Banach J. Math. Anal. 13 (2019), no. 2, 468-485
https://doi.org/10.1215/17358787-2018-0049

BANGED ISSN: 1735-8787 (electronic)
JOURNAL of i . )
MATHEMATICAL  DttD://projecteuclid.org/bjma
ANALYSIS

SOLID CORES AND SOLID HULLS OF
WEIGHTED BERGMAN SPACES

JOSE BONET,"” WOLFGANG LUSKY,? and JARI TASKINEN®
Communicated by M. Gonzélez Ortiz

ABSTRACT. We determine the solid hull for 2 < p < oo and the solid core for
1 < p < 2 of weighted Bergman spaces AP, 1 < p < 00, of analytic functions on
the disk and on the whole complex plane, for a very general class of nonatomic
positive bounded Borel measures . New examples are presented. Moreover,
we show that the space Aﬁ, 1 < p < o0, is solid if and only if the monomials
are an unconditional basis of this space.

1. Introduction and preliminaries

Consider R=1o0or R=o00 and D = {z € C: |z|] < 1}. We study holomorphic
functions f : R-D — C, where R-D=Dif R=1and R-D = C if R = .
Let f(k) be the Taylor coefficients of f; that is, f(z) = > -, f(k:)zk We take a
nonatomic positive bounded Borel measure p on [0, R[ such that pu([r, R[) > 0 for

every r > 0 and fOR r™du(r) < oo for all n > 0. Put, for 1 < p < oo,
1 R 2 . 1/p
= (5= [ [ 10l dpant)) ™,

AP ={f:R-D — C: f holomorphic with ||f||, < co}.
We call A a weighted Bergman space.

and let
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Let H(R - D) be the space of all holomorphic functions on R - D, and let
A C H(R-D) be a subspace containing the polynomials. We want to study the
solid core

s(A)={f € A: g € A for all holomorphic g with |§(k)| < f(k)’ for all k}

and the solid hull
S(A)={g: R-D — C: g holomorphic, there is f € A with
g(k)| < |f (k)] for all k}.

We call A solid if A= S(A). In the first four sections we consider A = AP, while
in Section 5 we include the case where A consists of weighted sup-norm spaces of
holomorphic functions.

The solid hull and core of spaces of analytic functions has been investigated by
many authors. We refer the reader to the recent books [6] and [13] and the many
references therein. For example, [6] presented a characterization of solid hulls and
cores of AP where dyu(r) = (1 —r)*dr for some a > 0 and R = 1.

Originally, our main interest was to replace the “standard weights” (1 — r)®
by weights of the form v,(r) = exp(—a/(1 — r)?) for some a > 0 and b > 0,
which are of a completely different nature and require different methods, and
hence to consider du(r) = v, p(r) dr. We wanted to extend to weighted Bergman
spaces the results of [1] and [2], works which were entirely devoted to this class
of weights v, in connection with weighted sup-norms. In the present article we
give a characterization of solid hulls of A? if 2 < p < oo and solid cores of AL
if 1 < p < 2 in our main Theorem 2.1 for much more general x which, under
some mild additional assumptions (Corollary 3.2), results in the explicit com-
putation of many examples including v(r) = exp(—a/(1 — r)®) for R = 1 and
v(r) = exp(—r) for R = oo (see Corollaries 3.4 and 3.5). Finally, Sections 4 and
5 are dedicated to Bergman spaces AP and weighted sup-norm spaces H,;° which
are themselves solid. We give examples for this situation in connection with holo-
morphic functions over the complex plane and show that this can never happen
for holomorphic functions over the unit disk. The main results are Theorem 4.1,
which states that A? is solid if and only if the monomials (2");2, are an uncon-
ditional basis of AL, and Theorem 5.2, which ensures that H° is solid if and only
if (2")°, is a Schauder basis of the closure H? of the polynomials in H®.

For a holomorphic g and 0 < r, we define

M,(g,7) = (% /O2ﬂ|g(rei<p)}1? dgo) v

and P,g(z) = >p_,g(k)z". It is well known that, for 1 < p < oo, there are
universal constants ¢, > 0 with M,(P,g,7) < ¢,M,(g,r), where ¢, does not
depend on g, n, or r. Moreover, we have lim,,_,., M,(g — P,g,7) = 0. Hence, we
obtain

[P fllp < el fll, forall f € AL and all n and nll_)IIQlo \f — P.fll, =0.
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In particular, we see that the monomials z +— 2", n =0,1,2,... form a Schauder
basis of A? if 1 < p < oco. (Details can be found in [4] and [14].) In the rest of the
article [r] denotes the largest integer less than or equal to r > 0.

2. Main general result

The main result of this section is Theorem 2.1 below. There are relevant earlier,
related works. For example, in Theorem 4.1 of [12], Pavlovi¢ established a useful
norm in blocks for certain weighted Bergman spaces. (See also earlier work by
Mateljevié¢ and Pavlovié [11].)

Theorem 2.1. Assume that there are constants dy,dy > 0, and w, > 0,n =

1,2,..., numbers 0 <1y <ly < ---, and radii s1 < So < --- such that, for every
e AL
> 1/p
Al fly < (M (Pocy — Pufosn)) - <dallfl, (21)
n=1

(a) If 2 < p < oo, then
S(Aﬁ):{g:R-]D)—)C:

o0 [ln+1]

/2
g holomorphic with Zwﬁ( Z ‘g(k‘)fsik)p < oo}.
n=1 k=[ln]+1
(b) If 1 < p <2, then
s(AP) = {g:R-]D)—>C:
oo [t 1] ) /2
g holomorphic with Zwﬁ( Z 19(k)| sik) < oo}.
n=1 k=[ln]+1

Theorem 2.1 is proved below. Before presenting the proof, we point out that
condition (2.1) can be realized for any given . Indeed, fix § > 16-37~' (1+42P)ch+2,
and use induction toobtain 0 = {; < lh <lz3 < --- and 0 < sy < 89 < --- < R
with

Sn R Sn 1 R
/ Tlnp du — 6/ Tl"p dﬂ/ and / ,’,,ln+1p d[,[/ = E / Tanrlp d/,L (22)
0 Sn 0 Sn

Instead of starting with n = 1, we can just as well start the induction with
n = ng, for example, for some ng > 0 (with /[; = 0 and arbitrary s;) and restrict
the preceding relations to all n > ny. Moreover, put

([ [ )

Then there are constants dy,ds > 0 such that, for every f € A7,

> 1/p
il fllp < (3 whME((Plosy = Pu)fosn)) < dall

n=1
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This was shown in [5] for p = 1 and in [10] for 1 < p < oo and R = 1, but with
some slight modifications the proofs carry over to the case R = oc.

Ezxample 2.2.
(i) Let du(r) = dr where R = 1. Then we obtain
. B o\e log (5 + 1
I, ==(a"t—1 d o= (= h — .
P e (GER) e G e

This can be easily verified using the definition (starting with n = 0) and
induction.

(ii) Let du(r) = r*dr for some o« > 0 and R = 1. With example (i) and
l,p+a=(a""'—1), where a is the number in (i), we obtain

Ly ==(a""=1)—— and Sp = <%)al_n

for n > 2 with iy =0 and s; = 8/(8+ 1).

Now we turn to the proof of Theorem 2.1. Let f: R-ID — C be holomorphic.

Recall that f(n)r" = & 0% f(re®)e™? dyp for each 0 < r < R and each n =

0,1,2,.... For g(re’?) = r”(p_l)e_i””/(fOR ™ dp)'=1/P | we have

Fool ([ ) = | [T [ rrentre) dpan] < 51,

In the following, we make use of the Khintchine inequality (see [7, Theorem 2.b.3.]);
that is, for arbitrary b, and n we have

Ap(;: f?) " < (%92]2 wal)" < B, (Z bef?) ",

where A,, B, are universal constants not depending on n. (The summation in the
central expression runs over the 2" different possibilities of the change of signs.)

Conclusion of the proof of Theorem 2.1. For a holomorphic function g put

> /p
a(g) = (3 whME (P = Pu)/f, Sn))l :
n=1

As assumed, af(-) is equivalent to || - ||,. Moreover, let
%) lnt1]
R 2 p/2\ 1/p
g) = <ZWQ< > atk)] Si’“) ) ,
n=1 k=[ln]+1

and let V = {g: R-D — C : g holomorphic with 7(g) < oo}. Recall Parseval’s
identity, which implies that

[nt1]

M3 ((Pu,yn) — Pu) fosn) = Z

k=[ln]+1
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Proof of (a). Let g € S(A?). Then there is f € AP with [g(k)| < |f F(k)| for all
k. If 2 < p < oo, then

1(9) <2(f) < alf) < dal| fl, < o0

Hence g € V.
Now let ¢ € V. Put A,, = {+1,—1}[l"+1]_[l"]. For ©, = (Ouj415----9p,.1]) €
Ap, put

[anrl] [ln+1] '
= 3 0g(k)ske*t and  galp)= Y gk)ske.
k=[ln]+1 k=[ln]+1

Let (:)n be such that

1/p
My(96,:50) < (g Do Mp(ge, sn)) -
OneA,

The Khintchine inequality yields
My(9s,,: 5n) < BpMa(gn, sn)-
Put h =3 g, . Then, by the preceding estimates,
dilhl, < a(h) < Byy(g) < oo,

Hence h € AP. Since by definition \h(k)| = |§(k)| for all k, we obtain g € S(AD).
Proof of (b). We retain the preceding notation. Let g € V', and let f : R-D — C
be holomorphic with | f(k)| < |g(k)| for all k. Then

dillflly, < a(f) <A(f) <v(9) < occ.

This implies that f € A? and hence g € s(A?).
Now let g € s(AP). Let 0, € A, be such that

1 1/p
(2[l"+1] [ln] Z Mp ge"’ )) S Mp(génvsn)'

On€A,

Put h =3~ gg . Then we obtain \h(k)| = |§(k)| for all k. Hence h € AP The
Khintchine inequality together with the choice of ©,, yields

1(g) = 7(h) < Ala(h) < do AR, < oo

We conclude that g € V. O
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3. Main examples

Quite often it is very difficult to compute the parameters [, and s, in (2.2).
Therefore, it is worthwhile to consider special cases which yield an equivalent
representation of the norm || - ||, satisfying (2.1) and which are easier to compute
and cover many examples. To this end, let v : [0, R[—]0, o[ be a weight function;
that is, let v be continuous, decreasing, and let it satisfy

lirrév(r) =0 and supr™v(r) < oo for all n > 0.
T—

T

Moreover, let v be a nonatomic positive Borel measure on [0, R[ such that

v([r,R[) > 0 for every r > 0 and such that fOR r*u(r)dv(r) < oo for every
n > 0. Put, for 1 < p < oo,

I = ([ ety i)

Here we consider A? with du(r) = v(r)dv(r). Actually, one can relax the con-
ditions on v somewhat. It suffices to require that v be decreasing on [r¢, R[ for
some 7 € ]0, R[. This follows from the fact that, for dji = 1p,, g; dp, the L,-norms
with respect to p and fi are equivalent. Indeed, using the fact that M,(f,r) is
increasing with respect to r for holomorphic functions f, we see that

[ vty < [ ane) < (1 S0 EDY iy

For any n > 0, let r, € [0, R[ be a point where the function r — r"v(r) attains
its global maximum. It is easily seen that r,, < r, if m < n. In the following, we
assume that

Ty is the unique global maximum of r"v(r) for all n (3.1)

and there are no further local maxima.

For example, this is the case if v is differentiable and v /v is injective. Assumption
(3.1) implies that r"v(r) is decreasing for r > r,. Moreover, we assume that v
satisfies the following.

Condition (by). There are numbers 1 < b < K and m; < me < --- with
lim,,_,oo m,, = 0o such that

bé < Tmy, >m” U(rmn) ’(Tmn+1>m"+lv<rmn+1) <K.

Condition (by) is exactly the same as condition (b) in [1], except that the treat-
ment of weighted Banach spaces of analytic functions with sup-norms requires
2 < b < K. We refer the reader to [1] and [9] for more information and examples
related to these conditions.

We take the parameters of condition (by) and put

/rmn+1

L, = V(I:Tmn7/rmn+1:|)’
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and we assume that

I
I, <oo foralln and lim su - i
n—>oop m1n<In—17 In-i—l)

<b. (3.2)

Theorem 3.1. Let 1 < p < co. Assume that v satisfies condition (by) with (3.1)
and (3.2). Then there are constants dy,dy > 0 with

1/p
dl |f||p (Z M mn+1/p] - P[mn/p])f7 Tmn)v(rmn)IN> < d2||pr (3-3)

Jor all f € AP,

In view of (2.1), we can apply Theorem 2.1 with the preceding [, = m,/p,
WP = v(rm, ), and s, =1y, .

Corollary 3.2. Let dy = vdv.
(a) If 2 < p < o0, then
S(AP) = {g :R-D — C: g holomorphic with

[Mn+1/p]

iv(rmn)]n< 3 |g(k)}2rgfn)p/2<oo}.

n=l1 k=[mzn /p]+1

(b) If 1 < p <2, then

s(AP) = {g R-D — C: g holomorphic with

o0 [mn+1/p]
Zv (T, )L ( Z |f](k7)|27”72,fn>p/2 < oo}-
n=1 k=[mn/pl+1

Before we prove Theorem 3.1, we present the following examples. They are
concrete cases to which Corollary 3.2 applies, thus permitting us to calculate
explicitly all the parameters which appear in the solid hull and solid core.

Ezample 3.3. (i) R =1 and du(r) = exp(—a/(1 — r)?) dr for some a, 3 > 0.
We take v(r) = exp(—a/(1 — 7)) and dv(r) = dr. The weight v satisfies
condition (by) with

My = 5(é)l/ﬁn2+2m —Bn®  and 1y, =1-— (%)1/6 1

o " n2/B
and b = e! (see [1], Theorem 3.1.) Here I,, = (a/B)Y?(n=%5 — (n+1)~%5). Hence

I
li n = 1.
nl—{{olo min([nfl, [nJrl)

This shows that (3.2) is satisfied. We note that (3.1) holds, too, according to [1].
So we can apply Corollary 3.2.
(i) R =1 and du(r) = (1 —log(1 —r))~'dr.
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Here we take

dr
(1—7r)(1—1log(l—r1))
Note that r,, =1 —1/(m + 1) is the only zero of the derivative of r™wv(r). Hence

(3.1) is satisfied. If we take m, = 9" and hence r,,, = 1 —1/(9" + 1), then a
simple calculation reveals that v satisfies condition (by) with b = 3. We obtain

Tm,, n+1
In:/ +1 dV:10g<1+log(9 +1)>
, 1+log(9" +1)

viry=1—-r and dv(r) =

from which we infer lim,,_,, I,/ min(Z,_1, I,+1) = 1. This implies (3.2).
(iii) R = 0o and du(r) = e "dr.
Here we take v(r) = e™", dv(r) = dr. Note that r,, = m is the only zero of the
derivative of r™v(r). Hence (3.1) is satisfied. Put
mp =1 and Mpt1 = My + 24/my,, n=12..., and r,, =m,.

A simple calculation yields, with

1/ x \2 )
—x——( > <log(l—z)<—z if0<x<l,

2\1 -z
eXp< 4ym - 2) < < T'man )m" v(rm,)
Vm +2 Pmpgr/ O(Pm)

2 4/m
— exp(mlog(1 - =)+ 2vm) < exp (Y
exp(m log Jmt2) TV = e\ mT
Similarly, with
22
x—;ﬁlog(1+m)§x for 0 <z <1,

exp<4 — 2<1 + %)) < exp((m+ 2y/m) log(l + \/%) — 2@)

_ (Tmn+1 )m""'lv(rmmrl) < et
This shows that condition (by) holds. Moreover, we easily obtain
I
I, =2y/m, and lim =1,

n—00 min([nfla [nJrl)
which yields (3.2). Observe that in this case we can take m,, = n? (see Theorem
3.1 in [3]). This fact is not surprising, since one can easily prove by induction that
our selection of m, above satisfies (n — 1)* < m,, < n? for each n.
Corollary 3.4. Let R =1 and du(r) = exp(—1/(1 — 7)) dr.
(a) If 2 < p < o0, then

[(n+1)*/p]

sz = {ge HD): ienz (>

k=[n*/p]+1

sl (- L)Y <)
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(b) If 1 < p <2, then
[(n+1)*/p]

s(42) = {g € H(D) : f)e"“(%)( 2

n=l1 k=[n*/p]+1

g(k)f(l B i>2k>p/2 _ oo}.

n2
Proof. Example 3.3(i) and Corollary 3.2 yield, with o = 8 = 1 and m,, = n* —n?,

sz = {ge HD):

[(n+1)*=(n+1)%)/p]

I e RGPS

n=1 k=[(nt—n2)/pl+1

if 2 < p < oo and

s(4) = {g € H(D)

00 [(n+1)*—(n+1)%)/p]

a1l 1 e 1\ 2k p/2
S e ) X P 5))T <o)
n=1 k=[(n*—n2)/p]+1
if 1 < p < 2. If we let k run, in the preceding summations, from [n*/p] + 1
to [(n + 1)*/p] instead, then we obtain conditions which are equivalent to the

preceding ones and hence characterize again S(AP) and s(AL). This follows from

nt—n?<n* < (n+1D*—(n+1)* foralln.
(Compare this with Lemma 3.2. and Example 3.3(i) in [1].) Then, finally, Corol-
lary 3.4 follows from
<%)%§%—ﬁ§% for all n. OJ
Corollary 3.5. Let R = oo and du(r) =e " dr.
(a) If 2 < p < o0, then

o ) o2
S(AN) = {gEH((C) Ze‘” Qn( Z (k)| n2k> <oo}.
n=1 k=[n?/p]+1
(b) If 1 < p < 2, then
SR GRSV L\
s(Ah) = {gEH ):Ze’” Zn( Z (k)| n%) <oo}.
n=1 k=[n?/pl+1
Proof. This is a consequence of Example 3.3(iii) and Corollary 3.2. O

Lemma 3.6. Let 1 < p < oo, let 0 < < s, and let f(2) = 3, _;, a;2 for
some o and 0 < m < n. Then we have

() M) < (5) M(19)
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and
() My(fs) < (2) My(om).

Proof. Part (i) follows from the fact that, for holomorphic f, the function M,(f,-)
is increasing in r, while part (ii) is Lemma 3.1(i) of [8]. O

Now consider 1 < p < oo, and let m,,, I,, satisfy condition (by), (3.1), and (3.2).
Lemma 3.7. Fiz k, n, and ry,, <7 <1y, Then we have

W (—)" olr) (l)nkl itk <n

T, v(Tm,,) b

and

(ii) (r )m"“ o(r) <K(1>k_n_1 if k> n.

T, v(rm,) b

Proof. It k < n, then we have

)"

— ( r )m" U(T) <rmk+1>mnv(rmk+1) (Tmn—1>mnv(rmn—1)
rmk+1 U<ka+1) rmk+2 U<ka+2> Tmn v(rmn>
< ( r >mk+1 U(T) <rmk+1)mk+2v(rmk+l) (Tmn1)mnv<rmn1>
N rmk+1 U<ka+1) rmk+2 v(rmk+2) rmn U(rmn)
1\ n—k-1
<(3)
b
If K> n+ 1, then we have
( ro\mnt1 v(r)
Tim v(rm,)
_( r >mn+1 v(r) ( T'my, )mn+1 V() (?"mn+l)mn+lv<7"mn+1)
rmk /U(rmk) ka—l U(ka71) o 7amn ’U(?“mn)
g( r )m (r) ('r’mk )mkﬂ U(rm) (rmn+2>mn+1v(rmn_1)K
ka U(?“mk> rmk—l U(rmk—l) Tmn+l /U(rmn>
K 1\ k—n—1
< — .
<K (3)
Similarly, for £ = n,
( r )mnﬂ ulr) (rmn+1)mn+lv(rmn+l) <K
Tmn U(Tmn) - /rmn U(Tmn) - .
O
Now fix ky > 0 and 0 < p < b such that
I, .
<p itk>ko. (3.4)

min([nfla [nJrl)
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Corollary 3.8. Let f,(z) =>_
k > kg we have

/r,:mkﬂ ME(fo,r)o(r)dv(r) < C(%))nksz(fmen)“(Tmn)]”' (3.5)

k

J
i Jp<j<rmmir/p Ci% where n > ky. Then, for any

Here ¢ > 0 is a universal constant independent of k,n, f,.

Proof. First let k < n. Then Lemmas 3.6(i) and 3.7(i) imply that
Tmpyq »
[ ) vt

O I o e T

T, v(rm,)

k

< coMP(fr, T )0(Tm,, )1 (H[ )( >|n—k|

In—k|
S C1 (%) Mg(fnarmn)v(rmn)[na

where ¢, ¢; are universal constants. If k& > n, then we use Lemmas 3.6(ii) and
3.7(i1) to get

/rm}g+1 Mé’(fn, rv(r) dv(r)

k

< M) [ ()" )

% Tmn U(rmn)
kE—1
I‘+1 ]_ ‘n_k‘
P\ In—Fl »
<a(F) MU ra o)L
where ¢y is a universal constant. O

Conclusion of the proof of Theorem 3.1. Let f € AL say, f = > fn, where f,
is as in Corollary 3.8. We can assume that f,, =0 for n < ko with kg as in (3.4).

To prove the right-hand inequality in Theorem 3.1 we use that M,(f,,r) <
cM,(f,r) for a universal constant independent of r, as well as that, in view of
(3.1), r™mu(r) is decreasing for r > r,, . We have

ZMP Frs Ty, )0 (T, ) I
TmnH " (T ) b ru(r) dv(r
<Z/ VM 1) (r) di(r)

< Z/TmnH mn UGNy ME(f,7)v(r) dv(r)

Tmn-H U(rmn+l)
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< K| f15-

This in particular implies that ) MZ(fy, 7m, )v(rm, ) I < c0.
Now we show the left-hand inequality of Theorem 3.1. Using the Minkowski
inequality in the first estimate and Corollary 3.8 in the second one, we obtain

I =3 [ Mg vt
< Z(Z( / Ty an) ")’
0¥ (X (g) O o)1) )
<0y (; )" ML i 0 ),

S C3 Z Mp fna Tmn)v(rmn)[n'

Here ¢y, o, c3 are universal constants. In the second to last inequality we used the
Holder inequality in the following way. Put a, = (M2(fu, 7, )v(7m,)1z)"/?. Then

Z (g) In—kl/pan < (Z (%) lnkl/paﬁ) Up <Z (%) |nk|/p> 1/q’

n n n

with 1/p+1/q = 1. In the last inequality we interchanged the summation over k
and n and utilized sup,, > (p/b)"=*/P = sup, 3", (p/b)" kP < . O

4. Solid Bergman spaces
Recall that a Bergman space AL is solid if S(AF) = AP.

Theorem 4.1. Let 1 < p < 0o, p # 2. Then the following are equivalent:
(i) AP is solid,
(i) s(A W =Ap,
(iii) the monommls (2")n2g are an unconditional basis of AL,
)

(iv) the normalized monomials (2"/||2"||)2, are equivalent to the unit vector
basis of 17,
(v) sup,,(ln+1 — 1) < oo for the numbers l,, in (2.1).

Remark 4.2. If p = 2, then the normalized monomials are an orthonormal basis
for A2 and all conditions (i)—(iv) are satisfied.

The following example is relevant in connection with Theorem 4.1.
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Ezample 4.3. Consider R = oo and v(r) = exp(—(logr)?), dv(r) = dr. (This
is included in Example 2.2 of [9].) Note that v is decreasing on [1,00[ which
suffices in view of the remarks at the beginning of Section 3. We easily see that
rm = exp(m/2) is the only zero of the derivative of ™ wv(r). Hence (3.1) is satisfied.
We get, for any n > 0 and m > 0,

<r_m>mv(rm) _ (r_n>"v(rn) :exp<(n_m)2>_

o/ v(ry) Tm/ 0(rm) 4

So, if we take m,, = 4n, then condition (by) is satisfied with b = e*. Moreover, we
have I,, = exp(2n+2)—exp(2n). An easy calculation shows that (3.2) holds. Hence
we can consider (2.1) with l,, = m,/p. Therefore, sup,,(l,4+1 — 1) = 4/p < 0.
This means that, for dyu(r) = v(r) dr, the Bergman space A?, is solid.

For the preceding example it is essential that R = oo. Indeed, we have the
following.

(.]or(l)‘lcllary 4.4. Let 1 <p < oo, p# 2, and R=1. Then no Bergman space AP,
is solid.

We prove Corollary 4.4 at the end of this section. For the proof of Theorem 4.1
we need the following.

Lemma 4.5. Let (e,) be a Schauder basis of a Banach space X with basis projec-
tions P,. For M C N, let Ty be the linear (not necessarily continuous) operator
defined in the linear span of (e,) by Thex = ex if k € M and Threr, = 0 otherwise.
If the basis (e,) is not unconditional, then there is N C N such that, for any n,
there exists m,, and 0 #y € P, X with n|ly|| < ||[Tny|-

Proof. 1f (e,) is a conditional basis, then there exists an operator of the form Ty

which is unbounded on X. Hence there is a sequence x; € X with [|zx]| = 1 and
limy_oo || Tvzk|| = 00, and we find k,, with n = n||xy, || < ||Tnxy, || for all n. Using
TnP, = PTy for all [, we find m,, such that

0 < n|| P,k || < ||Pm,Inzr, || = | TN P, xk, || for all n. O

In the following we retain the definition of Ty with respect to the monomials
(2").
Lemma 4.6. Let 1 < p < oo, p # 2, and assume that there are constants ¢, > 0,

d, > 0 with sup, d, /¢, < oo, integers 0 < a, < b, < apt+1, and radii s, such
that, for any f, € AL with f,(2) = Zangjgbn a;z’, we have

cnMp(frs $n) < N fallp < duMy(frs $n)-
If sup,,(b, — a,) = 0o, then the monomials are not unconditional in AL.

Proof. Tt is well known that the monomials are a conditional basis sequence with
respect to the norm M,(-,1). So we find N C N and y,, € Y,, := span {27 : 0 <
Jj < my} with M,(yn, 1) =1 and n < M,(Tnyn, 1). Find k, with by, — ag, > my,
put Y, ={z7 1ap, <j <y} C AP and define S, : X,, = Y, by

(Snf)(2) = 2% f(2/sn).
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Then, according to our assumptions, we have ||S,| - |5} < d./c, < ¢ for some
universal constant c¢. Put M,, = {a, +j : j € N,j < m,}. Then S,TyS;! =
T, |x,. If we consider M = |J, M,, then the preceding shows that Tj; is
unbounded on AP. This proves that the system of monomials is conditional in
AP, O

Conclusion of the proof of Theorem /.1. We have that (i) < (ii) follows from the
definition of solid hull, while (ii) < (iii) follows from the definition of solid core.
(Recall that, in any case, the monomials are a basis of A?.) Now (iii) and Lemma
4.6 imply (v). Finally, (v) and (2.1) imply (iv), while (iv) trivially implies (iii). O

Proof of Corollary /./. Proposition 3.5 of [8] shows that, for R = 1, the assump-
tions of Lemma 4.6 are always satisfied. Hence the system of monomials can never
be unconditional. In view of Theorem 4.1, the Bergman space AL can never be

solid. ]

5. Solid weighted spaces of entire functions with sup-norms

In this section we consider weighted Banach spaces of analytic functions with
sup-norms. The main result of this section, Theorem 5.2, complements Theo-
rem 4.1. This result was announced in Remark 5.6 of [1]. Here, as in Section 3,
a continuous weight v : C —]0, oo[ is a function satisfying

v(z) =v(|z]), ze€C, v(r) >wu(s) f0<r<s and
lim r"v(r) =0 for all n > 0.

7—00

We deal with the weighted space Hy° over C, that is,
Hy ={f:C— C: f holomorphic, || f||, := sup| f(2)|v(z) < oo}
zeC

Let HY be the closure of the polynomials in Hg°.

Similarly to the weighted L,-norms in Sections 3 and 4, one sees that it suffices
to require only that v(r) > v(s) for ro < r < s and some 79 > 0, since ||f]|,
and sup,<|.j<« |f(2)[v(2) are equivalent for holomorphic f. Again, for n > 0 let
rn € [0, 00[ be a point where the function r — r™v(r) attains its global maximum.
The next lemma can be easily proved with induction (which was done in Lemma
5.1 of [9]). The indices m,, are needed in the following.

Lemma 5.1. For any b > 2 there are numbers 0 < m; < mg < --- with
lim,, oo Mm,, = 00 and

b= min<< T )mn V(rm,) <rmn+1>m"+1v(7"mn+1)>'

/U<Tmn+1) ’ frmn /U</r.mn)

Actually, one can show that Lemma 5.1 works for all b > 1, but we need
b > 2 in the following proof. There are examples of weights on C such that the
monomials (2™)°%, are a Schauder basis in the Banach space HY. This is the same
as saying that the Taylor series of each element in H? converges with respect to
the weighted sup-norm || - ||,. In the known examples, in this case, (2™/[|z"|,)5,
is equivalent to the unit vector basis of ¢y. Moreover, here H:° is solid. We show

rmn+1
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that this is always true provided that (z")%, is a Schauder basis of H’. We also
characterize this situation by a property for the indices m,, of Lemma 5.1. Our
arguments are similar to those of [8].

Let h(z) = > 7, be2". As before, let P, be the partial sum operators, that is,

n
= E bkzk.
k=0

If the monomials are a basis of HY, then sup,, || Pu|mo|| = sup,, || Pa|age|| < co. For
any k, we have

2
-1l = belrkotr) = [5= [ heR)e e defotr) < Al G)

Moreover, take the numbers m,, of Lemma 5.1 and put
Mnp—1

= Z bkzk + Z —[mi] —k bkzk‘
k=0

1 <k <Tim [mn] [mn—l]

Finally, put My (h,r) = sup,_, [h(z)].

Theorem 5.2. The following are equivalent:

(i) sup,(mp41 —my,) < oo where M are the indices of Lemma 5.1,
(ii) (2™)°, is a Schauder basis of H.
(iil) (z"/||2"||0)5% is equivalent to the unit vector basis of ¢y,
(iv) HX is solid,
(v) H0 is solid.

Proof. Put V,, = R,,— R,,_1. According to Proposition 5.2 in [9], since we assumed
that b > 2 in Lemma 5.1, the norms ||h||, and sup, sup, Mo (Vh,
r)v(r) are equivalent. Since Lemma 3.3 in [9] implies that the operators V;, are

uniformly bounded on H;°, we obtain constants ¢; > 0 and ¢y > 0 with

cysup [|[Vuhllo < [l < e2||Vih]l, for all h € HF. (5.2)

1 Srgrmn_‘_l

(i) = (ii): Observe that, by the definition of V,,, dim V,,(H?) = [mus1] — [mn_1].
By (i) we obtain sup,dim V,(H?) < oco. With the definition of P; and (5.1),
we see that sup,, || Pjlv, &0l < sup,([muq1] — [ma_1]) < co. With (5.2) and
P;V, =V, P; for all j and n, we conclude that the projections P; are uniformly
bounded. Hence (2")%°, is a Schauder basis of H?.

(ii) = (i): Assume that (ii) holds. By definition, V,,(Pp,., — Pm,_,) = Va. In
view of the uniform boundedness of the V,, and (5.2), we obtain constants ¢; > 0
and ¢, > 0 with

U] (Prs = Pon ], < 1l < b sup|(Prs = Pl (5.3

for all h € Hy°. Here the first inequality follows from the uniform boundedness of
the P, in view of (ii), while the second inequality follows from (5.2). Let ¢,, € [0, R|
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be such that

) T'm Mt (T, )
by =Ty, b= < "“) URE

Tmn v (Tmn )

and

tn = Tanrl lfb e ( rm" >mn ’U(/rmn)

v (Tmn+1 )

in Lemma 5.1 Then Corollary 3.2(b) of [9] implies that
| (Prays = Pr)b|, < 26Moo ((Prn,yss — Py )b ta)o(t).

Mn+1

Tmn+1

With (5.3) we obtain
dl Sup MOO((Pm7L+1 - Pmn)h7 tn)v(tn>
< |lhlls < dosup Moo (P — Py )y t0) 0(t0) (5.4)

for some constants d; > 0, dy > 0 and all h € H.

It is well known that there are bounded holomorphic functions whose Taylor
series do not converge with respect to M (-, 1). By going over to suitable Cesaro
means if necessary, we see that, for each n € N, there is a polynomial f of degree
N and an index M < N such that

My (f,1) =1 but n < M(Puf,1).

Proceeding by contradiction, assume that (i) does not hold, that is, sup,, (mn,+1 —
m,) = oo. Then we find k£ with dim (P, — P, )H? > N. Put h(z) =

Mi+1

2"k f(z)/v(t). Then, in view of (5.4), we obtain
n
di<|hllo<d and o <[Py hllo-
2

This implies that the projections P; are not uniformly bounded, contradicting
assumption (ii). This contradiction implies that sup,,(m,+1 — m,) < oo, and we
have checked that (ii) = (i).

Moreover, if sup,,(m,+1 —m,) < 0o, then (5.4) easily implies that the normal-
ized monomials are equivalent to the unit vector basis of ¢y. Hence we have (ii) =
(iii). The implication (iii) = (ii) is trivial.

(iii) = (iv): By the preceding we know already that (iii) implies (ii) and hence
(5.4). If o, is the nth Cesaro mean and h € HS®, then o,h € H?. We have
0,P; = Pjo, for all n and j. Moreover, ||o,h|, < ||h|, and sup,, [0k, = ||k,
This implies that (5.4) remains valid for all A € H°. This together with the fact
that sup,,(my,+1 — m,) < oo shows that Hy° is solid.

(iv) = (iii): This implication follows from Theorem 5.2 in [1]. (iv) = (v): If
g € S(H?), then by definition and (iii),

lim §(n)[1="]l, = 0,
n—oo

which implies by (iii) that g € H?.
(v) = (iv): If g € S(HZ®), then by definition 0,9 € S(H?) = H? for all n. This
implies that g € H°. 0J
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(In [9], the second author showed that v(r) = exp(—(logr)?), R = oo, satisfies
(ii) (and hence all assertions) of Theorem 5.2.)

Note that in the preceding proof we do not use the fact that our functions are
defined on C. The arguments work just as well for weighted spaces of holomorphic
functions over the unit disk ID. However, in this case lim,,_,, 7, = 1 and this fact
together with

4< < <—Tm"+1

) Mp1—Mn
Tm.,

implies that sup,,(m,+1 — m,) = oo (in view of Lemma 5.1, which remains true
over D). This means that in the case of holomorphic functions over D the preceding
theorem is empty (cf. Corollary 5.3 in [1]).
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