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Values of the Euler phi function
not divisible by a given odd prime

Blair K. Spearman and Kenneth S. Williams

Abstract. An asymptotic formula is given for the number of integers n<z for which ¢(n)
is not divisible by a given odd prime.

1. Introduction

We denote the set of natural numbers by N and the set of integers by Z. If
a€Z and beZ are not both 0, we denote the greatest common divisor of a and b
by (a,b). We let ¢ denote Euler’s phi function so that for n€N we have

1
(1) ¢p(n):=card{meN|1<m<n and (m,n):l}:nH 1-" ],
()

where the product is taken over the distinct primes p dividing n. Throughout this
paper p denotes a prime. It is well known that for n€N,

21¢p(n) <= n=12.

We are interested in those n€N for which g{¢(n), where ¢ is a fixed odd prime. We
set

(2) Ey(z) = card{n <z [qfd(n)}.

In 1990 Erdés, Granville, Pomerance and Spiro gave an upper bound for E,(z),
which is valid for all sufficiently large x, see [1, Equation (4.2) with k=1, p. 191].
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In this paper we give an asymptotic formula for E,(x) as x— 00, see the theorem
in Section 4. Let 0<e<1. For ¢ a fixed odd prime, we show that

E,(z)=¢e(q)z(log x)*l/(qfl) _FO(:E(log:E)fq/(qﬂ)ﬁ)7

as x—00, where e(g) is given in Definition 4.1 and the constant implied by the
O-symbol depends only on ¢ and e. In 2002 Luca and Pomerance [2, Lemma 2,
p. 114] proved the related result: For some constant ¢>0, for almost all n, ¢(n) is
divisible by all prime powers p®<cloglogn/logloglogn.

2. Notation

We denote the sets of real numbers and complex numbers by R and C, respec-
tively. As usual I' denotes the gamma function and y is Euler’s constant. If K is an
algebraic number field we write h(K) for the class number of K and R(K) for the
regulator of K, see for example [3, pp. 97, 106]. Throughout this paper ¢ denotes
a fixed odd prime. We set

(3) Ky=Q(e*™/") CC,

so that K is a cyclotomic field with [K,:Q]=¢(q)=¢—1. For brevity we set
(1) hq):=h(K,) and R(g)==R(K,).

We also let

(5) w:=e?™/ a1 e ¢,

so that w9™1=1. The principal character xo (mod ¢) is defined as follows: for n€Z
we have
1, if n#0 (mod q),
(6) Xo(n) = .
0, if n=0(mod q).
Let g be a primitive root (mod ¢). For n€Z with n#0 (mod ¢) the index
indg(n) of n with respect to g is defined modulo ¢—1 by
n=g"% ™ (mod g).

We define a character x, (mod ¢) as follows: for n€Z we set

winds™ - if n£0 (mod q),
@ Xo(n) = {7 mod )
0, if n=0 (mod q).

There are exactly ¢(q)=¢—1 characters (mod ¢). They are

(8) X05 Xg> X;v"'v Xg_27

where x4~ =xo.
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3. The constant C(q)
It is convenient to define the following constant involving x,.

Definition 3.1. Let ¢ be an odd prime. Let g be a primitive root (mod ¢). Let
red{l,2,...,q—2}. We define

1
9) Clg,m,xqg) = H (1_p(q1)/(r,q1)>’

Xg(p)=w"

where the product is taken over all primes p such that x4(p)=w".

Note that the prime ¢ is not included in the product as x,4(¢)=0 by (7). As
1§(r,q—1)§;(q—1) for re{1,2,...,q—2} we have

qg—1 > 9
(7“,(]—1)

so that the infinite product in (9) converges. Let h be another primitive root
(mod ¢). Then there exists an integer s such that

(10)

h=g° (mod q), (s,q—1)=1.

Let ¢ be an integer such that st=1 (mod g—1). Then, for n€N with n#0 (mod ¢),
we have

indp(n) =tindg(n) (mod ¢g—1)
so that
_indp(n) tindg(n)

Xn(n) =w =w = (xg(n))" =xy(n),

that is x»=x}. Hence

q—2 - q—2 ' )
Ec(q,r, Xn) —TZlX’L(g)[:w(l p<q1>/<r,q1>)
:q—2 (1_ 1 >(r,q_1)
R pla=1)/(r,q=1)

|
N

q

1 (r,g—1)
| (1_p<q1>/<r,q1>)

Xg(p)=w"

I
—

T
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q—2 1 (rs,g—1)
=11 11 (1_p<q—1>/<rs,q—1>>

r=1x4(p)=w"*

9-2 1 (r,q—1)
=11 (1_p<q—1>/<nq—1))

r=1xg4(p)=w"

q—2
=1 (g, rxg) eV
r=1
so that the product
q—2
(11) [ Ct@rx) "
r=1

does not depend on the choice of primitive root g. Thus we can make the following
definition.

Definition 3.2. Let ¢ be an odd prime. We define the constant C(q) by
q—2
(12) Clg) =[] Cla.r xg) 7.

r=1

We take this opportunity to determine C(3). It is convenient to define the constant
ka,b(m) by

(13) kasm)= ] (1—1),

m
p=b (moda) p

where a€N and beNU{0} are such that 0<b<a and (a,b)=1 and meN is such
that m>2.

Lemma 3.1. 0(3) :k372(2).

Proof. Let g=3. Then w=—1, r=1, g=2 and x2(n)=(—3/n). Hence

C3)=CB,Lx)= ][] (1—;2)= 11 )(1—;2>:k3,2(2),

x2(p)=-1 p=2 (mod3

as asserted. [
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4. Statement of main result

We begin with a definition.

Definition 4.1. Let g be an odd prime. We define

1 0
N (g—1)a=2/(@-1T i
(g+1)(¢—1) -1 sin 1

(14) €)= o(g-3)/20-1) g3(a=2)/2a=1) 53/ (h(q) R(q) C (g)) L/ 4=1)

Before stating our main result, we give the value of e(3).

Lemma 4.1.

27/2

T 39/4 k3,1 (2)'2.

e(3)

Proof. We have T'(3)=/7, C(3)=ks2(2) and h(3)=R(3)=1, so that Defini-
tion 4.1 with g=3 gives

25/2
e(3)= 33/47kg 5(2)1/2°
As
1 6
(1 5 ) k3,1(2)k32(2) = 1;[ (1_ pz) = 2
we have
27 27/2 L
/2
k3’2(2) 42 k‘371(2) and 6(3) 39/4 k3,1(2) 5

as asserted. [

Our main result is the following asymptotic formula for E,(x).

Theorem. Let 0<e<1. For q an odd prime, we have
Ey(2) = e(q)x(log 2) /@D +.O(a(log x) ~/(4-+¢),

as x— 00, where the constant implied by the O-symbol depends only on q and €, and
e(q) 1is given in Definition 4.1.

This theorem is proved in Section 7 after some preliminary results are given in
Sections 5 and 6.
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5. Preliminary results

The following results will be used in Sections 6 and 7.

Proposition 5.1. Let n€N and let q be an odd prime. Then

gté(n) <= n= [ »@Porn=q [[ »©®,

p#1(modq) p#l (modq)

where the product is taken over all primes p#q with p£1 (mod q) and the a(p) are
non-negative integers.

Proof. If

t
_ a a;
n=q¢" [ py,
j=1

where @ and t are non-negative integers, the p; are distinct primes #¢, and the a;
are non-negative integers, then by (1)

t
I1# " -1, if a=0,
¢(n) = =t t
¢ g-) [y -1, ifa>1.
j=1

Hence ¢¢(n) < a€{0,1} and ¢fp; —1 (j=1, ..., t), which proves Proposition 5.1. [

Next we define the set A by
(15) A={meN|p(prime)|m=p#qand p#1(mod q)}.

The function A(x) is defined for z€R by

(16) Az)= > 1.

m<x
meA

Proposition 5.2. For xR and q an odd prime we have

Eq(a:):A(x)—i-A(z).

Proof. This follows immediately from Proposition 5.1. [
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Proposition 5.3. (Wirsing’s theorem) Let f: N—R be multiplicative with
f(n)>0 for all neN. Suppose that there exist constants c1 and ¢y with ¢1>0 and
0<co<2 such that

0< f(p") <eich,

for all primes p and all k€N, and also that there is a constant T with >0 such

that
> +ol  © ).
log:c log x

p<z
as r— o0, then

S i) (e 7; 0(1))10236 H(1+f(p)+f(P2)+m>’

n<lz

as r—00.
Proof. See [7, Satz 1, p. 76]. O

Proposition 5.4. (Odoni’s theorem) Let f: N—R be multiplicative with
f(n)>0 for all neN. Suppose that there exist constants a1>1 and as>1 such
that

0< f(p¥) <ark®,

for all primes p and all keN, and also that there are constants T and 3 with 7>0

and 0< <1 such that
x
0
Zf 10gm+ ((log:c)Hﬁ)’

p<z
as x—00, then there is a constant B>0 such that
> fn B(log )" +0((log )" "),
n<az
as r—00. Further, for each fized A>0, we have
(17) Zf A 1Bzrr(logz)™ "1 +0(z* (log 2)" 1 7),
n<x

as r— oQ.

Proof. See [4, Theorem II, p. 205; Theorem III, p. 206; Note added in proof,
p. 216. O
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From Propositions 5.3 and 5.4 we obtain the following corollary.

Proposition 5.5. Let f: N>R be multiplicative with 0<f(n)<1 for all
neN. Suppose that there are constants T and [ with 7>0 and 0<B<1 such that

X
210 10g33+0((10gfc)1+5>'

p<z
Then
! fo)  f@?)
M8 (log )7 ZE(H MESRAE >

exists, and

> f(n) = Exlogz)™ " +0(x(log z) "7,

nSx
with

_e_’YT . 1 f(p) f(p2)

E_F(T) xlggo (logx)TH(1+ » + 2 +)

p<z

Proof. The conditions of Odoni’s theorem are met (with a; =a2=2) so by (17)
with A=1 there is a constant B>0 such that

Z f(n)=Bzr(logz) ' +O0(z(logz) " *7P).

n<x

The conditions of Wirsing’s theorem are also met (with ¢;=cp=1) so that

S f(n) ( 0(1)> lozxg(1+f;p)+f;ﬂ2)+...>.

n<lz

-1

Equating the two expressions for > _ f(n), and dividing by z(logz)™ ", we obtain

e T 2
Br+0((logz)™#) = (F(T) —|—0(1)) (logz)™" H (1_’_]";27) + f;pQ )—|—>

Letting x— o0 we have

r—00

lim (logz)™" H <1+f(p) + 1) —|—> =BrT'(1)e"".

p<z
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Thus
> f(n) = Ex(loga)™ " +0((log 2)™17),
n<x
with
o 2
e e T ).

as asserted. [

Proposition 5.6. Let k€N and €N be such that 1<I<k and (k,1)=1. Then

Z 1= Lo —|—O< v > as T — 00
= 5 ) )
= ¢(k) logx (log )
p=l (mod k)
Proof. This is the prime number theorem for the arithmetic progression {kr+1]
r=0,1,2,...}, see for example [5, p. 139]. O

Let keN. Let x be a character (mod k). Let xo be the principal character
(mod k). The Dirichlet L-series corresponding to x is given by

— x(n)
ns ’

(18) L(s,x)=

n=1

where s=0+iteC. For x# o, the series in (18) converges for 0>0 and

) —1
(19) L(1,X):ZX§:L):H<1—X2’)) £0.

For each character x (mod k) we define a completely multiplicative function &, (n)
(neN) by setting, for primes p,

e ()6

The Dirichlet series corresponding to k,, is given by

1) K= 0

where s=c+it€C. It is shown in [6] that the series in (21) converges absolutely
for >0 and that

K=Y kxflm :H<1_kx<p> > 11 (1_x(p) >1<1_;)X<”> 0,

el » p p p
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Proposition 5.7. Let keN and l€N be such that 1<I<k and (I,k)=1. Then

11 (1 - 1) = A(l, k) (log )"/ M 4+ O((log z) ~V/# ),
p<z p
p=l (mod k)

wwn=(ul TEEY))

Proof. This proposition is Mertens’ theorem for the arithmetic progression
{kr+1jr=0,1,2, ...}, which was first proved by Williams [6] in 1974. O

as T— o0, where

Proposition 5.8. Let k,m,reN. Let wy be a primitive k-th root of unity.

Then
k—1 1 wir _( 1 (kyr)
H T m ) T k) :

§=0
Proof. Let k,reN. Set
k
h= and s=

(k,r) (k)
As (h, s)=1 the h-th roots of unity are wis, j=0,1,...,h—1. Thus wfls, j=0,1,....k—1
comprise the h-th roots of unity each repeated k/h times. Hence
k—1

(zh—1)k/h = H (x—wif).

j=0
Taking z=m&€N, and dividing both sides by m¥, we obtain
k/h k-1 js k—1 gr
1 ws, wy,
(=) =I5 -10-50)
7=0 7=0

which is the asserted result. O

6. Estimationof [[ (1—1/p)

p<=x
p=1 (mod q)

We begin with the following result.
Proposition 6.1.
q—2

H K(l’ Xg) = Czq)'

j=1
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Proof. By Definition 3.1 we have

q—2
N 1

( 1 —(T,q—l)

- ) |
~1)/(r,q—1

- i pla=1)/(ra=1)

Xg(p)=w"
Next, as

Zw” {q 1, ifr=0,

if r=1,2,...,9—2
we have

ql:[z H ( 1 —(r,g—1)
)

st §3: pla—1)/(rq—1)
(p)=wr

_U H

(1 1 )(nql) (1 1)2_?3 w’”
- oo pla—1)/(rq—1) P

Xg(p)=w"

By Proposition 5.8 with m=p, k=¢—1 and w=w,_; we have

j_
so that

(a1 a2,
1 w’”
(1_p<q1>/<nq1>) =11 (1_ )
=0

4=2 ~(rg=1) Sz’
I 11 (1_ <q—1>}<r,q—1>) (1_ )
r=0 p<zx p p

Xg(p)=w"

q—2 Wi —1 w?”

= 1— 1—

I 1p-) ()
Xg(p)=w"

iy

_]=1r:0 p<zx p p
Xg(P)=w"

q—2
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Finally by Definition 3.2 we obtain

1 q—2 ( n q—2 X;(p) -1 1 Xg(p)
=|]|Clg,r,xy) "= lim (1— ) (1— )
o~ 11 e 0570 0y
q-2 J —1 xi(p) 9—2
x3(p) 1\ :
SITIO(-) (1)) =TTso),
i=1p p p =1
as asserted. [
Proposition 6.2.
q—2
H L(l,xé) — 2(q73)/2q7q/2,n_(q71)/2h(q)R(q).
j=1

Proof. The cyclotomic field K|, is a totally complex field which contains exactly
2¢ roots of unity, namely {£1, fw,, j:wg, e :I:wg’l}. Hence, by the class number
formula for abelian fields applied to the cyclotomic field K, we have

q—2
h(@)R(q) = 2qld(K,)|"/?2~ =D/ 2= =D/2 TT L(1,2),

Jj=1

where d(K) is the discriminant of K, see for example [3, Theorem 8.4, p. 436].
Now the discriminant of K, is given by

d(K,) = (_1)q(q—1)/2qq—2’

see for example [3, Theorem 2.9, p. 63]. Hence

q—2
[T £(1,xg) =2t/2q=e27 =02 R(q) R(g),

j=1
as asserted. [

Proposition 6.3. Let q be an odd prime. Then

11 (1—;> = AMg)(logx) /(Y +O((log )~/ 11=1),

p<w
p=1 (modq)

as T— o0, where

A _(evg(q3)/2q(q+2)/27r(ql)/2)1/(‘1_1)
e (a—1)h(@)R(q)C(q)



178 Blair K. Spearman and Kenneth S. Williams

Proof. By Propositions 6.1 and 6.2 we obtain
‘11:[2 K(l,x;) _ 2722 (1)
1 LX) h(g)R(q)C(q)
By Proposition 5.7 with k=q and [=1, we have

11 (1_11)> = Aq)(log z) ™/~ 1 O((log ) ~9/ (1= 1)),

p<z
p=1 (modq)

where

a2 A \1/(a—1)
K(1,x!
A(q)=z4(1,q):<e7 q 11 ( X%’)>
q—1 50 L(1, x9)
(e7 q 2<q3)/2qq/27r(q1)/2>1/<q—1>
q—1 h(q)R(q)C(q)
(672(q3)/2q(q+2)/2ﬂ.(ql)/Q)l/(q—l)

(¢—=1)h(q)R(¢)C(q)

as asserted. [J
Proposition 6.4. Let 0<e<1. Then

A() = ag)a(log 2) /@D +O(a(log )~/ (4~ V+),

1 T
_1)(@—=2)/(qg—1) i
(=1) F<q—1> Sm<q—1)

a(q) = 2(a-3)/2(a—1) gla—)/2a~1) 53/2(h(q) R(q)C(q)) /(@1

as r— 00, where

(The constant implied by the O-symbol depends only on q and €.)

Proof. By (16) we have

Ax)=> 1= f(n),

n<x n<x
neA

where

1, ifneA,
0, ifn¢A.
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Clearly f(n) is a multiplicative function by (15). Moreover 0< f(n)<1 for all n€N.
By Proposition 5.6 we have

qg—2 =z T
dfw=) 1= LHXU:q—1ng+O(&%@2)

p<z p<z p<z
pEA pZ1 (mod q)

as —o00. Hence, by Proposition 5.5 with 7=(¢—2)/(¢—1) and S=1—¢, the limit

—1
. 1 1
ey 1 (1"p>

p<z
p#q
p#1 (modq)
exists, say equal to M (gq), and

—v(q—2)/(q—1)
Alz)="° M(q)z(logz) "Y1 1 O(z(log z) =/ (-1 +e),

o(5)

as z—00. Now for z>¢q

£ ey

P#q
p#1 (modq) p<z

p=1 (mod q)
By Mertens’ theorem we have
1 1
11 (1_ ) =c(1+o(1)
e D og T

as — 00, so appealing to Proposition 6.3, we obtain

DN e (1+o(1)(loga) !
1 (-0)- (1=, JM@a+o()toga) 1/
piélp(i%dQ) ¢
ge™”

- 0 oo )~ (@=2)/(¢=1)
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so that
1 1N (g=1)e"Mg)
1— = 1+0(1)).
togaya-ara-n 11 (=) ¢ W)
P#q
pZ1 (modq)
Hence
—1)e’A
Mg DTN,
q
Finally

v/ (a=1) (g—1
= D @alloga) 0 4 Ola(log )14+,

-2
()
q—1

as r—00, so that as
1 -2
o()rG)- T
q—1 qg—1 . T

sin
qg—1

1 ™
_1)(@-2)/(-D) |
_ e/l (q—l))\ B (g=1) F(q—l) Sm(q—l)
o _F(q_g) ¢ MO 9603126021 gla=)/200-0 732 (1 g) R(q) O () 1/ 4D

q—1
This completes the proof of Proposition 6.4. [

we have

7. Proof of the theorem

By Propositions 5.2 and 6.4 we have
x

B0 =A@ +4( )

— a(g)e(log )@~ +0(x(log )9/ 4=V +)

-1/(¢—-1) —q/(g—1)+e
+a(q)x<logm) —|—O<ﬂlc <logm) )
q q q q

=a(g)z(logz) /4 O(z(log )~/ (1 1)F)

+ 0 5 ((log )07 +0((tog ) /7)) Oa(log ) o/ 41+)
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1
=a(q) <1+ q) z(logx) /(7 4 O(x(log x) 9/ (1= 1)te)
=e(q)z(log x)—l/(q—l) +0(z(log x)—q/(q—1)+g)’

as r—oo. U

By Lemma 4.1 and the theorem (with ¢=3), the number of n<z for which
3tp(n) is

27/2 1\ \/? f
39/4< 11 (1_ 2)) z(log )~/ + 0. (x(log z)~%/>T%),
p

p=1 (mod3)

as — 00, for any £>0.
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