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1. Introduction 

L e t  n be subharmonic  in { ] z ] < l }  and  p u t  A(r)-----infM=ru(z ), B(r )= 
maxl~I= , u(z) when 0 < r < 1. Le t  ~ be a f ixed  n u m b e r  in (0, 1) and  suppose t h a t  

A(r) < cos azXB(r), 0 < r < 1 (1.1) 

u < c  < + ~ .  (1.2) 

Here  c is a posi t ive cons tant .  Unde r  these assumptions IIellsten,  Kjel lberg and  
~ o r s t a d  [4] p roved  

THEOREM A. There exists a subharmonic function 

U(z~ = - -  t a n  
2~ 

z 

f t~,-~ _ t~-~, I~,e 
1 - -  t 2 

0 

dt, !argz[ < a ,  

in  {Lzl < 1} for which (1.1) holds with equality and such that for 0 < r < 1 

(?) B(r) < U(r) < ~ t an  ~ .  

We note  t h a t  t he  au tho r  [5] and  Ess6n [1] have  p roved  re la ted  theorems.  Kere  
we consider a similar problem for ana ly t ic  functions.  More specifically, let  a be 
a step funct ion on [0, 1], i.e.; a piecewise cons tant  funct ion wi th  a f ini te  n u m b e r  
of  jumps,  which satisfies 

(*) a is upper  semicontinuous,  
(**) - -  1 < a ( r )  < 1 when  0 < r  < 1.  
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Le t  f be analyt ic  in { [z[ < 1} and  pu t  re(r) = mini,l= ~ If(z)1, M(r)  = maxl=[= ~ [f(z) t 
when  0 < r <  1. Le t  a and  r o be f ixed  n u m b er s  sat isfying 0 < a <  1 and  
0 < r 0 < 1. Final ly,  we suppose t h a t  

m(r)M(r)  @ < a ~+~(0, 0 < r < r o , (1.3) 

Ifl _< 1.  (1.4) 

Then  we shall prove  

TI~EOI~E~ 1. There exists an analytic funct ion  F -= F(. ,  a, ~, ro) in  {]z[ < 1} 
satisfying (1.3) and (1.4) with the following properties: 

(vii) 
(viii) 

(i) I f  f satisfies (1.3) and (1.4), then M ( r , f )  < F(r),  0 < r < 1, 
(ii) F is the unique analytic funct ion in {[z[ < 1} for  which (1.3), (1.4) and (i) 

are true, 

(iii) all the zeros of  F are negative and simple, 

(iv) between two zeros of  F in [ - -  ro, 0] there exists at least one point  - -  r where 

iF( - -  r)IF(r) ~ = a l§ 
(v) F has at mos t  one zero --  t for  which r o <_t < 1, 

(vi) i f  F has zeros - -  s, - -  t, such that O < s < r o < t < 1, then 

IF(-- r) lF(r) "(~) = a ~+4r) for  some r C (s, ro], 
F(0) = a, 
.F is a f in i te  or infinite Blaschke product depending on whether r o < 1 or 

r o = l .  

Now let  u be subharmonc  in { [z[ < 1} and  sat isfy (1.1) and  (1.2). In  addi t ion  
assume t h a t  

u = log tgi, where  g is ana ly t ic  in {[z I < 1}. (1.5) 

P u t  a = e  -c, f - ~ - a g ,  and  a = - - e o s a 2 .  Applying Theorem 1 wi th  F =  
F(. ,  a, ~, 1) we obta in  M ( r , f )  < F(r) when  0 < r < 1 and  the reupon  t h a t  

B(r) < c @ l o g F ( r ) ,  0 < r  < 1 .  (1.6) 

Since all steps are reversible,  i t  follows t h a t  U = log IF[ ~- c is the  unique  m em b er  
of  the  class of  subharmonic  funct ions  u sat isfying (1.1), (1.2) and  (1.5) for  which 
(1.6) is t rue .  

To obta in  a more general  t heorem let  2(r), 0 < r < 1, be an uppe r  semi- 
cont inuous step funct ion  on [0, 1] and  suppose t h a t  0 < 2 ( r ) <  1. Le t  u be 
subharmonie  in { [zj < 1} and  sat isfy (1.2), (1.5) and  the  condi t ion 

A(r)  < cos ~ ( r ) B ( r )  , (1.7) 

when 0 ~ r < 1. Again, we app ly  Theorem 1 wi th  a -~ e -c, f = ag and  g(r) = 
- -  cos z~(r) for  0 < r < i.  Using this theorem we see t h a t  (1.6) is t rue  when  



E X T R E M A L  A N A L Y T I C  F U N C T I O N S  I N  T H E  U N I T  CII{OLE 175 

F = F(-,  a, a, 1). I t  now follows t h a t  in the  class of  subharmonic  funct ions  u 
sat isfying (1.2), (1.5) and  (1.7), the re  exists a member  wi th  largest  m a x i m u m  
modulus.  

Here  we r e mark  t ha t  the  corresponding problem for the  class of  subharmonie  
funct ions  sat isfying only  (1.2) and  (1.7), has no t  been solved. T h a t  is, we do no t  
know whe the r  there  exists a member  of  this  class wi th  largest  m a x i m u m  modulus.  

We note  t h a t  l~teins (see [2, w 7] and [3, Theorem 3.2]) p roved  Theorem 1 when  
~ 0. He  also gave two methods  for de te rmin ing  F when  a = 0 and r o = 1. 

I n  w 9 we shall discuss the  prob lem of  de te rmin ing  F when  a is cons tan t  on [0, r0]. 
Now let n be a posi t ive in teger  and  suppose t h a t  F~ is the  set of  all analyt ic  

funct ions  b~ in { Izl < 1} which can be wr i t t en  in the  form 

Then  we prove  

- -  (~, real; lc~k] < 1, 1 < k < n ) .  (1.8) 

TaEORE~ 2. Let  

0 < r o <_ 1. Le t  

and  p u t  a 1+~ = #(n) .  

f e I ~. and  s u p o < r < r ~  ~ = a 1+~, 
have f = e~~ 

(~ and  ro be f i x e d  numbers  sa t i s fy ing  - -  1 < a < 1 and 

#(n) -~ in f  sup re(r, b , )M(r ,  b~) ~ 
b n e F  n r e(O, ro] 

T h e n  F = F( . ,  a, o, ro) is  a member  o f  l~n. Moreover ,  i f  
then f o r  some O, 0 < 0 < 2~, we 

Here  we r e mark  t ha t  Theorem 2 is similar to Theorem 7.1 of  Heins  [3] when 
= 0. Final ly ,  the  au tho r  would like to  t h a n k  Professor  Heins  for  suggesting these 

problems to  h im and  Professor  Marts  Ess@n for several  helpful suggestions in pre- 
sent ing this paper .  

2. Preliminary reductions 

Le t  f # 0 be as in (1.3) and  (1.4). Then  i t  is well known (see Nevan l inna  [6]) 
t h a t  f can be wr i t t en  in the  form,  

2z  

f ( z )  = exp - -  2~ e ~ ~  
0 

Here  ~ is a nondecreas ing func t ion  on [0, 2~], 0 < ~ < 2g, and  e i ther  B is 
a Blaschke p roduc t  or B ~- 1. 

Le t  
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2~ 

f*(z) = exp + 1 2z 
0 

I f  B ~ 1, t he n  B * =  1. Otherwise if  (as) denotes  the  zeros of  B, t h en  B* is 
the  associated Blaschke p roduc t  wi th  zeros a t  {- -  [a~l}. 

We have  the  following inequali t ies be tween  f and  f* :  

I f*(--  r)[ < [f*(z)i <f*(r) ,  lz] : r (0 < r < 1),  (2.3) 

If*(-- r)I ~_ m(r,f)  ~_ M(r , f )  < f*(r), 0 < r < 1 , (2.4) 
~(r If*(-- r)lf*(r) ~(r) ~ m ( r , f ) i ( r , f )  ), 0 < r < 1 , (2.5) 

If*(-- r)ff*(r) ~(r) ~ If(-- z)[[f(z)[ ~ Izl = r (0 < r < 1) .  (2.6) 

I-Iere a is as in Theorem 1. (2.3)--(2.6) are easily ver i f ied  (see for example  }Iellsten, 
Kjel lberg and  Nors t ad  [4]). 

F r o m  (2.3) and  (2.5) we see t h a t  f *  also satisfies (1.3) and  (1.4). In  view of  
(2.4) it  follows t h a t  it  suffices to  p rove  Theorem I for  f* .  

3. Proof of Theorem 1 

The  p roof  of Theorem 1 is long. In  this  section we cons t ruc t  F for r 0 < 1. I n  
w 4 we show F is a f ini te  Blaschke p roduc t  wi th  negat ive  zeros. In  w 5 we prove  
L e m m a  2. Using this l emma we show in w 6 t h a t  F has proper t ies  (iii)--(viii) when  
r 0 < 1. In  w 7 we prove  our  main  lemma.  We th en  deduce proper t ies  (i) and  (ii) 
of  F for r 0 <  1 f rom this  lemma.  In  w 8 we p rove  Th eo rem  1 for r 0 =  1. 

Fi rs t  assume t h a t  0 < r o < 1. In  this  case we let  E denote  the  class of ana ly t ic  
funct ions in {lz[ < 1} sat isfying (1.3) and (1.4). Th en  f = a is a member  of  E,  
and  hence E has a nonzero member .  Using this fac t  an d  a normal  family  a rgumen t  
it  follows for f ixed  ~, 0 <  ~ < 1, t h a t  there  exists  F E E  for which 

0 < F(~) = sup M ( ~ , f ) .  (3.1) 
f e z  

Moreover,  if  F *  is the funct ion associated wi th  F as in (2.2), t h e n  F *  = F since 
otherwise F *  E E and  2'(~) < F*(~). This inequa l i ty  follows f rom the  fact  t h a t  
s t r ict  inequa l i ty  holds in (2.4) unless f = e~~ * for  some real  0. Hence  f rom (2.3) 
we have  m ( r , F ) =  I F ( - - r ) [  and  M ( r , F ) = F ( r )  when  0 < r <  1. 

We assert  t h a t  

_F(0) > 0 .  (3.2) 

To ver i fy  this asser t ion we sha l l  want  the  following lemma.  

L~MMA 1. Let 0 ~_u < 1 and put 
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z + u  
O(z, u) - -  l + uz  ' ]zl < l . 

T h e n  i f  0 ~ o~ 1 <  or < 1 we have 

10(-- r, ~)lO(r, o&(o < lO(-- r, o~l)]O(r, o~1) +) 

when  o~ < r < 1 while  i f  0 < r < a 1, the reverse inequal i ty  holds. 

Proof :  The  l e m m a  is a direct  consequence of  the  fo rmula  

O 
~-d log {1o(- r, u)lO(r, u)+)} = 

(1  - -  #)[r(1 - -  a(r))u 2 + (1 + a(r))(1 + r~)u + (1 - -  a(r))r] 

(u s - -  rZ)(1 - -  u~#) 

We omi t  the  details.  
The  following r e m a r k  will be  used  b o t h  in the  p r o o f  o f  (3.2) and  in the  p roof  

of  L e m m a  3. 

r + e  
r - + -  is an  increasing func t ion  on [0, 1] . (3.2a) 

1 + r e  

W e  now p rove  (3.2). I f  (3.2) is false, t h e n  f rom (2.2) we see t h a t  F(0)  = 0. 
W e  write ,  F ( z ) - ~ z h ( z ) ,  where  h is ana ly t i c  in {]z I < 1} a n d  ]h] < 1 .  Le t  
0 < c~ < 1 and  p u t  H -~ 0(., a)h. H e r e  0 is as in L e m m a  1. Using the  l e m m a  wi th  
a 1 - - 0 ,  we f ind  t h a t  

IH(-  r)I//(r)+) _< IF(-- r)iF(r) ~ 

when  ~ < r <  1. I t  follows for  ~ n e a r 0 t h a t  H E E .  Also b y ( 3 . 2 a )  w e s e e t h a t  
_F(Q) < H(9).  We  have  reached  a cont rad ic t ion .  H e n c e  (3.2) is t rue .  

We also asser t  t h a t  

IF(-  r)IF(r)+) 
sup - -  1 (3.3) 

O<r<ro a l + ~  - -  . 

Indeed ,  suppose  t h a t  

I F ( - -  r ) IF(r)  "(0 
sup al+~(r ) ~ e 1 < 1 . 

0 < r _ < r  o 

I n  th is  ease let  n > 2 be a pos i t ive  in teger  and  p u t  f ,  -~ F o 0(', l /n ) .  H e r e  
0 is as in L e m m a  1. The  sequence (f,)~o converges  un i fo rmly  to F on [ - -  to, r0] 
and  since F ( 0 ) >  0, f , ( r ) / JF( r ) - -~ l  un i fo rmly  for  0 < r  < r  0. Le t  s >  0 be  a 
small  posi t ive  number .  Choose n o large enough  such t h a t  for  n > n o a n d  
0 < r < r  o, 
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L(r )  
1 - - e _ < F ~  _ < 1 - t - 8 ,  

IF(--  r)] --  s __ Ifn(-- r) l _< IF(--  r)] § s .  

Then i f  8 is small enough we have 

r f , , ( r ) l~  o(,.. 
If , (--  r)lfn(r)4") < (IF(--  r)l § s)[F--~J F(r) ' 

< (IF(--  r)l § ~)(1 --  e),lF(r)~ 
_< Cl(1 -- e) -131+"(') -t- e(1 --  8)-1F(0) -1 < a l+"(r) 

when n > n  o and  0 < r  < r  o. Hence for n > n o ,  f n E E .  Since F(@) <fn(O),  
we have reached a contradict ion.  We conclude from this contradict ion tha t  (3.3) 
is true. 

From (3.3) we see there exists a sequence (rn)~, 0 _< rn _< r 0, such t h a t  r n -~  s 
(0 < s < r e )  and 

I F ( -  r.)IF(r.)"('0 
a l + ~ ( r n )  - - ~  1 . 

Since IE(-- ro) l _< F(r.) and  a is a step funct ion i t  follows t h a t  F(s) > a. l ]s ing 
this  inequal i ty  and  the  fact  t h a t  a is upper  semieontinuous, we obtain 

IF(--  s)IF(s) 48) IF( --  rn)If(rn) "('0 
a~+~(, ) >__ lira a~+O(,~) = 1 . 

rn--~s 

Since 0 < s < r 0 and  F satisfies (1.3) we conclude tha t  

I F ( -  s ) I /~ (s )  ~ = d +~ . (3 .4 )  

We have shown t h a t  _~ satisfies (3.4) for a t  least one point  in [0, re]. Next  we 
show there are a t  most  a f ini te  number  of  dis t inct  points  in [0, r0] for which (3.4) 
is t rue.  Indeed  if  (3.4) were t rue  for an inf ini te  number  of points in [0, re], t hen  
b y  the  I d e n t i t y  Theorem for analyt ic  funct ions we would have for some b E (--  1, 1), 

.~(-- Z).~(Z) b =  -~-a l+b, z ~{IZI < 1 } -  (-- 1,0].  

Here F ~ denotes the analyt ic  b-th power of F in { Iz I < 1} --  (-- 1, 0] for which 
F(�89 b > 0. Since by  (2.2), lim=_~io IF(--  z)llF(z)l ~ = 1, o < 101 < ~, we would 
then  have a contradiction.  We let {p~}~, denote the f in i te  set of points in [--  ro, r0] 
for which (3.4) is t rue  when  either s = p l  or s ~ - - - p ~ .  

4. A property of F 

Next we shall show that F is a finite Blaschke product. Since F ---- F* and 
Y(0) ~ 0, it then follows that Y has negative real zeros. 
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We consider two possibilities. Firs t  i f  ~ ~ {Pi}~, pu t  # = F(~). Using the  same 
a rgument  as I te ins  [2, p. 353--354], we f ind  tha t  either there exists a unique analyt ic  
funct ion r in {]z I < 1} such t h a t  

(i) 1r < 1 
(fi) ~ (p~)=F(p~) ,  1 < i < n ,  ~b(~) = F ( ~ ) ,  

or there  exists ~u*, # < g* < I, and  an analyt ic  funct ion ~o in {Iz I < 1} such 
t h a t  

(i') l~ol < 1 
(ii') ~0(1o~) = F ( ~ ) ,  1 < i < n, ~o(e) = Ix*. 

In  the  f i rs t  ease i t  follows as in I te ins  [2, p. 353] t h a t  F = ~b and  2' is a f ini te  
Blaschke product .  

I n  the  second case following I te ins  [2, (2.14)] we introduce the  funct ion ~(. ,  z) 
def ined for 0 < ~ < 1  by  

# + # *  
~(z ,  ~) = vF(z)  -4- (1 --  T)fiq~o(Z), Izt < 1, where f l - -  2#* 

We shall show for ~1 near  1 t h a t  

I ~ ( -  r, ~)ll T(r, ~)I ~ < a ~+~ (4.1) 

whenever  r E [ 0 ,  ro] and  z E [ ~ l ,  1). To do this  we let r IE{pl)~ and  r 1 > 0 .  
2qext for small ~ > 0  we let 

I ( r ~ ) =  [r~--  ~, r~ + ~] when  r ~ #  0, r o, 

~-[r~, r ~ +  ~] when r ~ = 0 ,  

----- [rx --  ~, rl] when rx = r o . 

P u t  

~o(-- ~) ~o(-- ~) 
+ e(r) = 1 + e(r), r ~ I(r~) (4.2) 

F ( -  r) = F ( -  r~) 

and  

~o(r) r 
F(r)  - -  F(r~) + ~(r) = 1 + v(r), r e I(r~) . (4.3) 

Then  i f  r ~ I(rx) and  l(rx) ~ [0, to], we have since _~ e E,  

a-0+o(o)lk~(-- r, ~)1 l~(r,  ~)1 ~ _< 

F ( - - r )  1 + r - F(r)  (4.4) 

= 1 + (fl - -  1)(1 + a(r))(1 --  ~) + fl[e(r) + a(r)~(v)](1 --  ,)  + 0((1 --  ,)~) 
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as 7 - +  1. The  t e rm  0[(1 - -  3) 8] is i ndependen t  of  r when  7 is near  1. Since 
fl ~ 1 and  e(r), ~(r), are un i fo rmly  small when  ~ ~ 0 is small, i t  follows for  
T 0 nea r  l t h a t  (4.1) is t rue  when  r61 ( r l )  and  7 o ~ 3 ~  1. 

Le t  A :  UI ( r l ) ,  r 1 ~ 0 ,  r 1E{p~}~. Now 

sup I F ( -  r)[F(r)~ -(~+~ < 1,  
r e [0, ro]--A 

since otherwise there  would exist  s in the  closure of  [0, r e ] -  A for which 
IF( - s)[-~(s) "(s) ----a 1+0(0. Using this  fact  and  the  fact  t h a t  F ( 0 ) >  0 we f ind  
(4.1) is t rue  when  r E [ 0 ,  ro] and  3 1 ~ 7 ~  1. 

Le t  ~*( . ,  7) be the  funct ion  associated wi th  ~( . ,  7) as in (2.2). Then  f rom 
(2.3), (2.6) and  (4.1) we see t h a t  ~ * ( . , 3 )  E E  for  7 1 _ ~ 3 <  1. Since 

/ z + # *  
F(~) = / t  < 7/t -~ (1 - -  3) 2 - -  T(~, 3) ~ W*(e , 3) 

we have  reached  a contradic t ion.  Hence  i f  ~ ~ {p~}~, t h en  F : ~ and  F is a 
f in i te  Blasehke produc t .  

Now suppose t h a t  e E{p~}~. We assume, as we may ,  t h a t  ~ : l o , .  L e t  
~'(Q) = #. Then  as before e i ther  there  exists a unique  analyt ic  funct ion r in 
{Izl < 1} satisfying [r < 1 and  

r  = ~ ( p , )  (1 < i < n - 1), r  = ~ ,  

or there  are an infini te  number  of  such funct ions.  I f  r is unique,  t h en  as previously,  
2' : ~b and  F is a f ini te  Blasehke product .  Otherwise we define ~b o, /~*, and  
corresponding to  {pl}~ -1 as previously.  We also def ine e(r) and  ~(r) corresponding 
to  r 1 =  ~ as in (4.2) and  (4.3) 

Proceeding as in the  f irs t  case we obta in  for  r near  ~ and  0 < r  ~ r  0, (see 
(4.4)) 

a-(~+(r)) l~(--  r, T)I[T(r, 3)l ~(') < 1 § [fl -[- o ' ( r ) ~ x  - 1  - -  (1 + if(r))](1 - -  7) + 
(4.5) 

-t- fi(e(r) q- a(r)~(r))(1 --  3) q- 0[(1 - -  3) 8] 

where x = / t / # * .  Since fi = 1(# -t- #*)/#*,  we have 

fl(1 ~- a(r)x -1) : 1(1 ~- x)(1 + a(r)/x) : g(x).  

L e t  a o : max0_<,_<1 [a(r)l. F r o m  the  def in i t ion  of  a we see t h a t  a o ~ 1. F r o m  

Heins  a rgument  [2, p. 353], it  is clear t h a t  #* m a y  be chosen such t h a t  ~ a  0 
x ~ 1. Since g ' ( x ) : � 8 9  a(r)x-2), we have  

g(1) - -  g(x) > �89 --  aox-~)(1 - -  x) > 0 .  (4.6) 

Hence  g(1) - -  g(x) is bounded  below by  a posi t ive  cons tant  which does not  depend  
on r. Since g(1) : 1 ~- a(r), it follows f rom  (4.6) and  (4.5) t h a t  for  r near  ~, 
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T 1 near  1 and  r E [0, r0] t h a t  (4.1) is t rue.  Using this  fact  ~nd arguing as in the  
previous case we obta in  a contradiction.  Hence in bo th  cases r ---- F and  F is 
a f inite Blaschke product .  

5.  A L e m m a  

We want  to prove tha t  F satisfies (i)-- (viii) of Theorem 1. The following lemm~ 
will p lay  a fundamenta l  role in this  proof. This lemma m a y  be compared wi th  
lemma 7.1 in I te ins  [2]. 

LE~MA 2. Let 0 ~ u ~ v ~ 1 and pu t  

z §  z + v  
r  u,  v) = 1 - ~  uz  1-Jr vz  ~ ]zl < 1 .  

Let 0 ~ o  h ~ ~ < fl < fil ~ 1 andsuppose for f i xed  Q, 0 ~ Q < 1 that r  ~) ---- 
r al, fll). Then i f  either 0 ~ r ~ o h or fll ~ r < 1 we have 

while i f  a < r < fl the opposite inequality holds. 

Proof. Consider the set 

F={(u,v):~l<u<~, t ~ < v < ~ l ,  and r162 

which defines a funct ion v---> u(v) and a funct ion u----> v(u). T h e n  we shall show 
for f ixed r t h a t  

d 
d-v []r r, u(v), v)Ir u(v), v) ~(')] < 0 (5.1) 

when either 0 < r ~ a l  

d 

dv 

or f l i ~ r ~  1 and  

[1r r, u(v), v)lr u(v), vy(0] > 0 (5.2) 

when a < r ~ ft. To prove (5.1) and  (5.2) we observe t h a t  

du (Q + u)(1 + uo) 

dv (e + v)(1 + re) 

and hence t h a t  

d 
(1 - -  s~ ) - l ( e  -[- v)(1 ~- re) dvv log [r u ,  v)] = N ( s ,  v) - -  N ( s ,  u )  , 

(5.3) 
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where  At(s, x) -= (O -1- x)(1 + xO)/(s + x)(1 -}- sx). I t  follows for f ixed r where  
O < r <  1 and  r ~ { u , v }  tha t  

d 
(1 - -  r2)-l(O + v)(1 -t- v0) dvv log{ [r r, u, v)]r u, v) "(r)} = to(r, v) --  to(r, u ) ,  (5.4) 

where  to(r, x) = yY(-- r, x) -]- (r(r)N(r, x). 
We shall prove  tha t  

(a) W h e n  0 < r < or log IF(r, ")1 is a decreasing funct ion and ~o(r, .) is a posit ive 
funct ion on (o% 1), 

(b) W h e n  ~ < r  < f l ,  ~ ( r , u ) < 0 < ~ o ( r , v ) ,  
(c) W h e n  fll ~< r < 1, log ]to(r, .)[ is an increasing funct ion and  to(r,.) is a 

negat ive  funct ion on [0, ill)" 
Since c h < u < ~ < fi < v < ill, we have  the  following consequences of  (5.4), 

(a), (b), and  (c), respectively.  
(a') to(r, .) is a decreasing funct ion on (c% 1) and  (5.1) is t rue  for 0 < r < c% 
(b') (5.2) is t rue  when  c~ < r < fi, 
(c') ~v(r, .) is a decreasing funct ion on [0, ill) and (5.1) is t rue  when fll < r < 1. 

To complete  the  proofs of  (5.1) and  (5.2), it  only remains to  prove  (a), (b), and  
(c). To prove  (a) we wri te  

to(r, x) = tol(x)W,(r, xho3(r, x) , 

where  tel(x) = (q + x)(1 + xQ), 

to2(r, x) = {(x 2 - -  r~)(1 --  x2r2)} -1 

tea(r, x) = r(1 - -  a(r))x 2 -]= (1 -t- a(r))(1 + r2)x -t- (1 - -  a(r))r. 

We claim tha t  

d 1 
- -  - -  0 < x < l  dx log l~ol(x)l < x ' 

0 - - 2  

0-x loglto2(r,x)] < - - x  ' 0 < r < x < l ,  

0 1 

- -  - -  0 < x < l .  0x log %(r, x) < x ' 

The proofs of  these s t a tements  are s t raight  forward  and  are omit ted.  Using 
these inequali t ies we see t ha t  (a) is t rue.  

The  p roof  of  (b) is immedia te  f rom the  definit ion of  to. The p roof  of  (e) is also 
simple and  we omit  the  details. This proves  (5.1) and  (5.2). 

Using (5.1) and (5.2) we conclude t ha t  
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1r r, 0% 81)]r o~, ill) ~(') = l im ]~b(-- r, u, v)l~(r, u, v) ~(~) < 

< lim [4(-- r, u, v)[r u, v) ~ = [4(-- r, ~, fl)lr ~, 8) ~(~) 
v.-~-fl 

when  ei ther  0 < r < a 1 or fll ~ r < 1, and  t h a t  t he  reverse  inequa l i ty  holds when 
a < r < 8- This completes  the  p roo f  of  L e m m a  2. 

6. Descriptive properties of F 

To cont inue the  p roo f  o f  Theo rem 1, we recall  t h a t  we are assuming r 0 < 1. 
T he n  in w 4 we showed t h a t  F is a f in i te  Blaschke p roduc t  wi th  negat ive  zeros. 
In  this  section we prove  t h a t  F satisfies (iii)--(vii) of  Theorem 1. Th eo rem  1 is 
t h e r e b y  establ ished for  r 0 < 1 save for  (i) and  (ii) which we t r e a t  in w 7. We begin 
b y  proving  (iii). Le t  0 < ~ < 1 and  suppose t h a t  - -  ~ is a mult iple  zero of  F .  

We wri te  

.F(z) ~- \ ~ ]  g(z), lzl < 1 ,  

where  g is ana ly t ic  in {[zl < 1} and  tgl -< 1. Let  r u, v), 0 < u < v < 1, be 
as in L e m m a  2 and  pu t  c~ = ft. Choose al, ill, such t h a t  0 < ~1 < a -~ fl < fix < 1 
and  r  S x ) = r  8). Since F e E ,  it follows b y  L e m m a  2 t h a t  G =  
r ~1, fll)g satisfies 

IG(- r)IG(r) ~') < I F ( - -  r) fF(r)  ~ < a l+~ 

when  r E [ 0 ,  a l ] O [ 8 1 , 1 ) ,  0 < r < r o ,  and  F ( - - r )  ~ 0 .  Using  this  inequa l i ty  
we f ind  t h a t  if  al and  8~ are near  ~, t hen  G E E  and  

[G(-- r)[G(r) "(r) < a 1+~ 

for  0 < r < r 0. However ,  since F(Q) -~ G(~) and  G C E we mus t  have  (see (3.4)), 
IG(-- s)]G(s) ~(~) = a l+"(s) for  some s E [0, r0]. Again we have  reached  a contra-  
diction. ~ e n c e  (iii) of  T h e o r e m  1 is t rue .  

The  proof  of  (iv) is similar to the  p roo f  of  (iii). L e t  - -  r 0 < --  8 < --  a < 0 
be two zeros of  F and  suppose t h a t  

[_F(- r)lF(r)~(r) < a~+~ ~ < r < 8 .  (6.1) 

Then  F = r  where  f is ana ly t ic  in {Izi < 1} and  If[ ~ 1. Choose 
~1,81, such t h a t  0 < ~ l < a < 8 < f i l <  1 and  r  = r  Le t  
I = ~(', al, fll)f. ~Tsing ( 6 . 1 ) a n d  L e m m a  2 we f i n d  for  a I near  ~ and  fll nea r  8 
t ha t  I E E  and  

1I(-- r)II(r)  ~(*) < a ~+"(~), 0 < r < r o . 
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H o w e v e r ,  s ince I ( p ) - - - - F ( ~ )  we  m u s t  h a v e  b y  (3.4), [ I ( - -8 ) ]1 (8 )  ~ = a I+@ 
fo r  s o m e  s E [0, r0]. A g a i n  we  h a v e  r e a c h e d  a c o n t r a d i c t i o n .  H e n c e  (iv) is t r ue .  

T h e  p roo f s  o f  (v) a n d  (vi) a re  e x a c t l y  t h e  s a m e  as t h e  p r o o f  o f  (iv). W e  o m i t  

t h e  de ta i l s .  
T o  p r o v e  (viii),  l e t  t 1 ---- m i n  {r : F ( -  r) = 0}. F r o m  (iii) we  see t h a t  t 1 > 0. 

W e  a s s e r t  t h a t  

I F ( - -  r)IF(r) @ ~ F(0)  1+~ (6.2) 

w h e n  0 < r < t 1. I n d e e d ,  fo r  f i x e d  a(r)  t h e  f u n c t i o n  g(z) = log IF(-- z)[IF(z)[~ 
]z 1 < tl, is h a r m o n i c  in  {[z I < tl}. ~r f r o m  (2.6) we  see t h a t  mini=i=, g(z) = 
g ( - -  8) fo r  0 < 8 <: t 1. S ince  mini=I= ~ g(z) is a n o n i n c r e a s i n g  f u n c t i o n  o f  8, i t  
fo l lows t h a t  (6.2) is t rue .  

N e x t  we  n o t e  t h a t  sup0 <,_<,, { [ F ( - -  r ) ]F( r )  ~(') �9 a -(1+~ = 1. I n d e e d ,  o t h e r w i s e  

t he  f u n c t i o n  G(z) = F(z)O(z, t)/O(z, tl) is in  E fo r  t n e a r  tl, t > t 1, a n d  G(O ) > 
F(~) ,  as fo l lows eas i ly  f r o m  L e m m a  1. Th i s  f ac t  a n d  (6.2) i m p l y  F (0 )  -= a. H e n c e  

(vii) i s  t r u e .  

7. The final proof for r o < 1  

T o  p r o v e  (i) a n d  (if) o f  T h e o r e m  1 we  shal l  w a n t  t h e  fo l lowing  l e m m a .  

L~.MMA 3. Let  n and m be two positive integers. Let  0 ~ tl ~ . . .  ~ tn ~ 1 

and 0 ~ _ s l ~ . . .  ~ s m  < 1. P u t  f (z)  = \ ~ z ] '  and g(z) = , , \1 + 8 , z / "  
1 

Let  t o = O .  For  given e E ( 0 , 1 )  suppose that f (~)  < g ( e ) .  Then either f - - - -g  or 
there exists a positive integer j ,  1 < j ~_ n, such that 

I f ( - -  r)lf(r) @ < I t(--  r)lg(r) ~('), r E [tj_ 1, tj) . 

Proof. W e  f i r s t  a s s u m e  t h a t  n----- 1. 
I f  m = 1, t h e n  f r o m  (3.2a) a n d  t h e  f ac t  t h a t  f(Q) < g(~), we  d e d u c e  t 1 _< 81. 

I f  t 1 = 8 1 ,  t h e n  c l ea r ly  f - - - - g .  I f  t l < s  1 , we  a p p l y L e m m a  l w i t h  a l = t l ,  a n d  
= 81. U s i n g  t h i s  l e m m a ,  we  o b t a i n  

I f ( - -  r)jf(r) ~(') < I t ( - -  r) lg(r) ~(') (7.1) 

w h e n  r E [ 0 ,  tl]. H e n c e  L e m m a  3 is t r u e  fo r  n =  1 a n d  m =  1. 
L e t  ]c be  a p o s i t i v e  i n t e g e r  a n d  s u p p o s e  t h a t  L e m m a  3 is t r u e  w h e n  e v e r  n = 1 

a n d  l ~ m  ~ ] c .  T h e n  i f  m = k ~ -  1 we  see f r o m  (3.2a) t h a t  t l ~ s  l _ ~ s  2 ~  1. 
L e t  r u, v), 0 < u < v < 1, be  as in  L e m m a  2. W e  also cons ide r  t h e  f u n c t i o n  

Fo d e f i n e d  b y  

T'  o ---- {(u, v) : t  1 < u < v < 1 a n d  ~(e,  u, v) = 9)(~, 81, 82) } . 
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Since dv/du < 0 (see (5.3)), the re  exist  x0, Y0, such t h a t  (xo, Yo) E F o and 

x o < u  < v  < y o  when (u,v)  E / ' o .  (7.2) 

We claim tha~ Yo = h Clearly e i ther  x o = t 1 or Yo = 1, since otherwise (7.2) 
would be contradic ted .  I f  x o = t: t h e n  since f(~) < g(9) we must  have Yo = 1. 
Hence  Yo = 1. 

We consider the  funct ion  

\ 1  + X 0 ~  ] r 81, 82) ' [Z[ < 1 �9 

Using L e m m a  2 wi th  a : = x 0 ,  ~ = 8 : ,  f l = s u ,  and  f l : =  1, we obta in  

Ih(-- r)th(r) ~(r) < Ig(-- r)lg(r)"(r), 0 < r < t:.  (7.3) 

Moreover  h has k zeros and  h(e)= g(e)- Hence  ei ther  h - - ~ f  or 

I f ( - -  r)[f(r) "(r) < Ih(-- r)lh(r) "(0, 0 _< r < t : .  

In  e i ther  case we conclude f rom (7.3) t h a t  L e m m a  3 is t rue  when  n = 1 and  
m --  k @ h Hence  by  induc t ion  L e m m a  3 is t rue  for  n = 1. 

L e t  q be a posi t ive in teger  and  suppose t h a t  

L e m m a  3 is t rue  for n < q .  (@) 

T h e n  i f  n = q @  1, we f i rs t  assume t h a t  m =  h In  this  e a s e i f  t : ~ s : ,  t h en  
f rom L e m m a  1 wi th  a 1 = t 1 and  a = Sl, we see t h a t  (7.1) is val id  for  0 _< r < t r 
I f  t: > s 1, t h e n  f rom L e m m a  1 wi th  ~ = t: and  al = s:, we see t h a t  (7.1) is val id  
for  t l < r  < t~ .  Hence  L e m m a  3 is t rue  for  m =  1 and  n~---q@4- h 

Le t  k be a posi t ive in teger  and  suppose in addi t ion to  (@) t h a t  

L e m m a  3 is t rue  for n = q @  1 and  m _ < k .  ( @ + )  

T h e n  i f  n = q @  1 and  r e = k @  1, we assume, as we may ,  t h a t  f an d  g have  
no common zeros. Indeed ,  i f  s, 0 < s < 1, is such t h a t  f ( - -  s) = g(--  s) = 0, t h en  

1 @ sz 1 @ sz 
f : ( z ) - -  z @ s  f(z) and  g : ( z ) - -  z @ s  g(z), ]z I < 1 have q and  k zeros 

respect ive ly  in {Izl < 1}. Using this  fact  and  (@) we obta in  t h a t  L e m m a  3 is 
t rue  for f: ,  g:, and  t he r eupon  for f ,  g. 

We proceed  under  the  above  assumptions .  We consider the  si tuat ion,  
(a) F o r  some posi t ive in teger  i (1 < i < n - -  1) there  exists a posi t ive integer '  p 
(1 < p _ < m - -  1) such t h a t  se ,%+: are in (t~,t~+:). 

I f  s i tuat ion (a) occurs, we define the  funct ion /'1 b y  

/ " l = { ( u , v ) : t , < u < v < t , + l  and  r 1 6 2  

Then  since dv/du < 0 we see there  exist  xl, y:, such t h a t  (% y:) E F: and  

x l < u < v < y l  when  (u,v)  E F 1 .  (7.4) 
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Clearly e i ther  xl = ti or  Yl -= ti+l, since otherwise (7.4) would be cont rad ic ted .  
I f  x l = t ~ ,  and  Y l < t ~ + i ,  we p u t  

(l + t'z 1 
A(z) = \ z + t, / / ( z ) ,  Izl < 1 ,  

(z + y~)g(z) 
gz(z) ---- (1 q- yaz)4(z, at, sp+x) ' Izl < 1 .  

Then  f2(e)--<g2(e) and  f2, gz, have  q and  k zeros respect ive ly  in {Izl < x}. 
Using these  facts  and  (q-) we f ind  t h a t  e i ther  f~ = g~ in which case n = m = 2 
or for  some posit ive in teger  j (1 < j  <_ n, j =/= i -}- 1) 

If2(-- r)lfu(r) ~ < [!lu(-- r){g2(r) ~('), tj_ 1 "~ r "<: tj . (7.5) 

I f  f~ = g~, t hen  f = ~(., tl, t2) and  g = ~(., sl, sz). Applying  L e m m a  2 wi th  
~1 = tx, or = 81, fl = au, and  /71 = tz, we ob ta in  t h a t  (7.1) is val id  for  0 < r < t 1. 
I f  (7.5) is t rue ,  we again app ly  L e m m a  2 wi th  al  = ti, c~ ~-- sp, fl = se+ 1 and  fll = Y~. 
Then  b y  this  l emma and  (7.5) we have  for ti_l <_ r < tj, 

r--t, ( r + t, l~ 
I f ( - -  r)[f(r) ~(r) = 1 - rti \ ~ - ~ /  i f2(--  r)IA(r) "(') < 

Ir  r, ti, y~)lq~(r, t,, yl)  o(r) 
< 1~(-- r, sp, Sp+l)I~(r, s~, sp+~) ~ " Ig(-- r)Ig(r) ~(~) < lg(-- r)Ig(r) ~ 

Hence  in e i ther  case L e m m a  3 is val id  for  Xl ---- ti. 
The  p r oo f  for  y~ ----- t~+l is similar. We omit  the  details.  We conclude t h a t  i f  

s i tua t ion (a) occurs, t h e n  L e m m a  3 is va l id  for  n = q q- I and  m = k q- 1. 
We now suppose t h a t  s i tua t ion  (a) does no t  occur. We f i rs t  assume t h a t  

m = k q- I < n ---- q q- 1. I n  this  case we claim there  exists a posi t ive in teger  i 
(1 < i < n )  such t h a t  

sj~[t,_~,t ,] when  1 < j < m .  (7.6) 

I f  m < n, t h e n  clearly (7.6) is t rue .  I f  m = n, t h en  (7.6) is t rue ,  since otherwise  
i t  follows t h a t  s i < tj, 1 ~ j < n, and  the reupon  f rom (3.2a) t h a t  g(~) < f(~).  

L e t  lo be the  m i n i m u m  of  the  set of  posi t ive in tegers  i for  which  (7.6) is t rue .  
We shall p rove  t h a t  (7.1) is val id for  tp_, < r < te. I f  29 = 1, t h e n  t / <  sj for  
1 < j ___< m. Using this  fac t  and  app ly ing  L e m m a  1 wi th  al  ---- tj and  ~ = si, 
l < j < m ,  we obta in  for 0 < r < t  1 

m l  

i f ( - -  r)lf(r) ~(') <-- ]-[ [0(-- r, ti)[O(r, tj) ~(') < 

1 (7.7) 7rt 

< ~ 10(-- r, 8j)10(r , sj) ~ -~ ]g(-- r)[g(r) ~ 
1 
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I f  ~ = m + 1, t h e n  s i < t i for  1 ~ j  _~ m. Using this  fact  and  apply ing  
L e m m a  1 wi th  c r  i and  c r  1 ~ j _ ~ m ,  we f i n d  t h a t  ( 7 . 7 ) h o l d s  for  
tm < r  _< tm+1. 

I f  1 < p  ~ m ,  t hen  f rom the  def in i t ion  of  io we see t h a t  s i < t i when  
1 ~ j ~_ p - -  1 and  tj < s 1 when  ~ ~_ j ~ m. We app ly  L e m m a  1 wi th  cr = s i, 

= t  i, when  1 ~ j ~ p - - 1 ,  and  wi th  a l = t i ,  ~ " - 8 i ,  when  p ~ j _ ~ m .  We 
obta in  t h a t  (7.7) is t rue  for  tp_l _~ r ~ t e. Hence ,  i f  s i tua t ion  (a) does no t  occur  
and  i f  m = k + l  ~ n ~ - - q ~ - l ,  t h e n  L e m m a  3 is t rue .  

~ ina l ly  suppose t h a t  s i tua t ion  (a) does no t  occur and  n ---- q + 1 <: m --~ k + 1. 
I n  this  case we assert  t h a t  t ,  ~ sin_ I ~ sm ~ 1. Indeed ,  otherwise  i t  follows t h a t  
s i ~ ti, 1 _~ j ~ n, and  t he r eupon  t h a t  g(q) < f(q). 

We let F~ be the  func t ion  de f ined  b y  

_r', = {(u, v } : t ,  < u < v < 1 and  r s~_~, s~) = r u, v)}.  

Since dv /du  < 0 we see there  exist  x2, Y2, such t h a t  (x2, Y2) E / " 2  and  

x s < u < v < y 2  when  (u ,v)  E / ~ .  (7.8) 

Clearly e i ther  x 2 = t~ or Y2 = 1, since otherwise  (7.8) would  be cont radic ted .  
I f  Y 2 =  1, we p u t  

z + x~ g(z) 
gs(z) - -  1 + x~z ~(z, s,~_~, 8m) ' Izl < 1 .  

Then  ga(~)----g(~) and  g3 has k zeros in {[z] ~ 1}. Using (-~--~)i t  follows t h a t  
e i ther  f ~  g3 or  for  some posi t ive in teger  j (1 _~j  ~ n) 

l f ( - -  r)If(r)  ~(~) < lg3(-- r)Iga(r) ~(0, ty, ~ _~ r < t i . 

Applying L e m m a  2 wi th  al  ---- x:, a = sin_l, fl -~ s~ and  fll = 1, we f ind  in e i ther  
case t h a t  L e m m a  3 is t rue  for y2 = 1. 

I f  x 2 ~ t ~  and  y ~ l ,  we let  

( ~ + y~] ~(~) 
ya(z) ~-- [1 + yez] r s~_~, s~) ' ]z] < I . 

Then  fa, ga, have  q and  k zeros respec t ive ly  in {tzl ~ 1 }  and  f a ( ~ ) ~ g a ( ~ ) .  
Using these facts and  (-t-) we see t h a t  e i ther  fa = ga or for  some posi t ive in teger  j ,  
~ < j < n - ~ ,  

[fa(-- r)l"(0fa(r) ~ < [ga(-- r)["(r)ga(r)~('), t~_l _~ r < t~. 

Applying L e m m a  2 wi th  ~1 = t., ~ = s~_~, fl ---- s . ,  and  fll ~- Y2, we f ind  in e i ther  
case t h a t  L e m m a  3 is val id  for  x: ----- t~. I-Ience i f  s i tua t ion  (a) does no t  occur,  t h e n  
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L e m m a  3 is t rue  for  n = q -]- 1 a n d  m = / c  -t- 1. Since we have  a l r eady  considered 
the  possibi l i ty  t h a t  s i tua t ion  (a) does occur, we conclude t h a t  L e m m a  3 holds for  

n - ~ q - t - 1  and  m = k + l .  
N o w  b y  induc t ion  on m we see t h a t  L e m m a  3 is va l id  for  n-----q-t-  I a n d  

m a pos i t ive  in teger .  Then  b y  induct ion  on n it  follows t h a t  L e m m a  3 is t rue  when-  
ever  n a n d  m are  pos i t ive  integers .  This  comple tes  the  p roof  of  L e m m a  3. 

To cont inue  the  p r o o f  of  T h e o r e m  1, let  E be as in w 3 and  suppose  t h a t  F E E 
sat isf ies  (3.1). Then  in w 6 we p r o v e d  t h a t  F has  p roper t i e s  (iii) - -  (viii) of  T h e o r e m  
1 for  r o < 1. We  now use L e m m a  3 to  show t h a t  F sat isf ies  (i) and  (ii). 

L e t  ~ be  a f ixed  n u m b e r  a n d  0 < ~ ~ 1. L e t  G be an  ana ly t i c  func t ion  in 

{lzl < 1} for which  G E E  and  

G(~) = sup M(T, f ) .  
f e n  

We see t h a t  G sat isf ies  (i i i)--(vii i)  of  T h e o r e m  1 for  r o < 1. App ly ing  L e m m a  3 
wi th  f = F ,  g = G, a n d  @ = 3, we ob ta in  t h a t  e i ther  F = G or for  some posi t ive  
in teger  j ,  

IF(--  r) l f(r)  ~ < IG(--  r) lG(r) "(e, tj_l < r < t~. (7.9) 

The  l a t t e r  s i tua t ion  canno t  occur.  Indeed ,  i f  (7.9) were  t rue ,  t h e n  f r o m  proper t i e s  
( iv)- - (v i i )  of  F a n d  the  fac t  t h a t  G E E,  we would have  for  some r E [0, ro] fl 

[tj--1, ~]), 
a 1+~(~) = I F ( - -  r)]F(r) ~(~) <~ ]G(-- r)IG(r) "(~) ~ a 1+~(~) . 

Hence ,  F ---~ G. F r o m  this  equa l i ty  we conclude t h a t  F satisfies (i). 
P r o p e r t y  (ii) of  F (unici ty)  is now a n  i m m e d i a t e  consequence of  (i) a n d  the  

I d e n t i t y  T h e o r e m  for  ana ly t i c  funct ions.  
Th is  comple tes  t h e  p r o o f  of  T h e o r e m  1 for  r 0 < 1. 

8. Proof of Theorem 1 for r o ~ 1  

We wish to  p r o v e  T h e o r e m  1 when  r o = 1. To  do so i t  will be  necessary  to  
indica te  the  dependence  of  F on r o when  0 < r o < 1. Therefore  we shall of ten  

wr i te  F(- , ro)  for  F .  
Le t  0 < r 0 < r o *  < 1. T h e n  since 

I F ( -  r, r*)[F(r, r*) ~ < a l+~ 

when  0 ~ r  ~ r  o, we see f rom T h e o r e m  l t h a t  F(r ,r~)  ~ F ( r ,  ro) for  0 ~ r ~  1. 
Hence ,  F(r, 1) ~ lim,o~l F(r, to) exis ts  for  each  r E (0, 1). Us ing  th is  fac t  a n d  a 
n o r m a l  f ami ly  a r g u m e n t ,  we see t h a t  2'(z, 1) ---- limro~l F(z,  to) exis ts  a n d  is ana ly t i c  
for  [z] < 1. ~r F(.,  1) sat isf ies  (1.3) and  (1.4) when  r o = 1. Also, F(- ,  1) 
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satisfies (i) of Theo rem 1 when  r 0 ~ 1. Indeed ,  if f satisfies (1.3) and  (1.4) for  
r 0 =  1, t he n  M ( r , f ) ~ F ( r ,  ro) when 0 < r <  1 and  0 < r  0 <  1. ~ e n c e  
M(r, f )  ~ F(r, 1). P r o p e r t y  (ii) of  E(. ,  1) is now an  immedia te  consequence of  (i) 
and  the  I d e n t i t y  Theorem for analyt ic  functions.  

To prove  (viii) we f i rs t  no te  f rom (2.2) tha$ 

F(z, 1) = exp ~ B*(z), Izl < 1. (8.1) 
z-i- 

Here  0 ~ a <  o~ and  e i ther  / 3 " =  1 or 23* is a Blaschke product .  I f  c r  
fhen  f rom (8.1) we see t h a t  limr+ 1 IF(- -  r, 1)IF(r, 1) @ = 0 .  Using this fact ,  we 
f i nd  t h a t  

IF(-- r, 1)IF(r, 1)+) 
sup - -  1 

O < r < l  C$1+q( r )  - -  ~" 

since otherwise for small ~ ~ 0 the  funct ion  f(z) ~-- F((z ~ e)/(I -~ ez), 1), Izl ~ 1 , 
would sa t i s fy  (1.3) and  (1.4) for  r 0 ~-- 1, and  F(r, 1) ~ f(r), 0 < r < 1, (see 3.3)). 

I t  also follows as in w 3 t h a t  there  are a t  most  a f in i te  n u m b e r  ( ~  0) of  points  
r in [0, 1) where  IF(- -  r, 1)IF(r, 1) "(0 --~ a l+~ Using the  a rgumen t  of  Heins  
as in w 4 we now obta in  t h a t  F is a f in i te  Blaschke product .  Since ~ ~ 0, we have  
reached  a contradic t ion.  Hence  ~ ~ 0. 

To complete  the  p roof  of  (vii) for  r o ~ 1, we observe f rom (8.1) t h a t  F( . ,  1) has 
an  inf ini te  n u m b e r  of  zeros, since otherwise  we would have  lim~+ 1 IF(--  r)[F(r) ~(~) 

1, in cont rad ic t ion  to  (1.3). Hence,  F( . ,  1) has p r o p e r t y  (viii). 
The  proofs o f  (iii), (iv), and  (vii) are exac t ly  the  same as in the  ease r 0 ~ 1. 

We omit  the  details. Here  (v) and  (vi) are t r iv ia l ly  t rue.  
This completes the  p roof  of  Theorem 1. 

9. Remark 

We r e ma rk  t h a t  Heins  [3, w167 4 - -6 ]  gave two me thods  for de te rmining  F when  
r o ~ 1 and  a(r) = 0, 0 < r ~ 1. Here  we consider the  problem of  de termining  
F when  a(r), 0 < r < l ,  is cons tan t  on [0,1].  In  this  case we p u t  a(r)-~a,  
0 < r < l .  

F i rs t  suppose t ha t  r 0 < 1. Le t  (--t~)~, where 0 ~ t  i < t~+l ,  denote  the  
zeros of  F and  pu t  t 0 = 0 .  We assert  t h a t  

(*) I f  f E E  and  f satisfies (iii)--(viii) of  Theorem 1 for r 0 < 1, t h en  f_----E. 
This  assert ion is ver i f ied  b y  using L e m m a  3 as in the  proof  of  (7.9). We also assert  

that. 
(**) I f  1 < i  < n ,  t hen  log { }F(-- r) ]F(r) ~} is a concave funct ion  of  l o g r  on 

(t,_l, t,). 
This  assert ion is ver i f ied  by  arguing as in the  proof  of (6.2). 



190 J-O]XN L. LEW:tS 

Hence (**) is t rue.  
Using (**) and  (iv)-- (vii) of  Theorem 1 we deduce t h a t  

I f  1 < i < n and t~ 6 [0, r0], then  IF(--  r ) l F ( r )  ~ = 6b 1+• ("~) 

for exact ly  one point  in [t~_l, t~]. 

I f  t, 6 (r 0, 1), then  t ._,  6 [0, r0) and  either IF( - r ) l F ( r )  ~ = a x+~ ( + + )  

for exact ly  one point  r 6 [ t ,_ l ,  t ,] or [ F ( - -  re)IF(re) ~ ----- a 1+~. 
We observe from (vii) t ha t  r = 0 is the unique point  in [0, tl] for which ( + )  

is true.  F r o m  ( + )  and  ( + + )  we see t h a t  F is the solution of the equations 
(A) F(0)  = a, 
(B) I f  n > 2 ,  if  1 < i  < n - -  1, and  if  t~+16(0, t0], then  for some r6[t~, t~+l]  

we have IF(--  r ) i F ( r )  ~ = a 1+~ and  d / d r ] F ( - -  r ) ]F(r )  ~ = O. 
(C) I f  n>__2 and  if  t ~ 6 ( r  0,1), t hen  either [F ( - - r ) lF ( r )  ~ = a  1+~ and  

d /dr  I F ( - -  r ) IF ( r )  ~ = 0 for some r sat isfying t,_ 1 < r < r o, or IF(--r0)IF(re) ~ = 
a ~ and  for some r 6 (r0, t,), I F ( - -  r ) I F ( r )  ~ : a 1+~. 

From (A), (B), (C), ( + )  and  ( + + )  we see t h a t  F is the  solution of  2n --  1 
equations in 2 n -  1 unknowns.  

Conversely, suppose f is a f ini te  Blaschke product  wi th  simple negat ive zeros 
(--  tl) ? and  t h a t  f is a solution of  (A), (B), and  (C) wi th  f = F .  Then f rom (**) 
wi th  f - - - - F  we see t h a t  f 6 E and  f satisfies (iii)--(viii) of Theorem 1. Hence 
by  (*), f = F .  We conclude t h a t  i f  we can f ind  a solution f of  (A), (B), and  (C), 
t hen  we have found F .  

In  practice an  explicit de te rmina t ion  of  F m a y  be quite difficult  even in ve ry  
simple cases. Consider for example the  associated problem of determining for f ixed 
r a, and  k the largest possible value of r 0 for which F(. ,  a, r r0) has k zeros. 
I f  k = 1, then  from (A) we see t h a t  F(z) = (z + a)/(1 + az) .  Moreover, r 0 = r0((r, 1) 
is the unique point  in (0, 1) for which 

( ro - -  a ~ (  ro + a l "  

I f  a ----- 0, we see t h a t  r0(0, 1) = 2a/(1 -}- uP). Also, i f  a is replaced by  --  l and  1 
in the  above equation,  and  if  the  result ing equat ions are soIved, then  we obta in  

~v/2a2/(1 ~- a 4) < r0(a, 1) < 1.  

Of course an  explicit de terminat ion  of re(a, 1) for --  1 < a < 1 is difficult .  
If k = 2 ,  then  

F(z) = ( z -~ t 1~(. + t. ~ O < t  i<t.<x 

% 

\ 1  + t~z ] \ l  + t2z ] '  

can be found b y  solving the equations 
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t 1 �9 t 2 = a (9.1) 

d 
- -  _F(--  r ) F ( r )  ~ = a 1+~, d r  2 ' ( - -  r ) F ( r )  ~ -~ O ,  (9.2) 

for  some r 6 (t 1, t2), ro(a, 2), 0 < r o < 1, is t h e n  fo u n d  b y  solving the  equat ion,  
2 , ( - -  ro)2,(ro) ~ -~ a l+~. F o r  a ---- 0 this solution is given b y  

+ ~/-~2 a 

2,(z) - -  

H e r e  # = 2a/(1 + a2). Moreover ,  ro(0, 2) - -  2 W/~/(1 + #). 
Again an  explici t  de te rmina t ion  of  2, and  ro(a ,2 )  is diff icult  when  

- -  1 < : a <  1. Howeve r  i t  can be shown t h a t  

]/2 v  *l(1 + < r0( , 2) < 1. 
I-Iere /** : 2a~/1 + a a. 

Final ly  we r emark  t h a t  Heins  [3, (4.9)] de t e rmined  2, and  r o expl ici t ly  when 
a = 0  and  k - ~ 2  ". Here  n is a posi t ive integer.  

Suppose now t h a t  a and  a are given and  r o ---- 1. Le t  ( - -  t~)~, 0 < ti < t~+~ < 1, 
deno te  the  zeros of  2,(-, a, a, 1). Then  as in the  case r o < 1, we see t h a t  2,(0) = a 
and  for  some r 6 [tt, t~+1], 

d 
[2,(-- r)]2,(r) ~ = a l+~ - -  2 , ( - -  r ) F ( r ) "  ---- 0 .  (9.3) ' dr  

Conversely,  let  f be an  inf ini te  Blaschke p roduc t  wi th  simple negat ive  zeros 
( - -  s~)T, 0 < s~ < s~+l < 1. We replace 2' b y  f in (9.3). I f  f(0) = a and  (9.3) 
is t rue  for some r E [s t, st+l], I __< i < oo, t h en  f rom (**) we see t h a t  f satisfies 
(1.3) and  (1.4). We assert  t h a t  f - - - -2 , .  Indeed ,  i f  f #  2,, t h en  for  some Q, 
0 < ~ < 1, we would have  f(Q) < 2,(~). Le t  n and  /r be posi t ive integers  and  
suppose t h a t  n > k. P u t  

( z + t , ~  

1 

Since 2,n(z) --> 2,(z) and  fk(z) - ->f(z ) ,  

~ ( z + s t  I 
and  fk (z )  ---- U \ 1  + stz ] " 

]z] < l ,  we see for  k suff ic ient ly  large t h a t  
fk(~) < 2,,(~) wheneve r  n > k. Applying  L e m m a  3 we obta in  for some posi t ive 
in teger  j t h a t  

Ifk(-- r)]f~(r)  ~ <_ IF , ( - -  r ) IF,(r)  ~, sj_ 1 _< r < s i . 

H e r e  i f  j =  1, t hen  s o - - 0 .  
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Le t t i ng  n - +  oo t h rough  a p rope r ly  chosen sequence  we ob ta in  for some pos i t ive  

in teger  i t h a t  

[A(--  r) lA(r) ~ < IF( - r) lF(r)L 8i_: ~ r < s l .  

H o w e v e r  for some r 6 [8i__1,  8i) we have  

a:+~ = If(-- r ) l f ( rF < I A ( -  r) lA(rF < I F ( -  r ) [F(rF < a :+~ �9 

We have  reached  a contradic t ion.  Hence  F = f .  
We  conclude t h a t  F is un ique ly  de t e rmined  b y  the  equa t ions  (9.3) and  the  

condi t ion t h a t  F(0)  = a. 

lO. Proof of Theorem 2 

Le t  o, r 0, a n d  / 'n be  as in the  s t a t e m e n t  of  T h e o r e m  2. We recall  t h a t  / '= is 
the  set  o f  all ana ly t i c  func t ions  bn in {Izl < 1} which  can be represen ted  in the  

fo rm (1.8). 
L e t  

At(n) = inf  sup re(r, b , )M(r,  b,) ~ and  p u t  a :+" = # ( n ) .  
bnEl'rt 0 < r <-- ro 

We replace n b y  k in (1.8). Then  the  cla~s of  func t ions  which  can be wr i t t en  in t he  
fo rm (1.8) where  0 < k < n is compac t .  Hence  b y  a n o r m a l  f ami ly  a r g u m e n t  the re  
exists  a m e m b e r  G of  this  class wi th  k zeros (0 < k < n) for  which 

sup re(r, G)M(r,  G) ~ = At(n) = a :+" . 
O < r < _ r  o 

N o w  k = n, since otherwise  f (z)  = z~-~G(z) is in _F and  

sup m ( r , f ) M ( r ,  f)~ < At(n) . 
O < : r ~ < r  o 

L e t  G* be the  funct ion  associa ted  wi th  G as in (2.2). Then  f rom (2.3) and  (2.5) 

we see t h a t  G ' E / ' =  a n d  

sup ]G*(--  r)lG*(r) ~ = a :+~ = At(n). (10.1) 
O < r < r  o 

We claim t h a t  G* satisfies tiii) - -  (viii) of  T h e o r e m  1. We  f i rs t  show t h a t  G* satisfies 
(vii). 

I f  G*(0) < a, let  
< a : <  1 and  p u t  

H e r e  

= m i n { r  > 0 : G * ( ,  r) = 0}. 

O(z, ~l)G*(z) 
g(z) - -  O(z,cr , [z[ < 1 .  

0 is as in L e m m a  1. F r o m  L e m m a  1 we see t h a t  

m a x  [g(-- r)[g(r)" < 

L e t  ~1 be such t h a t  

c6-----r< ro 
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Also f rom (**) of  w 9 we deduce lg(-- r)tg(r) ~ <_ g(0) 1+~ when  0 ~ r ~ a.  Since 
G*(0) ~ a, i t  follows for  a 1 nea r  ~ t h a t  

m a x  t g ( -  r) lg(r)  ~ < a 1+~ . 
O ~ r ~ _ r  o 

Since g E / ' n  we have  reached  a contradic t ion .  Hence ,  G*(0) = a. 
Also, G* has  no zeros in ( - -  1, - -  to]. Otherwise  using L e m m a  1, we could 

ob ta in  a contradic t ion .  Hence ,  (v) a n d  (vi) are t r iv ia l ly  t rue .  Moreover ,  L e m m a  1 
and  (**) of  w 9 imp ly  t h a t  

[ r  So)IG*(ro) ~ = a I+~ �9 ( lO .2 )  

Final ly ,  we show t h a t  G* has  p r o p e r t y  (iv). L e t  - -  a,  - -  fl, 0 ~ c~ ~ fl ~ 1, 
be  two  zeros of  G*. Choose ~l, fil, 0, such t h a t  0 ~  0 ~  1 and  0 ~ a  l ~ a _ ~  
t~ < fli  < 1. F u r  

r  0r 81) 
h(z )  - -  r  ~ ,  t~) G * ( z ) ,  lzl  < 1 .  

H e r e  r a n d  a are as i n L e m m a  2. F r o m L e m m a  2 w e  see t h a t  

]h(--  r)Ih(r)" < [G*(-- r)lG*(r) ~ 

when  r e [ 0 ,  a l ] U [ f l l ,  1) and  G * ( - - r )  % 0 .  Then  if  

m a x  [G*(-- r)lG*(r) ~ < a 1+~ , 

i t  follows for  ~1, ill, nea r  ~, fi, t h a t  

m a x  l h ( - -  r ) Ih (r )  ~ < a ~§ . 
O ~ r < _ r  o 

Since h C F, ,  we have  a contradic t ion .  Hence ,  G* has  p r o p e r t y  (iv) of  T h e o r e m  1. 
t ) rope r ty  (iii) of  G* is an  obvious  consequence of  p roper t i e s  (iv) and  (vii). We 

conclude t h a t  G* satisfies (i i i)--(vii)  of  T h e o r e m  1. 
Le t  F ---- F( . ,  a, ~, r0) be as in T h e o r e m  1. T h e n  f r o m  the  discussion in w 9 we 

see t h a t  F - - ~ G * .  I t  r ema ins  to  show t h a t  for  some 0, 0 _ ~ 0 ~ 2 ~ ,  we have  
G* = e~~ To p rove  this  we let  a ( r ) - ~  1 in (2.5). We ob t a in  t h a t  

[G*(-- r)lG*(r ) ~ m(r, G)M(r, G), 0 ~ r < 1 . (10.3) 

T h e n i f  G r e~~ * for  some 0, 0 ~ 0 ~ 2z~, we see f r o m  (2.3) t h a t  M(r,  G) ~ G*(r) 
for  0 ~ r ~ 1. Using this  inequal i ty ,  (10.2), a n d  (10.3), we ob t a in  

a ~+" --~ [G*(-- ro)[G*(ro) ~ ~- 

[G*(-- ro)]G*(ro) �9 G*(ro) ~-1 ~ m(ro, G)M(ro, G) �9 M(r  o, G) "-1 ~_ a t+~ . 

We have  reached  a co~ltradiction. Hence ,  for some real  0 we have  G ~ e~~ 
This  concludes the  p roof  of  Theo rem  2. 
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