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Given a symmetric social network, we are interested in testing whether
it has only one community or multiple communities. The desired tests should
(a) accommodate severe degree heterogeneity, (b) accommodate mixed mem-
berships, (c) have a tractable null distribution and (d) adapt automatically to
different levels of sparsity, and achieve the optimal phase diagram. How to
find such a test is a challenging problem.

We propose the Signed Polygon as a class of new tests. Fixing m > 3,
for each m-gon in the network, define a score using the centered adjacency
matrix. The sum of such scores is then the mth order Signed Polygon statistic.
The Signed Triangle (SgnT) and the Signed Quadrilateral (SgnQ) are special
examples of the Signed Polygon.

We show that both the SgnT and SgnQ tests satisfy (a)—(d), and especially,
they work well for both very sparse and less sparse networks. Our proposed
tests compare favorably with existing tests. For example, the EZ and GC tests
behave unsatisfactorily in the less sparse case and do not achieve the optimal
phase diagram. Also, many existing tests do not allow for severe heterogene-
ity or mixed memberships, and they behave unsatisfactorily in our settings.

The analysis of the SgnT and SgnQ tests is delicate and extremely te-
dious, and the main reason is that we need a unified proof that covers a wide
range of sparsity levels and a wide range of degree heterogeneity. For lower
bound theory, we use a phase transition framework, which includes the stan-
dard minimax argument, but is more informative. The proof uses classical
theorems on matrix scaling.

1. Introduction. Given a symmetrical social network, we are interested in the global
testing problem where we use the adjacency matrix of the network to test whether it has only
one community or multiple communities. A good understanding of the problem is useful for
discovering nonobvious social groups and patterns [5, 14], measuring diversity of individual
nodes [15], determining stopping time in a recursive community detection scheme [33, 44].
It may also help understand other related problems such as membership estimation [43] and
estimation of the number of communities [40, 42].

Natural networks have several characteristics that are ubiquitously found:

e Severe degree heterogeneity. The distribution of the node degrees usually has a power-law
tail, implying severe degree heterogeneity.

e Mixed memberships. Communities are tightly woven clusters of nodes where we have more
edges within than between [17, 39]. Communities are rarely nonoverlapping, and some
nodes may belong to more than one community (and thus have mixed memberships).

e Sparsity. Many networks are sparse. The sparsity levels may range significantly from one
network to another, and may also range significantly from one node to another (due to
severe degree heterogeneity).
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Phase transition is a well-known optimality framework [13, 22, 34, 38]. It is related to the
minimax framework but can be more informative in many cases. Conceptually, for the global
testing problem, in the two-dimensional phase space with the two axes calibrating the “spar-
sity” and “signal strength,” respectively, there is a “Region of Possibility” and a “Region of
Impossibility.” In the “Region of Possibility,” any alternative is separable from the null. In
the “Region of Impossibility,” any alternative is inseparable from the null.

If a test is able to automatically adapt to different levels of sparsity and separate any given
alternative in the “Region of Possibility” from the null, then we call it “optimally adaptive.”

We are interested in finding tests that satisfy the following requirements:

(R1) Applicable to networks with severe degree heterogeneity.

(R2) Applicable to networks with mixed memberships.

(R3) The asymptotic null distribution is easy to track, so the rejection regions are easy to set.

(R4) Optimally adaptive: We desire a single test that is able to adapt to different levels of
sparsity and is optimally adaptive.

1.1. The DCMM model. We adopt the Degree Corrected Mixed Membership (DCMM)
model [24, 43]. Denote the adjacency matrix by A, where
1, ifnode i and node j have an edge,
(1.1) Ajj = , J g

0, otherwise.

Conventionally, self-edges are not allowed so all the diagonal entries of A are 0. In DCMM,
we assume there are K perceivable communities Cy, Cs, ..., Ck, and each node is associated
with a mixed-membership weight vector 7; = (r; (1), 7;(2), ..., 7 (K))" where for 1 <k <
Kand1<i<n,

(1.2) 7; (k) = the weight node i puts on community k.

Moreover, for a K x K symmetric nonnegative matrix P, which models the community
structure, and positive parameters 01, 0,, ..., 8,, which model the degree heterogeneity, we
assume the upper triangular entries of A are independent Bernoulli variables satisfying

(1.3) P(Aij=1)=9i0j-JTI!PJTJ'EQZ‘J', 1<i<j<n,

where 2 denotes the matrix @TTPIT'®, with © being the n x n diagonal matrix diag(dy, ...,
6,) and IT being the n x K matrix [71, 2, ..., m,] . For identifiability (see [24] for more
discussion), we assume

(1.4) all diagonal entries of P are 1.

When K =1, (1.4) implies P =1, and so €;; =6;0;,1 <i, j <n.
Write for short diag(2) = diag(211, 222, ..., Qu,), and let W be the matrix where for
1<i,j<n,W;j=A;; —Q;jifi # jand W;; =0 otherwise. In matrix form, we have

(1.5) A=Q —diag(Q) + W, where Q=0OIPIT'O.

DCMM includes three models as special cases, each of which is well known and has been
studied extensively recently.

e Degree Corrected Block Model (DCBM) [29]. If we do not allow mixed memberships (i.e.,
each weight vector 7; is degenerate with one entry being nonzero), then DCMM reduces
to the DCBM.

o Mixed-Membership Stochastic Block Model (MMSBM) [1]. DCBM further reduces to
MMSBM if 0; = --- = 0,(= ,/a,). In this special case, Q2 = o, [1PIT’, and for identi-
fiability, (1.4) is too strong, so we relax it to that the average of the diagonals of P is 1.
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e Stochastic Block Model (SBM) [20]. MMSBM further reduces to the classical SBM if
additionally we do not allow mixed memberships.

Under DCMM, the global testing problem is the problem of testing
(1.6) H":K=1 vs. H":K>2.

The seeming simplicity of the two hypotheses is deceiving, as both of them are highly com-
posite, consisting of many different parameter configurations.

1.2. Phase transition: A preview of our main results. Let Ay, A2, ..., Ak be the first K
eigenvalues of Q, arranged in the descending order in magnitude. We can view (a) 4/A both
as the sparsity level and the noise level [23] (i.e., spectral norm of the noise matrix W), (b) |A2|
as the signal strength, so that |A;|/+/A] is the Signal-to-Noise Ratio (SNR) and (c) |A2|/A;
as a measure of dissimilarity between different communities (Example 1 below illustrates
why it measures “dissimilarity”). We note that [12, 19] also pointed out that |Ay|/+/A] is a
reasonable metric of SNR.

Now, in the two-dimensional phase space where the x-axis is «/A1, which measures the
sparsity level, and the y-axis is |[A2|/A1, which measures the community dissimilarity, we
have two regions.

e Region of Possibility (1 < /A1 K /1, |A2|/+/*1 = 00). For any alternative hypothesis in
this region, it is possible to distinguish it from any null hypothesis, by the Signed Polygon
tests to be introduced.

e Region of Impossibility (1 <K /A1 < /1, |A2|/+/*1 — 0). In this region, any alternative
hypothesis is inseparable from the null hypothesis, provided with some mild conditions.

See Figure 1 (left panel). Also, see Sections 2 and 3 for our main theorems on Possibility
and Impossibility, respectively. Note that the figure is only for illustration purposes, where
the cases of |Ay| = coa/A; for some constant ¢y > 0 are compressed in the separating the
boundary of two regions (red curve). The Signed Polygon test satisfies all requirements (R1)-
(R4) above. Since the test is able to separate all alternatives (ranging from very sparse to less
sparse) in the Region of Possibility from the null, it is optimally adaptive.

REMARK 1. A stronger version of the phase transition is that for a constant ¢y > 0,
the Region of Possibility and Region of Impossibility are given by |A2|/+/A1 > ¢ and
|A2]/+/A1 < co, respectively. For the broad setting, we consider, this is an open problem,
though for some special cases, there are some interesting works (e.g., [19]); see Remark 11.

It is instructive to consider a special DCMM model, which is a generalization of the sym-
metric SBM [37] to the case with degree heterogeneity.

EXAMPLE 1 (A special DCMM). Letey,...,ex be the standard basis of RK. Fixing a
positive vector # € R" and a scalar b, € (0, 1), we assume

(1.7) P=0-by)lg —I—banl’K, 7; are i.i.d. sampled from ey, ..., exg.

In this model, (1 — b,) measures the “dissimilarity” between different communities (it quan-
tifies how well we can tell whether two nodes i and j are from the same community or
not; note that b, = 1 corresponds to the null case where all communities are indistinguish-
able) and ||#]| measures the sparsity level. In this model, A1 ~ (1 + (K — Db,)|16]|* and
M~ (1=by)0]1%, 2 < k < K. The sparsity level is v/A| = ||0]|, the community dissimilarity
is characterized by A/A1 =< (1 — b,), and the SNR is |A2|/+/A1 < [|10]|(1 — b,,). The Region
of Possibility and Region of Impossibility are given by {1 < [|0] < /7, [|0]/(1 — by,) — oo}
and {1 < ||0]| < +/n, ||0]I(1 — b,) — 0}, respectively. See Figure 1 (right panel).
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Possibility

Possibility (1 —b,)]10]] = o0

\/\21/\//\71H S —

Impossibility
[Ael/V/A1 — 0

Impossibility
(1 = brr)HaH =

VA lell

FI1G. 1. Left: Phase transition. In the Region of Impossibility, any alternative hypothesis is indistinguishable
from a null hypothesis, provided that some mild conditions hold. In the Region of Possibility, the Signed Polygon
test is able to separate any alternative hypothesis from a null hypothesis asymptotically. Right: Phase transition
for the special DCMM model in Example 1, where /A1 < |10, |A2]/A1 < (1 —by) and |Ay|//A1 =< (1 —bp)|0].

REMARK 2. As the phase transition is hinged on A, /+/X1, one may think that the statistic

A2 / Al is optimally adaptive, where Ay is the kth largest (in magnitude) eigenvalue of A. This

is however not true, because the consistency of Ao for estimating A, cannot be guaranteed in
our range of interest, unless with strong conditions on Gy« [23].

1.3. Literature review, the signed polygon and our contribution. Recently, the global
testing problem has attracted much attention and many interesting approaches have been pro-
posed. To name a few, Mossel et al. [37] and Banerjee and Ma [3] (see also [4]) considered a
special case of the testing problem, where they assume a simple null of Erd6s—Renyi random
graph model and a special alternative which is an SBM with two equal-sized communities.
They provided the asymptotic distribution of the log-likelihood ratio within the contiguous
regime. Since the likelihood ratio test statistic is NP-hard to compute, [3] introduced an ap-
proximation by linear spectral statistics. Lei [32] also considered the SBM model and studied
the problem of testing whether K = Ky or K > Ky, where K is a prespecified integer. His
approach is based on the Tracy—Widom law of extreme eigenvalues and requires delicate ran-
dom matrix theory. Unfortunately, these works have been focused on the SBM (which allows
neither severe degree heterogeneity nor mixed membership). Therefore, despite the elegant
theory in these works, it remains unclear how to extend their ideas to our settings.

Along a different line, graphlet counts (GC) have been frequently used for hypothesis
testing in nonparametric and parametric network models. This includes the EZ test [16] and
GC test [25]. Other interesting works include [6, 7, 36]. In particular, [25] suggested a general
recipe for constructing test statistics and showed that both GC and EZ tests have competitive
power in a broad setting. Unfortunately, it turns out that in the less sparse case, the variance
of the GC test statistic is much larger than expected, which largely hurts the power of the test.
The underlying reason is that GC tests use noncentered cycle counts. If, however, we use
centered cycle counts, we can largely reduce the variances and have a more powerful test.
A similar phenomenon was discovered by Bubeck et al. [10] for the SBM setting.

This motivates a class of new tests, which we call Signed Polygon, including the Signed
Triangle (SgnT) and the Signed Quadrilateral (SgnQ). The Signed Polygon statistics are re-
lated to the Signed Cycle statistics, first introduced by Bubeck et al. [10] and later generalized
by Banerjee [2]. Both the Signed Polygon and Signed Cycle recognize that using centered-
cycle counts may help reduce the variance, but there are some major differences. The study
of the Signed Cycles has been focused on the SBM and similar models, where under the null,
P(A;jj=1)=a,1<i# j <n,and « is the only unknown parameter. In this case, a natural
approach to centering the adjacency matrix A is to first estimate « using the whole matrix
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A (say, @), and then subtract all off-diagonal entries of A by &. However, under the null of
our setting, P(A;; = 1) =6;0;, 1 <i # j <n, and there are n different unknown parameters
01,03, ..., 0,. In this case, how to center the matrix A is not only unclear but also worrisome,
especially when the network is very sparse, because we have to use limited data to estimate a
large number of unknown parameters. Also, for any approaches we may have, the analysis is
seen to be much harder than that of the previous case. Note that the ways how two statistics
are defined over the centered adjacency matrix are also different; see Section 1.4 and [2, 10].

In the Signed Polygon, we use a new approach to estimate 61, 63, .. ., 6, under the null, and
use the estimates to center the matrix A. To our surprise, data limitation (though a challenge)
does not ruin the idea: even for very sparse networks, the estimation errors of 61, 6s, ..., 6,
only have a negligible effect. The main contributions of the paper are as follows:

e Discover the phase transition for global testing in the broad DCMM setting by identifying
the Regions of Impossibility and Possibility.

e Propose the Signed Polygon as a class of new tests that are appropriate for networks with
severe degree heterogeneity and mixed memberships.

e Prove that the Signed Triangle and Signed Quadrilateral tests satisfy all the requirements
(R1)-(R4), and especially that they are optimally adaptive and perform well for all net-
works in the Region of Possibility, ranging from very sparse ones to the least sparse ones.

To show the success of the Signed Polygon test for the whole Region of Possibility is very
subtle and extremely tedious. The main reason is that we hope to cover the whole spectrum of
degree heterogeneity and sparsity levels. Crude bounds may work in one case but not another,
and many seemingly negligible terms turn out to be nonnegligible (see Sections 1.4 and 4).
The lower bound argument is also very subtle. Compared to work on SBM where there is only
one unknown parameter under the null, our null has n unknown parameters. The difference
provides a lot of freedom in constructing inseparable hypothesis pairs, and so the Region of
Impossibility in our setting is much wider than that for SBM. Our construction of inseparable
hypothesis pairs uses theorems on nonnegative matrix scaling, a mathematical area pioneered
by Sinkhorn [41] and Olkin [35] among others (e.g., [9, 28]).

1.4. The signed polygon statistic. Recall that A is the adjacency matrix of the network.
Introduce a vector 1 by (1, denotes the vector of 1’s)

(1.8) A=(1/vV)A1l,, whereV =1, A1,.
Fixing m > 3, the order-m Signed Polygon statistic is defined by (notation: (dist) is short for
“distinct,” which means any two of i1, ..., i, are unequal)
1.9 UM= > (Aiiy— 0 Hi) (Aigiy — Digiy) - (Aiiy — Aiy i)

01,2, s i (dist)
When m = 3, we call it the Signed-Triangle (SgnT) statistic:
(1.10) To= ) (Aii, = i) (Aigiy = iy i) (Aigiy — i iy )-

i1,i2,i3(dist)
When m = 4, we call it the Signed-Quadrilateral (SgnQ) statistic:
(L1D)  Qu= Y (Aii, — iy 0iy) (Aigis — Nin i) (Aisiy — Ni i) (Aigiy — Digfiy)-
i1,i2,i3,i4(dist)

For analysis, we focus on 7;, and Q,, but our main results are extendable to general m.
The key to understanding and analyzing the Signed Polygon is the Ideal Signed Polygon.
Introduce a nonstochastic counterpart of 7 by

(1.12) n* = (1//v0)21,, where vg=1,Q1,.
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Define the order-m Ideal Signed Polygon statistic by
(1.13) M= 3 (Ani = i) (Ani = nfynl) - (Aiiy — 5, )

i1,02,...,0m (dist)

We expect to see that 1 ~ E[5] ~ n*. We can view l7,$m) as the oracle version of U (m) , with

n* given. We can also view U,E’") as the plug-in version of U,g ™) , where we replace n* by 7.
For implementation, it is desirable to rewrite 7,, and Q,, in matrix forms, which allows us
to avoid using an for-loop and compute much faster (say, in MATLAB or R). For any two
matrices M, N € R™", let tr(M) be the trace of M, diag(M) = diag(M11, M2, ..., Mp,),
and M o N be the Hadamard productof M and N (i.e., Mo N e R*", (M oN);; = M,,N,j)
Denote A = A — /#'. The following theorem is proved in the Supplementary Material [26].

THEOREM 1.1. We have T, = tr(A3) —3tr(A o A?) +2tr(A o Ao A) and Q,, = tr(A*) —
4tr(A o A%) +8tr(Ao Ao A2) —6tr(AoAoAoA) —2tr(A% o0 A%) 42 - 1/, [diag(A)(A o
A) d1ag(A)]1 +1 [A oAoAcAll,. The complexity of computing both T,, and Qn is O(n*d),
where d is the average degree of the network.

Compared to the EZ and GC tests [16, 25], the computational complexity of SgnT and
SgnQ is of the same order.

REMARK 3. The computational complexity of U," () remalns as O (n’d) for 1arger m.

Similarly as that in Theorem 1.1, the main complexity of U ) comes from computing Am,
Since we can compute A™ with A™ = A"~ A and recursive matrix multiplications, each
time with a complexity of O (n3d), the overall complexity is 0 (n2d).

REMARK 4 (Connection to the Signed Cycle). In the more idealized SBM or MMSBM
model, we do not have degree heterogeneity, and 2 = «, 1,1/, under the null, where «,, is
the only unknown parameter. In this simple setting, it makes sense to estimate «, by &, =
d/(n — 1), where d is the average degree. This gives rise to the Signed Cycle statistics [2,
101: C = 5 i aisny(Airis — @) (Aiyiy — @) .. (Aiiy — Gn). Bubeck et al. [10] first
proposed C,?) for a global testing problem in a model similar to MMSBM. Although their
test statistic is also called the Signed Triangle, it is different from our SgnT statistic (1.10),
because their tests are only applicable to models without degree heterogeneity. The analysis
of the Signed Polygon is also much more delicate than that of the Signed Cycle, as the error
(&, — o) is much smaller than the errors in (n — n™).

It remains to understand (A) how the Signed Polygon manages to reduce variance, and (B)
what are the analytical challenges.

Consider Question (A). We illustrate it with the Ideal Signed Polygon (1.13) and the null
case. In this case, 2 = 06'. It is seen n* =0, A;; — n;“n’; =Ajj —Qij =W, fori#j
(see (1.5) for definition of W), and so 17,5’”) = i1 igsoim(dist) Wiria Wiis - - - Wi, i, . Here, each
term is an m-product of independent centered Bernoulli variables, and W;,;, Wi2i3 Wi
and W/ rW i - Wl/ i are correlated only when {iy, i3, ..., i} and {il, i2, ..., 1, } are the
vertices of the same polygon. Such a construction is known to be efficient in variance reduc-
tion (e.g., [10]).

In comparison, for an order-m GC statistic [25], N™ = Diviinim (dist) Aiviz Aigis -+ - Aiiy
is the main term. Since here the Bernoulli variables are not centered, we can split Nn(m) into
two uncorrelated terms: N, ) — (m) + (Ny ) l7,(,m)). Compared to the Signed Polygon,
the additional variance comes from the second term, which is undesirably large in the less
sparse case [30].
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REMARK 5. The above also explains why the order-2 Signed Polygon does not work

well. In fact, when m =2, U, = Yivi W,
variance due to the square of the W-terms.

; 12 under the null, which has an unsatisfactory

Consider Question (B). We discuss with the SgnQ statistic. Recall that n* is a nonstochastic
proxy of 7. For any 1 <i,j <n and i # j, we decompose nl’."n}‘ — 0;1j = 8;j +rij, where
8;j is the main term, which is a linear function of #; and 7;, and r;; is the remainder term.
Introduce

(1.14) Q=Q—n*(n*).

We have A;; — n;inj = ﬁij + W;; + &;j + rij. After inserting this into Q,, each 4-product
is now the product of 4 bracketed terms, where each bracketed term is the sum of 4 terms.
Expanding the brackets and reorganizing, Q, splits into 4 x 4 x 4 x 4 = 256 post-expansion
sums, each having the form }; i i i, (disy) @i1in Piiz Cisigdigiy » Where a is a generic term, which
can be equal to either of the four terms Q, W, § and r; same for b, ¢ and d. While some of
these terms may be equal to each other, the symmetry, we can exploit is limited, due to (a)
degree heterogeneity, (b) mixed memberships and (c) the underlying polygon structure. As a
result, we still have more than 50 post-expansion sums to analyze.

The analysis of a post-expansion sum with the presence of one or more r-term is the
most tedious of all, where we need to further decompose each r-term into three different
terms. This requires analysis of more than 100 additional post-expansion sums. We may think
most of the post-expansion sums are easy to control via a crude bound (e.g., by the Cauchy—
Schwarz inequality). Unfortunately, this is not the case, and many seemingly negligible terms
turn out to be nonnegligible. Here are some of the reasons:

e We wish to cover most interesting cases. A crude bound may be enough for some cases but
not for others.

e We desire to have a single test that achieves the phase transition for the whole range of
interest. Alternatively, we may want to find several tests, each covering a subset of cases
of interest, but this is less appealing.

As a result, we have to analyze a large number of post-expansion sums, where the analysis
is subtle, extremely tedious and error-prone, involving delicate combinatorics, due to the
underlying polygon structure. See Section 4.

REMARK 6. In Signed Polygon (1.9), we estimate Q by 77’ = (1,A41,)~'A1,1, A for
the null. Alternatively, we may use a spectral approach and estlmate Q by )11.;?1%{ , where A,
and él are the first eigenvalue and eigenvector of A, respectively. Unfortunately, even in the
more idealized SBM case, this estimate may be unsatisfactory for sparse networks (e.g., [11],
Section 2.2). In fact, for our main results to hold, we need to have |)A»1 — A1] < CJ|0| with
large probability, but the best concentration inequality we have is A1 — 41| < C/Bmax O
with large probability ([24], Lemma C.1). In the presence of severe degree heterogeneity,
we often have +/Omax 1011 > [10]|. Also, unlike 77’ in our proposal, )»15151 is not an explicit
function of A, so the alternative version of the Signed Polygon statistic is much harder to
analyze.

1.5. Organization of the paper. Section 2 focuses on the Region of Possibility and con-
tains the upper bound argument. Section 3 focuses on the Region of Impossibility and con-
tains the lower bound argument. Section 4 presents the key proof ideas, with the proof of
secondary lemmas deferred to the Supplementary Material. Section 5 presents the numerical
study, and Section 6 discusses extensions and connections.
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For any ¢ > 0 and 6 € R", |6, denotes the £9-norm of 6 (when g = 2, we drop the
subscript for simplicity). Also, Onin and Oy« denote min{by, ..., 6,} and max{0y, ..., 6,},
respectively. For any n > 1, 1,, € R" denotes the vector of 1’s. For two positive sequences
{an};2, and {b,}72,, we write a, ~ by if lim, . a,/b, = 1, and we write a,, < b, if for

n=1>
sufficiently large n, there are two constants ¢; > ¢1 > 0 such that ¢1 < a,/b, < cp. We use
2 itin.....im(disp 0 denote the sum over all (iy, ..., i) such that 1 <iy <nand iy # i, for1 <

k # ¢ <m.We use C > 0 as a generic constant that may vary from occurrence to occurrence.
For constants that need to be more specific, we use ¢y, ¢y, etc.

2. The signed polygon test and the upper bound. For reasons aforementioned, we fo-
cus on the SgnT statistic 7;, and SgnQ statistic Q,,, but the ideas are extendable to general
Signed Polygon statistics. In this section, we study the upper bound. In detail, in Section 2.1,
we establish the asymptotic normality of both test statistics. In Sections 2.2-2.3, we discuss
the power of the two tests. We show that if |A;|/+/A1 — oo and some mild regularity con-
ditions hold, then for each of the two tests, the sum of Type I and Type II errors tends to O
as n — 00. The lower bound is studied in Section 3, where we show that for an alternative
hypothesis setting with |A;|/+/A1 — 0, we can always pair it with a null setting so that two
hypotheses are asymptotically inseparable.

In a DCMM model, Q2 = OITPIT'O, where ® = diag(#;,...,6,), and IT is the n x K
membership matrix [z, 72, ..., 7,]". We assume as n — o0,

2.1) 101l > 00, Omax — 0, and  ([01%/1011)/log(l6]l1) — O.

The first condition is necessary. In fact, if ||#] — O, then the alternative is indistinguish-
able from the null, as suggested by lower bounds in Section 3. The second one is mild
as we usually assume 6pax < C. This is due to that under DCMM, P has unit diagonal
entries and 6;0; (7] Pr;) is a probability for all i # j. The last one is weaker than that
of Omax+/log(n) — 0, and is very mild. It is assumed mostly for technical reasons and is
not required in many cases (e.g., the dense case where all 6; = O(1)). Moreover, introduce
G = ||0||2IT’®2I1 € RE*X This matrix is properly scaled and it can be shown that |G || < 1
(Appendix E, Supplemental Material). When the null is true, K = P = G =1, and we do not
need any additional condition. When the alternative is true, we assume

maX]kaK{er'lzleini(k)} <C ||G_1H <C ||P||<C
minj<x<x {d 1 Oimi(k)} — - -

Here, C > 0 is a generic constant; see Section 1.5. The conditions are mild. Take the first
two, for example. When there is no mixed membership, they only require the K classes to be
relatively balanced.

2.2)

2.1. Asymptotic normality of the null. Theorems 2.1-2.2 are proved in the supplement.

THEOREM 2.1 (Limiting null of the SgnT statistic). Consider the testing problem
(1.6) under the DCMM model (1.1)—(1.4), where the condition (2.1) is satisfied. Sup-
pose the null hypothesis is true. As n — oo, E[T,] = o(||0]1?), Var(T},) ~ 6]60° and

(T, — E[T,])/+/Var(T,;) — N(O, 1) in law.

THEOREM 2.2 (Limiting null of the SgnQ statistic). Consider the testing problem
(1.6) under the DCMM model (1.1)—(1.4), where the condition (2.1) is satisfied. Suppose
the null hypothesis is true. As n — oo, E[Q,] = (2 + 0(1))||0||4, Var(Q,,) ~ 8||6’||8 and

(Qn —E[Qn])//Var(Q,) —> N(0, 1) in law.
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Note that under the null, the limiting distributions of 7,,/+/Var(7,) and Q,/+/Var(Q,)
are N (0, 1) and N (1/+/2, 1), respectively. To appreciate the difference, recall that the Signed
Polygon can be viewed as a plug-in statistic, where we replace 1™ in the Ideal Signed Polygon
by 7. Under the null, the effect of the plug-in is negligible for SgnT but not for SgnQ, so the
two limiting distributions are different. See Section 4 for details.

2.2. The level-a SgnT and SgnQ tests. By Theorems 2.1 and 2.2, the null variances of
the two statistics depend on ||@]2. To use the two statistics as tests, we need to estimate [|0.
For 1 and n* defined in (1.8) and (1.12), respectively, we have 1 ~ n* and n* = 6 under the
null. A reasonable estimator for |6 |2 under the null is therefore || | 2 We propose to estimate
16112 with (||7]|*> — 1), which corrects the bias and is slightly more accurate than ||7]|>. The
following lemma is proved in the Supplementary Material.

LEMMA 2.1 (Estimation of ||0]|?). Consider the testing problem (1.6) under the DCMM
model (1.1)-(1.4), where the condition (2.1) holds when either hypothesis is true and con-
dition (2.2) holds when the alternative is true. Then, under both hypotheses, as n — 00
AIA1? = D/In*I> — 1 in probability, where ||n*|* = (1,2*1,)/(1,Q1,). Furthermore,
In*112 = 16112 under H and |n*||> < 61> under H".

Combining Lemma 2.1 with Theorem 2.1 gives

(2.3) T,/\6(17112 —1)> — N(0,1), inlaw.

Fix o € (0, 1). We propose the following SgnT test, which is a two-sided test where we reject
the null hypothesis if and only if

(2.4) 1Tl = zaaV6(I1A17 = 1)*2, z4/2: upper (@/2)-quantile of N(0, 1).

Similarly, combining Theorem 2.2 and Lemma 2.1, we have

(2.5) [0 = 2(171 = 1)*]/y/8(I712 = 1)* — N, 1), inlaw.

With the same «, we propose the following SgnQ test, which is a one-sided test where we
reject the null hypothesis if and only if

(2.6) 0n > 2+ z2oV8) (171> = 1)%,  z4: upper a-quantile of N (0, 1).
As aresult, for both tests we just defined, the levels satisfy

P e (Reject the null) - ¢, asn — oo.
0

Figure 2 shows the histograms of 7,,/,/6(||7]2 — 1)3 (left) and (Q, — 2(||7]|> — 1)?)/

(/8(|I7112 — 1)%) (right) under a null and an alternative simulated from DCMM. Recall that
in DCMM, © = 66’ under the null and 2 = OITPIIO, where ® = diag(dy, ..., 0,). For the
null, we take n = 2000 and draw 6; from Pareto(12, 3/8) and scale 6 to have an £%-norm of
8. For the alternative, we let (n, K) = (2000, 2), P be the matrix with 1 on the diagonal and
0.6 on the off-diagonal, rows of IT equal to {1, 0} and {0, 1} half by half, and with the same
6 as in the null but (to make it harder to separate from the null) rescaled to have an £%-norm
of 9. The results confirm the limiting null of N (0, 1) for both tests.
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FIG. 2. Left: histograms of the SgnT test statistics in (2.3) for the null (blue) and the alternative (yellow).
Empirical mean and SD under the null: 0.04 and 0.94. Right: same but for SgnQ test statistic in (2.5). Empirical
mean and SD under the null: —0.02 and 0.92. Repetition: 1000 times. See setting details in the main text.

2.3. Power analysis of the SgnT and SgnQ tests. The matrices Q2 and Q play a key role in
power analysis. Recall that €2 is defined in (1.3) where rank(2) = K, and Q=Q— n*(n*)
is defined in (1.14) with n* = Q1,,/,/1,21, as in (1.12). Recall that A1, X, ..., Ax are the
K nonzero eigenvalues of Q. Let &1, &, ..., £k be the corresponding eigenvectors. The fol-
lowing theorems are proved in the Supplemental Material.

THEOREM 2.3 (Limiting behavior the SgnT statistic (alternative)). Consider the testing
problem (1.6) under the DCMM model (1.1)—(1.4). Suppose the alternative hypothesis is
true, and the conditions (2.1)—(2.2) hold. As n — oo, E[T,,] = tr(§~23) + 0((|A2|/A1)3||9 1) 4+
o(011*) and Var(T,) < C[[1011° + (x2/AD*1011*10115].

THEOREM 2.4 (Limiting behavior of the SgnQ statistic (alternative)). Consider the test-
ing problem (1.6) under the DCMM model (1.1)—(1.4). Suppose the alternative hypothesis is
true and the conditions (2.1)~(2.2) hold. As n — 00, E[Q,] = tr(Q*) + o((ha/A1)*|1011%) +
0(|1011*) and Var(Q,) < C[I101® + (k2/AD)° 1013116 113].

We conjecture that both 7,, and Q, are asymptotically normal under the alternative. In
fact, asymptotic normality is easy to establish for the Ideal SgnT and Ideal SgnQ. To establish
results for the real SgnT and real SgnQ, we need very precise characterization of the plug-in
effect. For reasons of space, we leave them to the future.

Consider the SgnT test (2.4) first. By Theorem 2.3 and Lemma 2.1, under the alternative,

T, tr(2%)
are
Jodaz—n3  Jeln#e

where 0,12 denotes the asymptotic variance, which satisfies that

2.7 the mean and variance of and 0,%, respectively,

C, if [Aa/21] < 101/1013,
COa/AD* - (1015/161%), if [Aa/21] > /1611716113

If we fix the degree heterogeneity vector € and let (Ap/A) range, there is a phase change in
the variance. We shall call:

e the case of |Ay/A1| < C,/||6 ||/||9||§ as the weak signal case for SgnT.
e the case of |Ay/A1| > /|6 ||/||9||§ as the strong signal case for SgnT.

It remains to derive a more explicit formula for tr(§23). Recall that A, and & are the kth
eigenvalue and eigenvector of Q, 1 <k < K, respectively. Define A € RK—Dx(K=1) 3pq

(2.8) oy <
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h e RK=! by A =diag(h2, A, ..., Ax) and hx = (1,6+1)/(1,61), 1 <k < K — 1. It can be
shown that 1/,&; # 0 and ||k]|oc < C so the vector & is well defined. In the special case of
In]lco = 0(1) (this happens when the angle between 1, and & is small):

e We can show that tr($2%) ~ YK, A7
e Motivated by these, we say “signal cancellation” happens when | tr(§~23)| < Z,f:z Akl

Therefore, “signal cancellation” may happen if the (K — 1) eigenvalues A3, A3, ..., Ax have
different signs. In fact, in the extreme case, we can have Zfzz )»2 = 0, though Z,{;z IAel?
is very large (e.g., [25], Section 3.3). Normally, the “signal cancellation” is found for odd-
order moment-based statistics (e.g., 3rd, 5th, ..., moment), but not for even-order moment
methods (in fact, the SgnQ test will not experience such “signal cancellation”).

Fortunately, “signal cancellation” is only possible when A», A3, ..., Ax have different
signs, and can be avoided in some special cases. We propose the following conditions.

CONDITION 2.1. (a) A2, A3, ..., Ak have the same signs, (b) K =2 and (c) |A2|/ 1 —
0, and |tr(A3) 4 30 A3h + 3(h Ah) (W A%h) + (W AR)3| = C K, [l

In (a)—(b), Az, ..., Ak have the same signs. Condition (c) is based on more delicate analy-
sis; see the proof of Lemma 2.2 for details.

While the above discussion is motivated by the case of ||/|lcoc = 0(1), the idea continues
to be valid for more general cases. The following is proved in the Supplementary Material.

LEMMA 2.2 (Analysis of tr(2%)). Suppose conditions of Theorem 2.3 hold. Under the
alternative hypothesis,
o If |Ma|/A1 — 0, then tr($2%) = tr(A3) + 30/ A3h + 3(h AR) (W A2h) + (W Ah)? + o(|A2]?).
o If Ao, A3, ..., Ak have the same signs, then

K
- Acl? M), if A/ 0,
‘tr(Q3)|Z kg; kl +0(| 2|) if |A2/A1] —
Clral?, if Aa/a1] > C.

e In the special case where K =2, the vector h is a scalar, and

(@) | S0 D+ o] Pl if al/2 0,

> Clhal’, if |ha/M| = C.
As a result, when either one of (a)—(c) holds, | tr(S~23)| >C 215:2 [Akl3.

It can be shown that ||n*| =< +/A1 < ||#]. We combine Lemma 2.2 with (2.7)-(2.8).
In the weak signal case, —=nl_ > CEl ) C()»_% YK 1ak?). In the strong sig-
g > SVar(T,) — [EE = 1 k=2 1Mkl ) 8 Si8

COofs 1l

. —2/K 3,2 E(T,]
nal case, since (Az/kl)z < A7 ko [A[7)3, we have > > >
VVarn) = 32K B3 1012

Cle)’®
13

a result, in both cases, the power of the SgnT test — 1 as long as A1_3/2 Z/fzz Ak = oo.

This is validated in the following theorem, which is proved in the Supplemental Material.

_3 |
(A Zf:z |A%|3)3, where it should be noted that in our setting, ||9||3/||9||§ — 00. As

THEOREM 2.5 (Power of the SgnT test). Under the conditions of Theorem 2.3, for any
fixed a € (0, 1), consider the SgnT test in (2.4). Suppose one of the cases in Condition 2.1
holds. As n — 00, if)\l_l/z(zlfzz k33 — oo, then the Type I error — a, and the Type II
error — Q.
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Next, consider the SgnQ test (2.6). By Theorem 2.4 and Lemma 2.1, under the alternative,

the mean and variance of [Q,, — 2([|17]1> — 1)21//8(|I7]12 — 1)* are tr(Q*)/,/8]/n*||8 and 62,
respectively, where a,f denotes the asymptotic variance and satisfies

2 _|C. if [22/31] < 16115
"= Ca/anl 1018, if a/ral > 1015

Similar to the SgnT test, if we fix the degree heterogeneity vector 6 and let (A/A1) range,
there is a phase change in the variance. We shall call:

e the case of A2 /A1| < C||6 ||371 as the weak signal case for SgnQ.
e the case of [Ao/A1| > |0 ||3_1 as the strong signal case for SgnQ.

We now analyze tr(Q*). The following lemma is proved in the Supplementary Material.

LEMMA 2.3 (Analysis of tr(Q24)). Suppose the conditions of Theorem 2.4 hold. Under
the alternative hypothesis,

o If [Mal/A1 — 0, then w(QY) = tr(AY) + (¢'Aq)* + 2(h' A%h)? + 4(h' Ah)2(W A%h) +
4h' AR+ 40 AR (W ASR) 4+ 0(03) 2 Yt A7

o If|hal/A1 > C, then tr(Q%) > C YK, 4t

e In the special case of K =2, h is a scalar and tr(§24) =[(h2+ D*+o(1)]- )\g.

As a result, the SgnQ test has no issue of “signal cancellation,” and it always holds
&4 K 44 , , E[Q.] - COTkn )
that tr(Q2*) > C ), A{. Then, in the weak signal case, we have

VVar(Q,) — ; lon* -
C()xl_2 Z,{;z k:). In the strong signal case, since (AZ/A1)3 < kl_3(Z,§:2 Ai)?‘t, we have
BEQn] - CEig 2 > CIOIE G-25K 34)i where [0]3/]10]3 — oo. So, in
VO = T o 10 1 =0T e ’

both cases, the power of the SgnQ test goes to 1 if )»1_2 21522 k2 — 00. This is validated in
Theorem 2.6, which is proved in the Supplemental Material.

THEOREM 2.6 (Power of the SgnQ test). Under the conditions of Theorem 2.4, for any
fixed o € (0, 1), consider the SgnQ test in (2.6). As n — 00, if)»l_l/z(zlgiz Kﬁ)l/“ — 00, then

the Type I error — o, and the Type Il error — 0.

In summary, Theorem 2.5 and Theorem 2.6 imply that as long as

(2.9) |A2l/v/A1 — o0,

the levels of SgnT and SgnQ tests tend to o as expected, and their powers tend to 1. The
SgnT test requires mild conditions to avoid “signal cancellation,” but the SgnQ test has no
such issue (such an advantage of SgnQ test is confirmed by numerical study in Section 5).

REMARK 7. Practically, we prefer to fix «, say, « = 5%. If we allow the level o to
change with n, then when (2.9) holds, there is a sequence of «,, that tends to 0 slowly enough
such that [A2|/(za, /2 - «/)_»1) — 00. As a result, for either of the two tests, the Type I error
— 0 and the power — 1, so the sum of Type I and Type II errors — O.

EXAMPLE 1 (contd). For this example, A1 ~ (1 + (K — Db)|611%, and Ax ~ (1 —
b)61%, k=2,3,..., K. The condition (2.9) of |X2]/+/A1 — oo translates to (1 —b,)||0] —
0. See Section 1.2 and also Section 3 for more discussion.
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3. Optimal adaptivity, lower bound and region of impossibility. We now focus on
the region of impossibility, where |A;|/+/A1 — 0. We first present a standard minimax lower
bound, from which we can conclude that there is a sequence of hypothesis pairs (one alter-
native and one null) that are asymptotically indistinguishable. However, this does not answer
the question whether all alternatives in the region of impossibility are indistinguishable from
the null. To answer this question, we need much more sophisticated study; see Section 3.2.

3.1. Minimax lower bound. Given an integer K > 1, a constant cg > 0, and two positive
sequences {a,},> and {8,}°2 |, we define a class of parameters for DCMM (recall that 2 =

OIPITO, G = ||0||~>I1'OI1 and is properly scaled, and A is the kth largest eigenvalue of
Q in magnitude):

Mn(Ksc()s a}’lv ﬁl’l)
0,11, P) : Omax < B, 101171 < Bu, 101210117 102 (T0T) < Ba,

= maxi{) 7, 0;m;(k)} -1
: <co, |G < co. Iral/Vh1 = @
mine (>, 67 (0) ’

For the null case, K = P = mr; = 1, and the above defines a class of 6, which we write for
Short by M}’l(l, C09 a}’lv ﬂl’l) = MZ(IB”)'

THEOREM 3.1 (Minimax lower bound). Fix K > 2, a constant cg > 0 and any sequences
{an}o2 | and {Bn}52 | such that a, — 0 and B, — 0 as n — oo. Then, as n — oo,

inf{ sup P(y =1)+ sup P(¢=0)}—>1,
v 0eMy(Bn) 0,11, P)e M, (K ,co,0n, Bn)

where the infimum is taken over all possible tests .

Theorem 3.1 says that in the region of impossibility, there exists a sequence of alternatives
that are inseparable from the null. This does not show what we desire, that is any sequence in
the region of impossibility is inseparable from the null. This is discussed in the next section.

3.2. Region of impossibility. Recall that under DCMM, Q = OIIPIT'® and IT =
[71, 72, ..., ] Since our model is a mixed-membership latent variable model, in order
to characterize the least favorable configuration, it is conventional to use a random mixed-
membership (RMM) model for the matrix I, while (®, P) are still nonstochastic. In detail,

e LetV={xeRK x>0, YK, x=1}.
o Let Voy={eq,en,..., ek}, where ¢ is the kth Euclidean basis vector.

In DCMM-RMM, we fix a distribution F defined over V and assume 7; Lid- F where
h = E[m;]. If we further restrict that F' is defined over Vj), then the network has no mixed
membership, and DCMM-RMM reduces to DCBM-RMM.

The desired result is to show that, for any given P and F, there is a sequence of hypothesis
pairs (a null and an alternative)

3.1) H":Q=00, and H":Q=06TNPI'O,

where © = diag(gl, 51, e, 9~n) and 67, can be different from 6;, such that the two hypotheses
within each pair are asymptotically indistinguishable from each other, provided that under
the alternative |A2|//A1 — O.
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Here, since 2 depends on 7;, A is random, and it is more convenient to translate the
condition of |A2|/+/A1 — 0O to the condition of

(3.2) 1611 - |2 (P)| — 0,

where ui(P) is the kth largest eigenvalue of P in magnitude. The equivalence of two condi-
tions are justified in Section F.1 of the Supplementary Material. Condition (2.2) can also be
ensured with high probability, by assuming that all entries of E[7;] are at the order of O(1).

Under the DCBM, the desired result can be proved satisfactorily. The key is the following
lemma, which is in the line of Sinkhorn’s beautiful work on scalable matrices [41] (see also
[9, 28, 35]) and is proved in the Supplementary Material.

LEMMA 3.1.  Fix a matrix A € R&-K with strictly positive diagonal entries and nonneg-
ative off-diagonal entries, and a strictly positive vector h € R | there exists a diagonal matrix
D =diag(d, ds, ...,dg) such that DADh =1k anddy > 0,1 <k <K.

In detail, consider a DCBM-RMM setting where 7; F and F s supported over Vj
(with possibly unequal probabilities on the K points). Recall # = E[x;]. By Lemma 3.1,
there is a unique diagonal matrix D such that DP Dh = 1g. Let

(3.3) O =di-0;, ifmi=er,1<i<n,1<k<K.

The following theorem is proved in the Supplementary Material.

THEOREM 3.2 (Region of impossibility (DCBM)). Fix K > 1 and a distribution F de-
fined over Vy. Consider a sequence of DCBM model pairs indexed by n:

H":Q=060' and H":Q=060PN'S,

where ; i F and ® = diag(gl, 52, .. 9 ) with 0 defined as in (3.3). If Omax < co for

a constant cy < 1, minj<x<x {hr} > C, and 101l - |[m2(P)| — O, then for each pair of two
hypotheses, the x*-distance between the two joint distributions tends to 0, as n — 00.

To generalize this to RMM-DCMM, we fix a dlstrlbutlon F defined over V. Given a set

of (®, P, Il) with ® = diag(61, 0, ...,6,) and T; ~ K F lethD =E[D~ 71,/||D ;1] for
any diagonal matrix D € RK*K with positive diagonals. We assume that there is a D such
that

(3.4) DPDhp=1k, min {hps}=>C.
1<k<K

When such a D exists, we let

(3.5) 0 =6;/| D'

1<i<n.

When the support of F is restricted to Vo, all realizations of 7; are degenerate (i.e., one
entry is 1, and other entries are 0), so h p=h, 6 is the same as that in (3.3), and (3.4)
holds by Lemma 3.1. Under DCMM-RMM, 7;’s are not degenerate. We conjecture that (3.4)
continues to hold generally (we can show it for the cases of K =2, 3; the proof is elementary
so is omitted). The following theorem is proved in the Supplementary Material.

THEOREM 3.3 (Region of Impossibility (DCMM)). Fix K > 1 and a distribution F
defined over V. Consider a sequence of DCMM model pairs indexed by n:

H":Q=060' and H":Q=060PN'S,
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where ;S F and ® = diag(8}, 0s, .. ., 0,) with 6; defined as in (3.5). If (3.4) holds, Omax <
co for a constant co < 1, and ||0|| - |nu2(P)| — 0O, then for each pair of two hypotheses, the
Xz-distance between the two joint distributions tends to 0, as n — 00.

One of the main strengths of Theorems 3.2-3.3 is that this lower bound is valid for an
arbitrary choice of 6 € R’ . This is stronger than the standard minimax lower bound.

In Theorem 3.3, we try to be as general as we can so I is given (and we are not allowed
to change it in our construction). For any P and F, by Lemma 3.1, there is a unique positive
diagonal matrix D such that D P Dh = 1 where h = [E[7;]. We now consider a special case
where we allow IT to depend on D in our construction. In this case, Condition (3.4) can be
removed. Let [T = [71, 72, ..., 7] and Q= d1ag(91 92, . 9 ), with

(3.6) 7; = Dm; /|| Dmi |1, 6; = || D7l - 6;

THEOREM 3.4 (Region of impossibility (DCMM with flexible I1)). Fix K > 1 and a
distribution F defined over V. Consider a sequence of DCMM model pairs indexed by n:
Hé") :Q=00" and Hl(") : Q= OIIPII'®, where I1 and © are defined as in (3.6). If Omax <
co for a constant co < 1, minj<x<g {hr} > C, and (0] - |u2(P)| — O, then for each pair of
two hypotheses, the x*-distance between the two joint distributions tends to 0, as n — oo.

Finally, we consider the case where we require that the null and the alternative have per-
fectly matching ® matrix (up to an overall scaling). This is especially of interest when we
consider SBM or MMSBM models where we have little freedom in choosing the ® matrix.
In this case, in order that the two hypotheses are indistinguishable, the expected node degrees
under the alternative have to match those under the null. For each 1 <i < n, conditional
on 7; and neglecting the effect of no self-edges, the expected degree of node i equals to
1011 - 6; and 1011 - (n’ Ph) - 6; under the null and under the alternative, respectively, where

{m} Hé, F and h = E[7;]. For the expected degrees to match under any realized 7;, it is
necessary that

(3.7 Ph=gq,1k, forsome scaling parameter g, > 0.

THEOREM 3.5 (Region of impossibility (DCMM with matching ®)). Fix K > 1 and a
distribution F defined over V. Consider a sequence of DCMM model pairs mdexed by n:
H":Q =g, 00 and H™ : Q = OTNIPII'O, where © = diag(61. 61, ....0,), 7  F, and
(P, h, gy) satisfy (3.7). If 6max < co for a constant cy < 1, minj<k<gx{hx} > C and 0] -
|ua(P)| — 0, then for each pair of two hypotheses, the x>-distance between the two joint
distributions tends to 0, as n — 00.

Theorems 3.4-3.5 are proved in the Supplementary Material.

EXAMPLE 1 (continued). InExample 1, 7; is drawn from eq, e3, . .., ex with equal prob-
abilities, and P = (1 — b,)Ix + banl’K. Therefore, h = E[x;] = (1/K)1k. In this case, all
conditions of Theorem 3.5 hold. Note ¢, = (1/K) + (K — 1)b, /K and u2(P) = (1 — by,).

REMARK 8 (Least favorable configuration of LDA-DCMM). The Dirichlet model is
often used for mixed memberships [1]. Consider the model pairs Hén) 1 Q = g,00 and
Hl(") : Q= OIIPIT'O and where 7; S Dir(«) (Dir(«): Dirichlet distribution with parameters
a=(ap,...,ag)"). By Theorem 3.5, as long as Pa o 1k, the null and alternative hypothe-
ses are asymptotically indistinguishable if (1 —g,)||@|| — 0. One can easily construct P such
that Pa o< 1. For example, P = (1 —q,)MM'+q, 1k 1, where M € REX(K=1) i a matrix
whose columns are from SpanL (o) and satisfy diag(MM') = Ig.
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3.3. Optimal adaptivity. Recall that /A1, |A2|/A1, and |A2|/+/A] can be viewed as a
measure for the sparsity, community dissimilarity and SNR, respectively. Combining Theo-
rems 2.1-2.4, Theorems 3.2-3.5 and Remark 7 in Section 2.3, in the two-dimensional phase
space where the x-axis is 4/A; and the y-axis is the |A2|/A1, we have a partition to two
regions, the region of possibility and the region of impossibility.

e Region of impossibility (1 < /A1 < /1, |A2|/+/A1 = o(1)). In this region, any DCBM
alternative is asymptotically inseparable from the null, and up to a mild condition, any
DCMM alternative is also asymptotically inseparable from the null.

e Region of possibility (1 < /A1 < /1, |A2|/+/A1 — 00). In this region, asymptotically,
any alternative is completely separable form any null.

The SgnQ test is optimally adaptive: for any alternative in the region of possibility, the test
is able to separate it from the null with a sum of Type I and Type II errors tending to 0. The
SgnT test is also optimally adaptive, provided that some mild conditions hold to avoid signal
cancellation. To the best of our knowledge, the Signed Polygon is the only known test that is
both applicable to general DCMM (where we allow severe degree heterogeneity and arbitrary
mixed memberships) and optimally adaptive. The EZ and GC tests are the only other tests
we know that are applicable to general DCMM, but their variances are unsatisfactorily large
for the less sparse case, so they are not optimally adaptive. See [30] for details.

REMARK 9. Most existing lower bound results [2, 16, 37] are within the standard min-
imax framework, where they focus on a particular sequence of alternative (e.g., the off-
diagonals of P are equal). In our case, the standard minimax theorem only implies that in
the region of impossibility, there is a sequence of alternative that are inseparable from the
null. Our results (Theorems 3.2-3.5) shed new light on the region of impossibility, saying
that for each alternative, we can pair it with a null such that two hypotheses are asymptoti-
cally inseparable.

REMARK 10. Existing minimax lower bounds [2, 4, 37] are largely focused on the SBM.
Though a least favorable scenario for SBM is least favorable for DCMM, the former does
not provide much insight on how the least favorable configurations and the phase transition
depend on the degree heterogeneity and mixed memberships. Moreover, our results (see also
[19]) suggest that ||6]|, not ||¢]|1, determines the separating boundary. In the SBM case, 61 =
- =0, and ||0]|; = /10|, so it is hard to tell which of the two norms decides the boundary.
In DCMM, there is no simple relationship between ||6]|1 and ||@ ]|, and we can tell this clearly.

REMARK 11. A sharper version of the phase transition is that there exists a constant
co > 0 such that the region of possibility and region of impossibility are given by |A2|/+/A1 >
co and |A2|//A1 < co, respectively. In some special cases, these kinds of results exist for
community detection (a related but different problem). For example, [19] considered a setting
where (i) there is no mixed membership, (ii) for some constants a, b > 0, P(k,£) = a if
k = £ and b otherwise, (iii) the communities have equal size and (iv) for a constant ¢ > 0,
{/n6;}}_, are ii.d. drawn from a fixed distribution supported in [¢, 00). They showed that,
when (a — b)?E|6]1? < K (a + b), it is impossible to reconstruct the community label matrix
[1. Moreover, in the special case of K = 2, [18] (also, see [12]) showed that when (a —
b)’E||0]|> > 2(a + b), it is possible to construct an estimate of IT that is positively correlated
with the true community labels. By connecting (a, b, E||0||?) with eigenvalues, it is seen that
these results give a sharp phase transition at ¢y = 1, in the special case where K =2 and (i)—
(iv) hold. For more general settings, whether such a sharp phase transition exists is unclear:
a slight change in conditions (i)—(iv) may affect the lower bounds, and the optimal tests (for
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the sharp phase transition) are hard to find as they usually need to adapt to specific features
of the model. Also, technically, allowing for mixed memberships makes the lower bound
much harder to study, and allowing for unequal community sizes and unequal off-diagonal
entries in P requires an application of DAD theorem in lower bound construction (which is
not needed in [19]). Moreover, [12, 18, 19] are for community detection and our paper is on
global testing. For general DCMM settings, it is unclear whether the phase transitions for two
problems are the same.

4. The behavior of the SgnQ test statistics. In this section, we study the SgnQ test
statistic 0, and explain how to prove Theorems 2.2, 2.4 and 2.6. We introduce a proxy SgnQ
test statistic Q) and an Ideal SgnQ test statistic Qn Writing Q, = Qn + (0 — Qn) +
(Qn — Q;), we study the three terms on the RHS in Sections 4.1-4.3, respectively. Given
these results, the proofs of Theorems 2.2, 2.4 and 2.6 are straightforward and contained in
Section B of the Supplementary Material. The study of the SgnT test statistic 7,, is similar
and contained in Section A of the Supplementary Material, where we also prove Theorems
2.1,2.3 and 2.5.

Recall that the SgnQ statistic O, is defined as

On= Y (A — i) (Ainiy — Niniy) (Aiziy — iz D) (Aigiy — ighiy)
i1,i2,03,i4(dist)
where i) = Al,/+/V, with V = 1/ A1,. In Section 1.4, we have introduced the following
nonstochastic proxy of 7: n* = Q1,/,/v9, where vy = 1,221,,. We now introduce another
(stochastic) proxy 1 by

4.1) =Al,/Jv, where v=E[1,Al,]=1,(Q — diag(Q))1,,.
Denoting the mean of 7 by n, it is seen that
4.2) = ([© — diag(2)]1 /\/1’ Q — diag(Q))1,

Here, n and n* are close to each other but n* has a more explicit form. For example, under
the null hypothesis, Q2 = 06, and it is seen that n* = 6. Recall that A = Q — diag(Q) + W
and Q =Q —n*(n*). Fix 1 <i, j <n and i # j. First, we write

Aij = hifij = (Aij — nfns) + (s — ifj) = Qij + Wij + (0 — i)
Second, we write n;“n;f —nif)j = 8;j +rij, where
4.3) Sij=ni(mj —n;)+njmi —ni)
is the linear approximation term of (17:‘17;“- —0;7;) and r;j = (n;"n;? — 0;n;) — &;j is the re-
mainder term. By definition and elementary algebra,

~ - UV\. .
(4.4) iy = (= i) = = 7)oy = ) + (1= 5 .

It is shown that r;; is of a smaller order than that of §;;. The remainder term can be shown to
have a negligible effect over 7;, and Q,, in terms of the variances of 7;, and Q,, respectively;
see Theorem 4.3.

Let X be the symmetric matrix where all diagonal entries are 0 and for 1 <i, j <n but
i #j, Xij = Aj — 0;i7)j, or equivalently,

4.5) Xij=§ij+Wij+8ij+rij-

If we omit the remainder term, then we have a proxy of X, denoted by X*, where all diagonal
entries of X™* are 0, and for 1 <i, j <nbuti # j,

(4.6) X5, = Qij + Wij +8ij.
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If we further omit the § term, then we have another proxy of X, denoted by X, where all
diagonal entries of X are 0, and for 1 <i, j <n buti # j,

4.7) )N(,'jZQij-i-Wij.

With the above notation, we can rewrite O as Qn = Y, i, is.ia(dist) Xirio Xigiz Xizig Xigiy- We
introduce the Proxy SgnQ test statistic and Ideal SgnQ test statistic by

Q: = Z X;kliZngX;:mXZilv On= Z Xiyir Xiiy Xigiy Xiyiy -
i1,i2,i3,i4(dist) i1,i2,03,i4(dist)
The Ideal SgnQ test statistic Qn is the same as that defined in (1.13). Using these notation,

we partition Oy, as Qy = Qn + (O — ) + (Qy — Q7). In Sections 4.1-4.3, we study the
three terms on the right-hand side, respectively.

4.1. The behavior of the ideal SgnQ test statistics. In view of (4.7), the Ideal SgnQ test
statistic Q,, is written as

@48)  On= > (Quiy + Wii) Qisiy + Winiy) Qs iy + Wisiy) (Qigiy + Wigi).
i1,ip,i3,i4(dist)

Under the null, Q = 06" and n* = 0. By definition, Q ;i =0, and the statistic reduces to

Qn = Zil,iz,ig,m(dist) Wiyi» Wisis Wisiy Wiyiy - The right-hand side is the sum of a large number

of uncorrelated terms, with each term being a 4-product of independent centered-Bernoulli

Variagles. It can be shown that the statistic is asymptotically normal, with E[Qn] =0 and

Var(Qy,) ~ 8]1611°.

Consider the alternative hypothesis. In the right-hand side of (4.8), expanding the bracket
and rearranging, we have 2 x 2 x 2 x 2 = 16 post-expansion sums, each having the form of
Dy in.is.ia(dist) QirinDinisCizigdiyiy » Where a is a generic notation which may either equal to Q
or W; same for b, ¢ and (d). For example, Zil,iz,i&m(dist) Wi1i2§i2i3 Wisiy Wiyi, 1s one of the
16 post-expansion sums, corresponding to b = €2, and a = ¢ = d = W. Note that each of 16
post-expansion sums is the sum of many 4-product, where the number of the € factors in
each product is the same; denote this number (which can be 0, 1, 2, 3 or 4) by Ng. Similarly,
the number of the W factors in each product are also the same. Denote it by Ny, we have
Ng 4+ Nw = 4. For the example above, (Ng, Nw) = (1, 3).

According to (Ng, Nw), we can group the 16 post-expansion sums into 6 different types.
Table 1 presents the mean and variance of each type (Recall that A1, ..., Ax are the K eigen-
values of €2, arranged in descending order in magnitude. In Table 1, a = |A2|/A;. In the
alternative, we assume |A2|/+/A] — 0o, which translates to ||| — oo since /A1 < ||6]).

TABLE 1
The 6 different types of the 16 post-expansion sums of On (161 g is the £9-norm of 0 (the subscript is dropped
when q = 2). In our setting, &[0 — 0o, and 0113 < 1013 < 101> < 1611

Type # (Ng,Nw) Examples Mean Variance

I 1 ©0,4) i jk.ecdisty Wii Wik Wie We; 0 = o3

11 4 (13 Yij k ecdisty ij Wik Wee Wei 0 < ca? (011615 = o6 ]®)
Ma 4 (2.2 ik ecdisn) 2ij 2k Wie Wi 0 < Ca[01%1615 = oS0 1311615
m 2 @22 i, jok.edist) 2 Wik e Wei 0 <ca*0]32 = o(011®)

IV 4 G X ks Rk We 0 <a®101%1915

v 1 (4,0) Yi ik ecdisty i ke ~w(@h) 0
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From the table, among all 16 post-expansion sums, the total mean is ~ tr(Q2%), and the
total variance < C|0|% + C(1221/AD° 10113 11611S, with Type I sum and Type IV sum being the
major contributors. The following theorem is proved in the Supplementary Material.

THEOREM 4.1 (Ideal SgnQ test statistic). Consider the testing problem (1.6) under the
DCMM model (1.1)—(1.4), where the condition (2.2) is satisfied under the alternative hy-
pothesis. Suppose Omax — 0 and ||| — oo as n — oo, and suppose |Ay|/~/A| — 00 un-
der the alternative hypothesis. Then, under the null hypothesis, as n — 00, E[Q,] = 0,

Var(Q,) = 81018 - [1 4+ o(D], and (On — E[On])/y/ Var(0,) —> N(0,1) in law. Fur-

thernzore, under the alternative hypothesis, as n — 00, E[Qn] = tr(§~24) + 0(||9||4) and
Var(T,) < CIIIOI® + (A2l /2D 1011*[1618].

4.2. The behavior of (Q) — 0,). The Proxy SgnQ test statistic is defined as o =
Divininsia(dist) Xiyin Xinis Xiyig Xiyiy - 1Inserting X7 = Qj; + Wi + §;j and expanding every
bracket, we similarly obtain 3 x 3 x 3 x 3 = 81 different post-expansion sums, where 15
of them do not involve any § term. The sum of the remaining 65 terms is (Q} — 0,). For
each of these 65 post-expansion sums, we are summing over many 4-products, where each
of them has the same number of Q factors, W factors, and § factors, which we denote by
Ng, Nw, and N, respectively. According to (Ng, Nw, Ns), we divide the 65 post-expansion
sums into 10 different types. See Table 2, where we recall that o = |Az|/A1.

We now analyze Q) — 0, Consider the null hypothesis first. Under the null, Q is a zero
matrix, so the nonzero post-expansion sums only include Type Ia, Type Ila, Type Illa and
Type IV. It is seen that [E[Q* — 0,,]| < C||6]|* and Var(Q* — 0,,) = o(||8||®). Note that [|6|®
is the order of Var(@n) under the null. The difference between the variance of Q; and the
variance of Qn is negligible, but the difference between the mean of Q) and the mean of én
is nonnegligible. With lengthy calculations (see the Supplementary Material), we can show
that E[Q} — 0,1~ 2|16||*. Therefore, (0 — 2116]1*) and Q, have a negligible difference
under the null.

Consider the alternative hypothesis next. From Table 2, |[E[ Q) — Qn]l < C(Ix21/20)%0118,
where the major contribution is from Type Ic and Type Ilc post-expansion sums. Un-
der our assumptions for the alternative, [12|/+/A1 — 00 and A; < ||6||4 It is easy to see
that |E[Q} — Qn]| = o(k ), where )é is the order of tr(Q4) and E[Qn] see Lemma 2.3
and Theorem 4.1. Additionally, [|6]* = O(AZ) = o(k ) which is also of a smaller or-
der of E[Qn] We conclude that |[E[Q) — Qn — 2||9|| 1l = O(E[Qn]) From the table,
Var(Q* — 0,) < C(|Aal/21)06]] 12||9||3/||9||1 + o(||01I®), with the major contribution from
Type 1d. Here, the second term is smaller than Var(Qn) and the first term is upper bounded
by C(lkzl/kl)6 le|® ||9||3 (usmg the universal inequality of leN* < ||9||1||9|| ), which has a
comparable order as Var(Q,). It follows that Var(Q} — On = 20" = Var(Q;, — 0,) <
CVar(Qn) Combining the above, we obtain that the SNR of (Q;; —2||0 ) and Qn are at the
same order.

These results are summarized in Theorem 4.2 and proved in the Supplementary Material.

THEOREM 4.2 (Proxy SgnQ test statistic). Consider the testing problem (1.6) under the
DCMM model (1.1)—(1.4), where the condition (2.2) is satisfied under the alternative hypoth-
esis. Suppose Omax — 0 and ||0]] — oo as n — oo, and suppose |A2|//A1 — oo under the
alternative hypothesis. Then, under the null hypothesis, as n — oo, E[(Q} —2]|0 1) — Qn] =
o(I01*) and Var(Q* Qn) = 0(||60||®). Furthermore, under the alternative hypotheszs

[(Q* 2[1614) — Qn] = o(([22l/A)*10113) and Var(Q; — Qn) < C(IA2l/A0)° 101811615 +
o([101®).
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TABLE 2
The 10 types of the post-expansion sums for (Q}; — O). Notation: same as in Table 1

Type # (N5, Ng, Nw) Examples Abs. Mean Variance
Ia 4 (1L,0,3)  YijkedijWixWeeWe 0 <Clo12161§ = o(6]1®)
@isty
b 8 (LL2) X jkedii Rk Wie Wy 0 <Ca?|01*11011§ = o(1011®)
(dist) 5
4 i, jkt 8ij Wik Qe Wei 0 < ca?|1*1615 =o(l611®)
(dist)
~ ~ C 4 2] 10 0 3
e 8 (L2D)  Sijredy@uleeWa <Co?10l6=o@o)®) < Sl = owbyoy®)019)
(dist)
~ ~ 4014110119
4 i j ke 816 jk Wee St 0 < S — oo )®)
(dist)
~ ~ ~ C 6 ) 12 9 3
o4 (130 X jkedCndedl 0 < S — 0@SpepB019)
(dist)
Ta 4 (2,02  YijredijdpuWeuWe <ClOI*=o@*0]®) <Clo12101§ = o611
(dist)
6 3
2 Sk 8 WikdkeWer < ClIOI* = o@*1611%) < OIS — o(j0118)
(dist) B
I 8 (2L YijkedijdixSueWe 0 < ca? (11615 =o(l611®)
(dist)
~ 2 8 3
4 SigkeS Qo Wa < Calol =o@lo)®) < I —o(0)®)
(dist)
~ o~ 4019114
e 4 @20 Yijkedidilela <CalI0l°=o@Ho)®) < S =o@lIof1019)
(dist) 1
~ ~ 2 8 4 8 6
2 <Y ke Qo SOl —o@te)®) < S _o098)
(dist) 19113 len
6 3
Ma 4 (.01 SijkedjdudeWa <Clol*=o@* 6] < AEEIO — o(j0118)
(dist)
~ 6 2 8 3
Wb 4 (.10 =¥ijkedydudeltn = S —o@hiort) < SRRt = ool
(dist) 1
10
IV 1 40,00 Yijrediididede < ClOI*=o@*0)®) < % =o(011®)
(dist) 1

4.3. The behavior Of(Qn — Q;:) Recall that Qn = Zil,ig,i3,i4(dist) Xi]iZXi2i3Xi3i4Xi4i1,
where X;; = ?z,-j + W;j +6;j +rij forany i # j. Similar to Sections 4.1-4.2, we first expand
every bracket in the definitions and obtain 4 x 4 x 4 x 4 = 256. Out of the 256 post-expansion
sums in Oy, 3 x 3 x 3 x 3 =81 of them do not involve any r term and are contained in
Q3 this leaves a total of 256 — 81 = 175 different post-expansion sums in (Q, — Q). In
the Supplementary Material, we investigate the order of mean and variance of each of the
175 post-expansion sums in (Q, — Q). The calculations are very tedious: although we ex-
pect these post-expansion sums to be of a smaller order than the post-expansion sums in
Sections 4.1-4.2, it is impossible to prove this argument rigorously using only some crude
bounds (such as the Cauchy—Schwarz inequality). Instead, we still need to do calculations for
each post-expansion sum; details are in the Supplementary Material.

THEOREM 4.3 (Real SgnQ test statistic). Consider the testing problem (1.6) under the
DCMM model (1.1)—(1.4), where the condition (2.2) is satisfied under the alternative hypoth-
esis. Suppose Omax — 0 and ||| — oo as n — oo, and suppose |Az|//A1 — oo under the
alternative hypothesis. Then, under the null hypothesis, as n — oo, |[E[Q, — Q]| = o(ll61%
and Var(Q, — Q;) = o(|6 I1®). Under the alternative hypothesis, as n — oo, |[E[Q, — orll =
o((I21/A*1011%) and Var(Qn — Q3) = o((1A21/AD°1I01%1011%) + o (16 ]1®).
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5. Simulations. We investigate the numerical performance of two Signed Polygon tests,
the SgnT test (2.4) and the SgnQ test (2.6). We also include the EZ test [16] and the GC test
[25] for comparison. For reasons mentioned in [25], we use a two-sided rejection region for
EZ and a one-sided rejection region for GC.

Given (n, K), a scalar 8, > 0 that controls ||0||, a symmetric nonnegative matrix P €
RXXK '3 distribution f(#) on R, and a distribution g (i) on the standard simplex of RX , we
generate two network adjacency matrices A™!! and A%, under the null and the alternative,
respectively, as follows: (i) Generate 01,60, ...,0, i.id. from f(0). Let 6; = B, - éi/||é||,
1 <i <n.(ii) Generate 71, 702, . . ., 7, iid from g(m). (iii) Let Q4 = @I PIT'O®’, where © =
diag(6y,...,6,) and I1 = [, 72, ..., 71, ]'. Generate A from Qalt according to Model (1.1).
(iv) Let Q™! = (¢’ Pa)-606', where a = Ee,m e RX is the mean vector of g (7). Generate A™!!
from Qnull according to Model (1.1). The pair (@Ml Qalty is constructed in a way such that
the corresponding networks have approximately the same expected average degree. This is
the most subtle case for distinguishing two hypotheses (see Section 3).

It is of interest to explore different sparsity levels and also focus on the parameter settings
where the SNR is neither too large nor too small. Therefore, for most experiments, we let
Bn = |10 range but fix the SNR at more or less the same level. See details below. For each
parameter setting, we generate 200 networks under the null hypothesis and 200 networks
under the alternative hypothesis, run all the four tests with a target level « = 5% and then
record the sum of percent of type I errors and percent of type II errors. For space limit, we
do not report separately the percent of each type of errors but relegate these results to the
Supplementary Material.

5.1. Experiment 1. We study the role of degree heterogeneity. Fix (n, K) = (2000, 2).
Let P be a 2 x 2 matrix with unit diagonal entries and all off-diagonal entries equal to b,,.
Let g(;r) be the uniform distribution on {(0, 1), (1, 0)}. We consider three subexperiments,
Exp la—1c, where respectively we take f(6) to be the following: (a) Uniform(2, 3), (b) two-
point distribution 0.9581 + 0.0583, where §, is a point mass at a and (c) Pareto(10, 0.375),
where 10 is the shape parameter and 0.375 is the scale parameter. The degree heterogeneity
is moderate in Exp 1a—1b, but more severe in Exp 1c. In such a setting, SNR is at the order of
16]1(1 — b,). Therefore, for each subexperiment, we let 8,, = ||@|| vary while fixing the SNR
tobe ||0]|(1 — b,) = 3.2. The sum of Type I and Type II errors are displayed in Figure 3.

First, both the SgnQ test and the GC test are based on the counts of 4 cycles, but the
G C test counts noncentered cycles and the SgnQ test counts centered cycles. As we pointed
out in Section 1, counting centered cycles may have much smaller variances than counting
noncentered cycles, especially in the less sparse case, and thus improves the testing power.
This is confirmed by numerical results here, where the SgnQ test is consistently better than
the GC test, significantly so in the less sparse case. Similarly, both the SgnT test and the
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-0-GC --GC ’ -0-GC o~ ¢
08 —o-SgnT 08 —o-SgnT L%~ -+’ 08 —o-SgnT ,:/
SgnQ . SgnQ » ’ SgnQ 27
0.6 y AN 0.6 ,ﬂ, 0.6 ¢ I A
7 om _-‘; N P Vi 7 M- 0
? ,o- B o - _¢ O - _o » _’/ 7
0.4 ’, 04 = e 7 04 N A
- - II/‘ ’ . » o /¢ ’
~ ¢ - g 27 ./ »
02 o —~g 02 - - 02 >~ ¢
o =87 ~o, »S o= a 4
~ . - o —0~ [Y I APY
o= o v 4
0 = 0 0 3
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F1G. 3. From left to right: Experiment la, 1b and 1c. The y-axis are the sum of Type I and Type 11 errors (testin,
8 P y yp yp 8

level is fixed at 5%). The x-axis are ||0|| or sparsity levels. Results are based on 200 repetitions.
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EZ test are based on the counts of 3 cycles, but the EZ test counts noncentered cycles and
the SgnT test counts centered cycles, and we expect that SgnT significantly improves EZ,
especially in the less sparse case. This is also confirmed in the experiment.

Second, SgnQ and GC are order-4 graphlet counting statistics, and SgnT and EZ are order-
3 graphlet counting statistics. In comparison, SgnQ significantly outperforms SgnT, and GC
significantly outperforms EZ (in the more sparse case; see discussion below for the less
sparse case). A possible explanation is that higher-order graphlet counting statistics have
larger SNR. Investigation toward this direction is interesting, and we leave it to future study.
Note that SgnQ is the best among all four tests.

Last, GC outperforms EZ in the more sparse case but underperforms EZ in the less sparse
case. The reason for the latter is as follows. The biases of both tests are negligible in the more
sparse case, but are nonnegligible in the less sparse case, with that of GC much larger. In [30],
we propose a bias correction method, where the performance of GC is significantly improved.
However, GC continues to underperform SgnQ, because even with the bias corrected, it still
has a variance that is unsatisfactorily large.

5.2. Experiment 2. We study the cases with larger K and a more complicated matrix of
P. For some b, € (0, 1), let ¢, = %min(l —b,, by,), and let P be the matrix with 1 on the
diagonal and the off-diagonal entries i.i.d. drawn from Unif(b, — €,, b, + €,); once the P
matrix is drawn, it is fixed throughout different repetitions. We consider two subexperiments,
Exp 2a and 2b. In Exp 2a, we take (n, K) = (1000, 5), f(6) to be Pareto(10, 0.375), and g ()
to be the uniform distribution on {eq, ..., ex} (the standard basis vectors of RX). We let B
range but fix ||0||(1 — b,) at 4.5, so the SNR will not change drastically. In Exp 2b, we take
(n, K) = (3000, 10), f(0) to be 0.958; +0.0583, and g() = 0.1 X 7_ 8, +0.1538_3 8., +
0.05 Z,l(; 8¢, (so to have unbalanced community sizes). Similarly, we let 8, range but fix
1611(1 — b,) =5.2. The sum of Type I and II errors are shown in Figure 4.

In these examples, EZ and GC underperform SgnT and SgnQ, especially in the less sparse
case, and the performances of SgnT and SgnQ are more similar to each other, compared
to those in Experiment 1. In these examples, we have larger K, more complicated P and
unbalanced community sizes, and the performance of SgnT and SgnQ test statistics suggest
that they are relatively robust.

5.3. Experiment 3. We investigate the role of mixed membership. We have three sub-
experiments, Exp 3a-3c. where the memberships are not mixed, lightly mixed and signifi-
cantly mixed, respectively. For all subexperiments, we take (n, K) = (2000, 3) and f(0) to
be Unif(2, 3). For Exp 3a, we let g1 () = 0.45,, +0.38,, +0.38,,. In Exp 3b, we let g2(7) =
0.3 22:1 8¢, +0.1 - Dirichlet, and in Exp 3¢, we let g3(;r) = 0.25 2221 8¢, +0.25 - Dirichlet,
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FI1G. 4.  From left to right: Experiment 2a and 2b. The y-axis are the sum of Type I and Type Il errors (testing
level is fixed at 5%). The x-axis are ||0|| or sparsity levels. Results are based on 200 repetitions.



3430 J.JIN,Z. T. KE AND S. LUO

0.6 0.6 i 0.6
~-EZ ~-EZ ~-EZ e
0.5f|=-GC 0.5f|—-GC 0.5|-GC ‘r;_”“‘ -~ 3
—-0-SgnT -0-SgnT —0-SgnT .::*
0.41/-°-SgnQ 0.4t/-°-SgnQ 0.4{|>-8gnq| .74
.
PR _-" o 7
03 03 P P TR ST X B A
- - ~ , s V3
7 o PLg , . v
0.2 402 LA , 024~ ’
- Pild ’ AT = -0 - ’
v 4 - -
P S - 01L°* == =8 0.1 =7
0'1E:..=.==’ em g —- .:ﬁ,_‘_._, _e=== . . =%
0 o= ‘ 0 : : : . 0
8 10 12 14 16 18 8 10 12 14 16 18 8 10 12 14 16 18
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level is fixed at 5%). The x-axis are ||6|| or sparsity levels. Results are based on 200 repetitions.

where Dirichlet represents the symmetric K-dimensional Dirichlet distribution. In Exp 3a—
3b, we let B, range while (1 — b,)||0]| is fixed at 4.2 so the SNR’s are roughly the same. In
Exp 3c, we also let 8, range but (1 — b,)||0]| = 4.5 (the SNR’s need to be slightly larger to
counter the effect of mixed membership, which makes the testing problem harder).

The sum of Type I and Type II errors are presented in Figure 5. First, the results confirm
that mixed memberships make the testing problem harder. For example, the value of ||6|(1 —
b,) in Exp 3c is higher than that of Exp 3a—3b, but the testing errors are higher, due to
that the memberships in Exp 3¢ are more mixed. Second, SgnQ consistently outperforms
EZ and SgnT. Third, GC is comparable with SgnQ in the more sparse case, but performs
unsatisfactorily in the less sparse case, for reasons explained before. Last, in these settings,
SgnT is uniformly better than EZ, and more so when the memberships become more mixed.

5.4. Experiment 4. We vary the size of network and study its impact on testing errors.
We fix K =2 and let P be a 2 x 2 matrix with unit diagonals and off-diagonals equal to b,,.
Let g(;r) be the uniform distribution on {(0, 1), (1,0)} and let f(€) be Pareto(8, 0.375). We
let n ranges from {100, 300, 1000, 3000}. Note that in our data generating process, 8, = ||0||
controls the sparsity level and (1 — b,,)||€]| is the SNR. As n varies, we fix 8, = 4 and change
b, accordingly so that the SNR is fixed at 3. The results are in Table 3. This is a sparse setting,
therefore, the biases in EZ and GC are negligible and they both control the Type I error well.
The SgnT and SgnQ tests also control the Type I error well. In terms of the Type II errors,
GC and SgnQ are better than EZ and SgnT. The results are relatively stable as n varies.

6. Discussions. A closely related idea is to use ||A — 17’|| as the test statistics. To see
why this is a reasonable choice, consider the proxy test statistic |A — n*(n*)’||, where we
recall that »n* = 6 under the null; see (1.12). Therefore, A — n*(n*)" is equal to W and
(2 — (n*(n™)) + W, under the null and the alternative, respectively. The test has reason-
able power, as ||A — n™(n*)’|| is expected to be bigger in the alternative than in the null. An-
other related idea is to extend the Signed Polygon to address the problem of testing whether

TABLE 3
Experiment 4. Numbers in each cell are Type I error, Type Il error and their sum

n 100 300 1000 3000
EZ (0.025, 0.22, 0.245) (0.055, 0.26, 0.315) (0.05,0.27,0.32) (0.06, 0.275, 0.335)
GC (0.02,0.02, 0.04) (0.06, 0.02, 0.08) (0.04, 0.005, 0.045) (0.04, 0.005, 0.045)
SenT (0.01, 0.15, 0.16) (0.04,0.14, 0.18) (0.065, 0.175, 0.24) (0.06, 0.14, 0.2)

SgnQ

(0.05, 0.015, 0.02)

(0.04, 0.005, 0.045)

(0.04, 0, 0.04)

(0.02, 0.005, 0.025)
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K = ko versus K > kg, where ko > 1 is a prescribed integer. Let Q= Z],?:l )A\kéké,é, where
Ay are the kth eigenvalue of A, arranged in the descending order in magnitude and ék is
the corresponding eigenvector. The Signed Polygon test statistic can then be extended to
Ué’j}% = Zil,iz """ i (dist) (Aiyiy — Qi]iz)(Ai2i3 — Qi2i3) (A — Qimil)' See [27] for more
discussion. It remains unclear whether these test statistics are optimally adaptive, and we
leave the study to the future.

Another testing idea would be using the first eigenvalue of A=6"140"" - b1, 1), fora
reasonable estimate 6 for 6 and a proper b. Unfortunately, even if 6 = 6, the distribution of
the test is unknown for general cases. In fact, this is essentially the approaches proposed in
[8, 32]). Both papers showed that in the dense case of 8 =60, = --- =6, = O(1), the largest
eigenvalue of A (when standardized) converges to the Tracy—Widom law. Unfortunately, the
approaches have been focused on the more idealized SBM model and the less sparse case
where ) =) =--- =0, = \Ja, > O (n—1/9), and the limiting distribution remains unknown
for other cases.

The testing problem is also closely related to the problem of estimating K . In fact, we can
cast the estimation problem as a sequential testing problem where we test K = ko vs. K > kg
for kg =1, 2,3, ..., and estimate K to be the smallest ko where we accept the null.

Note also the lower bound argument for the global testing problem sheds useful insight
for many other problems (e.g., estimating K, community detection, mixed membership).
Take the problem of estimating K, for example. Given an alternative setting, if we cannot
distinguish it from some null setting, then the underlying parameter K is not estimable.

In a high level, these ideas, together with the Signed Polygon, are related to the ideas in
[21] on testing K = kg versus K > kg, in [32] on goodness-of-fit, and in [31] on estimating
K . However, the focus of these works are on the more idealized model where we do not have
degree heterogeneity, and how to extend their ideas to the current setting remains unclear.
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