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In this paper, we provide a proof for the Hanson—Wright inequalities for sparse quadratic forms in sub-
gaussian random variables. This provides useful concentration inequalities for sparse subgaussian random
vectors in two ways. Let X = (X1, ..., X;u) € R™ be a random vector with independent subgaussian com-
ponents, and & = (&1, ..., &) € {0, 1} be independent Bernoulli random variables. We prove the large
deviation bound for a sparse quadratic form of (X o £)T A(X o &), where A € R™>™ is an m x m matrix,
and random vector X o & denotes the Hadamard product of an isotropic subgaussian random vector X € R™
and a random vector & € {0, 1} such that (X o §); = X;§;, where &|, ..., &, are independent Bernoulli
random variables. The second type of sparsity in a quadratic form comes from the setting where we ran-
domly sample the elements of an anisotropic subgaussian vector Y = H X where H € R"*™ isanm x m
symmetric matrix; we study the large deviation bound on the ¢>-norm || Dg Y||% from its expected value,
where for a given vector x € R™, D, = diag(x) denotes the diagonal matrix whose main diagonal entries
are the entries of x. This form arises naturally from the context of covariance estimation.
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1. Introduction

In this paper, we explore the concentration of measure results for quadratic forms involving a
sparse subgaussian random vector X € R™. Sparsity can naturally come from the fact that the
high dimensional vector X € R is sparse, for example, when the elements of X are missing at
random, or when we intentionally sparsify the vector X to speed up computation. The purpose
of the paper is to prove the Hanson—Wright type of large deviation bounds for sparse quadratic
forms in Theorems 1.1 and 1.2.

Sparsity comes in two forms. In Theorem 1.1, we randomly sparsify the subgaussian vector X
involved in the quadratic form X T AX, where X = (X1,..., X)) € R" is a random vector with
independent subgaussian components, and & = (&1, ...,&;,) € {0, 1}’* consists of independent
Bernoulli random variables. In particular, we first consider (X o )T A(X 0&), where X o e R
denotes the Hadamard product of random vectors X and & such that (X 0 §); = X;&; and A is an
m x m matrix. The second type of sparsity comes into play when we sample the elements of an
anisotropic subgaussian random vector ¥ = DoX where X € R™ is as defined in Theorem 1.1
and Dy € R™*™ is an m x m symmetric matrix.

The bound in Theorem 1.2 allows the second type of sparsity in a quadratic form in the fol-
lowing sense. Suppose Ag is an m x m symmetric positive semidefinite matrix and A/? is the

g pp 0 y p 0

unique square root of Ag. Suppose we randomly sample the rows or columns of A(l)/ % to construct
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a quadratic form as follows,

xTa)?A)7x - XT A De A)*X. 1)

We state in Theorem 1.2, where we replace A(l)/ 2 with Do, a symmetric m X m matrix, the large
deviation bound for the sparse quadratic form on the right-hand side of (1). These questions arise
naturally in the context of covariance estimation problems, where we naturally take Ag and Dy
as symmetric positive (semi)definite matrices.

The following definitions correspond to Definitions 5.7 and 5.13 in [17]. For a random variable
Z, the subgaussian (or ¥2) norm of Z denoted by || Z||y, is defined to be [17]:

1Zlly, = sup p~"/(E|Z|?)"/?  which is the smallest K»
p=1
which satisfies (]E|Z|p)1/p <KxJ/p Vp>1;
ifE[Z] =0, then Eexp(tZ) <exp(Ct*|Z|j,)  forallt eR.
We use X' ~ X, where X, X’ € R™, to denote that two random vectors follow the same distribu-
tion. For a symmetric matrix A = (g;;) € R"™*™, let Ayax(A) and Ayin(A) denote the largest and

the smallest eigenvalue of A, respectively. Moreover, we order the m eigenvalues algebraically
and denote them by

Amin(A) =211(A) =A2(A) < -+ < Ap(A) = Amax(A).

For a matrix A, the operator norm ||A||; is defined to be \/Amax (AT A). In particular, we prove
the following theorem.

Theorem 1.1. Let X = (X1,..., X;n) € R™ be a random vector with independent components
X; which satisfy EX; =0 and || Xy, < K. Let § = (&1, ...,&,) € {0, 1} be a random vector
independent of X, with independent Bernoulli random variables &; such that E(&;) = p;. Let
A = (a;j) be an m x m matrix. Then, for every t > 0,

P(|(X0&)TA(X 0&) —E(X 0 &) A(X 08)| > 1)

<3 ( , ( r? t )) 2
<2exp| —cmin , )

K4CTisy pragy + Xizjarpip) K2lIAl2
where X o& denotes the Hadamard product of random vectors X and & such that (X 0o&); = X;&;.

Let £ be as defined in Theorem 1.1. We now randomly sample entries of a correlated sub-
gaussian random vector ¥ = DX and study the large deviation bound on the norm of || DgY ||%
from its expected value in Theorem 1.2, where for a given x € R", D, = diag(x) denotes the
diagonal matrix whose main diagonal entries are the elements of x. And we write D, := diag(x)
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interchangeably. Partition a symmetric matrix Do € R™*™ according to its columns as Dy =
[di,da, ..., dy]. Denote by

m
Ag:=D§=> did] = (a;j) = 0. 3

i=1
The bounds in Theorem 1.1 and Theorem 1.2 reduce to essentially the same type.
Theorem 1.2. Let D¢ be a diagonal matrix with independent elements from the random vector
& €{0,1}", where E§; = pj, for 0 < p; < 1. Let X be as defined in Theorem 1.1, independent
of§. Let Ag = (a;j) = D(z). Let Y = DoX. Then, for every t > 0,

P(|Y" DeY —EYT DeY| > )

2
t t
=:P(|S| >t §Zexp<—c2min< , )),
( ) K*QTILy piag + Xz a5 pip) K2 1Aoll2

where ca, C are some absolute constants.

To illustrate the sparse Hanson—Wright inequalities, we will consider the covariance estimation
problem in the matrix variate model which we now define. A positive semidefinite matrix X is
said to be separable if it can be written as a Kronecker product of two positive semidefinite
matrices A € R™*" and B € R"™", for which we denote by ¥ = A ® B = (a;; B), where ®
denotes the Kronecker product. We first work with the separable covariance model, however,
now under the much more general subgaussian distribution, where we also model the sparsity in
data with a random mask. Let By = (b;;) € R"*" and Ag = (a;;) € R™*™ be symmetric positive
definite matrices, and Bé/ 2 and A(l)/ % be the unique square root of By and Ag respectively. We
denote the n x m data matrix by

X:[x1x2 x"’]:[yl ¥ y”]T

with column vectors x!, ..., x™ € R" and row vectors yl, ..., y" € R™ Consider an n x m data

matrix X which is generated from a random matrix Z,x, = (Z;;) as follows:
1/2,, (1/2
X = B)*z.A}?, “)
where Z;; are independent subgaussian random variables with
EZij=0 and |Zjlly, <K and EZ}=1 Vi

Suppose that we now observe for X as defined in (4)

X=UoX whereU=[v'v?...v"]" ef0, 1}"*", ®)
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where v!, ... v ~ve {0, 1} are independent random vectors such that v is composed of in-
dependent Bernoulli random variables with Evy = ¢, k =1, ..., m. Hence, we observe for each
row vector y' of X:Vi=1,...,n,

vio yi where v,i ~ Bernoulli(¢y), Vk=1,...,m. (6)

When Z is a Gaussian random ensemble with i.i.d. N (0, 1) entries, we say that random matrix X
follows the matrix-variate normal distribution with a separable covariance structure:

Xnxm '\“-N'n,m(o, AO,mxm ® BO,nxn)- @)

See [3,8,19] for characterization and examples. When the data (7) is observed in full, the the-
ory is already in place on estimating matrix variate Gaussian graphical models which encode
the conditional dependency structures in the precision matrices [19]. In particular, sample and
penalized correlation estimators for the correlation matrix p(Bg) and p(Ag) can be derived from
the gram matrix XX’ and X7 X respectively.

We exploit such similar relationships in the present work, which leads to the consideration
of a set of oracle estimators which we present in Section 5. The task we will focus on in the
current paper is limited to presenting the concentration of measure bounds on entries of the
gram matrices X X7 and X7 X’ for the subgaussian data matrix generated from the model (4)
and (5). We will show that these estimators possess excellent statistical convergence properties
once the sampling rate is above a certain threshold. We leave the full-fledged development of
graphical model estimation with incomplete data to a follow-up paper [21]. Indeed, beyond the
above mentioned similarities in terms of using the gram matrices as the input to our estimation
procedures, the theory and estimation tasks will depart significantly from the baseline model
in (4) where we observe the full data matrix.

We mention without a proof the following Theorem 1.3, which is a variation upon Theo-
rem 1.2. We use this theorem in the proof of Theorems 5.1 and 5.3. Formally, we have the
following theorem.

Theorem 1.3. Let X = (X1,..., X;n) € R™ be a random vector as defined in Theorem 1.1.
Let X' ~ X, where X', X are independent. Let & = (&1, ...,&,) € {0, 1}* be a random vector
independent of X, X', with independent Bernoulli random variables &; such that E(&;) = p; for
0 < pi < 1. Let D¢ be a diagonal matrix with elements from the random vector & € {0, 1}".
Partition an m x m symmetric matrix Dy according to its columns as Do = [d1,d>, ..., dy]. Let
Ao = (aij) = Dg. Let Y = DoX and Y' = DoX'. Then, for every t > 0,

2
]P’(|YTD5Y’| >t)§2exp(—czmin< ! ! )),

2 2 ’ 2
KLy piag; + 3 iz aipipj) K2l Aol
where ¢y, C are some absolute constants.

The proof follows from Theorem 1 in [14], where X, X’ are independent and hence the in-
tricate decoupling argument can be entirely avoided. Moreover, we will no longer bound the
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diagonal and the off-diagonal sums separately given that the sum is over decoupled random vec-
tors X, X’. The part which deals with the randomness due to & € R™ follows the same line of
arguments as those in Theorem 1.2.

Before we leave this section, we also introduce the following notation. For a random variable
Z, the sub-exponential (or ¥1) norm of Z denoted by ||Z]|y, is defined to be the smallest K>
which satisfies

(E|Z|")1/p <Kp Vp=>1; in other words

_ 1
1Z1ly, = sup p~" (E1ZI) """
p=1

For two m x n matrices M, M»>, denote by M1 o M, the Hadamard or Schur product, which is
defined as follows:

(My 0o Mp)ij = (My);j - (M3);;.

For a matrix A = (a;;) of size m x n, let || A||c = max; Z;=1 |a; ;| denote the maximum absolute
row sum of the matrix A and ||A|l; = max; > ;. |a;;| denote the maximum absolute column
sum of the matrix. The matrix Frobenius norm is given by ||A||F = (Zi’j ai2j)1/2. Let |Almax =
max; ; |a;;| denote the elementwise max norm. Let diag(A) be the diagonal of A. Let offd(A) be
the off-diagonal of A. Let || Allmax,offa = || offd(A)|lmax = max;; |a;;| denote the elementwise
max norm on the off-diagonal of A, and || A|lmax,diag = |l diag(A) lmax = max;|a;;| denote that
of the diagonal of A. Let tr(A) be the trace of A. For matrix A, r(A) denotes the effective rank
tr(A)/||All2. We use A~7 as a shorthand notation for (A~")”". For two numbers a,b, a A b :=
min(a, b), and a VvV b := max(a, b). We write a < b if ca < b < Ca for some positive absolute
constants ¢, C which are independent of n, m or sparsity and sampling parameters. Throughout
this paper Co, C, C1, ¢, c1, ... denote positive absolute constants whose value may change from
line to line. For a vector X € R™, let X 5, denote (X;);ca; for a set As C [m].

2. Consequences and related work

In this section, we first compare with the following form of the Hanson—Wright inequality as
recently derived in [14], as well as an even more closely related result in [13]. Such concentration
of measure bounds were originally proved by [9,18]. The bound as stated in Theorem 2.1 is
proved in [14].

Theorem 2.1 ([14]). Let X = (X1, ..., X;m) € R™ be a random vector with independent compo-
nents X; which satisfy EX; =0 and || X;|ly, < K. Let A be an m x m matrix. Then, for every
t>0,

2‘2

t
K4ANZ K2||A||2))‘

When X is a vector whose coordinates are =1 Bernoulli random variables, the following
lemma in the same spirit as in Theorem 1.1 is shown in [13].

]P’(’XTAX —IEXTAX’ > t) < 2exp(—cmin<
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Lemma 2.2 ([13]). Let J be a random subset of [m] of size k < m uniformly chosen among
all such subsets. Denote by Ry = Zje je jejT the coordinate projection on the set J. Let Y =
(&1, ..., &m) be vector whose coordinates are £1 Bernoulli Random variables. Then for any
m X m matrix A and any t > 0

P(|[Y"R;AR;Y —EYTR;AR;Y| > 1)

oo 1)
exp| —cmin| ——, —— ] ).
=oo KIAIZ Al

Other related results include [1,2,6,7,11,12]. We refer to [14] for a survey of these and other
related results.

Clearly, the large deviation bounds in Theorems 1.1 and 1.2 are determined by the following
quantity

m
M=) piaj;+ ) ajpip;.
i=1 i#]

We now state some consequences of Theorems 1.1 and 1.2 in Corollaries 2.3 and 2.4.
Lemma 2.2 and Corollaries 2.3 and 2.4 show essentially a large deviation bound at roughly
the same order given that

p| diag(A) ||§ + p?|offd(A) ||§ < pm||Al3

while k| A3 = £m| A|3.
The following Corollary 2.3 follows from Theorem 1.1 immediately.

Corollary 2.3. Let X, & be as defined in Theorem 1.1. Let py = pr) =---=pu = p. Let A=
(aij) be an m x m matrix. Then, for every t > 0,

P(|X"D¢AD: X —EX" DsADe X| > 1)

2
t t
§Zexp<—cmin< - , ))
K*(pldiag(A)[17 + plloffd(A) 7)) K>lIAll2

Corollary 2.4. Let Dy, Ao, X, &, Y be as defined in Theorem 1.2. Let py = pr=+-+-= py = p.
Then, for every t > 0,

P(|Y"DeY —EY' D:Y| > 1)
=P(|IID¢ Do XI5 — El Ds DoX 13| > 1)

2
t t
§2exp<—cmin( - , ))
K*(plidiag(A0) |7 + p*lloffd(Ag)lI7) " K> Aoll2
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Corollary 2.5. Suppose all conditions in Corollary 2.3 hold. Let A € R™*™ be positive semidef-
inite. Suppose EXI2 =1and

logm|| A2 = o(ptr(A)). ®)
Then with probability at least 1 — 4/m*,
|XT D¢ AD X| < ptr(A)(1+0(1)).
Proof. Define

S=Y aij(Xi& X & —EXiE X E)).
ij
Thus ES =), a;;EX l.zEé,- = ptr(A). We have under conditions of Theorem 1.1, with probability
atleast 1 —4/ m*, for some absolute constant C,
S| := | X" D¢ AD: X — ptr(A)|
< CK?log"?m(log' 2 m||All2 + /P | diag(A) | , + p|offd(A)| ) =:1

where under condition (8), the deviation term is of a small order of the expected value ptr(A);
that is,

t <logm|All2 +log"/? m(/p|diag(A)|| . + plAllF) = I + 1 =o(ptr(A)).

To see this, notice that (8) immediately implies that the first term in ¢ is of o(p tr(A)). Now in
order for the second and third term to be of o(ptr(A)), we need that

VPIAlFlog!?m « ptr(A) and hence p > logm|A|%/ tr(A)?

1Al < Al

A Z a2 which in turn is due to || A[|3 < tr(A)[|Al|,.

which is satisfied by (8) given that
Corollary 2.6. Suppose that (8) and all conditions in Corollary 2.4 hold. Assume E X? =1.
Then with probability at least 1 — %, |XTD0D5 DoX| = ptr(Ag)(1 4+ o(1)).

Proof. First by independence of X and &, we have for EX 12 =1,

m m
EXTAcX =E) XPAcu = ) E(XD)E(Ag )
k=1 k=1
m

m
- Z Ezgfdke = ZPE dee —Zmazz
=1 =1 k=1
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We have by Corollary 2.4, with probability at least 1 — —,

m
X" DoDs DoX| <Y aiipi + CK*log"> m(log"/> ml| Aollz + /M)
i=l1

< pllDoll%
+ CK*log"?m(log"? m|| Aoll2 + /P diag(Ao) | » + p|offd(A0)|| )

for some absolute constants C, where v M < J/Plldiag(Ao) || F + plloffd(Ao) || 7. The rest of the
proof for Corollary 2.6 follows from that of Corollary 2.5. ]

2.1. Implications when pq, ..., p,, are not the same

We first need the following sharp statements about eigenvalues of a Hadamard product. See for
example Theorem 5.3.4 [10].

Theorem 2.7. Let A, B € R"*"™ be positive semidefinite. Let ax := max}. | a;; and by =
max]_, bj;. Any eigenvalue of A(A o B) satisfies

m
Anin(A)Amin(B) < (rin_i?aii)xmm(m
<A(AoB)
< aoo)\max(B) < )\max(A))Lmax (B)

Corollary 2.8. Suppose all conditions in Theorem 1.2 hold. Suppose EXI2 =1. Let p=
(P1s---, Pm)- Let Iply:= Y1, pi and |pll3 = Y1, p?. Then with probability at lest 1 —4/m*,

X7 DoDe DoX| = 3 prld + K log” 2| Doll2 1og' /2 ml| Doll2 +2(max|d; 2 1pl; ).
i=l1

Proof. Recall Ag = (a;;) = D(2) > 0. Let ax := max;”:1 a;; = max; ||d; ||%. Thus, we have ay <
||D0||%. Denote by p = (p1, ..., pm). We have by Theorem 2.7,

m
M piai2i+2ai2jp,~pjSZpiaiZi+pT(A00AO)P
i#j i=l1

§o|p|1 + Amax (Ao 0 Ao) Ipll3

Il
.MS

I
-

1

aZIpl1 + asoll Ao ll2IplI3 < 2ano | Aoll2Ipl1,

where ||p||% < |pl1. The corollary thus follows immediately from Theorem 1.2. O
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Remark 2.9. Assume that p; > 10§1m and hence |p|; > logm. Then we have ||p|l» < Ip|}/2 <

|pl1. Notice that the second term starts to dominate when |p| i/ 2 >> log m while the total deviation
remains to be a small order of the mean Y\, p;|ld; ||% so long as

log m maxg ||d |31 Doll3
pl > —

ming [|dk |3

We will use examples in Section 5 to elaborate on the lower bound immediately above.

2.2. Preliminary results

Before leaving this section, we provide some preliminary results which are used throughout the
paper. We use the following properties of the Hadamard product [10],

Aoxx” =DyAD, and
tr(Ds AD:AT) =T (Ao A)g
from which a simple consequence is tr(Dg ADg) = &7 (Ao )& = £ diag(A)é.
Theorem 2.10 shows a concentration of measure bound on a quadratic form with Bernoulli
random variables where an explicit dependency on p;, for all i, is shown. The setting here is dif-
ferent from Theorem 2.1 as we deal with a quadratic form which involves non-centered Bernoulli

random variables. Theorem 2.10 is crucial in proving Theorem 1.2. The proof of Theorem 2.10
is deferred to Section 6.

Theorem 2.10. Let &£ = (&1,...,&y) € {0, 1} be a random vector with independent Bernoulli

random variables &; such that & = 1 with probability p; and 0 otherwise. Let A = (a;;) be an

. 1
< S
m X m matrix. Then,for every 0 A T0dmax(NAT LT ATeo)

m
1
111*367(P<?L Zaij$i€j> =< eXP<X(ZaiiPi + Zaijpipj)> *eXP<§)L Zlaij|6izaj'2>
iJ i=1

i#] JF#

1 m
* exp <C5A (5 Z'a” lpi + Z|aij |p./p.i)>’
i=1

J#i
where oiz = pi(1 — p;i) and C5 < 0.04.
We use the following bounds throughout our paper. For any x € R,
X 1 2 x|
e§1+x+§xe . ®

We need the following result which follows from Proposition 3.4 in [15].
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Lemma 2.11. Let A = (a;j) be an m x m matrix. Let as :=max;|a;;|. Let § = (§1,...,&y) €
{0, 1}" be a random vector with independent Bernoulli random variables &; such that & = 1 with
probability p; and 0 otherwise. Then for |A| < #

EGXP<KZaii(Ei —Pi)) <eXp( 2e 'M""OZan l),

i=1
where al.z =pi(1 — pi).

We need to state Lemma 2.12, which provides an estimate of the moment generating func-
tion for the centered sub-exponential random variable Zj := X,% — IEX,% for Xj as defined in
Theorem 1.1.

Lemma 2.12. Let X € R be a subgaussian random variable which satisfies EX = 0 and
Xy, < K.Let|t| < 235 e Denote by Co :=38.94. Then

E(exp(t(X? —EX?))) < 1 +38.947°K* < exp(Cor?K*).

The proof follows essentially that of Lemma 5.15 in [17]; we provide here explicit constants.

The rest of the paper is organized as follows. In Section 2, we compare our results with those
in the literature. We then prove Theorem 1.1 in Section 3 and Theorem 1.2 in Section 4. In
Section 5, we provide a general theory on concentration inequalities under masks for entries of
the gram matrix X’ Tx and XXT, where X is the observed data from the matrix variate model
(cf. (5)). We prove Theorem 2.10 in Section 6. We leave certain calculations in Appendix A for
the purpose of self-containment, namely, the proof of Lemmas 2.12 and 3.2.

3. Proof of Theorem 1.1

The structure of our proof follows that of Theorem 1.1 by [14]. The problem reduces to estimating
the diagonal and the off-diagonal sums.
Part I: Diagonal sum. Define

m

m m m
So := Zakkékxlz — EZakkkaIE where EZakkEkX,% = ZakkpkEXl%' (10)
k=1 k=1 k=1 k=1

Lemma 3.1. Let X and & be defined as in Theorem 1.1. Let A be an m x m matrix. Then, for

every t >0,
> t)

m m
P( Zakkkai - ZakkpkEX,,%
1
=P(So > 1) +P(So < =) = 2exp| ——min
e

k=1 k=1

l2

t
3KAY T al pe K2 maxk|akk|)i|'
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We prove Lemma 3.1 after we state Lemma 3.2. For the general case where X are mean-zero
independent sub-gaussian random variables with || Xy ||y, < K, we first state the following bound
on the moment generating function of X ,%

Lemma 3.2. Suppose that |\| < 1/(4eK2man |akk|). Then for all k, we have for all ayr € R
Eexp(rapX) — | < raEXE + 163%af, K*. (11)

Proof of Lemma 3.1. We first state some simple fact: max;’_, IEXI.2 < K?. By independence
of X1,..., Xy and &1, ..., &, we bound the moment generating function of Sy as follows: for

<1
|)\'| — 4eK? maxy|ag|

m m
Eexp(LSp) = Eexp (A ngX]%akk —A Z pkakkIEX,%)
k=1 k=1

ﬁ (Eexp(xakkst,%)> B ﬁ E:Ex exp(Aaiéc X})

_k:] exp(ApraEX}) i exp(ApraEX})

ﬁ 1+ pr(haEXF + 1612ag, K*)

A

e exp(ApraEX?)
m 2 2pral K* S
exp(Apray EX: + 160~ pra;, K
< p(Aprakk k 2pk kk ) =exp 16)»2K4Zpk(11%k >
Pl exp(Apra EX}) k=1

where we used (11) for the first inequality and the fact that 1 + x < ¢* for the second inequality.

Hence for0 < A < %, we have
4e K= maxy|agk|

Eexp(AS “
P(So > 1) < 2P0 _ oy 16K*2% 3" prafy
e)\.t P

for which the optimal choice of A is

t 1
A = min , .
(32K4 S pray, 4eK?maxy|ag| >

Thus, we have

m m
P(ZakkEkX]% — Zakkpk]EX/% > t)
k=1

k=1

<or] - )]
<exp| —— min , i
4e 3K prap, K2 maxg|ag|
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We note that these constants have not been optimized. Repeating the arguments for —A instead
of A, we obtain for every t > 0, and for S} := Y 1| (—a )& X7 — > jy (—ak) pkEX?

m m
]P’(Zakkka]% — dekpk]EX,% < —t)

k=1 k=1

IP’(S’ t) - |: 1 . < 2 t >i|

= > exp| —— min , .

0 =P Tg 3K4Y T prad, K% max|ag]

The lemma thus holds. O

Part II: Off-diagonal sum. We now focus on bounding the off-diagonal part of the sum:

m
Softd := Zaij XiX &,
i#]
where by independence of X and &, ESyfq = Z:’; ;ai GJEXGEX EEEE; = 0.
We will show that the following large deviation inequality holds for all 7 > 0,

2
t t
P(|Softal > ¢ §Zexp<—cmin< , )) (12)
( ? ) K4Zi;éjai2jpipj K2| Al

First we prove a bound on the moment generating function for the off-diagonal sum Sofrq. We
assume without loss of generality that K = 1 by replacing X with X/K. Let C4 be a constant to

i S
be specified. It holds that for all |A| < STCIAD
Eexp(ASofia) < exp<1.44C4A2 Zafj pip j). (13)
i#]
N S
Thus we have for0 < A < S7CIAT andt > 0,

E ASoff
P(Soffa > 1) < 7GXP(M offa) < exp(
e

—Mt+1.44C40% > " pip ja?j)
i#]

Optimizing over XA, we conclude that

2
t t
P(Softg > 1) < exp(—cmin( 3 , >> =:q]. (14)
Zi;&j a,-jpipj 1All2

Repeating the arguments for —A instead of A, we obtain for §' := sz;éj (—aij)Xi X &&=

—Sofid, 0 <A < 72~/C_4IHAH2 and 7 > 0,
Eexp(AS’) _ Eexp(—ASofta) 5 5
! == . .
P(S'>1)s——=—x <exp( —2t + 1.44C02 Y pipjal ) <ai

i#]
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by (13) and (14). Thus we have
P(|Softal > 1) =P(Sofia > 1) + P(Softa < —1) =P(Sotia > 1) + (8" > 1) =2¢;.

Thus (12) holds for all # > 0. The theorem is thus proved by summing up the bad events for
diagonal sum and the non-diagonal sum while adjusting the constant c in (2).

The proof of (13) follows essentially from the decoupling and reduction arguments in [14]
and thus omitted from the main body of the paper. For completeness, we include the full proof
in Appendix C. See, for example, [4,5] for comprehensive discussions on modern decoupling
methods. (]

4. Proof of Theorem 1.2

Let X, &, Dy and D be defined as in Theorem 1.2. We assume without loss of generality that
K =1 by replacing X with X/K. Denote by £ = (&1, ...,&;) € {0, 1} a random vector with
independent Bernoulli random variables &; such that & = 1 with probability p; and 0 otherwise.

We will bound the diagonal and the off-diagonal sums separately. Let Do = [d1, da, ..., di]
be a symmetric matrix. Recall that we need to estimate

q:= ]P’(‘XTAgX - ]EXTA5X| > t) where Az = DoDg Do =: (ajj).
We first separate the diagonal sum from the off-diagonal sum as follows:

m
D XiAeuk — E(XD)E(Ae.ui)
k=1

XTAcX —EXTA:X| < ) XiXjAeij| +
i)

=: |Soffd| + |Sdiag],

where Soffa and Sgiag denote the following random variables:

Soffd := ZXinAs,ij = ZXinEij and
i#] i#]

m
Sdiag := ZX/%AEJCIC — ]E(X,%)E(Ag,kk).
k=1

To prove Lemma 4.5, we need the following bounds on moment generating functions for the
diagonal sum in Sgiag in Lemma 4.1 and the off-diagonal sum Sefrg in Lemma 4.4. Let Ag =
D% = (a;;j) > 0. The constants in the expression for N (and M) are not being optimized:

m
N=82% "ajpi+108) alpipj. (15)
i=1 i#]
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1
Lemma 4.1. For all |A| < 557501

Eexp(ASgiag) < exp(A*N) and Eexp(—ASgiag) < exp(A*N).

To prove Lemma 4.1, first we write Sqiag = So + Sx where

0= i(xz—w:(xz»Aakk=i<x£—1@(x£)>(id@a), a6

k=1 k=1
m m m
Sei= > E(XD)Aeuk — E(XD)E(Ae) = Y E(XP) (Z di (& — Esw), (17)
k=1 k=1 =1
where recall
Ag = DoDg Dy where Doy = [dy, ..., dy]. (18)

We now state the following bounds on the moment generating functions of Sy and S, in
Lemmas 4.2 and 4.3, respectively. The estimate on the moment generating function stated in
Lemma 4.1 then follows immediately from the Cauchy—Schwarz inequality, in view of Lem-
mas 4.2 and 4.3.

Lemma4.2. Let a;; = ||d; |3 for d; as defined in (18). Let ass = max; ||d;||3. Then for |A| < 4(1100,
1 m
Eexp(AS,) < exp(z)ﬂglkaoo Zaizif’iz) where E(Xi) < I Xklly, = 1.

Proof. We have by independence of X and & and by definition of S, in (17)

=Y E(X})) _di& —p,~>:Z<ZE X3 dk,><sz pi) = Za,,(& P,
k=1

i=1 i=1 \k=1 =
where by assumption, we have E(X,%) <[ Xklly, < K =1 and hence

m
0<aj :Z Xk dkl<a” and thus max|a }<aoo

The bound on the mgf of S, follows from Lemma 2.11. For |A| < z-—, we have

Eexp(ASy) = Eexp()\Zal{i(gi — Pi)) < exp( 22 elHaco Z ” o )

i=1

<exp( 22e Ml“"CZa” l).
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Lemma 4.3. Denote by a;j = (d;, d;) for all i # j and a;; = ||d,~||%f0r d; as defined in (18).

Denote by a~, := max; a;;. Let Co = 38.94. Then for || < m < @,

m
Eexp(ASp) < exp(k2 <40ijajz<j +54Zpipjai2j)>. (19)
j=1 i#]
Lemma 4.4. Let Ag = (a;j) = D(z). For all |A] < m for some constant C
Eexp(ASofia) < Eexp(A2C287 (A9 0 Ag)§) < exp(r*M),
Eexp(—Sofia) < exp(A2M),

where Cy =32C? and M = 11C*(3 Y[, pial, + 43, a?. pip))-

We defer the proof of Lemma 4.4 to Section 4.2 and Lemma 4.3 to Section 4.1. We are now
ready to state the large deviation inequalities for the diagonal sum Sgjag, followed by that for the

off-diagonal sum Syfzq.

Lemma 4.5. Let Ag = (a;;) = D(z). Forallt > 0 and N as defined in (15),

1 ?t
P(1Sdiag| > 1/2) < 2exp| —qemin( . 5= ) ).
(| diag| > 1/ )— exp( 16mm<N 32||A0||2>)

For the off-diagonal sum, we now state the following large deviation bound as in Lemma 4.6.

Lemma 4.6. Suppose all conditions in Lemma 4.4 hold. For all t > 0, and some large enough
absolute constant C,

IP’(|SOffd| > t/2) < 2exp<—% min(%, m))
where M = 11C2(3 Y[, pia? +4Y.,; a%.pip)).
The theorem is thus proved by summing up the two bad events:
q = P(ISaiag + Sottal > 1) < P(ISoftal > 1/2) + P(|Saiag| > 1/2)

while adjusting the constant ¢ in (2).
It remains to prove Lemmas 4.1, 4.5 and 4.6.

Proof of Lemma 4.1. Suppose that |A| < . By Lemmas 4.3 and 4.2,

1
128][Ao 12

m
E'2exp(21.5.,) < exp (Aze“'“w Y o; “?j)’
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m
E!/2 exp(21.8)) < exp (80A2 Z pjajz-j) exp(lOSA2 Za?jp,-pj)
Jj=1 i#]

Now we have by the Cauchy—Schwarz inequality,

Eexp(ASdiag) = Eexp(A(So + S.)) < EZexp(21.50)E'/? exp(245..)

m
< exp (82A2 Z afajzj) exp(lOSA2 Z al-zj Di Pj> .

=1 i#] 0

Proof of Lemma 4.5. Lemma 4.5 follows from Lemma 4.1 immediately. Let Ex and [E¢ denote
the expectation with respect to random variables in vectors X and &, respectively.

. . . 1
First, by the Markov’s inequality, we have for 0 < A < 2814,

P(Saiag > 1/2) = P(ASgiag > 1 /2) = P(exp(ASaiag) > exp(it/2))

E exp(A Sdiag) )
Optimizing over A, for which the optimal choice of A is A = ﬁ. Thus, we have for ¢t > 0,
12

t
16N~ 4% 128||A0||2))

e 1 /1 t
xpl —— min| —, —— | ) =: g4.
=P\ 716 N’ 32040l 94

Repeating the argument for —A; instead of Ag, we now consider

P(Sqiag > 1/2) < exp(— min(

m
Stiag = (X7 (—Ae.) + E(X7)E(Ag 1)) = — Saiag-
k=1

By Lemma 4.1, we have for all |1| < m
E exp(ASjiag) = Eexp(—ASdiag) < exp(A°N).

Thus, we have forr >0and 0 < A < %,
1281 Aoll2

Eexp(kS(’ﬁag)

]P(S(/iiag >1/2) < i <exp(—rt/2+ Ni?%) < qu.

The lemma is thus proved, given that for # > 0

P(Saiag < —/2) = P(S}ipe > 1/2) < 4qa.
P(|Saiag) > 1/2) = P(Sgiag > 1/2) + P(Saiag < —1/2) < 24q. O
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Proof. Proof of Lemma 4.6 Lemma 4.6 follows immediately from Lemma 4.4. We have for

1
< s =
0<A S5CT Al and S := Sofiq,

W S exp(—kt/Z + M)\,z)

for which the optimal choice of A is A = ﬁ. Thus we have for ¢ > 0,

P(S > 1/2) < exp(—At/2 + MA?)

- 1 [ f
expl —— min| —, ——— = Goffd-
= eXp 16 M’ 15C|[ Aol qoffd

Similarly, we have for A, ¢ > 0,
PSS <—t/2)=P(-S>1t/2)= IP’(exp(A(—S)) > exp(kt/Z))

Eexp(A(—S))
= — i =exp(—M/2+ M32) < gofta.

The lemma is thus proved using the union bound. (]
The theorem is thus proved. U

The plan is to first bound the moment generating function for the Sp in the diagonal sum in
Section 4.1. We then bound the moment generating function for the off-diagonal sum as stated
in Lemma 4.4 in Section 4.2.

4.1. Proof of Lemma 4.3

Recall Az = DoD; Do = (a;j) = (d Ded;). Then for Gy = d{ Dedy = Y11 di&;

m m

So 1= Z(X]% — EX%)Ag,kk = Z(X]% — EX,%)Ekk.

k=1 k=1

To estimate the moment generating function of Sp, we first consider £ as being fixed and thus
treat a; ; as fixed coefficients. The bound on the moment generating function of Sy as in (16) will
involve the following symmetric matrices A and A, which we now define:

A1:=DgooDg=[diodi,...,dnodnl,
Ay = (af})=A}=(diodi.....dnwody)diody,....dyody)" (20)

m
Z didy) o (ded]') = (di o di)(dy o di)" = 0.
k=1 k=1

Thus, we have both Ag, A> being positive semidefinite, while in general A is not positive
semidefinite unless Dg > 0 by the Schur Product theorem. See Theorem 5.2.1 [10].
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Lemma 4.7. Suppose all conditions in Lemma 4.3 hold. Let Cy = 38.94. Then for |\| <
1 1
6T AT, = Bhass”

Eexp(ASo) < Eexp(Cor?e" A2€) < Eexp(Con? | diag(A¢) ||§). (1)

Proof. We first compute the moment generating function for Sp When & is fixed. Conditioned on
&, Ay, Yk are considered as fixed coefficients. Indeed, for |A| < < e by independence of X;

E(exp(rS0)|€) = Ex exp (x > aw(Xj - EX,%)) = [ [ Ex exp(rauc (X} — EX}))

k=1 k=1

m
1_[ 38 94\ akk) = eXp (Co)\. Zakk>,

k=1

where the inequality follows from Lemma 2.12 with 7 := Ady in view of (22):

Vk, V&, |Aak| < — < where |Gk | < (di, dy) = ark < Goo- (22)

Now

m m m
Do = (d] Dedi)’ = Y w(df Dedyd] Ded)
k=1 k=1 k=1

m m
=Y u(Dedrd{ Dedid) = " £T ((did) ) o did] )& =: &7 Aé,
k=1

where A = (a];) = (Do o Dy)? is as defined in (20). Thus

Ex exp(%.50) < exp(Cor?€” A2€) = exp(Cor? || diag(Ag) | 7) (23)

and (21) is thus proved by taking expectation on both sides of (23) with respect to random
variables in vector &. O

To prove (19) in the lemma statement, notice that for all £ € {0, 1},
= 2
D g = |diag(As) | < Az 117
k=1

Th have for |A| <
us, we have for |A| < ST AT,

Eexp(1So) < Eexp(Cor*||diag(A¢) ||§) < Eexp(Cor?|| A¢l|3) = Eexp(Cor*eT (Ag 0 Ag)E),

where Ag = (a;;). Finally, we invoke Corollary 4.8 to finish the proof of Lemma 4.3.
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Corollary 4.8. Letr Ao, & be as defined in Theorem 1.2. Then for |\| < m and Cy < 38.94

I[Eexp(Cok2 Za?jéié‘j) < exp(kzN),

ij
where N = (4031, pjajz.j +543 4 p,-pjal.zj).

The proof of Corollary 4.8 follows exactly that of Corollary 4.11 in view of Theorem 2.10 and
is thus omitted. The lemma is thus proved. (]

Remark 4.9. An alternative bound can be stated as follows: for A < @,

m
E exp(ASo) < exp (41x2 Y otai; + 5227 ||A1p||§> ,
j=1

where p = [p1, ..., pm] and oj? = p;j(1 — pj). The proof follows from a direct analysis based
on the quadratic form £7 A& on the RHS of (21), which is omitted from the present paper. This
bound may lead to a slight improvement upon the final bound in (19). We do not pursue this
improvement here because the bound in (19) is sufficient for us to obtain the final large deviation
bound as stated in Theorem 1.2.

4.2. Proof of Lemma 4.4

Let Ex and E¢ denote the expectation with respect to random variables in vectors X and &,
respectively. Recall

m
Soffd = ZXin(AS,ij) =: Zain[Xj where 5ij = diTngj = Zdiki:kdjk-
i#] i#] k=1

To estimate the moment generating function of Syfrg, we first consider & as being fixed and thus
treat @;; as fixed coefficients. Lemma 4.10 reduces the original problem of estimating the moment
generating function of Syffq to the new problem of estimating the moment generating function of
S.= ST (Apo Ag)&, which involves a new quadratic form with independent non-centered random
variables &, ..., &, € {0, 1} and the symmetric matrix (Ag o Ag) as shown in (24). Lemma 4.10
follows from the proof of Theorem 1 [14] directly. We omit the proof in this paper.

Lemma 4.10. Consider & € {0, 1}" as being fixed and denote by Az = Do Dg Dy and Ag = D? =
(ajj). Then, for some constant C and |\| < 12C|\17AO\|2 and Cy = 32C2,

Ex exp(ASofta) < exp(C2A?[| A¢ [13) = exp(C22%ET (Ag 0 Ap)E). 24)
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Note that || D¢ Do|l2 < || Doll2 and hence by symmetry
I A¢ll2 = | Do Dg Dg Dolla = || D Doli3 < 1 De 1311 Doll3 = 1 Aol

| Ag |13 = tr(AgDg Ao Dg) = £ (Ag 0 Ap)E.

In order to estimate the moment generating function Sy, We now take expectation with respect

to & on both sides of (24). Thus, we have for |A| < m

E¢Ex exp(Softa) < Eexp(C22°[|Ag|7) = Eexp(C22°E T (Ag 0 A0)§). (25)

Corollary 4.11. Then for |A| <
enough absolute constant,

58CH]—A()H2 and t := CyA%, where C» = 32C? and C is a large

Eexp(r Za%§i§j> <exp(A*M),

iJ
where M := C>(333_1" | a? p; + 44 D aiszipj).

Combining Lemma 4.10, (25) and Corollary 4.11, we have for [A| < m

E(ASofta) < Eexp(C227 | A¢|17) = Eexp(t > afjsis,-) <exp(3*M).
)
Lemma 4.4 thus holds. O
Corollary 4.11 follows from Theorem 2.10 immediately, which is derived in the current paper

for estimating the moment generating function of " := &7 A& where A is an arbitrary matrix and
& is a Bernoulli random vector with independent elements as defined in Theorem 1.2.

Proof of Corollary 4.11. Clearly for the choices of ¢ and A,

5 32¢? 1 1
t=Co0" < < 5 < :
582C2||Agll5 ~ 104[|Agll5 ~ 104[[Ag o Aolli V [[Ag 0 Aolleo

where we use the fact that for symmetric Ay,
[Ao o Aollt = llAo © Aolleo

2 2 2
= max ) a;; = max ||Aoge;l|; <[l Aoll5.
1<i<m
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: . : 1
Thus we can apply Theorem 2.10 with B := (Ag o Agp) to obtain for 0 < ¢ < TOATAT VAT

m
Eexp(t Za%&@) < exp<1.02t Zma%) exp<1.373t Z‘liszipj>

i.j j=1 i)

m
<exp (Cz)\2 (33 Z p.,'ajz-j + 44 Z Di pjaizj)> .

j=1 i#]

5. Application to covariance estimation in a matrix variate
model

In the current paper, we focus on presenting the concentration of measure bounds for entries in
the gram matrices for (4) and (5) rather than estimators for Ag > 0 € R™*™ and By > 0 € R"™*".
In particular, the large deviation bounds in Theorems 5.1 and 5.3 can be used to design a set of
entrywise unbiased estimators for Ay and By, up to a scaling factor, as well as penalized estima-
tors which achieve convergence in the operator and the Frobenius norm in the spirit of [19]. In
this section, we narrowly focus on the baseline concentration of measure bounds on gram matri-
ces XXT and XT X evolving around the relationship (29) and (30). Without loss of generality,
we assume that n <m and n/m — r for some r € (0, 1].
Recall that we observe the matrix variate data under a mask:

X=UoX where X = Bé/ZZA(l)/2 is as defined in (4),
and U is a mask with entries being either zero or 1. We denote U € {0, 1}"*" by
U= [ul u? . um] = [vl V2. v"]T where Vi, v!, ..., v" ~velo,1}"

are independent random vectors such that v is composed of independent Bernoulli random vari-
ables and

Ev=:¢=(1,...,&nm), the vector of sampling probabilities. (26)

Theorem 5.1 justifies the consideration of (29) as an entrywise unbiased estimator of Ag and
0 (Aop); for the sake of proper normalization, we present our bounds using entries of p;; (Ao).

Theorem 5.1. Consider the data generating model as in (4) and (5). Then for t > 0, for each i,

P<f|(u’ ox',u ox’) - tr(Bo)| > r>

aij

2
T T
< 2exp<—c2 min( - , ))7
4K*(¢; || diag(Bo) |13 + ¢ loffd(Bo)lI%) " 2K 2| Boll2
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and fori # j,
IP’( > r)

‘L’2 T
< 6exp<—c2 min( - , ))
4K*(&i¢; |1 diag(Bo) 1 + ¢7¢7 lloffd(Bo)17) " 2K Boll2

(u' oxt,ul oxt)

— pij(Ap) tr(Bo)&i &

Theorem 5.2 follows from Theorem 5.1 and the analysis of Corollary 2.5. The proof is thus
omitted.

Theorem 5.2. Consider the data generating model as in (4) and (5). Let Njj = tr(Bg)¢;, V¥ j and
Nij :==tigjte(By) forall i # j. Then, with probability at least 1 — %, we have

1w 0 X713 2 |Boll
\E ————= —ajj| <CiK“ajjlogm
Ny M w(Bo);
diag(B ffd( B, @7
+c310g1/2majj<” Bl Jotd o>||F)’
tr(Bo)¢ tr(Bo)
and for all i # j,
‘;@’ oxi ul oxj)—,o“(A())
k) lj
Vaii@jjNij
. (28)
) 210gm||B0||2+C4K210g1/2m<”dlag(BO)”F ||0ffd(BO)||F>
B Gigjtr(Bo) V/¢Ci¢jtr(Bo) tr(Bo)

where C1, Ca, C3 and C4 are some absolute constants chosen so that the probability holds.

Some consequences on correlation estimation. For p(Bg), we have a rather nice matrix entry-
wise max norm bound as we will show in Theorem 5.4; For p (Ag), this bound very much depends
on the sampling probabilities in ¢ = (1, ..., &) as shown in Theorem 5.2. In particular, in order
for both terms on the RHS (27) to be of 0(a;;), we require that for all j,

C_Q<10gm||30||2
=

1 B
tw(Bo) ) and similarly Vi # j G = Q(M)

tr(By)

is needed so that both terms on the RHS of (28) will be of o(1). In the context of estimating
p(Bp), we will discuss what happens when the sampling rate is below a certain threshold.

First, we assume that we know the parameters tr(Bg) and ¢ as defined in (26), Theorems 5.1
and 5.2 show that in order to estimate Ap, we may consider the following oracle estimators for
entries of Ag and p(Ao) with the gram matrix X7 X

Ag=XTX QN where N := tr(By)Ev' ® v’ (29)
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and

Si ifi =j,
M‘/:tr(BO){CiCj ifi #j,
where @ denotes entrywise division. Clearly, one can take advantage of the bounds as derived
in (27) and (28) and consider Zo,i,»/(Zo,i,-Xo,,-,-)W in order to estimate p;;(Ap) for each i # j.
We leave the presentation of such estimators and their statistical properties for future work [21],
where we will discuss the estimation of elements in M, ¢ and their concentration of measure
properties. In order to estimate By, we first exploit the following relationship

m
Y awg  ifi=j,
k=1

m

D awgt  ifi# ).
k=1

Bo=xXT @M  where M;; = (30)

Theorem 5.3. Consider the data generating random matrices as in (4) and (5). Then for t > 0,
foreachi,
. z)

<1
]P I
b

<Ui oy, v'o yi) - Zé“kakk
k=1

(3D

< 2exp< min( 2 ! ))

= —C2 9 ’

4K (TR Skagy + Yo aebke) 2K Aoll2
and
) ) (Uioyi,vjoyj) m )
Vigj Pl 01 (Bo) Y amlE| > 1

Vbiibjj k=1 32)

2
t t
< 6exp(—c2 min( , ))
AKH (TR i + Lo age6i60) 2K 1A0ll2

Theorem 5.4 follows from Theorem 5.3 and the analysis of Corollary 2.8. The proof is thus
omitted.

Theorem 5.4. Consider the data generating random matrices as in (4) and (5). Let M;; =
ZZLI ai &k for all i. We have with probability at least 1 — #,for all i,

(v oyl vt o yt) CK?b;; “
T bl = logml Aol + log' P myasel Al | Y4 ). (33)
123 12 k:l
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and for all i # j and M;; = >} a7,

/

C'K?
== (10ngIA0||2+10g1/2m\/aoo||140||2
tj

(v oy, v/ 0y/)

\/WMU

where C, C' are chosen so that the probability holds.

— pij (Bo)

Zz,?) (34)
i=1

Remarks. Let us now elaborate on the choices of ¢ = [{y, ..., &,], which are the sampling
probabilities as defined in (26) to make sense of the relative errors in estimating entries of the
covariance matrix By. Denote by {yin = ming {x and &max = maxy & Let Ag = (a;;) and axo =
max?_; a;; and amin = mml:1 aj;. To ease the discussion, we assume that K = 1 w.l.o.g. First,
we focus on the diagonal entries. Recall that for all i, E(v' o y/, v/ 0 y') = bii (D¢, diag(Ao)),
where D, = diag(¢1, ..., {m)-

Case 1: Suppose that ZZ’ZI & = O (logm). In this regime, the linear in ¢ term in (31) would
be smaller than the quadratic one for all non-trivial values of 7: given that

M= Z;a,l +) ai6ig < 2aoo||Ao||zZ;k

i#]

following the analysis in Corollary 2.8; and hence for t > 4a0o Y 4 Cks

. ( 12 t >
min ,
AT Gial + Yz ageirte) 20 Aol

. ( £2 t > t
> min , = .
8asollAolla Y ey &k 21l Aoll2 2[|Aoll2

Thus we would not see the two-phase behavior of Hanson—Wright inequality when
we set t > 4logm| Aol|2, which is necessary for us to obtain probability error bound
in the order of 1 for some d > 2. Moreover, the large deviation bound we obtain
through (31) is not tight enough for our purpose, in the sense that the RHS of (33) is
Q(b;j;) for all i, when we set t < logm| Agll2-

Case 2: Suppose that all sampling rates are at the same order and

logm||Aoll2
Cmax =X min X p = Q(gtr(To) .
Following the analysis of Corollary 2.5, we have with probability at least 1 — —5,

(Wioyl, vl oy bi:log!2m
TS bi| < 22 ™ (log"2 mll Aoll2 + Gl Aol £) = o(1).
i=14ii6i

" &min tI'(A())
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Case 3: There is no reason to assume a limit on {yax. Suppose instead, we assume that

m
aoollAoll2logm
ng:gz(wz— 35)
k=1 Ain
for aso := max;a;; and amip, = (min; g;;), which would imply that {min =

Q(%). This in turn is slightly stronger than the lower bound on min =
Q(logt:r(t%)o—lh) in Case 2, given that :ﬁﬁ > —tr(’zo) since deo tr(Ag) > ma
when we assume that g;; < 1, for example, when we deal with a correlation matrix,
then (35) is an overall weaker condition than that in Case 2. In general, condition
(35) is needed for the following upper bound to go through. With probability at least

1 — L, forall i, by (33),

2

<in- HOWeVer,

vioyl, vioyl logm| A log'2m/ax||A
<,),]l—y> —bij| < O(bii)< gmldoll +-2 | OH2> =o0(bii),
Zi:l a;; g Cmin tr(Aop) Amin /Zlf"zl T

where the last step holds in view of (35).
Now we exam the rate of convergence for the off-diagonal entries.

Case 1: For i # j, assume that ) ., {kz = O(logm); In this regime, the linear in ¢ term
in (32) would be smaller than the quadratic one for all non-trivial values of ¢, fol-
lowing the same reasoning for the diagonal case, except that the effective sampling
rate becomes Y}, ¢2. Hence, we would not see the two-phase behavior of Hanson—
Wright when we set t > 4logm|| Ag|l>. Moreover, the large deviation bound we obtain
through the expression on the RHS of (34) is not tight enough for our purpose, as

logmdoll2 log"/2m VaseT Aol Y1 67

=Q(1).
Y awd} Yl anty
In order to obtain convergence in estimating p;; (Bo), we need to impose the following
conditions.
Case 2: Suppose all sampling rate are at the same order:
logm||Aoll2
2 2
Cmax X &min X P = Q( tr(Ao) . (36)

Following the analysis of Corollary 2.5, we have with probability at least 1 — #,

(o yt, vl oyl) log!/?m 13
"L ;i (Bo)| < =50 (log"? m|| Aoll2 + Lmax | Aol F
VbiibjjMij N Yo G akk ( - )

=o(1).
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Case 3: In general, there is no reason to impose any condition on {pyax e€xcept that by defini-
tion, it is larger than ¢pyj,. Hence in general, we assume that

= doo | Aoll2 logm
Z€f=9<—°° 3 g) 37)
k=1

A min

which implies that {2, = Q (%ﬂ) which is slightly stronger than the lower

min

bound on ;r%lin as stated in (36). Finally, we have with probability at least 1 — #,
RHS of (34) = o(1) forall i # j.

The proof of Theorem 5.1 is similar to the proof of Theorem 5.3 and thus is omitted. We now
sketch the proof of Theorem 5.3.

Proof of Theorem 5.3. Recall that we observe for each row vector y* of data matrix X:
vioyi, where v,’;~Bern0ulli(§k),‘v’k=1,...,m,\7’i=1,...,n. (38)

Let &€ = (&1,...,&n), where & := v,i v,{ are independent Bernoulli random variables such that

E& = ¢ if i = j and else E&, = {kz. First, observe that when i = j, the random vector (y,f Vi
involved in the sum is of size m, with covariance being b;; Ag. Without loss of generality, we

write (y,{)k’"zl =(bjjA0)'/*(g1,...,gm)T, where g1, ..., g i.i.d. ~ ¥ where
EY =0, Y|y, <K and EY2=1 (39)

and replace the inner product with a random quadratic form

1/2 1/2 1/2 1/2
g"A)?D: A g —EgT A)*D: A g,

where Dg follows the same distribution as diag(vf ) for v/ ~ v as defined in (26), with

Ev,ﬁ = ¢ for k=1, ..., m. The first inequality (31) in the theorem thus follows immediately
from Theorem 1.2. For i # j, we exploit the decorrelation idea in Theorem 13.1 [19,20], and
Theorems 1.2 and 1.3 in the present work, for which we now have D¢ = diag(v! ® v/) in the
random quadratic forms, which explains the difference in the quadratic form in the second in-
equality (32) versus the first. Due to its significant length, we omit it from the current work and
leave it in [21]. O

In summary, we have shown that the entries of estimators Xo and Eo presented in this section
are tightly concentrated around their mean while the diagonal entries have a tighter concentration
than that for the off-diagonal entries of Ag and By; the proof exploits the sparse Hanson—Wright
type of inequalities, namely, Theorem 1.2 and its corollaries, as well as the decorrelation ideas
in [19,20]. In an ongoing work [21], we consider fully automated estimators for Ap and By
and their statistical convergence properties, where no population parameters are assumed to be
known; indeed, the factor such as tr(By) appearing in (29) should not matter as we only aim to
estimate Ao and By up to a certain factor.
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6. Proof of Theorem 2.10

We first state the following Theorem 6.1 from a note by Vershynin [16]; we state its consequence
as follows.

Theorem 6.1. Let A be an m x m matrix. Let X = (X1, ..., X,;) be a random vector with
independent mean zero coefficients. Then, for every convex function F,

EF(ZQ,’jX,’Xj) < ]EF<4Za,'jX,'X}>, (40)

i#] i#]
where X' is an independent copy of X.
Let Z; :=&; — p;. Denote by ol.z = pi(1 — p;).For all Z;, we have |Z;| <1, EZ; =0 and

EZ? = (1 — p)*pi + p}(1 — pi) = pi(1 — p;) =07, (1)
E|Zi| = (1 — p)pi + pi(1 — pi) =2pi(1 — p;) = 207 (42)

Proof of Theorem 2.10. Let Z; = &; — p;. Denote by a; := Zj#i (aij +aji)pj+ai;. We express
the quadratic form as follows:

m m
Zaii(%'i —pi)+ Zaij(figj —pipj) = Zaijzizj + szfli =: 81+ .

i=l1 i#] i#] j=l1
We first state the following bounds on the moment generating functions of S and S, in (45) and
(46). The estimate on the moment generating function for ) i,j ij &;&; then follows immediately
from the Cauchy—Schwarz inequality in view of (45) and (46).

Bounding the moment generating function for Si. In order to bound the moment generating
function for S, we start by a decoupling step following Theorem 6.1. Let Z’ be an independent
copy of Z.

Decoupling. Now consider random variable S; := Z# jaijGi — p)E; — pj) =
Zi?éj a,-jZ,-Zj and

Sp = ZaijZiZ}, we have Eexp(2A.5]1) < Eexp(SkSi) =:f
i#]
by (40). Thus we have by independence of Z;,
m m
f:=EzEzexp (8A 7> ai z}) =Ez [ [ E(exp(81Zid)). (43)
i=1  j#i i=1
First consider Z' being fixed. Let us define

t; == 8Ad; where a; 1= ZaijZ}.
J#i



1630 S. Zhou

Hence forall 0 <A < m and Cy4 := %el/m, and any given fixed Z’ by (9)

- 1 ) 1 _
Eexp(8ra; Z;) :==Eexp(t;Z;) <1+ Etl-ZEZizel"l < exp(itl-zEZizel"l)
A (44)
< exp(Be1/13A|5i |0i2) =: exp(Car[di|o?),

where Z;, Vi satisfies: |Z;| <1, EZ; =0 and ]EZl.2 = ol.z,

1] = 183z; | < 81 Y laij|| Z)| < 8A[|Allo <
J#L

1
— and
13

Denote by |a;| := Y, laijlo7. Thus by (43) and (44)

m m
f<Eyz Hexp(C4k|5i|ai2) <Ey exp <c4)\ Zaﬁ Z|ai,-|yz} \)

i=1 i=1  j#i

m m m
= HEexp<C4A|Z}| Z|aij|0i2> =: l_[Eexp(C4)»|dq,~||Z;- ),
j=1

i#j Jj=1
where we have by the elementary approximation (9) and 7; := C4A|a;|

Eexp(Carla | Z}]) =: Eexp(7;|2]])

IA

1+E(7|Z)]) + %(Ej)zE(Z})zelfﬂ

A

o 1. y
exp <2tq,~aj2 + E(tj)zajzeomog) < exp(2.0005t~,~0j2)

IA

2
exp(2.0005C4Ala; Iajz) < exp(i)»crjz Z'aij |gl,2),
i#]

where E(Z))? = 07 and E|Z]| = 20 following (41) and (42), and for 0 < A < m

. 4
tj :=Cy4hrlaj| = EEI/BA Z|ai,j|0‘i2
i#]
< B &=L L1/13 - 0.0008.
= 1Y 10404 - 137 104 T
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1
Thus for every 0 < A < m,

2
Eexp(A28)) < exp<§)\ Z|aij|gizgj2>.
i#]
Bounding the moment generating function for S>. Recall
m m
Sy = ZZ,' (Z(aij +aji)p;j +al~,-> =: ZZ,‘&,’.
i=1 j#i i=1
Let aoo := max;|d;| < ||Alloo + [|A]l1. Thus we have by Lemma 2.11

m
g :=Eexp(2A$,) = Eexp<2k Z Zjd,')

i=1

m m
< exp (2)\262”4(100 Zflizgl?) < exp(C5|)\| Z|&i|pi> ,
i=1

i=1
where e244%21|d;| < He!/?6 =: C5 < 0.04 given that for all [A| <

2(]|A A
AR (1Alloo + I1All1)
52(lAllee + 1ATID

< forall ;.

1
26

1
Thus we have for 0 < A < STATTTATD

m
Eexp(A2S;) <exp <0.02 * 2XZ pila; |>.

i=1

Hence by the Cauchy—Schwarz inequality, for all 0 < A < TR ATVTATD

EGXP()» (Zaii(éi - pi)+ Zaij(é'iéj - Pin)))

i=1 i#j

=Eexp(A(S) + $)) < E?exp(2aS)E"2 exp(21.5)).

1
S2([[Alleo+1ATD

1631

(45)

(46)

The theorem is thus proved by multiplying exp(A(} /L, aii pi + Zi?& jaijpipj)) on both sides

of the above inequality.

O
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Appendix A: Proof of Lemma 2.12

Let Z:=X>—EX?>and Y :=Z/|Z lly,- Then Y and Z are both centered sub-exponential ran-
dom variables with || Y|y, =1 and
IZlly, = || X* — EX?

<2||Xx?*|, <4lIXIly, <4K*

” (41 ” (41

which follows from the triangle inequality and Lemma 5.14 of [17].

. 2 2 1
Now set 7 := || X* — EX“|ly,, where for |7] < 555 -,

B 2 2 4K? 8

and 2(elt])® < (e|t])>. By Lemma 5.15 of [17], we have for all k,

tPEYP >\ |tIPE|Y|P
Eexp(tY)_l—i-tEY—i-Z <14y HEEXE

|
p—2 p p:2 p
o0 o0
|t|? pP |t|PeP
S LRI
!
= = 2np
Thus
(re)? - »
Eexp(tY) <1+ + — elt|
P 277+ Ve 2
t2e> 1 (elt])? [t1%e*  8(elt])?

<1+ + <1+ +
27 Jer 1 —elt| 2y 39V6m

<1+ X2 —EX?|] <1+438.94[7]2K*,

1 8
_ + e —
l (2ﬁ 39\/671)
where we used the following form of Stirling’s approximation for all p > 2,
1 e’ 1 e? 1
— < <
pl = pP2mp T pP2ym

The lemma is thus proved given that

Eexpt()(2 — IEXZ) :Eexp(t ||X2 - EXZ“% Y)=FEexp(tY). O
Appendix B: Proof of Lemma 3.2
Note that the following holds by Lemma 5.14 [17],
2 2 2
IXi13, < || X2, <2013, =2K
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For all &, let Y} := X,% / ||X,%||1/,l. By definition, Y} is a sub-exponential random variable with
1Yklly, = 1. We now set #; := Aag ||X,f Iy, . Following the proof of Lemma 2.12, we first use the
Taylor expansions to obtain for all &,

> t”IEY”
Eexp(txYi) := Eexp(kakak) =14+ 1EY, + Z L —
p=2
o0
te|PE| Y|P
< 1+tk]EYk+Z—|k| 1 d
p=2 P
< 1+ rauEXF + i e? Z eltel)”
27 «/
< 1+ rauEX7 + iele” +—2(e|tk|)
2ym  Jern
< 14 2agEX? + & (hare | X, ) (L + L)
nW\2ym o Jer
< 14 raEX? + 16)ha|* K4,
where
i) < el XEly, -1 !
k= 4K2maxy|agi| ~
and 2(e|t¢])? < (e|tx])?. The lemma is thus proved. ([l

Appendix C: Proof of (13)

The proof structure follows from the proof of Theorem 2.1 [14]. Recall S := Zf’; jaij X X&)
We start with a decoupling step.

Step 1. Decoupling. Let § = (81,...,08,) € {0, 1}" be a random vector with independent
Bernoulli random variables with E§; = 1/2, which is independent of X and &. Let X, de-
note (X;)ica; foraset As:={i € [m]:48; =1}. Let Ex, E¢ and E; denote the expectation with
respect to random variables in X, £ and § respectively. Now consider random variable

Ss:=Y 8i(1—8))ai;X;X;&¢; andhence S=4E;S;.
ij
By Jensen’s inequality, for all A € R,
Eexp(AS) =E:Ex exp(Es4ASs) < EsExEs exp(44.Ss), 47)

where the last step holds because ¢** is convex on R for any a € R.
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Consider As 1= {i € [m]:§; =1}. Denote by f(&, 5, Xa,) the conditional moment generating
function of random variable 4.Ss:

f(€,8, X n,) :=E(exp(4rS5)[£, 8, X 1,)-
Conditioned upon X 5, for a fixed realization of & and 8, we rewrite S;
Ss 1= Z aij XX j§i§j = Z Xj (éj Z ainiEi)
ieA&jeAg jeAg i€As

as a linear combination of mean-zero subgaussian random variables X ;, j € A§, with fixed coef-
ficients. Thus the conditional distribution of Sj is subgaussian with y» norm being upper bounded
by the £; norm of the coefficient vector (&; ZiEAg aij X; Si)jeAg [17] (cf. Lemma 5.9).

Thus, conditioned upon &, § and X 4;,

2
ISslly, < Coos.e  where oy = s,-(Z a,-jxis,-) : (48)
JEAS  VieAs
Thus, we have for some large absolute C > 0

f(E.8,Xa,) =E(exp@1rS5)I€, 8, Xa,) <exp(CAZ[ISs17,) <exp(C'W%05¢).  (49)

Taking the expectations of both sides with respect to Xz, and &, we obtain
E¢Ex,, f(§,8, Xa;) = ES]EXASE(exp(MSa)V;‘, 8, Xas) 50)

< E¢Ey,, exp(C'A%07 ;) = f.

Step 2. Reduction to normal random variables. Let 6, & and X 5, be a fixed realization of the
random vectors defined as above. Let g = (g1, ..., g4), Where g; i.i.d. ~ N (0, 1). Let E; denote
the expectation with respect to random variables in g. Consider random variable

Z:=7Y g <§j > aini§i>-
JEA§ i€As
By the rotation invariance of normal distribution, for a fixed realization of random vectors &, §, X,
the conditional distribution of Z follows N (0, 082’ 5) for 0{% g as defined in (48). Thus we obtain
the conditional moment generating function for Z denoted by
Eg (exp(tZ)) = E(exp(tZ)|§, 8, XA5) = exp(tza(%g/Z).
Choose t = C1A where C1 = +/2C’, we have

E, (exp(C1A2)) = exp(C’)»zasz’ £) which matches the RHS of (49).
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Hence for a fixed realization of §, we can calculate fg using Z as follows:
fs :=E¢Ex exp(C'A%07 ;) = E¢ExEg (exp(C112)) = E(exp(C1A12)|5). 51
Conditioned on 8, § and g, we can re-express Z:
Z= Z Xi <Ei Z aijngj)
icAs N

as a linear combination of subgaussian random variables X;, i € As with fixed coefficients, which
immediately imply that

2
E(exp(C112)18,€, 8) < exp<C3k2 Y& ( > aijgjg,-) )
i€As jeAg
Let Ps denote the coordinate projection of R” onto R*s. Then conditioned on &, we have by
definition of fs as in (51) and the bounds on the conditional moment generating function of Z

immediately above,

f5=E(exp(C112)]8) = E¢ zE(exp(C112)|5, €, g)

E exp<C3/\2 g ( > Clij8,/§/>2>|5j|

ichs  “jehS (52)

IA

]E[exp(Ca)»2 | De PsA(I — Ps)Dgg ||§) 18]
= E[exp(C32211 45 £213)18],

where we denote by As ¢ := D¢ PsA(I — Ps)Dg. We will integrate g out followed by & in the
next two steps.

Step 3. Integrating out the normal random variables. Conditioned upon § and £ and by the
rotation invariance of g, the random variables || A5 ¢ g ||% follows the same distribution as ) _, sl.2 gl.2

where s; denote the singular values of As ¢, with

maxs; = \/)Lmax(A({gAa,E) =:|Asell2 <llAll2, and
1

D st =lAsellF =tr(As £ AL )
i

= tr(Dg PsA(I — P5)Dg AT PsD¢) = tr(Dg PsA(I — P5)Dg AT) (53)

=D & ) a).

i€Ns jeAg



1636 S. Zhou

First we note that gl.z, Vi follow the x2 distribution with one degree of freedom, and E exp(tgz) =

L <e2fort < 1/4. Thus, we have for a fixed realization of §, &, and for all |A| < m,

V1=2t —

E[CXP(Cﬁ\ZS,-zg,-z)I& £]= < exp(2C3A2si2).

1
J1—2C302s7

Hence for any fixed § and &, and for C4 = 2C3 and |A]| <
gl’ g27 AR

, we have by independence of

8,$i|

= H]E[exp(C3A2si2gi2)|8,§] (54)

1

< Hexp(2C3A2si2).
i

1
2V Gl All2

Elexp(C3A2[|A5.£813)18, &] = E[exp(qxz Zs?g?)
i

Thus we have by (52), (53) and (54)

f5 <EeE[exp(C32%)|As £ 212)18, €]

< E|:exp<2C3A2 ;ﬁ) ‘a]
:E[exp<C4A2 Yuy a%&,)‘s].

i€Ag jeAg

(55)

The key observation here is we are dealing with a quadratic form on the RHS of (55) which is
already decoupled thanks to the decoupling Step 1.

Step 4. Integrating out the Bernoulli random variables. For any given realization of §, we now
need to bound the moment generating function for the decoupled quadratic form on the RHS of
(55), which is the content of Lemma C.1 where we take = C4A2 and conclude that for all § and

1
forall [A] = 7=

j‘g < exp<1.44C4k2 Zaisz,-pj)
i#]

1
Lemma C.1. Let0O <1 < AT

E[exp(‘[ Z & Z a%&,)‘a} < exp(1.44t Zaiszipj>.

i€As  jeAS i#]

For any fixed realization of §, we have
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Proof. As mentioned, we are dealing with a quadratic form which is already decoupled. Thus,
we integrate out & for all i € A followed by those in A§. Recall for any realization of § and

1 > we have by independence of &1, &, ...,

4| All3
fs ::E[exp(t Z & Z aizjéj>‘8]

i€Ag jeAg

:]EgAgE[exp(T Z & Z alzjéj> ‘EAg’ 5i| (56)

i€As  jeA§

ZEEAg 1_[ E[exp(r& Z a?jéj)‘él\g,(s]

ieAs JEAS

T=

We will use the following approximation twice in our proof:
ef—1<1.2x which holds for 0 < x < 0.35. 57

First notice that for all realizations of § and &, we have for 0 < v < 4H}4||2
2

2 2 2
0<t Y ayg <ty a;<t|AlZ<1/4
Jeng J

given that the maximum row £, norm of A is bounded by the operator norm of matrix A”:
AT |2 = |All2 = v/ Amax (AT A). Hence, we have for |A| < m, (57) and the fact that 1 +

X
x <eé¥,

E[exp(r& > a?jsj)}sAg, 8} =pi exp(r > a?,-éj) + (1= p)

JEA§ JeAg
(58)
< pi<1.2‘[ > al?jsj> +1< exp(1.2rpi > al?jsj)
JEA§ JEA§
Thus we have by independence of &1, &>, ..., (56) and (58)
2 2
s SEéAg 1_[ exp(l.er,- Z al-jéj> =IE§Ag exp(Z 1.27p; Z a,.jgj)
i€As JEAS i€As JEAS
=]EgAg exp(l.Zr Z &; Z aiszi) = 1_[ Eg, exp<1.2t‘§j Z aisz,-> (59)
jeAg i€Ag jeAg i€Ag

= 1_[ Dj exp(l.Zt Z aisz,-> + 1 -pj),

jeAg i€Ag
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where forall § and 0 < 7 < W, we have by the approximation in (57)
2
exp(l.Zt Z aiszl) —1<1.44r Z aiszi
iehs i€As

given that the column ¢> norm of A is bounded by the operator norm of A, and thus

m m
12t ) afipi <12t afipi <127 aj/(4lAl3) <03.

icAg i=1 i=1

Now by (59), (60) and the fact that x + 1 < ¢*

=[] ri [exp(l.zr > aisz,-> - 1} +1

JEA§ i€As
=i pj(1.44f Za,.sz,-) 11<] exp(1.44fpj Zagjpi>
JEA§ i€As JEAS icAs
= exp( Z L.44zp; Z aiszi) = eXP<1-44T Zaiszipj)
JEA i€As i#j

The lemma thus holds.

S. Zhou

(60)

]

Step 5. Putting things together. By Jensen’s inequality (47), definition of f (&, 8, Xa,) in (49)

1
and (50), we have for all [A| < 3/CIAR

Eexp(AS) < EsE:Ex exp(41Ss)
= EsE¢Ex, E(exp(d2Ss)I€, 8, X a,)
=EsEeEx,, f(§.8, Xas)
< ng(; < exp<1.44C4k2 Zaiszil’j)
i#j
Thus, (13) holds.

Acknowledgements

Shuheng Zhou is supported in part by NSF Grant DMS 1316731 and Elizabeth Caroline Crosby

Research Award from the Advance Program at the University of Michigan.

Mark Rudelson encouraged me to apply the method from [14] to prove the first result in
the current paper. The author is also grateful for discussions with Tailen Hsing, which helped
improving the presentation of this paper tremendously. The proof presented here was filed in part
as Technical Report, 539, October, 2015, Department of Statistics, University of Michigan.



Sparse Hanson—Wright inequalities 1639
References

[1] Adamczak, R. and Wolff, P. (2015). Concentration inequalities for non-Lipschitz functions with
bounded derivatives of higher order. Probab. Theory Related Fields 162 531-586. MR3383337
[2] Barthe, F. and Milman, E. (2012). Transference principles for log-Sobolev and spectral-gap with ap-
plications to conservative spin systems.
[3] Dawid, A.P. (1981). Some matrix-variate distribution theory: Notational considerations and a
Bayesian application. Biometrika 68 265-274. MR0614963
[4] de la Pefia, V.H. and Giné, E. (1999). Decoupling: From Dependence to Independence: Randomly
Stopped Processes. U-Statistics and Processes. Martingales and Beyond. Probability and Its Appli-
cations (New York). New York: Springer. MR1666908
[5] delaPefia, V.H. and Montgomery-Smith, S.J. (1995). Decoupling inequalities for the tail probabilities
of multivariate U -statistics. Ann. Probab. 23 806-816. MR1334173
[6] Diakonikolas, I., Kane, D.M. and Nelson, J. (2010). Bounded independence fools degree-2 threshold
functions. In 2010 IEEE 51st Annual Symposium on Foundations of Computer Science—FOCS 2010
11-20. Los Alamitos, CA: IEEE Computer Soc. MR3024771
[7] Foucart, S. and Rauhut, H. (2013). A Mathematical Introduction to Compressive Sensing. Applied and
Numerical Harmonic Analysis. New York: Birkhduser/Springer. MR3100033
[8] Gupta, A.K. and Varga, T. (1992). Characterization of matrix variate normal distributions. J. Multi-
variate Anal. 41 80-88. MR1156682
[9] Hanson, D.L. and Wright, ET. (1971). A bound on tail probabilities for quadratic forms in independent
random variables. Ann. Math. Stat. 42 1079-1083. MR0279864
[10] Horn, R.A. and Johnson, C.R. (1991). Topics in Matrix Analysis. Cambridge: Cambridge Univ. Press.
MR1091716
[11] Hsu, D., Kakade, S.M. and Zhang, T. (2012). Tail inequalities for sums of random matrices that depend
on the intrinsic dimension. Electron. Commun. Probab. 17 Art. ID 14. MR2900355
[12] Latata, R. (2006). Estimates of moments and tails of Gaussian chaoses. Ann. Probab. 34 2315-2331.
MR2294983
[13] Rudelson, M. (2016). On the complexity of the set of unconditional convex bodies. Discrete Comput.
Geom. 55 185-202. MR3439264
[14] Rudelson, M. and Vershynin, R. (2013). Hanson—Wright inequality and sub-Gaussian concentration.
Electron. Commun. Probab. 18 Art. ID 82. MR3125258
[15] Talagrand, M. (1995). Sections of smooth convex bodies via majorizing measures. Acta Math. 175
273-300. MR1368249
[16] Vershynin, R. (2011). A simple decoupling inequality in probability theory. Available at http://
www-personal.umich.edu/~romanv/papers/papers.html.
[17] Vershynin, R. (2012). Introduction to the non-asymptotic analysis of random matrices. In Compressed
Sensing 210-268. Cambridge: Cambridge Univ. Press. MR2963170
[18] Wright, ET. (1973). A bound on tail probabilities for quadratic forms in independent random variables
whose distributions are not necessarily symmetric. Ann. Probab. 1 1068-1070. MR0353419
[19] Zhou, S. (2014). Gemini: Graph estimation with matrix variate normal instances. Ann. Statist. 42
532-562.
[20] Zhou, S. (2014). Supplement to “Gemini: Graph estimation with matrix variate normal instances”.
Ann. Statist. DOI:10.1214/13-A0S1187SUPP.
[21] Zhou, S. (2019). The concentration of measure phenomenon on sparse matrix variate random matrices.
Working paper.

Received February 2017 and revised July 2017


http://www.ams.org/mathscinet-getitem?mr=3383337
http://www.ams.org/mathscinet-getitem?mr=0614963
http://www.ams.org/mathscinet-getitem?mr=1666908
http://www.ams.org/mathscinet-getitem?mr=1334173
http://www.ams.org/mathscinet-getitem?mr=3024771
http://www.ams.org/mathscinet-getitem?mr=3100033
http://www.ams.org/mathscinet-getitem?mr=1156682
http://www.ams.org/mathscinet-getitem?mr=0279864
http://www.ams.org/mathscinet-getitem?mr=1091716
http://www.ams.org/mathscinet-getitem?mr=2900355
http://www.ams.org/mathscinet-getitem?mr=2294983
http://www.ams.org/mathscinet-getitem?mr=3439264
http://www.ams.org/mathscinet-getitem?mr=3125258
http://www.ams.org/mathscinet-getitem?mr=1368249
http://www-personal.umich.edu/~romanv/papers/papers.html
http://www-personal.umich.edu/~romanv/papers/papers.html
http://www.ams.org/mathscinet-getitem?mr=2963170
http://www.ams.org/mathscinet-getitem?mr=0353419
https://doi.org/10.1214/13-AOS1187SUPP

	Introduction
	Consequences and related work
	Implications when p1, …, pm are not the same
	Preliminary results

	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Proof of Lemma 4.3
	Proof of Lemma 4.4

	Application to covariance estimation in a matrix variate model
	Proof of Theorem 2.10
	Appendix A: Proof of Lemma 2.12
	Appendix B: Proof of Lemma 3.2
	Appendix C: Proof of (13)
	Acknowledgements
	References

