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On the existence of boundary values for harmonic functions

in several variables

By LENNART CARLESON

1. Let u(z) be harmonic in [z|<1 and assume u(z)>0. By the Poisson for-
mula we have for r<R<1

Fid

w(reé?) =L f B w(Re?)dg. (1.1)
2n ) B*+7—2Rrcos (6 — )
In particular, u(0)=$ fu(Rei"’)dtp. (1.2)

We can thus select a sequence E,—>1 so that u(R,e¢'?)dg converges weakly to
some non-negative measure dy. We decompose du by Lebesgue’s theorem:

du=f(p)de+ds(p), (1.3)

where s(p) is singular. Formula (1.1) becomes
wre)= [P 0-9) (1) 12+ 5= ds), (1.4
’ 27 2nm

where P is the Poisson kernel, i.e. the normal derivative of the Green’s function.
The standard way to prove that

lim w(z) exists a.e., z—>€®

non-tang., (1.5)
is by means of a partial integration in (1.4) and Lebesgue’s theorem on the
existence of the derivative of an indefinite integral (see e.g. Nevanlinna [2],
p- 190). This argument requires estimates of 8.P/26, which makes generalizations
difficult. However, using a slightly stronger version of Lebesgue’s theorem, we
obtain a proof not depending on partial integrations and therefore possible to
generalize.
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It is well known (see e.g. Zygmund [4], 65) that almost everywhere ()
t
J{I/(B)—f(tp)ldfp+dS(<p)}=0(t), t—>0. (1.6)
iy’

We assume that (1.6) holds for 8 =0 and consider for simplicity only radial ap-
proach in (1.5). Choose § >0, fixed as r—1, and define N so that 2"p<d<2"*'y,
7=1—r. From (1.4) it follows

n

y d d
lutr) =1 0)]< f+z f |1(9)—1 @ PZE
=0 42
-7 2n<|gl <21y
+u(0) Max P(r, ¢)
lo|>06

N
<o(n) Max P+ > 0(2"n) Max P+o(l)
v=0

2" n<lel
<o{§ z}=0(1). (1.7)

2. We shall now use the above argument to prove a boundary value theorem
for harmonic functions of several variables. It is closely related to previous
works by Calderon and Stein [3]. The way of estimating the Green’s func-
tion is taken from Calderon {1]. The lack of the method of conformal mapping
introduces technical difficulties in proofs of rather evident results. This fact is
clearly illustrated in section 4.

Before stating the theorem we introduce some notations. We consider points
P=(x), %, ..., Zm y) = (2; y) in (m +1)-dimensional Euclidean space. || denotes
distance on the m-dimensional subspace X ={P|y=0}, dz denotes the volume
element in X. By V,(2%) we mean the cone

Va(2®): |x—2°| <ay.

Theorem. Let u(P) be harmonic in y>0 and assume that for almost all x€ X,
there is a cone Vg(x) so that u(P) is bounded from below in Vg(x). Then

lim u(P), P—>(x; 0), PEV,(x), @.1)

exists a.e. on X for all «a.

We consider only 2’s belonging to some bounded set, e.g. |x|<1. If we avoid
an open subset O of measure mO<¢g, we have for y<y, and a certain « in-
dependent of x, u(P)>Const, PEV,(x), x¢0. We form the region

R=R(0)={IL‘JO Va(x)}n{P||xl<l! y<y0}'
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If y, is large enough R is connected. We may assume that #>0 in B. We
observe that every boundary point P of R satisfies the Poincaré condition (some
cone with vertex at P is contained in the complement of E). The Dirichlet
problem can thus be solved for R. Let R, be the part of R where y>»"! and
let G,(P) be the Green’s function for R, with some fixed pole P,. We need
a uniform estimate of G, (P) (see Calderon [1]).

Let ¢ (t) denote the distance from t€0 to the complement O of O and form

o (t)dt .
hiz; y) = f{ En y2}(m+1)/2 =yhy (z; ¥)-
h(z; y) is harmonic in y>0. Observing that @ (t) =3¢ (z) if [t—z|<igp(®), we

see that h(x; Ce(x))= A, C " @(x), where A, only depends on m. (Points with
|| =1 also have this property.) This lmphes that h(x; 2) >0, 2, 2=y —n"", for
(x; y) on the part of 3R, Where nl<y<y, |z|<l. Jet G (P) be ’the
Green’s function for the cylinder n~!<y<y,, |x|<1, with pole at P,. Clearly,
if 6>0 is given, there exist two constants ¢, ¢,>0 so that

6 z2<Gr (P)<cyz

if |#]<1—-0 and y<é say. The second relation holds for all |z{<1. By the
maximum principle

G (P)2 Gy (P)—Cyh(zx;2) in R,
Hence for ¢=c¢(8) independent of »n and |z|<1-§, y<§,
G (P)>20 (2~ Coh (w5 2) =202 (1 — Cuhy).
We now need an estimate of h,(x; z) <h,(x; 0). We have
J.hl(x; O)dxéfw(t)dt f I;jd;’m—ﬂ
o o lz-t> )

<ijdt=lmm0<lms.

o]

Hence h,(z; 2) <(2C,)"" for all z, except when #€0,,m0, <24, C.e=2¢,.
What will be needed of the above investigation of G, is that

G
¢ n">c for all n, P€EOR,, y=n"l,

except for « in a set S of measure <g-+eg.

We now consider the harmonic measure w,(e; P) of a certain subset e of O R,
at a point PER, If P=P, we delete the variable P. Harnack’s inequality
yields
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w, (¢; P)

w,, (¢)

MP)'< <M (P)

with M (P) independent of n and e, n>n(P). We can write dw,(-; P)=K, (*;
P)dw,. Here K,(P) is harmonic in P and satisfies the inequality above. Also
K, (Py)=1. We form u.(P)=u(x; y+¢) and have

u (P) = fus(Q) Ko (@ P)dw, (Q). (2.2)

ORn

This formula corresponds to (1.1). Letting n—oc we obtain with obvious no-
tations

wo(P) = f 2 (Q) K (@; P)do (Q).

GR

Letting &—>0 we get for a certain f€L' (dw) and with s singular with respect
to w

w(P)= ff(@)K(Q; P)dew(Q)+ fK(Q;Pws(Q).
OR OR

(2.3) is the analogue of (1.4).

3. Let us consider a point @,=(x, 0)€JR such that
(@) @, is a point of density for the complement of O, U0=3S;
() f [ @) —1(Q) | dew (@) + f ds(Q)=o(e"), e>0, @=(x+xy; y).
lzi<e |z]<e

Since Lebesgue’s theorem on symmetric derivatives holds for m dimensions, an
inspection of the proof of (1.6) shows that (), as well as (a), holds a.e. Namely,
decompose dw =y (Q)dQ+dz(Q) where € L' (dQ) and 7 is singular with respect
to Lebesgue measure. Then f€L'(d1) and

flf(Q)—f(Qo)Iw(Q)dQ< flf(@)w(@)—f(czo)w@o)ld@

|rf<e |z]<e
+ [ 1@0lv@-p@ol 206"
{zj<s

almost everywhere. Since 7 is singular,

f @) dT (@) =0(c") ae.

|zj<e
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We finally observe that 6G,/an=¢ for (v; y)€OR,, x¢S. Since the surface ele-
ment do, also satisfies an inequality do,>cd@. it follows that s is singular
also with respeet to Lebesgue measure.

Let us assume that @,=(0; 0) is a point, where (¢) and (b) hold. We choose
A=(0;a), a>0, and consider u(4), as a—>0. The general non-tangential ap-
proach is analogous. Define for a fixed 6 >0

K,={Q|Q€oR, y<yo |u|<2d}
for ¥=0.1, ..., N, 2Ya<§<2V"1q, and
L,=K,—K, ;. v=1, ..., N, Ly=K,,
and I'=¢R~—K,.
Formula (2.3) yields (cf (1.7))

|u(A)—f(Qo)KU(f(Q)—f(Qo))K(Q; A)dw(Q)lJer(Q; A)ds(Q)

<> sup K(@; d)e (5)2’"”am+0(1)21€11l3 K(Q; 4).

v=0 QeL,

We must study the harmonic functions K (@; A) for @ =@ €L, and consider
first the case »=0.

Since 24, /én=c for (z; y)€EQR,, z¢0,U 0, it follows from condition (a) that
the harmonic measure v, (P) of L, satisfies

vy (Py) Zya™, 3.2)

where the constant y is independent of a. We also observe that 8 R, |z|<1,
can be represented y =1 (r), where y satisfies a Lipschitz condition of order 1
and y(z)=o(|z|), |z]|—0.

We remove from R the set |x;|<2a, y<ka. The resulting domain is called
R’. The harmonic measure of the part of R’ with |z,|<2a is called vo(P).
Since the harmonic measure of {P|P€OR’, |x;|=2a, y<ka} with respect to R’
is smaller than the harmonic measure of the same set with respect to y >0,
it follows that its value at P,=0(k)e™. Hence vy(P) also satisfies the ine-
quality (3.2) if k is smali enough. '

We set K (QY; 4)=py, From Harnack’s inequality and the maximum prin-
ciple it follows that

K (Q"; P)= Const. 2o (P).
Setting P =P, we find
to< Const. a™ ™. (3.3)

We now choose @ =0Q% =(x,; y,) and consider B={(x,; 2°a), y<N. By (a), y{(z,)
=o0(2"a). We set K(Q”; B)=pu, and find as above
uy < Const. ™" 27™,
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On the other hand, K (Q“; P)/u, is a positive harmonic function which vanishes
on ¢R—L, and =1 for P=B. (In fact, one should first consider K,; since all
estimates are uniform, n— oo causes no difficulty.) By the lemma in section 4
and the maximum principle

dt
). < . . ____‘y —
K (Q"; P)< Const. u, {= e +y2}(mf1)/2

(y®ek, 1 1-Ky_2
in R. Inserting P=A we find
K (Q®; A)< Const. 27727 a ™™, (3.4)

Finally, if @ €T, the argument giving (3.4) can be used for » = N giving sup K (Q; 4)—0,
QeI
a—>0. Inserting (3.3) and (3.4) we find lim u(d)=f(Q,) and the theorem is
a0

proved.
4. Lemma. Let E be a subset of X in |z|<1 and form for a fized «

szl;JEV“(x) n{P|lzl<1, y<1}

and assume that the part T' of R with || <1, y<]1 satisfies y<i. Let u be a
positive harmonic function in R which vanishes continuously on 8 R except on the
part of T which satisfies |x|<3. Then there exists a constant K, only depending
on o, such that

u(z; y)< K-u(0; 1), |x|=% 4.1)

By (2.2) it is sufficient to prove (4.1) when u is the harmonic measure of
I'n{P|lz—=z)|<p} for @ arbitrarily small and |z,i<3. To simplify the nota-
tions we choose z,=0. The proof shows that this is no restriction. We use the
notation K; for constants only depending on «.

Suppose that (0; y,) €[’ and consider the sets D,:

D,=Rn{P|lxl<20, y<y,+K,2°0=mn}, v=0,1, ... .

If K, is large enough the boundary of D, conmsists of three parts: (1) a subset
a of I'; (2) a subset B, of the cylinder [z[=2"0; (3) a “disk” y,:[x|<2p,
y=n,. We use the notation m,=u(0; ). If K, is large enough it follows from
Harnack’s principle that

u(P)< K,m, on y, (4.2)
and m,_1 < K,m,. (4.3)

To be able to discuss u(P) on B, we observe that R has the following property.
If & is a given z-vector such that |£|=2"p and 7 (&) <y <4, is the corresponding
subset of B,, then 7, — 7 (£) < K, 2" ¢ and all points (z; y) with |z —&|<a(y—7(£)),
|x{< 1, y<1, belong to R. § is a positive number to be determined later and
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we write K;(0) for functions of « and §. (4.2) and the above mentioned prop-
erty of R imply, again by Harnack’s inequality, that

w(& Y<K (O)m, ) +02o<y<n. (4.4)
We shall now show by induction that, for ¢ small enough,

Let us first consider j=0. That (4.5) holds in this case is easily seen if we
compare » with the harmonic measure of the bottom of a cylinder with radius
¢ and side Kgp, evaluated at its center of gravity. We now assume that (4.5)
holds for j<v—1. To prove (45) on §,Uy, it is, by (4.2) and (4.4) only the
part of 8, with 5 (§)<y<n(£)+J2°p that has to be considered.

Let 2 be the following auxiliary domain

2={P| ay>—tal, lz—(-1,0, ..., 0)[>}}

and let w(P) be the harmonic measure of the part of 82 which is not the
cone ay= —|z|.

We now shrink 2 by a length factor 2"'p and make a translation and rota-
tion of the resulting domain to a domain with vertex of the cone at (& 7(£))
and axis of the cylinder along the y-axis. w becomes w; and it follows from
the maximum principle, the induction assumption and (4.3) that

u{Py<K;m,_ ;w, (P)< K, m, o, (P)

in D,—D,_ ;. Since w (0; y)—>0, y—0, it follows that w, (& 5 (&) +s2g)<e if
s§<d(¢). Hence if =0 (K;'K;), (4.5) is proved for j=v.

The induction can be continued as long as 2"p<1. The maximum principle
now shows that (4.1) holds.
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