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For a real cadlag function f defined on a compact interval, its truncated variation at the level ¢ > 0 is the
infimum of total variations of functions uniformly approximating f with accuracy c¢/2 and (in opposite to
the total variation) is always finite. In this paper, we discuss exponential integrability and concentration
properties of the truncated variation of fractional Brownian motions, diffusions and Lévy processes. We
develop a special technique based on chaining approach and using it we prove Gaussian concentration of
the truncated variation for certain class of diffusions. Further, we give sufficient and necessary condition for
the existence of exponential moment of order o > 0 of truncated variation of Lévy process in terms of its
Lévy triplet.
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1. Introduction

Let X = (X (¢));>0 be a real valued stochastic process with cadlag trajectories. In general, the
total path variation of X on the compact interval [a, b] C [0, +00), defined as

n

TV(X.[a.bl)=sup  sup D |X(t)—X(ti1)

no a<ty<t)<--<thy<b i=1

’

may be (and in many most important cases is) almost surely infinite. However, in the neighbor-
hood of every cadlag path we may easily find a function with finite total variation.

Let f be a cadlag function f :[a, b] — R and let ¢ > 0. The natural question arises, what is the
smallest possible (or the greatest lower bound for the) total variation of functions from the ball
B(f.c/2) = {g:1lf — glloo < ¢/2}, where || f — glloo := SUP,e(q 4 | £ (5) — g(s)|. Some bound
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from below reads as
TV(g. [a, b]) = TV(. [a, b)),

where

TV(f.la.bl):=sup  sup Y max{|f(t)— f(ti-1)| —c.0} (1.1)

noasfy<ty<--<tpn<b;_|

and follows immediately from the inequality

|g(t) — g(ti—1)| = max{| f (1) — f(ti-1)| = ¢, 0}.
It is possible to show (cf. Lochowski [11]) that in fact we have equality

inf{TV(g, [a.b]): | f — glloe <c/2} =TV(f. [a, b]) (1.2)

attained for some function f¢ from the ball B(f, c/2).

Remark 1. Since we deal with cadlag functions, a more natural setting of our problem would be
the investigation of

inf{TV(g, [a, b]) :g —cadlag,dp(f, g) < c/2},

where dp denotes the Skorohod metric. Since the total variation does not depend on the (contin-
uous and strictly increasing) change of argument and the function f¢ minimizing TV (g, [a, b])
appears to be a cadlag one, solutions of both problems coincide.

The quantity (1.1) is called truncated variation and it is finite for any cadlag function, since
every such a function may be uniformly approximated by step functions. Moreover, the truncated
variation is a continuous and convex function of the parameter ¢ > 0 (cf. Lochowski [11]) and it
obviously tends to the total variation as c |, 0. For a process with paths with almost surely infinite
total variation may be of interest to assess the rate at which TV¢ diverges to infinity.

This was done so far for continuous semimartingales and it appears (cf. Lochowski and Mito§
[12]) that for any continuous semimartingale X we have that

c-TVE(X, [a,b]) >0 (X)p — (X)a almost surely, (1.3)

where (-) denotes the quadratic variation of X. The truncated variation appears also implicitly
in the paper Picard [14] where it corresponds to the double Lebesgue measure L€ of a trimmed
tree at the level ¢, associated with a cadlag path. In Picard [14] there were established deep
connections of this measure, the variation index and the upper box (or Minkowski) dimension, as
well as the counterparts of (1.3) in terms of L€ for fractional Brownian motions and stable Lévy
processes.

For ¢t > 0 denote TVC(X, ) = TV°(X, [0, #]). For X being the unique strong solution of the
equation Xo =0,dX; = u(X,)dr+o(X,)dW;, t € [0, S], driven by a standard Brownian motion
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W, with u and o satisfying some linear growth conditions, we have second order convergence
result (cf. Lochowski and Mito§ [12], Theorem 10)

(XD

TVE(X, 1) — = =¢ 10 Wix), /3 (1.4)
C

where W is a standard Brownian motion independent from W and the convergence “=" is
understood as the weak functional convergence in C ([0, S], R) topology.

The truncated variation is more informative than p-variation, since the latter may be described
in terms of the asymptotic properties of TVC as ¢ | 0 but for any fixed ¢ > 0, TVS(X, S) is
a proper random variable and it is possible to consider its distribution. For X = W and fixed
S, ¢ > 0 convergence result (1.4) seems to indicate very strong concentration of TVS(W, S)
around S/c, but it still does not tell anything about the tail probabilities of the functional consid-
ered.

These observations motivated us to study the integrability and concentration properties of the
truncated variation in greater detail. Some investigation into this direction was already under-
taken in L.ochowski [10], where the existence of the moment generating function of the truncated
variation of Brownian motion with drift on the whole real line was proven. In this paper, we
obtain much stronger — Gaussian concentration result, by which we mean the integrability of
exp(a TVC(X, S )2) for some positive «.

Another incentive for the study of the magnitude of truncated variation for possibly broad
class of processes is the pathwise approach to stochastic integration. In L.ochowski [13], it was
shown that when both — integrand and integrator are semimartingales then it is possible to define
the stochastic integral, with some correction term, as an almost sure limit of pathwise Lebesgue—
Stieltjes integrals. The construction utilizes uniform approximation of the integrator with finite
variation processes. The truncated variation gives the magnitude of such integrals, more precisely

S
inf sup / Y_dX°¢ = inf TV(X¢, S) =TV (X, $),
X=X Nloo=c/2 |y |00<1J0 1 X=X¢lloo<c/2

where the supremum is over all cadlag processes Y with absolute value uniformly bounded by 1
and the infimums are over all pathwise cadlag approximations X¢ of X such that || X — X¢|| :=
sup;o | X (1) — X(0)| < c/2.

In this paper, we study the magnitude of the truncated variation for a broad class of stochastic
processes, including Gaussian processes, among them fractional Brownian motions, and diffu-
sions. Further we also consider Lévy processes. Our main goal is to describe the tail behavior
of TV¢(X, S) assuming that X satisfies some increment condition. We use various techniques
depending on the assumption we make.

At the beginning, we use the chaining concept, we assume that X satisfies some exponen-
tial integrability condition on increments and deduce the exponential integrability of the trun-
cated variation (e.g., diffiusions with bounded covariance and drift coefficients). The chaining
approach was first used to study problems of sample boundedness of processes on the general
index space Fernique [4,5]. The method was developed to give the full description of classes of
processes that are sample bounded, under certain integrability condition Bednorz [1,2], Bednorz
[3], Ledoux and Talagrand [8], Talagrand [17], and the small ball probability Li and Shao [9].
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For a comprehensive study where many analytical examples are given, see Talagrand [18]. In our
study, we need some modification of this idea, since we are interested in bounding the supremum
of special sums of increments, not the supremum over increments itself. Therefore, we have to
invent a special random variable of exponential integrability that bounds the truncated variation.

Our main guiding example is the class of fractional Brownian motions, that is, centered Gaus-
sian processes Wy, H € (0, 1), starting from 0 and such that E|Wg (t) — Wy (s)|2 =t — s|2H.
One of the corollaries we get is the following concentration inequality

P(TV Wy, ) > A= V/H (A + Byu)) < Cexp(—u*?),  foru >0,

where Ay, By, Cy are constants; moreover, for H > % one can set Cy = 1. By the homogeneity

of increments, we deduce that for Sc—1/# > 2, ETV¢(Wg, S) is comparable with cH-D/Hg
and in this way we prove that for u > 0,

P(TV(Wy, S) > ETV (W, S)(Ay + Buu)) < Cyexp(—u?f), (L.5)

for some constants A H, BH, C g (again C g =1 for H> %). In fact, any process with similar
properties as the fractional Brownian motion, that is, satisfying some boundedness condition of
the increments (inequality (2.2)) may be treated by our method.

Next, we turn to investigate the standard Brownian motion, that is, W = W2, and diffu-
sions driven by it. Here we can improve our result using the Markov property. It turns out
that for Markov processes with moderate growth some local exponential integrability can be
extended to the global one. Note that (1.5) implies the existence of the Laplace transform
Eexp(a TVE(W, S)) for sufficiently small & > 0; assuming the Markov property for diffusions
with moderate growth we get the estimate for the Laplace transform of their truncated variations
on the whole real line. The main result we get this way is Theorem 2, which for a standard
Brownian motion and Sc¢~2 > 2 implies the following concentration inequality

P(TVS(W, S) > AETV'(W, S) + Bv/Su) < exp(—u?), foru >0,

here A, B are universal constants. Therefore, the Gaussian concentration holds for the truncated
variation of the standard Brownian motion. Our result gives better understanding of the already
mentioned result (1.4) from which follows that S~Y/2(TV¢(W, S) — S /c) converges in distribu-
tion to A(0,1/3) as ¢ | 0.

We conclude the paper by proving sufficient and necessary condition for the finiteness of
Eexp(a TVC(X, S)) for a Lévy process X, in terms of its generating triplet. Here we apply the
method of level crossing stopping times.

The structure of the paper is as follows. In Section 2, we introduce the chaining approach
which will lead us to the main result on the concentration for processes with increments of
exponential decay. Then in Section 2.3, we discuss the application of the developed methodology
to the fractional Brownian motions and then, in Section 3 its improvement for a standard Wiener
process and diffusions with moderate growth. In Section 4 we deal with truncated variation of
Lévy processes.

Remark 2. In the whole paper, any dependence of a nonnegative constant on some parameters
is always indicated by listing them in brackets or in subscripts, for example, C(n, €) or Cy, ¢.
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2. The chaining approach

In this section, we prove the fundamental Theorem 1, which will allow us to establish integrabil-
ity and concentration properties of the truncated variation for a broad class of processes satisfying
some increment condition.

For simplicity, we consider processes indexed by a parameter from the metric space (7, d),
where T is the compact interval [0, S], S > 0, equipped with the distance d(s,t) = |s — |9,
s,t € T, where 0 < g < 1. Further, we introduce an Orlicz function ¢ : [0, 4+00) — R — convex,
even, satisfying ¢(0) = 0, ¢(1) = 1, strictly increasing and such that there exists L < 400 such
that for any x, y > 0,

e ') =Ll ') + o7 ). @2.1)

Moreover, we will require that x — ¢(x?), x > 0, is also convex.

Remark 3. The convexity assumptions of ¢ may be weakened in such a way that ¢ is convex on
some interval [Cy, 00), where C, > 0, and ¢(x7) is convex on some interval [Cy 4, 00), Where
Cypq>0.

$.q =

The standard example of functions with properties mentioned are ¢, (x) = 2* "—1,p>0,for
which condition (2.1) holds with L, = max{1, 2(1=P)/P} . Note that when p > 1, ¢, is convex
on whole interval [0, +-0c0) but when 0 < p < 1, ¢, is convex only on the interval [C,; 4+00)
where C), = (%)1/ P, Clearly ¢,(x?) = ¢,q(x) and therefore this function is convex on the
whole interval [0; +00) if pg > 1 and convex on the interval [C), ;; +00), where C), 4 = Cpy,
if pg < 1. We use the notation C,,C, 4 for all p > 0,0 < g < 1, setting C, =0 for p > 1
(thus Cp 4 = 0 for pg > 1). Further, we denote D), = ¢,(C}), Dp.q = ¢p(Ch o) = ¢pg(Cpg).
Note that D), ; = 0 for pg > 1. In more general case, we will denote Dy = ¢(Cy) and Dy, 4 =

9(Cg.q)-
Letnow X (t), t € T, be a stochastic process with increments controlled by ¢. Namely
|X(s) =X @)
Ep| ————— | <1 2.2
‘p< Cd(s. 1) >— 22)

fors,t € T,s #t, where 0 < C < oo is a universal constant.

Remark 4. In fact, in (2.2) one may consider any distance d of the form d(s, t) = n(|s — t]),
where 7 is positive, concave, increasing to oo and such that n(0) = 0. We choose n(x) = x9,
0 < g < 1, for the sake of simplicity, however we stress that our results can be easily extended to
a more general 7.

Condition (2.2) enables us to control the magnitude of the increments of the process X, while
the truncated variation takes into account only increments greater than ¢ (cf. formula (1.1)). Note
that as the consequence of (2.2) and the compactness of 7 we obtain the existence of a separable
modification of X (¢), t € T. Then by the linear order of 7" we can define the cadlag modification
of X which we refer to from now on.
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The fundamental result of this paper, from which exponential integrability and concentration
properties will follow, is the following theorem.

Theorem 1. Let X(t),t € T, satisfies (2.2). Then there exist random variables Z1, Z>» > 0 such
that EZ1,EZ, < 1 and for some universal constants K1(q), K2(p, q) < oo the following esti-
mate holds

TVE(X, S) < c“=V/9S[K1 (9, 9)9~ (Z1 + Dy) + Ka(9, [0 (Zo + Dy )]"7]-

Remark 5. The main reason why the result holds is that (2.2) gives an exponential decay of
increments with large jumps. Therefore, we can show a global upper bound on increments in the
defined set approximation of the truncated variation. Such an idea is used to bound suprema of
processes, for example, Bednorz [1], Fernique [4], Kwapieni and Rosinski [6] and Talagrand [17].
In this paper, the main technical contribution is to invent a common upper bound for an arbitrary
sum of truncated increments.

The meaning of the result the that for suitable ¢ and 0 < g < 1 there holds some concentration
inequality. To formulate results in an elegant way, observe that there exists E, € [0; 1] such that
E, + x4 > x for x > 0 and hence we get

E; + [gofl (x +max{Dy, D%q})]l/q > gofl(x + Dy) for x > 0. (2.3)

As a consequence of Theorem 1, (2.3) and Jensen’s inequality we get the following corollary.

Corollary 1. Under the assumptions of Theorem 1 there exist rv. Z such that Z > 0, EZ < 1
and for some constants Ay 4, By 4 the following estimate holds

TVE(X, §) <9 VIS[Ag g + By g[9™" (Z + max{D,, Dw,q})]l/q]'

For ¢ = ¢, let us denote A, ; = Ay 4 and By 4 = By 4. Applying Corollary 1, the Markov
inequality and the fact that D, , > D, we obtain:

Corollary 2. Let X (1), t € T, satisfies (2.2) with ¢ = ¢,. The following inequality holds
P(TVE(X, §) = U™ V/S[A, 4 + By qul) < Dp.gexp(—u), Sforu=>0,

where A g are universal constants, /i,,,q = Apy + 2/In 2)1/(”7)3,,,4, B,,,q =
(2/1n2)1/p”q)B,, q and D p.q = Dpg + 1. Inparticular, Dy 4 =1 for pg > 1.

To prove Theorem 1, we start with the construction of finite sets approximating 7 .

2.1. Approximating sequence

The first tool we need is a proper geometric approximation of the set 7. The approximation
consists of a sequence of finite sets (Tn);’lo:o, T, C T constructed in such a way that for each
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pointr € T andn =0, 1,2,..., there exists a point s € T;,, such that s <t and d(s,t) <r~"S9.
Here, we fix r > 4. One of possible constructions is the following

Ty ={kr™1S:k=0,1,2,...}NT. (2.4)

For T, defined by (2.4) and ¢t € T, by 7, (t) we denote the unique point s € T, such that s <¢ and
d(s,t) < r~"89. This way we define the function ,, : T — T,,. We have d(t, 7, (¢)) < r "S54 for
allt € T and 7, (s) < m,(¢) if s <t. Note also that for s, t € T),, s # ¢, d(s,t) > r~"59. Clearly

P < Ty =]+ 1<+ 1 (2.5)
Moreover forany m = 1,2, ...
m m
DTl <Y (T 4 1) < AGr gm0, (2.6)
n=0 n=0

where A(r, ) :=r®=9/4(r1=9/4 — 1)~ (note that r > 2). For each ¢ € Tj,1 let I,1(t) denote
the set of the nearest neighbors of ¢ in 7,41, namely

Lig1(t) = {s € Tyq1:d(s, 1) <2r7" 89} 2.7

Observe that since |s — t| > r~"*D/4S for s, t € T, 1, s #1,

2l/ap—n/qg

L1 (0)] < +1=2Y4,Y4 1 1=:B(r,q). (2.8)

r—(ﬂ-‘rl)/l]S

2.2. Proof of the main theorem

The plan of the proof is the following. After having constructed the set approximation of 7', we
use this approximation to build a type of discretization of any given partition and derive a chain-
ing bound on the truncated variation (Lemma 1). Then we turn to estimate each increment in the
partition bound (Lemma 5) and finally apply the bounds as well as some technical observations
(Lemmas 3, 4 and 2) to derive the required bounds (Lemmas 6, 7).

Our first step is to analyze a given partition I1, = {tg, t1,...,t,}, where 0 <ty <t <--- <
t, < S. We decompose the set {1, ..., n} into subsets J,,,, m =0, 1,2, ..., defined in the follow-
ing way

In={ie{l,. .. on}ir ™18 <d(tioy, 1) < r ST

Let My := 12CL, where L and C are constants appearing in (2.1) and (2.2). The level mg €
{0, 1,2, ...} such that

pmo—lgq o c/My<r—m0gs4

will be of particular meaning in the proof. Since I, is finite, J,, = @ for m large enough, say
m > Ng > mg. We will use different bounds for i € J,,, with m > mg and for i € J,,, with m < my.
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Therefore, let us make the trivial separation

n

mo
DX =Xt —c), =YD (X)) - X@i-)] —c),

i=1 m=0ieJ,

DN (OESCIEDR

m=mo+1liel,

(2.9)

Now we turn to describe the chaining method which is the main tool in the proof. First, we fix
N > Ny and define tl.N+1 =nn+1(t), then for I € {0, 1, ..., N} we put by the reverse induction

tl = m (tl 'H) Note that by the construction of 7; we preserve the order of the projections, namely

’0 < t1 - < tl for any 0 </ < N + 1. Moreover since N > Ny points {tNJrl N+l ...,t,f““]}

& s
are separated that is, tN+1 #* thTl, i e{l,...,n}. Let us denote m = max{m, mo}. Fori € J,,

with m > mg, we estlmate

(‘X(ti)_X(ti71)|_C)+
< (I = x| =5) + X XE-xwl o)

+ seli-1,i)
N = C
£ ¥ (X6 - x| -2t
I=m+1se{i—1,i} 3/+
and for i € J,,, with m < mg we have
(| X)) — X@ti—))| - C)+
< x () - X ()

+ Y X - xa| + fj > 1X() - x (@)

sefi—1,i} I=m+1se{i—1,i}

F X3 (x-S

I=mo+1se{i—1,i}

@2.11)

Putting together estimates (2.9), (2.10) and (2.11), we obtain the following decomposition
lemma.

Lemma 1. For any partition 1, = {ty, ..., t,}, where n > 0,0 <ty <t; <--- <t, < 8§ and
N > my the following estimate holds

n

Y (X)) XD =), Vi+Vat Wi+ Wa+Y > [X(t) - X(M)

i=1 i=1se{i—1,i)

’
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where

mg mg

W= Y Y e - x@)
m=0ieJ, [=m+1sel{i—1,i}
mo

Wiim 30 3 X - X
m=0i€Jm
00 N _c

=Y Y Y E (Ixe) - x|
m=0i€Jy, I=m+1sefi—1,i} +

ad ¢

R S (L U

m=mo+liel,
Foreachi € J,,, m > 0 we say that ("1 ¢m+2 N+l s — i1 i are path approximations

of t;_1 and ¢;, respectively (see Figure 1). Note that for i € {1,...,n — 1} there are two path
approximations of ¢;, one from the pair #;_1, t; and the second from the pair #;, t; 1, that coincide,
starting from some point, yet may differ on the length since i € J,,;, i + 1 € J,y and numbers
m and m’ may be different. The fundamental property of the path approximation is that for

to t t, t; t,

tO:t?ztg:tg tg

t t t t

0 4 b e ot

) |
Wta

to ta
t4 t! t; t3 t
- path for (t01t1) m=1
ssmmmmm path for (t1,t2) m=0
= pathfor (t,t;) m=0
= « = path for (t5t,) m=0

Figure 1. Path approximations.
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a given u € Tj4 the step m;(u), v may occur in at most two path approximations of some f#;,
ief0,1,...,n}.

Lemma 2. Consideru € Ti11,1 € {0, 1,...,n}. The step m;(u), u may occur in at most two path
approximations of some t;, i € {0, 1, ..., n}, that is, there exits no more than one i € {0, 1, ..., n}
such thati € J,, m +1 <[ and til =m(u), tl.l+1 =uori+led,y,m +1<Iand tl.l =m;(u),

tl.l‘H:uforsomem,m’:O,1,2,...,N.

Proof. Recall that r > 4. It suffices to prove that for a giveni € J,,;,,[ > m+1 points tl +and tl +]

[+1 < tl-‘rl
l+1

are different. Indeed since ¢ - < t,ll+1 the property implies that there can be at most
one i € {0,1,...,n} such that ¢
which implies that forl >m + 1

d(et ) > rm s —d (el o) —d ()

i 0ti—1 i

= u. To prove the assertion, we use d(;,t;_1) > rm=1g4q

> ; rom-2g4
e R S e e i (1
. 1—r— 0
Jj=l+1
In the sequel, we will use two simple observations concerning increasing function v that is
convex starting from some C¢ > 0, that is, convex for x > Cp.

Lemma 3. Let v :[0; +00) — [0; +00) be a strictly increasing function. Assume that \ is con-

vex on the interval [Co, ~+00) where Co > 0, then for any nonnegative x1, ..., Xy and positive
oy, ..., oy such that Zl & <M we have
k k
Y eixi <My (M“ D) + vf(co>>. (2.12)
i=1 i=1

Proof. Observe that the function V(x)=v(x + Co) ¥ (Co) for x > 0 is convex, strictly in-
creasing and such that ¥(0) = 0. Consequently, Ul (y) =¥ (y + ¥(Cp)) — Cp is concave
with ¥ ~1(0) = 0 and we have

k
D aixi =
i=1

¥ (xi) + ¥ (Co))

N (xi) + Co) < MCo + MZ 7 (Y ()

i=1

i

<MCo+ My~ (Z %wm)
i=1

k
=My~ (M‘ > e (x) + w<co)>,

i=1
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where the last inequality follows from Jensen’s inequality
k
(1 Yy ) <0>+Z 7 (Y () (Z xzf(x,) .
i=1

Further, we also have the following lemma.

Lemma 4. For any strictly increasing function V :[0; 4+00) — [0; 4-00) such that v is convex
on the interval [Cg; +00) where Co > 0 and for any M > 0 and y > 0, we have

Y (v + ¥ (Co)) < max{M, 1}y " (y/M + ¥(Co)). (2.13)

Proof. _Again, we consider the function 1/7_1. IfM<1, th_en (2.13) follows from the monotonic-
ity of ¢ ~!. Now assume that M > 1. By concavity and ¥ ' (0) =0, for y >0 and M > 1, we
get

MYy~ /M) =9 (),
which reads as
My~ (/M +(Co) = Co) = ¥~ (v +¥(Co)) — Co.
My~ (y/M +(Co)) = ¥~ (y + ¥(Co)) + (M — 1)Co
and which gives
Y (v + ¥ (Co) < My~ (v/M + ¥ (Co)). .

Now we formulate some basic bounds on increments in the chaining argument. For simplicity,
we use the following notation

A(u,v):w(%), forallu,veT.

Recall that m = max{m, mg}.

Lemma 5. Suppose thati € J,,, m > 0 then

1. foranym <mg,le {m+1,...,mp}
X (i) = X ()| <= crliste= N (A (] 1))

2. foranym>0,le{m+1,...,N}

—I4+m € 1/ —
(=00l -275) <mnale” Gttt d "
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where

oI+l c N\ @—D/q 1
- = —, b= [ —p—tm CLr—'s4 /‘1;
aLm ‘p( 6CLSY ) b <6 ) (CLrs7)

3. form <my
X () = X (5 <20 st (A 1)
4. and for m > my
c

(et =] =5) <ot st

where

e o\ @ D/a y
— =), b.=(= 2CLr"89) 1.
m ‘p(lzcm) m <6> (2cLrms1)

Remark 6. Note that the choice of My in the definition of m( guarantees that a; 5 > 1 and
am > 1 for m > mg. Moreover, for ¢ convex on the whole real line, that is, C, = 0 one can

-1 —l+m -1 —m—+mo+1
deduce a5 < r/2) anda,,” <r 0T,

Proof of Lemma 5. Let us denote u = tl-l , then the construction of approximation paths implies
that tf“ =m(u). Clearly d(u, m;(u)) < r~1S% and hence

|X (1)) — X )| < Cr7' 197 (A(m(u), u)). (2.14)
To prove the second assertion, we use (2.14) to get

(|X(m(u))—X(u)|—2—l+’ﬁ§> 5<Cr—lsq<p—‘(A(m(u),u))—2—l+m§> L@
+

+

Now we rewrite (2.15) using a;

<|X(m(u)) — X()| - 2—’+"'15>
3 +

< [cr—lsq (o7 (A(m@), u)) = Lo (@), — 2—’+m%} .
+

Therefore, we can apply (2.1) and see
_ __A—l+m E
| X () — X w)| —2
3/

< <CLr—’S‘f¢—1(a;,;,A(m(u), u)) —2‘“””%) ) (2.16)
+
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Using the inequality (x — 1) < x!/4 valid for x > 0, we get

<|X(m(u)) — X)| - 2””"%)

+

< %2 —I+m (6C_121_MCL7-_ISQ¢_I (al;}—lA(ﬂ'l(u)r u)) - 1)+
%2 P (6e 12 L $9) Y (ap b A o), 1)) ]

=bale™! (a5 A(m. )] 7.

To prove the third assertion, we first observe that d(¢;, t;—1) < r~ ™87 for i € J,,, and hence

N
(") s d o) +d (1 n) +d (5 ) + Y0 [ ) +d (T )]
I=m+1
o0
rmst42 Y s,
I=m+1

$O

d(em ity < 2rm s 2.17)
Denoting u = tm+] and v = th we get in the same way as (2.14) that

| X(w) — X ()| <2Cr ™S9~ (Au, v)).
Then using the same idea as for the second assertion we deduce the remaining inequality. (]

We turn to apply the above lemmas to bound increments in the chaining bound formulated in
Lemma 1. First, we consider a bound on V| + Wj.

Lemma 6. There exists a universal constant K1(¢,r,q) < oo and a random variable Z1 > 0
independent from the partition I1,,, such that EZ1 < 1 and for Vi and Wy defined in Lemma 1
one has

Vi+ Wi <Ki(p,r,q)c9" V1S~ (Z) + D).

Proof. By Lemma 2 and the first bound in Lemma 5, we get

mo

Vi<2) Y X — X (m)|

1=0 ueTy

<V _ZCZ s Y o (A (), u)).

ueliy

(2.18)
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To bound W; we use (2.17), that is, that d(tl.mH, tl.”ﬁl) <2r7"84 fori € Jy,. Using the already
defined sets I, (1) = {v € T;;41 :d(u, v) <2r="8§4}, and the third bound in Lemma 5

mo

Wi Y > X - X))

1=0 u€ljy) velj41(u)

(2.19)

mo

<W _c22r*15‘1 Y e (AW ).

u€liqy velit

We calculate the sum of all weights appearing in (2.18) and (2.19). By (2.8) for each u € T4+
we have |I;11(u)| < B(r, g) and hence, using also (2.6)

mo

M, ;:Zr—lsq[mHH > |Iz+1(u)|]

=0 uelyg
mo
< [1+Be.@]$*> r T
=0

IA

A(r, @)[1 + B(r, @) |49/ 54,
Therefore by ¢ < Mor 057 we get Mor™(1=9/4 549 < Mé/qc(q_l)/qS and hence
My < My A(r, )[1 + B(r, )] 9 D/as.
Using Lemma 3 for ¢ which is convex above C, we get
Vi+ Wi <2CM197H(Z1+9(Cp) < Ki(r )™ V9Se™H(Z1 +9(Cp)). (2.20)

where K1(¢,1,q) 1= ZCMé/qA(r, q)[1 + B(r, q)] (the dependence on ¢ is through C and L)
and

‘Z —lgq Z ( (71 (), u) Z A(u,v)).

uelyyy velj(u)

Obviously Z; > 0 and EZ; < 1 by (2.2) and the definition of M. Combining (2.18), (2.19) and
(2.20) we get the result. U

Our second goal is to prove a bound for V> + W, in Lemma 1 above the level my.
Lemma 7. There exists a universal constant K,(¢,r,q) < oo and a random variable Zy > 0
independent from the partition I1,, such that EZ, < 1 and for Vy and W, defined in Lemma 1 the

following inequality holds

_ 1
Va+ Wa < Ka(o,r, [0~ (Za+ Dy )]7.
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Proof. First, we prove a bound for V,. We analyze the increment

(yx(z;“) _x(i)| - z"‘f—l§>+, U i € Jyom = 0,

Using the second inequality in Lemma 5, we obtain that
(IE) =Xl =217 ) < biale™ hati )"

Now observe that |t; — t;_1| > F D/ g for i € Jm, m > 0. Therefore,

il N /e L\ L een/
Z bl = Z (82 ) (CLr™'s%)
I=m+1 I=m+1
S —
< (61"1CL)1/'1 Z (2(11*1)/(1rfl/q)l*mc(qfl)/qr*rﬁ/qS
I=i+1

.
< Mac V)t — 14|,

where My = M> (@, r, q) is defined by

(61_qCL)1/qu/‘7 i (2(4—1)/4,,—1/q)l—”’ < ((12)1_‘7CL)1/q i(z(l—q)/q,—l/q)l/

I=m+1 I'=0

= ((12)1—qCL)1/(I(1 _ z(l—q)/qr_l/q)—]

Consequently
1300 I RN YR SEC R
m=0ieJy, l=m+1se{i—1,i}

Thus we can apply Lemma 3 for ¢(x7) which is convex above Cy, , and get
Vs <2Mc“ D/ S[o (Vo + Dy )],

where

—om Y Y Y Y Beag)

m=0ieJ, l=m+1se{i—1,i}

and

by = (c(qfl)/qS)ilbl’,;, — (6—12—1+n‘1)(q*1)/q (CLril)l/q.

451

221

=: M.

(2.22)
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Observe that
bii < bimgy, a1 = g
which implies 151‘,,-1/611,,,-1 < El,mo/alymo. Hence by Lemma 2, we have

[e.¢]

Voa<Vyi=M;! Z by, Z A(m (), u). (2.23)

a
I=mo+1 L.mo ueTiq

By the construction, ay ,, > 1, furthermore by (2.5)

00 El
—1 , 1M
Myt Y p

I=mogt1 1m0 I=mo+1

o0

(6~ 12~ 1+moya=D/a(cpr—t)1l/a
2 p((27Fmorle) /(6CLST))

(r0+D/a 4 1)

X Hl'(1-q)/q

1 nl-a o\ /e N 2 _

<2m; ' ((12)'7CL) Zw(z,l,rl/)—
I'=0

M3,

where we have used the fact that (r¢tD/9 + 1) < 2-U+D/9 and the definition of myg, that is,
rm=l849 < ¢/My, My = 12C L, together with the monotonicity of ¢. Note that by Remark 6,
for convex ¢, thatis, C, =0,

© Hl(l-q)/g 2

4 -1
Bprex SaTT _24 (1—4r 1)~

! (2.24)

For ¢ which is convex for x > C,, basically the same argument works but / must be large enough
to apply the convexity. Indeed, using that v (x) = ¢(x + Cy) — ¢(C) is convex and ¥ (0) =0
we deduce ¥ (27" r'x) > 271y (x) for x > 0 and thus for all x > 0,

o271 x +Cy) =27 (p(x + Cy) — 9(Cy)) + 9(Cy). (2.25)
Now choosing a suitable x one can get a bound similar to (2.24) yet for general ¢. Note that in

this case the bounding constant may depend on ¢. It proves that M3 < oo. Finally, by (2.22),
(2.23) and Lemma 4 we get

Va < 2Ma max{M3, 1}c4" /5[~ (Vo M5 + Dy ]9 (2.26)
Clearly, by (2.2) and the definition of M3 we have EV, /M3 < 1.

A similar argument can be used to bound increments in W,. Namely using the forth inequality
in Lemma 5 we get that for m > mg and i € J,,

c _ _ 1
(e = =)=l ot s



Integrability of the truncated variation 453

Using that =" +D/4§ < |1, — ;1| <r™™/95 we get
(g=1D/q 1
by = (_) CLrs1) " < Myc V|t — 1y,

where My = (2-6'=9CLr~")!/4_ Therefore,

Z > by = Mycli- MZ“ b | = MycaV/ag,

m=mo+1liel,

and thus using Lemma 3 for ¢ (x9) we get
Wi < Myc 4=/ 5[o~ (Ws + D, )], 2.27)

where
1 m+1 m+1
Wy = M Z Z (6" 5m)
m= mo+lleJ,,,

and by, = (¢4~ D/48)1p,, = (2-6'~9CLr~™)'/4. By (2.17) we have d (/" ', £+ 1) < 2r—mS

and thus using the definition of the set 1,41 (u) for each m > mg and u € T;,, 41

o0

WasWy=m;" )" Z—’" YD Aww).

m=mo+1 " u€Tyy1 vELy41(u)

Note that by (2.5), (2.8)

3 I @)| <27 B ) (Pt 1) < B(r, g)r D4

u€lnt1
Hence

(2-6'-9CLr)V4
@((r"c)/(12CLST))

M; ' B(r,q) Z b =DM B g) Z

m= m0+1 m=mo+1

o0
< MIIB(r,q)(2.61_qCLr)1/q Z ((p(rm,))_] =: Ms,
m’'=0

where in the last line we used that r—"0~1§9 < c/My, My = 12CL. The same argument
as for M3 proves that M5 < oco. Note that in the case of convex ¢ we can easily bound
> o™ N~ by (1 —r~1)~1. By (2.27) and Lemma 4, we get

W2 < Mymax{Ms, 1}c“~D/4S[o~ OWs/Ms + D, )]"7. (2.28)
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Obviously EW, /M5 < 1, consequently by (2.26), (2.28) and Jensen’s inequality we obtain the
desired result. (]

Now we are ready to finish the proof of Theorem 1.

Proof of Theorem 1. Note that for fixed ¢ and ¢ we may minimize constants Ki(g,r, q)
and K> (¢, r, q) appearing Lemmas 6, 7 with respect to > 4. It is clear from our discussion
about the finitness of M3, M5 that one can set r =4 in the case of convex ¢. If C, > 0 the
choice of r > 4 may be of meaning as we have explained in (2.25). Such minimal constants
depend only on ¢ and ¢, and we will denote them by K;(¢,q) and K2(¢, q) respectively.
Now it suffices to use Lemma 1, then universal bounds given in Lemmas 6, 7 and finally let
N — oo. Recall that by the construction variables Z; and Z, of Lemmas 6, 7 do not depend
on N and limy_, o0 d(f, my4+1(2)) = 0 for any ¢t € T. From condition (2.2), for a given partition
M, = {to, 11, ..., ta} We get Ry == 3 i IX (%) — Xt 1) — 0 in probability as N 1 +oc.
Taking subsequence Ny such that Ry, — O almost surely, we get the universal bound for the
sum > 7 (IX () — X (ti—1)| — ¢)+. Since I1,, was arbitrary we get the result for TV¢(X, §). O

2.3. Application to the fractional Brownian motion

Let Wg(¢), t > 0, be a fractional Brownian motion of the Hurst parameter H € (0, 1), that is, a
centered Gaussian process which has the following covariance function

E(Wu()Wr (1)) = 3 (s*7 + 27 — s —12H7). (2.29)

Let us consider T = [0, S] with distance d(s, 1) = |t — s|". From (2.29), it follows that W (f) —
Wy (s) ~ N, |t — s|2H) and thus, for some constant C(H),

E <|WH(l) — Wh ()]
2\ e =

)51, fors,teT,s#t.

Consequently, all assumptions of Corollary 2 are satisfied with p =2, ¢ = H and we get the
following corollary.

Corollary 3. For any fractional Brownian motion Wy (t), t € T, the following inequality holds
P(TV Wy, S) > A=V S(Ay + Byu)) < Cyexp(—u®f),  foru>0,
where Ay, By, Cy are universal constants and Cy = 1 for H > 1/2.

Note that Corollary 3 implies that ETVS(Wg, §) < Kyc#~D/HS where Ky < 0o. On the
other hand ¢(#—D/H g i5 also the proper lower bound for ETV¢ (W, S) when Sc~VH s not too
small. Indeed, let us consider the partition [I ={0 <fy <t <--- <ty < S} givenby t; = icl/H
i=0,1,2,...,N =[Sc~ "] We have

N
TV Wi, $) = > (|Wr(t) = Wati-1)| —¢) ,.
i=1
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Clearly, for Sc™'/# >2 N > Sc™VH 1 > §c=VH ;2 and E(\Wg (1) — Wi (t;_1)| —¢) 4 = ke
for some positive constant kz . It proves that when Sc=/# > 2, ¢(H=D/H g j5 comparable with
ETV¢(Wg, S) up to a constant depending only on H. Therefore, we have another formulation
of Corollary 3.

Corollary 4. Assume that Sc='/H
following inequality holds

> 2. For any fractional Brownian motion Wy (), t € T, the

P(TV(Wy, S) > ETV (W, S)(Ay + Byu)) < Chexp(—u*?),  foru >0,

where AH, BH, C_'H < 00 are universal constants. Moreover C_‘H =1for H>1/2.

3. Application to the standard Brownian motion and diffusions

For a standard Brownian motion W = W1 >, which is the only fractional Brownian motion with
independent increments one may, using this property, strengthen the results obtained for gen-
eral fBm and obtain Gaussian concentration of TVC(W, S). The generalization of this result for
diffusions with moderate growth, driven by W, is also possible.

Let us assume that X;, r > 0, is a one-dimensional diffusion satisfying

t

t
X(t)=x0+/ ,u(s,X(s))ds+/ o (s, X (s)) AW (s). 3.1)
0 0

We assume that o :[0; +00) x R — [—R; R] is measurable and bounded (i.e., 0 < R < +00)
and p:[0; +00) x R — R is measurable and satisfying the following linear growth condition:
there exists C, D > 0 such that for all t > 0

|u(t, x)| < C+ Dix|. (3.2)

We will also need the natural assumption that X is a Markov process. With this assumption, we
have the following theorem.

Theorem 2. For X being a Markov process satisfying (3.1) with u and o as above and A > 0
one has

Eexp(ATVC(X. 5)) < 2exp(A*Sar +ASc™ Br + Ayx,.c.0.5)
X (1 + 8AnDp.R.S CXP()\zn%),R,S))’

where yx, c,p,s = (C + D|x0|)SeDS, dp.s = DSePS and nD.R.S =96p,sR\/S/2. In particular,
when D =0 we get

Eexp(ATV (X, S)) < 2exp(r*Sag +AS(c ™' Br + C))
and for the standard Brownian motion X = W we get

Eexp(LTVE(W, S)) < 2exp(A*Sa + ASc™' ), 3.3)
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where «, B are universal constants.

Proof. Let us define

t

t
M(t) ::/ u(s,X(s)) ds, Y () ::/ a(s,X(s))dW(s)
0

0

and Y* = Supg<s<s Y (s)|. We have X (t) = xo + M (¢) + Y (¢), and due to (3.2) we estimate
t t
|M@)| < / (s, X (5))] ds 5/ C + D|X(s)|ds
0 0
t
5[ C + D|xo| + D|M(s)| + DY*ds (3.4)
0

t
< (C+ Dlxol + DY*)S + D/ |M(s)|ds.
0

Hence, from Gronwall’s lemma (cf. Revuz and Yor [15], Appendix §1), we get
|M(0)| < (C + Dlxo| + DY*)Se". (3.5)

Notice that due to (3.5) M is adapted, absolute continuous process with locally bounded total
variation. Indeed, repeating estimates (3.4) and using (3.5) we get

N
TV(M, S)s/ (s, X ()| ds
0

S
< (C+ Dixol + DY*)S + D/ |M(1)| ds
0

(3.6)
< (C+ Dlxo| + DY*)S + D(C + D|xo| + DY*)SfOSeDf ds
= (C + DIxol)SeS + DSePSy*.
(TV= TVY denotes here the total variation.)
By Lochowski and Mitos$ [12], Fact 17, we have
TV(X,S) <TV(M, S) + TV°(Y, S). (3.7)

Now we will investigate TV (Y, §).

First, let us prove that Y satisfies condition (2.1) with ¢ = ¢, and d(s, ) = |s — tll/ 2 Indeed,
let us fix 0 <s <t < S and consider the following martingale Z(u) :=Y (s +u) — Y(s),u €
[0; t — s]. We have

S+u
Z () =/ o(r, X (1)) dW(7)
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and
s+u 5
(Z)(u) = / o(t, X(v))"dr < R*(t —9).
N
Hence, by Bernstein’s inequality (cf. Revuz and Yor [15], Chapter IV, Exercise 3.16), we have

P([Y() - Y(5)| > x) < 2P( sup Z(u) Zx)

uel0;t—s]

=2P( sup Z(u)Zx,(Z)(t—s)ng(t—s)> (3.8)

uel0;t—s]
< 2exp(—x?/(2R*(t — 5))).
From (3.8), we immediately get that Y satisfies condition (2.1) for ¢ = ¢ and d (s, t) = |s —t|1/2.
Hence, from Corollary 2 we obtain the following bound on the tails of TV¢(Y, S):

P(TVE(Y,S) > ¢ 'S(A + Bu)) <e™™, (3.9)
where A = A(R) and B = B(R) depend on R only. Notice that for § > 0 applying Bernstein’s
inequality to Y* we get P(Y* > x) < 2exp(—x?/(2R%S)) and using integration by parts we have

o
Eexp(sY*) <1+ 25/ Ve /CRY) 4y < | 4 85R\/S/2e5 KS/2, (3.10)
0

Now, we will strengthen estimate (3.9) using the Markov property of X. First, using (3.9) and
integration by parts we have

Eexp(A[TV'(Y, S) — ¢ '5A]) < S (3.11)
’ ~ 1-ASB/c '

for A < c(SB)~L. Let now S = S; + S,, where S;, S2 > 0. Using the inequality TVC(Y, S) <
TVE(Y, S1) + ¢+ TVE(Y, [S1, S1), which follows easily from the estimate:

(Y@ — Y| —c)+ <(lr@®) -S| —c)+ +(|Y (S —Y@)| —c)Jr +c
for 0 <t < S1 <u < S, and then the Markov property of X we get
Eexp(A[TV'(Y, S) — ¢~ 'SA])
<Eexp(ATVE(Y, $1) + Ac + ATVE(Y, [S1, S1) — Ac ' SA) .

_ eAcE(eATVC(Y,Sl)—Ac_' SIAE[eATV“‘(Y,[Sl,S])—Ac“ $HA IX(Sl)])

Ac 1 1
<eg .
= 1—ASiB/c1—A$:B/c

The last inequality follows by (3.11), since the right-hand side of (3.11) does not depend on xo,
and using the Markov property in similar way we have the universal estimate for the conditional
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expectation

1

E(exp{a TV(Y, 81, SI) — Ae ™' 241X (S1) =x1) < T

(note that the length of int(_arval [S1, 8] is S2). Notice now that from (3.12) it follows that
Eexp(A[TVE(Y, S) — ¢"1SA]) < 400 for A < min{c(S1B)~!,c(S2B)~'}. Let us fix integer
n > 1. Iterating (3.12) we obtain

l n
c -1 Ac(n—1)
Eexp(A[TVC(Y,S) —c'SA]) <e (] — ASB(CH)]> (3.13)

for A < cn(SB)~!, which gives that Eexp(A[TV(Y, S) — ¢ 1SA]) < 400 for any A € R. Now,
let us fix A > 0 and set n = [2ASBc~'7. Using (3.13), we get

Eexp(A[TVE(Y, S) — C—lgA]) < ereti=Don
< 2exp(222SB 4 2(In2)ASBc ™)
and thus

Eexp(k TVE(Y, S)) < Zexp(2A2SB +A8c7! (A + 2(ln2)B))
(3.14)
= 2exp(szaR +)»SC_1/3R),

where ag =2B =2B(R) and g = A+2(In2) B = A(R) +2(In2) B(R). Now, from (3.7), (3.6)
and (3.14) we get

Eexp(ATVC(X, S)) < Eexp(ATV(M, S) + A TV(Y, S))

< 2exp(A*Sag +ASc™ Br + Ayxo.c.n.5)Eexp(Rdp,sY*),

where yy,.c.p.s = (C + D|xo|)SePS, 8p s = DSePS. Finally, using (3.10) with § = A8p s we
get

Eexp(ATV(X, S)) < 2exp(r*Sag + ASc™ Br + Ayxo.c.p.5)

x (14841p,r 5 exp(Anp & 5))-
where np r.s =06p.sR/S/2. U

Remark 7. Let us notice that the condition that o is bounded is essential for obtaining the Gaus-
sian concentration of TV¢(X, S). To see this it is enough to consider the equation d X (t) =
271X (t)dt + X(r)dW(r) with the starting condition X (0) = 1. Notice that TVC(X, S) >
(X(S) — X(0) — ¢)+ and that (X(S) — X(0) — )+ = (expW(S) — 1 — ¢)4+ does not reveal
the Gaussian concentration.



Integrability of the truncated variation 459

Remark 8. Notice that for the standard Brownian motion X = W and Sc¢=2 > 2, Sc¢~! is com-
parable up to a universal constant with ETV¢(W, S). Hence, from (3.3) we obtain that for ¢ > 0
such that Sc¢=2 > 2, there exist universal constants A, B < +00 such that the Gaussian concen-
tration holds

P(TVC(W, S) > AETV'(W, S) + Bv/Su) < exp(—u?),  foru>0.

4. Existence of moment-generating functions of the truncated
variation of Lévy processes

In this section, we will deal with the existence of finite exponential moments of the truncated
variation of a Lévy process X. We will state the necessary and sufficient condition for the finite-
ness of Eexp(a¢ TVC(X, §)) in terms of the generating triplet of the process X (cf. Sato [16],
Chapter 2, Section 11). The methodology used here is very similar to the methodology used in
Lochowski [10] for a Wiener process W, where the existence of Eexp(a TVS(W, §)) for any
complex o was proved.

We start with the following lemma.

Lemma 8. Let X be a Lévy process. For any ¢ > 0 and a > 0 one has Eexp(a TVC(X, S)) <
400 if and only if

Eexp(a sup |X(s)|) < +00.

0<s<S
Proof. The ‘only if” part follows from the inequality

TV(X,S) > sup max{|X(s) — X(0)| — ¢, 0}

0<s<S

—max{ sup |X(s)|—c O} > sup |X(s)| —c.
0<s<S§

To prove the opposite implication let us define 75 =0 and fori =1, 2, ...

Tf =inflr > T (X (0 = X(TL,)[ > e/2p A (S +T2).

Observe that Tf =inf{t > 0:|X(¢)| > ¢/2} A S < § and that (X (¢));>0 4 (X@) — X(TIC)),ZTIC,

where “£” denotes the equality of distributions. Now let us define

o0
= X(T) e 1, ().
i=0

Since || X¢ — X|lco < /2, we have

TVC(X,S) <TV(X,S) 4.1
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and since X ¢ is piecewise constant with the first jump at T{ < S, denoting AX“(T}") = X(T{) —
X(Tf—) we have

TV(XS, S) = |AX(TY)| + TV(XC, [Tf. S])

4.2)
< sup |X()|+TV(X [T}, S]).
O§s§Tf
Let now § € (0; S) be such a small number that
E[exp(a sup |X(s) ); Ty < 3]
0<s<S§
4.3)

= E[exp(a sup IX(S)|)1{T1"§6}] <L

0<s<S

Note that such a number exists, since we assume that Eexp(asupy<,<s|X(s)]) < +00
and from the cadlag property and stochastic continuity of X it follows that P(T{ < §) =
P(supg< <5 1X(s)| >¢/2) { Oasé | 0.

Let us fix M > 0. Note that on the set {7} > §} we have TV(X¢, §) =0, hence

Eexp(a TV(X®, 8) A M) = E[exp(a TV(X®, 8) A M); T{ < 6]
+E[exp(0 A M); T > §]
4.4)
=E[exp(« TV(X,8) A M); T{ <]
+P(T} > 9).
Now, applying (4.2), the independence of the process X (¢) — X(T{),t > T|, and the two-
dimensional r.v. (SuPOSng,‘f |X (s)], Tf) (to see this notice that T{ is a stopping time and use
the strong Markov property of Lévy processes) and the equality of distributions of TV (X, s)
and TV(X€, [T{; Tf + s]) for any s > 0, we have
E[exp(a TV(XC, 5) A M); Tf < 8]

<Eexp(a( sup |X()|+TV(X[T738])) A M): T <6]

0<s<Tf

Ofngf

[exe(

SE[eXP<0€ sup |X(S)|+ozTV(XC;[TIC;8+TIC])/\M>;TIC§3]
[ ( ); Tf < 8]Eexp(aTV(Xc, 8) A M) +P(Tf > §)
[exe(

)i i <6 |Eexp(@TV(X“,8) A M).
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By this and by (4.4), (4.3) we have

P(Tf >4
Eexp(a TV(X®, 8) A M) < di=0 ot
1 — E[exp(a supg<,<s | X (s)]); T < 6]

4.5)

Using similar arguments as before (i.e., (4.2), independence of X (1) — X(T}),t > T{, and
(supOSSSTIC |X (s)], Tf) and the equality of distributions of TV(X¢, s) and TV(X€, [T}; T +s5])
for s > 0) we obtain

Eexp(a TV(X®, S) A M)

< E[exp(a sup |X ()| +aTV(X [T S+ T(]) A M); Tf < 8]

Ofszf

+E[exp(a sup [X()|+aTV(X [T{5S+Tf = 8]) AM): Tf > 8]

OSSST{‘

:E[exp(a sup |X(s)

0<s<Tf

): 7 <8 [E[exp(a TV (x°. 5) A M)]

+ E[exp(oc sup |X(s)

0<s<Tf

>; Tf > S]E[GXP(“ TV(X®, S =38) A M)]

§E[exp(a sup ‘X(s)

0<s<S$

); T¢ < a]E[exp(a TV(X, §) A M)]

+Eexp(c supS}X(s)})E[exp(a TV(X¢, S —8) A M)].

0<s<
From this, we have

Eexp(a TV(X®, S) A M)

B Eexp(a supy;<g | X (5)])
~ 1 — E[exp(asupys<g | X (s)); Tf < 6]

Eexp(a TV(X¢, S —8) A M).
Similarly, if S —25 >0
Eexp(a TV(X®, S —8) A M)

_ Eexp(asupg,<g_51X(s)])
~ 1 — E[exp(asupys<5_s | X(s)]); T{ <]

Eexp(aTV(X®, S —28) A M)

- Eexp(a supg;<g | X (s)])
~ 1 — E[exp(asupy,<g | X (s))); Tf < 6]

Eexp(a TV(X®, S —28) A M).
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Iterating and putting together the above inequalities, we finally obtain

Eexp(a supy<,<g [X(s)]) )LS/’”

Eexp(a TV(XC, S) AM) < -
1 — E[exp(a supy<,<g | X ()); T} < 4]

(4.6)
X Eexp(aTV(X", 8) A M).

By (4.5) and (4.6), and letting M — oo we get Eexp(a TV (X, S)) < +o00. Finally, from (4.1)
we get

Eexp(a TVE(X, S)) < +o0. U

Now let (A, v, y) be the generating triplet of the process X. By Sato [16], Theorem 28.15, we

have

Eexp(a sup |X(s)|) < 400

0<s<S§

if and only if

Eexp(a|X(l)|) <400
which, by Sato [16], Corollary 25.8, is equivalent with

/ ey (dx) < +oo. 4.7)

[x|>1

From equivalence of these conditions and Lemma 8 we obtain the following theorem.
Theorem 3. Let (A, v, y) be the generating triplet of the Lévy process X. For any o > 0 we
have

Eexp(a TVS(X, S)) < 400
if and only if

/ eIy (dx) < +o0.
[x|>1

Theorem 3 may be applied in situations, when the process X satisfies condition (4.7) with some
a > 0 but it is neither Brownian motion nor finite variation process. This holds, for example, for
tempered stable process, that is, processes with the Lévy measure given by

Cn

AnX
(_x)1+01ne 1x<0 d)C,

v(dx) =

Cp —ipx

x1+ape P 1 esodx +
where o), 0y <2, Ap, Ay, cp, cy > 0. They satisfy (4.7) for any @ < min(Ap, A,) and have infi-
nite variation when «p,, o, > 1. Another example are Meixner processes, used in financial mod-
eling (cf. Kyprianou et al. [7], Chapter I), with Lévy measure given by

exp(Bx/n)

vdx) = ——FF——"—
x sinh(mtx /1)
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where 8, n > 0, | 8] < . They satisfy (4.7) for o < (xt — |B])/n.
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