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Approximations of fractional Brownian motion using Poisson processes whose parameter sets have the
same dimensions as the approximated processes have been studied in the literature. In this paper, a spe-
cial approximation to the one-parameter fractional Brownian motion is constructed using a two-parameter
Poisson process. The proof involves the tightness and identification of finite-dimensional distributions.
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1. Introduction

The fractional Brownian motion with Hurst index H € (0, 1) is a centered Gaussian process
BH = {BH (1), t > 0} with covariance function

E[BA () B ()] = (s + 1117 — |t — s*™). (1.1)

It follows from (1.1) that B is self-similar with index H and has stationary increments. Un-
less H=1/2 (i.e., B is Brownian motion), B H s not Markovian. Moreover, it is known that
B has long-range dependence if H € (1/2, 1) and short-range dependence if H € (0, 1/2) (see
Samorodnitsky and Tagqu [14]). These properties have made B not only important theoreti-
cally, but also very popular as stochastic models in many areas including telecommunications,
biology, hydrology and finance.

Weak convergence to fractional Brownian motion has been studied extensively since the works
of Davydov [7] and Taqqu [16]. In recent years many new results on approximations of fractional
Brownian motion have been established. For example, Enriquez [9] showed that fractional Brow-
nian motion can be approximated in law by appropriately normalized correlated random walks.
Meyer, Sellan and Taqqu [13] proved that the law of B¥ can be approximated by those of a
random wavelet series. By extending Stroock [15], Bardina et al. [4] and Delgado and Jolis [8]
have established approximations in law to fractional Brownian motions by processes constructed
using Poisson processes.

Let {N(¢),t > 0} be a standard Poisson process, and for all ¢ > 0, define the processes X, =
{X:(1), 1 = 0} by

] t
Xa(t)=g/0 (—)NE/ED gy, t>0.
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Stroock [15] proved that as ¢ tends to zero, the laws of X, converge weakly in the Banach space
Cl[0, 1] (i.e., the space of continuous functions on [0, 1]) to the law of Brownian motion. Delgado
and Jolis [8] proved that every Gaussian process of the form

1
X, =/ K(t,s)dBs,
0

where B is a one-dimensional Brownian motion and K a sufficiently regular deterministic kernel,
can be weakly approximated by the family of processes

1
Yf(r):lf K(t.r)(=D)NO/D g,
€ Jo

Their result can be applied to fractional Brownian motion. In addition, Bardina and Jolis [2]
proved that as ¢ tends to 0, the family of two-parameter random fields Y, defined by

tprs 1
Ys(s,t)zfofo 8—24/_xy(—1)N(x/8’y/€)dxdy (1.2)

converges in law in the space of continuous functions on [0, 112 to the standard Brownian sheet.
Bardina, Jolis and Tudor showed in [4] that as ¢ tends to O, the family of two-parameter random
fields

1,1
. 1
Yg(s,t):/(;/o e—zf(s,t,x,y)A/_xy(—l)N(x/S’y/g)dxdy (1.3)

converges in law to the two-parameter Gaussian process

1 pl
W(s,t) = / / f(s,t,x, y)B(dx, dy),
0J0
where B is a standard Brownian sheet and the deterministic kernel

f(s.t,x,y) = fi(s, x) fa(t, y) (1.4)

can be separated by the integration variables and satisfies certain conditions. As examples, the
authors include the fractional Brownian sheet, among others. For more information, see Bar-
dina, Jolis and Rovira [3], where an approximation to the d-parameter Wiener process by a
d-parameter Poisson process was provided, and Bardina and Bascompte [1], where two indepen-
dent Gaussian processes were constructed using a unique Poisson process.

We note that in the serial works [1-4,8], the dimension of the parameter set is always the
same for the approximating and the approximated processes. Naturally, we will be interested in
the problem of whether we can approximate the d-parameter fractional Brownian motions by
r-parameter Poisson processes if d # r. The purpose of this paper is to study this problem in the
case of d =1 and r = 2. We find that for a special deterministic kernel function which cannot be
separated with respect to the integration variables, the answer is affirmative. Below, we introduce
the deterministic kernel function.



Approximations of fractional Brownian motion 1197

In order to study a non-Gaussian and non-stable process arising as the limit of sums of rescaled
renewal processes under the condition of intermediate growth, Gaigalas [11], page 451, intro-
duced the function A (z, x, y), defined as follows. For x,¢# >0 and y € R,

h(t,x,y):((t—i—y)/\()+x)+—(y/\0+x)+
t, —y<x,y<-—t,
0 xX+t+y, —l—y<x=<-y,y<-t,
=/ 1o —y)du=1 -y, —y<ux,—t<y<0, (1.5)
—t X, O<x<-y,—t<y<0,
0, otherwise.

Note that Kaj and Taqqu [12], page 388, interpreted the function
Ki(y,x):=@C =)+ Ax —(=y)+ Ax =h(t,x,—x — )

in the context of the infinite source Poisson model as a function of the starting time y and the
duration x of a session that measures the length of the time interval contained in [0, #] during
which the session is active. Therefore, h(t, x, y) = K;(—x — y, x) measures the length of the
time interval contained in [0, #] during which the session with duration x and finishing time —y
is active. Obviously, by this definition, A(z, x, y) # 0 if and only if y <0 and —y — x < ¢, that
is, x +y > —t.

In this paper, we define

g, x,y):=h(+s,x,y) —h(s,x,y)

0 0
= / 10, — y)du — / 1o, — y)du (1.6)

—t—s )

—s 0
=/ l[o,x](M—Y)dM=/ Loy —y—s)du=nh(t,x,y+s)

t—s —t

forallt >0, x >0, y € R and any given s > 0. Then, according to the definition of an integral
of random measure (see [14], Chapter 3), we can directly verify that for H € (%, 1),

\/Cﬂf/ gs(t, x, y)x" 2w (dx, dy)

0 JR_

ZVCH// /’l(t,X,y-i-S)xH_zW(dx,dy) 1.7
0 _

4 /Cu /000/ h(t, x, y)xH2W(dx, dy) £ BH (1),

where W (dx, dy) is a Gaussian random measure on Ry x R with control measure dx dy (see
Section 2 for its definition), Cy = HQ2H — 1)(1 — H)(3 — 2H) and the notation 4 denotes
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identification of finite-dimensional distributions. In fact, the last equality is taken from Gaigalas
[11], page 454, although the constant Cy is omitted in Gaigalas’ representation. Therefore,

1 2H
Cr / / & (j S dvdy = JEIBY (0021 = (1.8)

From the representations (1.2) and (1.7), inspired by (1.3), it seems reasonable that the law of
the process B can be approximated by that of some process similar to Y, with kernel g (¢, x, y).
In this paper we define a sequence of processes {Y, (), € [0, 1]},>1 as follows:

n p0
Ya(t) =ny/2CH f / g5 (t,x, X2 /x|y (= )M ™) dx dy (1.9)
0J—n

for H € (1/2,1). Here, {N,(x,y), (x,y) € Ry x R_} is a Poisson process with intensity n (see
Definition 2.1).

The main purpose of this paper is to show that the law of Y, converges to the law of B
for H € (1/2,1). We note that the kernel gs(z, x, y) in (1.9) cannot be separated by the argu-
ments (x, y), unlike the kernel function in (1.3). This difference is not trivial. As we will see in
Remark 3.1, it causes many real technical difficulties.

The rest of the paper is organized as follows. Section 2 is devoted to introducing the necessary
definitions, notation and the main result. In Section 3 we prove the family of processes {Y;, (¢)},>1
given by (1.9) is tight in C[0, 1]. In Section 4 we prove that as n tends to infinity, the finite-
dimensional distributions of {Y,,(¢)} converge weakly to those of the fractional Brownian motion
B with H € (1/2, 1) and hence {Y,, ()} converges weakly in C[0, 1] to the fractional Brownian
motion B .

2. Preliminaries

We now give the definitions of the Brownian sheet and Poisson processes on R x R. Let ¥ be
the Borel algebra on R x R. v and u denote a o-finite measure and the Lebesgue measure on
R x R, respectively.

Definition 2.1. Given a positive constant B > 0, a random set function N(-) on the measure
space (R x R, £, v) is called the Poisson random measure with density measure Sv if it satisfies
the following conditions:

(1) for every A € F with u(A) < oo, N(A) is a Poisson random variable with parameter
BVv(A) defined on the same probability space;
(i) if Ar,..., A, € F are disjoint and all have finite measure, then the random variables
N(A1),...,N(A,) are independent,
(iii) if A1, Aa, ... € F are disjoint and v({J;2 | Ai) < o0, then N(IUJ72 Ai) =Y oy N(A;)
a.s.
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If N(-) is a Poisson random measure with density measure B, then we define

N ([0, s] x [0, 1]), s>0,1>0,
N ([0, s] x [z,0]), s>0,1=<0,
N([s,0] x [0, t]), s <0,t>0,
N([s, 0] x [z,0]), §<0,t<0

N(s,t)=

and call N = {N(s,1), (s,t) € R x R} the two-parameter Poisson process with intensity B in
R x R.

It is not hard to see that N = {N(s,t),(s, ) € Ry x R_} is independent with N =
{N(s,1),(s,t) € Ry x Ry}, which is the ordinary two-parameter process in Ry x R, and
for any (s,7#) € Ry x R_, {N(s,7)} has the same finite-dimensional distributions as those of

{N(s. [t}

Definition 2.2. Consider a random set function W (-) on the measure space (R x R, ¥, v) such
that:

(1) forevery A € F with v(A) < oo, W(A) is a centered Gaussian random variable defined
on the same probability space with variance 2v(A);
(i) if Ar,..., A, € F are disjoint and have finite measure, then the random variables
W(A1), ..., W(A,) are independent,
(iii) if A1, Az, ... € F are disjoint and v(| 72| A;) < 0o, then W(| 72, Ai)) =Y 0 W(A))
a.s.

We then call W (-) a Gaussian random measure on R x R with control measure v. In particular,
if W(.) is a Gaussian random measure on R x R with control measure %u, then we define

W([O0, s] x [0, t]), s>0,1>0,

| waosixrop, s=o0.r<o,
BG:D=1 w01 [0.). s<0.1>0,
W([s. 0] x [1.0]). s<0.1<0

and call B ={B(s,1), (s,t) € R x R} the two-parameter Brownian sheet in R x R.

Similarly, we have that B = {B(s, 1), (s,t) € Ry x R_} is independent of B} = {B(s, t), (s,
t) € Ry x Ry}, which is the ordinary Brownian sheet in R x R, and for any (s,7) e R x R,

we have B(s, 1) 4 B(|s|, |¢]). Hence, from (1.7) it is easy to check that

d o _
B (1) = ¢2CH/ / gs(t, x, y)x" 2 B(dx, dy). 2.1)
0 JR_
Let sgn(x) =1 if x > 0 and sgn(x) = —1 if x < 0. We have the following conclusion, which

essentially parallels Bardina and Jolis [2], Theorem 1.1. The proof is omitted.
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Lemma 2.1. Suppose that N = {N(s,t), (s,t) € R x R} is a two-parameter Poisson process
with intensity 1 in R x R. Forany S > 0and T > 0, let

u v
Bn(u,v):sgn(uv)n// Iy (= DHNEVEIYm gy 4y 2.2)
0J0

forany |u| < S, |v| < T. The finite-dimensional distributions of B,, then converge weakly to those
of a two-parameter Brownian sheet B = {B(u,v), lu| < S, |v| <T}.

Naturally, (2.1) and (2.2) suggest that we consider the following approximation of B for
He1/2,1):

n p0
Ya(t) =ny/2Cy f / g (t,x, X2 /x|y (=M dx dy (2.3)
0J—-n

forn e N={1,2,...} and 1 € [0, 1], where N, = {N,(x, y)} = {N(x+/n, yo/n)} is the two-
parameter Poisson process with intensity 7.
The main result of this paper is as follows.

Theorem 2.1. For any fixed s > 0, the law of the process {Y,(t),t € [0, 1]} given by (2.3) con-
verges weakly to the law of {B" (t),t € [0, 1]} for H € (%, 1) in C[O, 1].

Remark 2.1. If we define fz(t, x,y):=h(,x,—y), then i_z(t, x, ¥) has a more natural physical
interpretation. It measures the length of the time interval contained in [0, ¢] during which the
session with duration x and finishing time y is active. Define

n n
Yu(t) :=ny/2Cy / / g5t x, )xT2 xy(= 1N D) dx dy,
0J0

where g;(¢, x, y) = h(t +s, x, y) — h(s, x, y) = h(t, x, y — ). It is then easy to see that Theo-
rem 2.1 holds for Y,,.

Note that s is a given positive number. In the sequel we will treat it as a constant. In addition,
since the parameter Cy cannot affect our discussion, we will take it to be 1 in order to simplify
matters.

We now introduce some auxiliary notation. In the sequel, oo and —oo will denote positive
infinity and negative infinity, respectively. For all x’ > x > 0, y' > y > 0, by Cairoli and Walsh
[6], we define

A NG, y)=N((x,x'Tx (v, ¥'1). (2.4)

Forany ¢ €[0,1], x > 0and y <0, we let

¢ (x, y) i= g5 (t, x, y) /x> > 0.
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Define a function F, r(x, y) as follows:

oo p0
Fy £ (x, ) = /x|yln? / / f(x2, y2)y/xalyale 2 xO2= =2 =002 gy dy, 2.5
X y

where n > 0, x >0,y <0 and f is a measurable function such that the integral is meaningful.
Obviously, if 0 < f < g, then 0 < Fy, s (x,y) < Fy g(x, y).

3. Tightness of Y,, in C[0, 1]

Let Y, = {Y,(¢), t € [0, 1]} be the process defined by (2.3). The purpose of this section is to prove
the tightness of the processes {¥,;},>1.

Proposition 3.1. The family of laws of the processes {Yn}n>1 is tight in C[O0, 1].
To prove the proposition, we need the following lemmas.

Lemma 3.1. Ler Q1 ={0<x1 <x2,y2<y1 <0} and Q={0<x1 <x3,y1 <y2 <0}. Fora
non-negative function f(x,y), iffooofi)oo f2(x, y)dx dy < oo, then for any u,v > 0,

u 0 2
E[(ﬂf f(x,ywxlyl(—l)N"(x’”dxdy) ]
0J—v

3.1
<2(Ii(n, f)+ L(n, f)),
where
2
L, f)=n? /Q [ 1O iy yidv/xilyil)e ™2 171 72222) dxy dyy dxa dy, (32)

Li=1

2
L. f)=n / [T(/ Gioyid/ailyil)e2rnteman=temxnl 4y dy; diodys. (3.3)
Q

2j=1

Proof. Let I(n, x1.2, y1.2) = E[(—1)M&1.yD+N@2.2)] By Fubini’s theorem, the left-hand side
of (3.1) is equal to

u 0 u 0
”Z/f / FxLyD) f G2, y2)vxiyilvxely2ll (n, x1 2, y1,2) dxpdy;dxady,. (3.4)
0J—vJO J—v

Define Q3 = {x; > x2 > 0,0 > y; > y} and Q4 = {x] > x2 > 0, y; < y» < 0}. Then, by (2.4),
I(n,x1,2,y1,2) equals

]E[(— 1)Nn(X1,\y1 |)+Nn(X2,|y2|)]

3.5)
— E[(_l)A(o.O)Nn (x1,1y1D+A0,0) Nn (Xz,l)’zl)]'
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Note that Ziz:l A,00Nn (x4, |yil]) is equal to the sum of the increments of the Poisson process
over some disjoint rectangles, and the rectangles which contribute to the value of I (n, x1,2, y1,2)
are those which appear only once. Since two-parameter Poisson processes have independent
increments, after some simple calculation, we obtain that on €21,

I(n,x12,y1,2)
— ]E[(—l)A(("“'l DN (X1 1y2D+A ey 1y D N (52, 172D+ Ay ,0) Nu (X2, 131 I)]

= E[(— )20 M1 JE[ (— 1) A a2 b2D R (— 1) Ao a2 1] 5.6
= exp{—2n(x1y1 — x2y2)}.
Using the same method as above, we obtain that
I(n,x1,2, y12) = exp{=2n[x;(y2 — y1) — (x2 —x1)y21}  on 2y, 3.7)
I(n,x1,2, y12) =exp{=2n[x2(y1 — y2) — (x1 —x2)y11} ~ on 3, (3.8)
I(n,x12,y12) =exp{—2n(x2y2 —x1y1)}  on Q4. 3.9)

Substituting (3.6)—(3.9) into (3.4) and using a change of the integration variables if necessary, we
can easily obtain (3.1). U

Lemma 3.2. If [ ffoo f2(x,y)dxdy < oo, then I1(n, f) defined by (3.2) is such that

37 oo 0 5
Il(n,f)§§/0/ £, ) dedy. (3.10)

Proof. Define B={0 <x; <x <2x1}, C={2y; <y» <y <0}and A= BNC.Let I}(n),
IIB (n) and Ilc (n) denote the integral (3.2), where €27 is replaced by A, 21\ B and €1 \ C,
respectively. Then,
A B c
Lin, f)<I{ (n, /)+ I} (n, )+ I} (n, f). (3.11)
Using the elementary inequality 2ab < a 4 b?, from (3.2), we have that

[, ) < 3(Inm) + (), (3.12)

where I;1(n) is

n2/ F2Cer, yDxn |y le” 21 @122 dyy dyy dxo dys
A

oo 0 2x1 )1
:n2/ / / fZ(xl,yl)xl|y1|672n(x1y17x2y2) dx; dy;dxadys
0 J—oxJx; 2y1
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and I1>(n) is

n2/ F2(x2, y2)xa|yzle 21 1=X232) 4y dyy dxo dys

2x1
=n / / / fz(X2, y2)x2|y2le” 7292 4y dyy dxy dys.
xr J2y
Since, for any (x1, y1, x2, y2) € 21,

x1y1 — x2y2 = (x2 — x|yl + (Iy2] = [y1Dx1, (3.13)

I11(n) is bounded by

2x1
/ / f f (xl,y1)x1|y1|e n[(e2—xD))|y1l+y2l=Iy1Dx1] dx; dy; dxp dy;.
X1 2y1

Integrating with respect to x; and then with respect to y, in the above integral, we obtain the
following bound:

Iii(n) <~ f / FAxr, y1) dxg dy. (3.14)
Furthermore, in the region A, it follows from (3.13) that

x1y1 — x2y2 = (x2 — x)|y21/2 + (Iy2 = |y1Dx2/2.

By the same argument as above, we then have that

oo 0
Ilz(n)SfO/ F2(x2, y2) dxa dys. (3.15)

Therefore, from (3.12), (3.14) and (3.15), it follows that

o <2 [/ £, y) dr dy. (3.16)

We now consider IlB (n, f). Note that

2(x1y1 — x2y2) = 2(x2 — x)|y1] + 2(|y2| — [y1Dx2
> (x2 —xD)|y1l + (y2] = IyiDx1 + xily1]
= (x2 — x|yl + [y2lx1
> sxalyil + Iyl

for any (x1, y1,x2,¥2) € 1\ B ={x2 > 2x1 > 0, y» < y; < 0}. Define ill(n) and ilz(n) as
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I11(n) and I17(n), respectively, with €1 \ B instead of A. Then,

5 oo 0 o0 ry1
Ii(n) < n2/ / / F2Cer, yoxy |y e 2t /2x21D gy dy; dxs dys,
0 —00 J2

X1J —00

- oo 0 oo ry1
Ii2(n) < 712/ f / f F2(x2, y)xalyple P2t /22D 4y dy, dxs dy,.
0 J—o0J2x;J—00

Integrating in I 11(n) with respect to x, and y», and in I, 12(n) with respect to x; and yp, respec-
tively, we obtain that

~ - oo 0
Iu(n)+112(n)s4/0f £, y) dx dy.
Since 1B (n, f) < 3(I11(n) + T12(n)), we have
oo 0
IlB(n,f)Sfo f2(x, y)dxdy. (3.17)
0 —00

Similarly, for any (x1, y1, x2, y2) € 1\ C = {x2 > x1 > 0, y» < 2y; <0}, we have that

2(x1y1 — x2y2) = 2(x2ly2| — Iy1lx1) = 2(|y2| — [y1Dx2

\Y

> (Iy2l = [y1Dx2 + |y1lx2 = (ly2l = ly1Dx1 + [y1]x2

1
> slyalxr + x2|y1l-

Therefore, using a similar approach to the one above, we have

oo 0
o=z [ feaa (3.18)
0 J—oo
Combining (3.11) with (3.16)—(3.18), we get (3.10). O
From (1.8) and Lemma 3.2, we can immediately get the following corollary.
Corollary 3.1. Foreachn >0, I1(n, ¢;) < f—ngH.

Observe that for every non-negative measurable function f(x, y), by (2.5) and (3.3),

[ee) 0
Iz(n,f)Z/O dxl/ f e, yo) B, p(x1, y1) dy1. (3.19)

The following lemmas concern I>(n, f). We focus on the case where [ = ¢;.
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Lemma 3.3. ForanyO0 <t <1,let S ={x >~O, —t—s<y<-—s}and &,(x, y) = ¢ (x, y)1g(x,
y). There then exist a non-negative function WV, (x, y) on {x > 0, y <0} such that for all n > 0,

F, 5,1 yDs(rr, y0) < Wy (xn, y), (3.20)

and a positive constant K1 which depends only on H, such that for all n > 0,

+1
hon, ¢t></@(xl,yl)wt(x],y])dxldyl<K1,/ i (321)

Proof. By (1.5) and (1.6),

/x> H, —y—s<Xx,y<-—t—s,
(x+t4+s+y)/x>H, —t—s—y<x<-—-y—s,y<—t-—s,
Gi(x,y) =1 —(y +s5)/x>H, —y—s<x,—t—5s<y<-s, (3.22)
1/X17H, O<x<—-y—s,—t—s5s<y<-s,
0, otherwise.

Let S =SN{0<x <—y—s}and S =SN{x > —y —s}. Then,

F, 5,1 yols, (x1, y1) = L, (x1, yDNX1 (21 + I + D23), (3.23)

where

—s—x| p—s—)0
by = n2/ / dr (X2, y2)y/xa|y1 yale 2 M1 027y =@ mxnl gy dy, |
Y1 X1

—s—X| OO
Iy = n2/ / & (x2, y2)/x2|y1 yale 2 H1 G2=yD=(2=x02l g5 gy
¥ —s=y

b3=n / ¢z(X2, y2)v/x2y1yale 202D =@ vl gy, dy,.
—s—x1Jx;

For (x1, y1) € 81, from (3.22), we have that

—s—x1 p—Ss—y | NP
I :nZ/ / T H /|y1y2|e_2”[x1()’2 yD=a=x0321 4y, dy,
1 X1 Xy

[t+s ST
/ / 1/2 H|y2|e 2n[x1 (y2—y1)—(x2— xl)m}dxzdyz
_tH 1/2 ,t—l—sn/ o e 2nx1(y2— y1)dy2
s 2y,

(H=1/2

(3.24)

<
4x

=:1Y1(x1, Y1),
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where C; = /(1 + s)/s is a constant. Similarly, for (x1, y1) € S1,
—s—X1 )
Iy=n / / 3/2 H |y1y2|e nlxi (y2—y1)—(x2—x1)y2] dxs dys
Vi —s=y2 X,

—s5—X]
< CSnZ/ / (—s — yz)H*1/2|y2|e*2n[X1(yzfyl)*(xzfxl)yz] dx; dys
y —S=y2

‘ - (3.25)
n 51 ) ,
< (s —yH12C / e~ 202 dy
2 Jy
(—S— 1)H—l/2
< =)
4x1
and
o0
—s—y NP
Iz =n / / 73/2 7 /Ivilly2le” 2n[xy (y2—y1)—(x2 xl)ﬂ]dxzdyz
—S=X]JXL Xy
< Csn f / 3/2 |y2|e—2ﬂ[x|(Y2—y1)—(X2—X1)y2] dx dys (3.26)
—s—x1 Jx1
< Csm S (xr, y1).
In addition, for (x1, y1) € S2,
T s =W _ ) (xr—
Fn,ét(xl’yl):nzf f —=AF /x1]y1y2le 2n[x1(y2—yD—(x2 0320 dx, dy,
e (3.27)

—5 —
= Cs427[}; =:Ya(x1, y1).

X1

Define \il,(xl, y1) as
VA (Wi, y) + va(xn, y) + 3, yo) s (xn, yi) + Yalx, yo s, (x1, yi).
Obviously, \ilt (x1, y1) is positive and (3.20) follows from (3.23)—(3.27). Note that
L(n,é) = /;ét(m,yl)F,,,(g,t (x1, y1) dxpdy

S/ng(m,yl)‘i’z(m,yl)dxl dy;.
s
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With some basic calculations, we obtain the following results:

yi—s H—1/2 c, 2t
/¢z(x VXY (e, y) dxpdyy = — f R —5—g drrdyr = ———;
—t=s / 4H? — 1
T (s )T
/fl’z(x WVxY (e, y) dxpdyr = — / 3/2 dxpdy
—t—s
_4(2H—1)H’
—y1—s CgIZH
,y1)dx; d — —— dxd —_——;
/ ¢ (6, Y)/X1Y3(x1, y1) dap dyy = - sf ey ey

Cs (— yl—s>2
dx;dy; = — dx;d
fsz¢z(x,)’)l/f4(x1,y1) xpdyr = - [ f}l . 4 s dxrdy

B Cs[2H
T 8B -2H)H'

From the above integrals, (3.21) follows with K| = 8H(2H 5+ 8H(3 sy T [l

4H2 1
Lemma 34. For 0 <t <1 and each constant M < —t — s, let G(M) = {—t —s — y <
x,M <y < —t—s}and ¢;(x,y) = ¢:(x, y)1G)(x, y). There then exist a non-negative func-
tion li/, (x,y) on {x >0,y <0} such that for all n > 0,

F, 4, @ yD1an (1, y1) < W (x1, ), (3.28)

and a positive constant K, which only depends on H, such that

Ln, ¢;) < / ( ¢ (x1, yDW, (x1, yp) dxy dyy < Ko,/ | s' 2 (3.29)
G(M)

Proof. From (3.22), we have that

F, 4, @130 = by + In, (3.30)
where
o0
]21 =n / 3/2 = x1|y1y2|e 2n[x1 (y2—y1)— (X2—X1))’2]dx2dy2
—5—y2 x2
ST TR+t 45+ _ 1) — (o —
Izz_nzf / 2 3/2 7 Y2 /x1]y1y2le 2n[x1 (y2—y1)—(x2 xl)yz]dxzdyz.
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For (x1, y1) € G(M), since |y1| < |M],

o
121\/122< / / dy1/ n |y2|e 2n[x1 (y2—yD)—(x2— xl)n]dxzdyz
V1 —S=y2
(3.3D)
t
B V 4x1

Therefore, from (3.30) and (3.31), it follows that

|M| 4
E, 4,0 yDleon (x1, y1) = I

Let \if, (x,y)=4/ ‘%ItxH -2 /2. Then, (3.28) holds. Furthermore, by some basic calculations,

/ dr(x1, y1) W (x1, y1) dxp dy
GM

|M —t—s
\/ f / @1 (x1, yl) 7 dxidy
—t—s5—Yy]
< M /l [ f*ﬁ"l tx 4145 +y1) }
dx; + dxi |dyr  (3.32)
—Ss—Y1 2)64 2H —t—s—y 2x?72H
|M| 2 ot s+ 1)
= dx1 42H dy1
401 -H)(3 - 2H) s 2x;
o0 ST f(xp 4 s+ y1)
+f dxl/ 120 Ly,
t —t—5—x] 2x1

/|M|t2H
T41-H)(3 - 2H)(2H —1 '

Hence, (3.29) holds for K2 = y1—grya-smar=n- O

Lemma 3.5. For0<t <1, M < -2 —s, let G(M) ={-t— s—y<x,y=< M} andd_n(x,y) =
& (x, Y)1Gpr)(x, y). There then exist a non-negative function Vs (x, y) on {x >0, y <0} such
that for all n > 0,

F, 5,1, yD1G 0 1, y1) < Wi (x1, y1), (3.33)
and a constant C > 0 which is independent of t, M and H, such that

L(n, ¢;) < f dr(x1, y1) ¥y (x1, y1) dxp dy; < K2C2H (3.34)
G(M)
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where K> is the constant in Lemma 3.4.

Proof. From (3.22), it follows that

M poo 2
F, 4 (x1.y1) =n’ / f i (x2, yo) [ [ Vxilyile 202 =tamxinl gy, dy,
Y1 J X1 i=1

tn2 M 00 ) ,
= =357 / \/x_1|)’1|/ e 2nx1(y2=y)—(x2—x1)y21 dx, dy,
Xy Y1 X1

ol (3.35)
V1
= Zt—H/ nx”y”eznxlb’ﬂd|y2|e—2m€1\y1l
2x; M 2l
. 7 nxilyil
=— e 2l |y | —e?¥ dw.
2)61 nxi|M| W

Let Q(z) = e %z flz %6211) dw for z > 1. Then, Q(z) is continuous on [1,00) and Q(1) =0,
lim;—, - O(z) = 1/2. Hence, there is a constant C > 0, which is independent of M, ¢ and H,
such that Q(z) is bounded by C. Note that on G(M), because |M| > landx; > —t —s —M > 1,
we have nx;|M| > 1 for all n > 0. Therefore, (3.35) yields

t
Fy 5, (1, yD1g 00 (X1, y1) < 2)(2—7HC.
1

Let W, (x, y) = Ctxf=2/2. By calculations similar to those in (3.32), (3.34) holds for K, =
1
O

-G —2HCH-D"

Proposition 3.2. For any 0 <t <1, there exists a constant K, independent of t but dependent
on s, such that

n 0 2
E[(n/ &0 (x, Y)/x |y (=N dx dy) } <K, (3.36)
0J—n
Proof. Using the same notation as in Lemmas 3.1-3.5, taking M = —2 — s and observing that
from (3.22), ¢;(x, y) = 01if (x, y) is not in the set
{(x,y):y<—s,x>0andx +y>—1—s}=SUGM)UG(M),
we can rewrite the left-hand side of (3.36) by

n p0 2
1(n, ¢r) :=E[(n/0 ¢ (x, y)y/x [y (=N dxdy) }

5 (3.37)

n p0
=E[(nf0f (¢”>t<x,y)+¢>f<x,y)+q3t<x,y))\/x|y|(—1)N"<**”dxdy) }
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which is bounded by
31(n, ¢) +31(n, ¢) +31(n, ). (3.38)
Note that 0 < ¢~>,, ét, ¢_>, < ¢;. Lemma 3.1, Corollary 3.1 and Lemma 3.3 imply that

I(n,é) <20 (n, ) +20(n, ¢r)

(3.39)
37 1
5<—+2md¥iﬁﬂﬁ
8 K
and Lemma 3.1, Corollary 3.1 and Lemma 3.4 imply that
o o o 37 245\ oy
I(n,¢) <261(n, @) + 21 (n, @) < §+2K2 5 = (3.40)
Furthermore, from Lemma 3.1, Corollary 3.1 and Lemma 3.5, we have
- y - 37 2H
I(n,¢;) <2I1(n, ¢;) +2L(n, ¢r) < r +2K,C =7, (3.41)

Therefore, (3.37)—(3.41) yield that

Mm¢0§3{%l+2KhK1+sﬂs+2K%K2+sﬂs+2KﬂﬂﬁH.

Taking K = 3[% +2K1/ (1 +5)/s +2K24/(2+5)/s + 2K2C] then completes the proof of
Proposition 3.2. O

Finally, we prove Proposition 3.1.

Proof of Proposition 3.1. To prove the tightness of {Y,}n>1 in C[O0, 1], it suffices to show that
for some r > 0 there exist two constants M > 0 and n > 1 such that for any ¢, ¢’ € [0, 1],

n 0 _ 1 r
E[(ﬂ// gS(tax7y)2_§IS(t7-xvy)\/m(_1)Nn(xay)dxdy> ]
0J—n X

<Mt -1,

which follows from the criterion given by Billingsley (see [5], Theorem 12.3) and the fact that
our processes are null at the origin.
Without loss of generality, let 7 > ¢’. Note that from (1.6), we have
gt x,y) —gs(t',x, ) = h(t +5,x,9) —h(t' +5,x,)

= grs(t — 1'%, y).
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By Proposition 3.2, it is easy to check that the above inequality holds for r =2, n =2H > 1
and M = 3[% +2K1J(A+5)/s +2K2/(2+5)/s) + 2K2C], which completes the proof of
Proposition 3.1. ]

Remark 3.1. Compared with the proofs of tightness in Bardina et al. [2,4], we have found that
under the condition that the kernel f can be separated by its arguments (x, y), the calculation of
I (n, f) is transformed to the calculation of I; (n, f), which is relatively simple; see the proofs of
Lemmas 3.1 and 3.2 in [2] and the proof of Lemma 3.1 in [4]. However, in our case, the kernel f
cannot be separated by the arguments (x, y), so we need to discuss I2(n, f). From our proof, we
can see that the calculation of I5(n, f) is more complicated and delicate than that of 71 (n, f). In
addition, the fact that the kernel f cannot be separated by the arguments (x, y) also creates some
difficulties in the identification of the limit law; see the proof of (4.7) in the next section.

Remark 3.2. By Proposition 10.3 in [10], page 149, Proposition 3.1 also shows that P(Y, €
Cl0,1],neN)=1.

4. Limit law of Y,

In this section, we proceed with the identification of the limit law. We will prove the following
proposition.

Proposition 4.1. The finite-dimensional distributions of Y, = {Y,,(¢t), t € [0, 1]} defined by (2.3)
converge weakly, as n tends to 0o, to those of a fractional Brownian motion B = {BH (1)t €
[0, 11} with Hurst index H € (1/2,1).

Proof. Foreachk eN,ay,...,aqs e Rand0<t <t <--- <ty <1, we define

k k
Ly=Y ajY,(tj) and U= a;B"()).
j=1 j=1

It suffices to prove that for any £ € R, as n — oo,
J(n) := |E[exp(i§ L,)] — Elexp(iU)]| — 0. 4.1

ForT >1+s, let

k T (0
Ly(T) :=nZaj‘/(;/ ¢tj(X,y) /x|y|(_1)N"(x’y)dxdy
j=1 -r
and

k T (0
U(T) :=Za,,/0 /T¢tj(xa)’)3(dx’dy),
j=1 -
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where B(x, y) is given by Lemma 2.1. Let

Ji(n, T) = |E[exp(i§ L, (T))] — E[exp(iEU(T))]|,
Jo(n, T) = |Efexp(i§ L,)] — E[exp(i§ L, (T)]l,
J3(T) = |E[exp(EU(T))] — El[exp(i§U)]|.
Then,
J) <Ji(n, T)+ Jo(n,T)+ J3(T). 4.2)

Below, we estimate Jy(n, T), Jo(n, T) and J3(T), respectively.

(1) We estimate Jy(n, T).

Noting that ¢,j (x, y) is a non-negative measurable function on {x > 0, y <0}, we can find a
sequence of elementary functions ¢/ (x, y) such that

0<q™/(x,y) < ¢r;(x,y) and g™ (x,y) = b1 (x, y) a.e. as m — 0o. 4.3)

Then, by the dominated convergence theorem, it follows from the fact that fooo ff)oo[qb,j (x,
y)1?dx dy < oo that as m — o0,

T r0 ]
(¢, (x, y) — g™ (x, )  dxdy — 0, (4.4)
0 T

For any m, j,n > 0, define
. T 0 .
Y, =n / / g™ (. )y/x|y[(=DN Y dx dy,
oJ-1

T 0
B™J :/é / q™7 (x, y)B(dx, dy).
-T

By Lemma 2.1, we can readily verify that for fixed m € N, as n — oo,

k k
]E|:exp (ié;‘ > a; Y,’l”’f>] —~ E[exp(ig ZajB"’J)} ' -0 (4.5
j=1 j=1

because Y, '/ is essentially a linear combination of increments of B, defined by (2.2), and B/
is the same linear combination of the corresponding limits of increments of B,,.
We further define

Jiin, T,m) :=

k
Jiz(n, T, m) := |E[exp(i& L, (T))] — E[exp(ié Zan,’,"’j)i| ’
j=1
Kk
Ji3(T,m) := |E[exp(i§U(T))] — E|:exp (is Za(iB’"’f>:| |
j=1
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Then, for any n, m,
Jin, T)<Jiu(n, T,m) + Jio(n, T,m) + Ji3(n, T, m). (4.6)
Below, we will show that for all fixed T, there exists some y7(m) > 0 such that for any n > 0,
Jio(n, T,m) < yr(m) — 0 4.7

as m — o0. To this end, let f,; ;(x,y) = & (x,y)— qm’j(x, y). Define

Fon j (. ¥) 1= fn j (x, W0, 7% (15,0 (X, ¥),
Fon j (6, 9) i= fnj (x, W0, 71x[-7,—1;—5) (X, ¥).
By (4.3), as m — oo,
&1 (x, ) = fm,j(x,y) =0 ae.in[0,T] x [-T,0]. 4.8)
Define

Rj(n,m,T):IE|:

T 10
n// fm,,(x,y>\/x|y|(—1)N"<x'”dxdyﬂ.
0J-T
Then, by Lemma 3.1,
T 0 3 _ 2
[Rj(n,m,T))? San[<// (fm,,-<x,y)+fm,,-(x,y>)\/x|y|<—1)N"<"*>’>dxdy) }
0J-T
<21, fu, ) + 1, fn.)) (4.9)
<4(Ln, fnj) + L, fn )+ 11, fn ) + D0, fn )
Lemma 3.2 and (4.4) show that for any n > 0, as m — oo,
- 37 oo 0 - ~
Ii(n, fm,j) < 3 fm’j(x,y)dxdy =:a;jm,T)— 0. (4.10)
0 J—0
Note that fp, j(x1, yl)\i—’[j (x1,y1) > O a.e. as m — o0o. From Lemma 3.3 we know that
F, 7, Gy = F,,,(;,,j (x1. y1) < Wy, (x1, 1)

and that

T (0
// S j 1, yOF, 7 (1, yi) dxrdyn
0 J—tj—s -

T r0
< / / ¢, Cer, yD B, (1, 1) dxy dyy < 0.
0 —t_/'—S
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By the dominated convergence theorem, as m — oo,

T r0
D, fou ) < B (m.T) :=/ Fun s Gty Gy e dyy 0. (@11)
0

7[1‘7_&‘
In a similar way, we know there are &j (m,T), ,3]- (m, T) such that for all n > 0, as m — o0,
L1, fu ) <@;(m,T)—0 and ©Ln, fn ) <Bj(m,T)— 0. (4.12)

On the other hand, using the mean value theorem, we obtain that

T r0
ajn /0 f fm,j()h)’)\/X|)’|(—1)N"(X’y)dxdyu
-T

=k i|Rj(n,m, T)).
IEIII;l/f;l;ik(lajl j,m, T))

Jia(n, T, m) < k|&| max E[
1<j<k

4.13)

Hence, (4.7) follows from (4.9)—(4.13) with

yr(m) = 2K1g ] max, (1a; 1y & (n, T) 4 B m, T) + & m, T) + 3 m, 7).

|

For J13(m, T), we apply the mean value theorem again. Then, as m — oo,

Jiz(m, T) 551[*3[

ko1 00 _
i Z/O /_T(‘i’tj(x’y)—qm’J(X,j))B(dx,dy)
j=1

T 10 ‘
< k& max E|: aj/ / (¢, (x, ) —Clm’](xyj))B(dxﬁdy)H (4.14)
I<j<k 0J-T
T 0 . ) 1/2
< k& max H:/ / (¢ (x.y) — g™ (x,y)) dx dy:| } — 0.
1<j<k 0J-T

From (4.5)—(4.7) and (4.14), we obtain that for any fixed T, as n — oo,
Ji(n, T) = 0. (4.15)

(2) In a similar way as was used to prove (4.7), there exists some (7)) > 0 such that forn > T,
as T — oo,

Jo(n,T)<¢(T)— 0. (4.16)

(3) In a similar way as was used to prove (4.14), we obtain that there exists some 6(7) > 0
such that as T — oo,

J3(T) <60(T) — 0. (4.17)
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Therefore, combining (4.2) and (4.15)—(4.17), we can obtain that J (n) — 0 as n — 0o, com-
pleting the proof of Proposition 4.1. (]

Note that Theorem 2.1 is an immediate result of Propositions 3.1 and 4.1. Therefore, the proof
of Theorem 2.1 is complete.
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