Schatten classes and commutators of singular
integral operators

Svante Janson and Thomas H. Wolff *

Let T be a Calderon—Zygmund transform — a singular integral operator
with kernel K(x—y), where K is homogeneous of degree —n with mean value
zero on spheres centered at the origin. We assume K is C™ except at the origin
and not identically zero. If feL{ (R") let M, be pointwise multiplication by f

and consider the commutator C,=M  T—TM,. Explicitly this is

Cro(®) = [ KE—»)(fX)—f)) 0 ()dy.

It follows from the Calderon—Zygmund theory ([13], Ch. 2) that the (principal-
value) integral converges a.e. if ¢ is a bounded function with compact support.
Uchiyama [14] proved that C, extends to a bounded operator on L?(R") precisely
when fE¢BMO (R"), sharpening a result by Coifman, Rochberg and Weiss [3].

We will characterize functions f for which C, belongs to the Schatten class
S? in the case n=2 as those in a certain Besov space. We recall the definition
of S”. If R is any compact operator on Hilbert space then R* R is compact, positive
and therefore diagonalizable. Let {S,(R)} be the sequence of square roots of eigen-
values of R*R, counted according to multiplicity. For O<p<e one says that
ReS? if {S,(R)}€/®. In this paper, the endpoint class S is the class of bounded
operators. For the theory of S” classes, see [12). We will require the following
facts.

(D If p=1, then RCS” if and only if 3 |(Re,|f)|?<e for all choices of
orthonormal bases {e,}, {f,}-

(2) If p=2 and ReS” then J'|Re,||”<e for all choices of orthonormal
basis {e,}.

(3) If 0<p=<oe, O=g=< let SP*={RcB(H)|S,(R)cI??} where /" is the
Lorentz space [1]. We take S”"=S"=B(H) but do not define $~? if g<oo.
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The classes $** may then be interpolated by the real method; in fact [$71%, SPe%], =

1-0 0

+— ([1], [12]). Note SPP=S?.

1 Pe

(49) For p=2 there is a sufficient condition due to Russo [11] for an integral

operator to belong to S¥. If G: MXM-~C for some measure space (M, u), let
G*(x, »)=G(y,x). Let L?(L% be the mixed norm space

{61/ 1605 D duPeduc <=}

. 1
S* if p,#p, and —=
14

and define
Lr(Loysymm = LP(L)ALP(LY*, ie. GELP(LY»mm iff G, G*¢ LP(LY).
We have then
Theorem A (Russo). If GeLP(LP)¥™ with 2=p=c and i+l,=l and
if Ro(x)=[ G(x,»)o(»)du(y) for ¢pcL? then RES?. I - v

For p=2 (Hilbert—Schmidt operators) or p=e~ this is classical.

The Besov spaces we use are the homogeneous ones. We give the definition of
these spaces and refer to [4], [7], [13] for further discussion. Note that [13] only
treats the analogous non-homogeneous spaces.

Definition. Suppose 1=p,q=cc and O<a=<1. Let fcL{ (R"). Then f belongs
to the Besov space ALY if and only if

[ DO g,

i

When g=< this becomes | f(x+1)~f(X)lLrrn axy=0(t|*). One makes
analogous definitions for a=1 with the first difference f(x+1)—f(x) replaced by
a difference of order [x]+1. We will need to interpolate Besov spaces by the real
method. This is discussed in [1] and [7].

In case n=1, the question of when the commutator operators C, belong to
S? has been considered by Howland [5], Peller [8], Coifman—Rochberg [2] and
Rochberg [10]. In the one-dimensional case the Hilbert transform is the only Calde-
ron—Zygmund operator and the commutators are

SO o
x—y

Crox) =P.V. [y
Because of the characterization of Hilbert—Schmidt operators in terms of their
kernels it is immediate that C,€S? if and only if f¢A¥,. For others values of p
the answer is due to Peller [§] who proved the following.
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Theorem B (Peller). If n=1 and 1=p<oo then CS® if and only if
feaiy,. '

Peller actually worked on the circle. Coifman and Rochberg [2] (when p=1)
and Rochberg [10] (for arbitrary p=1) gave another proof on the line based on a
molecular decomposition of AZf,. Peller [8] and Rochberg [10] also showed that
feAsf, implies C,€S? when p<l, but it is not known whether the converse
is true.

Rochberg asked whether there is an n-dimensional version of Theorem B. The
result of this paper is the following.

Theorem 1. Suppose n=2, 0<p<oo and fEL, (R"). Then necessary and suffi-
cient conditions for C,€S8” are
f constant, if p=n
feAih, if p=n_ 1
Our methods do not work when n=1 and in fact our result differs somewhat
from Peller’s and Rochberg’s. If n=1 and f€Cy, C, will belong to all S” classes,
p=0, while if n>1, C, will belong to S? only when p>n. To see why this is so
consider the somewhat simpler periodic case and let f(r)=e**. Then C,e’'=
(m()—m(k+))e* D" with m=K and thus {S;(Cy={Im(DH—mE+)]};czn-
If n=1, m(j)=csign(j) and only finitely many S;(C,) are non-zero, but if n=2,
im(j)—m(k+j)| is usually about |j|71, and >'|jlI P=oc for p=n.
In Section 1 we prove that p>n and fcA2f, imply C,€S”. In Section 2
we prove the converse for p>n. The case p=n requires an additional argument
(based on the preceding example) which we give in Section 3.

1.

If Xy and X; are (compatible) Banach spaces, then (X,, X;),, is the inter-
polation space obtained by the real method as described in [1]. L% is the Lorentz
space, L? (L") the corresponding mixed norm space. L? (L*)¥™™= L?(L*)n L (L*)*.
The letter C will denote a constant.

Since we are assuming p=>n=2 it is natural to use Russo’s Theorem A to
prove sufficiency in Theorem 1. In fact we don’t use Theorem A as it stands but
rather a variant involving weak type spaces. Russo proved Theorem A by complex
interpolation and we use the analogous real interpolation argument.

1 1
Lemma 1. If p>2 and —+—==1 then
p p

LP(L? =yymm (L= (LYy»m™m, 12(L?),.., where 6 = 2/p.
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Proof. Fix feLP(LP'=)¥™™ For t=>0 let
K() = inf (1b] = wy>™ ™+ 2 || gllLe@sy: b+ g = f).

We must show ¢ K(¢) is bounded as r varies. Let fi=f(x, -) etc., and take
g(x, y)=sign f(x, y) - min (| f(x, »)|, 4) where

A== max (|| fell Lo => | follfer=), and b = f—g.

To estimate b, fix x and let E, be the distribution function of |f,|; then

Ibsllze = fomemsim 7,80 Ec(5) ds

= 1AL f

s~P ds
5=t~ ||f || Lpre

1
p—1

Al
-1’

=

WfelZer = (=37 | ful Lo )7 =

One obviously has the same estimate for [lb,[px s0  [[Bl = zapymm=Ct*".
As to g,

fj‘|glzdxdy = ffs<t_2,p,”f

and

w1l P oo

BES)dsdx+ [ [, .. i up 25 E(s)dsdy

/fs<t_2,l,,“fx”,, 2sEx(s)dsdx§2f[lﬁcllf;rw fk,-yp,llfx“p s1=7 ds dx

Lp' > Lp =

2 ey -y
= 2—p’t 7 ¢ p)fﬂfxﬁhmdx.

By symmetry

[ 1P dxdy = 52 5@ [ U dxt [Ubl =)

2
so that |gllzsas = crr ! ILfFI1B2 completing the proof of the lemma. |

p
Lp(Lr* *)symm?*

The following version of Russo’s theorem now follows immediately by inter-
polation between p=2 and p=-co.

1
Lemma 2. Suppose (M, p) is a measure space, 2<p<oco, —+— =1, and

G: MXM~C belongs to L¥(L? =)™ Then the integral operator on L*(u) with
kernel G belongs to S*°.
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Proof of sufficiency in Theorem 1. Fix p>n and feArf,. By definition of
- 1 2
Ak? Me LP(L?), and clearly [x— y| e L=(L%°) where —=1——,
q

n/p>s | _ |2"/P
1))

|x —yI"
Hence (f(x)—f(»)K(x—y)€L?(L? <) and by Lemma 2, C €S8~
We use another interpolation argument to prove C,€S”. Given p>n choose

-0 6 1
+—=—. Then
¥ 21 D2 p

(8727, §P2%)y,=S? ({1], [12]) and (/1"1"1 A7279e,=A5f, (1] so the map f>Cy,

n/py

which is bounded from A,,/p 7 to SPi7 ( ]—1 2) is also bounded from 4;/, to S*. |}

For any functions g and 4, |ghl,, .=Cligl,lAl4m. So —————€LP(L""™).

DPi, D2 With n<p,<p<p,<e and let 0 satisfy

2.

Assume that C€S” and p=n. We will adapt the proof in [6] and esti-
mate the mean oscillation on all cubes simultaneously. For any v€R" and k€Z
let #7 be the dyadic partition of R" into cubes with vertices at {v+2"*m, meZ"}.
Let f7(x)=2" [, f(»)dy, if x€Q€#’. For Q€ g, choose s, among the func-
tions that are O off Q, +1 on exactly 2" ' of the 2" subcubes of Q belonging to
Fri1, and —1 on the others such that f o f(X)55(x) dxl is maximal. Then

2 e fenl? = CCrmax {| [l as abover = C(2%] fo i)

where C depends only on p and n, since 2™ max; | and (2™ fo [fii —AP)P
are norms on the same 2"—1-dimensional vector space.

Choose z, 0<|z]<1, such that K(z)s0. There exists a neighborhood [x—z|<
5Vn where 1/K(x) can be expressed as an absolutely convergent Fourier series
e, for some vectors v,,.

For Qc g/, let ty(x)= XQ(x+2"" 671z), where y, is the characteristic func-
tion. Then, since [ s4,(x)dx=0,

[ g =2 [[(fG)—f(3))sg(®tg(y) dx dy

= 2""ff (f&)—f1) 5;{"(25‘22(f£xy;)y) 5o (%) tg(¥) dx dy

= C [[(f@®) —FONK(x =) 3 €% m =50 (x) t(y) dx dy.
Let g, (x) = 229 %m x5, (x) and hg, (y) = 2™/2e~"2vm ¥ 1,(y). Then
2% [ fog = C [[(f()—LD)KE=Y) Sm cuBom (%) hon(3) dx dy

=C Zm ch <gm|Cf th>'
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For each m, {gg,} and {h,,} are orthonormal sequences as Q ranges over _#;
The condition C,€S? and Minkowski’s inequality give

(ZSoesi|2™ [ foo ")/ = € Smlem| (Zollgen|Cr homl?)? = C.

Thus
2% [ fee—filP = Sousy 2 [o - RIP = C,
Le. | f&a—=fell, = C2-mkp,
Since f’—f a.e. as k—eo, summation of the geometric series yields
) Lf=Al, = C2-m.
This estimate only implies that f€ A2, . (Cf. the final step below of the proof

n/p*

that f€ A7%.) To improve it we use the S? property once more. Let N be a large

number to be chosen later. For any cube QCJf, let ag=(2" [, |f~f )
(the L? mean oscillation) and let gQ(x)=.2""/2sQ(x) and hgy( y}=2"k/ 2 xQ(y+2N ~k2).
Also, for j=0, ..., N—1,let 0,=2/ 0 —(2'—1)2~*z and Q=2 Q- (2" — 2+ 1)2-*z,
where 2/ Q has the same center as Q and side 2. Then

| [ Creo(hg(x) dx+ K(z) 20~ [ ()59 (x) dxl
= | [f @)K (=)= K" 42)) g0 (3) o (x) dx dy)|
= C2-+D W0 [y Nk 2] | fx)—f(D)] g0 (P) ho ()] dx dy
= C2720 0N [ [0/ —f ()] dx dy
= C2-0+ON 30 (ag; +ag))

where the last inequality follows from standard arguments with the mean oscilla-
tion. Hence

2"kffsg| = C2"N [<Cng|hQ>!+C2_N Zf]v—l (an-I-aQ;.).

Fix L, M and v and let Q range over ¢ for L=k=M. { 8o} is an orthonormal
sequence. {h,} is not, but |Ay]=1 and thus

2 [<Cf gQ[hQ>|p =|Crgol? = C.
(Here we use p=2). Taking the /® norms over these Q we obtain by Minkowski’s
inequality

(SE2M S FRN? = (302 fo it —feP)e
= C(ZinznkfﬁQ‘P)l/P
= Oyt C27% 377 (SM 1 S gugt(ab, +aB))™
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As Q ranges over £, {Q;} and {Q]} cover R" 2" times each (for fixed j, k),
and there exist ]...0%,;,. translates of » by fixed vectors) such that Q; and Q;
range over |J 47 ,. Hence we obtain

(ST 25N =L = (Y 2™ U =L D) P+ (S 2™ | it a =S I D)V
(2) M onj+1
= (37 2% W=+ Cy+ C2-Y SV, ST o ap)r.

The next step is to average over all dyadic partitions. Define
A= 17 [ f=felp do = 117 [, 277 (3 g, gy ay do)

for any dyadic cube I of side =27*. 4, is independent of the choice of I, since
v=20 if v—wc27*Z" Choose I large enough and take the L” norms with
respect to [I|71x(v)dv in (2):

(M2 4 )0 = (3 2% 4, , )97+ Cyt C2-N 25«':—01 (M, 2+iont-D g, yUP
= (S 20 G=D g )Up 4 Cy - C2-N SN2 (20 U gk g e
=27 (3, 2R AP+ (M Ay )P Cy
+ 2N ZV omile (YT 2 AN SETE 2 )
= (2P C2-N2NIny (24 ) I+ Oy,

since 2™ A4,=C by (1). If N is chosen large enough then 27"? 4+ C2~Na=n") 1,
(Here we use p>n.) Consequently >V 2"™4,=C, C independent of L and M —
ie, X7 2% A, <eo.

Finally we show that this condition on the mean oscillation of f over cubes
implies f€A,f,. A similar characterization of Lipschitz spaces has been given by
Ricci and Taibleson [9].

Again, let I be a large dyadic cube. If |x—y/<27*"', the probability that
x and y belong to the same cube in % (for random v) is at least 27". Hence

SSncnmara @ =P dxdy = 22 1|72 [} Sousr [o fo =0 dx dy do
CIII™ [ Say [o [o (F =L@ P+ —=F(IF) dx dy dv

C2MI |71 [} [ pu LA —f (®)IP dx do
= C2"4,.

lIA

i
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Therefore

gL G !g{)' dxdy = C [[ Sweeiecyi-1 2% [f(x)~f(p) dx dy

=CZ2 ff e FO—f WP dx dy
= C Z 2nkAk =< oo,
This completes the proof that fcA7f.

3.

We need to prove that C €S” only when fis constant. Suppose f is not
constant. Since non-constant polynomials do not belong to BMO there is a point
2,70 in the support of the Fourier transform f. For some constants k, M < we
will have [{p|/)|=M |¢]c whenever ¢ is atestfunctionsupported in {y| [y —zoj<1}.

1
Choose 0~<¢<min [3, 'fz‘i) . Let ¢ be a test function with [Yle=1, supp ¥
{3lly—2y|<e}, and {|fy=B=0. Let & be some number to be chosen later, but
B
small enough so that |z|<4& implies z+supp ¥ < {|y —zy|<e}and (¢(y+z)|f(y)> >

Let m= K. Then m is homogeneous of degree zero and nonconstant so the
derivative D, m is not identically zero. Let V' be an open cone with vertex at the
origin, such that the real part (say) of D 2" is bounded away from zero on ¥Vn(unit
ball). Let {x;} be the set of all lattice points whose distance to the complement of

V is at least 2|z|. Then |x;—x|=1 (j=k), Im(x)—m(x;—z)|> l———l for
l

some constant 4, and J; |x;| 7" =co. Define Schwartz functions ¢; by ¢;(y)=
1 Y-y
T m(y) —m(xy)

joint, and if ¢ is small enough they will satisfy [lo;[,=1.

. These ¢; are orthogonal since the supports of the §; are dis-

- C
Claim. 1If § is small enough and |[x—x;|<d then |(Cr9;) (X)|=

il
In fact,
(0D " @) = a1 (D o)1 f(0))
(%) = x| X v+ 2= ()

il @ —m () (et s 1))
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Now ¥ (y+x;—x) is supported on |y—zy|<é+d and on this set, all y-deriva-

. 1 . ,
tives of are bounded by constants times |x;. So
m(x;) —m(x—y)

mlé’x(j)’j; (x—y) 1f(y )>’ “ mlé/x(y'*_xj x)

= CM |x;|.

This proves the second term in (*) is bounded by B/4|x;| provided ¢ is small.
The first term is at least B/2|x;|, which proves the claim.

It follows that 3 [|C,;l5=> I(C,9,) " 15=C 3 |x;| "=, so C,¢S" 1

Remarks. The above argument shows that even if f€C;” the best one can
hope is that C,€5". For n=3, one can show using Lemma 2 that f¢ AT implies
C,€5™. We do not know whether this result is true for n=2 because Lemma 2
is false for p=2.

A colleague of the referee pointed out that a pseudodifferential operator (#0)
of symbol class S ! is never of Schatten class S”, and that the case p=n of Theo-
rem 1 follows from this.
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