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In the general signal+noise (allowing non-normal, non-independent observations) model, we construct
an empirical Bayes posterior which we then use for uncertainty quantification for the unknown, possibly
sparse, signal. We introduce a novel excessive bias restriction (EBR) condition, which gives rise to a new
slicing of the entire space that is suitable for uncertainty quantification. Under EBR and some mild ex-
changeable exponential moment condition on the noise, we establish the local (oracle) optimality of the
proposed confidence ball. Without EBR, we propose another confidence ball of full coverage, but its radius
contains an additional on'/4-term. In passing, we also get the local optimal results for estimation, posterior
contraction problems, and the problem of weak recovery of sparsity structure. Adaptive minimax results
(also for the estimation and posterior contraction problems) over various sparsity classes follow from our
local results.
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1. Introduction

The model and the main problem

Suppose we observe X = XOm = (Xq,..., X,):
Xi=0;+0&, ien]l={1,...,n}, (H

where 6 = (01, ..., 6,) € R" is an unknown high-dimensional parameter of interest, the &;’s are
random errors with Eg&; = 0, Vary(§;) < C¢, o > 0 is the known noise intensity. The goal is to
make inference about the parameter 6 based on the data X: recovery of 6 and uncertainty quan-
tification by constructing an optimal confidence set. We pursue robust inference in the sense that
the distribution of the error vector & = (£, ..., &,) is unknown and may also depend on 6, but
assumed to satisfy only certain mild exchangeable exponential moment condition; see Condition
(A1) in Section 2. We exploit the empirical Bayes approach and derive non-asymptotic results,
which imply asymptotic assertions as well if needed. Possible asymptotic regimes are decreas-
ing noise level 0 — 0, high-dimensional setup n — oo (the leading case for high dimensional
models), or their combination, for example, 0 =n~'/? and n — oo.

Useful inference is not possible without some structure on 6. Popular structural assumptions
are smoothness and sparsity, in this paper we are concerned with the latter. The best studied
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problem in the sparsity context is that of estimating 6 in the many normal means model, a variety
of estimation methods and results are available in the literature: [1,8,14,16,19,30]. However,
even an optimal estimator does not reveal how far it is from 6. It is of importance to quantify this
uncertainty, which can be seen as the problem of constructing confidence sets for 6.

Bayesian approach and accompanying posterior contraction problem

Many inference methods have Bayesian connections. For example, even some seemingly non
Bayesian estimators can be obtained as certain quantities (like posterior mode for penalized min-
imum contrast estimators) of the (empirical Bayes) posterior distributions resulting from impos-
ing some specific priors on the parameter; cf. [19] and [1]. Although the Bayesian methodology
is used or can be related to in constructing many (frequentist) inference procedures, only recently
the posterior distributions themselves have been studied in the sparsity context: [7,12,14,21,25,
27,30].

In this paper, for inference on 6 we use an empirical Bayes approach. Since any Bayesian
approach always delivers a posterior 7 (| X) (in the posteriors for 8, we will use the variable
¥ to distinguish it from the “true” #), an accompanying problem of interest is the contraction
of the resulting (empirical Bayes) posterior to the “true” 6 from the frequentist perspective of
the “true” measure Py, the distribution of X from (1). The quality of posterior is characterized
by the posterior contraction rate. We pursue a novel local approach by allowing the posterior
contraction rate to be a local quantity, that is, depending on the true 6, whereas global minimax
rates are typically studied in the literature on Bayesian nonparametrics.

A common Bayesian way to model sparsity structure is by the so called two-groups priors.
Such a prior puts positive mass on vectors 6 with some exact zero coordinates (zero group) and
the remaining coordinates (signal group) are drawn from a chosen distribution. So the marginal
prior for each coordinate is a mixture of a continuous distribution and a point-mass at zero. In
[14] it is shown that for a suitably chosen two-groups prior, the posterior concentrates around
the true 6 at the minimax rate (as n — 00) for two sparsity classes, nearly black vectors o[ p,]
with p, nonzero coordinates and weak £s-balls mg[p,]. As pointed out by [14] (also by [19]),
the prior distributions of non-zero coordinates should not have too light tails, otherwise one gets
sub-optimal rates. The important Gaussian case is for example excluded. This has to do with the
so called over-shrinkage effect of the normal prior with a fixed mean, which pushes the posterior
too much towards the prior mean, missing the true parameter that in general differs from the prior
mean. That is why [19] and [14] discard normal priors on non-zero coordinates and use heavy
tailed priors. In the present paper, we show that normal priors are still usable (cf. [21]) and lead
to strong local results (even for non-normal models) if combined with empirical Bayes approach.

Uncertainty quantification problem

The main aim in this paper is to construct confidence sets with optimal properties. The size of a
confidence set is measured by the smallest radius of a ball containing this set, hence it suffices to
consider confidence balls. For the usual norm || - || in R”, a random ball in R” is B(é ,F)=1{0 ¢
R" : ||§ — 0| <7}, where the center = 0(X) : R"” > R" and radius 7 = #(X) : R" > R, =
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[0, +-00] are measurable functions of the data X. Let us introduce the optimality framework for
uncertainty quantification. The goal is to construct such a confidence ball B(6, CF) that for any
a1, a2 € (0, 1] and some functional 7(6) =74, (0), r : R" — R, there exist C, ¢ > 0 such that

sup Py (0 ¢ B@, CP) <ai, sup Py(F = cr(0)) <a, 2)
0e® €0

for some ¢, ®1 C R”. The function r(0), called the radial rate, is a benchmark for the effective
radius of the confidence ball B(é, C7). The first expression in (2) is called coverage relation
and the second size relation. Notice that our approach is local (and hence genuinely adaptive) as
the radial rate r(0) is a function of the “true” parameter 6. The (quadratic) minimax rate over a
class O is defined as r2(®,g) inf SUPpe@y, Eg ||0 012, where the infimum is taken over all
estimators. Recall the common (global) minimax adaptive version of (2): given a scale (a family
of sets) {®g, B € B}, with corresponding minimax rates r (®g) indexed by a structural parameter
B € B (e.g., smoothness or sparsity), the minimax adaptive version of (2) is obtained by taking
®p = 01 = Og with the radial rate r(0) = r(Op) forall 6 € Og, g € B.

Coming back to our local framework (2), it is desirable to find the smallest r(6) and the
biggest ©g, ®1, for which (2) holds. These are contrary requirements, so we have to trade them
off against each other. There are different ways of doing this, leading to different optimality
frameworks. For example, if we insist on overall uniformity ®y = R”, then the results in [20]
and [11] (more refined versions are in [3] and [22]) say basically that the radial rate r cannot be
of a faster order than on'/# for every 6 and is at least of order on'/? for some 6. This means that
any confidence ball that is optimal with respect to the optimality framework (2) with ®9 = R”
will necessarily have a big size, even if the true 6 happens to lie in a very “good”, smooth or
sparse, class ®1. Many good confidence sets cannot be optimal in this sense (called “honest” in
some papers) and effectively excluded from the consideration. For minimax adaptive versions of
(2) this means that as soon as we require ©9 = ©g, B € B in the coverage relation, the minimax
rate r(©g) in the size relation is unattainable even when 8 € B = {1, B>} for certain B, B;
cf. [22] for two nearly black classes. Essentially, the overall uniform coverage and optimal size
properties can not hold together, it is necessary to sacrifice at least one of these, preferably as little
as possible. We argue that it is unreasonable to pursue an optimality framework with the entire
space ®y = R" in the coverage relation, because this leads to discarding many good procedures
and optimality of uninteresting ones. Instead, it makes sense to sacrifice in the set @y = R"\@’,
by removing a preferably small portion of “deceptive parameters” ®’ from R” so that that the
optimal radial rates become attainable in the size relation with interesting (preferably “massive”)
sets O1.

This “deceptiveness” phenomenon is well understood for some smoothness structures (e.g.,
Sobolev scale), especially in global minimax settings; see [4,10,24] and [28]. If we now insist on
the optimal size property in (2) for all ®g, 8 € B, the coverage relation in (2) will not hold for
all ®p = Og, but only for g = ©g\@’, with some set of “deceptive parameters” ® removed
from ®g. In [28] such parameters are called “inconvenient truths” and an implicit construction
of a @ € ® is given. Examples of non-deceptive parameters are the set of self-similar parameters
®p = O introduced by [23] and studied by [9,10,28], and the set of polished tail parameters
®¢ = O considered by [28]. All the above mentioned papers study global minimax radial rates
(i.e., r(0) =7 (®p) for all 6 € Op) for specific smoothness scales. A local approach, delivering
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also the adaptive minimax results for many smoothness scales simultaneously, is considered by
[2] for posterior contraction rates and by [4] for constructing optimal confidence balls. In [4], yet
a more general (than Oy and Op) set of non-deceptive parameters was introduced, Oy = Oep,
parameters satisfying the so called excessive bias restriction (EBR).

To the best of our knowledge, there are very few papers about adaptive results on uncertainty
quantification (2). The case of two nearly black classes is treated by [22], the “general polished
tail” condition was introduced in [26] to describe non-deceptive parameters, a more general case
of linear regression model (but with the standard normal noise) is recently studied in [5]. A re-
stricted scale of nearly black classes is treated in [29], where effectively a version of our EBR
condition is used; more on relation to paper [29] can be found in Supplement [6].

The scope of this paper

In this paper, we propose an empirical Bayes procedure, in fact, two procedures. There are four
distinctive features of our approach: robust, local, refined and EBR.

First, robust means that our results cover also misspecified models, as we allow the &;’s to be
not necessarily independent normals (a certain type of error misspecification was also mentioned
in a remark of the supplement to [12]). Precisely, we use the normal likelihood, whereas the
true model (1) does not have to be normal and independence of &;’s is not required either, but
only satisfying some mild Condition (A1) (see below), called exchangeable exponential moment
condition. It turned out that, although we use the normal likelihood (whereas the true model
may not be normal) in the Bayesian analysis when proving the main results, we can handle the
frequentist behavior of the posterior from the perspective of the true measure only on the basis
of Condition (A1).

Second, we develop the novel local approach, meaning that the radial rate r(0) in (2) is al-
lowed to be a function of 8, which, in a way, measures the amount of sparsity for each 6 € R":
the smaller r(0), the more sparse 6. The local radial rate r(6) is constructed as the best rate
over a certain family of local rates, therefore called oracle rate. We demonstrate that the local
approach is more powerful than global in that we do not need to impose any specific sparsity
structure, because the proposed local approach automatically exploits the “effective” sparsity of
each underlying 6, and our local results imply a whole panorama of the global minimax results
for many scales at once. More on this is in Section 3.5.

Third, we derive the local posterior contraction result for the resulting empirical Bayes pos-
terior 77 (¢|X) in the refined non-asymptotic formulation: supg.gn Eo7 (|| — 0112 > Mor2(6) +
Ma2|X) < Hpe ™M for some fixed Mo, Hy, mg > 0 and arbitrary M > 0, as an exponential
non-asymptotic concentration bound in terms of M, uniformly in & € R”. This formulation pro-
vides a rather refined characterization of the quality of the posterior (finer, than, e.g., asymp-
totically in terms of the dimension n), allowing subtle analysis for various asymptotic regimes.
This result is of interest and importance on its own as it actually establishes the contraction of the
empirical Bayes posterior with the local rate r (). Besides, we obtain the oracle estimation result
(also in similar refined formulation, finer than traditional oracle inequalities) by constructing an
estimator, the empirical Bayes posterior mean, which converges to 6 with the local rate r(6).
This result, besides being an ingredient for the uncertainty quantification problem (2), is also of
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interest on its own as it delivers the same type of (oracle and minimax) estimation results as in
[1] and [19] and posterior convergence results as in [14], obtained for different priors.

Next, we construct a confidence ball by using the empirical Bayes posterior quantities. Since
we want the size of our confidence sets to be of an oracle rate order, this comes with the price
that the coverage property can hold uniformly only over some set of parameters satisfying the so
called excessive bias restriction (EBR) ®¢ = ®¢, € R”. The main result consists in establishing
the optimality (2) of the constructed confidence ball for the optimality framework ®¢ = Ogp,
®1 =R" and the local radial rate r(6). The important consequence of our local approach is that
a whole panorama of adaptive (global) minimax results (for all considered problems: estimation,
posterior contraction rate and uncertainty quantification) over all sparsity scales covered by r(6)
follow from our local results; see Section 3.5. We also treat the situation when ®g = R" in (2) by
constructing a confidence ball with the radius of the order on!/* +r(6). As we already discussed,
the term on'/# in the size relation is necessary for the uniform coverage to hold. Clearly, this
confidence ball will have optimal size only for non-sparse parameters, for which r () > con'/4.

Although the original motivation of the EBR condition was to remove the deceptive param-
eters, it turned out to be a useful notion in the context of uncertainty quantification. In effect,
the EBR condition leads to a new sparsity EBR-scale which gives the slicing of the entire space
that is very suitable for uncertainty quantification. This provides a new perspective at the above
mentioned “deceptiveness” issue: basically, each parameter is deceptive (or non deceptive) to
some extent. It is the structural parameter of the new EBR-scale that measures the deceptiveness
amount, and the (mild and controllable) price for handling deceptive parameters is the effective
amount of inflating of the confidence ball that matches the amount of deceptiveness needed to
provide a high coverage. The EBR condition and EBR-scale are discussed in Supplement [6].

The paper is organized as follows. In Section 2, we introduce the notation and the prior, de-
scribe the empirical Bayes procedure, and state the exchangeable exponential moment condition
on &. In Section 3, we introduce the EBR condition, present the main local results of the paper,
and consider a couple of scales for which global minimax results follow. A small simulation
study is in Section 4. The proofs of the lemmas and theorems are given in Sections 5 and 6,
respectively. In Supplement [6], we discuss the EBR condition, the EBR scale, and some other
relarted points. The proofs of three theorems and some concluding remarks are also provided in
Supplement [6].

2. Preliminaries

First, we introduce some notation and a family of normal priors (similar to priors from [4] but
geared towards modeling sparsity rather than smoothness). Next, by applying the empirical Bayes
approach to the normal likelihood, we derive an empirical Bayes posterior which we will use in
the construction of the estimator and the confidence ball. We complete this section with intro-
ducing the exchangeable exponential moment condition on the error vector €.

2.1. Notation

Denote the probability measure of X from the model (1) by Py = Pg”"), and by Egy the cor-
responding expectation. For notational simplicity, we often skip the dependence on o and n.
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Denote by 1 = 1{E} the indicator function of the event E, by |S]| the cardinality of the set
S, the difference of sets S\Sp ={s € S:s ¢ So}. Let [k] ={1,...,k} and [k]op = {0} U [k] for
ke N={1,2,...}. For I C [n], define I¢ =[n]\I. Let Z =17, = {I : I C [n]} be the fam-
ily of all subsets of [n] including the empty set. If the summation range in ), is not speci-
fied (for brevity), this means Y 1<z~ Throughout we assume the conventions that > icoai =0,

ZZ ai =) ,<j<pai for any a;,a,b € R and 0log(c/0) = 0 (hence, (c/0)? = 1) for any ¢ > 0.

Let 9(21) < 9(22) <...< 9(2") and 9[21] > 9[22] > - = 605, (so that 6y = 6j,41-i7) be the or-

dered values of 912, ces 9,%. To have some quantity well defined in the sequel, introduce also
_p2 _p2 2 _p2

0= 9(0) = 9[n+1] and 9[01 = 9(n+1) = 00.

If random quantities appear in a relation, this relation should be understood in Py-almost sure
sense. Throughout ¢ (x, i, %) will be the density of i + 0 Z ~ N(u, o%) at point x, where
Z ~N(0, 1). By convention, N(, 0) = §,, denotes a Dirac measure at point 1. We use the usual
0, O notation to describe the asymptotic behavior of certain quantities as 7 — 0o. The symbol £
will refer to equality by definition. Finally, let (x, y) = )", x; y; denote the usual scalar product
between x, y € R".

2.2. Multivariate normal prior

When deriving all the posterior quantities in the Bayesian analysis below, we will use the normal
likelihood £(6, X) = 2mo?) /2 exp{—| X — 0]|>/20?}, which is equivalent to imposing the
classical high-dimensional normal model X = (X;,i € N,;) ~ ®;’=1 N(6;, 02). Recall however
that the “true” model X ~ Py is not assumed to be normal, but only satisfying Condition (A1).

To model possible sparsity in the parameter 6, the coordinates of 6 can be split into two distinct
groups of coordinates of §: for some / € Z, the group of coordinates 6;c = (6;,i ¢ I) consists of
(almost) zeros and 8; = (6;,i € I) is the group of non-zeros coordinates. For any 6 € R" (even
“not sparse” one) there is the best (oracle) splitting into two groups, we will come back to this in
Section 3. To model sparsity, we propose a prior on 6 given / as follows:

ar=@N(u(D, 77 (D),  wil)=wlli € I}, (D) =c’K,(D1li €1}, (3)
i=1

and K,(I) = (% — 1)1{I # &}. The indicators in prior (3) ensure the sparsity of the group
I¢. The rather specific choice of K, (/) is made for the sake of concise expressions in later
calculations, many other choices are actually possible. By using normal likelihood €(6, X) =
Qro?) ™% exp{—|| X — 6|?/20?}, the corresponding posterior distribution for @ is readily ob-

tained:

" DX +o’ui(l)  tHI)o?
m(l‘/‘IX>=®N< (1) + 02 ’r2<l>+a2>' ?

i=1
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Next, introduce the prior A on Z, discussed in Supplement [6]. For sc > 1, draw a random set
from Z with probabilities

en —|I|
Al =Csen exp{—%|1|10g<m>} = c%,n<—) , l1eT, 5)

where c;. , is the normalizing constant. Since (%)k < (Z) < (T)k and (0) =1,

n

S BT 3 19 BT 3(CO RS B T

1€ k=0 k=0 k=0

so that c,op > 1 — e!=* >0, neN. Combining (3) and (5) gives the mixture prior on
0: m =) ;cp iy This leads to the marginal distribution of X: Py = Y ;.7 A/Px ;, with
Px = ®f’=1 N(u; (D), o+ rl.z(l)), and the posterior of 6 is

T (X)) =7, X) =Y (@X)mI|X), (7)
1T

where 77 (¥]X) is defined by (4) and the posterior 7w (/|X) for [ is

MPxs [Ty ¢ (Xi, (D), 0% + 72(1)

I11X)= = .
T =y T S T e (Xe (D) 0” £ 20

®)

2.3. Empirical Bayes posterior

The parameters p; are yet to be chosen in the prior. We choose p; by using empirical Bayes
approach. The marginal likelihood Py is readily maximized with respect to w;: i; = X;, which
we then substitute instead of u; in the expression (7) for (¢} X), obtaining the empirical Bayes
model averaging (EBMA) posterior

ﬁ(ﬁlX)=ﬁ%(l9|X)=Zﬁ1(ﬁ|X)ﬁ(1lX), ©
1€

where the empirical Bayes conditional posterior (recall that N(0, 0) = §¢)
n .
7%1(19|X)=®N<X,-]l{i e, %jﬂf’f”) (10)
i=1
is obtained from (4) with u; (1) = X;1{i € I}, and

MPxg Ml o(X, Xilfi € I}, 0% + 17(1))
YrerhiPxu Y jer il ¢(Xi, Xil{i € J}, 02 +17(J))

a(l|X)= (11
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is the empirical Bayes posterior for / € Z, obtained from (8) with w; (1) = X;1{i € I}. Let E
and E; be the expectations with respect to the measures 77 (¢|X) and 7;(9|X), respectively.
Introduce the EBMA estimator: with X (1) £ (X;1{i € I}, i € [n]),

é:E(mX):ZE,(mX)ﬁ(UX)=Zx<1)ﬁ(1|x>. (12)

1T 1€

Consider an alternative empirical Bayes posterior. First, derive an empirical Bayes variable
selector / by maximizing 7 (/|X) over I € Z (any maximizer will do) as follows:

I= argmax 7 (/|X) = argmaxA;Px s
IeT IeT

X2 1|
— — L _——
= argr;lg%({ E 5 log(K, (1) +1) —Hogk,}

202

iel®
en

7]

)}:{ie[n]:X%zX[zlz]}, (13)

. 2 2
= argrlnel%'n{ZXi + 2x+ 1o |I|log(

iel

where k € [1]o is the minimizer of Z?:kﬂ X[zi] + 2+ l)azklog(en/k). This is reminiscent

of the penalization procedure from [8] (cf. also [1]). Now plugging in I into 7; (| X) defined
by (10) yields empirical Bayes model selection (EBMS) posterior and the corresponding EBMS
estimator:

#1X) =7;(01X), 6 =E@|X)=X)=(X:1{i € I},i €[n]), (14)

where E denotes the expectation with respect to the measure 7 (| X).

2.4. Exchangeable exponential moment condition on the errors

The following condition (called exchangeable exponential moment condition) on the error vector
& =(1,...,&,) will be assumed throughout.

Condition (A1). The random variables &;’s from (1) satisfy: Eg§; =0, Varg(§;) < C¢, i € [n];
and for some B, B > 0 (without loss of generality assume C¢ =1 and 8 € (0, 1]),

Egexp{ﬁzgiz} <P forall1 €Z, 0 e R™, (A1)

iel

The unknown distribution of £ may depend on 6, in that case (A1) is fulfilled for all 6 € R”".
The constants § € (0, 1] and B > 0 will be fixed in the sequel and we omit the dependence on
these constants in all further notation. There is no need to assume Varg (§;) < C¢ as this follows
from (A1), but we provide this just for reader’s convenience.
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In the proof of Theorem 1 below, we will also need a bound for Eg(}";, Eiz)z, I €1. Con-
dition (A1) ensures such a bound. Indeed, since x2 < e forall x >0, by using the Holder
inequality and (A1), we derive that for any p € (0, B/2] and I € Z,

_EgePe/D ici &
<Z‘§> (/3) -

iel

B2 2p/B B2
oA i 8 B oo 15
= oy 5 (B )" = B2’ (15)

It is interesting to relate Condition (A1) to the so called sub-Gaussianity condition on the error
vector &£. The random vector £ is called sub-Gaussian with parameter p > 0 if

P(|(v.8)]>1) < e~ forall7 >0 and all v € R" such that [[v] = 1. (16)

The sub-Gaussianity condition (16) and Condition (A1) are close, but in general incompara-
ble. For example, let & = &, i € [n], for some bounded random variable &y (say, uniform on
[—1, 1]), then Condition (A1) trivially holds, whereas the sub-Gaussianity condition is not ful-
filled. It is easy to see that the sub-Gaussianity condition is equivalent to Condition (A1) for
independent &;’s

Condition (A1) is clearly satisfied for independent normals &; u N(, 1) (with 8 = 0.4 and
B = 1) and for bounded, arbitrarily dependent, &;’s. In a way, Condition (A1) prevents too much
dependence, but it still allows some interesting cases of dependent &;’s. Suppose that the &;’s
follow an autoregressive model AR(1) with normal white noise:

ind
G=a& i1 +e, e ~N(O 1), kelnl; £&=0, [a| <1. (17)

Let us show that Condition (A1) is fulfilled for the vector £ = (§;,i € [n]) defined by (17). We
have that for any k > [, & = o7& + o* "l + - + ¢ = X7l + Zi_, where Zp ~

N(O, akz,) with csz/ =1l+4+a?+ -+ o2k =D < ﬁ £ og Clearly, for any I € Z, there are

L <ki <ky<--- <ky <nsuchthat Y, 62 = YI!! &2 Denote Fy = 0 (&,. 1 <i <m),
me [|I |] the o-algebra generated by {&,,1 <i <m}. Choose B and « in such a way that
0< 1— 4,8 2 =
the Condltlonal expectation

< 1. By using the elementary identity (S4) from Supplement [6], we first evaluate

B(e" Gt i) | 7, ) = & e B (P8 | Fy) < P B (2P | Fy)

zﬁaz(kmfkmfl) 5
2B )y

1
— ~log(1 —4Bo;.
1_4ﬁ01(2m_k 1 2 g( ﬂ km_km—l)}

:exp{(ﬁ+

m—1

eZﬂE,fm_]
<—.
(1—4Bod)'/?
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Iterating the above argument, we establish Condition (A1) for the sequence (17):

11-2 2 25,
EeXp{ﬁZEiz]=EE[CXP{IBZ§2}|J—'|I|_1] E[exp{/iiiwag)l}/z e ]

iel iel

<< (1—-4B03) 2 =B with B =log(1 — 4807) "

3. Main results

In this section, we give the main results of the paper. From now on, by 7 (¢| X) (with correspond-
ing expectation E(~|X )) we denote either EBMA posterior 7 (2| X) defined by (9) or EBMS pos-
terior 77 (| X) defined by (14), and 6 will stand either for 6 defined by (12) or for 6 defined by
(14) Also, 7 (I € G|X) should be read as # (I € G|X) in case # = 7, and as 1{] € G} in case
7 =7, forall G C 7 that appear in what follows. Hence, a(I|X)=a(|X)and Eg7t (I € glx)=
Ey7 (I € G|X) in the former case, and 7 (I|X) = ]1{1 =TI} and Egn (I € G|X) = P@(I € @) in
the latter case.

3.1. Oracle rate

The empirical Bayes posterior 7 (| X) is a random mixture over 777 (¢#|X), I € Z. From the Py-
perspective, each posterior 7; (| X) (and the corresponding estimator E, (¥ X) = X)) con-
tracts to the true parameter 6 with the local rate RZ(I ,0) = Zie It 9,.2 + 02|I |. Indeed, since
E1(19|X) =X(I)=(X;1{i € I},i € [n]), (10) and the Markov inequality yields

Kn()+1

2
BollX(D - 01>+ TET5e 2
M2R2(1,6) - M2

Eo7t; (Il — 01 > M*R*(1,0)|X) <

For each 6 € R", among I € 7 there exists the best choice I, = I,(0) = I,(6,0) (called
the R-oracle) corresponding to the fastest local rate R%(0) = R*(8,7) = minjc7 R*(1,6) =
> iels Giz + 021, Ideally, we would like to mimic the R-oracle, that is, to construct an empir-
ical Bayesian procedure (e.g., 7 (1| X)) which performs as good as the oracle empirical Bayes
posterior 77, (| X) without knowing I,, uniformly in 6 € R". However, the lower bounds for
the estimation problem (hence, also for the posterior contraction problem), obtained by [15] and
later by [8], show that it is impossible to mimic the R-oracle and a logarithmic factor is the
unavoidable price for the uniformity over R” (otherwise this would contradict to the minimax
lower bound over the scale of sparsity classes, cf. [8]). Therefore, only a modification of the risk
R-oracle where the variance term O’2|In| is inflated with the factor log(en/|1,|) (thought of as
payment for not knowing I,) is “mimicable”.
The above discussion motivates the following definition. Introduce the family of local rates

r2(1,0) =r*(1,6,0%) = Y 67 + o2|1] log(%) —B(,O)+ V), IeI, (18)

iel
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where B(1,0) =3 ;e 9i2 is the bias part of the rate and V(I) =V (l,0,n) = o2 1| log(%) is
the adjusted variance part, the variance term o%|I| of the rate R(I,6) multiplied by the loga-
rithmic factor log(%). There exists the best choice I, = 1,(8) = 1,(0, 02) = 1,00, o2, nye’l

(called oracle) at which the rate (18) is minimal:

) =r:0) = rIni%rz(I, 0) =r2(1,,0) = B(I,,0) + V(I,), (19)

r2(0) is called the oracle rate. Note that the oracle I, may not be unique (but |/,| is unique) as
some coordinates of 6 can coincide, in that case take the one with the earliest coordinates.

Clearly, I, = {i € [n] : 67 > 9[2,%]}, where k, = |1,| = arg minke[n]O{Zf':_lk 9(21») +02klog()}.
Thus, the oracle [, classifies the coordinates (6;,i € I,) as significant and the coordinates
(6;,i € 15) as insignificant. The bias part B(Ip,0) =3 ;e e 67 = Y1y 11 6 = Yk 03, of
the oracle rate is called the excessive bias. This is the error the oracle makes when setting in-
significant coordinates of 6 to zero. The “variance” term V (I,) = 02|I,,| log(%) is the error the
oracle makes when recovering |, | significant coordinates, with the log factor as payment for not
knowing the locations.

Finally, for T > 0, introduce the so called t-oracle I} = I} (0) = I,(0, 76?) and let i; =
|17 (0)] be the corresponding cardinality. A t-oracle /7 () is just the usual oracle defined by
(19) with o2 substituted by 102, the oracle itself is the t-oracle with T = 1: I,(9) = I(} (0) and
i1 = k,. Notice that I,' € I,% if 7y > 1. For 7 | 0, the “limiting” t-oracle recovers the “true”
active index set I* = I*(0) = supp(6) = {i € [n] : 6; # 0} in the sense that It I*ast 0.
More insight on the r-oracles I}, T > 0, is provided in Supplement [6].

3.2. Contraction results with oracle rate
First, introduce a technical condition on the parameter s appearing in (5).
Condition (A2). The parameter s of the prior A defined by (5) satisfies
n>x=2 (12— B+4B)/(4p), (A2)
where 8, B are from Condition (A1).

The following theorem establishes that the empirical Bayes posterior 7 (1| X) contracts to 6
with the oracle rate »(6) from the frequentist Py-perspective, and the empirical Bayes posterior
mean 6 converges to 6 with the oracle rate r (), uniformly over the entire parameter space.

Theorem 1. Let Conditions (A1) and (A2) be fulfilled. Then there exist positive constants M,
M, Hy, Hy, mg, m| such that for any 6 € R" and any M > 0,

Eo#t (I9 — 01> = Mor?(9) + Mo?|X) < Hye ™M, (i)

Py(10 — 01> = M1r*(0) + Mo?) < Hie ™M, (ii)
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Remark 1. Notice that already claim (i) of the above theorem contains an oracle bound for the
estimator 6. Indeed, by Jensen’s inequality, we derive the oracle inequality

Eolld — 61> <EoE(I9 — 61%1X)

o2

2 +ee 2 2 Hy
< Mor(©) + Ho / e M09 dy — Mor®(6) + . (20)
0 mo

Similarly we can show that also (ii) implies (20). This means that claim (ii) is actually stronger
(and more refined) than (20) and therefore requires a separate proof.

The constants Mo, M1, Hy, Hy, mg,m1 > 0 in the theorem depend only on B, B and some
also on sz, the exact expressions can be found in the proof. The above local result implies the
minimax optimality over various sparsity scales, see Section 3.5 for more detail on this. In case of
independent normal errors, some constants and bounds in the proofs can be sharpened; possible
refinements are discussed in Supplement [6].

Remark 2. The non-asymptotic exponential bounds in terms of the constant M from the expres-
sion M'r?(0) + Mo? (with some fixed M) in claims (i) and (ii) of the theorem provide a rather
refined characterization of the quality of the posterior 77 (1| X) and estimator 6, finer than, for
example, the traditional oracle inequalities like (20). This refined formulation allows for subtle
analysis in various asymptotic regimes (n — o0, o — 0, or their combination) as we can let M
depend in any way on n, o, or both.

One more technical definition will be used. For constants 8, B from Condition (A1), define

3(xB8+B/2+ B)

T=7(xpB,B)2 3

ey

The next theorem describes the frequentist behavior of the selector [ and the empirical Bayes
posterior for 7, saying basically that / and 77 (/|X) “live” on a certain set that is, in a sense,
almost as good as the oracle I, = 1,(0) defined by (19). For any 6 € R", introduce

Iy =1,0) £ 1°(0) = 1, (6. 100). (22)
where we fix some g € (0, 1) and 79 > ligf, with T defined by (21). For example, we can take

1—
0=0.1and 7= 47 +0.1.

Theorem 2. Let Condition (Al) be fulfilled. The following relations hold for any 6 € R",
M =0.
(1) Let s> % (Condition (A2) implies this). There exist M, Hj > 0 such that

en
TARRAY

en

7]

ngr(I eT: |I|log< ) > M| ﬁIo|log( ) +M’X) < Hje™.
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(i) Let x> B! — % (Condition (A2) implies this), T be defined by (21). Fixany I’ € T. Then
there exist H{, m(, > 0 (independent of 0 and 1") such that

92 en /
Egn(1eT: Zszlrurio (—) M|X) < Hle M.
0 ( ‘5210_2— ‘ ‘ g |IU1/| + ‘ — 18
1

In particular, let I, be defined by (22), then there exists m’l > 0 such that
Egn(l eT: |I|10g<|1|> < olL,|1og(en/|I,]) - M]X) <Hjew™M (23

(iii) Let Condition (A2) be fulfilled, c1, ¢y, c3 be the constants defined in Lemma 2. Then

Eo#t (I €Z:7%(1,0) > c3r2(0) + Mo?|X) < Coe™ M, where Co = (1 — el—q)‘l.

We can interpret the above theorem as recovery of the sparsity structure, but in a weak sense.
Claim (iii) says that 77 (/| X) (i.e., the selector [ and the posterior 77 (1]X)) “lives” on those sets
I whose rate r2(I, 0) is not far from the oracle rate 2(6). Claims (i) and (ii) roughly mean that
a(I|X) “lives” in a shell between I, and I, (recall that I, = I,° C I(} =1, as 79 > 1, hence
always |I,| < |I,)). If I, and I, are “close” to each other (in the sense that ¢|I,| < |I,| < |1,| for
some ¢ € (0, 1]), then 7 (I|X) recovers well the oracle structure I,. In general, the living shell
for #(I1X) can be too wide (when |I,| is much smaller than |1,|), the corresponding 6 is then
“deceptive”. We discuss this below, when introducing the EBR condition.

3.3. Confidence ball under excessive bias restriction (EBR)

Theorem 1 establishes the strong local optimal properties of the empirical Bayes posterior
7 (#X) and the empirical Bayes posterior mean 6, but does not solve the uncertainty quan-
tification problem yet. As is mentioned in the introduction, the uniform coverage and optimal
size properties can not hold together in general. This is not an artifact of the method, it is a
fundamental, unavoidable problem. It occurs for the so called deceptive parameters 6 that have
many smallish coordinates, just slightly under the noise level. Clearly, in this case no method can
reliably assign those coordinates to the significant set which is needed to control the bias part of
the oracle rate. This is possible for the non-deceptive parameters described by the so called EBR
condition introduced below.

First, we propose a confidence ball by using the empirical Bayes posterior 77 (1| X) defined by
(14) (one can construct a confidence ball by using the posterior 7 (| X) with s1m11ar propertles
but with more involved mathematical derivations). Since 77 (#|X) = ®:1 1N(9, , 0’ ) with 9
Xi1{i f} and &iz =1 - |f|/en)a2jl{i € f}, denoting by Xk2,a the (1 — «o)-quantile of Xk
distribution, we have

Y % 2.2 1
71<||z9—9|| <o¥i . |X) (||z9 G917 < (1= |)/en)o Xlil,a|X>_1 a.
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As X‘Zi‘ W S Malf | for sufficiently large M,, a reasonable candidate confidence ball is B(é,

Mo |I]'/?). The empirical Bayes posterior 7 (1] X) is well concentrated (in fact, in a ball of
the size Mo?|1,|), but not around the truth, rather around its mean 6. Then B(6, Mo |I|'/?)

cannot have a guaranteed coverage, since otherwise the center 6 would mimics the R-oracle uni-
formly in 6 € R", which is impossible as we discussed earlier. To obtain coverage, the radius of
any confidence ball must contain a logarithmic factor. This leads us to the inflated credible ball
B(é, M7), where

P2 =r(X)=0%+ 0| |log(en/|1]). (24)

According to Theorem 2, go|1,|log(en/|I,|) — Mo? < #* < M{0?|I,|log(en/|I,|) + Mo?
with large probability, describing a “living shell” for 7. So, 72 is at most of the order of the oracle
rate 72(9), implying the size property with the oracle radial rate uniformly over # € R”. But if
|I,| is much smaller than |, |, the living shell for 7 becomes too wide and the coverage property
of B(#, M#) cannot be guaranteed because 7 can be over optimistically too small. This problem
will not occur for those (non-deceptive) 6’s for which the bias part B(l,,0) of the rate r2(I,, 0)
(see definition (18)) is within a multiple of its variance part V (I,) = o2|I,|log(en/|I,|). Then
02|I_0| log(en/ |I_0|) is at least of the oracle rate order, which, together with (ii) of Theorem 2,
imply that 7 is also at least of the oracle rate order, resulting in a good coverage of the confi-
dence ball B(é, MyF + M 02) for some M and sufficiently large M. This discussion motivates
introducing the following condition.

Condition EBR. We say that 6 € R” satisfies the excessive bias restriction (EBR) condition
with structural parameter ¢ > 0 if 6 € O¢p(t), where the corresponding set (called the EBR class)
is

Oeb(t) = Ocp (1, T0) = {9 eR":Y 07 <to’[1+ |i0|log(en/|ig|>]}, (25)

iel¢
where the set I, = I,° is defined by (22).

Remark 3. A few remarks about the EBR condition are in order.

(1) The EBR requires basically that the bias part of the rate r2(I,,0) is dominated by a
multiple of its variance part (additional o2 is needed to handle the case I, = &). This is
obviously satisfied also for the rate r2(1’,0) with any I’ such that I, € I’ (hence, also
for I, as I, C 1,).

(i1) Notice that, for any v > 0, O¢p(#1, T) S Ocp(t2, T) for 11 < 17, and Ocp(tn, 7) =R” by
the oracle definition. Hence, R" = qu <zn Oeb(t, T), which means that the EBR con-
dition leads to the so called EBR-scale {®¢p(t, 7),t > 0}, discussed in detail in Supple-
ment [6].

(iii) Ideally, the excessive to-bias B(I,,0) = Yie i 91.2 is zero, which corresponds to “the
least deceptive” parameters & whose insignificant coordinates are true zeros and the sig-
nificant coordinates are sufficiently distinct from zero. Such examples are given in Sup-
plement [6].
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(v) The EBR introduced in [29] and [13] is a version of our EBR (25) adopted to the spar-
sity scale within the grand space ¢o[p,] with p, = o(n), under the asymptotic regime
n — o0. We elaborate on the EBR (and its relation to the EBR from [29] and [13]) in
Supplement [6].

(vi) Interestingly, as is shown in [13], the EBR turns out to be minimal in a certain sense.

The following theorem, which is the main result in the paper, describes the coverage and size
properties of the confidence ball based on 6 (i.e., either 6 or 6) and 7.

Theorem 3. Let Conditions (A1) and (A2) be fulﬁlled Then there exlst constants Mz, Hy, my >
0 such that for any t, M > 0, and with R}, =R? 2 (M2) = (¢ + VM2 + (t +2)Mo2,

sup P9(9 ¢ B, ﬁM)) < Hye ™M,
0€Bep (1)

en
sup Pg(l" >M0<7 |1, |log(

) + (M + 1)02> < Hje™,
feR" |I |

where Oy (t) is defined by (25), and the constants My, Hy are defined in Theorem 2.

Remark 4. Recall that I, = I,;° from (25) is actually the to-oracle. It may be desirable to impose
the EBR condition in terms of the “standard” oracle I,, rather than the tp-oracle. By rewriting

-1/2 -1/2
(1) as X1, =01,
ball with the radius /7o Ry satisfying the coverage property as above, but now uniformly over
Oep(t, 1).

‘o1, 1/ 25 , it is not difficult to see that we can construct a confidence

Remark 5. To measures the deceptiveness amount in 6, introduce the quantity b(6):

- pn2
Zie]g 91’

b)) =b0, 19) = — -
O =000 = AT og(en/ 1T,

_ le:i|+l 9[2;'] _ B(l,,6) (26)
02+ 02igloglen/iy) o2+ V(,,0)

The EBR condition can be seen as restricting the deceptiveness b(0): O¢p(t) = {0 : b(0) <t}.
Note that, when proving Theorem 3, we actually established the following local assertions:
there exist constants M», o1, m/l/, Hj, my > 0 such that for any 6 € R" and any o, M >0

P9<9¢B( [(b6) + 1)M> 2+(b(6)+2)M02]1/2>>

en \ —a1lll en \—1Ll
< Hl(—> e MM H1< ) e MM < H,emmM
B [1,] |1, B

)+ (M + 1o ) < H0< ne ) a|10|e_M’

P9<f2 > o2 (M) +a)|I, |10g( o

1o
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where all the other constants (H1, m1, H, a}, M|, H)) are defined in Theorems 1 and 2. Notice
that the size relation in Theorem 3 holds uniformly in 8 € R". Although the coverage relation is
also uniform in 8 € R”, the main (and unavoidable) problem is dependence on b(6). The mission
of the EBR condition is to provide control over the quantity b(6).

3.4. Confidence ball of n1/4-radius without EBR

Suppose we want to construct a confidence ball of a full coverage uniformly over the whole
space R". Recall however that, in view of the above mentioned negative results of [3,11,20] and
[22], no data dependent ball can in general provide full coverage and optimal size simultaneously.
It turns out that, even when insisting on the full coverage, the size can be still optimal, but only
for the parameters with the oracle rate in the range r20)>C ﬁ i.e., for non-sparse parameters.
An idea is to mimic the quantity |6 — 6l||2 by R*= X — 6l||2 Clearly, there is a lot of bias in
R2?, the biggest part of which is due to the term o2 ||§ | contained in R. To de-bias for that part,
we need to subtract its expectation 02E||f;‘ ||2 = no 2, where we assumed Var(§;) = 1. However,
even de-biased quantity R? can only be controlled up to the order o-2,/n. Thus, a term of the
order on'/# is necessary in the radius to provide coverage uniformly over the whole space R”.
To handle some technical issues in this case, we impose the following additional condition.

Condition (A3). Besides X given by (1), we also observe X’ € R” independent of X, where
X' =60+0¢&', the random vector &’ satisfies the following relations: E&/ =0, Var(¢§/) = 1,i € [n];

P(v.6)| = VM) < ya (M) Vo eR": v =1;
(A3)
P(Il')” B8 |*| = M) < v,

Here 1 (M), ¥»(M) are some positive monotonically decreasing functions such that ¥ (M) | 0
and Yo(M) | 0 as M 1 oo.

Condition (A3) is satisfied for independent normals §&; = N(0, 1) even if we do not have the
second sample X’ at our disposal. Indeed, in this case we can “duplicate” the observations by
randomization at the cost of doubling the variance as follows: create samples X'=X+o0Zand

X"=X—-0Z,foraZ=(Zy,...,Z,) (independent of X) such that Z; nd N(0, 1). Relations
(A3) are then fulfilled with exponennal functions ¥; (M) = Ce M [ =1,2, for some C, ¢ > 0.
If the sub-Gaussianity condition (16) is fulfilled for &’ (which is the same as Condition (A1)
in case of independent &/’s), then (M) = e~PM By Chebyshev’s inequality, we see that the
second relation in (A3) is fulfilled with function ¥» (M) = ¢M 2 for any zero mean independent
g/’s with BE/* < C.

Coming back to the problem of constructing a confidence ball of full coverage uniformly
over R”, let § and [ be defined as before and based on the sample X. We propose to mimic
|6 — 0A||2 by the de-biased quantity || X’ — 0 12 — no? plus additional o2 /n-order term to control
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its oscillations, leading us to the following data dependent radius

where Gy =M (M + M), 27

x4+ =x V0 and the constant M is from Theorem 1. The next theorem establishes the coverage
and size properties of the confidence ball B(6, Rjs). The proof is given in Supplement [6].

Ry = (%' =6] = no® + 207G /i) .

Theorem 4. Let Conditions (A1)-(A3) be fulfilled, 1512‘,1 be defined by (27). Then for any M > 0

sup Py(0 ¢ B, Ru)) < ¥r1(M/4) + (M) + Hie™™ M,

sup Pg(R3; > ga1(6.m)) < Y1 (M/4) +yo(M) + 2Hye ™M,
OeR"

gm@,n) = M1r2(9) + Mo+ 402GM\/E and the constants Hy, m1, M are defined in Theo-
rem 1.

By taking large enough M we can ensure the coverage and size relations uniformly over the
entire space R". Notice the price for this overall uniformity: the radius of the constructed con-
fidence ball is essentially of the order on'/* + r(), i.e., at least on'/* even for very sparse
parameters 0. Hence, the radius is of the oracle rate order only when r(6) > C onl/4, that is, for
non-sparse 0’s.

3.5. Implications: The minimax results over sparsity classes

In this section, we elucidate the potential strength of the local approach. In particular, we demon-
strate how the global adaptive minimax results over certain scales can be derived from the lo-
cal results. Note that the oracle rate r(6) is a local quantity in that it quantifies the level of
accuracy of inference about specific 8 and originally it is not linked to any particular scale
of classes. However, it is always possible to relate the oracle rate to various scales. Precisely,
if we want to establish global adaptive minimax results over certain scale, say, {Og, 8 € B},
with corresponding minimax rates {r(®g), 8 € B} (recall that the minimax rate over ®g is
r2(®,3) S inf; supycq 5 Eq ||é — 0|2, where the infimum is taken over all estimators), the only
thing we need to show is

sup r%(0) < cr’(@p), forall B eB. (28)
0€Bp

If the above property holds, we say the oracle rate r(0) covers the scale {Og, € B}. In this
case, the local results on the estimation, the posterior contraction and the size relation of the
confidence ball will immediately imply the corresponding global adaptive minimax results over
the covered scale (actually, simultaneously for all scales that are covered by the oracle rate r(6)).
We summarize all these results at once by the following corollary.
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Corollary 1. Let Conditions (A1)—(A2) and (28) hold. Then for any M > 0

sup Eg7t (9 — 01| > Mor?(®p) + Mo?|X) < Hoe ™M,
0eBp

sup Py (116 — 01> = Mir*(©p) + Mo?) < Hie ™™,
0eOp

sup Py (7#? > M{r?(©p) + (M + 1)a?) < Hje™.
eeG)ﬂ

There is no point in specializing Theorem 2 and the coverage property of Theorem 3 to a
particular scale {©g, 8 € B}. Indeed, Theorem 2 holds uniformly over the entire space R", hence
also over any ®g, and the coverage property holds uniformly only over the EBR class Ocy(?)
(hence also over O (1) N Op), whichever scale we consider.

Next, we consider three scales {Og, 8 € B} for which the adaptive minimax results on the
estimation problem, the contraction rate of the empirical Bayes posterior, and the size property
of the confidence ball B (é, (sz2 + M) I/ 2) follow from our local results Theorems 1 and 3. The
results for other (covered) scales can also be readily derived.

Nearly black vectors

For p, € [n] such that p, = o(n) as n — oo, introduce the sparsity class ¢o[p,] = {0 € R":
s(0) = [I*(0)] < pn}, where by I*(0) and s(0) we denote the active index set and the sparsity of
0 eR":

1*0) = {i € [n]: 6; #0}, s(0) = |I*(0)]. (29)

Let a,, < b,, mean that a, = O(b,) and b,, = O (a,) as n — o0. The minimax estimation rate
over the class of nearly black vectors £yp[p,] with the sparsity parameter p, is known to be
r2(£o[p,,]) = 02pn log(%); see [17]. By the definition (19) of the oracle rate r2(6), we have that

r2(0) < r2(I*(0), 0). Then we trivially obtain (28):

sup r2(f) < sup ;’2(1*(9),9)5(7217,110g<ﬂ
0€lolpnl 0€lolpn] Pn

) = r2€olpa).

The last relation, Theorems 1 and 3 immediately imply the adaptive minimax results for the scale
Lol pnl. These results are given by Corollary 1 with ®g = £o[p,] and r2(®ﬁ) = rz(ﬂo[p,,]) =
2 en
0 D 10g(ﬁ).
The next theorem describes some “over-dimensionality” (or “undersmoothing”) control of the
empirical Bayes posterior 77 (I|X) from the Py-perspective. The proof is given in Supplement [6].

Theorem 5. Let s(0) be defined by (29). Under the conditions of Theorem 2, there exist
My, my4 > 0 such that for any M > M4 and 6 € R"

en

Eo#t (11|11 > Ms(®)|X) < Co exp{—m4s(9)[(M — My 1og(s(9)

)—MlogM]}.
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In particular, there exist constants M, ft, mﬁt > 0 such that
Eo#t (11|11 > M}s(0)|X) < Coexp{ m4s(9)10g( 6(9))}

The above theorem is a local type result, but can readily be specialized to the sparsity class
0 € Lo[ p,] in the minimax sense. If s(6) > 1, the probability bound goes to 0 as n — oo.

Weak €-balls
For s € (0, 2), the weak £,-ball with the sparsity parameter p, is defined by

mslpal={0 €R" 105, < (pu/n)*(n/i)**, i =1,...,n}, pp=o(on) as n — oo,

where 9[21] >0 > 9[2n] are the ordered 012, e 93. This scale can be thought of as Sobolev hyper-

rectangle for ordered (with unknown locations) coordinates: mg[p,] = H(B,5,) = {# € R" :
101i)| < 8,0 P}, with 8, =n'/S 2L and B=1/s > 1/2.

Denote j = O (i) if 01.2 = G[Zj], with the convention that in the case 91% =...= Gi for i; <

- <y welet Og(ij+1) = Op(i;) + 1,1 =1, ...,k — 1. The minimax estimation rate over this

class is r2(mg[pn]) =< n(p") [ozlog(’;—l‘:)]l_s/z when nz/s(%)2 > o2logn, and r?(ms[pp]) =

n?/s (ﬁ) +02 when n%(?)2 < o2 logn; see [16] and [8]. Then take 1*(0) = {i : Oy (i) < p*},

with pj = en (L2 ) [log(p” )]ﬂ/2 in the case nz/s(%f > o2 logn, to derive (28):

2
wp 0= sp P(10).0) 0 pilog( L) +n2 (LY Y 2
Oemg[pnl Oemg[pnl Dy n

<Kio’p; 10g< )+Kzn2/s( ) (r2)' ™"

}’l

= k(%) Torton(") ] < Pt

for some K = K (s). The case n>/* ("}’1—")2 < o2 logn is treated similarly by taking Py =0. Theo-
rems 1 and 3 imply the minimax adaptive results for the scale m[ p,,]. These results are obtained
by setting ®g = m;[p,] and r2(®,3) = rz(ms[p,,]) in Corollary 1.

The following theorem concerns the “over-dimensionality” control for the class m[p,], the
proof of this theorem is provided in Supplement [6].

l>p}l

Theorem 6. Let the conditions of Theorem 2 be fulfilled, p) = en( ) [log(”o)] 12 and

2
nz/s(’l’q—") > o2logn. Then there exist constants Ms, ms > O such that for any M > Ms there
exists ng = no(M, s) such that, for all n > ny,

. no
sup Ega(I:|1]> Mp|X) < Co exp{—mS(M — Ms)p} 1og(—)}.
Oemg|pnl Pn
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Notice that the exponential upper bound from the last relation converges to zero as n — 00
because pj;log(2) > e(o? logn)*/?[log(2)]' ™/,

Remark 6. The same minimax results hold over the so called strong £s-ball £5[p,] = {9 eR":
LS 161 < (22)°}, s € (0,2), since £[pa] S ms[pn] S £y [pn] for any s' > s.

Besov scale

Let Jo € N be such that 20! = 5. Suppose we observe

%E/k, Ejk N, 1), (jk)y e K={(k) : j € [Jolo. k€[2/]}.  (30)
This model is obtained as a high dimensional “projected” (see (9.57) in [18]) variant of the
orthogonal wavelet transform of an additive regression function observed in Gaussian noise with
cr=n"1 or just as a sequence version (with respect to some wavelet basis) of the continuous
white noise model. For details and many interesting connections and relations to the function
estimation theory we refer to the very comprehensive and insightful account [18] on this topic.
We adopt the notation and conventions from [18].

We can see (30) as Jo + 1 models of type (1), where o2 =n""! and the j-th model has 2/
observations, j € [Jolo. Let 6/ = (8, k € [2/]) and (67, I,;) denote the oracle rate in j-th
model. Then aggregating the oracle results over these Jy 4+ 1 = log, n models leads to the results
for the whole model (30) with the aggregated oracle rate r2(9) = Zi elJolo r2/, I,j). Because

Yik =0k +

of the aggregation, in Theorem 1 we get 1OgTZ"M instead of o2>M and (log, n) H; instead of Hj,
[=0,1.
Assume that the true signal 8 belongs to a Besov ball

o, @={0: Y 29 ( Y o) 0] a=pag--,

jeldolo kel2/] p

for some p,q, Q >0, 8 > 1/p. The minimax rate over ®€»4(Q) is known to be r2 (@f,,q(Q))x
_ 2B
n 2+T_Now, for any 0 € @g,q(Q),

Lojl (€2
o= Y Y ok+ Y Lo <|€10j|)

je[Jo]okelc_ Jj€lJolo
< Z min (ZQ o+= k log( 2J/k)>
jeliol 0Sk=? !

< Cn™ 7T < r*(05 ().

where 62 1 denotes the [-th largest value among {9]2,(, j € [2¥]}. The third inequality of the last
display follows from Theorem 12.1 in [18] under the assumption S > 1/p. We thus established
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the relation (28) for the Besov scale, and the global minimax adaptive results for the Besov scale
follow by Corollary 1 with ©g = @’;;,q(Q) and the minimax rate r2(®5) = r2(®g’q(Q)) =

n_%. Recall that we also need to set logTan instead of 02M and (log, n) H; instead of Hj,
1 =0, 1, because of the aggregation. In this case, the asymptotic regime n — oo is of interest. Let
us formulate the first claim of Corollary 1 in this case (other claims can be formulated similarly):
for some C > 0 and any M > 0,

sup E9ﬁ<||19 _|2 > Cn" T 4 Mlog—zn|x) < Ho(log, nye™™M.
60 ,(0) "
Take for example M = M,, = n'/ZF+D/ log, n to obtain a well interpreted asymptotic relation.
We should mention that there are of course more scales covered by the oracle rate r2(9),
one can establish the relation (28) for other scales, for example for smoothness scales (with a
log factor in the minimax rate for smoothness scales). Besides, the results can be extended to

non-normal, not independent & ;’s, but only satisfying Condition (Al).

4. Simulations

Here we present a small simulation study. In the model (1), we used n = 500, &; nd N(, 1),
o =1, and signals 6 € R" of the form 6 =6(p, A) =(0,...,0,A,...,A) =(0-1,_,, Al)p),
where 1, = (1,...,1) € RP. The first n — p zero coordinates are “insignificant” and the last p
coordinates are “significant”. Different sparsity levels p € {25, 50, 100} and “signal strengths”
A € {3, 4, 5} are considered. It is easy to compute the oracle 1,(6(p, A)) ={n—p+1,...,n}and
oracle rate r2(9(p, A) =B,,9) + VU, =V, = |l,|logen/|l,|) = plog(en/p). Then
the excessive bias B(I,,6(p, A)) =0, so that the deceptiveness b(6(p, A), 1) = 0 and hence the
EBR condition (in terms of the “standard” oracle I,)) is satisfied with t =0: 8(p, A) € O, (0, 1)
for all considered 9 (p, A).

In case §&; nd N(0, 1), Condition (A1) is fulfilled with § = 0.4, B =1, leading to s > 3.24
in Condition (A2). The bound for s coming from Condition (A2) is typically too conservative

as it is for the general situation of unknown distribution of £. For example, if &; nd N(, 1),
Condition (A2) can be relaxed to s > 2.04; see Supplement [6]. It is desirable to choose s
in a data dependent way. In our simulation study, we choose ¢ via a cross-validation proce-
dure. For that, we create two independent normal samples X; = X; + n; and X! = X; — n;,

where we generate 7; S N(0, 1), independently of £. Then X and X are independent ran-
dom variables with means 6; and variances 2, thus the observation sample can be duplicated
at the cost of doubling the variance. Now we estimate s > 0 as follows: let 6’ = 6/(I") =
(X;1{i € I'},i € [n]), where I" = I'(5) = argmin;cz{— Y;c; (X))? + 225 + D] log (1)},
then 2 = arg min,.c(0,log n] 16" (1" (5¢)) — X" ||?. In the simulations below, 3 turned out to be rather
stable, varying primarily in the range [0.4, 0.9], the choice >z = 0.65 gave reasonable results (but
still worse then data dependent ). Recall that, according to (13), i (») = {i eln]: X l2 >X [2]2] }
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Table 1. The ratio R /r(0) and the frequency & of the event that the conﬁdence ball B(G R) contains the
signal 6(p, A) computed for 100 vectors X simulated from (1) with &; S N(O 1),n=500and o =1

p 25 50 100

A 3 4 5 3 4 5 3 4 5
R/r () 1.81 1.71 1.51 1.78 1.50 1.40 1.51 1.34 1.34
a 0.98 0.97 0.95 0.99 0.97 1 0.97 1 1

where k = 12(%) = argminke[n]O{Z?zkH X[Zi] + (23 + l)azklog(en/k)}. Let [ = i(%) and
6 = X (I) be defined by (14).
Now consider the confidence ball B(é, Ié), where R = M[(13+ Dyr ]1/2 P = |1| 10g(en/|1|)

. A Y s (XP-1)
by (24 db= 5l i~
given by (24), an |1I10g(en/\A1I)

The construction of the radius R is inspired by the local result formulation in Remark 5. The

is an estimate of the deceptiveness b(6, 1) defined by (26).

quantity [(l; + 1)+f2]1/ %is an empirical counterpart for the oracle rate r(0), but even the oracle
rate radius needs to be inflated to ensure coverage. The multiplicative factor M is intended to
trade-off the size of the ball against its coverage probability. Theoretical inflating factor from
Theorem 3 is too conservative, as it is for the general situation of Condition (A1). In this simula-
tion study it is enough to take M = +/2, thus R= [2([3 + 1)+f2]1/ 2, which yielded good results
for all the cases.

Table 1 shows the performance of the confidence ball B(é , 1%). For each 6 = 0(p, A), with
p € {25,50,100} and A € {3,4,5}, we simulated 100 data vectors X from the model (1) and

computed two quantities: (1) the ratio R /r(0) of the average of the radius R to the oracle rate
r(0) defined by (19); (2) the frequency & of the event that confidence ball B(é, 13) contains the
signal 0. The former characterizes the size of the confidence ball B(é, I§) relative to the oracle
rate, and the latter its coverage. What one can conclude from the table: the higher the signal

strength, the smaller the ratio R /r(6); uncertainty quantification does not seem to benefit from
the sparsity in terms of relative size (with respect to the oracle rate) and coverage. Of course,
the absolute size is certainly better for more sparse signals as the oracle rate is then smaller. In
particular, r(6(25, A)) =9.99, r(6(50, A)) = 12.85 and r(8(100, A)) = 16.15, A =3,4,5.

At the first site surprisingly, the constructed confidence ball B, R) appeared to perform
well also for deceptive parameters, like =20 6, p,A) = (81,-p, Alp), with p, A as before
and § > 0. We get very similar (good) results as in Table 1 for all § > 0. Notice that the de-
ceptivenesses may not be zero, for example, b(0(0.5, 25, A)) = 1.18, b(6(0.5, 50, A)) = 0.68,
b(6(0.5,100, A)) =0.38, h(A(0.8, 25, A)) = 3, etc. The reason for good results even for decep-
tive signals is that their oracle rates are large relative to n'/%. Indeed, even the smallest oracle
rate 7(6(0, 25, 3)) = 9.99 > (500)!/4 = 4.73, which means that we are essentially in the nl/4-
situation of Theorem 4 (when both the optimal size and coverage are possible to attain) rather
than Theorem 3. Basically, the signals 6(8, p, A) are not sparse enough and/or the problem is not
high-dimensional enough.
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To distill the deceptiveness effect, we created a signal ' = (0,...,0, Ay,..., A p) of di-

mension n = 500, with sparsity p = 10, A; ind U[0,4], i = 1,..., p. The oracle rate was
r(0’) = 4.69 < (500)'/4 = 4.73, the deceptiveness was b(0’) = 0.64. Thus, this was a decep-
tive signal, but not in the n'/4-situation anymore. The size was relatively good R /r(0) =1.21,

but the coverage was low & = 0.55. The deceptiveness manifested itself more prominently in
ind

the case n = 1000, p = 10, A; ~ U[0,4], i =1, ..., p. The oracle rate was r@@) =552 <

(1000)!/* = 5.62, mild deceptiveness b(0') = 0.47. The size was still good R/r(6) = 1.37 as
before, but the coverage was low o = 0.59.

S. Technical lemmas
First, we provide a couple of technical lemmas used in the proofs of the main results.

Remark 7. Notice that in the below lemma we established the same bound for the both quantities
Eg# (1|1X) = Eg# (I]1X) and E¢1{I = I} =Py (I = I). The proofs of the properties of 7 (¥ X)
and 0 are exactly the same as for 7 (| X) and 6, with the only difference that everywhere (in the
claims and in the proofs) 77 (I € G|X) should be read as 7 (I € G|X) in case 7 = 7; and as ]l{I €
G} in case 7 = 7, for all G C T that appear in the proof. Hence, Eg7t (I € G| X) = Egp (I € G| X)
in the former case, and Eg7t (I € G|X) =Py (i € G) in the latter case.

Lemma 1. Let Condition (A1) be fulfilled. Then for any 0 € R" and any I, I € Z,

E@ﬁ(]lX)f(ij) exp{Bh Z a__Ah Z G—-i-Chllollog(| l)—Dhllllog(%”,

0 iel\I ielg\I

where h = 2 5 ,Ah—'g,Bh:%,Ch MandD —_—23 Af I\Iy = 9, the bound holds also
for h =B with A, = £, B, =0, C, = g + B, Dy = Iro\I_® the bound holds also for

h=pBwith A, =0, B, =8, Ch:g thg_B'

Proof of Lemma 1. Recall that Py ; = ¢(X;1{i ¢ 1},0,0% + K,(I)oL{i € I}). In case
a(I1X)=a|X), we get by (11) that, for any I, Iy € Z and any & € [0, 1],

Eo# (I|1X) =Egr (I|1X) =Eq

APx 1 - ( APx g )h 31)

> serhiPxg T
e [ Ml ¢(Xidli ¢ 13,0,0% + K, (Do?1{i € I}) T
— L T 6 (X1l ¢ 10).0. 02 + Ky (I)o 2LL{i € Io})

A1oPx. 1

(;;) Eeexp{Z[Z f—lj— 3 §—+|Iollog<|]|)—| 1o (Ilnl)]} (32)

iel\Ip iel\I
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Incase 7(I|X) = ]1{i = [}, by the definition (13) of [ and the Markov inequality, we derive that,
forany I, Ip € Z and any h > 0

Eg#(I|X) =PI = I §P9<:((IIO||§)) > 1)

<E0<ﬁ(IIX) )h _Eg( APy, >h
=\ olx) MoPx.1y /)

which yields exactly the bound (31), and hence the bound (32) again.
Using Holder’s inequality, Condition (A1) and the two elementary facts Xl.2 < 291.2 + 20251.2

62 .
and —Xl.2 <-4+ 02$i2, we obtain

ren{2[ ¥ - » 4]

iel\Iy iel\I

< (Eeeg Lien X"Z/GZ)ZB (Eee_ﬁ Licig\1 Xiz/az) .

3
iel\I, ielp\I

28 6> 2B B 0> B
sexp{7 Y st Nl = D0 S S\

Since |[I\Ip| < |I| <|I| log(%) and |Ip\ 1| < |Ip| < |Io| log(%), the lemma follows for & = %ﬁ

from the last display and (32).
2
If I\Ip = @, we take h = B in (32) and combine this with Egexp{—5 Y, %} <
2 2 2
exp{—& Y11 & + BlIo\I}, which holds in view of Condition (A1) and — 55 < — 305 4287,

as (a + b)? > 2a%/3 — 2b2. If I)\I = @, we take h = B in (32) and combine this with
2 2
Epexpl 8 Y e g k) < exp{B Y icn g, & + BII\Ip|} which holds in view of Condition (A1)

X2 207 2
and —% < — + 2§/ |

Note that above lemma holds for any set Iy € Z. By taking Iy = I, defined by (19), we obtain
the following lemma.

Lemma 2. Let Conditions (Al) and (A2) be fulfilled. Then there exist positive constants c; =
c1() > 2, ¢ and c3 = c3(52) such that for any 6 € R

Eo7 (I1X) < (%)7”'” exp{—c202[r2(1,0) — c3r2(0)]}.

Proof of Lemma 2. With constants &, Ay, By, Cp, Dy, given in Lemma 1, define the constant
c1 = c1(5) = sch + Dy — A = 252 + E28 B > 9 a5 50> 5 by Condition (A2). Since h +
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Dy = c1 + Ay, the definition (5) of A; entails that

(i_,lo) eXp{c’1|1(’|10g(|10|) D””'log(|1|)}

_ (%)“"'” exp| (e + C) o log(%) — Al log(%) I

Using the last relation and Lemma 1 with I = I,, we bound

Eg7 (11X)

f(j—ll)hexp{Bh Z z—z—Ah Z —+Ch|1 Ilog(” |)—Dh|1|10g<%)}

iel\l, ieipng @

62

:(%)—L‘Hﬂexp{ AhZ _—Ah|I|log<|I|)+ hZ _+(%h+Ch)|L)|log(|I”|)}.

iel,\I iel\l,

The claim of the lemma follows with the constants ¢c; = (48x+ 8 —4B)/6 > 2, co = A, = /6,
= ?ﬁ and ¢3 = ¢c3(5c) = max{By,, »h + Cp}/Ap = (ch + Cp) /Ay =4+ 2(B+ B)/B. O

Lemma 3. Let Yy, ..., Y, be random variables such that Ee’ DierYi <A @) forall I € T, with
some t > 0 and Ai(t). Let Y[11 > Y21 = - -+ = Y|,). Then, forany k € {1,...,n} and C,c > 0,
k

(Z Yii) > Cklog( - ) +c> < Ak(t)exp{—(Ct - l)klog(%) - ct},

i=1
EXk: Yii < [klog( : ) +log(Ak(t))]
i=1

ind

In particular, if &1, ...,&, ~ N(0, 1), then foranyk=1,...,nand C,c >0

k
en\—(04C-2)k _ en
(Zg,] > Clog( ) +c) (<) e, EYgh < 6klog( ).
i=1 i=1
Proof. By Jensen’s inequality, we derive

exp[tEZY[, }<Eexp[ ZY[, }< 3 Eexp{tZY} ( >Ak(t)

I:|1 =k iel
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Then Eexpfr 3 ¥} < ;) A(t) < exp{klog(%) +log(Ax (1)) ). where we used (f) < ()",
This and the (exponential) Markov inequality yield the first relation:

(Z Yi = Cklog( - ) +c> < Ak(t)exp{—(Ct _ l)klog(%) — ct}.

i=1

The first display implies also the second relation: E "5, ¥jiy < ¢~ [log (}) + log(A(1))].

As to the normal case, for any I € I and any t < l we have that Eexp{tzl c1 & }
(1 —20)7111/2 = Aj|(1). Since Ax(t) < ek < ekloglen/k) for any 1 < (1 — e_z)/2 < 0.44, the first
assertion for the normal case follows by taking t = 0.4. By taking ¢t = Z’ the second assertion
follows since EY_*_| £7) <4klog(4) + 2klog2 < 6klog (). O

This lemma is useful if Ax(t) < C, ( ) Cok for some ¢, C1, C3 > 0; in particular, for ¥; = 512,
where the &;’s satisfy Condition (A1). Then Lemma 3 applies with r = 8 and Ax(B) = eBk.

k
1+
P(Zgﬁ.] =
i=1

)klog(%)+M>§exp{—/3M}, k=1,....n, M>0. (33)

6. Proofs of the theorems
By Co, C1, C; etc., denote constants which are different in different proofs.

Proof of Theorem 1. Recall the constants ¢y, ¢z, c3 defined in the proof of Lemma 2. Let
My = 2C3(6 + %) Introduce the subfamily of index sets Sy = Sy (0) = {I eZ:r*1,0) <

c3r?(0) + 40(1ﬁ+B)M‘72}’ m=my0) = max{|I|: I € Sy}, and the event Ay = A(O) =
{Xiéh =< (HB)mlOg(%) + 4 }. We have

#(Il0 — 011> = Mor?(0) + Mo?|X)
<Lac, + 7T €SHIX)+ Y La,ar(I9 — 017 = Mor*(®) + Mo?|X)7 (1|1X)
IGSM
=T+ T, +Ts.

Now we bound the quantities EgT1, Eg 7> and Eg 73.
First, we bound Eg 7 by using Lemma 3 (see also (33)):

1+ B M
EoTi = Py (ASy) = (Zs[, s )mlog(%)+§>§eXP{—ﬂM/8}- (34)
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Let us bound EgT». Since (}) < (¢ )< and ¢ > 2, the following relation holds:

Z(m> Cll[l_i( >< ) Sé(%)k(ql) S(l_el—cl)—l 2¢o. (35)

If I €8¢, then r2(1,60) > c3r2(0) + B Mo?. Using this, Lemma 2 and (35), we bound
E M 001+B) g
oT>:

EsTa= Y Eeh(I|X)< Y. (E)_Clmexp{—czo_z[rz(l,e)—03r2(9)]}

1Sy, ISy, Il
—c1lf]
<Z<|I|) exp{—c2BM/(40(1 + B))}

< Coexp{—c2pM/(40(1 + B))}. (36)

It remains to bound EyT3. For each I € Sy, azllllog(en/|1|) < r3(1,6) < c3r20) +

40(1’%3)M02. Since m = max{|I| : I € Sy}, then Uzmlog(m) < c3r?(0) + 40(1’3+B)M02.
Thus, for any / € Sy, the event Ajs implies that 216152 i 15[11 < (l'gg)mlog( ) +

M < (l—;B)C o 2r29) + 321‘61 Denote for brevity Ay (0) = Mor?(0) + Mco? and recall that
Dicre 91.2 <r2(1,0) < c3r*(0) + MMO' <c3r?(0) + maz for any I € Spy. Then for any
I e SM

13M o2
40

}. 37

Au S {AMT(Q)_GZZEiZ_ZQ'ZE [%—714_1;4_'3&]#(9)4—

iel iel¢
According to (10), #;(?X) = Q! N(X; (1), o(I)), with X;(I) = X;1{i € I} and 6/ (I) =
Ku(Do?Llicl) 1ot p, pe th £Z=(Z1..... Zy), with Z; " N(0, 1). By using (37
“+1 - Let Pz be the measure o =(Z1,...,2Zy), with Z; (0, 1). By using (37),
the fact that % >cq ! (m log(%) - 40(1‘;4—B)M ) and Lemma 3 (now applied to the Gaussian
case), we obtain that, for any I € Sy,

#1(I10 — 01> = Mor?(0) + Mo?|X)1a,,

=Pz (Z(Ui(l)zi + Xi(I) — 9i)2 > AM(9)> Tay

i=1

<Pz<202(1)22 AM—(Q)—qu)— )>1AM
=Pz (ZO.2Z_2 = % - 202&2 - 291'2>1AM

iel iel iel®



218 E. Belitser and N. Nurushev
My (1+B r2®) 13M
2
fPZ<ZZfZ[7—(T+1)C3]7+W
m
My 1+B en B 13M
<P Z3, > ————1[ log( —7M] il
- Z<Z m_<203 p )m°g<m> T R 40)
“ ) en M
<Pz sz szlog(;)Jr? < exp{—2M 25},

where we also used in the last step that %’ — ”TB — 1=15. Hence,

EgT3=Ey Y Ta, (10 — 01> = Mor®(0) + Mo?|X)A (I1X)
1eSy

< exp{—2M/25}Es Y #(I|X) < exp{—2M/25).
1€

This completes the proof of assertion (i) since, in view of (34), (36) and the last display, we
established that Eg7 (|| — 01|* > Mor*(0) + Mo?|X) <Eg(Ti + T» + T3) < 2+ Co)e ™M,
ggl)l constants Mo = 2c¢3 (6 + %), Hy=2+4 Co, mg= min{% %, %} and Cy defined in

The proof of assertion (ii) proceeds along similar lines. Recall the constants ¢; > 2, ¢3, ¢3
from Lemma 2 and define M| =4c3(1 4+ B + 8)/B. Introduce the subfamily of sets

Su=8u®) = {1 eZ:r%(1,0) <2c3r% () + ﬁMdz},

and the event Ay = Ay (0) = {Zf’zlgﬁl < “';B)ﬁzlog(%) + %}, where m = mpy(0) =
max{|I| : I € Sy}. Introduce the notation Ay (0) = Mr?(0) + Mo? for brevity. By the def-
inition of § and the Cauchy—-Schwarz inequality, we have that ||é —0)* < Yorer X)) -
O11>7 (11X), where | X(I) — 0> =023 ,c; €7 + ;e 07. Using this, we derive

Py(10 — 011> = Ap(9))

<Py (anm —0|*2U1X) > AM@))

=

< Py (A5;) + Py ({ S [ g+ Y0 raix = Au@2fn AM)

1eSy i€l icl¢

+P9( Y|t E+ 6 ruin = Ame)/z) —T T+ Ty,

16’5‘16\/1 iel ielc
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Similar to (34), we bound the term 7} by Lemma 3 (see also (33)):

1+B M
Ty =Py (AS,) = (Zs[l (+ )nﬁlg<i::>+€)§exp{—M,B/6}.

Now we evaluate the term To. Since m = max{|I| : I € Sy}, o?mlog(ZL) < 2c3r%(9) +

6(1‘13) . Then for any I € Sy, the event Ay implies that Zlelé Z;;':lé[%] <
2

i log(4) + < 225 0 4 ML Also 3¢ 07 < r7(1,0) < 2¢3r°(0) + grygy Mo

for any I € Sy;. Hence, for any I € Sy, we obtain the implication

) 2¢3(1 + B
AMg{ N g2+ 07 < Ll +rBrh) ; +h) 2(9)+( —6(1f_3)>M02}.
iel iel¢

As M1 =4c3(1+ B+ B)/B, B €(0,1] and B > 0, the last relation entails

T =P9<[ 3 (02253 + Ze})n(nm > —} mAM>

1Sy iel iel¢

2030+ B+5) 5 ! p 2o Moy o M 2\
<P ( ; O+ (3% gy m) Mo’ = 2r(9)+2a>—0-

It remains to handle the term 73. Applying first the Markov inequality and then the Cauchy—
Schwarz inequality, we obtain

Eo(¥)es:, [0° Xier & + Yiese 6717 U11X))

3=

An(0)/2
291/2 N 291/2 N
S res;, (02 [Bo(Xier €)1 P[Ba (7 (11X0)°] 2 + 21 O)Bs7 (1))
< = =T31 + T3;.
Am(0)/2
e 2 a8 B
For any I € S}, we have c3r=(0) < —5 058 Mo?, yielding the bound
%(rz(l, 0) — c3r2(9)) = C1r2(1,0) + C:Mo”  forany I € S, (38)

where C; = ¢2/4 and Cr = 2 8/[24(1 4+ B)]. By (38) and Lemma 2,

ne

111172 .
III) T exp{—Cio722(1,0) — ;M) forany 1S5, (39)

[Eeit(1120]" = (

Since c¢; > 2, (35) gives ZIGZ(| )" alllz o (1 —e=1/2)=1 & 3. According to (15) with

p =min{Cy, B/2}, [ ( ie1 & ) ] /2 < %exp{pm}. If M € [0, 1], the claim (ii) holds for any
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Hy >¢™ . Let M > 1, then 62/Ay(0) < M~ < 1. Besides, 0 ~2r2(1,0) > |I|log(en/|I|) >
|1|. Piecing all these relations together with (39), we derive

—c 2
T31 Sfﬂ*—i D e {plll}(rli> " el -cro 0 - Cam)
leS,‘W

< Cqexp{—CoM},

where C4 = 2BC3/(Bp) = 2BC3/(,8 min{Cy, B}). Finally, by (35), (39) and the facts that
max,>of{re '} < (ce)~! (for any ¢ > 0) and 62/ A () < 1, we bound the term T3;:

T3 =

_ 2(1,0)Bert (11X
AM(@)IZSM )Eot (11X)

M

2
< =
Ap(0)

3 2, 9)(|1|) "M exp{—2C10722(1.6) - 20,M)
1e85,

< Csexp{—2C2 M},
where Cs5 = Cp/(Cie). The assertion (ii) is proved since we showed that P9(||é — 9||2

>
Mr*(0) + Mo?) < Hie™™M with My = 4c3(1 + B + B)/B, Hi = max{l + C4 + Cs, ™},
mi :min{g,Cz}. O

2
Proof of Theorem 2. First, we prove (i). If the inequality |7\ 1, |10g(%) Ziel\lo % would
hold for some I € Z, then

2 _ 2 2 en
, (1u1,,,9)_.2 02 +o |1u10|1og(|1w0|)
i¢IUl,
en
< Z 92+a [I\1, |log< >+02|I |log< )
14100, |1] [1o]
en
62 211,01 ( )
< Z + Z +a |1,|1log A
i¢1Ul, iend, ¢
=30 +a71, |10g< . )=r2(9),
i [1,]

which contradicts the definition of the oracle. Hence, ;¢\, 02 < [I\I,|log(ff;) forany I € Z.
Define c4 = »ff — g — B — 1 and note that ¢4 > 1 by the condition of the theorem. Using the

2
relation Ziel\lo % < |I\I(,|10g(%) < |I|log(%) and Lemma 1 with h =8 and ln =1, N[

(so that I\ Iy = I\1,), we obtain for each € G, ={I €L : |I| log(f77) = Ml ol 1og(|, |) + M}
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with M) = »p + g,

Eg7t (11X)

(A,O ﬁeXp{ﬂZ _+é|°|lg(|1|) (g )'”1 <|1n|)}

iel\Iy

)
(nT)_LM (%ﬂ_g_B C4)|I|log(|1|) (ﬁ”+ﬂ>|10|10g(|1n|)}
<|1|> e —|1|1og(|1”|) (ﬂ%+ﬂ>|10|log(|ln|>}
(2o B ) )< 25)

Since ¢4 > 1, by the same reasoning as in (6) we bound Z,EI("Te‘)_C‘”” <(l—el -1 2 Hj.
Using this and the last display, we finish the proof of (i):

Bot (I €GiIX)= Y Egh(I1X) e Z(m)_"‘”” < Hje ™.

1€G;

Next, we prove (ii). Define Gy = Go(I') = {1 el: Zlel,\l >z IuUl’ |10g(|1u1’ ) + M}.
Using (5) and Lemma 1 with 7 = 8 and Iy = Io(I,0) = I U I’, we evaluate for each I € G,

Eorr (11X)
(22 ool 2 5 e (e ) - D)
(2 w5 X L (e G )02

C
rn iel'\I

5( 0y >ﬂ+% exp{<—§f+%ﬁ+§+B)|IU1/|log<|IEn1/|) B gM}

Cien

p
S( il )ﬂJrEe_’SMB.

Can
Since » > % — 5. by the same reasoning as in (6) we bound Zl(c”)ﬁ(lﬂ/z}‘) (1 -
el=»P=PB/ 2) ta H’ This relation and the last display imply claim (ii): with m{ = ’3
Eot (I € Go|X) = Y Egt(I|1X) < H{ exp{—m(M}. (40)

1€G
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Let us derive the second claim of (ii). If |I|10g(%) < oll,|log( e”) — M, then |I U I,| x

log(wu ‘) < |1|1og(|;j) + 1, |log(|1 |) <1+ o), |10g(‘1 ‘) M. Hence, |I, |log(|1 |)
1TUl, |10g(

) + 1 +o’ , which, together with the definition of the t-oracle, imply
07 0? 0?
> %= (z 5-r%)
iel \I i€l iel¢
en
)~ ee(77)
| 7]

T (0]
0 g |I
= IO(I Q)|1 |10g(| |) [OIM

1+Q A

o
0
en 27
)it
|[TUI,| 1+0

>z11Ul, |log< M, (1)

as L%g 70 > T by the condition of the theorem. Thus, we obtain

E@ﬁ'( |I|1og<|l|) Q|1|1og(|1|)—M}X>

62 - en 279
<Ey# s grul 10( _)+ MX>.
o <Z g2 = I Lollog\ e )+ 0, |
iel\I
By this and (40) with I = I, the second claim of (ii) follows with m = 2{1”;0 )

Finally, let us prove (iii). Denote G3 = G3(8, M) = {I 2r2(1,60) > c3r2(0) + Maz}, where the
constants ¢1 > 2, ¢, c3 are defined in Lemma 2. Applying Lemma 2 and using the fact (35), we
complete the proof of (iii):

—c1|1]
Bl €G31X) = Y Egr(I|X) <e M ( ) "< cpeeM,
1] 0
1€G3 1eZ

Proof of Theorem 3. We first establish the coverage property. The constants My, Hy and m
are defined in Theorem 1, the constant g is from (22). Take some M> > =L, for example, M =
% + 1. From (19) and (26), it follows that r2(0) < r2(I,,0) = (b(0) + Do?|1, |log(|l |)
b(O)a? < B®)+ o (|Io| 10g(|1 I) 1). Combining this with claims (ii) from Theorems 1 and
2 and the definition (24) of 7 yields the coverage property:

Py (9 ¢ B( [(b(@) + 1)M2 + (b)) + 2)M0_2]1/2>

< P9(||é —0)* > (b(O) + DHMaF* + (b(0) + 2)Mo>, #* > po?| I, |10g<
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- en Mo?
+ P, (f2< 2|10 (f)—}—oz——)
0 oo~ |1,|log A M,

N A en - en M
<Po(10— 017 > oMr*(©) + Mo®) + o 1 110g( ) < elFtog(77) = 37)
o

"
< Hje ™M 4 Hl’e_mlM < Hye "M

where m'| =m'| /M, Hy = Hy + H{, my = min{m1, m'}; H{, m/ are defined in Theorem 2 and
the constant g is from (22). As b(6) <t for all 0 € O¢(¢), the coverage property follows.
The size property follows from the definition (24) of 7 and property (i) of Theorem 2. Indeed,

Py (fz > o2 M))|1,| 1og(%) M+ 1)02)
[0}

en

=Py (17110g( =) = Myl Lol log () + M)
) A

<P <|f|10g(en) >MINI |10g( en )+M) < Hle™M
g ) ) = a— = e .
H 0NN 0

Supplementary Material

Supplement to “Needles and straw in a haystack: Robust confidence for possibly sparse
sequences’ (DOI: 10.3150/19-BEJ1122SUPP; .pdf). The elaboration on some points and some
background information related to the paper is provided in Supplement [6].
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