The trace of potentials on general sets

A. Jonsson

1. Introduction

Two classical imbedding theorems characterize the restriction of the Bessel
potential space LP(R") and the Besov space AX?(R") to linear subvarieties of R".
The space L?(R") is defined in § 2.3, and concerning Besov spaces we recall here
only that for O<a<l1, 1=p<e, a function f belongs to A»?(R") if and only
if the norm

W hazreer =100, + ([ LOTOE ey ) (1.1
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is finite. It turns out that LP(R") and A??(R") have the same restriction space to
linear subvarieties R® of R". The result is that

APUR)|ge = ARU(RY), 1=p,g=o, I=d<n 1.2)
and
L2 (RY)|ge = A’;,"’(R"), l<p=<ow, 1=d=<n (1.3)

where f=o—m—d)/p=0.

Here, by e.g. (1.3) we mean that if f€LP(R"), then the pointwise restriction
of f to R? (cf. §2.4 below) belongs to APP(R?), and conversely, that every
feAgpr (R% can be extended to R" so that it is a function in L?(R". Also, the
imbedding operators involved here are continuous. For a more precise statement
we refer to [6], Chap VI, § 4. In its final form, (1.2) is due to Besov [2], and (1.3)
to Stein [8], but these papers were preceded by papers considering various special
cases.

In [4] and [5] the author in joint work with H. Wallin generalized (1.2) by con-
sidering the restriction of AP?(R") to more general closed sets. The aim of this
paper is to prove a similar generalization of (1.3). For more of the background
to these generalizations, and for a large list of references of interest in this con-
nection we refer to [4] or [10].
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We are able to characterize the restriction of L2(R") to a large class of sets, the
so called d-sets, whose definition is given in § 2.2. A linear subvariety R? is a d-set,
and it can be shown that e.g. Cantor-sets, and thus some sets of non-integer dimension,
are d-sets, and that sets which are minimally smooth boundaries of open sets in
the terminology of [6], p. 189 are d-sets (see [4], where also more examples
are given).

To each d-set F, there is in a natural way associated a unique “d-dimensional”
measure p supported by F, which in case F=R? is the Lebesgue measure on R?
(see § 2.2). Now, let F be a d-set and y this measure. Then, for O<a<1, a function
f belongs to the generalized Besov space BE(F) if and only if the norm (cf. (1.1))

Ul = 0t ([, TE2IE w9

is finite. The general definition of B?(F) for non-integer « is given in §2.2.
The main result of this paper is that if F is a d-set, then

LR p=Bf(F), O0<d<n, l<p=oo, (1.5

where B=a—(n—d)/p>=0 and B non-integer (Theorem 3). Since R? is a d-set, this
result contains (1.3) in case f is a non-integer. Actually we prove more than (1.5);
both the restriction part and the extension part of this theorem are given in a more
general form (Theorem 1 and Theorem 2). In [4] we proved that AP?(R")|p=
BY(F), l=p=<-<, 0<d=n, so it turns out that A?>?(R") and L (R") have the same
restriction to a d-set F, as long as O<d<n and l<p<oco.

2. Definitions and statement of theorems

2.1 The norm | -, , . 4. This norm, introduced in [4], is a generalization of
the classical Besov-norm, suited for the study of Besov-type spaces on general
closed sets. It may also be seen as a generalization of the norm used in the Whitney
extension theorem (see [4]).

Let u be a positive measure on R", let O0<d=n, a=>0, o noninteger, 1=p-<oo
and let k be the integer such that k<a<k+1. For any collection {f;},; =x, where
the functions f; are measurable with respect to u and defined p-a.e. on the support
of u, define r; by

£ = S vnm 2 +l’,(y) (=)' +r;(x, y), X, yEsupp .

Here we use the usual multiindex notation, j=(ji,Jas ---» Ju)» =1, Ly ..oy L),
N=L1L. LY, | jl=h+tist...+)j,, and x'=xhxb .  xh
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We now define the norm | fl,, .4 of /={fi};=x bY

v = S (1t (/s IX_MMT";I(f—-j‘;(fl],”ﬂ)—,,aru(x) 56)") @

where || f;l,,, denotes the LF(y)-norm.
2.2 The space BE(F), F d-set. Following [4], we call a closed set F a d-set,
if there exists a measure p supported by F, such that for some 7,=>0

w(B(x, )= c;r%, x€R", r=r,, 2.2
and
cs = p(B(x, 1)) = ¢y, x€F, r=r,. (2.3)

Here ¢, and c, are constants, and B(x, r) denotes the ball with center x and radius r.
(Of course, the upper bound c¢; is superfluous in this definition, but we include it
for future reference. Note also that the constant r, may be taken arbitrarily big;
we then just get different constants ¢;, ¢, and ¢;.) We saw in [4] that measures y
satisfying (2.2) and (2.3) give equivalent norms || +|, , , 4, and that the restriction
Ay|g of the d-dimensional Hausdorff measure to F satisfies (2.2) and (2.3). Having
this in mind, it is natural to define the generalized Besov space BIZ(F) in the
following way:

Let F be a d-set, and let d, «, k and p be as in § 2.1. Then BF(F) is the space
of all functions f={f;}; =« with finite norm [ fl, .7 given by | fll,.r=
50, At a-

Since R is an n-set, and A, is the n-dimensional Lebesgue measure it is obvious
by comparing (1.1) and (2.1) that BP(R")=AZ?(R") for a<I1, and we proved
in [4] that in the general case, the functions f;, |j|=1, are uniquely determined
by fo if {fi};=c€BL(R"), by means of D/f,=f;, and that BI(R")=AP?(R")
with equivalent norms.

2.3 The space LE(R") of Bessel potentials is defined for a>0 and 1=p=co.
It consists of all functions of the form f(x)=(a.e.)= f G, (x—y)g(y)dy, where
g€LP(R"), and G, is the Bessel kernel of order «. This kernel may be defined by
its Fourier transform, G,(&)=(1+[£[%)~**; for more details about G,, see §2.7.
The norm in L} is defined by |fllzpn=12l,-

2.4 Since we consider the behaviour of functions defined a.e. in R* on subsets
of n-dimensional Lebesgue measure zero, we need the concept of a strictly defined
function f. If f is a locally integrable function on R®, we define the corrected
function f by

) 1
T = m ) Soun TO
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at every point where the limit exists. According to a fundamental theorem by
Lebesgue, f=Ff a.e. We say that f is strictly defined if f is redefined, if necessary,
so that f=f at every point where the limit exists.

2.5 We now state the results of this paper.

Theorem 1. (Restriction theorem) Let 1<p<o, O<d<n, f=a—(n—d)/p,
k<B<k+1, where k is a non-negative integer, and let p be a measure satisfying
(2.2). Then, for all feLZ(R"),

D/ f Y=l p, g,ua = el flLzn s (2.49)

where the partial derivatives D' f are strictly defined for |jl=k, and where the
constant ¢ depends only on o, f, u,d and p.

Theorem 2. ( Extension theorem) Let 1=p-<, let a, §, d and k be as in Theorem
1, let F be a closed set, and let y be a measure supported by F satisfying (2.3). Then
there exists a linear operator E, such that for every f={f};1=x With | fl, 5 4a<
we have

@) 1Eflpermy=cllfll,.5,,,a» Where c depends only on o, B, u,d and p,

(b) Ef is an extension of f in the sense that the corrected functions D’(Ef)
coincide p-a.e. with f; for |j|=k.

If Fis a closed set supporting a measure u satisfying both (2.2) and (2.3), then
clearly Theorem 1 and Theorem 2 give a complete characterization of the restric-
tion of LE(R") to F, and as a corollary to Theorem 1 and Theorem 2 we have:

~ Theorem 3. Let F be a d-set, let O0<d<n, l<p<o, f=a—(n—d)/p=0, B
non-integer. Then
LE(RY|p = By (F),

where the meaning of the statement is that the conclusions in Theorem 1 and Theorem 2
hold with ||+ |, o, .4 replaced by | -|l, -

2.6 Remarks on the proofs. We carry out the proofs in detail only for f<1,
since the formulas are for f<1 less heavy, and thus easier to read (the expression
(2.1) for [{« 1, p 44 is €.g. reduced to (1.4)). The case f>1, however, is not much
harder, and we explain in separate paragraphs which essential changes must be
done to carry out the proofs in the general case. Also, the theorems in [4] were
proved in full generality, and we are able to refer to [4] for same ideas and formulas
needed in the case f=1.

The general idea of the proof of the restriction theorem is the following. The
essential part of the proof is, when f<1, to prove that the double integral of (1.4)
but with o in (1.4) replaced by B=a—(n~—d)/p, is less than a constant times

| fllz=ligl,, where f=G,»g, g€L”.
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Writing the double integral in the form
S lx=yr=2(1x—y|=*| [ (Gu(x— )= G.(y—1) g () dt )" diu(x) du(»),

we see that this follows if we prove that the operator

T: LP (RN LP(Jx—y[" =2 du(x) du(y)) given by
Tg(x, y)=Ix—y|™*| [ (G, (x—1)—G,(y—1)g(t) dt|

is bounded, and we want to show this using the Marcinkiewicz interpolation
theorem. However, one runs into difficulties for some values of the parameters
(cf. the remark after (3.13)), and to come over this, we have to make some
preliminary calculations (§ 3.2) before defining an operator which is proved to be
continuous using interpolation.

(If we just wanted to prove the classical restriction theorem, the case when
F is an hyperplane, using this approach, these difficulties could have been over-
come easily, using that we get an equivalent definition of Besov spaces using higher
differences, (see [6], p. 153), and then the calculations in § 3.2 would have been
essentially superfluous.)

Concerning notation, it should be mentioned that in the proofs ¢ denotes differ-
ent constants at most times times it appears.

2.7 Preliminaries. The following lemma, due to Calderon and Zygmund, is
essential in the proof of the restriction theorem (see e.g. [3]).

Lemma 2.1. Let ucL' and let 6=>0. Then we can write u=g+ 2" g;, where
lgli+237 lgli=3luly, |g(x)|=2"6 ae., [g=0, and for certain disjoint cubes

0, &:()=0, x¢ Q; and 27 m(Q)=5""ul;.

Here m(Q;) denotes the Lebesgue measure of Q;. When reading the calcula-
tions below, it will also be convenient to have the following simple lemma in mind.

Lemma 2.2, Let O<d=n, and let p be a positive measure satisfying (2.2).
Then we have

[y x=177du=0@"") if d=ya=r, 2.5)
and
oy BT du = 0@ i d=y,b=r,. 2.6)

Here O stands for a constant depending on ¢, y, and d.
Proof. If we write

flx—tléa =t dp(0) =f:7‘—yd,u(B(x, )

and make a partial integration, we get (2.5). In a similar way (2.6) is proved.
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Finally we list some properties of the Bessel kernel G, (see e.g. [1]). The kernel
G, is a positive, decreasing function of |x|, analytic on R*\ {0}, satisfying, for a
number c¢; not depending on x,

|DI G (x)] = ¢y |x|*~11=" for a <n+]j] 2.7
IDIG () = ¢; Iogl—i—l, 0<|x|<1, for a=n+lj| 2.8)
DG, (x) is finite and continuous at x=0 for a=n+|j] 2.9

and, for all derivatives

[DIG,(x)] = cie~2¥, 1= |x| <o for some ¢, > 0. (2.10)

3. Proof of the restriction theorem

3.1. We assume that O<f=a—(n—d)/p<1 (compare § 2.6 and § 3.4), and shall
prove that

1=[f =yl ([ 16— =G, o=l dr) du(x) du(y) = el f1}
3.1)

and that f|f G (x—)f () dt|P du(x)=c | f||Z; these inequalities give (2.4) for
B<1. The proof of the latter inequality is straightforward, and it can be found in
[4], (Lemma 8.4), so we shall here concentrate on the main problem, the proof
of (3.1).

3.2. We shall first carry out some preliminary estimates for the left member
I of (3.1) (compare § 2.6). Let I,, I, and I, be as I, but with the t-integration taken
over |x—t|{<2|x—y|, 2|x~y|=|x—¢]|<2, and |x—¢|=2 respectively.

If w<n (for the case az=n, see §3.4), we have by (2.7) that |G, (x—1)—
G,(y—-t)|=c(x—t[* "+|y—t]*""), and observing that {t||x—1|<2|x—y|}c
{t| |ly—t|<3|x—yl[}, we deduce that

= — yl—d—8p __4la—n r
L=cff | lw=ylmoe(f o @] e du(x) du ().
By writing the right member of this inequality on the form

S 3, f Oy du(y),

2= G+ = p~yj<2-i

it is easy to realize that
2
L=cfdux) /, ’"'l"ﬂ”(f]x_ﬂ<3, lx—1[=="|£(0)] dt )" dr. (3.2)

In order to estimate I,, we first observe that using the mean value theorem we get,
for some 0<d<l, |G, (x~1)—G,(y—1)|=|x—y|-|grad G,(x—t+5(y—x))|=
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(by @N)=clx—y|-|x—t+5(y—x)* " =c|x—y|- |x—¢{*""", where the last in-
equality is valid if |[x—y|<|x—¢|/2. Thus we have

Leff =yt (=i f ROl ) de(),

and similarly as above one obtains that

L=c[du f:/zr“l"’l’(r ot @] dt) dr. (3.3)

For reasons which will be evident soon, we sometimes want a factor [x—¢|~7 in
this expression.

So, let =0, and put the expression [x—¢|~7 (" +y [I*"" "' ds)=1 under
the integral sign of [ _._, ,lx—¢[*"""'|f(r)|dt, and reverse the order of in-
tegration. Then we get

S @ d

2
=fr‘)’sy_ldsv/'s§|x—ll<2 Ix_t{a_”—.l_?y{f([)f dt+r?fr§|x—t]<2 {x_lla_”_l—y[f(l){ dl
(3.9
Put A()=ps" " [ galXx—tI"T I f(D))dr if s=2, and A($)=0, s=2.
Hardy’s inequality then gives (see e.g. [6] p. 272)
fl/zr‘l‘”l’”(ffA(s)ds)”dr éf:r‘l"”"“’(/mA(s)ds)”dr

0

= Cf: (rA(R)Pr-1-frirdr = cf:rYP-l—ﬁp+p(f

r=silx—1|

_ =t @ di) dr
Combining this with (3.3) and (3.4) we see that

L= c [ du(x) f -1- ﬂv(rvﬂ fr§[x_t]<2[x~t[“‘"‘1"’|f(t)]dt)pdr. (3.5)

From the mean value theorem, we obtain in the same way as above, but now using
(2.10) as an estimate for the derivatives of G,, that |G,(x—1)—G,(y—1)|=
clx—yle =12 if |x—p|=|x—t|/2 and |x—t|=2. Using Holder’s inequality
we obtain e.g.

L= [[1x—yl==(f _ _ [GGx—0=G,~DlIf (D] d1) du(x) du()
scfflw—yli=teer [ em R di du(x) du(y).

Recalling from [4), (formula (2.1)) that u(B(x, r))=cr", r=r,, we can easily show
that the last integral above is less than c| f||?, so we have IL=c|| fl|5.

We collect the estimates above in the following way. Let O<r<2, y=0 and
a<n, and define a function K, depending on «, n, y, r, for 5=0 by K(s)=s*"",
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s=r, K()=rtlso 7L p=e=2, KE)=pT12077"1(3—5), 2=s5=3, and
K(s)=0, s=3. For future reference, we remark here that we have

K(s) = cr?trgam=v"t g ops* "l 5 ", rE s, (3.6)
and

= cpttlg® -2 = ol p s s # 2, 54 3 3.7

e

Clearly, by (3.2) and (3.5), both I, and I, are less than a constant times
[ du(x) f3r77P2(f K(Ix—t])| f(t)| dt)? dr, and since the left member I of (3.1)
satisfies I=c(ly+/1,+1;), and since L=c| fli5, (3.1) follows if we prove that
(recall that B=o—(n—d)/p)

2
Jap@) [ rorem=d (==  K(x—t)|f@)]di) dr = | fil5.
3.3. Thus, by the argument in § 3.2, our task is to prove that the operator
T: LP(RN)—~L?(u,) given by
Tf(x, 1) = r=* [ K(lx— ) |f (1)l di
is bounded, where we have put
dpy =r -t du(x)dr, r <2

This follows from the Marcinkiewicz interpolation theorem (see e.g. [9], Chap. V),
if we prove that T is of weak type (p, p) for all p with O<a—(n—~d)jp<1, ie. we
shall prove that

m A, NITf(x, ) = o} = (if;”—"]p (3.8)

for all o=0, where ¢ is a constant, independent of f¢L?(R"). Using Holder’s in-
equality we see that, with O<a<1, we have

\TfCx, )P = 122 [ K(lx~t)ye [f@F dt ([ K(x—1)*=27 di)"™”,

where %-l—}:l. By integrating over |x—t|<r and |x—t|=r separately, using
in the latter case that K(s)=crs* ""!, s=r, one immediately verifies that

[ K(lx—t)*=9"dr is less than pn="-®0=ar jf

n
0<(1_—a)p,—(n—a)< 1, (39)
which gives

(Tf (x, 1)) = er—mtort=a [ K(|x—t)*|f()) dt. (3.10)

Denote the right member of (3.10) by H(x, r).
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Now we apply Lemma 2.1 with u=|f|? and d=07¢,27", where ¢, is a con-
stant to be chosen later, and thus write |f|? on the form g+ > g;, where
lg|=co0?. Let Hy(x,r) and H,(x, r) be the right member of (3.10) with | f|? re-
placed by g and g, respectively. We then have

I"l{(x’ r)l T(X, r) = O'} = ul{(x, r) | T(x9 r)p = O-p}
= u{(x, Y H(x, r) > o} = uy{(x, r)| Hy(x, r) > 07/2} + p, {(x, #)|Hy (x, r) = ?/2}.

To prove (3.8), it is thus sufficient to prove that

G, D Hy(x, 1) > 6?/2} = 0 (3.11)
and
m{(x, )| Hy(x, r) = 0?2} = (c| fil Jo)". (3.12)

Estimates on H,. Integrating over |x—t|<r and |x—¢|=r separately, using in
the latter case the first estimate in (3.6), we clearly get |H;(x,r)|=
cr—mtert=a ¢ 6P [ K(lx—1t|)*" dt=ccy0”=0?/2, where the equality is valid if the
constant ¢, in advance is chosen to be equal to 1/2c. The calculation is valid if

0 <nlap—(n—a) < y+1. (3.13)
This gives (3.11).

Remark (cf. § 2.6). In general, the constant @ can not be chosen so that this
is fulfilled with y=0.

Estimates on H,. Recall that H, is the right member of (3.10) with |f|? replaced
by 2., &, where the functions g; satisfy f g2:=0, g;=0 outside a cube Q;,
whose diameter and center we henceforth call r; and m; respectively, Dri=
V)l fl2/eos”?, and J gl =cl FIE.

Put E=uUE;, where E;={(x,#)||x—m|<2r;, r<r}. We shall below show
that

S HaGe Dl (e, ) = )11 (3.14)

which gives p, {(x, r)€(E| |H,(x, r)|>e?/2}=c(]| f],/06)?. Observe next that, since
p(B(x, r))=cr,

mEY=ZT S, W[, i = e STt = o]0

Note that here we used that d is strictly less than #. Together with (3.14), this
gives (3.12).
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In order to prove (3.14), we take the sum sign of >'g; outside the integrals,
and then use that [Ec[E;, and get

fch ]Hz(x’ r)l dm = cz:llfchir'""'“"(”—“)

= szl(Ai‘*‘Bi),

where in 4; and B, the integration with respect to y, is taken over {(x, r)|r;=r<2}
and {(x, r)| |x—m;|=2r;, r<r;}, respectively. Since [ g;(z)dt=0, we may sub-
tract K(|x—m;|)’” from the integrand in the f-integration when estimating A4,
and after changing the order of integration we get

S K(x—1)y? g, () dt| dy

4= [ laolde | r<> dr [ |K(lx— 1) — K (jx—m;))| du ().

Here we first perform the integration with respect to du(x), and integrate over
|x—¢t[<2it—m;| and |x—t|=2|t—m;] separately. If |x—¢|=2(t—m;| we have
|K(lx—tl)“"—K(Ix—mil)"”|§|t—mi| sup§€L|grad h(&)|, where h(x)=K(|x)? and L
is the line segment between x—¢ and x—m;. Since, by (3.6), (3.7) and the
definition of K, K(s)=cs*™" and |dK(s)/ds|=cs* """, s=r, s#2, s#3, we have
|dK (5)%/ds| = cs@—m@p—Dta—n—1_ pda—maer—1 which gives |grad h(£)|=c|¢|* -1,
This gives (see below), for 1€Q;, r<2,

— ap __ . Nap
f,,,_,gz,,-mi, |K(Ix—1)*" — K(]x—m))*| du(x)
=cli—m [ e ea (FHE T () = clt—m i+ e,

We also have
J o eaiemy KO =D = K (= mi ] du )

= —t|®—ma — m.|(a=ma
- cflx—t|<2{t—mi| lx tl pd'u(x)—i-cf lx mli pd[,t(x)

|x —m,| <3]t—mi[

= clt—m,[i+=map,

The integrations here may be performed by means of Lemma 2.2, and the calcula-
tions hold if O0<d—(m—a)ap~<1, which is satisfied if
0<dfap—(n—a) <1, 3.19
since d-—-(n—a)ap<1 is trivial if ap=>1, since then d—(n—x)ap<a—(n—d)<
a—(n—d)/p=P<1. Clearly, since [t—m;|=r;, under (3.15) this gives A;=
¢ [ &) at.
B; is estimated more straightforwardly, we have (since |t—m;|=r) B;=
¢ [o l@@dt frr 7t eCmdy [ s x—t|ET 0 du(x)=c [ |g(0)]dt if
(3.15) holds.
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Thus oy A+ B)=c 2, lalh=clfl?, and (3.14) is proved, if we
show that the constant @ may be chosen so that (3.9), (3.13) and (3.15) are satisfied.
Clearly, (3.13) holds if (3.15) holds and y is chosen big enough, and the fact that
a can be chosen to satisfy (3.9) and (3.15) was proved in [4], p. 86, so we omit it
here. This completes the proof of the theorem under the assumption that
a<n, f=<1.

3.4. The case a=n, f<1. The only place in the proof above where we used
the assumption «<pn was in the estimation of 7;, and consequently it also affects
the definition of K. Since f=a—(n—d)/p<1 we have a<n+1, and if n=<a<
n+1 it is known that |G,(x—t)—G,(y—t)|=c|x—y|*" for |x—t]=2|x—y]
(see e.g. [4], p. 82). Using this estimate, we obtain

L= [au@ frtre e [ lf@laf,

and if we now define K for s=r by K(s)=r*"", the proof runs essentially as before.
The case k<f<k-+1, o non-integer. The desired inequality (3.1) is now re-
placed by inequalities of type

S =y 02 ([ 4,x, y, 0l O)] o) dp(x) du(y) = A1,

where A;(x,y, )=D'G,(x—1)= 3, = D'M'G,(y—0)(x~p)/I'. The terms
corresponding to [, and I, are estimated as before, the only essential difference
being that the use of the mean value theorem in § 3.2 is replaced by an
application of the Lagrange remainder in Taylor’s formula. When a<n+|j| the
term c‘orresponding to I, in § 3.2 is estimated in a similar way as I,: Each
term in 4;(x, y, t) is estimated separately. When a=>#n+|j| the term corresponding
to I; must be given a more careful treatment, compare [4], pp. 181—182. This
leads to defining K by e.g. K(s)=p~MIs"=n=k ¢=p and

K(s) = rk-ll+vilgon—k-y-1  ¢= 4 if y<p+k.

The case a=n, a. integer. This case may now be obtained from the case o« non-
integer using complex interpolation. If « is an integer, k<B8=a—(n—d)/p<k+1,
choose «;, i=1, 2, «; non-integer, k<f;=o;—(m—d)/p<k+1 so that o, <o<a,.
We consider the case k=0. Then the operator T L2 (R LP|x —y|~*~ % du(x) du( )
given by Tf=f(x)—f(y) is bounded by what is already proved. Let ¢ be given
by a=1to, +(1—¢t)a,. Then, from the general theory, see e.g. [9], Chap V, Section 5,
in particular § 5.4 and §5.7, T is bounded from L? to LP{x—y|~7 du(x) du(y),
where -y =(d+ pip)t+(d+B.p)(1 —1)=d+ Bp.



12 A. Jonsson

4. Proof of the extension theorem

4.1. The extension operator. We assume throughout the proof that O<pf=
o—(n—d)/p<1; for a comment on the general case, see §4.5. We use exactly the
same extension operator of Whitney type as in [4], and to define it, we need the
same partition of unity as in the Whitney extension theorem. This partition is
obtained in the following way (see [6], Chap VI, Section 2).

Let F be a given closed set. Then there exists a collection of closed cubes Q,,
with centers x, and diameters /,, and sides parallel to the axes, with the following
properties:

a) [F=u 0,

b) The interior of the cubes are mutually disjoint.

c) For a cube @Q,, let d(Q,, F) denote its distance to F. Then

I, = d(Q,, F) = 4l,. @1

This partition also has the following properties:
d) Suppose Q, and Q, touch. Then

Lj4 =1, = 4l,. (4.2)

e) Let ¢ be a fix number satisfying O<gs<1/4, and let Q7 denote the cube
which has the same center as Q,, but expanded by the factor 1+&. Then each point
in (Fis contained in at most N, cubes Q5 , where N, is a fixed number. Furthermore,
Oy intersects a cube Q, only if O, touches Q,.

Let ¢ next be a C™-function satisfying 0=y =1, y(x)=1, x€Q and y(x)=0,
x¢ (1+¢)Q where Q denotes the cube centered at the origin with sides of length 1
parallel to the axes. Define , by ¥, (x)=y((x—xy)/s;), where s,=L/}{/n is the
side of Qy, and then ¢, by @ (x)=y(x)/Z Y, (x). Then @, (x)=0 if x4 O,
S o(x)=1, x€[F, and it is easy to show that for any multi-index j we have

1D/ @ (x)| = A; 1, (4.3)
where A; is a constant.
Let now u be a measure, supported by F, satisfying (2.3), and let f be a func-
tion defined on F and summable with respect to p on bounded sets. Define an
operator E’ by

Ef0)=Zio®eaf, . fOdu@®, xelF, (4.5)
where c; is defined by ¢ '=pu(B(x;, 61)).

For convenience, we will below often denote the function E’f by f. It should
be noted, that E’ f is defined a.e. on R” by this formula, since a set F carrying
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a measure satisfying (2.3) must have Lebesgue measure zero, see the proof of
[4], Prop. 1.1.

We note here, for future reference, that the lower bound in (2.3) for u allows
us to get an upper estimate for ¢; in the following way. From (4.1) we see that
there exists a point p,€ F with |p;—x;|=5/;. This gives u(B(x;, 6))=u(B(p;, [))=
el if L=ry or

¢ = (u(B(x;, 61 t=ci7? if L =r,. 4.6)

Next fix a function ¢ such that p€C=, o(x)=1 if d(x, F)=3, ¢(x)=0 if
d(x, F)=4, and such that D/¢ is bounded for every j. The extension operator
E used in the theorem is now defined by Ef(x)=¢(x)E’ f(x).

4.2, Lemmas. The first lemma below gives the fundamental estimates on the
extended function in terms of the given function f on F. It is a variant of
[4], Lemma 5.2, and thus essentially proved in [4], but we include a proof here also,
since the mechanism of the lemma becomes more clear here, due to the fact that
we have stated the lemma with less generality. Recall that [F=u Q;, where Q;
are cubes with diameters /; and centers x;. Below the center of Q; is also sometimes
denoted by y;.

Lemma 4.1. Let F be a closed set, let y be a measure supported by F satisfying
(2.3), let f be defined p-a.e. on F and summable with respect to u on bounded sets,
let 1=p=<oo, andlet f=FE’f be given by (4.5). Let also x€Q; and y€Q, be points
with distance from F not greater than 4, and put

TGy = [ [f @O =) du(t) du(s).

|t—x;|=30l;, |s—y,|=30[,
a) Then for any multiindex j with |j|=0 we have

IDIfx)P = I VP=4174 (x;, ,)- 4.7
b) We have
fG)—fWIP = el 174 (x;, 3,)-

Proof. The assumption that the distance from x and y to F is bounded by
a fix constant, will allow us in the proof not to bother about the constant 7,
appearing in (2.3), as r, may be assumed arbitrarily big (see after (2.3)). For con-
venience, we first make the following change of notation: We assume that x€Q,;
and y€ Qy, and shall consequently prove that the lemma holds with i and v replaced
by I and N, respectively.

We first prove statement a). Recall that ¢;=pu(B(x;, 61))~1. Since 3 ¢;(x)=1,
x€[F, we have >, D/¢;(x)=0, j=0, and we can write

Df(x)=3,Dpi(x)c f| (fO— 1)) du(@),

t—x,|=6l,
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and using Holder’s inequality we obtain

DIf(9l = ZiID gu)lel?(f, FO~F P du®)™.

t—x,|=6l;
Let Q; be a cube touching Q,. Then by (4.6) and (4.2) we have

¢ = ¢yt 4= clfd,

and by (4.2)
[t—x1| = t—x;]+x;— x| = 6L+ 1,4+, =30l if |t—x]| = 6l,.

Since ¢,(x)#0 only if x€QF, and x€Qf iff O, and Q, touch, it follows that these
estimaties hold for the at most N, numbers i such that ¢,;(x)=0. Together with
{4.2) and (4.3) this gives

DI = clpe-lie [ If@O—f©I?du®.

jt—x =30l

Integrating this inequality with respect to du(s) over B(py, 30ly) we obtain the
desired estimate (4.7), since clearly, by (4.6), u(B(yy, 30ly))=cls.
Next we prove b). Since 2 @;(x)=1, we clearly have

FO—-fW=Ze®e [ __ _ FO-F()du®
=2 2 eio.Wec, [f (fO—£(®) dp(®) dus).

Using Holder’s inequality and estimating as in part a), we immediately arrive at
the desired formula.

x| =6l;

lt—x;1=6l;, |t—y, |=6l,

Remark. For j=0 we have, instead of (4.7), the easily provable estimate
FCOP=Cl® [ mam, | SO du).

The next lemma is our main tool when we shall put the local estimates of
Lemma 4.1 together, in order to show that our extension belongs to LZ(R"). For
a proof of the lemma, see [4], the proof of the formulas (5.16) and (5.17).

Below, we put 2,=2"' and A;={x|h;4,=d(x, F)<Ah,)}, I integer. The follow-
ing observation will be needed later. If i and I are such that Q; intersects 4;, we ob-
tain from (4.1) that (h;,—1)/4=]=h;, and hence

h10=1L,=h, if O,nd;#0. 4.9

Lemma 4.2, Let F, pu, f, p, and J(x;, y,) be as in Lemma 4.1, and let J*(x;, y,)
be as J(x;,y,), but with the number 30 replaced by a=0.
a) If g is given by g(x)=J%(x;, x;), x€int Q;, then

Jecn g@=cm [ f@—F@Pdp() du(s). (4.9)
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b) If g is given by g(x,y)=J(x;,»,), x€int Q;, y€int Q,, then for hy,
hy=cohgy we have

[f vearycan inmyion 8O0 Y) dx dy = chIRY [f = sszegn, SO OP du® ‘Z(%)
1

4.3. When we prove that our extension belongs to LP(R"), we shall use the
following equivalent characterization of L? (see [7]). Let O<a<2 and l<p-<eo.
Then feLZ(R") if and only if f€L*(R") and

Difeoy = [ _ " (fx+0—f()dr

converges in L? as ¢—~0 to a limit D, f. Also, then ¢, |[f”L£§||f||p+]|Daf||p§
el fIl Lz This characterization may be used for all «=0, if one makes a reduc-
tion using the following fact ([6], p. 136). A function f belongs to L?, O<m=a,
m integer, if and only if D’f¢L? |il=m, and we have

a—m?

el flleg = 2 zn 1D flizz_,, = call fllzz -

(Actually, the term in the middle of this inequality may be replaced by
Zit<m 1D flp+ 2 iiem 1D fllLz_,,, this may e.g. be seen using various inclusion
results for L? and Sobolev spaces.) Here D’ f denotes derivatives in the distribution
sense.

In order to prove that D: f converges in L7, it is clearly sufficient to prove
that S,f(x)=/ [t|7""* |4} f(x)|dt belongs to LP(R"), where A2f(x) denotes
fx+)=2f(x)+f(x—1t); then we also have ||Da(f)l|,,§%||5,f”p~ Also, if
f€L?, by Minkowski’s inequality, we at once have ||f ., [t17"7% |4} f(x)| dt|
Lamn 177 1A2F O, de=c] £1,-

4.4. We are now ready to prove the extension theorem. Let f be as in Theorem
2, 0<B=a—(n—d)/p<1, and let the integer m be given by m+1=a<m+2 if
=1, and m=0 if a<1. We shall show that the function Ef defined in §4.1
satisfies the conditions of Theorem 2. We showed in [4] that Ef is an extension
of f in the sense of part b) of Theorem 2, and that [Ef||pwm=clfll, g4 q
and thus in particular that |D/(Ef)l,=c| fll, s..4> |j|=m, and, consequently,
also that the distribution derivatives D’ (Ef) coinside a.e. with the pointwise derivat-
ives. By the argument in § 4.3. it remains to show that

S, = 2 D EN | def dx = el ffppas lilEm, (@10)

=
=

where D means pointwise derivatives.
Recalling that Ef=0 if d(x, F)=>4 and the definition of 4, given before
Lemma 4.2, we see that the left number of (4.11) is less than or equal to
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2le-3 fxeA, 2771 A,(x)" 4 B,(x)?) dx, where

A= [ T DI (Ef) (ol de, xedy
and B, is the same integral over A;/4=l|t|<1. Note that in A4;(x) and B,(x), for
I=—1, we have A2DI(Ef)(x)=AD/(E'f)(x)=42D’/f(x) for all points in the
domain of integration. Also B;(x)=0, I=-2, —3. We consider first A4,;(x) for
I=—1 (for the case /=—2 and I=—3, see the comment after the formula (4.12)).
Using the mean value theorem twice, we see that

42DI £ (¥)] = ct]? 3, supger IDIT SO, |f] = hyfd, x€dy,

where L is the line segment between x—¢ and x+? If x€4,nQ, and, say,
iEQvo, one can realize that (see [4], § 6.3 for details) %,/20<[, =5h,/4, and that
[t—x, |=30l, implies |f—x;/=400/. In view of this, it follows, using part a) of
Lemma 4.1 with i=v=v;, that

|42 DIf(x)| = c|tPhy (D =27 (] (x;, x))P,  x€410Q;

where J'(x;, x;) is as J(x;, x;), but with 30/; replaced by 400/;. Thus we have
4y =c (fm<h1/4 m—n—a+m+2dt)phl—(!j{+2)p~2dj/(xi’ X))

= (since m> a—2 and |j]|=m) = chy**~ %) (x;, x), x€4;nQ;.

By (4.9) we obtain that

[, (A@yde=s e [f A fO~F QP dp@dp(s).  @12)
We remark here that one can see that a similar formula holds for I=-2, I=—3,
and that this formula immediately gives f vC Ay (A,(x))" Ax=|fl2 g uas I=—2,
—3. (However, the term (D/*1o(&))(f(£)) which appears when using the mean
value theorem is estimated a little differently, and formula (5.13) in [4] is useful
in this connection.) Performing the summation of (4.12) with respect to I, it
is not hard to see (compare [5], Lemma 5.3 and Remark 3.1) that

Sra@y=cff o t=sm e SO —f O du(t) duls) = el fI3,p,ma-
To estimate B,, we first make the following estimates, where &=0, and where
we use Holder’s inequality in the second inequality

By =2(f |t[="=e+"|Dif (x+1)— DI f (x)| di)?

hp/ast|<1

= ch{“’f

hy/d=|t{=1

= chpe Z hgneromeren [ \DIf (e ) —DIf ()P dt

el <hy
= chy® It pen—aptmptep 2;=K—2f \DIf(x)—Dif ()P dy.

lx~yl<hg,y€dn

]tl_n—ap+mP+SP|Djf(x+t)—Djf(x)]pdt
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Part a) of Lemma 4.2, or part b) if |j[=0, shows that [D/f(x)—D'f(»)[F=
LA L I7P) I (x,, ), X€Q;, €0, and using (4.8) and (4.10) we get

Z;O=_1fxEAI(BI(x))p dx=c 35 _ hi® St 3 hgrTertmpter pr-dpnd
X2+ hg0) [f o S O—SOP AR @) ().

After writing the sum as 37 37 . 3% . ., we perform the summations
with respect to 7 and N, and obtain, since n—d>0 and n—d—|jlp=0 for
|jl=m, (this follows from m=x—1 and o«—(n—d)/p<1), if & is chosen small
enough, that the sum is less than

¢ S0 B [ o, SO—TOP du(® dn(
= o ff e SO S OP dp@ dp() = €l f 15,5,

This concludes the proof of the theorem for O<f=<1.
4.5. The case k<p=<k-+1, k integer, k=0. The operator E’ defined by (4.5)
is in this case replaced by

E'(fhn=0®@ = Zie@e f,_ . p0xDdu),

x, =6/

where p(x, £)=3; = ((x—1)//j!)f;(¢). The essential change in the proof is that
a) and b) of Lemma 4.1 are replaced by (we put f=E’({f}};1=1)

a) IDJf(X)lp =c Zlulék li(lul—[jl)p—dlv—d Ju(xi’ yv)’ I]I = k
b) |Dif(x)—Dif(y)|r = ¢ > sk IFer-au=ube L [ ul=Ub2y J (x,, y,), |jl=k

where J,(x;,y,) is as in Lemma 4.2, but with f(t)—f(s) replaced by r,(t,s)
(cf§ 2.1). This is a variant of a special case of [4], Lemma 5.2. Also, in (4.9) and
(4.10) the expression f(¢)—f(s) is replaced by r,(t, 5), the integer m in § 4.4, shall
be defined by m+1=a<m+2 if a=k+1, m=k, k<a<k+1, and we prove
(4.11) only for |j|=m, which is sufficient due to the discussion in § 4.3.
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