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1. Introduction

The centre of a distribution is often estimated by the sample mean or the sample median.
However, it is well known that the sample mean is sensitive to outliers and thus not robust.
On the other hand, the sample median is robust against outliers but is not very efficient if
the underlying distribution is, for instance, normal. An estimator showing intermediate
behaviour, and which includes both the sample mean and sample median, is the trimmed
(sample) mean. Compared with robust M-estimates of maximum likelihood type, the
trimmed mean not only has the same asymptotic variance but also is easy to compute.
The asymptotic normality of the trimmed mean is derived by Stigler (1973) under
minimal conditions, while Bjerve (1974) and Helmers (1982) derive Edgeworth expansions
under general conditions. Easton and Ronchetti (1986) obtained approximations to the
density of trimmed means. The Edgeworth expansion for the studentized trimmed mean was
established by Hall and Padmanabhan (1992), while a simple explicit form of the
Edgeworth expansion was obtained in Gribkova and Helmers (2002). It is well known that
Edgeworth expansions generally provide accurate approximation near the centre of the
distribution, but the relative error can become unacceptably large in the far tail of the
distribution. On the other hand, saddlepoint approximation will offer an approximation
whose relative error is controlled both near the centre and in the far tail of the distribution.
Therefore, in this paper, we derive saddlepoint approximations to the densities and tail
probabilities of the trimmed mean and its studentized version. To do this, we shall exploit
the special structure of the trimmed mean and employ a simple conditioning argument in
the same way as Bjerve (1974) does in his derivation of an Edgeworth expansion for the
trimmed mean. Conditionally given the values of the two extreme order statistics appearing
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in the trimmed mean, the conditional distribution of a trimmed mean reduces to a sum of
independent and identically distributed (i.i.d.) random variables, to which we can apply a
saddlepoint approximation. Finally, we integrate out these two extreme order statistics by
means of a Laplace approximation. Tail probabilities of Lugannani—Rice type are derived
by another Laplace approximation of Temme type (see Temme 1982), as was done in
Daniels and Young (1991) and Jing and Robinson (1994). For a rigorous account of
saddlepoint approximations, the reader is referred to a recent monograph by Jensen (1995).
A general approach dealing with saddlepoint approximations for L-estimators was presented
by Easton and Ronchetti (1986).

The layout of this paper is as follows. Some basic notation will be introduced in Section
2. In Section 3, we shall derive saddlepoint approximations to the density and tail-area
probabilities for the trimmed mean. In Section 4, we shall carry out the same analysis as in
Section 3 for the studentized trimmed mean. Numerical results are given in Section 5.
Finally, some of the technical details are given in the Appendix.

2. Some preliminaries

Let Xy, ..., X, be a random sample from a population with distribution function F(-) and
density f(-), respectively. Let X, < ... < X,., be the corresponding order statistics.
Define the trimmed mean by

_ 1 &
Xap :_ZXi:m
m i=r
where

r=[na] +1, s=n—[np], m = n— [na] — [nf],

and 0 < a < %, 0 < B <1 [x] is the largest integer less than or equal to x. That is, we
discard the smallest [na] and the largest [nf3] observations and take the average of the rest of
data in the middle. (In particular, if we suspect that the underlying distribution is symmetric,
we can take a = 3.) For any 0 < p < I, we define

§,=F'(p) =inf {x: F(x) = p}.

It is well known that the asymptotic mean and variance of X «p are respectively given by (see
Stigler 1973)

1 14
= H_ﬁj xdF(x),
1
T = T ap (B @0t AU =P -

—2aB(Eu — W(E1p — ) + a(l — a)(Ea — 1)),

where
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1 E1-p
o? J x> dF(x) — u?.

T(-p-a)):

We shall need the joint distribution of two order statistics. Define g, s.,(x, y) to be the
joint density function of order statistics (X,.,, Xs.»). From David (1981),

Qrsin(¥, ¥) = Dol F) ™ [F(y) = FQP™ 'L = FO)I"™* f () f () {x < »},

where D,qp = n!/{(r — D!(s — r — 1)!(n — 5)!} and I{-} is the indicator function.
Finally, for fixed values x and y with x < y, let F ,(f) be the truncation of F to the left
of x and to the right of y. That is,

0, I =<x,
F(t) — F(x)
Fo,()=¢ == —. XS t=<y,
! F(y) — F(x)
1, t=y.
Also, let Yy, ..., Y,, be a random sample from a distribution Fy (7). Let Y1, < ... < Y.
be the order statistics of Yy, ..., ¥,,. Write ¥ = m"Z?"ZIY[, and denote its density and

distribution functions by f(-) and Fy(-), respectively.

3. Saddlepoint approximation to the trimmed mean
In this section, we shall derive the saddlepoint approximation to the distribution and density
function of X, defined by

G(t) = P(Xop < 1), g(t) = G'(1).

For any f, denote Q = {(x, y) € R?: x < y} and Q(¢) = {(x, y) € R*: x < t < y}. First, we
note that

G(f) = P(X,p < 1)

S
= || P[m "y xi, <t
R

i=r

Xt =%, Xog1:n = y) Qr—],s+]:n(x9 y)dxdy

m
= P <m—‘ Yim < t) qr-1st1:0(x, y)dxdy
Q 1

i=

= P(I7 = ZL)qrfl,erlzn(x: y)dXdy
JJQ

= QFy(t)qrfl,len(x: y)dXdy’

and
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a() = ”Q( 508,105, iy 3.1

The first step in obtaining a saddlepoint approximation to g(f) is to replace f(#) in (3.1) by
its saddlepoint approximation. To do this, define the cumulant generating function of ¥, by

¥
J e dF(z)
KYI(A)ZIOgECXp{i)G}:lOg m
It follows that
VoA
Ky (h) J ze**dF(z)
Ky = Sl = 2 ,
J&wn@
g 2 A d ()
“dF(z
&Ky, (2 J Ze
Ky = SO b — (K}
[ ¢ dF(z)

Therefore, the saddlepoint approximation to f(¢) is (see Daniels 1954, for instance)

fin = /#mexp{—m[ir — Ky, D1+ m ™ rx, 3, D)}, (3.2)

where 1 = Z(t) satisfies the saddlepoint equation
Ky (A1) = 1, (3.3)

and r,(x, y, f) is an error term.

3.1. Saddlepoint approximation to the density of the trimmed mean

We shall now derive a saddlepoint approximation to the density of the trimmed mean.
Substituting (3.2) into (3.1), we obtain
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m ~ ~
= PN —m[At — A r—1,s—1:n{Xs
2(0) ”w/znm 5P~ KBl 1 )

X {1+ mr(x, v, H}dxdy

m
N JJQ(!) \/;mf(x)f(y)exp[—mA(x, y, D]

X {14+ m r(x, y, H}dxdy, (3.4)
where 4 is the solution to K 17 (i) =t and
Alx, y, 1) = Ni(x, y, 1) + Nao(x, p),
with
A(x, y, 1) = At — Ky, (A),
Aa(x, y) = —=m  og(CaglF(0)1 2[F(y) = F)I"[1 = F()1" ),
and C,up = n!/{(r —2)!(s — r + )!(n — s — 1)!}. Define
PAx, y, 1) OPA(x, v, 1)

Ox2 Oxd
AG ¥, ) = (@) ) Y
82A(x, y, 1) 82A(x, v, 1)
0yox Ox?

For each ¢, let xo = xo(£), yo = yo(1), j.o = io(t) be the solution to
OA(xo, Yo, 1)

Ox =0,

8/\(]&?0, Yo, l) —0 (35)
Oy ’

Kb (Ao) =t

If the density function is non-zero in the support of X, then (3.5) can be reduced to

mexp{Aoxo} r=2
J“O explioz}dF(z)  FO0)
mexp{Aoyo} n—s—1 (3.6)

Jyo exp{Aoz}dF(2) 1= FOo”

X0

K4 (Ao) =t
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That is, (xo(?), yo(?)) is a stationary point of A(x, y, ¢) for fixed ¢. For simplicity, we write
Ao(1) = A(xo, yo, ).

Proposition 3.1. Let ¢ belong to the support of X. Then, for any n satisfying [na] = 2,
[7B] = 2 and n — [na] — [nfB] = 1, A(x, y, 1) attains its global minimum at some finite point
(x0, Yo) such that not only both xy and yy satisfy (3.5), but also both F(xy) and F(yy) are
unique.

Remark 3.1. Proposition 3.1 guarantees that the saddlepoint equation (3.5) always has a solution
under condition (i) of Theorem 3.1 below; and the solution is unique in the sense of distribution
functions. In fact, (xp, yo) is unique except in one case where Ay = 0, which causes no trouble
because we can regard x and yy as F~'(F(xy)) and F~'(F()y)). The conditions [na] = 2,
[nf1 =2 and n—[na] —[nf]=1 are imposed to guarantee that the exponents in
qr—1,5+1:n(x, y) are greater than 0.

The following theorem gives the saddlepoint approximation to the density of the trimmed
mean.

Theorem 3.1. Let t belong to the support of X. Suppose that:

(1) f(x) = F'(x) and f"(x) exists;
(i) for any n satisfying [na] =2, [nf] =2 and n—[na] —[np] =1, A(xy, o, 1) is
positive definite;
(iii) |Ee"¥| € L°(R) for some v > 0.

Then we have

8(1) = g1+ m™' Ry(1)), (37
where
goll) = \/f exp(mAGH(), (0. ) 58
\/K # (Ao(E)x=sy(1),y=30(0 | Do (D))

the error term R,(t) in (3.7) is bounded when t is in some compact set and x(t), yo(t) and
Ao(t) are solutions to (3.5).

Remark 3.2. Condition (i) is a natural smoothness condition, which we need to validate
Laplace approximation. Also note that (3.8) involves f'(x). Since A(x, y, t) attains its
minimum at (xo, o), A(xo, )0, t) is non-negative definite. The purpose of condition (ii) is to
simplify the proof. Conditon (iii) ensures smoothness so that we may apply the Fourier
inversion theorem.

The proof of Proposition 3.1 and Theorem 3.1 is postponed to the Appendix.
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3.2. Saddlepoint approximation to the tail probability of trimmed mean

One way to obtain an approximation to the tail probability 1 — G(f) = P(X,3 = 1) is to
integrate the saddlepoint approximation gg,(#) numerically. Since J"fooc gsp(?)dt may not be
one in general, renormalization will usually improve the accuracy of the resulting
saddlepoint approximation. The resulting approximation to 1 — G(¢) will be denoted by
1 — Gi(7). However, it would be more convenient to have an explicit approximation
formula for the tail probability. Theorem 3.2 below will give a saddlepoint approximation to
the tail probability 1 — G(¢) of the trimmed mean. For ease of notation, let

Ao,

x=xo(1), y=y0(1)

a(t) = 2m/m)" (K, (ho(1))
h(t) = A(xo(1), yo(), ).
Then (3.8) can be rewritten as gs,() = a(f)exp{—mh(1)}. Let 7 be the solution to 4'(7) = 0.

Then we define
w = 1/2(h(t) — h(f))sgn(t — 1), (3.9)

. d
YOw) = @/m)' a(t(w)exp{—mh(i )}‘ =

. (3.10)
Then we have:

Theorem 3.2. Under the conditions of Theorem 3.1, we have

P(wy/m) <w<0) — ()
NG wip(0)

where w and p(w) are given in (3.9) and (3.10).

P(Xoyp = 1) =1— D(wy/m) — + O(m_l)),

The proof of the theorem is similar to but simpler than that of Theorem 4.2 below, hence
omitted here.

4. Saddlepoint approximation to studentized trimmed mean

4.1. Introduction

In Section 3 we derived saddlepoint approximations to the density and tail probabilities of
the trimmed mean. In this section, we shall carry out the same derivations for the
studentized trimmed mean. This will have greater practical relevance if we are interested in
constructing confidence intervals or hypothesis testing concerning the centre of the
distribution.

To studentize the trimmed mean, we employ the plug-in estimate of the variance, which
is given by
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1 . o _
Ty = m((l —B—a)dis+ B0 —P)E g — Xep)
—20P(Eu — Xap)E1-p = Xap) + all = 0)(Eu — X)),
where é p = inf{x: F(x) = p} for any 0 < p <1 and F(x) is the empirical distribution, and
52 1
T (= p—a)

(see Hall and Padmanabhan 1992). Because of its complicated form, we shall restrict our
attention from now on to the special case where we assume that:

A
JA x> dF(x) —
3

(C1) f(x) is symmetric around the origin, i.e., f(x) = f(—x);
(C2) the trimming proportions are the same, i.e., a = f.

Clearly, (C1) and (C2) imply that 4 = 0. The case for the non-zero mean can be dealt with by
a simple mean shift.
Under assumptions (C1) and (C2), 'E(zlﬂ above reduces to

fia - l’l(l — 20()2 ( Z (Xt n )?aa)z + r[(Xr:n - Xaa)z + (Xx:n - Yaa)2]>

i=r+1

Therefore, we can define the studentized trimmed mean by

Taa

The purpose of this section is to derive saddlepoint approximations to the density and tail
probability for the studentized trimmed mean 7, denoted by

G(H)= P(T < 1), a(n = G'(1.

As in Section 2, let Y1, ..., Y, » be a random sample from the truncated distribution
Fy,(?). We further define Z; = Y? and

YZEZYD Z:—ZY2

Now, for fixed x and y, define

2
(¥, Z) = n 121 = 2a)"" [(m —)Z—(m—2r+2) (’"72 Y+ xjny)

_ 1/2
+ r(x—ky)2 —2(r— 1)(x+y)<mTzY+x;y>}

and
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b=, Z) = @:3?+x+y)
m m
o @.1)
a=al¥, Z) = 0, g).
(Y, 2)

Then, conditional on X,., = x and X,., = », we can show, after some simple algebra, that
Xoa = 0(Y, Z),
Toa = s{Y, Z).
Therefore, we have
G(=PT <1

- ” PAT < t]X 1 = %, Xon = ¥)rsn(s )dxdy
Q

= ”QP(a(Y, 7) < 0)qr.gn(x, y)dxdy
and

) = &) = ”Q( Tur 0t e, “2)

where a(-, -) is defined in (4.1).

Similarly to Section 3, we first obtain a saddlepoint approximation to the density of
a(Y, Z) and then substitute this into the above to obtain saddlepoint approximations to g(t)
and G(¢). For this purpose, we shall need the joint cumulant generating function of
(Yi, Z)) = (Yi, Y?),

Jy exp(dz + uz*)dF(z)
K(d, u) = log E{exp(dY +uY")} = log 2o

Note that K(d, u) is also a function of x and y, and its derivatives with respect to x and y are
given by
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0K(d, u) 2 J)
e (1 — exp(dx + ux~ — K(d, u)))M’
0K (d, u) 2_K /)
dy (exp(dy + uy” — K(d, u)) — 1)710’)— F(x)’

PR, W) ([d+2u)f() | OK(d,w)
?x  F(y)-F(x) Ox

@ 2/® OK(d, v’
(d A TEG) - F(x)) - < ox ) :
') 2/ ) - (aK(d, u))z
f(»  F(y)— F(x) dy ’

0?K(d, u) ~ f(X)OK(d, u)/0y — f(y)OK(d, u)/0x ~ OK(d, u) OK(d, u)
oxdy F(y) — F(x) Ox dy

0?K(d, u) _(d+2uw)f(y)  OK(d, u)
Py F(»)-F® dy

X (d—|—2uy+

4.2. Saddlepoint approximation to the density of the studentized
trimmed mean

Note that the inverse transformation of (4.1) is

Y =Y(a, b)=(m—2)" (mb—x—y),

Z =Za,b)=m-2)" (rl(l—a4§0t)2b2+ (m—2r +2)b* — r(x + y)* +2(r — D(x + y)b),

whose Jacobian is given by

oY oY
da 0b| 2n(1 —2a)*mb>
J=J(a, b) = == =77
(. 0) 0Z 0Z (m —2)*a’
da b

Define
As(a, b)=dY +uZ — K(d, u),

PK(d, u) PK(d, u)

0%d 0dOu
BK(d, u) PK(d, u)|

udd 0%*u
PA(a, b)

ob?

Similarly to Daniels and Young (1991) and Jing and Robinson (1994), a saddlepoint
approximation to the density of a(Y, Z) is given by

As(a, b) =

G(a, b) = |A(a, b)|
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fa()_fj)(t)

=\ NG Bal)expl—(m — DA bo(0)] X {1+ m s, 3, D),

where 7,,(x, y, ) is an error term which will not be given here explicitly. Substituting this
into (4.2), we obtain

& = “ V=200, oG, bo(0)expl—(m — DAL bo(0)
Q1) 2n

X qrsn(x, {1+ m Fplx, y, )}dxdy

= m—2 J(t, bo(1) I
B JJQ(;)\/ZGI/Z(I’ bo(1)) exp[—(m — 2)A(x, y, 1)]

XSS O{1 +m™ Fu(x, y, 0}dxdy, (4.3)

where dy = dy(t), ug = uy(t) and by = by(t) are solutions to the following three equations,

ON(a, by(1))

2 ld=do(tyu=uo(ty =0,
OK(do(1), uo(1)) s
S v R = Y (1, bo(1)),
OK(do(1), uo(1)) >
R, it = Z(1, bo(0)

and, further,

A()C, s t) = ;\1()(?, s t) +1~\2(x) s t)a
Ai(x, y, 1) = do(DY(t, bo(1)) + uo(t) Z(t, bo(1)) — K(do(t), uo(t)),
Aq(x, p, 1) = —(m —2) Mog(Dyapl F0)) ' [F(y) = F(x)]"*[1 = F(3)]" ™)
with D,.p = n!/{(r — DI(m —2)!(n — s)!}.
Note that Y (¢, bo(t)), Z(t, bo(t)) and K(do(t), uo(t)) are also functions of x and y. We

can therefore find their partial derivatives with respect to x and y. Some simple algebra
yields
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W — (m —2)"N(—dy — 2rup(x + )+ 2(r — Dugho)
exp(dox + uox* — K(d,, up)) B r—1
* ( FO) — F) (= 2>F<x>> /0
M(E%yy’t) = (m —2)"(~do — 2ruo(x + y) + 2(r — Dughy)
[ exp(doy + upy? — K(do, uo)) _ n—s )
F(y) — F(x) (m—2)(1—F(y )
82/~\(x, » 1 r—1 )
o <<F(y) “FOR (- 2>F2(x>>f )
1 r—1 ,
" (F(y) “F@ (o 2>F<x))f )
< Zruo 82K(d0, u()))
T \m—2 + ?x ’
O*A(x, y, 1) B ( 1 n—s ) )
97 \F0 - For T m—2a-ror)
1 n—s ,
- (‘ FO)— F() T (m =21 - F(y)))f »
Zl’uo 82K(d0, u())
BCE Ry ’
PAx . 0SS0 2ru 9K (do, o)
oxdy  [F(y)— F(x)P? m—2 Oxdy '

Define

PA, y, 1) PA, y, 1)

ACH — A _ -1 Ox? 0x0y
A(t) = Alx, y, 1) = (f () f(») PAG v, 1) A, v 1)
0yox 0y?

For each ¢, let %) = %y(¢), Jo = Jo(1), do = do(?), ity = iio(f) and by = by(¢) be the solutions
to
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OA(a, by)
T ‘d:fig,uzﬁo =0,
K (dy, o) — ¥, b
oKy, tw) = Y(1, by),
DKy, i) _ 2. by, “9
ou
OAG. Jo. 1) ~0
ox o
MG, Jo. 1 —0
12)% .

We now present the following proposition and theorem whose proofs are given in the
Appendix.

Proposition 4.1. Let t belong to the support of X. Suppose t # 0, and let conditions (C1)—
(C2) be satisfied. Then, for any n satisfying [na] = 1 and n —2[na] = 3, A(t, b) attains its

minimum at some interior point by(t) and A(x, y, t) attains its global minimum at the finite
point (Xy, yo) which satisfies (4.4).

Remark 4.1. Proposition 4.1 guarantees that the saddlepoint equation (4.4) always has a
solution under conditions (C1)—(C2). The conditions [na] = 1, n — 2[rna] = 3 guarantee that
qrsn(x, ) is meaningful.

Theorem 4.1. Let t belong to the support of X. Suppose t # 0. In addition to conditions
(C1H—(C2), we make the following assumptions:

(1) f(x) = F'(x) and f"(x) exists.

(i) For any n satisfying [na] =1 and n—2[na] =3, (X, o) is unique, that is,
A(x, y, 1) > A(xo, o, 1) if (x, ¥) # (X0, o), and A(xy, Yo, t) is positive definite. In
addition, the minimum point by(t) is unique as (x, y) varies in Ap p, (cf. also (4.4).

(iii) |EemX+mX* o ¢ [(R2) for some v > 0.

(iv) There exist wy >0, wy >0 such that both |x|(F(x))** and y(1 — F(y))" are
bounded when x <0 and y > 0.

Then we have

(1) = go({1 + m ' Ry(1)},

where

3 [ 2 J(t, by) .
(1) = — exp(—(m — 2)A(xo, yo, 1)),
gsp(1) m—2 Gt bo)AGo. Jo. D12 p(—( YA(X0, Yo, 1))

where xy(t), yo(?), &’o(t), uy(t) and l;o(t) are the solutions to equations (4.4).
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Note that conditions (i)—(iii) in Theorem 4.1 are similar to those in Theorem 3.1. The
first three conditions guarantee that f( 7. 7)( ¥, z) has a uniform saddlepoint approximation as
x and y vary in some compact set 4p 5,. Since (Y, Z2) — (a(Y, Z), b(Y, Z)) is a one-to-one
and differentiable transformation, f, 7 7(7) has a uniform saddlepoint approximation as x
and y vary in Ap p,, thatis, 7,(x, y, t) is bounded as x and y vary. Condition (iv) implies
that the random variable X will have finite moments of arbitrarily small order. It is used in
the proof of Lemma A.13. We conjecture that it can be removed.

4.3. Saddlepoint approximation to the tail probability of the studentized
trimmed mean

To conclude this section, we shall derive a saddlepoint approximation to the tail probability
of the studentized trimmed mean by integrating the density approximation obtained in
Theorem 4.1. To simplify our notation, let

5 2n ~ ~ L
a(t) =/ —5J( bo)G™'2(, bo)| AR, Jo, 1)|71/7,

h(1) = Ao, Jo, 1).
Then, we can rewrite go(?) from Theorem 4.1 as

Zop(1) = a(t)exp{—(m — 2)h(1)}. (4.5)

From the proof of Theorem 4.1, we see that il(t) = A(%, Yo, t) achieves its minimum at

t=ty. Let
v = \/2(h(f) — h(to))sgn(r — to), (4.6)

- 2 = d
P0) = || =a(H(w)exp{—(m - 2)h(f0)}‘ -

Then we have the following theorem whose proof is provided in the Appendix.

. 4.7)

Theorem 4.2. Under the conditions of Theorem 4.1, we have

P(T= )= 1 - duym—2)— 2&Vm_2 (17’(0) R AC)

vip(0)

m—2

+ O(m—‘)>, (4.8)

where v and Y(v) are given in (4.6) and (4.7).

5. Numerical results

In this section, we present some numerical evidence on the quality of our saddlepoint
approximations. For simplicity, we shall do so only for ordinary trimmed means (cf.
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Theorems 3.1 and 3.2). Different distributions F and varying trimming proportions a and f
are chosen in the simulations. The results are presented in Figures 1—4. In these figures, the
left-hand panels give the right-tail probabilities 1 — G(x), 1 — GLr(x) and 1 — Gg(x). The
right-hand panels display absolute relative errors; that is, we plot |Gg(x) — G(x)|/(1 — G(x))
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Figure 1. Simulation for standard normal distribution, a = 8 = 0.1, n =20: (left) 1 — G(x) (solid,
N =10°%), 1 — Grr(x) (dotted), 1 — Gi(x) (dashed); (right) relative errors with respect to exact
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Figure 2. Simulation for a mixture of normal distributions 0.9®(x) 4+ 0.1P(x/5)), a = =0.25,
n=20: (left) 1 — G(x) (solid, N =10°), 1 — Grr(x) (dotted), 1 — Gi(x) (dashed); (right) relative
errors with respect to exact 1 — G(x)
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Figure 3. Simulation for a mixture of normal distributions (0.7®(x) + 0.3®(x/5)), a=L£=0.1,
n=20: (left)y 1 — G(x) (solid, N =10°), 1 — Grr(x) (dotted), 1 — Gi(x) (dashed); (right) relative
errors with respect to exact 1 — G(x)
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Figure 4. Simulation for Cauchy distribution, a = 8 = 0.25, n = 80: (left) 1 — G(x) (solid, N = 10),

1 — Gir(x) (dotted), 1

— Gg(x) (dashed); (right) relative errors with respect to exact 1 — G(x)

(dashed) and |Grr(x) — G(x)|/(1 — G(x)) (dotted), where G denotes the exact distribution
function computed by Monte Carlo using N = 10° samples from F, while G is the
integrated saddlepoint density (3.8), renormalized by dividing through its integral, which is
computed by numerical integration; GrLr denotes the Lugannani—Rice type approximation
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given in Theorem 3.2. We note that in our simulations, ¥(0) in Theorem 3.2 is calculated
approximately by y(a) for some small value very close to zero.

Figure 1 deals with the case where F is standard normal, the trimming proportions o and
f are both equal to 0.10, and the sample size n = 20. The results are very satisfactory. In
Figure 2, we take F to be a normal mixture, namely F(x) = 0.9D(x)+ 0.1P(x/5), the
trimming proportions « and 5 are both equal to 0.25, and the sample size is again n = 20.
The results are again very satisfactory, though not as good as in the first example. In this
example, we find that, for |x| > 5.1206, the determinant appearing in (3.8) becomes
negative; the probability that the trimmed mean takes values outside the interval
(—5.1206,5.1206) is 10~* (estimated by Monte Carlo), so that the renormalization factor
is in fact a little too small. In the first example (F normal) these difficulties do not arise, as
the determinant in (3.8) is positive for all values of x.

Figures 3 and 4 depict two cases of interest for which we find that the resulting
saddlepoint approximations behave much less well than those described in Figures 1 and 2.
Figure 3 deals with the normal mixture F(x) = 0.7®(x) 4+ 0.3P(x/5), trimming proportions
a = =0.1 and sample size n =20, while in Figure 4 we present results for the case
where F is Cauchy, a = 5 = 0.25, and n = 80. The reason for taking a sample size as large
as 80 in the Cauchy example is that, for smaller sample sizes, the determinant appearing in
(3.8) is positive only for a rather small interval of x-values; the probability that the trimmed
mean takes values outside this interval is less than 10° (estimated by Monte—Carlo). One
way to improve upon this would be the use of higher-order saddlepoint approximations to
the trimmed mean.

Appendix

Throughout this appendix, we suppose that ¢ is in the support of X, x < ¢t < y. We will use
(x, y) to denote a point or an open interval. They can be distinguished from the context.
We begin with six lemmas which will be used to prove Theorem 3.1.

Lemma A.1. Under condition (iii) of Theorem 3.1, there exist some constant M and some
even integer u such that

00
J |F(y) — F(x)|"[Ee""|" dy < 21M.

Proof. Let u be the smallest even integer which is greater than or equal to v. Since
Ee"" € L(R) and |Ee"¥| < 1, we have
Ee"¥ € LY(R). (A.1)

Suppose X, X5, ..., X, are i.i.d. with the same distribution as X. So |Eei’7X|” is the
characteristic function of (Xy + ...+ X,n) —(Xypn41 + ...+ Xy). Expression (A.1)
implies that |Ee"*|* € L'(R). Thus the density function f,(z) of (X| + ...+ X))
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—(Xy/241 + ...+ X,) is bounded by some constant M (see Feller 1971, Chapter XV,
Section 3). Now Parseval’s inequality (see Feller 1971, Section XV.3) gives

1 (* . —a
EJ [Eexpin[(Y + ...+ Yup) = Yy + ... + Y)lle ™7 2dy  (A2)
1 0 722/2‘12
= € fu(x,y)(z)dzs
21a )
where Yi, ..., Y, are ii.d. with the same distribution as Yi, and fy ,)(z) is the density

function of (¥; + ... + Y,2) — (Yy241 + ... + Y,) and a is some positive constant. Noting
that

1

u(x, (Z) = —.fu(z):
T @ = TR Gy — Fp
we have, from (A.2),
I A u
ﬁj |[F) = F)|"[Ee™|"e™ " 2 dy (A3)
1 o0 _22/202
e fu(z)dz
2na ) -0
=M.
Letting a — 0 in (A.3) completes the proof. O

Denote the root of K% (1) =1t by A. Let Y (/T) be the random variable with density
function f yih(@ = HfI(x<z<y)/ fxy e* f(z)dz. For each pair of positive numbers B
and By such that B > By, B— By = |t|, define

App, ={(x,y): —B<x<1t— By, t+By<y< B}. (A4)

Lemma A.2. Under condition (iii) of Theorem 3.1, we have

sup J \Eeinyd)\“dn<oo, (A.5)

(x,y)€A 8,8, J—c0

where u is the smallest even integer greater then or equal to v.
Proof. Since Ky, (/{) = t, we have
Jy(z — et f(z)dz = 0.
Let  p(x, v, 2) = [[(z— De¥f(z)dz.  Since p(x, »,A)=0 and Ip(x, y, 1)/0% =
fxy (z — t)** f(z)dz > 0, it follows from the implicit function theorem that there exists some

€>0 such that A=A(x,y) is a continuous function on A(xy, y1)={(x, y):
|x — x1| < ¢ |y — y1| < ¢} for each point (x|, 1) € 4p5,. Hence A is bounded on A.(x1, y1).
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Define
117° [ 1 7 inz d
p(in; x, y) = —F(y) Sy Le f(z)dz.

Lemma A.1 shows that ¢(in7; x, y) € L*(R), where u is the smallest even integer greater than
or equal to v. By changing the path of integration, we have

00 ) 1 100
J @"(in; x, y)dn = ;J ~@"(p; x, y)dn
—00 —100
1 ):(x,yH—ioc
= TJ~ @"“(n; x, y)dn
L J2(x,y)—ico

= J @"(in + Ax, y); x, y)dn.

—0o0

By the definition of Lebesgue integrability, ¢"(in +/1~(x, ) € L'(R). Hence
Ee"'® ¢ [M(R). (A.6)

Suppose Yi, s, ..., Y, are i.i.d. with the same distribution as~Y(}:). Thus |Eei’7y(’{)|” is the
characteristic function of (Y1 + ...+ Y,2) — (Yy241 + ... + Yy). Expression (A.6) implies
that [Ee”’®|* ¢ L'(R). Now Parseval’s inequality gives

1 (> - _ _ o
EJ [Bexpinl(Fy + ...+ ¥uo) = (Fupn + -+ Tlle™ " Pdy - (AT)

1 o 2 2

—z?/2a -

e  (2)dz,
2ma J—oo fu(ﬂ.,x,y)( )

where fu(i;x,y)(z) is the density function of (Y] 4 ... + Yu/z) — (Yu/2+1 + ...+ Y,). Note
that fu(i;x,y)(z) is the convolution of f7(z2),..., f};u/z(z), fff,“/zﬂ(z), oo [y, (2), where

fr@@) =... :ff,”/z(z) :fy(i)(z) and f*Yu/ZH(Z) =...=fy50@= fY(,{)(—z); and that f,(z)
is the convolution of fy (2),..., fX“/z(z), f,XH/M(z), ooy fox,(2), where fyx (z2)=...
=Jfx,,0)=f()and [_x, , () =...=fx(2)=[f(-2).

Since f yi(@ = MfIx<z<y)/ Ly M fi (2)dz = Cf(2) for some absolute constant C
as (x, y) varies in Ag g, by the boundedness of 4, we have fud;x’y)(z) =< C"f,(z). Hence, by
(A7),

LJOO |EeinY(/1~)|uefazr/2/2d77 (A 8)
27 ) o '
1
2ma

<

=

J e /20 C f (2)dz

< C"M,

where M is the same as in Lemma A.l. Letting a— 0 in (A.8) gives
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7%, [EemY @[ dy < 2C* M. Thus Sup( e s y.) o [Ee” @[ dy < 0o, Since 4 5, can be
covered by a finite number of A.(x1, y;), the proof is complete U

Lemma A.3. Let f(x) = F'(x). For arbitrary ¢; > 0, there exists & > 0 such that, if |n| = o
sup  [Ee” N /Eett| < ¢

(x,y)E4 3,5,
Proof. Define f(n) = [ ee# f(z)dz. Then
R v -
Fo == e ez

+ -
= _Jy i ez et=m/m £ (z — E) dz.
U

x+7/n

o.¢]

2f(p) = {f(z)eizl(x <z<y)— f(z _ %) ei(zn/n)1<x <z _% < y)] o dz

o.¢]

[f(2)e" — f2)He D I(x < 2 < y)dz

L
|

+ J f(z)ei(zfn/”)l(x <szs<y) - f(z - g) ei(z”/”)l(x <z-— g < y) e dz

—00

= jyf(z)eiza — e Fn)elE (A.9)

X+3/1 - . y+a/n
+ J f(z)el(zfn/n) e? dz — J

X

f (z _ E) A—m/mginz 4,
n

y

¥ - .

+ J [ f@—f (z - E) HCem/neinz gy
x+m/n n

From the proof of Lemma A.2, we know that 1 is a continuous function on A.(x1, y1). Hence
A is bounded on each A4.(x;, y1). The compactness of A4z 5, shows that 4 is also bounded on
Ap.p,- Thus 1 —e /7 — 0 uniformly on App, as || — oco. This implies that

Jy F(2)eh (1 — e Mgl gz — (A.10)

uniformly on App, as |n| — oo. Since F(x) is absolutely continuous with respect to the
Lebesgue measure, it follows from Theorem 6.11 of Rudin (1987) that

X+1/n
J f(z)dz—0

X
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uniformly in x as || — co. Hence

X+7/n - ) xX+1 .
J F(z)e? ez 47| < J f(2)dz sup HE=m/m (A.11)
x X (x,y)EAp py¥<z<y
— 0

uniformly on Ap g, as || — oo. Similarly,
y+a/n - .
J r (z - E) HET/meinz 4, (A.12)
n
y

uniformly on Ap g, as || — co. Since

y - . N 00
J |:f(Z) — f(Z _ J1:>:| eﬂ.(zfﬂ/ﬂ)emz dz < sup eﬂ.(zfn/n)J ‘f(Z) o f(Z . 75) dz
v/ n (x.y)EAp gy x<z<y —o0 n
and [*_|f(z) — f(z—m/n)|dz — 0 as || — oo (Rudin 1987, Theorem 9.5), we have
Y 7 .
J [ f(z2) — f<z — E)} HET ez 4z — 0 (A.13)
x+m/n n

uniformly on 4 g, as |y — cc. R
Combining (A.9)—(A.13), we see that f(7) — 0 uniformly on Ap g, as || — oco. Since
Ee*"t is bounded away from 0 as (x, y) € 4 8,8,» the proof is complete. O

Lemma A.4. Suppose conditions (i) and (iii) of Theorem 3.1 hold. Then f(t) has a uniform
saddlepoint approximation as (x, y) varies in App,, that is,

[ty = m”;@exp{—m[b — Ky, (DT + m ™ r(x, y, 1), (A.14)

where |ry(x, v, 1)| is bounded by some absolute constant C.
Proof. Denote the mean and variance of Y’ ():) by 4 and 62 , respectively. Define

() = () — fi),

where Y (i), e Y, m(/{) are i.i.d. with the same distribution as Y (/{). In order to prove (A.14),
it suffices to prove that the Edgeworth expansion of the density f T(i)(t) of T(A) has a uniform
error as (x, y) varies in Ap p,, that is,

e [1 + =

T = (- 3t)} + m~ (1), (A.15)

1
Van € \/_
where fi3 = E(Y(A) — i)’ and |r,, ()| is bounded by some finite constant C; as (x, y) varies in

A B,By-
Lemma A.l guarantees that
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B 1 (> in _ B
|m ™ (D) < N,y :ZEJ ‘w{”<6ﬁ> —e2 603\/4177)3 TRy, (A.16)

where ¢ (in) = BeYD-A),

By Lemma A3, for all ¢ <1, there exists & >0 such that if |5 =9,
SUP(x,)eds s |P1(1)] < €. Hence the contribution of the interval (—oo, —d0+/m
U (0G+/m, +00) to the integral in (A.16) is at most

)d’?’

[ in \|" —rp ﬂsn
0 J qol<~—>’d77+J e T2 1+
—0 a\m In|>06 /m

which decreases to 0 faster than any power of 1/m if we note Lemma A.2 and the fact that
fi3 is uniformly bounded and ¢ is uniformly bounded away from 0 and oo as (x, y) varies in

A B,B,-
Define y(1) = log ¢1(in7) + 36°n*. Thus we have

1 J n
=— exp( mp|—=))—-1- (in)*
2 ) yj<oc ( (0\/ﬁ>> 6‘73\/_
uniformly on Ap p, as m — oo.
The integrand can be estimated by the inequality (see Feller 1971)

le* —1-f|<le* -+ —1-p (A.18)

< (la — B +3p>e’,

2
e /2

d17+0(1> (A.17)

where y = max(|al, |]).

The function () is four times continuously differentiable, and (0) =
Y'(0) = y"(0) = 0, ¥"(0) =i’ f;. Since Yp™@(3) is continuous, we can choose & such that
if 7] <0, [¥@(y)| is uniformly bounded by some finite constant as (x, y) € A p,. By the
four-term Taylor expansion we have

lp(n) — as(in)’| < Calnl*,  |n| <9, (A.19)

for some finite constant C, as (x, ¥) € Ap 5,
Next we shall choose sufficiently small 0 so that

lpOp)| < 3677, Las(in)’| < 1o°n°, In| <o, (A.20)

uniformly as (x, y) € Ap 5,
Thus if ¢ is so small that (A.19) and (A.20) hold, the integrand is at most

G
—?/4 M3 )
¢ ( nt 72m’ )
This shows that (A.15) holds. O

Lemma A.S. If F(x) is continuous at x = t, where t is in the support of X, then for any n
satisfying [na] =2, [nf] =2 and n—[na]l —[nB]l =1, A(x, y, t) attains its minimum at
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some finite point (xo, yo) such that not only both xy and yy satisfy (3.5), but also both F(x,)
and F(yy) are unique.

Proof. Suppose (x,, y,) is an arbitrary sequence in (7). We will prove the following five
assertions:

(1) If x, — —o0, ¥, — yp, Where t < yy < oo, then A(x,, y,, ) — co.
(i) If x, — xp, vy, — 400, where —oo < xp < ¢, then A(x,, y,, ) — oo.
(i) If x, — ¢, y, — t, then A(x,, y,, ) — oo.

@iv) If x, — ¢, ¥y, — w, where t < yy < oo, then A(x,, y,, t) — 0.

W) If x, — x0, yn — t, where —oo < xy < ¢, then A(x,, y,, ) — oo.

Since

A, y, 1) = At — log Jy e dF(2) = m log(Coupl F(X)I" 1 = F()]"™"),

X

noting that

X, — —oo implies F(x,) — 0,

Yy — +oo implies F(y,) — 1,

~ Yo
x, —t and y, —t imply A— ¢ and J ¢ dF(z) — 0,
we have assertions (i)—(iii). ~
We now turn to the proof of (iv). Since K% (1) = ¢, we have

Jy(t — et dF(z) = 0. (A21)

For each (x,, y,), we have a solution }:,, to (A.21). Hence, we have a sequence {in, n=1}.
Now consider a convergent subsequence {4,, k=1,2,...} of {4,, n=1}. Hence, we
suppose A,, — Ao . From (A.21), we have

Yoy

Jr (1 — 2)e** dF (z) = J (z — Hetn? dF(z). (A22)

Xn, t

If Ag is finite, the left-hand side of (A.22) goes to 0 but the right-hand side of (A.22) goes to
some positive number as x,, — t. If 4y is +oo, we can consider the formula

t ~ Yn -
J (t — )t dF(z) = J (2 = et D 4R (2),
t

X"k

which is obtained from (A.22). The left-hand side of the above formula goes to 0 but the
right-hand side goes to oo. Therefore 19 = —oo. And we can conclude that A, — —oo as
n — oo. Noting that e < 1+ age® if a =0, we have, for x, sufficiently close to ¢,
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J el dF(z) < Jf dF(z) + Jr Az = 00 dF () (A.23)

X X Xn

' Vi . -
= J dF(z) — J Mz — e D dF(2),
Xn t
where in the last equality we have used (A.22). Since /'[(z — t)ei(z’t) is bounded and goes to 0
for each z > #, we have [*" A(z — $)e**~" dF(z) — 0 by the dominated convergence theorem.
Hence, [/ e**="dF(z) — 0 as x — t. Therefore,

Yn -
J HVAF(z) -0 asx — t. (A.24)
Observe that
PO et dF(2) 7 H 0 dF(z)
t—log - — = —Jog "t — .
& Flym) — Flx) F(yn) — Flx)

Therefore we have proved (iv). The proof of (v) is the same as that of (iv).
Now (i)—(v) imply that A(x, y, f) attains its minimum at some finite point (xo, )p) in

Q(1).
Finally, we will prove the uniqueness of F(xg) and F(yy). The above proof shows that
A(xg, o, 1) = Inf  A(x, y, ©). A.25
(0. 0. )= _inf ACx 3 1) (A.25)

We also know that
Ai(x, y, 1) = sup Ay(x, , A, 1) = At — Ky, (D),
2
where Ai(x, y, A, 1) = At — Ky, (1) and 2 is uniquely determined by the equation K ¥, ) = 1.
Hence (A.25) can be re-expressed as

A(xo, yo, t) = inf supAj(x, y, 4, 1) + Aa(x, ).
(x,0)€Q() 4

Assume that (xj, y¢) is another point such that

A(xG, yo, )= inf sup Ai(x, y, 4, 1) + Aa(x, p).
(x.)EQ()) 4

Denote the solution of Ky, (i) =1 by 1(') when x = xj and y = y¢. Therefore,

A1(x05 Y05 A0s 1) + Aa(xo, yo) = inf Ai(x, ¥, Ao, ) + Aa(x, ¥)
(x,y)€Q(1)

< Av(xb, Yo, Aos 1) + Aa(xb, 10)

< supAi(x, 0, 4, 1) + Aa(x0, ¥0)
A

= A (xb, Y6, A6, 1) + Aa(xb, 0)- (A.26)
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If Ao # 4§, then

A](X(,), )’(’), ;:Os t) + Az(x(’)a Y6) < SupAl(xés J’(’), j‘a t) + Az(xéa yé) (A27)
A

by the fact that A;(x, y, A, t) is a strictly concave function of A. Hence,
Lo = Af. (A.28)

Define

y
, J SV dF(2)
y F(y)— F(x)’
Eo = Aoyo, &) = Aoy

A3(X, Y, ‘S’ t) = g - lOg

We thus have

As(x0, Yo, o, 1) + Aa(x0, yo) = Az(x0, ¥0, §0, 1) + Aa(x0, 10)

= inf sup A3(~x> Vs ga t) +A2(xn y)
(D) ¢

Similarly to the proof of (A.25), we can obtain
&o = o, (A.29)

noting that Asz(x, y, &, #) is a strictly concave function of & for fixed x, y, t.

If A9 # 0, then yy = yg, which implies the uniqueness of yp. Similarly for x.

If g = 0, then A(xg, yo, t) = Az(xg, 39). The strict convexity of A,(x, y) as a function of
F(x) and F(y) shows the uniqueness of F(xy) and F(yp). O

Remark A.1. Since A(x, y, t) is differentiable in both x and y, Lemma A.5 implies that
(x0, yo) satisfies (3.5). So Lemma A.5 is just our Proposition 3.1. Also from the proof, we can

see the uniqueness of (xp, 1y) except in one particular case where Ao = 0.

Lemma A.6. Under the conditions of Theorem 3.1, for suitably chosen B and By which are
independent of n,

” S0t s1n(xs Y)dx dyfexp(—mAGo, yo, 1)
Q(1)\ 45,5,

goes to 0 faster than any power of 1/m.

Proof. From Lemma A.1, |Ee""|* is integrable. So we can apply the Fourier inversion
theorem to obtain
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L in¥
f;,(t):EJ e 'Ee dp

_ ﬁjm e*iﬂm’(Eei’?YI)m d17

Again, Lemma A.l shows that

<" > inYy|m <= 7Mm
15001 =5 | =
Hence
“ S0 1se1n(x, P)dxdy
Q()\ 45,5,
Mm
= TN ryny dr—1s+1:n\As dxd
”gw“o [F(y) — Qe 27 sten P)dedy
] Mmesp(-mAs b (e (A.30)
Q()\ 4.5,
where
As(x, ) = = og(Crgpl F 2 LF () — FEOI™[1 — F()1"™ ).
Since

Alx, y, t) = At — log Jy eiz dF(z) — m! log(Cmﬁ[F(x)]V*Z[l _ F(y)]"ﬂ’l)

X

<AN(x, p, 1)
- Yo 2a 28
L _ Az _ —1 _ _ _
= At — log Jx e dF(z) —m™ logC,us IR— B logF(x) Tp— 3 log(1 — F(»))

for sufficiently large m, we have
A(xO: Yo, t) = A,(X(’), J’('), t) = inf)c<1‘<y A,(x9 Y, t)

The existence and finiteness of (x¢, ) can be proved in the same way as that of (xop, )o).

From the expression for A'(x, y, t), we see that x(, y¢ are independent of n. Noting that

lim,_._ F(x) =0, lim,_o F(y)=1, litm t(F(y) — F(x)) =0. V¢’ >0, we can choose
X1, y—

positive numbers B and B, independent of n such that

inf As(x, y) > AN'(xh, vo, 1)+ ¢ = A(xo, yo, t) + €. (A31)
(5, )EQN\ 45,5,

It follows from (A.26) that
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1
exp{—mA(xo, yo, 1)}

” Mmexp{—mAs(x, »)}£(0)f(»)dx dy
Q()\ 45,5,

goes to 0 faster than any power of m~!. By (A.25), the proof is complete.

Proof of Theorem 3.1. Lemma A.6 assures us of the exponential smallness of
[]. o0t )y /exp-mAGa. o, 0).
Q()\435.5,
To complete the proof, we need to consider the asymptotic expansion of
[] o0 paxa.
Ap,5,
Lemma A.4 gives

JLB’B S7(Oqr 151 1:0(x, y)dxdy

- -1
- ”AB,BU \/;(/l)f( x)f(Pexp[—mA(x, y, Hldxdy{l + O(m~")}.

We thus obtain a double integral of Laplace type. Conditions (i) and (ii) of the theorem
guarantee that we can use formula (8.2.55) of Bleistein and Handelsman (1986) to obtain

”A mﬂ N/ () exp[=mA, v, Hldxdp{l + O(m™ ")}
B \/E exp{—mA(xo(t), yO(t): t)} (1 + O(i))
=\ \/ - m))’

K 351 (AO(t)) |x:xo(t),y:y0(t) |A0(t)|

and we are done. O

The next eight lemmas will be used to prove Theorem 4.1. Since the proofs of the first
four of these are similar to the proofs of Lemmas A.1-A.4, we shall omit the details here.

Lemma A.7. Under condition (iii) of Theorem 4.1, there exist some constant M| and some
even integer uy such that

J J |[F(y) = FOo|" [Be™ 5] dipy dpy = (20)° M.
Let dy, up be the solutions to the equations

OK(dy, uo)
od

0K (dy, up)

= (1, b), >

= Z(1, b).
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Lemma A.8. Under condition (iii) of Theorem 4.1, we have

sup JJ 2|exp(K(d0 +in1, uo + in2) — K(do, up))|" dny digs < o0, (A32)
R

(x,y)€A4p 5,

where u) is the smallest even integer greater than or equal to v,.

Lemma A.9. Let f(x) = F'(x). For arbitrary ¢i >0, there exists 0' >0 such that if
1|+ 12| = &', then

sup  [exp(K(do + in1, uo + i172) — K(do, uo))| < €i. (A.33)
(x,)E€A4 5,5,

Lemma A.10. Suppose conditions (i) and (iii) of Theorem 4.1 hold. Then the density function
f(y 2)(7(t, b), Z(t, b)) has a uniform saddlepoint approximation as (x, y) varies in App,,
that is,

S 6 ), 700, 5) =" 2 A0 (1, Dexpl—(m = A6, DI+, v, 1),

(A.34)
where |F,(x, y, t)| is bounded by some absolute constant Cj.
Lemma A.11.
sup[dY +uZ — K(d, u)] — oo as Y — x from the right. (A.39)
d,u
sup[dY + uZ — K(d, u)] — oo as Y — y from the left. (A.36)
d,u
Proof. We only give a proof of (A.35); that of (A.36) is similar.
Since
sup[dY + uZ — K(d, u)] = sup[d¥ — K(d, 0)] = dY — K(d, 0),
d,u d
where d satisfies the equation
v v
J Ye*dF(z) = J ze¥ dF(z2), (A37)
X X

it suffices to prove d¥ — K(d, 0) — oo as ¥ — x from the right.
Let h(d, Y) = [)(z — Y)e** dF(z). Since h(d, Y) =0, we have

y oo
9d J e dF (z)

X

or Jy(z PR et dF()
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Hence, dis a increasing function of Y. Then if ¥ — x from the right, we can suppose
d — dy. From (A.37), we have

¥ . ¥ o
J (Y — 2)e dF(z) = Ji(z — V)e® dF(z). (A.38)
x Y
If dy is finite, then the left-hand side of (A.38) goes to 0 but the right goes to some positive
number as ¥ — x. Therefore dy = —oo. Noting that e < 1 + ae® if a = 0, we have, for Y
sufficiently close to x,

v ¥ F o
J D dF(z) sj dF(z)‘f'J d(z - V)e"* 1 dF(z) (A-39)

X X

Y Vo -
= J dF(z) — J_d(z — V)e?“ D dF(2),
x Y

where in the last equality we have used (A.38). Since J(z — Y)e‘;(z‘ ") is bounded and goes to

0 for each z>Y, we have [7 d(z — Y)ed="N dF(z) — 0 by the dominated convergence

theorem. Hence fo edc-DdF (z) — 0 as ¥ — x from the right. Therefore,
» ed(z— Y)

dY — K(d, 0) = —logJ o) Fo dF(z) — oo as Y — x from the right.

Remark A.2. Since

b=bY, Z)= (—Y+

Lemma A.11 implies that the equation

ON(1, b)‘ _o
Tp ld=du=un(n =

has a solution b = by(t) € (x, y).

Lemma A.12. [f F(x) is continuous at x = {, where t is in the support of X, then for any n
satisfying [na] =1 and n —2[nal = 3, A(x, y, 1) attains its minimum at some finite point
(X0, ¥0)-

Proof. Suppose (x,, y,) is an arbitrary sequence in (7). We will prove the following five
assertions.

i) If x, — —o0, y, — yp, where t < y; < oo, then 1~\(~x,,, Y, 1) — 0Q.
@1") If x, — x0, y» — 400, where —oco0 < xyp < ¢, then A(x,, y,, t) — o©.
(iii") If x, — ¢, y, — t, then A(x,,, VY, 1) — 00.

@iv") If x, — t, y, — yo, where t < yy < oo, then A(x,,, VY, ) — 00.

") If x, — xp, ypn — t, where —oo < x; < ¢, then /i(x,,, Vn, ) — 00.
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The proof of (i")—(iii’) is similar to Lemma A.5.
Turning to the proof of (iv’), since

Ai(x, y, 1) = do(D (1, bo(2)) + uo(£) Z(t, bo(1)) — K(do(t), uo(t))

= sup[d?(t, bo(t)) + LIZ([, b()(t)) — K(d; u)]
du

= sup[d Y (¢, bo(1)) — K(d, 0)],
d

it suffices to prove that

sup[d Y (t, bo(t)) — K(d, 0)] — oo
d

as x, — t and y, — yo. This can be proved similarly to Lemma A.S.
It remains to prove (v'). Since A(x, y, f) = sup,[uZ(t, by(t)) — K(0, u)], this again
follows similar lines to Lemma A.5. (i')—(v') give the assertions of Lemma A.12. O

Remark A.3. Lemma A.12 implies that (xo, yo) satisfies (4.4). So (4.4) has at least one
solution Xy, yo, do, Uy, byp. Combining Lemmas A.11 and A.12 gives Proposition 4.2.

Lemma A.13. Under the conditions of Theorem 4.1, for suitably chosen B and By which are
independent of n,

[]. fur O ) dy/exp(—(n ~ DAG 0. 1)
Q(H)\ 45,5,

goes to 0 faster than any power of 1/m.

Proof. Lemma A.7 shows that |[Eel7"1+:21|u i integrable. So we can apply the Fourier
inversion theorem to obtain

1 00 (00 ) ) o
f(?,Z)(Zl,Zz):i(zn)ZJ J e AR R TR dyyy diyy

—00J —00

— D)2 [ (> . . . .
_ (n(’lzn)z) J J e—l(m—2)mzl —1(m—2)17222(Een]1 Yi+in, Zl)m—2 d771 dJ]z

—00J —00

Hence, using Lemma A.7, we have

m_22 > 00 i in Z | m—
f(?,Z)(Zl,Zz)S((zTZ)J J [Ee™ 22| ™2 dyy dnp,

—00J —00

My(m —2)*
T F(y) - Fxln
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So
y j— —
(0 = J fin (Y0, B), Z(t, B)|J[db
Mi(m—2)* 2n(1 —2a)*m (¥,
STFG) - FQ (m— 228 Lb 4
_ My(m— 22 2n(1 —2a)’my® — x3
C|F(y) - Fx)|m (m—2y8 3
Thus
” Sz 7 (Dsen, y)dxdy
Q(\ A5,
_ Mi(m—2)* 2n(l —2aPmy’ —x°
<| Lzmw,gu FO)— Fool (m—2pa 3 drn(o ndrdy
2M (1 — 2a)?
< %”%)\A nm exp{—(m — 2)A4(x, y)}
X (F = P)F@)™ (1 = F))™ f(x)/ (y)dx dy, (A.40)
where

A5(x, y) = —=(m = 2) M og(DyaplF(0)) ™ " [F(y) = F(0)]" 27 [1 = F(n)]" ™).

Condition (iv) of Theorem 4.1 implies that (3 — x*)(F(x))>*'(1 — F(y))*"> is bounded.
Hence, from (A.40),

[ g a0 ey
Q(I)\A B,By

< MzJJ nm exp{—(m — DAL, )} ()dxdy, (A4l
Q(\ 45,5,

where M, is some absolute constant. As in the proof of Lemma A.6, given ¢; > 0, we can
select B and By which are independent of »n such that, for »n sufficiently large,

inf  Al(x, y) > Ao, Jo, )+ 6. A42
s, 3(x, ») (X0, Yo, 1) + € (A.42)
Combining (A.40)—(A.42) completes the proof. O

Lemma A.14. Given t # 0, under conditions (C1)—(C3), (i) and (ii) of Theorem 4.1, fa();’ 20
has a uniform saddlepoint approximation as (x, y) varies in Ap p,, that is,
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-2
Fus. 20 = \[ 51, ()G, bo(e)expl—(m = A(, bo(e)]

X {1+ m F(x, v, N},

where |Fy(x, v, t)| is bounded as (x, y) varies in Agp,.

Proof. First, we will show that

& Ay(t, bo(1))

i >0 (A.43)

as (x, y) varies in App,. Lemma A.11 and Remark A.2 imply that OA(#, bo(#))/0b = 0.
Simple calculations show that

ON(t, bo(1))
b

:dO

2n(1 — 2a)? )

” 5 T uo(m —2)1< 2 bo(1) +2(m — 2r + 2)bo(1) + 2(r + 1)(x + y)

9 Ay(t, bo(1))

ob?
2
= up(m —2)"" (M +2(m—2r+ 2)).
Since
1 ((2n(1 = 20) B ) 20— 20)?  4a

we see that O?A(t, bo(£))/Ob* > 0 if and only if uy > 0 for sufficiently large n. Now we
suppose uy = 0. Then IA(t, bo(1))/0b =0 gives dy =0. Define xp, y, b, to by the
following formulae:

r—1 n—s
F(XO):E’ 1_F(y0):n—2’

(A.44)
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Yo
(m— 2)J zdF(z) I

b= m(F(yo) — F(x0)) ) (A.45)

(m — 2)Jy0z2 dF(z)

X0

F(y) — F(xo)

V(1 = 2a)by

to

(m— Z)Jyoz dF(z)

X Xo + Yo
S D\ F G - Fooy T m

+ 7(xo + y0)*

o -1/2

(m — 2)J zdF ()
o Xo + Yo
—2(r — D(x0 + ) m(F(y0) — F(xo)) "

(A.46)

The solutions to (4.4) can be shown by calculation to be xy(79) = xo, Yo(to) = Yo, c?o(to) =0,
uo(ty) = 0 and l;o(to) = by. Now from (A.44), we can easily see that x) — &, = O(n’l) and
Yo — E1—¢ = O(n~"). Furthermore, we have &, 4+ &_, = 0. Then, from these equations and
the definition of 7o, we obtain |to| = O(n~!). This is a contradiction because ¢ is a fixed non-
zero number.

It is also impossible that uy — 0 as n — oco. Otherwise uy — 0 implies that dy — 0.
Equation (A.46) shows that 7y — 0.

Hence we can suppose 9*A(t, by(£))/Ob* is positive and bounded away from 0 as (x, y)
varies in Ap p,.

Next we will show that there exists some fixed 6, such that, for » sufficiently large,

PA(L, b)

o >0

if b e (bo(t) — Oy, bo(t)+Oy) as (x, y) varies in Ap p,. Otherwise there exists a sequence
{6,} such that 6, — 0 as n — oo and O*A(t, by(f) + 6,)/0b* < 0. Since Ap p, is compact,
we can suppose lim,_..(bo(?) +0,) = bf)k. At the same time lim,_..,bo(¢) = b;‘. Note the
uniform convergence of 9*A(t, b)/Ob* in any compact set as n — oo when 0>A(t, b)/Ob?
is regarded as a function of x, y, b. We have 9*A(t, bg )/0b* < 0. But we have already
shown that 9> A(t, bo(t))/Ob* is positive and bounded away from 0 as (x, y) varies in 4z g,
for sufficiently large n, thus we have a contradiction.
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So
fa()_’,Z)(t)
y
= J Jaw.2.07.2)(t> D)dD

_m=2( ~1/2 ~15,
= TJ AS5(t, b)J(t, bexp[—(m — 2)A(t, b)I(1 + m™ 7u(x, y, 1)

X

m—2 bo()=0 y
= + +
2n lb—by(nj<d, JIx bo(1)+0

A1, b)J(t, byexp [—(m — 2)Ay(t, BI(1 + m™ ' F(x, y, £))db.

Laplace approximation gives the result. The uniform error comes from the compactness of
A B.,By- O

Proof of Theorem 4.1. Lemma A.13 ensures the exponential smallness of
], farn Ot )y fexpi—m — DAG. 5. 1)
Q(1)\ 45,5,
To complete the proof, we need to consider the asymptotic expansion of

JJ fa(?,Z)(t)qr,S:n(x, y)dx dy

Ap,z,

Lemma A.14 implies that

JJ y S 7.2 (D rsn(x, y)dxdy

As.5,

= m—2 J(1 (1) N
- JJAB,BO \/;Gl/z([, b()(t)) eXp[_(m - 2)A(x’ Y, t)]

X fOLO){1 + m™ 7, p, 1)}dxdy.

We thus obtain a double integral of Laplace type. Conditions (i) and (ii) of the theorem
guarantee that we can use formula (8.2.55) of Bleistein and Handelsman (1986) to obtain
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m— 2 J(ta bO(t)) ~
JJAB,BU \/; G'/2(t, by(1)) exp [—(m — 2)A(x, y, 1)]

X LSO+ m ™ Flx, p, £)}dxdy

[ 2 J(t, b o o
V- 2G'2(1 Eo)Tg(fZ) o i S0 = DAG, Jo, O+ w7 R0},

and we are done. O

Proof of Theorem 4.2. Setting v = 0 in (4.7), we obtain

- . d
P(0) = a(to) exp{—(m — Z)h(fo)}‘ -

v=0

Note that &'(7) = ALz(7) + A yo(t) + A=Al Using this and differentiating (4.6) results in

dv Rty A} A

dt v v v

1 dA(t, bo(1)

v dt

v (AL, bo(2)) + Adp(t, bo(1)bi(1))

—1 , ~
= v Abu(t, bo(1)) = (%) w

-1
dv ~ - -
= (@) (Asaa(t, bo(1)) + Asap(t, bo(1))bo(1)).
Differentiating Ag(t, Eo(t)) = 0 with respect to ¢, we find

dbo(t) At bo(t))

dr Al(t, bo(2))

Therefore,

dv ” 7
5 - <Asaa(ta bO(t)) -

17)(0) _ \/E[-J(fO, by) - (dl‘/dU)|U:0 . eXp{—(m _ Z)il(l‘o)}
m—2 |A(to, bo)|/2 - | AlL(to, bo)|!/? - ‘A(fo)|*1/2 )

Agpp(t, bo(1))

From (4.5)—(4.7) and using an integration by parts similarly to Theorem 3.2.1 of Jensen
(1995), we obtain



500 R. Helmers, B.-Y. Jing, G. Qin and W. Zhou

j gsp(r)dtzj () exp{—(m — 2)v%/2}dv,

v

= (1 — DVm — 2)p(0) + J () — P(O)exp{—(m — 2)v*/2}dv.

Pp(vm —2) <¢(0> — ()
vVm—2 v

From this we obtain [ g.,()d7 = (0). Finally, we have

= (1 — ®Vm — 2))p(0) — + O(m—1)>.

{o.¢]

P = 0= | galn {14 m R0}

— Jjo grsp(t)dt/ﬁoOC gop(n)dt.

vi(0)

where, in going from the first line to the second, we have used the relation between the
integration of the saddlepoint density approximations and renormalization outlined in Jing
and Robinson (1994). This completes our proof. U

m—2

— 1 - dym—2) - 2OV 2) (@(0) V), 0(m")>,
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