the following two results.
Lemma 7.7 (Theorem 5.5.18 of [16]). If A, B € R"*" and A is positive semidefinite. Then,

40 Bl < (max A; )I1BI.

where || - || is the operator norm.
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Lemma 7.8 (Theorem 3.2 of [21]). The symmetric matrix

(min(ai, aj)>
ait+aj Ji<ij<n

is positive semidefinite if a; > 0,1 <i <n.

Define y; =i, 1 <i<nandy; =aj_n,n+ 1 <i <m +n. Define M € RO+ xm+n) 1y

min{y;, v;
L)
VitV

By Lemma 7.8, M is also positive semidefinite. Again, apply Lemma 7.7 and notice that G is
the lower left sub-matrix of M, It is easy to obtain

NGl =< Ml < 5.
Finally, since G1 o B = B — G; o B for any B, we have
1G1oB| < |B|l+ G20 BI.
which implies,
NGl < 1+ 1Gall < 3. 0

Lemma 7.9 (Covariance Matrix Estimation, Remark 5.40 of [25]). Assume A € R"*? has
independent sub-gaussian random rows with second moment matrix X.. Then there exists univer-
sal constant C such that for every t > 0, the following inequality holds with probability at least

—ct?
p t
< max{s, 82} §=C. =+ —.
<max{3,8°}| || ,/n NG

1—e s

Lemma 7.10 (Bernstein inequality, Proposition 5.16 of [25]). Let X1,..., X, be indepen-
dent centered sub-exponential random variables and K = max; || X;|y,. Then for every a =
(ai,...,a,) e R" and every t > 0, we have

P Xn:a'X‘ >t <26xp{—cmin< i ! )}
S K2[al? Klals /]

i=1
Lemma 7.11 (Hanson-Wright inequality, Theorem 1.1 of [23]). Let x = (x1,...,xp) be a
random vector with independent components x; which satisfy Ex; =0 and ||x;|ly, < K, Let
A € RP*P_ Then there exists universal constant ¢ such that for every t > 0,

1
—ATA-%
n

2

t
K4 Al7 K2||A||>}'

P{‘xTAx — ExTAx| > t} < 2exp{—cmin(
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Lemma 7.12 (Covering Number of the Sphere, Lemma 5.2 of [25]). The unit Euclidean
sphere S"~! equipped with the Euclidean metric satisfies for every € > 0 that

2 n
N(E e < (1 n —) ,
€
where N'(S"~1, €) is the e-net of S"~! with minimal cardinality.
The following variant of Wedin’s sin @ law [28] is proved in Proposition 1 of [3].

Lemma 7.13. For A,E e R"™" aqnd A= A + E, define the singular value decompositions of
A and A as

A=UDV', A=UDV'.
Then the following perturbation bound holds,

2| E|l

I-Py )Py, | =I1Pvy — Py s ———,
||( Ul:k) U1;kH I Uik Ul:kH_(Tk(A)—O’k—i-l(A)

where oy (A), ox+1(A) are the kth and (k + 1)th singular values of A.

7.7. Proofs of key lemmas

7.7.1. Proof of Lemma 7.2
(1) The proof of

I = Z0 1 py — Zyll, 1 By — 2,

1/2—1,,2” <c /Pljpz

is exactly the same as that of Lemma 7.1.
(2) Observe that

-12a¢ <o-1)2

o172
N nyZy —ny:(lm—)l

X

12 <-1/2
/ nyzy /

2 o172 o172
PTG E U -2 + By - B,

5 )5o

X

+3!

and |£;"*E,, 2,21 =71 < 1. Then

_1/2A 1/2 $1/2

H): xyi;l/z_zxy”<”1m_z ”"‘”Z I p— Xy ”+||§xy_2xy||~
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Notice that A and A are singular values of f;l/zfxyf;l/z

famous Weyl’s inequality for singular values,

and X, respectively. Hence by the

1A - Al < 2778, 807 — 5,

<y = Zell + 1Bl [ L — B2 + 120y — Ey

§(3+C1\/p1+p2)C1\/p1+p2SCz,/M.
n n n

(3) Since fiﬂ@ are left singular vectors of f;l/zfxyfy_l/z, we have ||5f)1€/2$|| =1,

$T§x6 =1, and 6T$ -1, = —?f(ix — Ipl)?ﬁ. Then we have,

87 -1, =8 & —1,)®] <& 2|2, 2@ - 1,0E |29
=2 E - 1,0E .
As a submatrix,
|8/, ® 14 — I < |27 20 — L 2 < [ 27152 — 1
S R A P o M
IR [0 00 e T ) S ) [

as long as n > Co(p1 + p2) for sufficiently large Cy. In this case,

@ =1/2, [Pl =372
By the same argument,
(W) 2 1/2, ¥l <3/2.
(4) Recall that
P1x= [0(ml—kk>xk] o Y= [O(pzl—kloxk] '
The last inequality in the lemma relies on the fact that b3 l/ 231 . and @1, are leading k singular
vectors of E -l 22” X, 12 and ¥ xy Tespectively. By a variant of Wedin’s sin¢ law as stated in

Lemma 7.13

s-12g $-1/2
20T TEGE] T =20l 26, [pit
||Pf)lc/2$1:k(lpl - Pq’l:k)” =< A < T T
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On the other hand,

”Pf,l(/z@u( Ip, — P<I’1:1<)|| = ”’E\)lc/ziﬁlik(f)lc/z@lik)T(Im - P<I>1:k)||

= “ (i)lc/za;lik)—r(lpl - Pq’l:k)”

G810

.. al/24
Here the second equality is due to the fact that X x/ ®.; has orthonormal columns. Moreover,

(fi/ 261;1()1 denotes the lower (p; —k) x k sub-matrix of fi/ 261:1(. Again, by triangle inequality,

[@1] = 1E 800) — (B = 1,) 81|

<@ @) [+ [~ 1) |11l

2C 3 C
L2 /lerszr\/jC1 [pitpr _Cs [pitp
A n 2 n A n

The last inequality is due to A < 1. Let C = max(Cy, C2, C3), the proof is done.

7.7.2. Proof of Lemma 7.3

The equality (7.10) implies

= ~ ~y o~ <l ~y ~  al2al -~
Al\I’Ill:k - (I)’ll:kA] = <I)Ill:k(Al —A)+ (Z - Ik)q)lllzkA1 + X, @A
oll = a2zl
_(Exy_Al)\I’lfk X, ‘I’1k
= R;. (7.16)
Similarly, (7.11) implies
~ ~ ~y o~ ~ alal o~
A @Y, — WA =W (A — Al)+( -1 )‘I’lkA1+Ey v Al
- (Zyx - Al)q’lf:k - zqu,l:k
.= R,. (7.17)

The equality (7.8) is equivalent to

o0 a ~ ~ <2 Al a2la S2au A~
ny‘l”;:k + AW + (ny - A2)‘I’l:k =X <I>‘f:kA1 +X <I)lf:k(Al —Ap)

~] S22l o ~]
+ @ A+ (Zx QAL — <I>I:kAl)’
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which can be written as
LW+ KoWh, — 20 @A - B A
= filﬁ\)ﬁ‘:k(;\\l —A)+ (iizall:kxl - 611:kA1) - (iii - Kz)ﬁll:k
= Rj. (7.18)
Apply the same argument to (7.9), we obtain

<20 ~TAl 2l =1
Zy)c‘I)th:k + A, @y — Zy ‘Illii:kAl — VA

22 ~ T\l
yx A2 )q)l:k

:= Ry. (7.19)

~2]~ ~ Nl ~ =l 3
=W A - A+ (E7F A - A (2

Consider (7.18) x (—=A) — A, x (7.19), then

B AT — A3B, + 22 B AT - SD WA - KB @Y + AT WA
= —(R3A| + A2Ry),
that is
&, AT - A3, =2 WA+ K208,
— VR AT - K WA - (RsA + AoRy). (7.20)
Combined with (7.16) and (7.17),
&, AT - AZR, =S WA+ A2 @Y, - S0 A A+ 2 RIA
~ KB A1®Y, — KoB) Ry — (R3A1 + A2Ry)
= (53, - B A)F A+ K (B - B A8,
+ (VR - R3)As — Ko(2) Ra+ Ry). (7.21)

This finishes the proof of (7.13).
Plug (7.17) into (7.21), we get
2 Q20 @21 ~ ~o2l Q20 A =
<I)1 kA2 AZ(I)l:k = (Exy - Zx Al)(A1¢If‘k - R2) + Az(zyx - Zy Al)q)If:k +R

=B®, +(R— (T2 - 2'A)Ry).

Xy

This finishes the proof of (7.12).
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7.7.3. Proof of Lemma 7.4

First, we discuss two quite different cases: Ay > % and A; < %

Case 1: A > %
Let
1
8= Af — Appy = Ok — M 1) ok + Aggr) > A

Define the (p; — k) x k matrices A by

2_4,2,8 [42 2 8
\/)‘j_)‘k+§\/)‘k+l_)‘k+i+i
Aij = 32 _ 32

i Tk

By (7.12) in Lemma 7.3, there holds
@\, =A0(DiB®, D)+ Ao (D RD,),
where

. 1 1
D1:dlag —5,...,2—28
\/; Mert A T2

k+1

and

D, = diag(

. L)
B-iz+d i
By Lemma 7.6, we have

@] = 1 |D1B&,, s + L] D1 RDy)|

1 ~ 1
= §||D13|I||<I’Lf:k|| 1D2]l + SIDH RN D

Recall that ", ]| < [|®14 ] < [g and it is obvious that | D], [ D2l < \/g Moreover, in the

previous section, we also have shown that | R| < %. It suffices to bound || D B|| and to
this end we apply the standard covering argument.

Step 1. Reduction. Denote by N (S%) the d-dimensional unit ball surface. For € > 0 and any
pair of vectors u € RP1=* v € R¥, we can choose ue € N (SP'=F=1), v, € N (Sk¥=1) such that
llu —ucll, [lv—ve| < €. Then

u'DiBv=u"D Bv— u:Dle + u;rDle — uleBvE + u;rDlee
<llu —uc||D1Bv|| + |u! D\B||v— ve|l +u/ D\ Bv.
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<2¢|DiB|| +u! D;Bv,
<2¢|DiB| +maxu/ D Bv,.
Ue,Vc

Maximize over u and v, we obtain

|D1B| <2¢||D;B| +II‘navxu€TDlee.

Therefore, | D1 B|| < (1 — 2¢)~!max,,_, u] D1Bv.. Let € = 1/4. Then it suffices to give an

upper bound maxy, . uZDl Bv, with high probability.
Y‘”’_—MflforalllEafnandlflfpl.Thenforlfi <

Step 2. Concentration. Let Zy | =
* J1-27

—kand 1 <j <k
[DB];,;
1 n
= 5 ;Z )‘ X(xk+1 o, j
Mep1 — k+t+2 a=1

- )%Xa,k-i-i Xa,j + MtiYakti Xa,j — MetirjYokti Yo j)

1 1 & 2
= Z{(l —)»j)kkJriija,kJriXa,/

2
Mt = Mai T3 el

— 35 YVari = hicti Xahti) (Y j — 2 Xar )
+ (1 — k?)kj(ya’k_ﬂ‘ — )\k.HXa,kJ,-i)Xa,j + (1 - A?))&kﬂ'(ya,j - )‘onz,j)Xa,kH}
1 n

1
T o Z{(l — 35 hiridj Xakti X j
A

i~ Mt 5 am
2 2 2 2 2
— A/ 1= M/ 1 —~ 2 Zaje+iZa,j + (1 —,\j)xj 1—Apy ZaktiXa,j

+ (1 — )\,5))\.k+i 1- )\%_Hxa,kﬂ'za,j}'

In this way, {Xq k+i» Zak+i> | <i < p1,1 <« <n} are mutually independent standard gaus-
sian random variables. For any given pair of vectors u € R”1 7%, v € R¥,

n pi—k k

u'D\Bv= Z Z Z {(1- )\?))»k+i)&jxa,k+ixoc,j
T R )‘k+1 )‘1%+z+g

— 51 = 23 1= 23 ZakriZaj + (1= 23)2j 1 =23 Zakri Xa, j
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+ (1 — )‘«3))‘-/{+i\/1_—)\‘]%—|-ixa’k+i Za,j}

1 n
. T
=—E w, AgWq,
n
a=1
where
T T T
wa =[xa,za]=[Xo¢,1’~--aX(x,plvzaJ"”?Za,pl]

and A, € RCPVX(2P1) is symmetric and determined by the corresponding quadratic form. This
yields

1 Pz -k k
1Aqll =5 ZZAZ = (=228, 02 231 =) (1-23)
i=1 j=1"k+1 " k+z 2
+(1=23)223 (1= 23,) + (1= 23)%28,, (1= 22, )
1[) k k 2 2
(1 ’\2)()‘k+z‘|‘)L2 2)‘k+z )
1

2

i=

—k k 2 2 2 2
() (320)
=2 ’ =) 1sismek Iy

2 2 48
A~ M T3

i~ Mt

1<j<k
1 (1 =225 — 2Ai+l 2
S E max )
SEnt M Myt
33 )
<(1—27) max —le
1<1’<<l”<1kk +Ai — A
(1= 2)
< (1 —)\%) max %
I<i<pi—k 5
1<j<k
2(1 = a2)(1 — 22
< ( k)g k+1) = K2,

where the second last inequality is due to the facts that A; < 1 and

(I- )\']%Jr ) (I- Kim § 2 2
! < 5 <-.-§+/\k+l<kk§1).

— <
S+ — My 2

Moreover, [|Aq |3 < A4 ll5 < K.
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Now define w' := [wr, e w;] and
Ay
Ap
A=
Ay
Then we have
n
Il < max || Aall <K, IAIF <) Al <nk?
=0= a=1

and
T [
u DiBv=—-w'Aw, wherew N5, ,(0,12p,,).
n

Therefore, by the classic Hanson—Wright inequality (Lemma 7.11), there holds

Plnlu"D;Bv| >t} <2 WL
{n|u 1 v|_t}_ expq —Comin m,;

for some numerical constant cg > 0. Without loss of generality, we can also assume cg < 1. Let
t= % Jnp1K. By n > p1, straightforward calculation gives

4
P{n|uTDle| > —«/nle} <2e74P1,
o

Step 3. Union Bound. By Lemma 7.12, we choose 1/4-net such that

42 1=231=2%2,)
Pl e wipin s (B2 [ [0 )
uee./\fe(Sf’l_k_]) (&) n )

veeN(SF1)

3
< 9P1=kgk  2p=4P1 < 93 P1,

In other words, with probability at least 1 — e~ , we have

82 1—A2)(1 -2
ID1B| < (1 —2¢)"' maxu] D, Bv, < (*—f) /ﬂ\/( DU~ Ht)
e, Ve co n 8
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In summary, we have as long as n > Co(p1 + p2), with probability 1 — coexp(—yp1),

~ prl =20 =2 (p1+p2)
P, (I <C
” l.k” = |:\/ ns2 + nAS

P =2 =) (p1+p2)
SC[\/ nAZ e }

Here the last inequality is due to 6 = (Ag + Ag+1)A > %A. Here Co, C, cg, y are absolute
constants.

Case 2: Ay < %

By (7.13), we have
®),A? — A3®), = GA| + ASF,
where
G:= (fi; - filAl)@T:k + (filRl —R3)
and
F = [Ipl’omx(ﬂrm)][(/ii}c - i:\i]/\l)a;’f:k - (iil R, + R4)].

. a21 a2l . BN
Notice that X Xy and X" are submatrices of X5, . By Lemma 7.1, we have

|52 -2 <0 /2

Moreover, by || R || < C /2522 || R3]l < C 22222 and Lemma 7.2, there holds

16 sC(,/ﬂ + PP +p2).
n nA

Similarly, [ ,,, 0, X(pz—pu)]fii and [1,,0,, X(m_m)]fil are submatrices of fgpl . By a sim-

ilar argument,
+
IF| < c(w/ﬂ + 82 pz).
n nA

~] Aj 1 Mk+i 1
P, = o oG+ o oF
AMeti T A Aj— Aiyi Aeti + A Aj— Mkt

Then
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Here 1 <i < p; —kand 1 < j <k. By Lemma 7.6, there holds for any X,

r A T fmax (A4, Aj 3
M X': M}XHS_”X”
L Ak+i + 2 | Ae+i + A 2
and
' Mri Tyl Z mln()\k+i’)\j):|X SlllXII.
L Akti +Aj L Aki + A 2

Finally, for any X,

[;]X —Ao(DXDy)

Aj = Meti

where

. [\/x,- — e S hest — e+ %]

o Aj = Akti ’
1 1
Dlzdiag<—,..., >7
\/% )‘k+1_)‘m+%

and

D, = diag(

1 1 >
\/Al—kk+% \/§

Since || D1]l, | D2|| < %, by Lemma 7.6,

=

— (X

Aj— Miti
~ P1 P1+ D2
”‘Dl:kaC(\/m—i_ IA2 )

Since % > Ak > Mi+1, there holds

1 1
< -|ID\XD,|| < —|IX].
= 5ID1X Dol < 11X

In summary, we have

a2y (1 a2
CHE cw e IS ]

nA? nA?

467
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7.8. Special case: Ay =1

Recall that

To=1Ip, Ly =1y, Ty =[A, 0py x(pr—pp ] := A,
c[m 2o K]
xy y A T,
If Ay =--- =X =1 > Agy1, we have rank(Z) = p; + p2 — k. Moreover, since the joint distri-
bution of x " =[X1,..., Xp,land y" =[Yy,..., Y}, ] is multivariate normal, there must hold

X, =Y, 1<i<k.

Then the first k columns of X € R"*P! and those of Y € R"*P2 are identical, respectively, which
implies

E ko 1k = (fy)lzk,lzk = (fxy)lzk,lzk,

where the subscript represents the upper left k x k submatrices. Moreover, as long as n > p1 + p2,
we know with probability one there holds

rank(X) = p;,  rank(Y)=ps,  rank([X,Y])=p + p2 —k,

which also implies that with probability one ik+1 <1
Define Uy, V. as

—~ ~ _1 1
Uk:Ipuk(zx)l:/?,l:k’ Vk— D2, k():y) 1?

where I, ;. denotes the first k columns of the p x p dimensional identity matrix I . Itis straight-
forward to verify that

and
ATA o~
Uk ZXka - Ik.

Notice that the sample canomcal correlations are at most 1, by the definition in equation (1.7),
we have X | == Ak =1 and (U ks Vk) is one of the solutions for the leading k pair of sample
canonical loadlngs The fact Ak+1 < 1 implies that the subspace spanned by the top k left/right
singular vectors of )3 -V 2)3,@ X, s unique, which further implies that the subspace spanned
by the top k left/right sample canonical loadings is unique. Then for any top k sample canonical
loading matrix > 1:k, the column space of 7(;1;1C must equal to the column space of ﬁk, namely,
the column space of I, . Thus, 611:,( = 0. Substituting this into equation (7.3) and (7.4) reveals
that both loss functions are zero.
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Supplementary Material

Supplement to “Subspace perspective on canonical correlation analysis: Dimension reduc-
tion and minimax rates” (DOI: 10.3150/19-BEJ1131SUPP; .pdf). We give a complete proof of
Theorem 2.2 in [20].
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