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Toric residues

David A. Cox

The Grothendieck local residue symbol

gda:o/\.../\d:cn) 1 / gdxgA...Adzy,
1 Res = - - - @ -
( ) O( fo fn (27TZ)"+1 |fil=¢ fo fn

(see [13, Chapter 5]) is defined whenever g, fo,... , fn are holomorphic in a neigh-
borhood of 0€C™*! and fy, ... , fn do not vanish simultaneously except at 0. In
[19, 12.10], it was observed that when fy, ... , f, are homogeneous of degree d and
g is homogeneous of degree p=(n+1)(d—1), the residue symbol has the following
nice properties.

Quotient property. The map

g+ Resg (g daco/\.../\da:n)

Jo i fn

induces an isomorphism

Clzo, ... sZnlo/{fo,- s [n)o=C

(the subscript refers to the graded piece in degree o) uniquely characterized by the
fact that the Jacobian determinant J=det(df;/dz;) maps to d"*+*.

Trace property. Cech cohomology gives a naturally defined cohomology class
[we]€eH™(P™, QB.) such that under the trace map Trpn:H™(P™ Q3. )~C, we have

Reso ( ge0n A% dx}’o/\ ';:ldx" ) = Trpn ([wy])-
(We define [wy] in §1.)

In this paper, we will show how these properties of residues can be generalized
to an arbitrary projective toric variety. The paper is organized into six sections
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as follows. In §1, we define the cohomology class [wy]€e H™(P™, Q. ), and then
§2 generalizes this to define toric residues in terms of a toric analog of the trace
property. We recall some commutative algebra associated with toric varieties in
§3, and §4 introduces a toric version of the Jacobian. In §5, we show that the
toric residue is uniquely characterized using a toric analog of the quotient property.
Then §6 explores different ways of representing the toric residue as an integral,
and an appendix discusses the relation between the trace map and the Dolbeault
isomorphism.

This paper had its origin in a series of conversations with David Morrison, and
we are grateful to Morrison for asking the question that led to the results presented
here. We also would like to thank Eduardo Cattani and Alicia Dickenstein for their
comments on an earlier version of the manuscript. The research for this paper was
supported by NSF grant DMS-9301161.

1. The Definition of w, for P™

Suppose that fo, ... , fn are homogeneous polynomials of degree d which do not
vanish simultaneously on C™*! except at the origin, and let g be homogeneous of
degree o=(n+1)(d—1). Then consider the n-form

(2) Q=3 (-1)'z;dzoA...AddziA... Adep.
i=0
As is well-known (see [12, §2]), our assumptions on g and fg, ... , f, imply that
Wy = 4L
" foofn

descends to a meromorphic n-form on P”, also denoted w,. However, the affine
open sets

Ui={z€P": fi(z) #0}
form an open cover Y of P™. Then wy is holomorphic on UgN...NU,, so it is a
Cech cochain in C™(U,Q.). Further, since U has n+1 elements, w, is a Cech
cocycle and thus gives a class [wg]€ H™(U, Q. )=H"(P",Qp,). This is the class
[wg] mentioned in the introduction.

2. Residues on toric varieties

We will work with an n-dimensional projective toric variety X over the complex
numbers C. Thus X is determined by a complete fan ¥ in Ng=R"™. As usual, M
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denotes the dual lattice of N=Z" and ¥(1) denotes the set of 1-dimensional cones
in ¥. Each p€X(1) determines a divisor D, on X and a generator n,€ NNo.
Standard references for toric varieties are [8], [9] and [18]. As explained in [7],
X also has the homogeneous coordinate ring S=CJz,], which is graded by the
Chow group A,-1(X) so that a monomial II,z° has degree given by the class
[>p @0Dol€An—1(X). Given a class a€A,_1(X), we let S, denote the graded
piece of S in degree «, and we write deg(f)=a when f&€S,.

Qur strategy for defining toric residues is inspired by the trace property of
the introduction. Thus we need, first, a trace map H"(X, Q% )~C and, second, a
method that uses polynomials g€S, (for some g€ A,_1(X)) to create Cech coho-
mology classes [wy]€ H™(X, 2% ). Then the toric residue will be easy to define.

We begin with the trace map. Since X need not be smooth, we cannot use the
usual sheaf on n-forms on X. Instead, we use the sheaf of Zariski n-forms on X,
which by abuse of notation will be written Q% (thus Q% =35.Q7, where j:U—X is
the inclusion of the smooth part of X). Since the toric variety X is Cohen—Macaulay
with Q% as dualizing sheaf, we have a trace map Trx:H™(X, Q% )~C. The duality
theory used here can be found in [18, §3.2].

Given an ample class f€ Ap—1(X), there is a line bundle Ox(3) on X and a
canonical isomorphism Sg~H%(X,Ox(f)) (see [7, §3]). Regarding f as a section
of Ox(8), we can talk about what it means for f to vanish at point of X. For the
remainder of the paper, we make the following assumption:

(38) BE€A,_1(X) is ample; fo,... , fn € Sg do not vanish simultaneously on X.

Given fo, ... , fr as above, we set U;={z€ X : f;(x)#0}. Assumption (3) implies
that the U; form an affine open cover U of X. As in §1, we can use this open cover
to compute H™(X,Q%) by Cech cohomology, so that every section of )% over
UoN...NU, is a Cech cocycle in C™(U,Q%). Thus every weQ% (UgN...NU,) gives
[w]e H™ (X, Q%).

It remains to study sections of % over UpN...NU,. We begin by constructing
an analog of the form (2). Fix an integer basis m; , ... ,my, for the lattice M. Then,
given a subset I={g1,... , 0, } C2(1) consisting of n elements, define

det(nr) = det({m;, g, )1<i,j<n)-

Also set dry=dz,, A...Adx,, and $;=II,¢;7,. Note that det(n;) and dz; depend
on how the g€l are ordered, while their product det(nr)dz; does not. Then we
define the n-form Q by the formula

(4) Q=" det(ns)is das,

[ I|l=n
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where the sum is over all n-element subsets ICX(1). This form is well-defined up
to £1.
Now consider the graded S-module Q%=5-}, where Q is considered to have

degree
Bo —-Zdeg(acg {ZD ] € An—1(X).

Thus ﬁg:s (—Po) as graded S-modules. By [7, §3], every graded S-module gives
rise to a sheaf on X, and by [4, §9], the sheaf associated to Q% is exactly Q%.
Furthermore, we can describe sections of Q% with prescribed poles as follows.

Proposition 2.1. Let a€A,_1(X) be a Cartier class, and let Y C X be defined
by the vanishing of f€Sy. Then

HO(X,Q&(Y>>={";’ 4 S ﬁo} Sarpy.

Proof. This follows from Proposition 9.7 of [4]. (Although [4] assumes that X
is simplicial, the results of §8 and §9 of [4] apply to all complete toric varieties.) [

If we apply this proposition to f=fo ... fn €Sn11)8, we get an n-form

o= fneQ"(Uom .NU,)

for all g€S(n41)8-p8,- To simplify notation, we set

o= (n+1)8-Po.
Hence there are classes [wg]€ H™(X, Q%) for all g€ S,
Now we can finally define the toric residue.

Definition 2.2. If fo,... , fn €Sp satisfy (3) and g€.S,, the toric residue is

Res(wg) = Trx ([wg])-

The first properties of toric residues are easy to prove.

Proposition 2.3.
(1) Res(wy) is C-linear in g and antisymmetric in fo, ... , fn.
(2) Res(wy)=0 whenever g€{(fo,... , fn)e-
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Proof. The linearity of the toric residue is clear. The isomorphism
H"(U,Q%.)~H"(P",Q%,) comes from the differential in the Cech complex and
hence depends antisymmetrically on how we order the open sets.U;={f;#0} of U.
Thus the toric residue is antisymmetric in the f;. The second part of the proposition
follows easily by considering the Cech coboundary & C™ (U, Q%)—C™(U,QO%).
We omit the details. O

As a corollary, we see that the toric residue induces a map

Res: S,/ (fo - s fn)e — C.

In the next section, we will see that the quotient on the right is one-dimensional,
and in §5 we will show that the above map is in fact an isomorphism.

We should also mention that in the forthcoming paper [6], it will be shown that
when X is simplicial, the toric residue Res(wy) can be expressed as a sum of local
residues on X. Namely, given f;, ... , fn €Sp which satisfy (3), let D; be the divisor
fi=0. Then for each 0<k<n, the intersection Dgﬁ...ﬂﬁkﬂ...ﬂDn is finite since it
is contained in the affine variety X —Djy. This means for g€ $,, the meromorphic

form
_ (g/ Jr)82
* foufrof

has DOU...UﬁkU...UDn as local polar divisor near zEDgﬂ...ﬂﬁkﬂ...ﬂDn. Thus,
for each such x, we can define the Grothendieck local residue symbol

Res, (———~(g/fk)9 ) .
Jo-o [ fn

Then the following equality is a special case of the results of [6]:

Res(w,) = (-1)* Z Res, (E)(g/—f{;’c)—%)

z€DoN...0DkN...ND,,

3. Some commutative algebra

The basic commutative algebra for our situation is given in [3, Theorem 2.10
and Proposition 9.4]. In this section, we recast Batyrev’s results in terms of the
ring S and supply some of the details.

We first study the subring of S determined by an ample class S€A4,_1(X).
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Proposition 3.1. If B€A,_1(X) is ample, then the ring Sip=r Sks
is Cohen—Macaulay of dimension n+1, with canonical module given by ws,,=
Di=o Sks—p0-

Proof. Write (3 as [}, a,D,]. Then A={meMr:(m,n,)>—a,} is an n-di-
mensional convex polyhedron since 3 is ample. Let § CR x MR be the cone over
{1} xA. The dual of & is a strongly convex rational polyhedral cone c CR x Ng.
Then o determines an (n+1)-dimensional affine toric variety with coordinate ring

Sa=C[eN(Zx M)]=C[tit™ : (k,m) € 5N(Z x M)]
= C[tht™ : (1,m/k) € {1} x A]
=C[tit™ :m e kA].

Hence Sa is Cohen-Macaulay by [8, Theorem 3.4] or [15]. But Sa~S.g follows
from the proof of [4, Theorem 11.5], so that S, is Cohen-Macaulay.

We next determine the canonical module of Sis (see [5] for more background
on this topic). By [8, 4.6], the canonical module of the semigroup ring Sa is a
certain ideal I(Al) CSa (this is the notation of [3, §2]). Then the proof of [4, Theo-
rem 11.8] shows that under the isomorphism Sa~S.g, the ideal I(Al) CSa maps to
Do {ILoTo) k3 C Sxp. This is isomorphic to @jo, Ska—g, since Iz, has degree Go.

Alternatively, notice that S.s=@Ds., Sks has a natural grading and that
X =Proj(S.g) (see [3, §2]). Then the canonical module is @re, HO(X, 2% (k6))
by [13, 5.1.8]. However, by Proposition 2.1, we can identify H°(X, Q% (k8)) with
Ska—go, Which shows that @7, Sks—g, is the canonical module. O

For a general Cohen—Macaulay variety X and ample 3, @ro, H*(X, Ox (k3))
need not be Cohen—Macaulay, although some Veronese subring will be (see [13,
5.1.11)).

We next bring fo, ... , fn€Ss into the picture.

Proposition 3.2. If fo,... , fn €8s satisfy (3), then:

() fo,- ,[n is a regular sequence in S.s=re Sks-

(i) R=Ss8/{fo,. , fn) is a zero-dimensional Cohen-Macaulay ring.

(ili) The canonical module of R is wr=(ws,;/(fo, - , fa)ws.;)[n+1] (where
the [n+1] indicates a shift in grading).

Proof. Since fo, ... , fn define the empty subvariety of X, R=S.3/(fo,... ; fn)
has dimension zero. Then (i) and (ii) follow from [5, Theorems 2.1.2 and 2.1.3], and
(iii) follows from [5, Corollary 3.6.14]. O

We can now determine S,/(fo, ... , fn)o, Where as usual p=(n+1)5—0o.
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Proposition 3.3. There is a natural isomorphism S,/ {fo,... ; fn)o~C.

Proof. This follows from local duality for graded Cohen-Macaulay rings
(see [5, 3.6]). In the zero-dimensional case, local duality is a natural isomorphism
of graded R-modules
wr~Home¢(R, C).

In particular, (wg)o~Homc({Rg, C)~C since Ry=C. By Propositions 3.1 and 3.2,
we have
(“"R)O - (ws*ﬁ/<f0 PRITESY fn>w5*5 )n+1 = S(n+1),@——50/<f0 Yy fn)(n+1)ﬂ—,807

and the corollary follows. [

Note that when 8=0; (so X is a Fano toric variety), we have wg~R|[n], so
that S.s, and R are Gorenstein (see [5, 3.6.11]). This case is of interest in mirror
symmetry.

4. Toric Jacobians

This section will define a “Jacobian” of fy,... , fn €5g which is closely related
to the Jacobian det(df;/0z;) when X =P™. Here is our main result.

Proposition 4.1. If fo,... , fa€Sa, then there is JESp41)a—p, Such that

n

S (<1 fidfo A AF A Adf =T

=0

Furthermore, if I={p1,... ,0n}CE(1) and n,, ,... ,n,, are linearly independent,
then

Jo fn
0fo/0xe, ... Ofn/0z,
(5) J=det : . : /det(np)i;s.
0fo/02q, - OfnfO,,

Proof. Note that we assume nothing about the ampleness of « or the vanishing
of the f;’s. This proof was suggested by Eduardo Cattani and Alicia Dickenstein.
We can assume f#£0, so that

n

S (=1 s dfo A AF A Ndfr = £ (1] fo) A N(Fn ] fo).

i=0
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Let my,... ,m, be the basis of M used in the definition of 2, and set
t;= Hgl‘ém""n9> .

Then ty,... ,, are coordinates for the torus TC X (see [4, §9]), and each f;/fois a
rational function of the ¢; since f; and fo have the same degree. Hence

d(fi/fo)NAd(fn/fo)=J(t1, ... ,tu)dti A Adty

for some rational function J(t1 , ... ,t,). However, the proof of Proposition 9.5 in [4]
shows that & it
Q=T,z,—A... A—2,
131 tn

and it follows easily from the above equations that

n

S (=1 fi dfoA AN Adfn = TR,

=0

where
t1...1

J=fi Ity ty) T
ove

This equation shows that J has degree (n+1)a— [ as a rational function of the ,’s.
If IC3(1) has |I|=n, we let D(fr) denote the determinant in the numerator

of (5). Then one easily computes that

n

ST (=D fidfoA.. Adf A Adfn =Y D(fr) dar.

i=0 [1Il=n
Since the right hand side equals J<, it follows that
Jdet(n;):ﬁl = D(f])

for all I. This gives the desired formula (5) for J.

It remains to show that J is a polynomial in the z,’s. If we write J as a
quotient of relatively prime polynomials in S, then (5) shows that the denominator
divides #; for every I with det(rn;)#0. Since the fan of X is complete, every p€¥(1)
is in some such I (g lies in an n-dimensional cone o, and I can be chosen to be
an appropriate subset of (1) containing ). It follows that the Z;’s are relatively
prime, which forces the denominator of J to be a constant. Since we have already
seen that J has degree (n+1)a— 0y, it follows immediately that J€S5(n41)a—g,, and
the proposition is proved. O

In light of this proposition, we make the following definition.
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Definition 4.2. Given fy,... , fn €84, the polynomial J€S41)q—g, satisfying

n

S (=1 fidfoA. A A Adf = T

i=0
is called the toric Jacobian of fo,... , fn.
For example, suppose X=P" and fy,... , f are homogeneous of degree d. If

I is given by 21, ... , T, then applying the Euler formula f;=(1/d) Y"1, z;0f;/0z;
to (5) shows that the toric Jacobian is given by

Jo fn

6f0/8$1 5fn/8x1

J=det . . . To

8fo/02n ... Ofn/Oz,

d_l.’ltoafo/axo d_lwoafn/axo
8f0/8:c1 8fn/8w1 1

=det . . . /wozadet(afz/a.’b‘])

8fo/0%n . Ofn/OTn

In [19, 12.10], it was assumed that J=det(df;/0x;), which caused the residue for-
mula given there to have an extra factor of d.

The toric Jacobian is also related to the hyperdeterminant of an mx (m+p—
1) x p matrix A=(a;;1), as described in [10, §3 of Chapter 14]. From A, we get m+
p—1 bilinear forms f;=3"., a;jxT;yx in variables z1,... ,Tm ,¥y1,... ,¥p. Thus X=
P™ 1 xPP~!and f;€851,1, where S=C|z;; yi] has the usual bigrading. The toric Ja-
cobian J of f1, ... , fm+p—1 has degree (m+p—1)(1,1)—(m, p)=(p—1,m—1). In 10,
Chapter 14], J appears in equation (3.20), and in Theorem 3.19, the coefficients of
J are used to compute the hyperdeterminant of A. Also, Proposition 3.21 gives an
interesting combinatorial interpretation of the coefficients of J.

As our final example, let f=2222+x2w?+y?22 +y2w? + dAxyzwe Clz, y; 2, w).
Then f has degree (2,2), so that the toric Jacobian of f,xf,,2f, has degree
3(2,2)—(2,2)=(4,4). Since Q=(zdy—ydz)A(zdw—wdz) for P} xP!, we know
the det(nr)’s, and one computes that the toric Jacobian is given by

40zt 22 w? + 4y 2wl + 4y Bw+ iyt

+Az2yP w4y B w+ ey 2wl 4+ Myt 22 w?).

Other examples are equally easy to compute.
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5. Uniqueness of toric residues

Putting together what we proved in the previous sections, we can now state
the main theorem of this paper.

Theorem 5.1. Let X be a complete toric variety, and let f&A,_1(X) be
ample. If fo,... , fn€Sp do not vanish simultaneously on X, then:

(i) If o=(n+1)B— 0o, the toric residue map Res: So/{fo,..- s fa)o—C from §2
s an isomorphism.

(i) If J€S, is the toric Jacobian of fo, ... , fn from §4, then

Res(wy) =n!vol(A) =deg(F),

where vol(A) is the normalized volume of the convex polyhedron AC My associated
to (3 (see the proof of Proposition 3.1) and F: X —P™ is the map defined by F(z)=
(fo(z), ..., ful@)).

Proof. We know from Proposition 3.3 that S,/{fo,... , fn)e has dimension
one. Hence (i) is an immediate consequence of (ii). To prove (ii), note that
F=(fo,..., fn): X—P™ comes from n+1 sections of an ample line bundle. Since
the sections never vanish simultaneously and dim(X)=n, F is defined everywhere
and is finite and surjective.

We now proceed as in [19, 12.10]. By the definition of the toric Jacobian, we
have

JQ=3 (-1 fidfo ... Adf ;A Adfr
1=0

n
=F" (Z(—l)ixi daco/\.../\dfii/\.../\dwn) =F*(Qpn).
7=0

JQ Qpn )
wy= =F"* .
7 fOfn (.Toivn

Denote the n-form in parentheses by w;. Then the map

Thus

F* H (P, QR ) — H™Y(X, Q%)

satisfies F™*([w;])=[w] (this is easy to see using Cech cohomology). Since F is finite
and surjective, standard properties of the trace map imply that

Res(wy) =Trx ([ws]) = Trx (F*([w1])) = deg(F) Trpn ([w1]) = deg(F)
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(see [14, Chapter II1]).
To complete the proof, we need to show that deg(F)=n!vol(A). If D is the
divisor of a section of the line bundle Ox (), then it is well-known that

D™ =n!vol(A)

(see [18, Proposition 2.10]). Note that when X is singular, we use the intersection
number D™ as defined in [16, Chapter I] or [18, §2.2]. Since F: X —P" is finite and
F*(Opn(1))~0Ox(8), it follows from [16, Proposition 6 of Chapter I, §2] that

D" =deg(F)H" =deg(F),

where HCP" is a hyperplane. Thus deg(F)=n!vol(V), and we are done. [

Hence toric residues have both the quotient and trace properties mentioned in
the introduction. Note also that the toric residue is uniquely characterized by these
properties.

When X=P" and fy,... , f, have degree d, we saw in §4 that the toric Ja-
cobian is J=(1/d)det(8f;/0z;). Since F=(fy,... , fn) has degree d", if we set
g=det(df;/0z;), then

Res(w,y) = d Res(wy) = ddeg(F) =d" .

However, for this choice of g, the Grothendieck residue symbol (1) is the local
intersection number of the divisors in C™*! defined by f;=0, which is also d"**.
Thus

Res(wg) = Reso (M) ,

fo - fn

and from here, one easily sees that equality holds for all g€S, (see [19, 12.10]).

For another application of our theory, suppose that f€Sg, where 8 is ample
and f is nondegenerate in the sense of [4, Definition 4.13]. In this situation, f
defines a hypersurface Y CX, and the ideal

Jo(f) =(x,0f/0zo) C S
is closely related to the mixed Hodge structure of the affine hypersurface YNT,

where T'C X is the torus of X (see [3, §9] or [4, §11]). Then we get the following
proposition.
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Proposition 5.3. Given f€Ss, suppose that n,, ,... ,n,, are linearly inde-
pendent. Then Jo(f)=(f,20,0f/0%q, ,... ,%,,0f/0%,,). Furthermore,

f is nondegenerate <= x,0f/0x, do not vanish simultaneously on X

= f, £,,0f/0x,,do not vanish simultaneously on X.

Finally, if B is ample and f is nondegenerate, then S,/Jo(f),~C (0=(n+1)3—
Bo), and the toric Jacobian of f,x,,0f /0y, ,... ,2,,0f/0x,, represents a nonzero
element of S,/ Jo(f),-

Proof. We will use Euler formulas. Recall from [4, §3] that 6=3"  b,z,0/0z, is
an Euler vector field provided 3 byn,=0. Further, such a 6 determines a constant
6(5) such that the Euler formula

0(8) f = box,0f/0z,
o

holds for all feSg.

Now, given any g, there is a relation n,+Y ., bin,, =0 since the Ny, are a
basis over Q. The resulting Euler formula shows that z,0f/0z,€(f,z,,0f/0z,,).
We also have feJy(f) (see the proof of [4, Lemma 10.5]), and it follows that f and
the x,,0f/0x,, generate Jo(f).

The argument of [4, Proposition 3.5] adapts easily to show that f is nondegen-
erate if and only if ,0f/0x, do not vanish simultaneously. This proves the first
equivalence of the proposition, and the second equivalence is now trivial.

Finally, when (3 is ample and f €S is nondegenerate, we can apply Theorem 5.1
to f,14,0f/0x,, ,... ,x,,0f/0x,,. This gives the final part of the proposition. [

An example of this can be found in §4, where X =P! xP! and f=2%22+z2w?+
2% +y?w?+ Azyzwe S=Clz,y; z,w]. One can check that f is nondegenerate pro-
vided A#0, £4, so that the toric Jacobian of f, z0f/0x and 20f /82 (displayed at
the end of §4) is a nonzero element of Sy 4/Jo(f)4,4~C.

In general, the isomorphism S,/Jo(f),~C was previously known to Batyrev
and is related to the cup-product pairing

H™Y(YNT,C)@H}(YNT,C) — C

(see [3, §9] or [4, §11]). If we assume in addition that X is simplicial, then the ideal
quotient

Ji(f)=Jo(f) : Mz,
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also plays a role: it is related to the Hodge structure on the primitive cohomology
(as defined in [4, 10.9]) of the hypersurface Y CX defined by f, assuming f€Sj is
nondegenerate and 3 ample. In this case, multiplication by II,z, induces a natural
injection
- I,z
Stnt1)6—-260/J1(f) (n+1)8-28, —— So/Jo(f)e5

and the composition

Mz, Res
(6) Stn+1)8-260/ 1 () (n+1)8-280 —— So/Jo(f)e —C

is closely related to cup product on the primitive cohomology of Y. In fact, if the
primitive cohomology of Y is nontrivial, Poincaré duality implies that (6) is an
isomorphism. This is used in [17, §5], where the toric residue is interpreted as an
“expectation function” arising in mirror symmetry.

Is there an explicit formula for a polynomial that gives a nonzero element in
the left-hand quotient of (6)? In the case of X=P", the Hessian det(0?f/0z;0z;)
is such an element. It would be very interesting to have a toric generalization of
the Hessian.

Another question is what happens if fs, ... , fn €S are homogeneous, do not
vanish simultaneously on X, but have different degrees. One can still define the
toric residue in this case, but none of the results of this paper apply. However, if X
is simplicial and deg(f;) is ample for all 4, then a version of Theorem 5.1 still holds.
This will be discussed in [6].

6. Integral representations

In this section, we will explore several ways of representing the toric residue as
an integral. In order to do this, we will assume that X is a projective simplicial toric
variety. Thus X is an orbifold (or V-manifold), so that by [2], we have a Dolbeault
isomorphism Hz™(X)~H™(X,Q%).

Our first set of formulas use the Dolbeault isomorphism to express Res(wg) as
an integral. We begin with fo,... , f, €S53 which satisfy (3). As in §2, we get the
open covering U of X and the Cech cocyle w, € C™(U, Q%) for g€S,. Now let

|fil?

Q‘=——-—-—-
F 1 folP e+ fal?

for 0<i<n. Since the f; all have the same degree and do not vanish simultaneously,
the g; are C*°-functions on X which sum to 1.
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Proposition 6.1. The class of the C* (n,n)-form

n(n+1)/2n'g§j?=0(—1)iﬁ AfoA A A AdF AQ
(ol +... 4|2+

maps to [wy] under the Dolbeault isomorphism Hy™(X)~H"(X,(0%).

ng=(-1)

Remark. This proposition gives a more precise version of a formula in [11,
Chapter 5]. There, the factor (—1)("+t1)/2p! appears as a constant C,,.

Proof. We first show that 7, lives on X. Since X is simplicial and complete,
we can write X as a geometric quotient (C¥(1) — Z) /@, where ZC C=( is a proper
closed subvariety and G=Homgz(A,_1(X), C*) (see [7, §2]). This is also a quotient
in the real analytic category, so that the form 7, on C*1) _Z descends to X if
and only if it is invariant under G and is annihilated by all real vector fields to G.
From [4, §3], we know that the complex Lie algebra of G, denoted Lie(G), consists of
the Euler vector fields 0=} b,7,0/0z, described in the proof of Proposition 5.2.

The form 7, is clearly invariant under G since all f; have the same degree. To
see that it is annihilated by all real vector fields to G, it suffices to show that

01ng=01n,=0

for all 6€Lie(G). However, Proposition 4.1 implies that 7, is a C° multiple of
QAQ. Thus we need to prove that

010=010=010=010=0.

The last two of these are trivially zero, and the vanishing of the second follows from
the vanishing of the first. Hence it remains to show that 6 | Q=0 for any #€Lie(G).
This will follow immediately from the following observation of Batyrev.

Lemma 6.2. Let 0y, ... ,0- be an ordered basis of Lie(G), and let dx=\, dz,
for some ordering of the x,’s. Then there is a nonzero constant ¢ such that

(01A...A0) J dx =2

(where | denotes interior multiplication).

Proof. Consider the map @, Cxz,0/0z,—~Nc which sends 2,0/9z, to n,.
This map is onto since X is complete, and the kernel consists of the Euler vec-
tor fields, which as above form the Lie algebra Lie(G). Thus we have an exact
sequence

(7 0 — Lie(G) —+@C z,0/0x, — Nc — 0.
e
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We first compute (81 A...A8,) 1 dx. Write 0:i=3_, ngga/axg for 1<i<r, and
if ICX(1) has cardinality n, let

det(by) =det(b2 11<i<r, p¢1).
The matrix (b%) is square since 7=|(1)|—n by (7). Then one computes that

(61A-.A;) Jdx= > (—1)! det(br)ar das,
{I|l=n

where £ dz; is as in §2 and (—1)7 is the sign of the permutation of %(1) which puts
the g€ at the end but otherwise preserves their order (see [20, p. 21]).

To relate this to 1, we compute the determinant (as defined in [10, Appen-
dix A]) of the exact sequence (7) with respect to the following ordered bases. First,
01,... ,0, give an ordered basis of Lie(G), and the ordering of the z, gives an ob-
vious ordered basis of the middle term of (7). Finally, recall that in §2 we picked
an ordered basis my,... ,m, of M. So we let m],... ,m} be the dual basis of N.
Then, by [10, Appendix A], the based exact sequence (7) has a determinant ce C*.
We claim that

(8) cdet(nr) = (—1)" det(b;)

for all IC3(1) with |I|=n. Comparing the formula (4) for £ to the above formula
for (A1A...A0,) 1 dx, the lemma will follow immediately once (8) is proved.

Let I={¢1,... , 0n}. First note that (8) holds whenn,, ,... ,n,, are linearly de-
pendent, since det(n;)=0, and det(b;)=0 is also true as any relation Yoo bing, =0
must be a consequence of the relations ) 0 bZnL,:O. On the other hand, if n,, , ... ,
Ny, are linearly independent, consider the ordered basis of @ Cx,8/0x, where the
x,0/0z, for pel all appear at the end (but otherwise we preserve their order).
Using this basis and the bases 6; and m]} for the other terms of (7), Proposition 11
of [10, Appendix A] expresses the determinant as a quotient of two determinants,
where the numerator is the r xr determinant obtained using the #; and the x,0/0z,
for o¢ 1, and the denominator is the nxn determinant using z,0/9z, for g€l and
the m}. Hence the determinant of this based exact sequence is

g det(b)
~ det(ng)’

However, ¢ and ¢’ differ by the change of basis determinant for the middle term of (7)
(see Proposition 9 of [10, Appendix A}), so that c=(—1)7¢/, and (8) is proved. O
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To continue the proof of Proposition 6.1, we next recall the Dolbeault isomor-
phism. As in [13, p. 45], we have the exact sequences

0 _)2n,n—p—1 _)An,n—p—l i) Zn—p 0’

and the Dolbeault isomorphism Hz™(X)~H™(X,Q(%) is obtained by composing
the coboundary maps

bpt HP(X, ZM"7P) — HPT(X, ZmmP-ly,

To prove the proposition, it suffices to show that §,_10...080(ng)=[w,].

We will use the following notation. Given 0<ig<...<ip<n, let Uj,...;,=U;,N
..NU;,. Also, let j;<...<jn_p be the complementary indices, so that {ig, ... ,ip}U
{j1, 1Jn=p}={0,... ,n} is a disjoint union. Finally, let €(do, ... ,ip) be the sign
of the permutation sending 0,... ,n to %9, ... ,%p,J1, ... , jn—p Tespectively.

We now define some Cech cochains. First, let v,€CP(U, A™™~P) be given by

(Wp)io--.’ip = E(io g een ,ip)59j1 A...Aégjn_p /\wg.

Note that each 59j is divisible by f;, so that 5Qj1/\.../\5@jn_p is divisible by
fir -+ fin_p- This implies that ~,€CP(U, A™"~?). Second, let 7, CP(U, A™"P71)
be given by

n—p
(Fpio...ip =€(i0 - ip) Y _(~1)*72 05,80, A...ADg;, A...ABgj, _, Nwg.
s=1
As above, we have 7,eCP(U, A®" P71,
It is easy to see that
9) 5'717 = (n—=p)p>
and, if & is the coboundary in the Cech complex, then

(10) p = (=1)P ppr1

(we omit the straightforward but cumbersome proof).
From (9) and (10), we get a class [y,]€ HP(X, Z™" P), and then a standard
diagram chase, also using (9) and (10), tells us that

Sp((n=p)bp) = (1) pa] € HPHH(X, 277727,
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It follows that n![y)] maps to (—1)*("+1/2[y,] under the Dolbeault isomorphism.
However, v,=(Vn)o..n=wy, and using .., 0;=1, one can verify that v is given
by

fo fadio(=1)f; dfo/\.../\ﬁm.../\dfn)/\w
3

70=591/\---/\59n/\w9:< (| fol2+... 4| fn]?)nt1

where the second equality follows from [13, p. 655]. From here, the proposition
follows immediately. O

By Proposition A.1 in the appendix, we know that Trx ([wg])=(—1/2m3)" [, 1.
Hence we obtain the following integral representations of the toric residue.

Theorem 6.3. If X is simplicial and fo , ... , fn €S satisfy (3), then for g€ S,
we have

Res(wg) =

(=1)nn=1)/2) / I (1) Fs dfo A NAF A AGF A
(2ma)™ x (I fol2+... 4| fn ) H ’

Furthermore, if J is the toric Jacobian of fo,... , fn, then

Res(wg) = O

(=1)rn-D /2 / g7 QAR
(2mi)" x (Ifol?+- A fnl?)m+

Before giving our second set of integral formulas, we review some symplectic
geometry. As above, X is a projective simplicial toric variety, so that X is a geomet-
ric quotient (C*(™ —Z)/G. Now let Gr =Homgz(A,_1(X), S') be the compact Lie
group associated to GG. This group has Lie algebra Lie(Gr)=Homz(A,—1(X),R).
The action of Gg on C*() is Hamiltonian, which gives the moment map

p: CZV —, Lie(Gr)*

(see [1, Chapter VI, §3.1]). For us, the key property of p is that if £€Lie(Gr)*~
H?(X,R) is in the Kihler cone of X, then Gg acts on u~1(£), and there is a natural
isomorphism

pH€)/Gr>2X

(see [1, Chapter VI, Proposition 3.1.1]).

When X=P7", the moment map is pu(zo,... ,2n)=21(|zo|?>+...+|zn|?), so
that p=1(¢) is the sphere S?"*! of radius r=4/2f, and the map p~!(¢)—P"
is the Hopf fibration. Another example is X=P!xP! where u(z,y;z w)=
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L(oP+lyl?, =+ wl?) and p~(61,€2)=S2 x 5%, where ri=y/ZE. In general
p~L(¢) is a real manifold of dimension |X(1)|+n, and we call the map

plE) —X

the generalized Hopf fibration of X. When X is smooth, this map is a genuine
fibration with fiber Ggr, but in the simplicial case, this is only true generically.

Using the generalized Hopf fibration, we get two more integral formulas for the
toric residue.

Theorem 6.4. If X is simplicial and fo , ... , fn €Sp satisfy (3), let dx=A\, dzx,
for some ordering of the z,’s. Then u~*(£) can be oriented so that for g€S,, we
have

Res(wy) =

n! / 93 (1) f; dfo/\.../\c/l}_i/\.../\df‘n/\dx
@mi)PW1 ] -1 (Ifol>+...+[fal?)+t '

Furthermore, if J is the toric Jacobian of fo,... , fn, then

Res(w,) = n! / gJQAdx
T @m)EON o1y (Hfol2 4+ fal 2t

Proof. The first step is to relate Lie(Gr) to the Euler vector fields considered
earlier. Each ¥€Lie(Gr) comes from a relation ), bon,=0 where b,€R. The Euler
vector field §=3, b,%,0/0z, is a holomorphic vector field tangent to G-orbits, and
we also have a real vector field  tangent to Gr orbits. These are connected by the
formula

9=1i(6-9).
To see why, let ¢ be a real parameter. If z,=u,+1iv, gives real and imaginary parts,
then at the point (z,)€C*(), we have

U= %(eibgt(ug+ivg))|t=0 = (bo(—ve+it,)).

Using real coordinates, 9=} by(—v,0/0u,+u,0/0v,), which implies 9=i(0-0).
Now suppose that ¥ , ... , ¥, form a basis of Lie(Gr), where r=|£(1)| —n. The
corresponding Euler vector fields are 61, ... ,6,, and we claim that

(11) (91 A...AD,) J (QAdX) = ci” (=1)""QAQ,

where c satisfies (01 A...A8,.) 1dx=c§) as in Lemma 6.2. To prove this, first note
that 8; 1 Q=0 by Lemma 6.2, and thus 9; | =i(¢;—6;) 1 @=0. Hence,

9; 1 (QAdx) = (-1)"QA(; 1 dx) =i(—1)"QA(0; 1 dx),

and (11) now follows easily from Lemma 6.2.
We next express “integration over the fiber” in terms of interior multiplication.
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Lemma 6.5. Let 1 be a Gr-invariant form on u=1(§) of degree |Z(1)|+n,
and let ¥1,... ,9,, r={2(1)|—n, be a basis of Lie(Gr). Then we have the product

formula
/ 77=/ (F1A..ADy) 7]'/ PIALADY,
1) D ¢ Gr

where 97 , ... , 9} is the dual basis of U1 , ... , 9, regarded as invariant 1-forms on Gr.

Proof. Since we can remove sets of measure zero, we can replace p~1(£) with
a Gr-stable open set W where Gr acts freely with quotient XqoCX. Then, by
a partition of unity argument, we can replace Xy with an open set U such that
the fibration is diffeomorphic to a product over U. We can also assume that U
has local coordinates u; ,... ,u2,. Since our product formula is invariant under
diffeomorphism, we can replace the total space by UxGgr. For a small open set
V CGr, we can find local coordinates £ , ... ,, such that ¥;=8/0t;. Then

N=Ff(u1,.. ,un)dt1 A AdtAdug A... Adug,

since 7 is invariant under Gr. Hence the product formula holds on UxV, and
another partition of unity argument shows that it also holds on UxGgr. O

Returning to the proof of Theorem 6.4, we can apply Lemma 6.5 to the G-
invariant form -
_ gJQNdx
(AT

and use (11) to obtain

. gJOAQ /
=ca’(~1 "r/ . YIALLADL
L-1<g)” U ) TP P g,

If we can prove that

(12) c A LA =x(21)7,
Gr
then the theorem will follow immediately from Theorem 6.3, provided we adjust
the orientation of u~1(¢) to make the sign disappear.
We will prove (12) using coordinates to compute the integral explicitly. First
pick a subset I={g;,... , 00} CE(1) such that the n,, are linearly independent. If
I is the complement of I in ¥(1), then we have an exact sequence

(13) 0—ZQI — Ap_1(X) — F —0,
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where F is a finite group. Applying Homgz(—,R), we get R"=Homg (ZRI,R)~
Lie(Gr), and composing with the exponential map Lie(Gr) —G%, we get a covering
map R”— G} . Here, G} CGRr is the connected component of the identity. For later
purposes, note that

(14) [Gr:GX]=An_1(X)tor]-

Each vector field ¥; on GRr is determined by a relation ) 0 ban=0. If t,, 0¢1,
are the obvious coordinates on R”, the pull-back of #; to R" is > ol b,0/0t,. Thus
#1A...A9; pulls back to det(br) A ¢ 0/0t,, where det(bs) is as in Lemma 6.2, and
it follows that 9§ A... A9 pulls back to det(by)~dt, where dt=/\ 4  dt,-

We have an exact sequence

0 — Homz(A,_1(X),27Z) — Lie(Gr) — G — 0,
and under the isomorphism Lie(Gr)~R", the lattice Homgz(A,_1(X),27Z) maps

to a sublattice L' C (2rZ)"=Homgz(Z®1,27Z). Applying Homz(—, Z) to (13) gives
the exact sequence

0— L' — (2nZ)" — Exty(F, Z) — Exty(An_1(X),Z) — 0,
which implies

F|
15 27nZ)" L' = |—
(15) [(2xZ)": '] A 1 (O]
Finally, the map Z®&I — A,_1(X) of (13) embeds in a commutative diagram
Zel = Zol
1 l
0 — M — ZX(l) — A,1(X) — 0

where the bottom row is exact (see [9, §3.4]). Since Z®I=coker(ZQI—-Z®%(1)),
the snake lemma and (13) imply

(16) |F| = |coker(M — Z&I)| = |det({ny)|,

where det(ny) is as in the definition of .
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Using (14), (15) and (16), we see that [, 97A... A9} equals

A1 (X)tor] / TN AT =4 A1 (X)rer] / det(b,) 1t
G, Rr/L/

=+ |1?~n—1(X)tor| dt
det(br)[(27Z)" : L'] JRr/(2nZ)"
_ @y (2n)|detn)

det(lA)I) det(i)[)

where the sign +1 depends on whether R”"—GY is orientation preserving or not.
Hence

C(27T)T| det(ny)|
det(by)

~cdet(ny)

=

c/ YIALAD ==+ =+(27)",
Gr

where the last equality holds by (8). This completes the proof of the theorem. O

The simplest example is where X =P™. Here, we have seen that u~1(£) is a
sphere §2"+1 and then Theorem 6.4 tells us that Res(w,) is given by the integral

nl / gzg;o(—l)iﬁ-dfo/\.../\E}'i/\.../\dfn/\dxo/\.../\dxn
(2mi)ntt Jgant (1 fol2+..+|fu?)m 1 '

This formula appears in [11, Chapter 5] and [21, §5].

We should remark that the theory of toric residues, as given above, is not quite
complete: one still needs to investigate whether the Grothendieck local residue, as
defined in (1), generalizes to the toric case. This problem will be discussed in [6].

Appendix. The Dolbeault isomorphism and the trace map

In this appendix, let X be a variety which is a compact orbifold {or V-manifold).
As in §6, this gives a Dolbeault isomorphism H3™(X)~H"(X,Q%). Such a variety
is also Cohen—Macaulay, so that we have maps

Trx: H*(X,Q%)—C, the trace map,

/ tHy™(X)—C, integration of (n,n)-forms.
b

These maps are related as follows.
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Proposition A.1. Let X be a compact orbifold variety, and suppose that
the (n,n)-form n corresponds to [w|€ H™(X, Q%) under the Dolbeault isomorphism.
Then

Proof. Consider the map T: H™(X,Q%)—C defined by T([w])= [ 1, where 5
corresponds to [w] under the Dolbeault isomorphism. This map has all of the formal
properties of the trace map, except for the normalization condition, which says it
takes the value 1 on the class

[wl]:[ fpr ] € H"(P™,Q.).
Zog .-
It follows that T and Trx agree up to a constant, and furthermore, the normalization
condition implies the constant is T([w;]). By Proposition 6.1, T([w1])=fp. 71,
where

Qpr AQpn
(lmol*+ ...+ |zn 2)™+1

h= ( )n(n+1)/2n'
Hence, to prove the proposition, it suffices to show that [p,, 7 =(—2mi)".

If C*CP™ is the open set where 2¢7#0, then [, 71=J5. 7. On this open set,
we can use t;=x;/zo as coordinates. Since {}p~ :acgﬂdtl/\.../\dtn, we have

dii A AdE, AdE AL AdE
—(—1 n(n+1)/2n!/ 1 n 1 n
/n771 (1) n (L]t 24 [ta[2)HE

Denoting real and imaginary parts by t;=u;+iv;, we have dt; Adt;=2i du;Adv;.
Thus di; A...AdE, Adty A... Adt, = (24)(—1)" /2 duy Advy A... Aduy, Advy, so that

/ —(—2i)"n'/ dui Advi A.. . Adup Aduy,
W “Jon (I+ud 402+ +u2 +o2)ntl’

Since dui AdviA...Aduy Adv, is the volume form on C™, the above integral is a
standard multiple integral. Using polar coordinates for each u; and v;, the multiple
integral equals ©™/n!, and it follows that [,,7n1=(—2mi)". This completes the
proof. O

For the reader curious about the signs in Propositions 6.1 and A.1, we suggest
checking Trp: ([w1])=(—1/271) [p, m=1 in detail.
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