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In transfer learning, we wish to make inference about a target population
when we have access to data both from the distribution itself, and from a dif-
ferent but related source distribution. We introduce a flexible framework for
transfer learning in the context of binary classification, allowing for covariate-
dependent relationships between the source and target distributions that are
not required to preserve the Bayes decision boundary. Our main contribu-
tions are to derive the minimax optimal rates of convergence (up to poly-
logarithmic factors) in this problem, and show that the optimal rate can be
achieved by an algorithm that adapts to key aspects of the unknown transfer
relationship, as well as the smoothness and tail parameters of our distribu-
tional classes. This optimal rate turns out to have several regimes, depending
on the interplay between the relative sample sizes and the strength of the
transfer relationship, and our algorithm achieves optimality by careful, deci-
sion tree-based calibration of local nearest-neighbour procedures.

1. Introduction. Transfer learning refers to statistical problems in which we wish to
make inference about a test data population, but where some (typically, the large majority) of
our training data come from a related but distinct distribution. Such problems arise in many
natural, practical settings: for instance, we may wish to understand the effectiveness of a treat-
ment on a particular subgroup of a population, but still wish to exploit information about its
efficacy on the wider population under study. In medical applications, we may be interested in
making predictions in a given experimental setting, or using a particular piece of equipment,
but also have data obtained under different scenarios or measured with different devices.
Closely related problems have recently been of interest to many communities, sometimes
studied under the banner of label noise (Blanchard et al. (2016), Cannings, Fan and Sam-
worth (2020), Frénay and Verleysen (2014)), multi-task learning (Caruana (1997), Maurer,
Pontil and Romera-Paredes (2016)) or distributional robustness (Christiansen et al. (2020),
Sinha, Namkoong and Duchi (2018), Weichwald and Peters (2021)). For recent survey papers
on transfer learning, see Pan and Yang (2009), Storkey (2009) and Weiss, Khoshgoftaar and
Wang (2016).

We focus here on transfer learning in the context of binary classification, both due to
the latter’s fundamental importance as a canonical problem in modern statistics and machine
learning, and because, as we shall see, its structure is particularly amenable to algorithms that
seek to exploit relationships between the training and test distributions. To set the scene for
our contributions, let P and Q denote two distributions on R x {0, 1}, with corresponding
generic random pairs (X°, Y?) and (X2, Y9), respectively. We think of P as a source dis-
tribution, from which most of our training data are generated, and Q as a target distribution,
from which we may have some training data, and about which we wish to make inference. Let
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np,ng: R¢ — [0, 1] denote the source and target regression functions, respectively, defined
by

(1) np(x):=P(Y?=1/Xx"=x) and no(x):=P(¥<=1/Xx2=x).

Our main working assumption on the relationship between P and Q will be that our feature
space R can be partitioned into finitely many cells X*, and for each cell there exists a
transfer function gg : [0, 1] — [0, 1] such that np can be approximated by g¢ onp on XZ‘. We
will further assume that the cells arise from a decision tree partition (Breiman et al. (1984)),
and that each transfer function satisfies
2) ge(z) — ge(1/2) -

z—1/2
for some ¢ > 0, and all z € [0, 1/2) U (1/2, 1]. Thus, in the simplest case where we have just
a single cell, P and Q are connected via the fact that the propensity under the source dis-
tribution to have a Class 1 label at x € R? only depends on x through no(x), which reflects
the propensity under the target distribution to have a Class 1 label at x. Our condition (2) is
of course satisfied if each g is differentiable with g (z) > ¢ for z € [0, 1], and ensures in
particular that when np = g o g holds exactly on X, we have sgn{np(x) — g¢(1/2)} =
sgn{ng(x) — 1/2} on that cell. Importantly, though, condition (2) does not require that
ge(1/2)=1/2.

To give an example where such a relationship between P and Q might be expected, sup-
pose that we wish to predict At Risk individuals for a disease (e.g., breast cancer), on the basis
of a set of covariates x. Due to the difficulties and expense of large-scale testing, only a small
number of individuals in the general population are assessed (e.g., via a mammogram), but
those displaying symptoms have a much greater propensity to be tested. In this example, we
think of our (large) data set from P as being a set of individuals for whom we have recorded
relevant covariates, and for whom we record a label Y” = 1 if and only if the individual has
both been tested, and has been assessed to be At Risk as a result. On the other hand, our
main interest is in whether individuals are At Risk, regardless of whether or not they have
been tested. Our (small) data set from Q then is obtained by testing a number of uniformly
randomly-chosen individuals from the general population, and we record Y ¢ = 1 if and only
if the individual is assessed to be At Risk. We can think of our training data from both P and
Q as being generated from independent and identically distributed triples (7', X, Y), where T
is a binary indicator of whether or not a test has been conducted before the start of the study,
where X encodes covariates, and where Y indicates whether or not an individual is At Risk.
However, in our source sample, we only observe X¥ = X and Y* = T'Y, while in our target
sample, we see X¢ = X and Y< =Y. Thus, in this example, the marginal distributions of
X and X € are the same, while the regression functions 7p and no satisfy ng > np. In fact,
in this formulation, we have

np(x)=PTY=11X=x)=P(T =1X=x,Y =1)nox).

The relationship np = g oo then holds if T and (X, Y') are conditionally independent given
no(X). More generally in this example, we might construct a decision tree partition based
on geographical location and income, for instance, and ask only that this relationship hold
approximately for each cell of the partition.

As another example, in tax fraud detection, most individuals can only be subjected to a
simple screening procedure due to the administrative burden. Hence, in order to assess the
reliability of their detection algorithms, a government agency might draw a separate, smaller
sample of individuals, chosen uniformly at random from the population, for a more formal
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audit. Here, Y ¥ = 1 if the screening flags a potentially fraudulent return, ¥ € = 1 if the audit
detects fraud, and X* = X2 = X encodes covariates. Since

np(X) =P =11X=x, Y2 =)o) + P(¥ = 11X =x, Y2 =0){1 —no(x)},

the modelling assumption np = g o ¢ holds if the conditional probabilities above only de-
pend on x through n¢o(x). In practice, there may be additional dependencies, for example,
based on profession, income bracket and domicile status, but the modelling relationship may
still hold approximately on the cells of a suitable decision tree partition. Further examples
may be found in computer vision, precision medicine, natural language processing and many
other areas.

In line with the above examples, then we will assume a transfer learning setting where
we have access to independent data Dp := (xXP, YIP), ooy (XP U YPY)) from P and Do =

np’ - "np

((XQ, YIQ), e (X,?Q, YnQQ)) from Q, and wish to classify a new observation (X2,v9) ~
Q. Our first contribution is to formalise the new, decision tree-based transfer framework to
incorporate the broad range of relationships between source and target distributions seen in
practical applications such as those mentioned above. In particular, in contrast to most other
work in this area, our highly flexible form of relationship between 1 p and 1o does not require
that the Bayes decision boundaries agree for the two populations; we also allow the marginal
distributions of X ¥ and X € to differ, and do not assume that these distributions have densities
that are bounded away from zero on their respective supports. The classes of distributions we
consider then combine local smoothness assumptions on np and 1o with tail assumptions
on the marginal distribution of X and the marginal distribution of X”. To understand the
fundamental difficulty of the transfer learning problem, we derive a minimax lower bound
that comprises several regimes, according to the relative sample sizes and the strength of the
transfer relationship, as measured by the distributional parameters of our classes. The next
challenge is to introduce a new method for the transfer learning task; our basic idea is to use
Dp to construct a local nearest-neighbour based estimate of np, and then perform empirical
risk minimisation with Dy to estimate the underlying decision tree partition and the values
of the transfer functions at 1/2. We derive a high-probability upper bound for the excess
test error of our procedure, which, together with our lower bound, reveals that our algorithm
attains the minimax optimal rate, up to a poly-logarithmic factor. A notable feature of our
methodology is that the only inputs required are Dp and Dg; in particular, it is adaptive to
the unknown transfer relationship in the primary regime of interest, as well as the smoothness
and tail parameters of our distributional classes, and the confidence with which the test error
bound holds.

Interest in transfer learning has been growing considerably in recent years. One broad line
of work considers the setting where the practitioner only has access to labelled data from P,
possibly with some additional unlabelled data from Q. A popular approach in that context
is to formulate a measure of discrepancy between the distributions P and Q and to give test
error bounds in terms of this discrepancy (Ben-David et al. (2010a, 2010b), Germain et al.
(2015), Mansour, Mohri and Rostamizadeh (2009), Mohri and Mufoz Medina (2012), Cortes,
Mohri and Muioz Medina (2019)). This strategy has been shown to yield distribution-free
bounds with wide applicability, but whenever the discrepancy is nonzero, the excess error
is not guaranteed to converge to zero with the sample size. In order to achieve consistent
classification, we must impose additional structure (Ben-David et al. (2010b)), for example,
by focusing on label shift, covariate shift or label noise, each of which may be viewed as a
special case of transfer learning. In label shift (Lipton, Wang and Smola (2018), Zhang et al.
(2013)), the marginal distributions of Y P and Y€ differ, but the class-conditional covariate
distributions are the same for P and Q. Covariate shift (Candela et al. (2009), Gretton et al.
(2009), Sugiyama, Suzuki and Kanamori (2012)) concerns scenarios where the regression
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functions np and 1 are assumed to be equal, but the marginal distributions of P and Q may
differ. In label noise (Blanchard et al. (2017), Reeve and Kaban (2019a), Scott (2019), Scott
and Zhang (2019)), np and no differ. This does not necessarily preclude consistent classi-
fication, even when ng = 0, provided that additional restrictions are met. For instance, the
Bayes classifier may still be the same for P and Q, in which case one can sometimes proceed
as if there were no label noise (Cannings, Fan and Samworth (2020), Menon, van Rooyen
and Natarajan (2018)); alternatively, if the label noise only depends on the true class label,
then the label noise parameters may be estimated under certain identifiability assumptions
(Blanchard et al. (2016), Reeve and Kaban (2019b)).

Other related work that considers the current setting where the statistician has access to
labelled data from both source and target distributions includes Kpotufe and Martinet (2018)
for the covariate shift problem, and Hanneke and Kpotufe (2019) and Cai and Wei (2021) for
general transfer learning. The frameworks of these papers ensure that (np(x) —1/2)(no(x) —
1/2) > 0 whenever no(x) # 1/2, and hence the Bayes classifiers for P and Q are equal. In
our terminology, this corresponds to the special case where g,(1/2) = 1/2 for all £. In each
of these works, the authors obtain minimax rates of convergence for the excess error in their
respective problems, which in particular reveal that consistent classification is possible with
Dp alone, and the effect of Dy is to improve the rates. The only work in this context of
which we are aware that allows the Bayes classifier for the two distributions to differ is the
very recent contribution of Maity, Sun and Banerjee (2020). These authors consider the label
shift problem, so the differences between P and Q are captured through a single parameter
governing the similarity of P(Y” = 1) and P(Y ¢ = 1). Maity, Sun and Banerjee (2020) show
how this parameter can be efficiently estimated from the data (which can even be unlabelled),
and are therefore also able to obtain minimax rates of convergence for their problem.

One of our main goals in this work is to allow more flexible forms of transfer, to make our
framework applicable to the examples discussed above. The price we pay for this generality
is that our rates of convergence are necessarily slower than those of Kpotufe and Martinet
(2018), Cai and Wei (2021), Hanneke and Kpotufe (2019) and Maity, Sun and Banerjee
(2020). Nonetheless, our minimax rates conclusively demonstrate the benefits of transfer
learning in a highly flexible setting.

The remainder of this paper is organised as follows: in Section 2, we introduce our general
transfer learning framework, and state our main minimax optimality result (Theorem 1). Sec-
tion 3 gives a formal description of our algorithm, as well as a high-probability upper bound
for its excess test error (Theorem 2), while a conclusion is provided in Section 4. The proofs
of Theorem 2 and the upper bound in Theorem 1 are given in Section 5, and the proof of the
lower bound in Theorem 1 is provided in Section 6. Auxiliary results and illustrative examples
are deferred to the online Supplementary Material (Reeve, Cannings and Samworth (2021))
and are prefaced by the letter ‘S’; there we also present the results of a brief simulation study.

We conclude this Introduction with some notation used throughout the paper. Given a set
A, we write | A| for its cardinality, and Par(A) for the set of all finite partitions of A, that is, the
set consisting of elements of the form {A1, ..., A,}, with Ay, ..., A, pairwise disjoint and
UZ"Zl Ay =A. Welet Ny :=NU{0},and forn € N, let [n] :={1,...,n}. Forx € R4, we write
||x|| for the Euclidean norm of x, and, given r > 0, we write B, (x) :={y € R? : ly—x| <r}
for the open Euclidean ball of radius r about x. We let £; denote Lebesgue measure on
R?, and let Vy := L4(B1(0)) = 7¢/?/T(1 + d/2). For x > 0, we let log, (x) := logx if
x > e, and log, (x) := 1 otherwise. If 11, v are probability measures on (X', A), then we write
TV(u,v) :=supyc 4 |n(A) — v(A)| for their total variation distance, and if p is absolutely
continuous with respect to v with Radon-Nikodym derivative du/dv, we write KL(u, v) :=
[x log(fi—’j)d w for the Kullback—Leibler divergence from v to w. Finally, the support of a

probability measure u on R?, denoted supp(i), is defined to be the intersection of all closed
sets C € R¢ with u(C) = 1.
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2. Statistical setting and main result. Let P, Q be distributions on R x {0, 1} and
let (XP,YP)~ P and (X9,Y9) ~ Q. We recall the definitions of the regression functions
np and 1o from (1), and write up and po for the marginal distributions of X P and X2,
respectively.

A classifier is a Borel measurable function f : R? — {0,1}. In practice, clas-
sifiers are constructed on the basis of training data, and we will assume that for
some np,ng € No, we have access to independent pairs (X, Y[),....,(XF ,vF) ~

np’ - np
P and (X Q,Y ), . (XnQ, Q) ~ @. Recall that as shorthand, we denote Dp =

(xP,yh, ... (XP YP)) and Do = (X2, Y2, ..., (X5, ¥,5)). A data-dependent

np’ ng»
classifier f is a measurable function from (R? x {0, 1})”” x (R4 x {0, 1)"2 x R to {0, 1},
and we let F;, p.ng denote the set of all such data-dependent classifiers. In this work, the first

arguments of f e Fp p.ng Will always be Dp and Dy, so we will often suppress all but the

final argument of f noting also that the mapping x — f (x) is a classifier. Conversely, any
classifier may be regarded as a data-dependent classifier that is constant in all but its final
argument. The fest error of f e Fy p.ng 18 given by

3) R(f):=P(f(x?) #Y?|Dp, Do),

where (X2,Y9) ~ Q is independent of our training data, and is minimised for every Dp
afld l?Q by the Bayes classifier fé, where fé (x) := L{yy)=1/2}- The excess test error of
J € Fnp.ng is given by

@ N =RNO-RUZ=[ . Prot)=1lduot
X X 0 X

In order to provide a formal statement of our key transfer assumption, we first define the
notion of a decision tree partition.

DEFINITION 1 (Decision tree partitions). Let T := {{R?}} C Par(R¢), and for L > 2,
define the subset of Par(R?) given by

={&1,...., X1 NHj s, X 1\ Hjs}:jeldl,s eR {X1,..., X1} e€Tr 1},

where Hj ; := {(X;)re[d] € R? xj > s} for j € [d] and s € R. The set of all decision tree
partitions is Uy ¢y Tr-

We illustrate some elements of T, T, T3 and T4 when d = 2 in Figure 1.

ASSUMPTION 1 (Transfer). There exist {X}, ..., X[} € Tr«, aswellas A €0, 1), ¢ €
(0, 1) and transfer functions g, ..., grx : [0, 1] — [0, 1] such that [np(x) — g¢(no(x))| < A
for every £ € [L*] and x € X"; moreover,

8e(z) — ge(1/2)

) WZ‘?

forevery £ € [L*] and z € [0, 1/2) U (1/2, 1].

To understand this assumption, first consider the case where A = 0. Then our condition
states that for the A cell of our decision tree partition, we have the relationship np = g¢ong,
so that within this cell, np(x) only depends on x through 1o (x). Moreover, (5) asks that
each g, is strictly increasing at 1/2, and is of course satisfied if each g, is differentiable
with g;(z) = ¢ for z € [0, 1]. More generally, for A > 0, Assumption 1 only requires that
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FI1G. 1. [llustration of elements of T1, T, T3 and Ty.

the relationship np = g¢ o ¢ holds to within an error of A on each cell of our decision tree
partition.

Our next assumption concerns the mass of the source and target distributions in the tails.
Given a probability distribution © on R? and do € [0, d], we define the lower density w; 4 :
R? — [0, 1] of u by

o m(Br(x))

(6) Op,do(X) 1= rel(r(lfl) v

For intuition, when p is absolutely continuous with respect to the volume form on a dy-
dimensional, orientable manifold in R? with density (Radon-Nikodym derivative) Sfu,andif
the infimum in (6) is replaced with a liminf as » N\ 0, then w,, 4, is almost everywhere equal
to a constant multiple of f,, (Ledrappier and Young (1985), Lemma 4.1.2). This explains
our lower density terminology. Further properties of this lower density, which can in fact be
defined on general separable metric spaces, can be inferred from common assumptions in the
classification literature, including an assumption of regular support (Audibert and Tsybakov
(2007)) and a strong minimal mass assumption (Gadat, Klein and Marteau (2016)); see Lem-
mas S1 and S2 for details. We also note that the definition in (6) has some similarities with
that of a Hardy—-Littlewood operator (Hardy and Littlewood (1930)), though one important
difference with the standard definition is that here an infimum replaces a supremum.

ASSUMPTION 2 (Marginals). There existdg € [1,d], yp > 0and Cp g > 1 such that

(7) ro(fx R twpya,(x) <&}) <Cpg-£70
for all £ > 0. Moreover, there exist dp € [dgp, d] and yp > 0 such that
() ﬂQ({xeRd:wu«P,dP(x) <§})=Cpo-§"
for all £ > 0.

To understand the first part of Assumption 2, first consider the case where ¢ is absolutely
continuous with respect to Ly. In that case, condition (7) can be viewed as similar to other
tail conditions in the classification literature that control the 1ty measure of the set on which
this density is small (e.g., Gadat, Klein and Marteau (2016), Assumption A4). Thus, (7) is
a generalisation of such a tail condition, because we do not require g to be absolutely
continuous with respect to Ly, and instead work with its lower density @y, 4,- The great
advantage of this formulation in (7) is that it allows us to avoid assuming that this lower
density is bounded away from zero on the support of 1 o; Example S2 provides a simple,
univariate parametric family of densities { f,, : y > 0} for which yp = y is the optimal choice.

Further intuition about the first part of Assumption 2 can be gained from several results in
the Supplementary Material that we now summarise. In Lemma S5, we show that if 1o has
a finite pth moment for some p > 0, then (7) holds with dp =d and yg = p/(p + d). The
proof relies on Vitali’s covering lemma (e.g., Evans and Gariepy (2015), Theorem 1), and
we believe the result may find application elsewhere; see Remark S1 after Lemma S5. As a
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consequence of a general result about Weibull-type tails (Lemma S6), Proposition S12 shows
that when 1o has a log-concave density on R? with dy-dimensional support, (7) holds with
dgp =dp and any yp < 1; in fact, when dgp = 1, we may even take yp = 1 (Proposition S11).
Moreover, Proposition S13 extends these results to finite mixtures of log-concave distribu-
tions, with Cp o depending linearly on the number of mixture components (and not de-
pending on the mixing proportions). In fact, more generally, Propositions S7 and S8 provide
simple stability results for the property (7) under finite mixtures and products, respectively.
As additional important examples, whenever 1o has bounded, dy-dimensional support, we
may take dg = dp and yp = 1 (by Lemma S4); moreover, if 1 has a density that is bounded
away from zero on a dy-dimensional, regular support, then we may take dg = dy and yg to
be arbitrarily large (by Lemma S1).

The second part of Assumption 2 relates up and w o together: it controls the p o measure
of the set on which the lower density of wp is small, thereby capturing the extent to which
the source measure covers the target measure. For instance, Example S4 reveals that when
mo=N(,1)and up = N(O, o?), we may take yp = o2, while from Example S5, we see
that when g = N(0,1) and up = N(a, 1) for some a # 0, we may take any yp < 1. We
remark that if (7) holds and if, in the terminology of Kpotufe and Martinet (2018), (P, Q)
have transfer-exponent k € [0, oo], then (8) holds for any dp > dp + k and with yp = yg;
see Lemma S14. Moreover, Example S6 provides a prototypical setting where working with
the condition (8) allows us to obtain faster rates of convergence than would be the case if we
instead deduced this rate from the corresponding transfer-exponent.

Our next two assumptions are standard margin (e.g., Mammen and Tsybakov (1999),
Polonik (1995)) and smoothness assumptions. We emphasise that these are only imposed
on the distribution Q, and we require no corresponding properties for P.

ASSUMPTION 3 (Margin). There exist @ > 0 and Cy > 1 such that for all ¢ > 0 we have
no(fx € R :no(x) = 1/2] <)) < Cm - £“.

ASSUMPTION 4 (Smoothness). There exist 8 € (0, 1] and Cs > 1 such that [ (xo) —
no(x1)| < Cs - Ilxo — x1]|? for all xo, x1 € R?.

It will be convenient to write 6 for the vector of parameters that appear in Assumptions 2—
4, namely (dg, yo.dp,yp,Cp,g,a,Cm, B, Cs), and to write ® for the corresponding pa-
rameter space. We will also make use of an augmented parameter vector that incorporates
the additional parameters that appear in Assumption 1, by letting 6% := (A, ¢, L*, 0), with
corresponding parameter space ®*. For 6% € ®F, we write P,: for the set of pairs (P, Q) of
distributions satisfying Assumptions 1-4 with parameter 6%,

We are now in a position to state our main result.

THEOREM 1. Fix 6% = (A, ¢, L*,0) € ©° with B/2B +dg) < yo, B/(2B+dp) < yp,
aBf <dg,yp(1—yp) <ygand Cy>1+ 22dQ/5ddQQ/2VdQ. For j € {L, U}, let

j Byp(+a) i1+
; aj vp CB+dp)+ap . L*al \ 7ta AN o
J . 0 1 I+a
Anpn T 2 + min v(l_¢) +1| - ’
e ¢ -np no ¢
. By (1+a)
B - b’ \ vo@B+ag)+ap
ng T @ )

where a(% = alL =pl =1, a([)J = log, (np), aF :=log (L*d(np + ng)) and pY =

log, (ng). Then there exist cg, Co > 0, depending only on 8, such that

©)  co(Ay, .y ABiy A1) < inf sup  E{E(/)} < Ca(A}, 0y A Biy A1)
fEJ'—anlQ (P,Q)EPQ;
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Theorem 1 establishes the optimal rates of convergence for the excess risk over our classes,
up to logarithmic factors. It is important to note that ¢y and Cy do not depend on (A, ¢, L*)
(and nor on np or ng); thus the theorem reveals the optimal dependence of the worst-case
excess risk on these parameters, too. Moreover, as we will show in Theorem 2, the minimax

rate can be achieved up to a poly-logarithmic factor when ¢ <1 — nél/ @+o) by a procedure
that is completely adaptive, in the sense that it only takes Dp and Dy as inputs (and not any
component of §%).

The restrictions on the parameters in Theorem 1 are mild. For instance, by
Lemma S5, the conditions B/(28 + dg) < yo and yp(l — yp) < yo hold whenever
SUP(p,0)eP,; E(||X€2||'V4err) < 0o. The condition af < dg rules out ‘super-fast rates’ (in
the terminology of Audibert and Tsybakov (2007)) and is guaranteed to hold whenever
there exist (P, Q) € Py and xg € R4 such that no(xo) = 1/2 and Opg.dg(X0) > 0 (see
Lemma S15). The first two parameter restrictions in Theorem 1 are only required for the
upper bound, while the other three are only needed for the lower bound. We also remark
that Theorem 1 holds even when n p or ng are zero. In the former case, the problem reduces
to a standard classification problem, while in the latter case, Theorem 1 provides results for
relaxations of the covariate shift model in which np and ¢ are close.

By careful inspection of the proof of Theorem 1, we see that the first terms AL

np,ng
A}sz,n 0 in the bounds are due to the transfer learning error, and comprise three separate
contributions. The first term arises from the error incurred in estimating np. The second
represents the difficulty of identifying the correct decision tree partition {X7", ..., A}.}, as
well as learning g1(1/2), ..., gr=(1/2); this term is negligible if ¢ is sufficiently close to 1.
In fact, as we will see from the proof of Theorem 2 below, it is not necessary to carry out
this step when ¢ is close to 1. Finally, the third term reflects the extent to which np can be
approximated by g¢ o ng on ;. The B and B,?Q terms represent the rate of convergence
achievable by ignoring Dp and performing standard classification using Dy; in the context
of transfer learning, our primary interest is in the setting where np > ng, and where the

minima in (9) are attained by A%P’n o and A}EP’n o Tespectively.

To set the rates B,];Q and BY o in context, it may be helpful to consider the case where ¢
is absolutely continuous with respect to £; with a density that is bounded away from zero

on its regular support; see Definition S1. In that case, we may take y( to be arbitrarily large

_ BU%a)
2p+d

and

and dg = d; notice that setting yp = 0o and dg = d in BL  recovers the rate n for
the standard classification problem (with no source data) in Audibert and Tsybakov (2007)
under this regular support hypothesis. Returning to the more general transfer learning setting,

if we take yp = yg = o0 and dp = dp = d, then the minimum of the first term in A,I;P’ no and

B,E o matches the rate obtained by Cai and Wei (2021). The second and third terms in A%P, no
represent the necessary additional price for the generality of our framework.

To illustrate Theorem 1, and ignoring logarithmic factors for simplicity, consider the spe-
cial case where yp = yo and dp = dp (which would in particular be the case if the marginal
distributions pp and pg coincide). Then Theorem 1 reveals that in order for transfer learn-
ing to be effective (as opposed to simply constructing a classifier based on D), we re-
quire ¢2 -np > ng. If we further assume that yp =ygp =1, that dp =dp =d, that A =0
and that « = 8 = 1, then we benefit from transfer learning provided that ¢ - np > no and
L* < né/ @) I general, the scope for transfer learning to have an impact increases as yp
and ¢ increase, and as dp, L™ and A decrease.

3. Methodology and upper bound. In this section, we introduce our adaptive algorithm
for transfer learning and provide a high-probability bound for its excess risk. To understand
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the main idea, consider the case where A = 0 in Assumption 1, and where we are told the
correct decision tree partition and transfer functions. In this setting, when x € X}, the sign
of np(x) — g¢(1/2) agrees with the sign of no(x) — 1/2, so we aim to construct a nearest-
neighbour based estimate of the former quantity using Dp. In practice, this estimate will
depend on a choice of decision tree, but this can be calibrated using a subsample from Dg.
Separately, we also construct a standard k nearest-neighbour estimate of ng(x) — 1/2 via the
same subsample from Dy, and make our final choice between the two data-dependent clas-
sifiers using empirical risk minimisation over the held-out data from Dg. The independence
of the two subsamples from Dy allows us to work conditionally on the first subsample at this
final step to obtain our final performance guarantees.

In giving a formal description of our algorithm, we will assume thatng > 2 (whenng <1,
the upper bound in Theorem 1 is attained by applying a nearest-neighbour method to Dp),
and it will also be convenient initially to assume that np > 0. For x € R? and k € [np], we
let X (f,;) =X’ ) (x) denote the kth nearest neighbour of x in Dp in Euclidean norm (where
for definiteness, in the case of ties, we preserve the original ordering of the indices), and let
Y(I,:) = Y(‘Z) (x) denote the concomitant label. We then split Dy into two subsamples D% =

0 0 Q 1 0 o Q
(X 7Y )y (X lng/2) LVlQ/ZJ)) and D ((XLnQ/2J+1’Y|_nQ/2J+1)’ (XnQ, nQ))
For k € [lng/ 2J], we let X9 o = =x? () denote the kth nearest neighbour of x in D%, and

similarly let Y, (k) =Y (% (x) denote the concomitant label.

Given L € N and a decision tree partition {Xj, ..., Xy} € T, we define the leaf function
¢:RY4—[L] by £(x) := j whenever x € X;. Let H,, denote the set of decision tree functions
h:RY— (0, 1) of the form x > 7¢(y) for some {&7, ..., X1} € T with leaf function ¢, and
some (tq,...,72) €{0,1/np,2/np, ..., 1}E. Tt is also convenient to define g to consist of
the single (constant) function that maps R¢ to 1/2 (this will handle the case when ¢ is very
closeto 1). Given k € [np], L € Ngand h € H,, we let

- [ P P
(10) i (x) = %Z{Y(i)(x) —h(X{ ()}
i=1
denote an empirical estimate of np(x) — ge(x)(1/2). To choose k, we fix a robustness param-
eter o € [n%,]/np ={1/np,2/np,...,np}, and use a Lepski-type procedure to define

(11) k=kl )0 ::max{k elnp —11: Mk, )] < % forall r € [k]} +1.

Fixing a Conﬁdence level § € (0,1), we will see in Proposition 3 that the choice o*
min{[3 log (n p/8)], np} yields classifiers that perform well with probability at least 1 — 6.
However, we seek a procedure with simultaneous guarantees across all levels §, so we will
provide a data-dependent choice below. We now choose % by applying empirical risk min-
imisation over D%, so that

lno/2]

; : 0 0
(12) h € argmin Y=1,. 0 +(1—-Y~)1,. 0 .
e, ; % g, (X)) <0} ( i) g, (X; 20/}

As defined, h involves a minimisation over an infinite set of decision tree functions; however,
by Lemma 13, a minimiser can be found by restricting the class H to a finite set that may
in principle be computed from the data. See Section S2 for a discussion of implementational
aspects. Having determined /, we can now define a family % := { fUP 0 € [n%] /np,L €
{0} U[ngl} < ]:",ZP,,,Q, where fUPL(x) = ]l{ﬁz!i(x)>0}- If np =0, then we set FP.=g.

. Lz
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The second part of our procedure involves applying a k nearest-neighbour classifier to DOQ.
More precisely, for k € [|ng/2]], we first define

k

1
(13) 0= 3 r8w -}

i=1

Given o € [an] /n g, we select a number of neighbours
~ o~ . o
(14) k=kf(x):= max{k €[lng/2) —1]: Im€(x)| < 7 forall r € [k]} +1,
r

and define another family F< := {fUQ 10 € [nZQ]/nQ} C Fup.ng bY fUQ(x) = ]l{’%g(x)zo}.
Our final data-dependent classifier then is obtained by empirical risk minimisation over
Dé: we pick
ng
fare argmin L0y
feFPUFLi=|ng/2]+1

The following theorem provides a high-probability bound on the performance of fATL over
P@]:I

THEOREM 2. Fix 0% = (A, ¢, L*,0) € O with /(2B +dp) < yp and B/ (2B +dp) <
vo. Givennp € No,ng > 2 and § € (0, 1), we let

Brp(l+a) 14a
aop.s '\ vpCBTdp)tap . L*aj s\ >« lta A\ Te
Anping.s = ¢>2—n + min " ,(1—9) + a ,
‘np 0

Byo(1+a) l4a

bs \ 7o @F+dg)+ap ds \ 2+«

BnQ,S =\ — s an,nQ,B =\ P

no no

where ag s := log,(np/d8), ais = log, (L*dnp/$), bs := log,(ngp/8) and ds :=
log, ((np +ng)/8). Then there exists Co > 0, depending only on 0, such that

(15) sup P{E(farL) > Co - (Min(Anp g5 Bug.s) + Duping.s)) <6
(P,Q)eP,;

An important point to note is that the definition of fATL does not depend on the confidence
level §, yet the probabilistic guarantee in (15) holds simultaneously over all such levels. The
terms A, , 0.8 and B, 0.6 are very closely related to AU and BU in Theorem 1; indeed,
the only changes are in the logarithmic factor. Integratlng the tail probablhty bound (15) over
6 € (0, 1) therefore reveals that in the primary regimes of interest, the upper bound in Theo-
rem | can be attained using an algorithm that is agnostic to A, ¢ and L*. Comparing Theo-

rem 2 with the upper bound in Theorem 1, we see that there is an additional term D, ng.s-

This term only contributes when ¢ is extremely close to 1 (i.e., when 1 — ¢ K nél/ (2+a) up

to a logarithmic factor) and A, , 0.8 € Byys-In this case, np is very close to n¢, and the
upper bound in Theorem 1 can be attained by applying a standard nearest- neighbour method
to Dp.

We recall that the second term B, s in (15) arises from ignoring Dp and performing
classification using Dg. Our analysis here builds on prior work on error rates in k nearest-
neighbour classification (e.g., Kulkarni and Posner (1995), Hall, Park and Samworth (2008),
Samworth (2012), Chaudhuri and Dasgupta (2014), Biau and Devroye (2015), Gadat, Klein



3628 H. W.J. REEVE, T. I. CANNINGS AND R. J. SAMWORTH

and Marteau (2016), Reeve and Brown (2017), Cannings, Berrett and Samworth (2020));
see also the seminal early work by Fix and Hodges (1951), Cover and Hart (1967) and Stone
(1977). The main novelty in our arguments, however, is in obtaining the A, , n, s term, which
quantifies the extent to which our algorithm can exploit Dp to classify data from Q more
accurately than can be done with D alone. Here, we combine analyses of nearest-neighbour
classification (but using Dp instead of D) with a covering number argument for the number
of possible decision trees on Dp (Biau and Devroye (2013), Scott and Nowak (2006), Wager
and Walther (2015)), allowing for an approximation error.

4. Conclusion. In this paper, we have argued that transfer learning has great potential
for practitioners in the modern data-rich era. Frequently, there is an abundance of data that,
while not arising from the target population, are still able to provide useful information about
inferential questions of interest. We have introduced a general framework to study this phe-
nomenon in the context of binary classification, and have derived the optimal rates of con-
vergence in this setting. Moreover, we have shown that these optimal rates are attainable by
a fully adaptive algorithm that takes only our source and target data as inputs.

The scope of transfer learning is very wide indeed, encompassing not only other forms
of transfer relationship and data acquisition mechanisms, but also alternative learning tasks
such as regression, density estimation and clustering. We therefore look forward to future
developments in this field.

5. Proofs of Theorem 2 and upper bound in Theorem 1. The proof of Theorem 2
is split into two subsections: the first controls the contribution to the excess test error of
a data-dependent classifier calibrated via a given decision tree, while the second handles
the additional error incurred in choosing the decision tree and other tuning parameters via
empirical risk minimisation. Both subsections require several intermediate results.

5.1. Excess test error of decision tree-calibrated nearest-neighbour classifiers. We intro-
duce some additional terminology. Given o > 0, L € Ng and & € H, define fUP n € Fupon 0
by

(16) Jan@) =L4p sy

where n%,f, ,(+) and k= l@g , (+) are defined in (10) and (11), respectively. Note that f;’ ,(x) 1s
measurable with respect to the sigma algebra generated by Dp, for every x € R?. Proposi-
tion 3 below is the main result of this subsection, and provides a high-probability bound for
the excess test error of f:f ,, for a particular choice of o and a general decision tree A. It will
be applied three times in the proof of Theorem 2.

PROPOSITION 3. Let np € N. Fix 6% = (A,¢,L*,0) € OF, where 0 =
(dg,yo.dp,yp.Cp,0,a,Cym, B,Cs), with B/(2B + dp) < yp, and (P, Q) € Py. For
heHr-UH, let

Ap:= A+ max sup |h(x) - gz(1/2)|-
Le[L*]

%
XeX,

Then there exists Co > 0, depending only on 0, such that for every 8 € (0, 1), if we set o* =
min{[3 loglr/z(np/(Sﬂ ,np}, then

Byp (14a)
Ap ~ 10g+(l’lp/8))a/3+yp(2ﬁ+d_p) <ﬂ)1+“”
(17) P[e(fg*,h) > CG{(—(PZ o (5 <s.
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The first term in the probability bound in (17) corresponds to the difficulty of estimating
np, while, in the second term, A, quantifies the approximation error of the decision tree
function A. The proof of Proposition 3 is given after several preliminary lemmas.

For 8 € (0, 1) and x € R? with Wy p.dp(x) > 0, we define the event

ElG0) i N it = (2 )"

kelnp) np - Oup.dp(x)
4log (np/d)<k<np-wypdp(x)/2

LEMMA 4. Let np € N and (P, Q) € Py:. For x € RY with Wup,dp(x) > 0, we have
P(E}(x)) <3.

PROOF. Suppose that k € [np] satisfies 4log, (np/8) <k <np - wy, 4p(x)/2, and let
r=rg:={2k/(np - wup.ap(x))}/ . Since r < 1, we have
2k
np
Hence, by the multiplicative Chernoff bound (McDiarmid (1998), Theorem 2.3(c)), we have

2k l/dp &
el s> (o) <P o tpenin <¢]
i=1

np-Wyp.dp (.X)

pp(Br(x)) = wup.ap(x) i =

np

np

= P{Zﬂ{xlf’e&(x)} <5 ‘“P(Br(x))}

i=1
—npup(B(x)/8 _ —kj4 _ O

<e p-up( r(x))/ <e / < —.

< < =

The conclusion of the lemma now follows by a union bound. [J

LEMMA 5. Letnp e N,let (P, Q) € Py: and let x € R? be such that Wup,dp(x) >0.0n
the event E ‘f (x), we have that

» B . 2 - max{k, |'410g+(nP/5)-|})ﬂ/dP
19 mlno(xfhe) —nwol <cs- (ZHR T
forallk € [np].

PROOF. First,if np-wyp qp(x)/2 <k <np or [4log, (np/8)] > np, then the result fol-
lows from the fact that the right-hand side of (18) is at least 1. Second, if 4log, (np/8) <k <
np-yup.dp(x)/2, then (18) follows from the definition of E‘f(x) combined with Assump-
tion 4. Finally, if k < [4log, (np/8)] <np, then on Ef(x),

max|no(X{) () — no()| < Ino(X{ () —nox)]

max
ielk] ielmin{4log, (np/3)1.np)]

—c.. <2- [4log+(np/5)1>ﬁ/df>

np - Oupdp(x)
e (2.max{k, r4log+(np/5)1})ﬂ/d”
- np - updp(X) ’

where the second inequality follows from the first two cases applied to [4log, (np/8)]. U
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For 8 € (0, 1) and x € R?, we now define another event

ne (1 k 1 J
Eg(x) — m p Z[Y(I;)(x) — nP(X{,-’)(x))] < %].
k=1 1" i=1

LEMMA 6. Let np € N and (P, Q) € Pg:. For every § € (0,1) and x € R4, we have
P(E3(x)°) <.

PROOF. First, note that conditional on (Xf)ie[n,,], the labels Y(f) x),..., Y(IZP)(x)
are  independent  Bernoulli  random  variables  with  respective = means
r]p(X(Pl)(x)), cees np(X{;lP)(x)). Hence, by Hoeffding’s inequality, for each k € [np],

1 log, (11p/8) 5
P{% Z[Y(I;)(X) - UP(XS)(X))] > %Kxip)ie[np]} =< E.

i=I

The conclusion of the lemma follows by taking expectations over (X Z-P )ielnp]> and then a
union bound over k € [np]. O

LEMMA 7. Letnp € Nand (P, Q) € Py:. Suppose that x € R and h € H+ UHy satisfy

log, (np/d) ) way 20

1

and let o* = min{|'3log_1i_/2(np/5)'|,np}. Then, on the event Ef(x) N Eg(x), we have

£L ) = 5.

PROOF. For the purpose of the proof, we let

log., (np/8) )zﬂfdp 20
¢2'nP'w/LP,dp(x) ¢ '

so that [no(x) — 1/2| > € (in particular, this means that € < 1/2). We consider only the case
where 7o (x) — 1/2 > €, since the case where ng(x) — 1/2 < —e follows by symmetry. We
further suppose throughout the proof that the event E f (x)N Eg (x) holds. Let £* denote the
leaf function corresponding to {X}, ..., A} .} € T« in Assumption 1. Fixing k € [np], it
then follows from Assumption 1 and Lemma 5 that for all i € [k], and h € Hp+ U H,

np(X{) —h(XE) =np(X() - 8z*(x5))(ﬂQ(X5>))
+ 2oty (10 (X)) = 8enxr ) (1/2) + 8o (1/2) = h(X ()

> ¢ - {no(X{) —1/2} — A — max sup [h(x) — ge(1/2)]
Le[L ]xeX[*

e:=50-Cs(

> ¢ [no(xfy) —1/2) - 2

é- {S ¢ <2-max{k, |'410g+(np/5)'|})ﬂ/dp}‘

2 np 'a),up,dp(x)

=
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‘We deduce that

1 k
My (x) = ‘. Z YH @) —h(x{))
(19) =

€ 2 - max{k, [4log (np/8)1}\P/4r log (np/8)
ol R
np-®updp(x) 2k

for all k € [np]. Now define

2k B/dp 1 S
k* :=min{keN:¢‘Cs-<—> . og,(np/ )}'
np 'a)up,dp(x) k

Since € < 1/2, we have np > np - wypap(x) > (100Cs)?P+P)/Ey=210g (np/8) >
(100Cs) A +dr)/Blog (np/8), so

log,, (np/5)
¢2

Moreover, we also see that 0* = min{[3 log+ (np/(S)] np}=1_3 logl/z(np/cm. Hence by
(19), we have

d
B s
(np - wup.ap(x)) PP | <np.

[41og, (np/8)] < k* < [(

* 2k* B/dp 1 5
A — g € <—) }_5 log., (np/8)
' Vi 2 np-®up.dp(x) k*
20k* )ﬁ/dp}
np 'wup,dp(-x)

log., (np/8) )ﬁ} o

¢)2 “np-Wyup.dp (x)

(20) >4 §—6CS'<

—p- 1 24c<

We conclude that k = 125* 5 (X) < k*. Moreover, by applying (19) once again, we have for
k < k* that

AP o*
mk’h(X) +

vk
€ oo (2 maxik, r4log+(np/8>1}>ﬁ/df>}_ [log, (np/8)  o*
(1) >¢{ Cs ( wp s 1 () . +ﬁ
_ \/ log, (np/8) _ [log,(np/8) o*
max{k, [4log. (np/8)1} k vk

But by definition of k, we have |nA1‘AD x)] >o* /121/ 2 so from (20) and (21), we deduce that
mA (x) > 0, and hence that f X h(x) = ]l{mp (1)>0} = =1= fQ(x) as required. [J

We now define a random subset As(Dp) of R4 by

5/(2n‘+" 8/Qn)

As(Dp) =[x eR: E )N E; (x) holds}.

LEMMA 8. Letnp € Nand (P, Q) € Py:. We have P{jg(As(Dp)°) > l/n}[j'“} <3$.
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PROOF. By Markov’s inequality and Fubini’s theorem, as well as Lemmas 4 and 6, we
have

P{uo(As(Dp)) = 1/np "} <npt - Bluo(As(Dp) )}
=np®. E/Rd Lixeas(Dp)y diro(x)
S (2 1+ot) 5 (2 1+ Ot)
<ape [LIRLEN )+ BE w0 ot <5,
as required. [J
We are now ready to provide the proof of Proposition 3.

PROOF OF PROPOSITION 3. We begin by introducing some further notation for the
proof. Let

1 2 24« 5
Ag:=100-Cs - <%)25+@’

2p+dp a(2B+dp)
. A0 B —Zpd
to:= mm{ (—¢> , Agﬂ””( Prdp) }
4Ny

We then generate a countable partition (7;) jen, of As(Dp) by
To:={x € As(Dp) : ®pp,ap (x) = 10},
T ={x € As(Dp): 277 -t < wpp.ap(x) <2797V 1),

for j € N. By Lemma 7 for each j € Ny, we have

i L 4Ay
‘ZUQ(X) | (xeT;: fp*h(x)#fg(x)} < Ag- (2 J ‘tO) 2B+dp 4 7

. __B
<2Ap- (2—1 . fO) 28+dp

2p+dp ,
where the second inequality uses #yp < (Z\O‘Z’) £ . By Assumption 3, we have

/ |277Q(x) - 1|d,bLQ(x) < 21+0‘CM ) Aol-i-oz ) t()_—
{xeTo: f e pOFSH))

AA 1+a yp(l+a)(2B+dp)
<2l+ecy, . max{( h) , Ao “PrvpCBTap) |

On the other hand, by Assumption 2 and the assumption that yp — 5 B f > 0, for j e N we
have

. B
2 —1|d <27 Cp.o) - Ag- (277 - 19)"" T FHap
/{xeﬁf*h(x)#g(x)J no(x) — 1|dug(x) = ( P.0) Mo ( 0)

vp(+@)@B+dp) . 8
(21+VPCP 0) - Ao “FF7PCFTdp) ALty =2

Putting the above together, we have

E(fE =/ 2n0(x) — 1|duo(x)
U= Jcepo, e )séfé(x)}‘ ¢ i
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o0
< As(Dp)°) + / 2no(x) —1|d X
o (As(Dp)©) Jgo {xeﬂ:fﬁ’hm%m}| no(x) —1|dug(x)

4Ah 14+«
< 1o(As(Dp)) +2'Cyr - (7)

o0
+ {ZHaCM + (21+prP,Q) . Z 2—]()/13—%)
j=1

yp(1+a)2p+dp)
. Ao “BTvpQBTdp)

Co ([1og, (np/8)\ Fobarim [ Ay 1+
eatnan () ()
< 1o(As(Dp)) + 5 - (%

where Cy > 2 depends only on 6. Note that the final inequality again uses the hypothesis that
yp > B/(2B8 +dp). By Lemma 8, it now follows that

~ Byp(1+a)
A 1 Co ((log., (np/8)\ apvp@prap Ap\ e
[ (o) > n}D‘H" + 2 ¢ -np - ¢ N

Since 1, the conclusion follows. [

Byp <
af+yp(2B+dp) —
We now give the three different instantiations of Proposition 3 mentioned above.

COROLLARY 9. Let np € N. Fix 6% = (A,¢,L*,0) € O where 6 =
(dg.vg.dp.yr.Cp g, Cm, B, Cs), with B/(2 + dp) < yp, and (P,Q) € Py:.
Taking Cy > 2 from Proposition 3, there exists h* € Hp« such that for every § € (0, 1), if we
set o* =min{[31og"/*(np/8)], np}, then

Byp(+a)
. - ((log, (np/8)\ wB+vp@Brdp) AN1T
P Po)>(%+1 { et - ” 5.
|:(€(fo ,h)>( + )CG ( ¢2'nP ) +<¢> <

PROOF. The decision tree function h* € H+ is constructed as follows. Recall that
{Xf, ..., &[.} € T« denotes the decision tree partition given by Assumption 1, with cor-
responding transfer functions gy, ..., gr+ : [0, 1] — [0, 1] and leaf function £* : R — [L*].
Fix (tf,...,7/«) € {0,1/np,2/np, ..., 13" such that |7} — ge(1/2)] < 1/np for each
¢ € [L*], and define h* : RY — (0, 1) by h*(x) := ‘L’ék*(x). When ¢2 - np > 1, the claim now
follows from Proposition 3, noting that

<A+T}/np)1+a 52“{<%>1+a N <¢2 .lnp>(1+a)/2}

(é)lﬂ +2a<1og+(np/5))aﬁ55p’f§%
¢*-np '

]
But if ¢2 -np < 1, then the claim follows from the fact that S(faﬂvh*) <l1. O

< ¢

COROLLARY 10. Let np € N. Fix 0% = (A,¢,L*,0) € OF, where 0 =
(dQ,yQLdp,yp,Cp,Q,a, Cwm, B,Cs), with B/(2B + dp) < yp, and (P, Q) € Py:.
Taking Cg > 2 from Proposition 3, and writing hg for the unique element of Ho, for every
5 € (0, 1), if we set * =min{[3logy/*(np/8)], np}, then

Byp (14a)
R w2 [ (1084 (np/8)\aFrrpCrrap ANt o
P[E(fai,hobz C9{<g¢;.—npff> F7pOFTdp +<$> +(1—@)'t ”58.
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PROOF. Observe that, by Assumption 1, for any £ € [L*],
8e(1/2) = 1/2 < —{ge(1) — g¢(1/D} +1/2 < (1 = ¢)/2,
1/2 — ge(1/2) < —{8e(1/2) — ge(0)} +1/2 < (1 — $)/2.

Hence

1—
Apy=A+ max |ge(1/2) —1/2| < A + =9
ee[L*] 2

We assume without loss of generality that ¢ > 1/2, since otherwise the conclusion follows
from the facts that £(f,, ir, ) =1and Cy > 2. The result then follows by Proposition 3. [

Now, for §° = (do,v0,Cp,0,a,Cwm, B, Cs), let Qp» denote the set of distributions Q on
R? x {0, 1} that satisfy Assumptions 3, 4 and the first part of Assumption 2 with parameter
6.

COROLLARY 11. Let ng € N. Fix 0° = (dg,v0,Cp,0,a, Cm, B, Cs) with /(2B +
do) <y, and Q € Q. There exzsts Cgb > 2, depending only on 6°, such that for every
8€(0,1), if we set 6 _mm{|'3log (nQ/S)] no}, then

1 5 Byo (1+a)
p S(ﬁQ) vy 0g, (ng/8)\ abtrohray <.
G 0 no

PROOF. The result follows from Corollary 10, with Q in place of P, with D% in place
of Dp,and with A=0and¢p=1. O

5.2. Empirical risk minimisation. In this section, we control the additional error incurred
by selecting our decision tree 4 and robustness parameter o by empirical risk minimisation.
Our analysis will make use of the following result, similar versions of which are well known
(e.g., Tsybakov (2004)), but we include a proof for completeness.

PROPOSITION 12. Suppose that Assumption 3 holds and let F be a nonempty, finite set
of classifiers and let f* € argmin ¢ 7 R(f). Let (X1, Y1), ..., (Xn, Yp) be independent pairs

with distribution Q, and let fn € argmin . r Y1 Lirxpy=v;y- Then, for any § € (0, 1],

P{S(fn) >28(f%) + 64c2+a (@) = } <$

PROOF. By Assumption 3, for every € > 0 and f € F,
o= /{xeR":f(x)#fé(x)}an(X) ~ e
>2¢ - po({x eR: f(x) # f5(x) and [no(x) — 1/2| > €})
=2¢ - {no(fx eR: f(0) # f50)) —o(fx € R : [no(x) — 1/2] < €}))
>2¢ - {ug({x eRY: f(x) # f3(0)}) — Cum- €%},
In particular, taking € = {o({x € R : f(x) # f5(x)})/(2C\)}"/¥, we deduce that

(22) no(fx €RY: f(x) # f3(0))) < @Cw) T - E(f)THe.
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Now, for each f € F, let Zif =1 rxp2Y) — ]l{fé(Xi)#Yi} for i € [n], noting that E(Zif) =
E(f) and E{(Z;f)z} < (ZCM)ﬁ -8(f)1$7 by (22). Define the event

‘ - J 220w 7 E(f) 15 log 21 F/8) | 210g@IF1/%) }
- n 3n '

1 S
;Zzif—sm

i=1

g=n|

feF

Note that |Z,-f | <1, so by Bernstein’s inequality (Bernstein (1924)) combined with a union
bound, we have 1P’{(E§3 )¢} < 6. Hence, on the event Eg, we have

E(fu) —E(f*)
<oy zh iyl iy zh -y
el el n

’1
i=1

1
+’;ZZl~f —&E(f7)
i=1

. o .
<2 Cat * E(fn) T+ log (2| F|/8) +2J Cat “E(f*) T+ log(2|F|/8) +410g(2|f|/5)
n n 3n
L ~ o
<4 Cat * E(fn) T log (2| F|/8) L 4log(2|F1/8)
— N n 3n '

Thus, by considering separately the cases £( fn) <2&(f*) and &( fn) > 2E(f™), we see that
on the event E‘; ,

. e o
E(f) <26(f*) + 64CTT (M) |

as required. [

In order to apply Proposition 12, we will first derive a bound on the number of possible
decision tree functions over Dp. Recall for L € N that H; denotes the set of decision tree
functions 4 : RY — (0, 1) to be those of the form x > 7y (y) for some {X7, ..., XL} € Ty with
leaf function ¢, and some (ty,...,72) € {0,1/np,2/np, ..., 1}, Given a set S C RY, we
let h|s : S — (0, 1) denote the restriction of 4 to S.

LEMMA 13. Let S € R? be a set of cardinality at most np, and let L € N. Then the set
{h|s:h € Hp} has cardinality at most {Ld(np + 1)}*~.

PROOF. For the proof, let I.; denote the set of leaf functions ¢ : RY — {1,..., L} corre-
sponding to decision tree partitions { X7, ..., XL} € T . We begin by bounding the cardinality
of the set of restricted leaf functions {£|s : £ € I }. Observe that each restricted leaf function
¢s may be constructed recursively by a sequence of L — 1 splits. Each split point may be
specified by choosing:

(a) one of at most L — 1 existing leaf nodes;
(b) one of d dimensions to split along;
(c) one of at most np + 1 possible split points.

Hence, |{¢|s:€ e Lz} <{(L — Dd(np + 1)}L~1. Moreover, there are at most (np + 1)~
possible choices for (t1,...,t1) € {0,1/np,2/np, ..., 1}£. Since each h|s is of the form
X > Ty g(x) for some £|s with £ € Ly and (z1,...,72) €{0, 1/np,2/np, ..., 1}£, the result
follows. [
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COROLLARY 14. Fix Dp = (XF,Y]), ..., (XF ,¥F)) e ®? x {0, 1})"?. For every

np’ - "np

L e Nand o > 0, we have |{f£h theHp} < {Ld(np + 1)L, where f(fh is defined in (16).

PROOF. LetS={X Z-P } |- Observe from the definition (10) that 7 mF kohg = =m! k. h1 whenever

hols = h1|s. Hence, by (11) and (16) the same is true of k= kf,h() and fo,h' Thus, by
Lemma 13, we have

{FEyche LY = {FEns th e Hi}| <|ihls th e HLY| < {Ld(np + D"

as required. [J

Recall from (16) that ffL(-) = ﬂ{n%!ﬂ(-)>0}’ where k = E:ﬁ(-) is defined in (11), and where
’ k. T ’

h € Hy is selected by empirical risk minimisation over DOQ as in (12). We are now in position
to apply Proposition 12 to obtain the main conclusion of this subsection.

PROPOSITION 15. Fix 6° = (A, ¢, L*,0) € OF, where 6 = (dg, yo,dp, yr,Cp.0,q,
Cwm, B, Cs), with B/(28 4+dp) < yp,and (P, Q) € Py:. There exzsts Cy > 0, depending only

on 6, such that for every § € (0, 1), if we set 6* = min{[3 10g+ (np/8)'| np}, then with
probability at least 1 — 25, we have

B (I+a) o
E(fE ) <, log., (np/8) a7ﬂ+;£(2;+dp)+ A\ (Lt log, (L dnp/5) Lt
TEIETON g2np ¢ no ’

PROOF. Recalling Co from Proposition 3, by Proposition 12 combined with Corol-
lary 14, we can find Cj, > 2Cy, depending only on 6, such that

L*log+(L*dnp/5)>éii’é
ng

P{g(‘]‘;ﬁ’l‘*) >25(f(f}1,h*)+cé< DP} 58

Moreover, by Proposition 3,

Byp(1+

L RS I+a
P[g(f(ﬁ,h*) _ C~b{(lofﬂ(n}’/(?)) PPy (é) }] <s.

¢ -np

The result follows. O

5.3. Completion of the proofs of Theorem 2 and upper bound in Theorem 1. PROOF OF
THEOREM 2. Since ¥ and F€ were constructed using only Dp U ’DO (and not D} o) we

may apply Proposition 12 conditionally on Dp U DO and take expectatlons to obtam that
with probability at least 1 — §/4, we have

L
2+

k]

log(8|FF U F2 /5))
ng/2]

where o* = m1n{(3log+ (np/Sﬂ np} and 6 = mm{[3logJr (np/8)1,ng}. Now |J-"P
F Q| <n? png+1)+ n’ 0> 50 the result follows from Corollary 10, Proposition 15 and Corol-
lary 11, which give the required high-probability bounds for &( f ) €( PP ) and

o*,L*Ang
E( f(}Q), respectively. [

E(far) <2min{E(f 0) E(f Lonng): E(f5)) + G4CH (
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PROOF OF UPPER BOUND IN THEOREM 1. We consider four cases. First, if A,‘,JP ng =

min{AEP’nQ, BEQ, 1} and (L*a}J/nQ)% < (1 —¢)'** then the result follows by taking § =
14a

I4+a
ny”* in Proposition 15. Second, if Ay, , = min{A} , . By .1} and (L*ay /ng)*e >
I+a

(1 — ¢)'+, then the result follows by taking § = np,>* in Corollary 10. Third, if By, =
14a

min{AEPﬁ 0’ B,EJQ, 1}, then the result follows by taking § = né”“ in Corollary 11. Finally,
min{A}fP’n 0 BV o} > 1, then the result follows from the fact that the excess risk of any data-

dependent classifier is at most 1. [J

6. Proof of the lower bound in Theorem 1. The proof of the lower bound in The-
orem 1 begins with a version of Assouad’s lemma for transfer learning (Section 6.1) that
translates the problem into one of constructing an appropriate family of distributions indexed
by a hypercube. To apply this lemma, we first construct the respective marginal distributions
(Section 6.2) and then the corresponding regression functions (Section 6.3). The lower bound
is finally obtained via two applications of these results, reflecting the different challenges of
estimating the decision tree function (Section 6.4) and the source regression function (Sec-
tion 6.5).

6.1. Assouad’s lemma for transfer learning. The following result is a variant of As-
souad’s lemma (e.g., Yu (1997), Lemma 2, Kim (2020), Section 3.12), adapted to our setting.

LEMMA 16. Let P be a set of pairs of distributions (P, Q), each on R? x {0, 1}. Let np,
ng € No,me N, X ={-1,1}", (x)re[m) € (Rd)m, ep, €9 €[0,1/4], up, ug €[0,1/m],
vp,vg € [0, 1] and {(P°, Q°) : 0 € L} C P with respective regression functions n% ‘R -
[0, 1], n(é ‘R4 — [0, 1] and marginals jLp, o on R4 satisfy:

(i) 2°(npupep +nougey) < 1;
(i) epQRup — 1) =€gRvg —1)=0;
(iii) fort € [m], we have wp({x;}) =up and po({x;}) =ug;
(iv) foro = (o1,...,0,) € X and t € [m], we have n%(x;) =vp + 0y - €p and n‘é(x,) =
vo +0; - €Q;
(v) foro,o’ € £, x € supp(up) \ {xt}rem], we have npx) = n‘;,/(x); moreover, for x €
supp(10) \ (Xt }repm], we have n%(x) = n% (x).

Then
inf sup B{e(f)) = TLL
feFupng (P.Q)eP 2

To prove Lemma 16, we introduce some additional notation and provide a preliminary
lemma. For o € X, let v° denote the product measure (P°)"*? x (Q?)"2. In addition, given
o0 =(01,...,0p) € L andt € [m], we define o’ = (0],...,0},) € Tbyo/ :=—o; and 0/, :=
oy fort' € [m]\ {t}.

LEMMA 17. In the setting of Lemma 16, we have TV (V°, v"t) < 1/2 for every o € &
andt € [m].

PROOF. We first show that KL(P°?, P"I) < 16u pé%). Without loss of generality, we as-
sume that €p > 0, since otherwise P = po. Thus, n‘;,t x)=1-n%(x;)=1/2—€p -0y
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and n(;,t (x) =n%(x) for all x € supp(up) \ {x;}. Hence,

‘ dP°
KL(PU,PU)=/ log( )dPU
RY x{0,1} dPo’
n'p(x) 1 —1n%(x)
= "xlo(Pt )—l—l—“xlo(if),)}d X
/;Rd{”f’() g 27 o) (1 =n%(x))log - wp(x)
o n(;)(xt) )
=(2 —1)log{ ————F— -
()~ g0 ) ()
1+ 2epo; 1+ 2ep
:26po,-log(—)-up:2upep-10g( )
1 —2epoy 1—2ep
2
— 2ep

where the penultimate inequality uses the inequality loga <a — 1 for a > 1. By the same
argument, we also have KL(Q?, 0°') < 16u Qe . By the additive property of Kullback—

Leibler divergence for product measures, we conclude that

t t t 1
KL(v7, 1% ) =npKL(P?, P7) +noKL(Q7, Q%) < 16(npupep +nougey) < 5

Thus, by Pinsker’s inequality (e.g., Tsybakov (2009), Lemma 2.5),

TV(L?,v7) < JKL(vo,v0") /2 <1/2,

as required. [J
We now return to the proof of Lemma 16.

PROOF OF LEMMA 16. Without loss of generality, we assume that eg > 0, sovg = 1/2.
Fix f € Fupny- Given z € Z:= (R? x {0,1})"? x (RY x {0, 1})"¢, let f.: R — {0, 1}
denote the mapping obtained by taking z as the first argument in f . Then

sup E{E()) >max/ / 205 (x) — 1|dug(x)dv’ (2)
(P,Q)eP x€R?: f(x)7éan(X)}

=om Zf Z|2'7Q(xt) Lo e e () 407 (2)

oeX

= zﬁf‘f Z Yo {f ) # f5e ()

t=1o0€X

=222 N S W ({0 # £or GOl + 07 (o) # £ G0}

uQEQ " t muQeQ
> ZZ{l—T\/(V",u")}z—2 :

where the penultimate inequality uses the fact that fga, (xp)=1- fép, (x;) and the final
inequality follows from Lemma 17. [
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rkp -9 ° ° ° °
) ° ° ° °
2rkp/q -9 ° ° ° °
rep/q -9 ° ° ° °
—1q(1+7) —rkq
L 1 ° ° ° °
¢ ¢ ¢ ¢
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~—IKq
- —kq(1+7)

FIG. 2. llustration of the support of the measure g, d, in (23).

6.2. Marginal construction. The marginal distributions pp and p¢ in our lower bound
construction will not vary with the vertices of our hypercube ¥ in Lemma 16. An interesting
consequence of this fact is that our lower bound in Theorem 1 will continue to hold, even
if these marginal distributions were known (or equivalently, if we were also provided with
an infinite sample of unlabelled training data from either distribution). These measures will
consist of a mixture of a discrete uniform distribution on a lattice of points in the nonnega-
tive orthant in R¢ and a component consisting of a uniform distribution on a d o-dimensional
hyper-rectangle in the opposite orthant, as illustrated in Figure 2. Moreover, the lattice com-
ponent of the support of 1o will be a dp-dimensional slice within the d p-dimensional lattice
component of the support of p p. The structure of these marginals is designed to put as much
probability mass as possible on the lattice points, as these will be the points that are difficult
to classify, and will maximise the lower bound in Lemma 16. On the other hand, Condition
(i) of Lemma 16 constrains us to have a sufficiently large lattice that no individual point pro-
vides too much information to the learner. The component supported on the hyper-rectangle
is used to ensure that the margin condition (Assumption 3) is satisfied.

To describe the construction more formally, define kp :=1/ (Zd},/ 2) and kg :=1/(2d IQ/ 2).

For ¢ € N and dy € {dp,dg}, let Tg.ay =10, 1,...,q — 1} x {0}4~% C R?. Now let
d ~ d

()E,q )?:Ql be an enumeration of the set 7:1de and let ()?tq );1 i dg be an enumeration of
N ~ =q

Tq.dp \Tq.dy-Foreachqg e N,r > 0,1 € (g% and dy € {dp, do}, we let x; Ti=(r/q)-kp %]
and Ty rd, = {x,q’r it e [qd‘)]}. For a Borel subset A of RY, let AdQ = {(x1, ...,de) :
(X1, ... X4y, 0,...,0) € A} and let Ay, 4, = A N (R x [0, 1)P~d2 x {0}9=P). Given
geN, wel0,1/2],r >0,dy €{dp,dp}, we define a probability measure (4 4, ON R4
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by
(I —w) d
Mq,r,w,do(A) = TﬁdQ (AdQ N [—KQ(l +r), —VKQ] Q)
2 o
(23) o
" Nq,r,d() ;ﬂ{x;’JEAdQ*dP}’

for Borel subsets A of R?, where Ny rdy = qu min{ |'q/(er)'|,q}d0_dQ = |(7:1,r,d0)dQ,dP|'
Our marginal measures wp and wp will be chosen as instances of (g w4, for particular
choices of ¢, r, w and dp; see Corollary 21.

We begin with a couple of preliminary lemmas, before presenting the main properties of
these marginal distributions in Lemma 20 and Corollary 21 below. This latter result provides
sufficient conditions for the marginals to satisfy Assumption 2.

LEMMA 18. For k € (0, dél/z) and x € [0, k192, we have La,{y € R : ||y — x| <
s} N[0, k170) = (ks)?@ for all s € [0, 1], and Lay({y € R ¢ ||ly — x|l < s} N [0,k]70) <

Vi, -s%e forall s > 0.

PROOF. To prove the lower bound, we take x € [0, K]dQ, s € [0, 1], and consider the
map Vs :z+> 5 - (z—x)+x on R, Observe that v, ([0, x]?¢) C [0, «]%. On the
other hand, since x € ¥, ([0, K]dQ) and diam(y, ([0, K]dQ)) < SKd1Q/2 < s, we also have
Y5 ([0, 6190) € {y € RY@ : ||y — x|| < s}. Hence,

Lay({y e R |ly — x|l < s} N[0,610) > Ly (x5 ([0, €170)) > (es)%e.

The upper bound follows from the fact that {y € R% : ||y — x| <s} N[0, 1]%¢ C {y e R%¢ :
Iy —xll<s}. O

LEMMA 19. For g € N, dy € {dp,dp}, x € %,do and s < 4qd1/2, we have |/721,d0 N
1/2
By ()| = {s/(2*d}/%)}.

PROOF.  First, observe that if ¢ = 1, then |75 4, N By (x)| = [{0}] = 1 > {s/(2*d}/*)}b.
For g > 2, we have s/(24d;)/2) < (g — 1)/2. Hence, for each x € 7~21,d0, we can find a dp-
dimensional, axis-aligned cube A with vertex x and side length s/ (24d}[,/ 2) containing at
least [s/(2*d}/*)1% elements of T 4,. Thus, |Ty.40 0 Bs ()| = |Tg.a, N Al = {s/(2%d}/*)}.

O
LEMMA 20. LetqeN,r >0, w€[0,1/2] and dy € {dp,dp}. We have:
@) Dpig r.dg o x)>1—wforall x e [—ko(1+7), —I”KQ]dQ x {0}4—do;

.. _ . —1 —
(1) @y, 40.do(X) =2 3o . min{1, w - g% - Ny " o} for all x € Tq.rdg-

PROOF. To prove (i), we take x € [~k (1 + 1), —rkg]? x {0}?~92 and s € (0, 1). As
shorthand, we write B := B;(x), so that By, = {(x1, .. .,de) (xg, ..., Xdg > 0,...,0) € B}.
By Lemma 18 combined with the translation invariance of Lebesgue measure, we have

—d
Kgrwdy(B) = (1= w) k5" Lay(Bay N[—ko(1 +1), —rkg]?@) = (1 — w) - sb.

The claim (i) follows.
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To prove (ii), we take x = x/"" € Tq.rdg- 1t s € (0, (2r) A 1], then 5 :={q/(rkp)}-s <
min{4qd}u/2, q/(rkp)}, so by Lemma 19 we have

w ~ ~
: |7:1,r,d0 n BS(xtq7r)| =5 |7:1,d0 N Bf(xtq)|
q,7,do q,r.do

w - 1/2\ 1 d, 1/2\ 1 d

{5/ N = s/ @Y repd)))
q.r,dy q.r.doy
do

MHq,r,w,dy (Bs (x)) >

>

— 2730y p=do . 4
Nq,r,do

s,

dQ d—dQ

.
On the other hand, if s € (2r, 1] then with z, := (—rkg, ..., —7k,0,...,0) € R4, we have
Ix — zrll < llxll + llzrll < r/2 4+ r/2 < s/2. Hence, by (i), we have g rw,dy(Bs(x)) =
Mg, rw,dy(Bsy2(zr)) = (1 —w) - (s/2)% > =+ gdo > p=3dogdo and the conclusion fol-
lows. O

COROLLARY 21. Take Cp o > 1,dg €[1,d], dp € [dg,d] and yp, yo > 0. Suppose
that g € N, r > 0 and wp, wg € [0, 2737 0PV¥0) A (1= Cp 5770 sarisfy wo (wp - ¢ -
Nq_}’dP)_VP rdrve < 2=3deye gnd le_yQ rdove < 23400 Then Assumption 2 is satisfied for
nwp = KRqg,r,wp,dp and o = MRq,rwp.dg-

PROOF. For the first condition of Assumption 2 consider initially & € (0,273% .
min{l, wg - r~%2}]. Then by Lemma 20,

1o(fx Rt wpy.ay(x) <&})=0<Cp o -£70.
If&e (2_3dQ -min{l, wo -r_dQ}, 1 — wp], then by Lemma 20 again,
no({x €RY twyy.dp () <)) =wg < Cp g -2730Y0 (1 Awl2r=d070) < Cp g - £70.
Finally, if £ € (1 — wg, 00), then
no(fx eRY twyy40(x) <)) =1<Cp o(1 —w)"? <Cp g £72,

as required.
For the second condition of Assumption 2 let & € (0, 2—3dp . min{l, wp - qd” N1

q,r,dp )
r~9r}]. Then by Lemma 20,
po(fx R :wypap(x) <E})=0<Cp g E".
If £ € 27397 . min{l, wp - g7 - qu}’ dp 77}, 1 — wp], then by Lemma 20 again,
po({x €RY :wyp ap(¥) <)) =wo < Cp g - 27" {1 A (wp g™ - N1 g, - r )"}
<Cpo-&".
Finally, if £ € (1 — wp, 00), then
no(fx eRY :wypa,(x) <E})=1<Cpo(l —wp)’” <Cp o -£77,

as required. [J
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6.3. Target regression function construction. We now describe a construction of a family
of target regression functions that are indexed by the vertices of a hypercube as in Lemma 16.
We begin by defining the restrictions of the elements of this family to the support of wp; on
this set, these restrictions will be perturbations of the uninformative regression function that
takes the constant value 1/2. The perturbations should be as large as possible, to maximise
the quantity € in Lemma 16 and to ensure that the margin condition (Assumption 3) holds,
but need to be small enough that the restrictions can be extended to functions on R? that
satisfy the Holder continuity condition (Assumption 4).

d
Given € € (0,1/8], g €N, r > 0, o = (60} € (—1,1}9'%, we first define 02, :
[—ko(1+r), —rkglie x {0}~ U T, .4, — Rby

1 1

5 =26l - 2P ifx e [—ko(l +r), —rip]™ x {0}4 e,
Ne.g.ro(X) = §+at € if x = x?" with 1 < ¢,
1 - qr o d d
5—26 if x =x;" with ¢“¢ <t <¢“?F,
dg d—dg
/_/h\ . . .
where z, := (—rkg, ..., —rk@,0,...,0). The main results of this subsection (Corollary 23

and Lemma 24) provide sufficient conditions for an extension 7e 4,0 of 1¢ , . , to the whole
of R? to satisfy Assumptions 4 and 3, respectively. Recalling that kp = 1/ (Zd},/ 2) and kg =
1/(2d 1Q/ 2), we first present a basic property of n¢ , . .

LEMMA 22. LetgeN,r>0,8€(0,1],0 = (0;)?;@1 e{-1, 1}‘1dQ and € € (0,1/8 A
(1/6) - - kcp /@)1, Then 102, o () = 12 o ()] < llx = 2|1 for all x. ' € [~ (1 +
r), —rKQ]dQ x {0}4—do Uy Tq.r.dp- Moreover, né’?qmo(x) € [0,1] for all x € [—ko(1 +
r), —I’KQ]dQ X {O}d_dQ U Ty rdp-

PROOF. To prove the first part of the lemma, we consider three cases. First, if x, x’ €
[—ko(1+71), —rikgl? x {0}979¢, then by Minkowski’s inequality,

[e] [e) 1 1
|77€,6[,r,0(x) “Ne,g,ro (x/)| = Z|”x - Zr”/8 - ”xl —Zr ”ﬂ| = Z”x - X/Hﬂ‘

Second, if x € [~k (1 + 1), —rkgl? x {0}=92 and x" € T, ;.45 then

1
|77§,q,r,a(x) - n:,q,r,a (x/)| = Z”x - Zr“ﬂ + 3¢
(24)

1
< Hlx — 2P+ kp)Pl <{llx — 2l + (- k).

Now let x, € R¢ denote the point where the line segment joining x and 0 meets the boundary
of the convex set C, :=[—rkg, 00)4e x {0}9~4e C R4, and note that ||x,|| > r - k. Observe
that z, is the Euclidean projection of x onto C,. Hence

(25) I = zell +7 kg < llx = x| + [l | = llx ]| < [ = x7].

The combination of (24) and (25) establishes the desired property in the second case.
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Finally, if x, x" € T .4, With x # x’, then

}".K ﬂ
1 07000 = 125 ()] <3 = (22 ) < =)

To prove the second part of the lemma, suppose first that x € [—ko(1 + 1), —rKQ]dQ X
{0}9~“. Then, since |lx — z,|| < 1 and € € (0, 1/8], we must have n2 , , ,(x) € [0, 1]. On
the other hand, if x € 7:],r,dpa then ng’qm,a (x)ef{l/2—-2¢,1/2—¢€,1/2+€} C[0,1]. O

d
COROLLARY 23. Let g €N, r >0, f e (0.1], o = (00" € {~1,1}9° and € ¢

0,1/8A(1/6) - (r -KP/L])‘B]. Then there exists a function Ne g r.o :RY — [0, 1] such that

ne,q,r,o(x)
1 1
S —2e— v =zl ifxe[-ko(+r).—rig]™ x {0y,
(26) 1 . .,
=15 tone ifx=x/" witht <q",
1
5—26 ifxzx,q’rwithqu <t§qd”,

and Ne.g.r.o(X) = Ne.q.r.o (XN < llx — x'||? for all x, x' € RY. In particular, Assumption 4
holds for the regression function 19 = ne 4.r,c with Cs = 1.

PROOF. By Lemma 22, the function ¢, , : [—ko(l + r), —rkgl?e x {0}~9e U
Tg.rap — [0,1] is Holder continuous with exponent B and constant 1 on its domain.
By McShane’s extension theorem McShane (1934), Corollary 1, there exists an extension

Negro RY — R which is Holder continuous with exponent 8 and constant 1, and satis-
fies 1]y .o () = 118 g p.o fOr x € [k (1 +7), —rigl?@ x {0742 U Ty, 4,. The function

Ne,q,ro ‘R4 - [0, 1] given by ¢ 4.r,0 (x) 1= {n;q’m (x) v 0} A 1 has the desired properties.
O

d
LEMMA 24. LetqeN,r > 0,8 € (0,1],0 = (o0 € {~1,1}4"% ¢ € (0, 1/8A (1/6)-

(r - ikep/@)PL, Cn = 14 2240/Pd2? vy, a € [0,dg/B] and wg € [0, (1/2) A €*]. Then
Assumption 3 holds whenever Q has marginal g = (g rwy.d, and regression function
ng =Ne,q,r,o-

PROOF. Without loss of generality, take ¢ < 1. First, suppose ¢ > €. By (26), if x €
supp(11) \ Tg.r.dp and [no(x) — 1/2| < ¢, then ||lx — z, || < (4¢)!/P. As shorthand, we write
B .= B(4{)1/;;(zr), so that Ba, = {(x1,.. s Xdg) T (X1, Xy, 0,...,0) € B}. Hence,

ro(fx eRY: no(x) — 1/2| < ¢}) < o (Tg.ray) + mo(B)
<wp+ /cédQ Ly (Bay N [—ko(1+r), —I"KQ]dQ)
<€+ (2k0) "0V, (40)0F < Oy - g

On the other hand, if { < €, then pup({x € RY : Imo(x) —1/2| <¢}) =0=<Cwm - %, as
required. [J
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6.4. Difficulty of estimating the decision tree function. Lemma 25 below provides an
initial minimax lower bound that arises from the difficulty of estimating the decision tree
function. The proof will involve the marginal distributions pp and pg constructed in Sec-
tion 6.2, the family of target regression functions constructed in Section 6.3, and will contain
a description of the construction of the corresponding family of source regression functions
that is appropriate for this lower bound. Recall the definition of BL from Theorem 1.

LEMMA 25. Fix 6% = (A, ¢, L*,0) € ©° with af < dg, yp(l — yg) < yg and Cy >
142%do/B a'dQQ/2 Va,- Then there exists cp 0 > 0, depending only on 6, such that

(27) inf sup E{S(f)}>ceo{(L;);¢_a/\BL A= ¢)1+a}.

fEJ:nP nQ (P, Q)epglj

PROOF. Our goal is to define a particular instantiation of the construction in Lemma 16,
which requires us to specify m € N, (x;)sepm] € (RH™ ep, €p€l0,1/4),up,ug €[0,1/m],
vp, vo € [0, 1], regression functions 1% : R4 — [0, 1], n(é ‘RY > [0,1] for 0 € ¥ =
{—1, 1}, and marginals pp, ;o on R4,

To this end, we first define some intermediate quantities that depend only on 6. Let

_ yo(dg —ap) +af a1 =aygi=2P0PYO A (1= C 1/()/PA)/Q))
vo (2B +dg) +ap’ ’ i ’
do o 25014
= = 1; bi=b
pl ,01,0 /3(2+a) + yP(2_|_a) + 1= 19 8dP 6dQ/,B 25+dP dQ
g O 2yg + dQVQ/ﬁ; = ayg = 25070) .9-Move . dove g-dovelf
24« ’

Now let a = ag := min{(a1b)"/?, 25> q)/* 2=(+30) 24=2/e} 5 (. This allows us
to define

qg= Lmin(an‘é, L*)l/dQJ.

Observe that g > 1 whenever ng > a~ VP and we will therefore first prove the desired lower
bound in this case. Now let m = qu, letep =0, let

m 1/2+a) 1_¢
(28) eEeQ:minK ) ,—},
25nQ 4

let wg =€%, letug =wgp/m,letr = 66)Bq/kp, let wp = (8r)dPNq rdp q_dpwl/yp nd
let up =wp/Ny rap. Set x; = xt " for t € [m], where x, " is defined at the beginning of
Section 6.2. Further, let vp = 1/2+¢€ and vg = 1/2. Recalling (23), we will take the marginal
distributions to be (p = g rwp,dp and po = Kg.rwp.dos noting that by our choice of the
first three terms in the minimum defining a, the conditions of Corollary 21 hold (this uses
the hypothesis that yp(1 — yp) < yp), and this corollary then tells us that Assumption 2 is
satisfied. Foro € X, let 17‘(’2 = 1e,q,r,0 as defined in Corollary 23, noting that the fourth term in
the minimum defining a ensures that the conditions of this corollary hold and, therefore, that
each n‘é satisfies Assumption 4. Moreover, the final term in the minimum defining a, together
with the hypotheses of the current lemma, guarantees that the conditions of Lemma 24 hold,
so the distribution Q% on R¢ x {0, 1} with marginal distribution 1t and regression function
n‘é satisfies Assumption 3.
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It remains to define % for o € X, and to do this, we first define a decision tree partition
and a family of transfer functions. Recalling the definition of 74 4, from the beginning of
Section 6.2, let {X]", ..., X}.} € T+ be such that X} N Tgrdy = {xg’r} for each £ € [m] C
[L*] (the fact that m < L* follows from our definition of ¢). Define & : [0, 1] — [0, 1] by

Z if z€10,1/2 —2¢],
h(z) = 3z+4e—1 ifze[l/2—2¢,1/2 —€],
(1—2€)z+4e .
- if 1/2 — €, 1].
1+ 2e¢ ifzell/2=e1]

Observe that

M@ =1/2 1=2 o

(29) > >
z—1/2 1+ 2e

for z € [0, 1] \ 1/2, where the final bound follows from the second term in the minimum
defining €. For 0 = (01, ...,0,) € X and £ € [m], define g7 : [0, 1] — [0, 1] by

o z ifo, =1,
7) =
O = he ifor=-1,
and for £ € {m + 1, ..., L*}, let g7 (z) := z. We can now set n% = g7 o n‘é on X/, and note

that by (29), Assumption 1 holds for each transfer function g7 .

We are now in a position to verify that our constructed marginals and family of source
and target regression functions satisfy the conditions of Lemma 16 with P = Pyz. Condition
(i) holds because €p = 0 and 2°ngugep = 25nQ62Q+°‘ < 1 by definition of €¢ in (28). The
verification of Condition (ii) again uses the fact that ep = 0, and also that vy = 1/2. Con-
dition (iii) follows immediately by definition of wp, wo, x;, up and ug. The second part
of Condition (iv) holds by definition of n(é, together with the definitions of 7¢ 4 s in (23),
vp and €. The first part of this condition uses this second part, together with the facts that
vp=1/2+¢€and h(1/2 — €) = 1/2 + €. Finally, Condition (v) holds because the restriction
of Ne.g.r,0 0 (26) to [k (1 + 1), —I’KQ]dQ X {O}d_dQ does not depend on o, and because
g7 is the identity function for £ € {m + 1, ..., L*}.

1+o
Writing ¢, , == athe /206+d)1+) e conclude from Lemma 16 that

14+a

A L*\ 4«

(o) _inf  sup E{E(H)} > 2L > o{ (—) CABE A= ¢>”"‘}
feFupng (P.O)EP 2 " ng

forng > a~1/P_ But the left-hand side of (30) is decreasing in n g, so the full result holds on

I+a
setting ¢g,0 == ¢ (- r—+a) s 500y . [

6.5. Difficulty of estimating the source regression function and completion of the proof of
the lower bound in Theorem 1.

LEMMA 26. Fix 0° = (A, ¢, L*,0) € OF with af < dg, yp(l — yg) < yg and Cy >
1 4-2%do/B de/ 2 Va, - Then there exists cp1 > 0, depending only on 0, such that

(I4a)

| \wohaa A\
A Y «,
_inf sup E{g(f)}zcmmin{( . ) QPP +<_> ,BHLQ,I}.
feFupng (P.QIEP,; ¢*-np ¢
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PROOF. Recalling the definition of a; = 2-3dp(yPVyo) A (1 — C;’lé(yPAVQ)) from the

proof of Lemma 25, we define a3 := all/dQ L6718 (/cp/16)dP/dQ and let

Bdovo

.| voag—pras 1 1 _ _ _ ___Prp
as = mln{a;Q e ,g,al/a,2 Ve (dp . 2= O+3dp) . 6=dr /B 7pTp+dpries

d Byo
(a3Q . 2—(6+dQ)) vQ@B+dg)+ap }’

___Brp __bro
. 1 vp@B+dp)¥taB A 1\ 7g@p+dgi+ap
€ = €p ;= a4 - min| max ¢2— ,g | — .
‘np l’lQ

_vpUg—aB)tap
Take g := |a3 - € Pdovo | We will initially assume that ngp > 1, which means that
Pdoro
rgdg—ap)tap

€ <ajy s0 ¢ > 1. Further define m = g%, letep = (¢ - € — A) V0, let wo = €%, let
ug=weo/m,letr = (66)1/ﬁq/Kp, letwp = (8r)dPNq,r,qu_d”wgVP, letup=wp/Ngrap
and let vp = vg = 1/2. Set x; = x,q’r for t € [m], where xtq’r is defined at the begin-
ning of Section 6.2. We will take the marginal distributions to be wp = g rwp,dp and
HQ = lq.rwg.dy» Which as in the proof of Lemma 25, satisfy the conditions of Corollary 21,
and hence Assumption 2. For o € ¥ = {—1, 1}, let n‘é = Ne,q,r,0- Then, as in the proof of
Lemma 25, the conditions of Corollary 23 and Lemma 24 hold, so Assumptions 4 and 3 are

also satisfied. For § € (0, ¢/2], define hy s : [0, 1] — [0, 1] by

¢ -(z—1/2)+1/2+46 ifze€[0,1/2—-65/¢],
hey s(z):=11/2 ifzel[l/2-6/¢,1/24+68/¢],
¢ -(z—1/2)+1/2-6 ifze[l/24+65/¢,1],

and for § > ¢/2, let hy s(-) :=1/2. For 0 € X, we take 1% = hg A o n‘é, and g¢ :=hy o
for £ € [L*]. Note that these definitions ensure that each g, satisfies (5), and [n%(x) —
gg(n‘é(x))| < lhg,A —hgollco < A for x € Xy, so Assumption 1 holds.

Finally, similar (but slightly simpler) arguments to those used in the proof of Lemma 25
verify that the assumptions of Lemma 16 hold with P = Py:, so writing cg 1 := ai“’ /4, we
conclude from Lemma 16 that

_inf  sup E{E(N)) =
feFupng (P.O)EP 2

Byp(1+a)
. 1 vp QB Hdp) Tap AN
> (p,1 Min 5 +(— ,BnQ
- -np ¢

whenever ng > 1. But the left-hand side of (31) is decreasing in n g, so the full result follows.
O

mugeg

€1y

PROOF OF THE LOWER BOUND IN THEOREM 1. This follows immediately from Lem-
mas 25 and 26. [
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