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We study the monotone single index model where a real response variable Y is linked to a d-dimensional
covariate X through the relationship E[Y|X] = ¥ (ozg X)), almost surely. Both the ridge function, ¥, and
the index parameter, og, are unknown and the ridge function is assumed to be monotone. Under some
appropriate conditions, we show that the rate of convergence in the L,-norm for the least squares estimator
of the bundled function W (aOT -yis n!/3. A similar result is established for the isolated ridge function, and
the index is shown to converge at least at the rate n'/3. Since the least squares estimator of the index is
computationally intensive, we also consider alternative estimators of the index o from earlier literature.
Moreover, we show that if the rate of convergence of such an alternative estimator is at least nl/ 3, then the
corresponding least-squares type estimators (obtained via a “plug-in” approach) of both the bundled and
isolated ridge functions still converge at the rate nl/3.
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1. Introduction

1.1. The generalized linear model and the single index model

The generalized linear model is widely used in econometrics and biometrics as a standard tool
in parametric regression analysis, see, for example, Dobson and Barnett [9]. It assumes that
the observations are n i.i.d. copies of a random pair (X, Y) such that Y is real valued, X is
d-dimensional, and

E(Y|X) = Vo (af X) (1.1)

almost surely with an unknown index a9 € R? \ {0} and a monotone ridge function Wy. In the
generalized linear model, Wy is assumed to be known and the conditional density of ¥ given X =
x with respect to a given dominating measure (typically either Lebesgue measure or counting
measure) is assumed to be of the form

(1.2)

Vs h(y. d) exp{ yE(u(x)) — B o £(u(x)) }

¢
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where & is the normalizing function, @ (x) is the mean, ¢ > 0 is a possibly unknown dispersion
parameter, £ is a given real valued function with first derivative ¢’ > 0, and inverse ¢~!' = B’. The
generalized linear model includes very popular parametric regression models but nevertheless, it
lacks the flexibility offered by non-parametric approaches.

The single index model extends the generalized linear model in order to gain more flexibility.
It is widely used, for instance, in econometrics, as a compromise between restrictive parametric
assumptions and a fully non-parametric setting that can suffer from the “curse of dimensionality”
in high-dimensional problems, see, for example, Chapter 8 in Li and Racine [21]. It assumes that
the conditional expectation of Y depends only on the linear predictor ocg X. Hence, as in the gen-
eralized linear model, we have E(Y|X) = ¥ (ag X) almost surely, however, the ridge function
Wy is now unknown. Furthermore, it is no longer assumed that the conditional distribution of Y
given X takes the form (1.2), making the model even more flexible.

Standard methods for estimating ¢ and Wy rely on smoothness assumptions on Wy, and hence
involve a smoothing parameter which has to be carefully chosen, see, for example, Hirdle, Hall
and Ichimura [16], Chiou and Miiller [5], Hristache, Juditsky and Spokoiny [17] and references
therein. Note also that oy and W are not identifiable if left unrestricted. To see this, let |agl|
denote the Euclidean norm of «g, and note that \Ilo(ag x) = @0(/30T x) if Bo = ap/llag|l and
Do (1) = Yo (|lapllt) for all ¢. Similarly, \Ilo(agx) = <I>0(ﬂOTx) if Bo = —ap and Pg(t) = Yo(—1)
for all ¢. This issue could be resolved by assuming, for example, that ||eg|| = 1 and the first non-
null entry of «g is positive. Under some additional constraints on Wq and the distribution of X,
the model can be shown to be identifiable, see, for example, Proposition 5.1 below.

1.2. The monotone single index model

In this paper, we assume that the unknown ridge function in the single index model is mono-
tone. This is motivated by the fact that monotonicity appears naturally in various applications,
which is one of the reasons behind the popularity of the generalized linear model. Moreover,
the monotonicity assumption has a great advantage. Estimators based only on smoothness con-
ditions on the ridge function typically depend on a tuning parameter that has to be chosen by the
practitioner. The monotonicity assumption avoids all this by opening the door to non-parametric
estimators which are completely data driven, and do not involve any tuning parameters. To be
precise, we assume (1.1) where ag € R \ {0} is such that |log|| = 1, and Wy is assumed to be
non-decreasing. Note that the assumption made on the direction of monotonicity of the ridge
function replaces the assumption that the first non-null entry of « is positive in the identifia-
bility conditions. This can be seen by defining the function ®¢(¢) = Wo(—¢) for t € R, which is
non-increasing if and only if Wy is non-decreasing. Throughout this paper, we will refer to this
model as the monotone single index model, a term that has been used previously in the literature.

The monotone single index model, with the additional assumption that ¥ — E(Y|X) is inde-
pendent of X, has been considered by Foster, Taylor and Nan [11], where an estimator for «g
was proposed based on combining isotonic regression with a smoothing method (which involves
a tuning parameter), and also by Kakade et al. [18], where an algorithm for simultaneously esti-
mating the index and the ridge function is provided under the assumption that the ridge function
is Lipschitz (the Lipschitz constant is a parameter of the algorithm). This fits in the setting of Han
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[15] with (using the notation of that paper) F (x,u) = f(x) +u and D(¢t) =t with f a monotone
function. Han [15] proves consistency of a non-parametric estimator of the index, which does
not require a tuning parameter. The monotone single index model is also closely related to the
model considered by Chen and Samworth [4], who in contrast to the approach followed here,
assume that the conditional distribution of ¥ given X takes the form (1.2). Chen and Samworth
[4] also consider additive index models where, with £ as in (1.2), £(E(Y|X)) can be written as
a sum of ridge functions of linear predictors, with each ridge function satisfying a certain shape
constraint. The authors show consistency for a slightly modified maximum likelihood estimator
obtained by maximizing the likelihood over the closure of the set of all possible parameters.

Current status regression can also be seen as a special case of the monotone single index
model. In the current status regression setting, the response ¥ > 0 is subjected to interval censor-
ing and is not completely observed. Instead, independent copies of (X, C, A) are observed, where
X € R? is the predictor, C > 0 is an observed censoring time independent of ¥, and A = 1{y <.
Although not observed, Y is assumed to satisfy the linear regression model Y = oeg X + ¢,
where ap € R? and ¢ is independent of (C, X) with unknown distribution function Fp. Let X
denote the random vector in RY*! such that X7 = (C, X7), @ the vector in RY*! such that
&g = (1, —ocOT) and Y = A. Then, E(Y|X) = Fo(&gf() where Fj is non-decreasing (since it
is a distribution function). Here, the conditional distribution of Y given X is Bernoulli, with
() =log(/(1 — w)) for u € (0, 1) in (1.2). Note that the particular case where the censoring
time C = 0 has been widely used in econometrics and is usually referred to as the binary choice
model. The maximum likelihood estimator (MLE) of o was proved to be consistent by Cosslett
[7], and Murphy, Van der Vaart and Wellner [23] prove that the rate of convergence is O (n'3) in
the one-dimensional case (that is, when d = 1). The latter also shows that an appropriately penal-
ized MLE is /n-consistent, but the considered estimator is difficult to implement. Groeneboom
and Hendrickx [14] consider several alternative /n-consistent estimators based on a truncated
likelihood.

1.3. Contents of the paper

In the monotone single index model, we consider the least squares estimator (LSE) which es-
timates both the index and the ridge function without the use of a tuning parameter. We give
a characterization of the LSE of (W, p) under the monotonicity constraint using a profile ap-
proach. Furthermore, letting go(x) = E(Y|X =x) = ¥y (ocg x), we prove that, under appropriate
conditions, the LSE of gg converges at an n!/3 rate in the L>-norm. Then, we consider the LSE
of ag and Wy separately, and also prove their n'/3-consistency. The n!/3-rate of convergence ob-
tained for the index may be due to our strategy of proof, as we derive this rate from the n'/3-rate
of the LSE of g¢. Thus, sharper rates could potentially be obtained using alternative methods.
This is however out of the scope of this work.

The least squares estimator of the index ¢ is computationally intensive, so we also consider
alternative estimators of the index taken from earlier literature. Among them, the so-called linear
estimator, due to Brillinger [3], is especially appealing since it is very easy to implement and
converges at the /n-rate to the true index under appropriate conditions, see Section 3.2. We then
consider “plug-in” estimators of go: we first estimate the index using the first pn data points
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for some fixed p € (0, 1), then plug the obtained estimator &, in the least squares criterion and
finally minimize the criterion based on the remaining (1 — p)n data points over the space of
monotone ridge functions. See Section 3.1 for details. Combining these two estimators gives an
estimator of gg, and we show in Section 6 that if the rate of convergence of @, is sufficiently fast,
then the corresponding estimators of go and Wy converge at the n'/3-rate. This means that the
practitioner can choose his favorite estimator for the index and using the least-squares approach,
obtain n'/3-convergent estimators for the bundled and the ridge functions. This shows flexibility
of the approach.

The paper is organized as follows. In Section 2, we show existence of the LSE of (W, ) and
give its characterization. Section 3 is devoted to the description of the plug-in approach based on
alternative estimators for the index, as well as to the description of such alternative estimators.
Our main result is given in Theorem 4.1 in Section 4, where we establish the n'/3-convergence
rate of the LSE of gg. In Section 5, we show under some specified assumptions that the LSE of
oo and Wy converge separately at the same rate in the Euclidean norm on R? and the L-norm
on the set of real valued functions respectively, provided that we restrict integration to a bounded
subset of the domain of W(. Section 6 studies the rate of convergence of the above-mentioned
plug-in estimators. The proof of Theorem 4.1 is given in Section 7. Other proofs are deferred to
the supplemental article (Balabdaoui, Durot and Jankowski [1]).

2. Existence and characterization of the least squares estimator

Assume that we observe an i.i.d. sample (X1, Y1), ..., (X,, ¥,) from (X, Y) such that E(Y|X) =
\IJo(ocOT X) almost surely, where both the index o« and the monotone ridge function Wy are un-
known. To ensure model identifiability (see Section 1.2), «g is assumed to belong to the d-
dimensional unit sphere S;_1 and the ridge function Wy is assumed to be non-decreasing on its
domain, which contains the range of the linear predictor (xg X. For technical reasons, in what
follows we will extend all functions outside their actual support by taking the extension to be
constant to the left and right of the endpoints of the original support.
The goal is to find the LSE of (W, «g), the minimizer of the least-squares criterion

n

hn(W,0) = {Y; — w(al X))

i=1

over M x §4_1, where M is the class of all non-decreasing functions on R. Using a profile least-
squares approach, we first minimize ¥ +— h, (W, «) over M for a fixed «, and then minimize
over «. All proofs for Section 2 are given in Section 8 of the supplemental article (Balabdaoui,
Durot and Jankowski [1]).

Theorem 2.1. For any a € R4, the minimum of W h, (Y, a) over M is achieved. The mini-
mizer is not unique; it is uniquely defined at the points a X;,i =1,...,n.

Next, we search for @, that minimizes

~

fin () 1= min Jin (9, ) @2.1)
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over @ € S;_1. The following proposition shows that the minimum is attained on S¥, the set of
all @ € Sy_1 which satisfy a7 X; # ozTXj for all i # j such that X; # X ;. This will prove very
helpful to provide a characterization of the LSE, see Theorem 2.3 below.

Proposition 2.2. The infimum of h, over Sy_1 is achieved on SX and the minimizer is not
unique: the set of minimizers contains an open subset of Sg—1.

Combining Theorem 2.1 and Proposition 2.2, we prove existence and non-uniqueness of the
LSE. Some notation is needed before giving a precise characterization of the LSEs. The charac-
terization uses the fact that (thanks to Proposition 2.2) one can restrict attention to those o € SX
in the minimization process. Let x1, ..., x,, denote the distinct values of Xi,..., X,,, where
m € N is random. We define

n n
- - 1
iy = _Zﬂx[:xk and i = - Z Yilx,=x, (22)
i=1 i=1
forall k =1,...,m. Let PX be the set of all permutations (i.e., orderings)  on {1, ..., m} such

that there exists an & € Sy—1 that linearly induces 7 in the sense that
al xpy < <al xgm). (2.3)

Note that for each « € SX, the a” x;’s are all different from each other and therefore, there exists
a unique permutation 7 on {1, ..., m} that is linearly induced by «, that is, that satisfies (2.3).
Then, for each = € PX, we denote by d' < --- <dj the left derivatives of the greatest convex
minorant of the cumulative sum diagram defined by the set of points

k k
:(0’0)’ (Zﬁnu)v Zﬁn(/ﬁn(j)),k: 1m}
j=1 j=1

Tlleorem 2.3. The infimum of (V,«) — h,(V, ) over M x Sy_1 is achieved. Moreover, if
(W, a,) satisfies the following conditions, then it is a minimizer:

o @, € SX linearly induces 7, that minimizes 7 +— hy, () := i A G — d,’:)2 over
PX and R
e U, is monotone non-decreasing with WV, ({X\’{Xﬁn 0) = d,f”.

To compute a LSE, one can implement the following steps: (1) compute 72; and y; for all
k=1,...,m; (2) compute d7, ..., d} for all  in the finite set pX using, for example, the pool
adjacent violators algorithm (Barlow et al. [2], PAVA); (3) compute 7, that minimizes ﬁn(n)
over the finite set PX; (4) compute @, € S X that linearly induces 7,,; (5) compute @n € M such
that U, @' xz,4)) = d;" for all k (one can consider for simplicity a piecewise constant function).

The difficulty with the above line of implementation is that it requires that the set of all lin-
early inducible permutations PX be computable (steps (2) and (3)). Also, it requires that given
a linearly inducible permutation, one can compute an index in SX that induces the permutation
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(step (4)). The cardinality of ¥ is known to be on the order of m2@=1  see Cover [8], but we
are not aware of an efficient algorithm to implement (2)—(4).

Therefore, instead of using inducible permutationss, one could use an alternative optimization
algorithm; for example, stochastic search was used in Chen and Samworth [4], Table 4, page 740.
When adapted to our setting, the algorithm simplifies as follows: (1) choose the total number N
of stochastic searches to perform and set k = 1; (2) draw a standard Gaussian vector Zj in R4
and compute o = Zi /|| Zk|l; (3) compute the ordered distinct values #; < --- < 77, of oszX,-,
ie{l,...,n}and also

n 1 n
= Z]I%TXFU and Y= n_l Z YiH“[Xi=tz
i=1

i=1

foralll=1,...,L; (4) compute di <--- <d|, the left derivatives of the greatest convex mino-
rant of the cumulative sum diagram defined by the set of points

l l
{(010), (an,znjyj),ZZL...,L}
j=1 j=1

using the PAVA; (5) compute Ay := Zle ni(y; —dp)?, setk ==k + 1, goto (2)if k <N and
to (6) otherwise; (6) compute % that minimizes Ap over k € {1,..., N}. An approximated value
of the LSE (a,, (Il\n) is then given by (ag, Wg), where using the same notation as in (3) and (4)
where k = 7<\, W+ is piecewise constant function such that Wi(#;) =d; forall/ =1, ..., L. Note
that in the algorithm, the variables Z, ..., Zy are drawn independently from each other.

For completeness, in the supplemental article (Balabdaoui, Durot and Jankowski [1]), we also
give an algorithm to compute the LSE exactly for the special case when d = 2, see Section 8.4.

3. Alternative estimators

Alternative estimators can be obtained by combining the above least squares approach with an
alternative estimator of the index «, as detailed in Section 3.1 below. As can be seen from Sec-
tion 3.1, the main difficulty in computing the LSE in the monotone single index model lies in
computing an estimator of the unknown index «9. Hence, we consider below various estima-
tors of o from earlier literature on single index models with a non-necessarily monotone ridge
function. For notational convenience, all the considered estimators are denoted by ¢,. Among
the considered estimators, the linear estimator of Section 3.2 is of particular interest since it is
very easy to compute and converges at the /n-rate in the monotone single index model, see
Theorem 3.1 below.

3.1. Plug-in estimators

First, randomly split the sample into two independent sub-samples of respective sizes n| and n»,
where n; is the integer part of pn for some fixed p € (0, 1) and n, = (1 — p)n. Let &, denote
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some appropriate estimator of the true index «g using the n; data points in the first sub-sample.
Next, we consider the “plug-in” estimator W, = W of Wy, where for all o, W is the minimizer
of

Wi SOV - (el X)) 3.1)

over ¥ € M, where {(X;, Y:),i € I} are the observations from the second sub-sample. Once
a, is given, the estimator U, is easy to compute using again the PAVA. Indeed, it follows from
Barlow et al. [2], Theorem 1, that any \I' e M such that \Il (Z) = di is a minimizer. Here,
Zy < --- < Zy, denote the ordered distinct values of &, I'y. ielh,andd] <---<d, are the left
derivatives of the greatest convex minorant of the cumulative sum diagram deﬁned by the set of
points

{(0, 0), (Zﬂ&gxﬂk, ZY,-]I&nTXi<Zk>,k =1,. m}

ieh ieh

Below, we consider several estimators «,, that could be used in this plug-in procedure.

3.2. The linear estimator

The linear estimator goes back to Brillinger [3], who also considered a single index model (1.1)
with an unknown, not necessarily monotone ridge function Wy. This estimator is exactly what one
would use if the regression model were known to be linear. To be precise, based on observations
(X1, Y1),...,(X,, Y, where the Y;s take real values whereas the X;s take values in R4, the
linear estimator of ay is defined as follows: &, = @, /||y, || where here,

oy = argmlnz — aT(X[ — )_(n))2 3.2)

(xERd i=1

with X, =n~! > 71 Xi. The linear estimator can therefore be easily computed using standard
tools from linear regression. Moreover, it typically converges to the true index «q at the square-
root rate and is asymptotically Gaussian, even if the linearity assumption is not valid. Typical
assumptions required for these results to hold are that the variables W (Oto X) and ozg X are cor-
related, and that the conditional expectation of X given I'X is a linear function of ag X. The
latter condition is met under elliptic symmetry of X (which holds in particular if X is Gaussian,
see Chmielewski [6]), a condition that has been considered for instance by Li and Duan [20]
and Goldstein, Minsker and Wei [13]. It turns out that the condition Cov(W¥q (ozg X), ag X)#0
is met in our setting where W is monotone and not constant, whence the linear estimator is
J/n-consistent and asymptotically Gaussian. The precise statement is given in the following the-
orem, which is a close variant to earlier results in the literature on linear estimators. Here, the
distribution of X is assumed to be continuous since «y is not identifiable under a discrete distri-
bution of X. The assumption on boundedness of W ensures existence of the above covariance.
For completeness, the proof is provided in Section 9.1 of the supplemental article (Balabdaoui,
Durot and Jankowski [1]).
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Theorem 3.1. Ler (X1, Y1),...,(Xn, Yy) be an i.i.d. sample from (X,Y) such that E(Y|X) =
‘-Ifo(aOT X) almost surely where ag € Sy—1 and Vg is bounded and non-decreasing such that
there exists a nonempty interval [a, b] in the domain of oeg X on which VY is strictly increasing.
Suppose furthermore that X has a continuous elliptically symmetric distribution with finite mean
w € R? with a positive definite d x d covariance matrix ¥, and E (| X||*Y?) < co. Then (@, —
«) converges weakly to a centered d-dimensional Gaussian distribution.

Note that by definition of @&;,, we necessarily have that &, = fn’ Ip-1 Y YiXi— X,), where
S, =n"1 S (Xi — Xu)(X; — X,)T. If the X;’s were known to be centered with identity co-
variance matrix, one would merely consider the estimator ! >, YiX;, which is precisely the
estimator considered in Section 1.2 of Plan, Vershynin and Yudovina [25]. Under the assumptions
that (in our notation) X is standard Gaussian and Y is independent of X conditionally on aOT X,
and E (|| X||>Y?) < oo (Plan, Vershynin and Yudovina [25], Proposition 1.1) shows that their es-
timator is equal to Ao + Op(y/d/n) in the case |lag|| = 1, with A = E(Ya} X). As explained
in Section 7 of that paper, this result can be generalized to non-standard Gaussian covariates. In
fact, if X has a Gaussian distribution with finite mean u € R4 and covariance matrix ¥ such that
[lm]l < K and all eigenvalues of X belong to [K_, K] for some positive K, K_, K that do not
depend on d, then this result can be extended to prove that our @, is equal to A*ag + O p(Vd/n)
uniformly in d, n, with A* defined as in Section 9.1 of the supplemental article (Balabdaoui,
Durot and Jankowski [1]). This implies that the convergence rate of the linear estimator ¢,, de-
pends on the dimension like v/d/n. As mentioned by a referee, this rate is optimal as it is the
rate one would obtain if the ridge function was equal to the identity.

3.3. Additional estimators

In the following we discuss other possible ways of index estimation in the present model. A well-
known estimator in the monotone single index model is the so-called maximum rank correlation
(MRC) estimator; see Han [15]. This estimator is defined as the location of the maximum of
S, (o) over o € S;_1 where

-1
n
Sn(e) = (2) z : [H{Y[>Y1}H{aTXi>aTXj} +H{yi<Y_/}]I{otTX,-<aTXj}]'
I<i#j=<n

Strong consistency of a variant of the MRC estimator is proved in Han [15] under the assumption
that (a) the noise Y — E (Y| X) is independent of X, (b) for a given i € {1, ..., d} the component
h of «g is in absolute value greater than a given n > 0, and (c) the distribution of X behaves
“nicely”. Hence, the variant of the MRC estimator is defined as the location of the maximum of
Sy (o) over the set of all &’s in Sy—1 whose component £ is in absolute value greater than 7. This
implies in particular that one would need to know both 4 and 5, which is quite unrealistic in our
opinion.

Building upon the Isotron algorithm of Kalai and Sastry [19], Kakade et al. [18] propose an
iterative algorithm in the monotone single index model, called the Slisotron, which finds estima-
tors of the index and monotone ridge function under the additional assumption that the latter is
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Lipschitz. More precisely, in the updates of the isotonic estimator, the Slisotron algorithm looks
for the least squares monotone estimator which is also Lipschitz. Slisotron produces estimators
for both the index and ridge function, and in view of the current discussion we are interested
here in the former. Theorem 2 of Kakade et al. [18] shows that the both true and empirical mean
squared errors are of order n~'/3logn with large probability for some appropriate iteration of
Slisotron. This indicates that their estimator of the index converges, ignoring the logarithmic fac-
tor, at the n!/% rate, which is significantly worse than the cubic rate achieved by our least squares
estimator of the index, see Corollary 5.3 below.

Assuming again that the ridge function is Lipschitz, and assuming also that the response vari-
able takes values in [0, 1], Ganti et al. [12] provide an estimation method that applies even for
the case of high-dimensional covariates. Their “SILO” method can be viewed as an extension
of the linear estimator (described above in Section 3.2) to the high-dimensional case: similar to
the linear estimator, the SILO estimator of the index does not take into account the ridge func-
tion. Other estimation methods can be found in the compressed sensing literature (some of them
are designed for the case of binary response variables), see e.g. Plan and Vershynin [24], Plan,
Vershynin and Yudovina [25].

There are several other alternatives which return an estimate of the index in the single index
model with a non-necessarily monotone ridge function, and these could also be used here. For ex-
ample, one could use kernel-based methods, discussed for example, in Hirdle, Hall and Ichimura
[16], Chiou and Miiller [5], Hristache, Juditsky and Spokoiny [17]. Although these methods yield
an estimator which is 1/n-consistent, they do rely on smoothing parameters (the bandwidth) for
their estimator.

4. Convergence of the LSE for the regression function

We consider the same setting as in Section 2, however, we now also assume that X has a contin-
uous distribution. This means that we observe an i.i.d. sample (X;, ¥;),i =1, ..., n from a pair
(X, Y) where, with probability one, all the X;’s are different from each other (hence, in the nota-
tion of Section 2, n =m and n; = 1 foralli =1, ..., n). Itis assumed that E(Y|X) = LIJO(OtOTX)
almost surely, where both the index g and the monotone ridge function W are unknown, so the
regression function is defined by

g0(x) = Wo(af x) 4.1

for (almost-) all x in the support of X and its least-squares estimator (LSE) is given by
2 (x) =V, (@ x) 4.2)

for (almost-) all x in the support of X, where (\Tfn,&n) is a LSE of (W, ag) as studied in Sec-
tion 2. For convenience, we consider below a solutlon \I/ that is left continuous and piecewise
constant, with jumps only possible at the points @, 'X; fori=1,...,n. Hence, U, is uniquely
defined whereas @, is not unique (@, denotes an arbltrary minimizer of hn, in the notation of
Section 2). In this section, we are interested in the consistency and rate of convergence of g, in
the L;-sense.
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We begin with some notation and assumptions. Let X’ be the support of the random vector of
covariates X. Let P be the joint distribution of (X, Y), P, the conditional distribution of ¥ given
X = x, and Q the marginal distribution of X. Theorem 4.1 below will be established under the
following assumptions.

(A1) X is a bounded convex set of RY,
(A2) there exists a constant Ky > 0 such that |gp(x)| < Ko forall x € X,
(A3) there exist constants @y > 0 and M > 0 such that for all integers s > 2 and x € X

/Iylsdﬂj’x(y) <aps!M’ 2, (4.3)

(A4) there exist ¢ > 0 and g > O such that with respect to the Lebesgue measure, for all

o € S4_1, the variable ol X hasa density that is bounded from above by g and bounded
from below by ¢ on its support.

Assumption (A1) ensures that for all & € Sy_1, the set {a” x, x € X}, which is the support of
the linear predictor o’ X corresponding to «, is convex (i.e. is an interval). Hence, we consider
functions of the form W (a? X) where « € S;_; and ¥ is a non-decreasing function on its interval
of support {(xTx, x € X}. It turns out that for Theorem 4.1 below, it is sufficient to assume,
instead of Assumption (A1), that the support of X is connected, since the continuous image of
a connected set is connected, and a connected subset of the real line is necessarily an interval.
However, convexity of the support of X is also used in Proposition 5.1 below so to alleviate the
exposition, we consider the same assumption (A1) in Theorem 4.1 than in Proposition 5.1.

Assumption (A3) is clearly satisfied if Y is a bounded random variable. It is also satisfied if
the conditional distribution of ¥ given X belongs to an exponential family, see Proposition 9.2 in
Appendix 9.8 for more details. The assumption ensures that conditionally on X = x, the response
variable Y is uniformly integrable in x. It also ensures that max; |Y;| is of maximal order logn,
see (7.11) below, which in turn ensures that g, also is of maximal order (in sup-norm) logn, see
(7.2).

Assumption (A4) makes the distribution of aT X, witha € Sy_1, equivalent to the Lebesgue
measure on its support.

The following theorem proves the n!/3-rate of convergence of the bundled estimator g, under
the above assumptions, that is, under the assumption of a continuous design distribution Q. The
case of a discrete distribution with finite support will be considered in a separate paper. In this
case, a 4/n-rate of convergence can be proved. We conjecture that in the case when some of the
components of X are continuous, and the other ones are discrete, the rate of convergence is still
n'/3. Another case where the /n-rate of convergence emerges (up to a log n-factor) is when the
true ridge function is constant. This case also will be studied elsewhere.

Theorem 4.1. With go and g, defined by (4.1) and (4.2) respectively, where @n is the same
piecewise constant function described above, and under assumptions (A1)—(A4) we have

1/2
( /X (§n<x>—go(x))2d@(x>) =0,(n"'7). (4.4)
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Remark 4.2.

e If instead of assuming (A4) we only assume that there exists a ¢ > 0 such that with respect
to the Lebesgue measure and for all @ € S;_1, the variable T X has a density bounded
above by g, then we obtain a rate of convergence n~!/3(logn)/3 instead of n=1/3, see
Section 7.1 below for details.

e The convergence rate obtained above depends on the dimension d. A closer look at the
proof reveals that this dependence takes the form of O, (d(1 + JE_R)n_l/ 3 (log n)>/3), see
Theorem 7.3 below. Note that the constant R may hide a dependence on d since in the case
where X is the £o-unit ball in R? we have R = /d.

e Suppose that we relax assumptions (Al) and (A4). That is, instead of assuming (A4), we
only assume here that there exists g > 0 such that with respect to the Lebesgue measure, for
all @ € Sy_1, the variable «” X has a density that is bounded from above by g. Moreover,
instead of assuming that X has a bounded support, we assume that X has a sub-Gaussian
distribution. This means that there exists o2 > 0 such that for all vectors u € Sy—1, and all
t € R, with T = uT X we have

P(T —E(T) > t) < exp(—t2/(202)) and P(T —E(T) < —t) < exp(—tz/(Zoz)).

Then, for all ¢ > 0 there exists A > 0 such that with probability larger than 1 — ¢ we have

/ (8 (1) — g0(0)*dQ) < AYga¥* (logn v ) *n~1 P ogn)™3, 4.5)
X

see Section 9.2 in the supplemental article (Balabdaoui, Durot and Jankowski [1]) for de-
tails. If d does not depend on n, then this yields a rate of convergence n~!/3(logn)?3/12.

5. Convergence of the separated LSE estimators

We now derive from Theorem 4.1 convergence of @, to «g and @,, to Wy. Moreover, we are
interested in the rate of convergence of the two estimators. Convergence can happen only under
uniqueness of the limit so first we prove identifiability of Wy and «g under appropriate conditions.

5.1. Identifiability of the separated parameters

Let (X, Y) be a pair of random variables, where X takes values in R4 and Y is an integrable
real valued random variable such that (1.1) holds for some «g € S;_; and ¥y € M. Identifiabil-
ity of the parameter («g, ¥o) means here that if we can find 8 in Sy—1, and A in M such that
\IJo(onTX) =h(BTX) a.s. then B = ap and h = Wy on Cqy = Cp, where for all @ € S| we set
Cy = {a” x, x € X'} with X being the support of X. Although identifiability can be derived from
Lin and Kulasekera [22] when assuming that Wy is non-constant and continuous, for complete-
ness we state below identifiability under a slightly less restrictive assumption, namely left- (or
right-) continuity instead of continuity. A proof can be found in Section 9.3 in the supplemental
article (Balabdaoui, Durot and Jankowski [1]). Since X is convex, it follows that C,, is an interval
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for any . Moreover, recall that monotone functions on an interval can be extended to monotone
functions on R.

Proposition 5.1. Assume that X is convex with at least one interior point. Assume also that
X has a density with respect to Lebesgue measure which is strictly positive on X, and that
(1.1) holds for some ag € Sq—1 and Wy € M that is not constant on Cy,, and either left- or
right-continuous on Cy, with no discontinuity point at the boundaries of Cy,. Then, (W, ap) is
uniquely defined.

5.2. Convergence of the separated estimators

We begin by establishing consistency of (a;,, U,) where U, denotes the left-continuous LSE of
W extended to R and @, is a minimizer of 4, defined in (2.1), see Section 9.4 in the supplemental
article (Balabdaoui, Durot and Jankowski [1]) for a proof.

Theorem 5.2. Assume that assumptions (A1)—(A3) are satisfied and that there exists a ¢ > 0
such that for all a € S;_1, with respect to the Lebesgue measure, the variable o’ X has a density
that is bounded above by q. Assume, moreover, that Wy is non-constant and left-continuous with
no discontinuity points at the boundaries of Cy,, and that X has at least one interior point.

Assume also that X has a density with respect to Lebesgue measure which is strictly positive
on X.

1. We then have o, = oo + 0, (1), and for all fixed continuity points t of Wy in the interior of
Cay> Wn(t) converges in probability to Wy(t) as n — oo.
2. If, moreover, W is continuous, then

su;la|®,,(t) — Wo(0)| = 0,(1) (5.1)
te

for all compact intervals 1 C R such that K_ < Wy(t) < K4 forallt € I. Here, K and
K _ denote the largest and smallest values of Wy on Cq.

Next, we establish rates of convergence for @,, and @n. To show that both @, and @n inherit
the n'/3 rate of convergence from the joint convergence established for the full estimator g, (-) =
v, (&\,,T -), some additional assumptions are needed.

(A5) There exists an interior point zo € Cy, such that Wy is continuously differentiable in the
neighborhood of zg, with W((zp) > 0.
(A6) The density of X, g, is continuous on X.

Let ¢ = infCy, and ¢ = supCy,. Our main result here is the following. It is proved in Sec-

tion 9.4 in the supplemental article (Balabdaoui, Durot and Jankowski [1]).

Corollary 5.3. Assume that V is non-constant and left-continuous with no discontinuity points
at the boundaries of Cy,, that X has at least one interior point, and that (A1)—(A6) hold. Then,
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la, —apll= O p(nfl/ 3). If moreover, Wy has a derivative bounded from above on Cqy» then

c—u, 12
</ (@n(t)—wo(t))zdz> =0,(n"'?) (5.2)

c+v,

for all sequences v, such that n1/3vn —ooandc—+ v, <C—vy.

Remark 5.4. The above result holds under Assumption (A1) on the support of the covariate X.
The result can be made stronger under additional regularity conditions on the support X. For
example, when X’ is a ball in R? centered at the origin and of radius r then the above result holds
with v, = 0. Indeed, in this setting the support of the linear predictor « X, for any «, is [—r, 7].
Therefore, in the proof, Cg, = [—r, r] and hence v, =0, ¢ =r and ¢ = —r in inequality (9.16)
of the supplemental article (Balabdaoui, Durot and Jankowski [1]). Notably, Kakade et al. [18]
consider this choice of X with r = 1.

The n'/3-rate obtained in Corollary 5.3 for convergence of the LSE @,, towards the truth raises
the question whether this convergence actually occurs at a faster rate, for example n'/2. In order
to investigate this question, we have performed simulations for d = 2 and two different monotone
single index models: the first one is a Gaussian model where ¥ ~ A ((ag X)3, 1), whereas the
second one is a logistic regression model where ¥ ~ Bin(10, exp(aOTX)(l + exp(aOTX))_l). In
both settings, the two-dimensional covariate X ~ U[0, 1] x U[0, 1] and «p = (cos(6p), sin(6o)T
with 6y € {7 /4, /3, w/2}. From each of these monotone single index models we have drawn 100
times 7 i.i.d. pairs (X;, Y¥;) and computed the LSE @&, forn € {102, 103, 10%, 105}. Based on these
100 replications we computed the empirical estimates for the covariance matrix of n'/3(@, — ag)
and n'/? (@, — ap). The main idea behind is that the correct rate of convergence should yield
estimates that are more or less stable for large n. Our simulation results for the Gaussian and
logistic model are reported in Table 1 and Table 2, respectively. For the settings we have chosen,
the variances 3]21 and 3222 as well as the absolute value of the covariance |¢]2| seem to increase
with the sample size n if n'/? is the stipulated rate of convergence. This picture is completely
reversed for the rate n'/3. This first investigation can only allow us to conclude (for the chosen
models, true monotone link functions and indices) that the convergence of our LSE occurs at a
rate that is faster than n'/3 and slower than n'/2.

Upon request of one referee, we have performed additional simulations with equally spaced
values of n on the logarithmic scale and computed for the same settings as above the average
value of the square of the Ly-norm of the estimation error; that ish, |[a;, — ozo||%. For a given
sample size n we denote by m,, this average. For this new set of simulations, we have increased
the number of replications from 100 to 500. The plots of the logm, versus logn, shown in the
supplemental article (Balabdaoui, Durot and Jankowski [1]), are unfortunately less conclusive
than our results in Table 1 and Table 2. The non-linear trend of the plots indicates that the rate
of convergence is not of the form n" for some v > 0. If one conjectures that this convergence
rate is rather of the form n" (logn) ™" for some y > 0, then regressing logm,, on the “predictors”
logn and log(logn) does not give meaningful outputs neither: in some cases it was found that
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Table 1. Values of the empirical covariances matrices for the case d = 2 of

nl 2@, — ag) and n

1/3

(@n — ag) with entries '&121,3222,?12 =7y;. The

sample size n € {102,103, 10%, 10%} and ag = (cos(6p), sin(6p))T with
0o € {mr/4, /3, w/2}. The obtained estimates were computed based on 100
replications and the model Y ~ N((aOTX)3, 1) and X ~ U0, 1] x U[0, 1]

6o Rate n 6\121 6\222 12

/4 nl/2 100 1.180 1.167 —1.162
1000 2.260 2.247 —2.247

10000 4.415 4.340 —4.374

100000 6.663 6.604 —6.633

nl/3 100 0.254 0.251 —0.250

1000 0.226 0.225 —0.225

10000 0.205 0.201 —0.203

100000 0.143 0.142 —0.143

/3 nl/2 100 3.143 1.110 —1.836
1000 5.404 1.700 —3.011

10000 7.078 2418 —4.133

100000 7.565 2513 —4.360

nl/3 100 0.677 0.239 —0.395

1000 0.540 0.170 —0.301

10000 0.328 0.112 —0.192

100000 0.163 0.054 —0.094

/2 nl/2 100 6.740 0.132 0.066
1000 11.633 0.051 —0.047

10000 12.110 0.014 —0.195

100000 10.904 <le—03 —0.011

nl/3 100 1.452 0.028 0.014

1000 1.163 0.005 —0.005

10000 0.562 <le—03 —0.009
100000 0.235 <le—03 <le—03

the estimator of v is smaller than —1, which is of course unrealistic. We believe that simulations
for much larger sample sizes are needed to obtain a much better picture.

Proving the exact rate of convergence of @, is an interesting question but goes beyond the
scope of this work. We believe that in establishing this exact rate, under suitable assumptions, it
is necessary to overcome the difficulty of non-smoothness of U,,, the monotone estimator of the
true link function Wy and the fact that @,, and @n are intertwined. Consequently, a useful device
such as Taylor expansion cannot be used. Also, when this 0, converges at the cubic rate (as it is
the case under our assumptions), it is not immediate how to show that @, converges at a faster
rate as both ¥,, and @,, depend on each other. We intend to investigate these questions in a future

work.
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Table 2. Values of the empirical covariances matrices for the case d =2 of
nY 2@, — ap) and n'/3 @, — o) with entries 8121,3222,?12 =7¢31. The
sample size n € {102,103, 10%,10%} and og = (cos(6p), sin(6p))T with
0o € {mr/4, /3, w/2}. The obtained estimates were computed based on 100
replications and the model Y ~ Bin(10, exp(ag X))/ + exp(aOTX)) and
X ~U[0,1] x U0, 1]

6o Rate n 3121 3222 12

/4 nl/2 100 1.291 1.330 —1.300
1000 2.981 2.977 —2.970

10000 5.718 5.600 —5.654

100000 7.140 7.180 —7.159

nl/3 100 0.278 0.287 0.280

1000 0.298 0.298 —0.297

10000 0.265 0.260 —0.262

100000 0.154 0.155 —0.154

7/3 nl/2 100 3.399 1.083 —1.884
1000 5.250 1.788 —3.047

10000 9.769 3.307 —5.675

100000 13.059 4.420 —7.596

nl/3 100 0.732 0.233 —0.406

1000 0.525 0.179 —0.305

10000 0.453 0.153 —0.263

100000 0.281 0.095 —0.164

/2 nl/2 100 6.689 0.127 —0.045
1000 7.583 0.030 —0.125

10000 9.220 0.004 —0.015

100000 13.354 <le—03 0.008

nl/3 100 1.441 0.027 —0.010

1000 0.758 0.003 —0.012
10000 0.428 <1e—03 <1e—03
100000 0.288 <1e—03 <1e—03

6. Convergence of alternative estimators

We now consider convergence of plug-in estimators of Section 3.1: we randomly split the sample
into two independent sub-samples of respective sizes nj and ny, where n; is the integer part of
pn for some fixed p € (0, 1) and np, = (1 — p)n, we compute an index estimator &, based on
the first sub-sample, and then compute \TJ,,, the minimizer of (3.1) over ¥ € M, where o = a,
and {(X;, Y;),i € I} are the observations from the second sub-sample. Note that arguing condi-
tionally on the first sub-sample, &, can be considered as non-random when studying the limiting
behavior of W,. In the sequel, we set g, (x) = U, (&nT x) for all x € R, We prove below that, pro-
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vided that &, converges at the nl/3rate (which is the case of the linear estimator of Section 3.2
and some estimators from Section 3.3 under appropriate assumptions), g, also converges at the
same rate. The complete proof is given in Section 9.7 of the supplemental article (Balabdaoui,
Durot and Jankowski [1]). Below, we implicitly assume that o is identifiable.

Theorem 6.1. Assume (Al)-(A4). Assume, moreover, that Wy is non-constant and Lipschitz
continuous, and that &, = ag + Op (n=1/3).
With g, as above we then have

172
(/X(én(x) - go(x))zdx> =0,(n"'7). 6.1)

Furthermore, if (A1)-(A6) hold, and Wy has a first derivative that is bounded from above on Cy,,
then

—n 12
(/ (\iln(t)—\lfo(t))zdt) =0,(n"'?) (6.2)

ctuy

for all sequences v, such that nl/3v, — co and c+v, <¢—vy.

Remark 6.2. Similarly to Remark 5.4, the result can be made stronger under additional reg-
ularity conditions on the support X'. Moreover, similar to Remark 4.2, if instead of assuming
that X has a bounded support we assume that it has a sub-Gaussian distribution, then the rate of
convergence is only inflated by the factor (logn)>/3.

7. Proof of Theorem 4.1

As the proof of Theorem 4.1 is quite long and technical, we first give the main ideas of the proof
of this theorem in Section 7.1 below. Here, we give two preparatory lemmas and an intermediate
rate theorem (Theorem 7.3). The latter compares to Theorem 4.1 but with an additional log n term
in the rate of convergence. The proof of Theorem 7.3 requires entropy results that are described in
Section 7.2 and proved in subsequent subsections. The proof of Theorem 4.1 is finally completed
in Section 7.9.

7.1. The main steps of the proof of Theorem 4.1

By definition of the LSE, g, maximizes the criterion

1 n
M, g := ;Z{Yig(x,-) -

i=1

5 (7.1)

g8(X:)? }
over the set of all functions g of the form g(x) = W(a”x), x € X witha € Sy_; and ¥ € M. It
would have been easier to prove Theorem 4.1 using standard results from empirical process the-
ory if the LSE were known to be bounded in probability by some constant which is independent
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of n. Unfortunately, we do not know whether this holds true. Instead, the following lemma can
be established (see Section 7.3 for a proof).

Lemma 7.1. We have

min Y; <g,(x) < max Y (7.2)
1<k<n

1<k=<n <

for all x € X. Moreover, under assumptions (A2) and (A3) we have

sup |, (x)| < max |Yx| = O,(logn).
xeX 1<k<n

Note that under the more restrictive assumption that Y is a bounded random variable (so that
maxy | Y| is bounded), we obtain that g, is also bounded. This is the case for instance, in the
current status model which, as explained in the introduction, is a special case of the model we
consider with Y € {0, 1}. For this reason, the arguments developed in Groeneboom and Hen-
drickx [14] in the current status model cannot be directly adapted to our setting.

Now it follows from Lemma 7.1 that, with arbitrarily large probability, g, maximizes M, g
over the set of all functions g that are bounded in absolute value by C log n for some appropriately
chosen C > 0, and take the form g(x) = W(a”x), x € X with (a, ¥) € Sy_1 x M. Denote by P,
the empirical distribution corresponding to (X1, Y1), ..., (Xp, ¥s), and let ﬁ(x, y) = ygu(x) —
22(x)/2 for x € X and y € R. Since M,g =P, f with

flx,y) =ygx) — g*(x)/2 (7.3)

for all x € X, y € R, this means that, with arbitrarily large probability, ﬁl maximizes P, f over
the set of all functions f of the form (7.3) for some function g that is bounded in absolute
value by Clogn and takes the form g(x) = W(a! x), x € X with (o, ¥) € Sy_1 x M. Hence,
classical arguments for maximizers of the empirical process over a class of functions (where g
can be assumed to be bounded by Clogn) can be used to compute the rate of convergence of
the estimator. This requires bounds for the entropy of the class of functions f of the form (7.3)
together with a basic inequality that makes the connection between the mean of M, g — M, go
and a distance between g and go. The entropy bounds are given in Section 7.2 below whereas
the basic inequality is given in the following lemma, which is proved in Section 7.4. For each
bounded function g : X — R, we define Qg = [ gdQ and Mg =P f where f is given by (7.3)
and Pf = [ fdP, which means that Mg is the expected value of M, g:

Mg =/ {yg(x) -
X xR

Lemma 7.2. Let g : X — R with Qg% < co. Then, Mg — Mg < —D?(g, 80)/2 where

2
& éx)}dIP’(x, V). (7.4)

1/2
D(g,go)z</;{(g(x)—go(x))2dQ(x)> . (7.5)
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If classical arguments for maximizers over a class of functions are used based on the previous
basic inequality and Lemma 7.1 (which allows to restrict attention to functions g that are bounded
by Clogn, for some large C > 0 that does not depend on n), the obtained rate of convergence
would be inflated by a logarithmic factor.

Theorem 7.3. Assume that assumptions (A1)—(A3) are satisfied and that there exists a constant
g > 0 such that for all @ € Sy_1, with respect to the Lebesgue measure, the variable «* X has a
density which is bounded by q. Then, D(gy, go) = O)p (n='3(logn)>/3). More precisely, for all
& > 0, there exists A > 0 that depends only on ¢, ay and M such that

P(D (3. g0) >Ad(1+\/ﬁ)n—l/3(logn)5/3) <.

It may seem superfluous to add Theorem 7.3. However, the obtained unrefined rate of con-
vergence will be used to get rid of the additional logarithmic factor. To explain how this works,
set v = Cn~3(logn)? and K = Clogn for some constant C > 0 to be chosen appropriately.
Lemma 7.1 and Theorem 7.3 are used to show that with a probability that can be made arbitrarily
large by choice of C, the LSE g, is bounded by K while D(g,, go) is smaller that v. Hence, with
arbitrarily large probability, the LSE maximizes M, g over the set Gk, of all functions g of the
form g(x) = W(a’x) with @ € S;_1 and W € M such that |g(x)| < K for all x € X and

D(g, go) <v. (7.6)

Hence, although optimization cannot be restricted to a set of functions that are uniformly
bounded in n, we can work with a class of functions that are bounded in the L, (Q)-norm. The
merit of the latter is that under (A2) and equivalence of Q with the Lebesgue measure, a function
g € Gk, can be shown to exceed 2K only on a subset of X' with Lebesgue measure of maxi-
mal order (v/K¢)?. The fact that considered functions g are bounded by 2K except on such a
small region will balance out the large values that g might have on the same region, and this will
prove to be very advantageous in computing the final entropy of the original class of functions.
To estimate this entropy, each function g(.) = W(a’.) will be decomposed as follows:

g=(E—-8+ts, (7.7)

where g is the truncated version of g defined by

g(x) if |g(x)| < 2Ko.
2x) = 12K, if g(x) > 2K, (7.8)
—2Ky if g(x) < —2Kj.

The set of all possible g forms now a class of bounded functions on which standard arguments
from empirical processes theory apply. On the other hand, the differences g — g form a set of
functions whose supremum norm increases with n and which, by the discussion above, take
the value zero except on regions of a very small size. Those two classes of functions will be
treated with different arguments. The assumption that «” X has a density bounded from above
will be used to compute entropy bounds for the former class (see Lemma 7.6 and the preceding
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comment) whereas the assumption of a density bounded away from zero will be used to compute
entropy bounds for the latter class (see Lemma 7.7 and the preceding comment). Below are
some entropy results required in the proof of Theorems 7.3 and 4.1. The complete proofs of
the theorems are given in Sections 7.8 and 7.9 whereas the proofs of the lemmas are given in
Sections 7.3 to 7.7.

7.2. Entropy results

We begin with some notation. For any class of functions F equipped with anorm | - ||, and & > 0,
we denote by Hp (e, F, || - ||) the corresponding bracketing entropy:

HB(S,]:, ” : ”) =10gNB(8’]:v ” : ”)v

where Np(e, F, || - ||) = N is the smallest number of pairs of functions (fIU, flL), et (flf,/, fle)
such that all || ij — ij | <& and for each f € F, there exists a j € {1, ..., N} such that ij <
fsf jU. Moreover, assuming that X has a bounded support &X', we set R = sup,.y ||x|| where

| - || denotes the Euclidean norm in R?. We then have
le"x| <R  forallxeX (7.9)

for all @ € S4_1, using the Cauchy—Schwarz inequality. In the rest of the paper, we will use the
following notation

— | - llp and || - |[lg are the Ly-norms corresponding to respectively P and Q: ||f||12P =
Jryr FH(x,y)dP(x, y) and ||g||?@ = [, 82(x)dQ(x) forall f: X xR —> Rand g: X —

— M is the class of all nondecreasing functions on R that are bounded in absolute value by
Ks

— Gk is the class of functions g(x) = W(aTx), x e X wherea € Sy_1, ¥ € Mg,

— Fk is the class of functions f of the form (7.3), x e X', y € R, and g € Gk,

— Gk is the class of functions g € Gk satisfying the condition (7.6),

— Fkuv is the class of functions f of the form (7.3), x € X', y € R, and g € Gk,

— Gk is the class of functions g — g, where g € Gk, and g is given in (7.8),

— Fko is the class of functions f — f, where f takes the form (7.3) for some g € Gk, and
f,y)=yg(x) —g*x)/2,xe X,y eR.

Our starting point is the following result, which follows from Theorem 2.7.5 in van der Vaart
and Wellner [26].

Lemma 7.4. There exists a universal constant A > 0 such that
AK
Hp(e, Mg, |l - llg) < -~

forall e > 0, K > 0, and all probability measures Q on R, where || - | ¢ is the Ly-norm corre-
sponding to Q: ||\I/||2Q = [W2dQ forall ¥ :R— R.
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The next result, which follows from Lemma 22 of Feige and Schechtman [10], gives a bound
on the minimal number of subsets with diameter at most ¢, say, into which S;_| can be divided.
Here, the diameter of some given subset A C Sq—1, is given by sup(, y)e 42 [Ix — ylI.

Lemma 7.5. Fix ¢ € (0,7/2), and let N(g,S4—1) be the number of subsets of equal size with
diameter at most ¢ into which S;_ can be partitioned. Then, there exists a universal constant
A > 0, such that N (g, Sy—1) < (A/¢e)?.

In what follows, we assume that the assumptions (A1)—(A3) are satisfied. The next step is to
use the results above to construct e-brackets for the classes Gk, Fx, Gk and Fg,. We begin
with the classes Gx and Fx. In the next lemma, we assume that «? X has a bounded density
on a bounded support for all «. This assumptions is used in the proof to show that with Q the
distribution of a” X with arbitrary o € Sy, and ¥ € Mg, there exists a constant C such that

/ (W(r+u)—W(t —u)dQ() < Cu.
R

Lemma 7.6. Assume that the assumptions (A1)—(A3) are satisfied and that there exists ¢ > 0
such that for all a« € S;_1, with respect to the Lebesgue measure, the variable a” X has a density
that is bounded by q. Let K > ¢ > 0. There exists a universal constant A1 > 0 such that

HB(g’gK’ Il - ||Q) < % JR).

Moreover, if K > 1 then there exists A> > 0 depending only on ag such that

- ArK?d(1 4+ \/gR)
J— 8 .

Hp(e, Fx. | - llp)

The next lemma will be used to control the differences g(X) — g(X) = he? X), g € Gky-
Here, we assume that for all «, the variable o7 X has a density that is bounded away from zero
on its support. The assumption is used to show that under (7.6), 7 = 0 except on a set whose
Lebesgue measure is at most q_lKo_ 2p2, see (7.21) below. Since the distribution of o’ X is also
assumed to have a bounded density with respect to the Lebesgue measure, this implies that the
probability that h@? X) # 0 is of maximal order v?, for all «, leading to a sharp bound for G Kv
and then Fg,.

Lemma 7.7. Assume that the assumptions (A1)—(A4) are satisfied. Let € > 0 and v > 0. There
exists a constant Ay > 0 depending only on Ko, q, q and R such that

- A1 Kv A1K2
Hp(e,Gko. |l - llg) < - +d10g( 2
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Jor all K > & such that Kv > Ko, /2Rq. Moreover, there exists A1 > 0 depending only on Ko,
q.4, R and ag such that for all K > 1V ¢ such that K%y > eKy /2Rz, we have
AlK v

2 4
_ A1K
Hg (e, Fiv. |l - lIp) < - +d10g( 2 )

The next lemma will be needed to give entropy bounds in the Bernstein norm. We recall that
the Bernstein norm of some function f with respect to P is defined by
1/2
15, = (BT — 1= 1£1)) "2,
Although not technically a norm, it is typically referred to as such in the literature (van der Vaart
and Wellner [26], page 324), and we do not stray from this in what follows. With C > 0 a constant

appropriately chosen, Lemma 7.8 below derives from Lemmas 7.6 and 7.7 upper bounds on the
bracketing number of the classes

Fro:={(f = f0C7, f € Fxu), (7.10)
where fy(x, y) = ygo(x) — g5 (x)/2 and

;:—Kv = {fé_lvfeﬁKv}

with respect to the Bernstein norm. This will enable us to use Lemma 3.4.3 of van der Vaart and
Wellner [26] which does not require the class of functions of interest to be bounded.

Lemma 7.8. Assume that the assumptions (A1)—(A3) are satisfied and that there exists g > 0
such that for all a € S;_1, with respect to the Lebesgue measure, the variable a’ X has a density
that is bounded by q. Let ¢ > 0 and v > 0. Let M be the same constant from the moment condition
(4.3) of Assumption (A3). Let C =4MK? such that K > (2K¢) V 2. Then, there exist constants
A1 > 0and Ay > 0 that depend on ay and M only such that

~ Ad(1+ /qR) x
Hp(e. Fo |- l5.p) < fq and || fllpp < Az

for all f eF kv- If moreover, the assumption (A4) is fulfilled, then there exist constants A1 > 0
and Ay > 0 depending only on Ko, R, ao, M, g and q such that

= A1v A] ~
Hp(e, Fgu, |- l|B.p) < — +dlog(8—2> and | fllpp < Av

forall f e .;:Kv,provided that K*v > Ase and K > ¢.

Note that the condition ¢ < 2 guarantees that K > ¢ since K > 2. Also, we point out that the
constants A1 and A; may not be the same ones as in Lemma 7.7 but we can always increase their
respective values so that they are suitable for Lemma 7.8.
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7.3. Proof of Lemma 7.1

Forafixeda € S4_1, let ﬁZ;f be a minimizer of &, (¥, a) over ¥ € M. It follows from Theorem 1
in Barlow et al. [2] that W,,(Zy) =d for k =1, ...,m, where Z| < --- < Z,, are the ordered
distinct values of a7 X1, ...,aTX,, and d; < --- < d,, are the left derivatives of the greatest
convex minorant of the cumulative sum diagram defined by the set of points

n n
{(0, 0), (Zﬂarxifzk, ZYi]IaTXI_EZk>,k = lm}

i=1 i=1
Hence, we have

n n
Zi:l YiHaTxigzk Zi:l YiHaTX,->Zk

. ~y T
min <y (Ol X ) < max
n — *n J) = n ’
1<k<m E i=1 ]IaTXiSZk 0<k<m—1 E i=1 ]IC(TX,'>Z[;
with Zp = —oo, for all j =1,...,n. Therefore, minj<j<, ¥; < lIl,‘f(otTXj) < maxj<j<p Y; for

alla € S;_1 and j =1, ..., n. The inequalities in (7.2) follow since by definition, g, (x) takes
the form ¥/ (T x) for all x, where « is replaced by the LSE@,, € Sy—1.
Now we prove that under the assumptions (A2) and (A3),

max |Y;| = Op(logn). (7.11)

1<i<n
For an integer s > 2, it follows from convexity of the function z — |z|* on R that

E[|Y — go@ [ |X =x] <2 YE[IYIX =x] + |g00)|)
<257 (slagM* =2 + K3) < slbo(M')* ™

with bg = 2(ag + K(%) and M’ =2(M v Kj). Now, using Lemma 2.2.11 of van der Vaart and

Wellner [26] with n = 1 and ¥ = Y — go(x) and after integrating out with respect to dQ, we
obtain

_ 42

for all # > 0. Hence, with = C logn such that Ky < Clog(n)/2 we have that

n
P(max Yi| > Clogn) <> P(|%i — g0(X)| > Clog(n)/2)
i=1

1<i<n

—C?logn )

<2
= eXp<4(4b0(1ogn)1 Y MC)

which converges to 0 as n — oo provided that C is sufficiently large so that 8M'C < C2.
Lemma 7.1 follows.
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7.4. Proof of Lemma 7.2

Since E[Y|X = x] = go(x) we have

g(x)? N g0(x)?

Mg—Mgo=/X{go(x)(g(X)—go(X))— 5 5

}dQ(X)

1
) / (2) — g0(x))*dQ),
X

which proves Lemma 7.2.

7.5. Proof of Lemma 7.6

Let g = 2K 2 e (0, 1). By Lemma 7.5, S;—1 can be covered by N neighborhoods with di-
ameter at most &, where N < (Aeojl)d with A > 0 a universal constant. Let {ag,...,an}
denote elements of each of these neighborhoods. Now, consider an arbitrary g € Gk . Then,
g(x) =W (alx), x e X, forsome W € Mg and @ € Sy_;. We can find i € {1,..., N} such that
|l — ;|| < &q. Then, using the monotonicity of W together with the Cauchy—Schwarz inequality
we can write for all x € X that

g =W (e x + (@ =)' x) < (e x + 2o R)

and g(x) > \If(ozl.Tx — &4 R). Then, Lemma 7.4 implies that with N’ = exp(AKs_l), at the cost
of increasing A, we can find brackets [\IJJI.‘, ‘-IJ]U] covering the class of functions Mg such that

/(\I/,‘»’(t)—\IJ,L(r))def(t)582 and /(w}’(t)—wf(t))zdgj(z)ggz
R ' R

for j=1,...,N’, where o7 and Ql.+ respectively, denote the distribution of Oll-TX — &g R and
al.TX + &4 R. Now returning to g, and using that ¥ € Mg, we can see that

\IJJL(oziTx—SaR) <gkx) S‘IJJU(otiTx—i—saR) (7.12)

for some j =1,..., N and all x € X. We will show that there exists B > 0 depending only on
g, R such that the new bracket [‘lij (al.Tx —¢&qR), \IJ]U (oziTx + &eoR)], x € X satisfies

1/2
(/X(xp}’ (o] x + e R) — WE (ol x — saR))de(x)> < Be. (7.13)
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It follows from the Minkowski inequality that the left-hand side in (7.13) is at most

12
( [ (@l =)~ wal - saR))de(x)>
X
1,2
+ ( fX (WY (@ x4 eaR) — W (ol x + saR))2dQ(x)>
172
+ (/ (W (@] x +eaR) — W(a]x — so,R))2d@(x)> . (7.14)
X

We have

/X(\I/(aiTx —&qR) — WE (o] x — euR))* dQx) = /R(\Il(t) —wkm)*do; @)

<82

and a similar bound is found for the square of the second integral in (7.14). Hence, the left-hand
side in (7.13) is less than or equal to

12
2€+</ (\Il(t—f-saR)—\If(t—saR))de,-(t)> ,
R

where Q; is the distribution of oel.T X. By monotonicity of W and the fact that it is bounded in
absolute value by K, we can write

/(\IJ(H—SO,R)—\I/(I—8O,R))2dQ,-(t)5ZK/(\Il(t—i—saR)—\Il(t—eaR))dQ,-(t)
R R

R
< 21@/ (V(r+eaR) — W(t — e4R)) dt,
—-R

with g an upper bound of the density of Q;, that is supported on [—R, R], with respect to the
Lebesgue measure. This is at most

R+eq R —R+exR
2Ka( / W) di — / \I'(t)dt) < 87Re%,
R—eyR —R—54R

using that e, = £2/K?. Hence,

1/2
(f (W (o] x +eqR) — W(a) x — eaR))de(x)) < (83R)"%e. (7.15)
X
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Combining the inequalities above, we get the claimed inequality in (7.13) with B =24 (8gR)!/?.
It follows that

Hp(Be, Gk, |l - llg) <logN +logN’
<dlog(AK?¢™?) + AKe™!
< Ke 1 (dA'? + A) (7.16)

since log x < /x for all x > 0. The first assertion of Lemma 7.6 follows.

To prove the second assertion, we need to build brackets for the class of functions (x, y)
vg(x), x € X, y € R, and then for the class of functions g2, with g € Gg. In the follow-
ing, we denote the former class by G; and the latter by G, with which we begin. Note that
gz(x) = s(x) = W2(aTx) = h(a! x) for some function % that is either monotone non-decreasing,
monotone non-increasing or U-shaped depending on the sign of W. Hence, the function £ can
be always decomposed into the difference of two monotone functions that are bounded by K 2. If
K? > ¢ (which holds for all ¢ > 0 and K > ¢ such that K > 1), we can use similar arguments as
above to conclude that there exists a universal constant By > 0 such that

- BoK?d(1+ /gR)
- e .

Hp(e, G2, |l - llg) (7.17)

Using the fact that any element s € G, satisfies

/ / $2(r) dP(x, y) = / () dQ),
RJX X

- BoK?d(1+ /gR)
— 8 .

it follows that

Hg(e,Ga. |l - lIp)
Now we turn to G;. With N = Np(e, Gk, || - llg), we will denote by {(gt.L,gl.U),i e{l,...,N}}

a cover of g-brackets for Gg. Foralli =1, ..., N, define

U . L .
Ulx ify>0, ~(x if y>0,
kY (x, y) = {yg’ ) y= kE(x, y) = {yg' (x) Y (7.18)

ygk(x)  ify =<0, ygf (x)  ify<o0.
Now, take g € Gx and let i € {1,..., N} such that giL <g< giU. Then, we have kiL(x,y) <

yg(x) < kl.U(x, y) so that {(kiL, kiU), i €{l,..., N}} form a bracketing cover for G;. We will now
compute its size. We have that

/R X(k}’(w)—kf(x,y))zdﬂn(x,y): / ¥ x (¥ (x) — gk (1)) dP(x, y)

RxX
< 2a /X (¥ (x) — gL (x))* dQ)

< 2ap¢?,
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where a is taken from (4.3). Hence,

Hp(v/2a0e.G1. |l - lIp) < Hp(e. Gk |l - Q)
_ Aikd( +/4qR)

(7.19)
£
using the first assertion of the lemma. But for all ¢ > 0, we have
Hp(e. Fg. |l - llp) < Hp(e/2,G1, || - lIp) + Hg(e, G2, |l - IIp) (7.20)

and hence we obtain the second assertion of the lemma, which completes the proof.

7.6. Proof of Lemma 7.7
Let g € Gxy and W € Mg, o € Sy—1 such that g(x) = W(a! x). We shall show below that

[W(#)| < 2Kp except on a region of small size. To do that, we shall use the condition (7.6)
together with the triangle inequality to get

/X LT x))=2k0) Q) < /X L{jw (@ 1)~ o(af 11> ko) 4Q)

T 2
s/ (—‘p("‘ x)_gO(x)) dQ(x) < v’K, 2.
X Ko

With a, b the boundaries of the interval {a” x, x € X'} and Q the distribution of &’ X we have
b
/X L{w(alx)|>2k) 4Q(x) = f 1w ()|>2k0) d Qu (1)
a

b
26_1/ Lijw()|>2Ko} dt.
a

Combining the two preceding displays, we conclude that

b
/ L{jw()|>2k0) At < Dov*, (7.21)
a

where Dy, = g_lKo_ 2, By monotonicity of W, this means that |V (¢)| < 2K for all ¢ in the
interval [a + Dyv2, b — Dyv?]. Now, from (7.8), g(x) — g(x) takes the form of h(aTx) where
h € M is such that

0 if |[W(1)| < 2Ko,
h(t)y= W) +2Ky  if W(r) < —2K),
U(t)—2Ky  if U(r) > 2Kp.
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Hence, for ¢ € [a, b] we can have h(t) # 0 only for ¢ € [a,a + Dyv2 U [b — Dyv?, b]. Consider
{ag, ..., an} the grid providing a &,-cover for Sy—1 with g, = 82/K2 and N < (As;l)d, see
Lemma 7.5. Similar to the proof of Lemma 7.6, with «; such that ||o — ;|| < &4, we then have

h(al x —eaR) < g(x) — g(x) < h(e] x + e R) (7.22)
for all x € X, where h is considered on the interval [a;, b;] where
a; = inf{aiTx — &R, x € X} and b= sup{oz,-Tx +eqR, x € X}.

Note that the support of aiTX, al.TX — &g R and al.TX + &4 R are all included in [a;, b;], and we
have |a — a;| <2eyR and |b — b;| < 2e4 R. From what precedes, for ¢ € [a;, b;] we can have
h(t) # 0 only for t € Z; 1 UZ; » where

Tiy = [ai,a; + Dov* +264R] and  T; = [b — Dov* — 264 R, by

have length at most 2D,v? under the assumption that Kv > K 2Rq. Hence, we only need to

construct brackets for the class of monotone functions on [a;, b;] that are bounded by K and con-
stant equal to zero outside Z; 1 UZ; ». This can be done by using Lemma 7.4 with Q denoting the
uniform distribution on Z; 1 UZ; »: it follows from that lemma that with N; < exp(2Av/ DK v/e),
we can find brackets (hjL., h;j), j=1,..., N; such that every function in the class belongs to

[hg.“, hy] for some j, and

/ (nf @ — h?(r))zdt < 4D2v2/ (nf &) — h?(:))de(t)
R Zi\VIi 2
<e’ (7.23)

for all j. Note that we have omitted writing the dependence on i for the functions in the brackets.
Let j € {1,..., N;} such that h]L. <h< hﬁ.’ on [a;, b;]. By (7.22), we have

b (x) =h%(af x —eaR) < g(x) — 8(x) < hY (o] x +£aR) =bY (x)

for all x € X and it remains to compute the size of the obtained brackets. By the Minkowski
inequality, with Q; the distribution of al.T X we have

1/2
[5Y = b"] = (/R(h;f(r + 6o R) — W (1 — eaR))de,-(r)>

bi—caR i AN
< (q/ (n (1 + eaR) — 1Y (t — £ R)) dt)
ai+eq R

bi—eqR N 1/2
< (q/ (1Yt + eaR) — 1Y (1 — £4R)) dt)
ai+eq R

bi—eaR , 172
+ (ﬁ/ (hY (t — aR) = B (t — £ R)) dz) )
aj+eq R
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Since it and hY can be chosen monotone on [a;, b;] and bounded in absolute value by K we
conclude from (7.23) that

bi—2e4 R 1/2
”bU “Q <2Kq/ (hi-](l+28aR)—h§](t))d[> +\/§8

< (8£aRK2§)1/2 + ﬁs.

Since by definition, &, = ¢2/K?, this means that we have Ce-brackets where C depends on g
and R only. Hence,

- 2A/D7Kv AK?
Hp(Ce, Gkv. |l - llg) <log(Ni) +log(N) < — +dlog€—2

and the first assertion of the lemma follows.

To prove the second assertion, recall that ( f — f)(x, y)=y(gx)—gkx))— %(gz(x) — gz(x)).
We need then to build brackets for the functions (x, y) — y(g(x) — g(x)), and those for the
functions x > g2(x) — g2(x). The construction of the brackets goes along the same line as the
construction of the brackets for the classes G; and G, in the proof of Lemma 7.6 above, where
for the latter class, we use the fact that all functions in the class take the form A (a”x) where
h is either monotone or U-shaped, and vanishes when | g(och)| < 2Ky, which implies that the
function vanishes except on at most two intervals of maximal length 2D,v?.

Hence, we can find A; > 0 and A, > 0 depending on Ko, g, ¢, R and ag such that

A1 K? A K*
! U—i—dlog !

Hp(e, Fxo. |l - lIp) <

for K > 1V & such that K?v > A,e. This completes the proof of Lemma 7.7.

7.7. Proof of Lemma 7.8

We start by noting that entropy bound on the class Fro is smaller than the entropy bound for the
class Fx as a consequence of inclusion of the former class in the latter. We will now show that
the upper bound with respect to the Bernstein norm for the class F, is of the claimed order.
Let N; = Np(e,Gk, |l - llg) and N» = Np(e,Ga, || - llg), where G, is the class of functions
{x — g%(x), g € Gg}. Consider brackets [gf,gj.]], j=1,...,N; covering Gx and [sF,s"],
i=1,..., N covering G,. Note that gl.L and gl.U can be always taken to be bounded by K,
because otherwise we can take instead giL V (—K) and gl.U A K. The same thing holds for sl.L
and sl.U which can be taken to be bounded by K2. Let f € Fk, and C > 0 a fixed constant to be
chosen later. Then, there exists (i, j) € {1,..., N1} x {1, ..., N2} such that fle <f=< flUj and

, gy () — —sU<x> if y >0,
f' /'(x’ Y):
i, 1 )
yg¥ (x) — 55 Y(x) ify<o,
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1 .
” gy () — —S~L(X) ify>0,
Uy =
Y8 Lixy — _S[ (x) if y <O.

Now note that for a given function A such that h* is P-integrable for all kK > 2, we can write
I171% p =233,/ |h|* dP)/k!. Hence, by convexity of x > x* for k > 2, we have

|2
C

B,P
<2i—2k:1f e ) = gE [+ 225 () = sE ) L P ).
B k=2k!Ck X xR ! ! 2 l

Integrating first with respect to y using the assumption (A3) yields that the right-hand side is at
most

X ok—1 24 (k—2)
2 — — 2 (2K ) U L
23 = JaoM* k! x 2K) 2/ U_ oLI”qQ + / —st?aQ
= k!Ck { X|gj gl } ‘ ‘

(2K2)(k 2) 2}
HE T

o 2k—1
<2 E -
- k
P k!C
Hence,

105 = A e = _(2a02<4MK>k_2 +g g(zgz>k_2 G - 2)!)82’

using the fact that k! > 2(k — 2)! for all k > 2. We conclude that

{aoM"_zk! x 2K 2¢% +

=112 2
(Y = £5)€ ]”B’PSEQCIOWM)(m 2K /c)

Since K > 2, the choice C=4MK? yields

K
|55 = £5)¢ 1HBP<—(zaov1/4)<_1Jr @m)~ ‘)
= BPK Y, (7.24)

where B depends on ap and M only. Using (7.17) and the first assertion of Lemma 7.6, this
means that there exists a universal constant A, such that

A>K?d(1 4 \/gR)
HB( =5 Frunl ||B,P)slogN1+1ogst . (7.25)

&
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This in turn implies that

AyBK*d(1 + /qR) _ Ad(1+V4R)

eK? €

Hp(e, Fxo, |l - llpp) <

as claimed in the statement of the lemma.

To show the second claim, we will use again the series expansion of the Bernstein norm.
Similar as above, using that g is bounded by K < K, and that for arbitrary f = (f — fo)C~' €
F kv, the corresponding g € Gk, satisfies (7.6), we obtain

. X ok
IIfII%,p_ZkC {aoMk 2k12K)* 2/ (g — g0)?dQ
k=2
2K2 (k—2)
CEE i)
X

e¢]

2
=
o

k
. {aoMk_zk!(ZK)k_z / (g —£0)*dQ
Cck X
2 2[(2 k—1
+ (27/‘)/ (g —go)de}
X

da AMK 4K)2 & /4K2\* 21
< 0 Z + ( _ ) Z _ 2
2 C ¢z Z\ ¢ k!
a0 1 1M\ 2
= <2M2K4 Yot )V (7.26)

using that K > 2. The second claim follows. B
Using the same arguments as above in combination with the entropy bound for Fk, obtained
in Lemma 7.7 we can show that

~ Alv A
Hg(e, Fxo. Il - II8,p) < Tl +dlog(8—21)

at the cost of increasing the constant A;. To show the second assertion for the elements of F g,
we can use again the same arguments as for the class F kv Indeed, the condition K > 2K V 2
implies that max(|gl, |g]) < K since [g] < 2K(. Moreover, with C =4MK? we get for any

element f cF kv that

1
16M2

1713 p < (32%* e”M) /X (8(0) — §())* Q)

1
§4< do_ el/M>v2, (7.27)

32M?%  16M?
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where in the last line we used the fact that by convexity of x > x2,

/X (8(x) — 2())*dQx) <2 /X (8(x) — g0(x))* dQ(x) +2 /X (3(x) — go(x))’ dQ(x),
= 4/){(8()6) - go(JC))2 dQ(x), (7.28)

as (g — g0)?> < (g — go)? by definition of g. This completes the proof of Lemma 7.8.

7.8. Proof of Theorem 7.3

In the sequel, we assume that the assumptions of the theorem hold. Below, we give a uniform
bound for the centered process M,, — M, with M,, and M as in (7.1) and (7.4) respectively. In
the sequel, the notation < means “is bounded up to an absolute constant”. Moreover, the capital
E denotes outer expectation in cases when we consider expectation of a random variable which
we have not proved to be measurable.

Proposition 7.9. Let K > 2V (2Ky). Then, for all v € (0,2K], there exists A > 0 that depends
only on ag and M such that

VRE| sup [(M, — Mg — (M, — M)go|| = Ad(1 + VTR)$u(v), (7.29)

geg[{u

where ¢, (v) = v'/2K32(1 + KV/2y=3/2p=1/2),

Proof. Define for n > 0 and fixed v € (0, 2K]]

n ~
s = [\ 1+ Ha (e, Foo I - Ix)de.

where we recall that || - || p is the Bernstein norm, and va is defined in (7.10) with C =
4MK?. By Lemma 7.8, there exists a constant A> > 0 depending only on ag and M such that
||f7||3‘[p> < Apv for all f € ]?Kv. It follows from Lemma 3.4.3 of van der Vaart and Wellner [26]
(using the notation of that book) that

J(A
E[”G””fkv]SJ(sz)<l+ (A2v) >’

Adv2/n

where by Lemma 7.8 and the inequality /u + v < 4/u + /v for u, v > 0 we have that

n Aid(1+4/gR
0
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for all n > 0. Note that v € (0, 2K] implies that v < v1/221/2 K172 and hence
J(Av) < (A2 PKV2 £ 2(A1d(1 +TR)) P AV )12 < A3 (d(1 + VTR)) 2K /2012

using that K > 1, where A3 depends only on ag and M. Hence, by definition of F kv, Which has
the same entropy has the class Fx, — fo ={f — fo, f € Fkv}, we obtain

ViE| sup |, ~M)(&) = Wy — Do) || = EIGa 7, o]
8€YKkv

=4MKE[IGl 7, _ 1] S ¢n(®)

which completes the proof of Proposition 7.9. (I
Now we are ready to give the proof of Theorem 7.3.

Proof of Theorem 7.3. In the sequel, we consider K = Clogn for some C > 0 that does not
depend on 7, and v € (0, 2K]. It follows from Proposition 7.9 that for all n sufficiently large, we
have (7.29) where

¢ (v) = (logn)*2/v(1 + (logn)/2v=3/2p~1/2)

and A depends only on ag, M and C. Since with D taken from (7.5), we have D(g, go) < llgllco +
llgolleo < 2K for sufficiently large n and all g € Gk, the above inequality holds for all v > 0.
Furthermore, g, maximizes M, g over the set of all functions g of the form g(x) = W(a x),
x € X witha € Sy_1 and ¥ a non-decreasing function on R, and it follows from Lemma 7.1 that
with arbitrarily large probablity by choice of C, g, maximizes M, g over the restricted set Gg.
Hence, we can use Lemma 7.2 and Proposition 7.9 above, together with Theorem 3.2.5 in van der
Vaart and Wellner [26] with « = 1/2 and r,, ~ nl/3 (log n)_5/3, to conclude that D(g,, go) =
0[*7 (n~1/3 (log n)>/3), which completes the proof of Theorem 7.3. [l

7.9. Proof of Theorem 4.1

Assuming that (A1)-(A4) hold, we give a second uniform bound for M,, — M. The bound is
sharper than the one obtained in Proposition 7.9 for the case where all functions g in the consid-
ered class of functions satisfy (7.6) for some v < (log n)2n~1/3. As before, the notation < means
“is bounded up to an absolute constant”.

Proposition 7.10. Ler K = Clogn for some fixed C > 0, v € (0, (logn)*n='3] and ¢, (v) =
V1721 +v7=32n=1/2) Then for n large enough we have that

k| sup |y — Mg — (1 Mgo|] = Adu(v),
8€YKv

where A depends only on R, ag, M, q, q and K.
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Proof. Assume n large enough so that K > (2Kj) Vv 2 and use (7.7) to write that the expectation
on the left-hand side of the previous display is bounded above by

VAE| sup |(M, — M)g — (M, — MDE| |+ VAE| sup [(M, — M)F — (M, — Mo |
g€0ky g€k
Hence, in the notation of van der Vaart and Wellner [26]

VAE[ sup |y — Mg = O —W0g0| | < E[IGalz )+ E[IGulz). (730
8E€YKY

where Fi = Fk, and F» is the class of functions f — fo such that f_ € Fokp)v- To give a bound
for the first term on the right-hand side, consider v’ = (log n)zn’l/ 6 J/v. It follows from
Lemma 7.8 that for all € € (0, Az_l v], we have

~ Al v/
Hp(e, Fiv | -5 %) < og( ) =M +a)— (731)
provided that n is sufficiently large, where we used the fact that log(x) < J/x for all x > 0 for
the second inequality. Since the class Fi:= Fky is included in F Kv'» its e-bracketing entropy
can be also bounded above by (7.31) for all ¢ € (0, A, ). Using again the inequality /x +y <
Vx+ . /y forall x,y >0, we can write

Aov —
DAy = [ 1+ Hae Bl e ds

< Aw+2(A1 (1 + ) P (A) 72 < A3 (v/v)

using that v < v" and K > 1, where A3 > 0 is a constant depending on ag, M and d. Lemma 7.8
implies that || f lzp < Azv for all f € ]-"1 Invoking Lemma 3.4.3 of van der Vaart and Wellner
[26] allows us to write that

J1(Azv) SN2 (H1/?
E[||Gn||ﬁ1]§JI(A2U)<1+W>5143(” v) (1+ %/2\/—)

at the cost of increasing A3. Now, using the definition of F 1, we have that

1
E[”Gn”}'l] = 4MK2E[||GH||]?I] = A3U1/2<1 + m)
at the cost of increasing A3. This gives a bound for the first term on the right-hand side of (7.30).
To deal with the second term, we apply Lemma 7.8 to the class F, = Faky)y With K =
2Kg. Here, C = 4MK§ is independent of n, and J>(A2v) < A3v]/2 for some A3z > 0O that does
not depend on n, where J, is defined in the same manner as J; with Fi replaced by F. By
Lemma 3.4.3 of van der Vaart and Wellner [26], we have

1
_ 2 ~ 1/2
E[”Gn”fz]_16MK0E[”G"”.7:2] = Asv <l+ v3/2ﬁ>



LSE in the monotone single index model 3309

at the cost of increasing A3. Combining the calculations developed for both classes together with
(7.30) gives the claimed form of the entropy bound. O

Proof of Theorem 4.1. Theorem 7.3 implies that with a probability that can be made arbitrarily
large, the LSE g, belongs to Gx, with K = Clogn and v = (logn)?n~1/3 for some C > 0 that
does not depend on n. The result follows now from Theorem 3.2.5 of van der Vaart and Wellner
[26] with @ = 1/2 and r,, ~n'/3. O
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Supplementary Material

Supplement to “Least squares estimation in the monotone single index model” (DOI:
10.3150/18-BEJ1090SUPP; .pdf). We provide additional proofs, we give an algorithm to com-
pute the LSE exactly for the special case when d = 2, we give properties of exponential families,
and we provide additional simulations for Section 5.
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