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The estimation of a log-concave density on R4 represents a central prob-
lem in the area of nonparametric inference under shape constraints. In this pa-
per, we study the performance of log-concave density estimators with respect
to global loss functions, and adopt a minimax approach. We first show that no
statistical procedure based on a sample of size n can estimate a log-concave
density with respect to the squared Hellinger loss function with supremum
risk smaller than order n=4/5 ,when d = 1, and order n—2/@d+D) when d > 2.
In particular, this reveals a sense in which, when d > 3, log-concave density
estimation is fundamentally more challenging than the estimation of a den-
sity with two bounded derivatives (a problem to which it has been compared).
Second, we show that for d < 3, the Hellinger ¢-bracketing entropy of a class
of log-concave densities with small mean and covariance matrix close to the
identity grows like max{e_d/ 2 8_(d_1)} (up to a logarithmic factor when
d = 2). This enables us to prove that when d < 3 the log-concave maximum
likelihood estimator achieves the minimax optimal rate (up to logarithmic
factors when d = 2, 3) with respect to squared Hellinger loss.

1. Introduction. Log-concave densities on R, namely those expressible as
the exponential of a concave function that takes values in [—00, 00), form a par-
ticularly attractive infinite-dimensional class. Gaussian densities are of course log-
concave, as are many other well-known families, such as uniform densities on
convex sets, Laplace densities and many others. Moreover, the class retains several
of the properties of normal densities that make them so widely-used for statistical
inference, such as closure under marginalisation, conditioning and convolution op-
erations. On the other hand, the set is small enough to allow fully automatic estima-
tion procedures, for example, using maximum likelihood, where more traditional
nonparametric methods would require troublesome choices of smoothing parame-
ters. Log-concavity therefore offers statisticians the potential of freedom from re-
strictive parametric (typically Gaussian) assumptions without paying a hefty price.
Indeed, in recent years, researchers have sought to exploit these alluring features to
propose new methodology for a wide range of statistical problems, including the
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detection of the presence of mixing [Walther (2002)], tail index estimation [Miiller
and Rufibach (2009)], clustering [Cule, Samworth and Stewart (2010)], regression
[Diimbgen, Samworth and Schuhmacher (2011)], Independent Component Anal-
ysis [Samworth and Yuan (2012)] and classification [Chen and Samworth (2013)].

However, statistical procedures based on log-concavity, in common with other
methods based on shape constraints, present substantial theoretical challenges and
these have therefore also been the focus of much recent research. For instance, the
maximum likelihood estimator of a log-concave density, first studied by Walther
(2002) in the case d = 1, and by Cule, Samworth and Stewart (2010) for gen-
eral d, plays a central role in all of the procedures mentioned in the previous para-
graph. Through a series of papers [Cule and Samworth (2010), Diimbgen and Ru-
fibach (2009), Diimbgen, Samworth and Schuhmacher (2011), Pal, Woodroofe and
Meyer (2007), Schuhmacher and Diimbgen (2010), Seregin and Wellner (2010)],
we now have a fairly complete understanding of the global consistency properties
of the log-concave maximum likelihood estimator (even under model misspecifi-
cation).

Results on the global rate of convergence in log-concave density estimation
are, however, less fully developed, and in particular have been confined to the
case d = 1. For a fixed true log-concave density fy belonging to a Holder ball
of smoothness g € [1, 2], Diimbgen and Rufibach (2009) studied the supremum
distance over compact intervals in the interior of the support of fy. They proved
that the log-concave maximum likelihood estimator fn based on a sample of size
n converges in these metrics to fo at rate O, (on pI2p +1)), where p, :=n/logn;
thus fn attains the same rates in the stated regimes as other adaptive nonparametric
estimators that do not satisfy the shape constraint. Very recently, Doss and Wellner
(2016) introduced a new bracketing argument to obtain a rate of convergence of
(0] p(n_“/ ) in squared Hellinger distance [defined in (3) below] in the case d =1,
again for a fixed true log-concave density fo.

In this paper, we present several new results on global rates of convergence in
log-concave density estimation, with a focus on a minimax approach. We begin
by proving, in Theorem 1 in Section 2, a minimax lower bound which shows that
for the squared Hellinger loss function, no statistical procedure based on a sample
of size n can estimate a log-concave density with supremum risk smaller than
order n=*/> when d = 1, and order n=2/(@+1) when d > 2. The surprising feature
of this result is that it is often thought that estimation of log-concave densities
should be similar to the estimation of densities with two bounded derivatives, for
which the minimax rate is known to be n=* @+ for all d € N [Ibragimov and
Khas’minskii (1983)]. The reasoning for this intuition appears to be Aleksandrov’s
theorem [Aleksandrov (1939)], which states that a convex function on R? is twice
differentiable (Lebesgue) almost everywhere in its domain, and the fact that for
twice continuously differentiable functions, convexity is equivalent to a second
derivative condition, namely that the Hessian matrix is nonnegative definite. Thus,
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the minimax lower bound in Theorem 1 reveals that while this intuition is valid
when d < 2 [note that 4/(d +4) =2/(d + 1) = 2/3 when d = 2], log-concave
density estimation in three or more dimensions is fundamentally more challenging
in this minimax sense than estimating a density with two bounded derivatives.

The second main purpose of this paper is to provide bounds on the supremum
risk with respect to the squared Hellinger loss function of a particular estimator,
namely the log-concave maximum likelihood estimator fn The empirical process
theory for studying maximum likelihood estimators is well known [e.g., van de
Geer (2000), van der Vaart and Wellner (1996)], but relies on obtaining a brack-
eting entropy bound, which therefore becomes our main challenge. A first step
is to show that after standardising the data and using the affine equivariance of
the estimator, we can reduce the problem to maximising over a class G of log-
concave densities having a small mean and covariance matrix close to the identity;
see Lemma 6 in Section A.2. In Corollary 3 in Section 3, we present an integrable
envelope function for such classes.

The first part of Section 4 is devoted to developing the key bracketing entropy
results for the class G. In particular, we show that for d < 3, the e-bracketing
entropy of G in Hellinger distance h, denoted log N[.j(¢, G, h) and defined at the
beginning of Section 4, satisfies

(1) log Npj(¢, G, h) xmax{e_d/z,s_(d_l)}

as € \( 0, up to a multiplicative logarithmic factor when d = 2. Incidentally, the
lower bound in (1) holds for all dimensions d. The second term on the right-hand
side of (1), which dominates the first when d > 3, is somewhat unexpected in
view of standard entropy bounds for classes of convex functions on a compact
domain taking values in [0, 1] [e.g., Guntuboyina and Sen (2013), van der Vaart
and Wellner (1996)], where only the first term on the right-hand side of (1) appears.
Roughly speaking, it arises from the potential complexity of the domains of the
log-densities and the fact that these log-densities are not bounded below. These
upper bounds rely on intricate calculations of the bracketing entropy of classes of
bounded, concave functions on an arbitrary closed, convex domain. Further details
on these bounds can be found in Section 4.

In the second part of Section 4, we apply the bracketing entropy bounds de-
scribed above to deduce that

0(n=*?), ifd=1,
2) sup E o (h*(fu, fo)} = Y O™ logn),  ifd=2,
Joca O(nlogn),  ifd=3,

where F; denotes the set of upper semi-continuous, log-concave densities on R,
Thus, for d < 3, the log-concave maximum likelihood estimator attains the mini-
max optimal rate of convergence with respect to the squared Hellinger loss func-
tion, up to logarithmic factors when d = 2, 3. The stated rate when d = 3 is slower
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in terms of the exponent of n than had been conjectured in the literature [e.g.,
Seregin and Wellner (2010), page 3778], and arises as a consequence of the brack-
eting entropy being of order ¢ ~@~1 = ¢~2 for this dimension.

It is interesting to note that the logarithmic penalties that appear in (2) when
d = 2, 3 occur for different reasons. When d = 2, the penalty arises from the loga-
rithmic term in the upper bound for the relevant bracketing entropy; cf. Theorem 4.
When d = 3, the bracketing bound is sharp up to multiplicative constants, and the
logarithmic penalty is due to the divergence of the bracketing entropy integral that
plays the crucial role in the empirical process theory. The bracketing entropy lower
bound in (1) suggests (but does not prove) that the log-concave maximum likeli-
hood estimator will be rate suboptimal for d > 4; indeed, Birgé and Massart (1993)
give an example of a situation where a maximum likelihood estimator has a sub-
optimal rate of convergence agreeing with that predicted by the same empirical
process theory from which we derive our rates.

The proofs of our main results are given in the Appendix, with the exception
of the proof of Theorem 1, which is given in the online supplementary material
[Kim and Samworth (2016)], hereafter referred to as the online supplement, along
with several auxiliary results. We conclude this section with some generic notation
used throughout the paper. If C C R? is convex, let C¢, bd(C) and dim(C) denote
its complement, boundary and dimension, respectively. Let By (xo, 8) denote the
closed Euclidean ball in R¥ of radius § > 0 centred at xo.

2. Minimax lower bounds. Let u; denote Lebesgue measure on R4, and
recall that F; denotes the set of upper semi-continuous, log-concave densities with
respect to j1y, equipped with the o -algebra it inherits as a subset of L (R¢). Thus,
each f € F, can be written as f = ¢?, for some upper semi-continuous, concave
¢ : R4 — [—00, 00); in particular, we do not insist that f is positive everywhere.
Let X1, ..., X, be independent and identically distributed random vectors having
some density f € Fy, and let Py and [E ¢ denote the corresponding probability and
expectation operators, respectively. An estimator f, of f is a measurable function
from (R?)*" to the class of probability densities with respect to g, and we write
F for the class of all such estimators. For f, g € L1(R%), we define their squared
Hellinger distance by

) W)= [ (712 =)
This metric is both affine invariant and particularly convenient for studying max-

imum likelihood estimators. Adopting a minimax approach, we define the supre-
mum risk

R(fu, Fa) = sup Ep{h*(fu, fo)l;

SfoeFa

our aim in this section is to provide a lower bound for the infimum of R( an Fa)
over f, € F,.
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THEOREM 1. For each d € N, there exists cq > 0 such that for sufficiently
large n € N,

cln_4/5, ifd=1,

inf R(fn, Fg) >
A KU FOZN 2 g

Theorem 1 reveals that when d > 3, the minimax lower bound rate for squared
Hellinger loss is different from that for interior point estimation established under
the local strong log-concavity condition in Seregin and Wellner (2010).

In our proof for the case d = 1, given in the online supplement, we apply The-
orem 1 of Yang and Barron (1999), which provides a minimax lower bound for
general parameter spaces and wide classes of squared loss functions LZ. It re-
lies on an upper bound for the e-covering number of the space with respect to
Kullback—Leibler divergence, as well as a lower bound on the e-packing number
of the space with respect to L (which is the Hellinger distance in our case). We can
readily obtain such upper and lower bounds, of the same order in &, for a subset of
F1 consisting of densities that are compactly supported and bounded away from
zero on their support. For d > 2, we can reduce the problem to that of estimat-
ing a uniform density on a closed, convex set (since such densities belong to Fy).
The lower bound constructions in the convex set estimation proofs of Korostelév
and Tsybakov (1993), Mammen and Tsybakov (1995), Brunel (2013, 2016) can
therefore be applied to yield the rate n=2/@+1D,

As can be seen from the above descriptions, the same lower bounds hold for
the (smaller) class of upper semi-continuous densities on R¢ that are concave on
their support. Moreover, a minimax lower bound can also be obtained for the L%
loss function. Note that in this case, the loss function is not affine invariant, so it
makes sense to restrict attention to log-concave densities f with a lower bound on
the determinant of the corresponding covariance matrix X . The result obtained is
that there exist ¢/, > 0 such that for every x > 0,

- c'n_4/5//( ifd=1
inf sup EoL3(fo f) =1 5 00 . ’
f;jeﬁn ﬁ)efd:det(Efb)Zkz f() 2 C:in 2/(d+1)/Ka 1fd Z 2

3. Integrable envelopes for classes of log-concave densities. In this section,
we recall recent results on envelopes for certain classes of log-concave densities
developed in the probability literature. The following result, part (a) of which is
due to Fresen (2013), Lemma 13 and part (b) of which is due to Lovdsz and
Vempala [(2007), Theorem 5.14(a)], is used in the proof of Lemma 6 in Sec-
tion A.2. In particular, part (a) gives us uniform control of tail probabilities and
moments of log-concave densities with zero mean and identity covariance matrix;
part (b) facilitates a lower bound for the smallest eigenvalue of the covariance
matrix corresponding to the log-concave projection of a distribution whose own
covariance matrix is close to the identity. For f € F4, let puf := [pa xf (x) dx and
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Ypi= fga(x — pup)x — up)T f(x)dx. For p € R? and a symmetric, positive-
definite, d x d matrix X, let

Fi¥={feFanr=pn Sr=1}.

THEOREM 2. (a) For each d € N, there exist A4, Bo.ga > 0 such that for all
x € RY, we have

sup  f(x) < e—AO,d”x”‘f‘B(),d'
fe]-'g’l

(b) We have

inf inf x) > 0.
fengerIXIISI/9f( )

In fact, it will be convenient to have the corresponding envelopes for slightly
larger classes in order to establish our bracketing entropy bounds in Section 4. We
write Amin(X) and Apax (X) for the smallest and largest eigenvalues respectively
of a positive-definite, symmetric d x d matrix X. For £ >0 and n € (0, 1), let

Fol={feF: lnpl <€ and 1 — 1 < Amin(Z ) < Amax(Z7) < 1 +n}.

COROLLARY 3. (a) For each d € N, there exist Ay q, Bo,g4 > 0 such that for
every £ >0, every n € (0, 1) and every x € RY, we have

Aoallxll Aoat }
- . Bodi.
{ a2 @i 0

sup f(x) <(1—n)"?exp
feFy"

(b) For every € >0 and n € (0, 1) satisfying € < (1 —1)'/2/9, we have

inf inf f(x)>0.
FeFs xilxll<g(1—m)/2—¢

4. Bracketing entropy bounds and global rates of convergence of the log-
concave maximum likelihood estimator. Let G be a class of functions on R?,
and let p be a semi-metric on G. For ¢ > 0, let N.j(¢, G, p) denote the e-bracketing
number of G with respect to p. Thus, Np(e, G, p) is the minimal N € N such
that there exist pairs {(gjL, g}j)}yzl with the properties that p(gjl-‘, gju) < ¢ for all
j=1,...,N and, for each g € G, there exists j* € {1,..., N} satisfying gjﬂ <
g = gjlﬁ. We call log Np.j(e, G, p) the e-bracketing entropy of G. The following
entropy bound is key to establishing the rate of convergence of the log-concave
maximum likelihood estimator in Hellinger distance.
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THEOREM 4. Let 4 > 0 be taken from Lemma 6 in Section A.2.
(1) There exist K1, K2, K3 € (0, 00) such that

fls_l/z, whend =1,
log Npj(e, Fy™, h) < { Kpe™! log)2(1/e),  whend =2,
Kie 2, when d = 3,

forall e > 0, where log,, , (x) := max(1, logx).
(i1) For every d € N, there exist g4 € (0, 1] and K ; € (0, 00) such that

log N (e, f;"’d, h) > K ;max{e /2 ¢=@=D}
forall e € (0, g4].

Note that in this theorem, n; depends only on d. The proof of the upper bound
in Theorem 4 is long, so we give a broad outline here. We first consider the prob-
lem of finding a set of Hellinger brackets for the class of restrictions of densities

feF C}’"" to [0, 1]¢. The main challenge here is that the effective domain of f
is unknown, and indeed the shape of this domain affects the bracketing entropy
significantly [Gao and Wellner (2015), Guntuboyina and Sen (2013)]. In Propo-
sition 4 in the online supplement, we derive new bracketing entropy bounds for
bounded concave functions defined on a general convex domain when d = 2, 3.
This is achieved by constructing inner layers of convex polyhedral approximations
where the number of simplices required to triangulate the region between succes-
sive layers can be controlled using results from discrete convex geometry. It is the
absence of corresponding convex geometry results for d > 4 that means we are
currently unable to provide bracketing entropy bounds in these higher dimensions.

Since the logarithms of densities in F, ;’"" can take the value —oo, we combine
an inductive argument with Proposition 4 in the online supplement to derive brack-
eting bounds for the restrictions of F ;.’”d to [0, 1]¢. Translations of these brackets
can be used to cover the restrictions of densities f € F al,’"d to other unit boxes. We

use our integrable envelope function for the class F ;’"d from Corollary 3 to allow
us to use fewer brackets as the boxes move further from the origin, yet still cover
with higher accuracy, enabling us to obtain the desired conclusion.

We are now in a position to state our main result on the supremum risk of the
log-concave maximum likelihood estimator for the squared Hellinger loss func-
tion.

THEOREM 5. Let X1, ..., X, be independent and identically distributed ran-
dom vectors with density fo € F4, and let f, denote the corresponding log-
concave maximum likelihood estimator. Then

0(n=4), ifd=1,
R(fu, Fa)=10(mn"logn), ifd=2,
O(n~'"?logn),  ifd=3.
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The proof of this theorem first involves standardising the data and using affine
equivariance to reduce the problem to that of bounding the supremum risk over the
class of log-concave densities with mean vector O and identity covariance matrix.
Writing g, for the log-concave maximum likelihood estimator for the standardised
data, we show in Lemma 6 in Section A.2 that

sup Py, (8n ¢ Fy™)=0(n™").
80 Efg"
As well as using various known results on the relationship between the mean vector
and covariance matrix of the log-concave maximum likelihood estimator in rela-
tion to its sample counterparts, the main step here is to show that, provided none of
the sample covariance matrix eigenvalues are too large, the only way an eigenvalue
of the covariance matrix corresponding to the maximum likelihood estimator can

be small is if an eigenvalue of the sample covariance matrix is small.
The other part of the proof of Theorem 5 is to control

Sup E{hz(gl’h gO)]l A ~1,nq }
goeFo! {enery "}

This can be done by appealing to empirical process theory for maximum likeli-
hood estimators, and using the Hellinger bracketing entropy bounds developed in
Theorem 4.

APPENDIX

A.l. Proofs from Section 3.

PROOF OF COROLLARY 3. (a) Let f € ]-15"7. Then we can let f(x) :=
|det2f|1/2f(21f~/2x + Mf), so that f € ]:3’1. Thus, by Theorem 2(a), there ex-
ist Ao 4, Bo,4 > 0 such that

fx) < e Ao.dllxlI+Bo.d

for all x € R?. We deduce that, for all x € RY,

x — —1/2
Fey=1det= ;72 (252 = p)
Aoalllx ]l = Nl 7l
<(1— ) ex {_ : ! }
=-n) P e 0.d
Agallx|l Ao,q§

¢ —n)‘dﬂexp{— +BO,d}-

(L+ml/2 - 1 +mpl/?
(b) If f € .7:"5"7, then as above, we can let f(x) := |det Zf|1/2f~(2}/2x + /Lf*),
so that f € Fo''. Moreover, if £ < (1 —1)"/2/9 and ||xo|| < (1 —)'/2/9 — &, then

2
(lxoll + &) <i.
1-n 81

[=: 20— pl’ =
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It follows that

Fx) = det = A7V (27 P o — ) = A +m)™ Y% inf inf ,
fow =1 B2 f (57 00 —up) 2 ™ i it 700

so the result follows by Theorem 2(b). [
A.2. Proofs from Section 4.

PROOF OF THEOREM 4. (i) Step 1: Preliminaries. Let gog € (0, e~ 1. Fix
e € (0, e00] and set yy := 2k/2 for k =0, 1, ..., ko, where ko := minf{k € N : y; >
log(ego/€)}. Let @ denote the class of upper semi-continuous, concave functions
¢ : [0, 119 = [—o0, — vol, and let D denote the class of closed, convex subsets D
of [0, l]d. For D € D, let ®g(D) =@ and fork =1, ..., kg, define

@y (D) :={¢ € ®:dom(¢) = D and ¢(x) > —y for all x € D}.

Now let Fi (D) :={e? : ¢ € | pep Pr(D)}, where we adopt the convention that
e~ =0. Write

k 12
Ki:= (1 +5>° e_yfl)

j=1
and
d 1/2
* L —yj-1/2 —yj-1/4 o —yj-1/4
szkvl'_;{e J Kl+8€ J +Klyj e j-1 },
J:

k
Ko=) {Koe V-2 4 KSyjei-1/2),
j=1
k
Ky 3= Z{ng—ym + K§yj2,e—y,>1 L
j=1

where K4 and K are the constants defined in the proofs of Propositions 2 and 4
in the online supplement, respectively. Let

8_1/2, whend =1,
ha(e) ==Y " og/F(1/e),  whend =2,
£72, when d = 3.

Step 2. Recall that h(f, g) = La(f/?, g!/?) forany f, g € Li(RY). It will there-
fore suffice to derive an L,-bracketing entropy bound for the set {f'/?: f

fal,’nd}. As a first step towards this goal, we claim that for k =1, ..., kg and
d=1,2,3, we have

() log N[ (Kf’ke, Fi(D), Ly) < K3 p.aha(e),
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and prove this by induction. First, consider the case &k = 1. Let Ng 11 =
|eK1=Y0e=2] and Ns1.4:= Lexp(Kde_(d_l)y(’/zs_(d_l))J for d =2, 3. By Propo-
sition 2 in the online supplement, we can find pairs of measurable subsets
{(AJ 1 5.]1) :j=1,...,Ns 14} of [0, 114 with the properties that Ll(]lAyl,
’ Js
]lALl) < gZeX0 for j=1,....,Ns 14 and, if A is a closed, convex subset of
Js
[0, 1]d, then there exists j* € {1,..., Ns.1,4} such that A]L-*,1 CAC AE-]*’I. Note
that by replacing AL1 with the closure of its convex hull if necessary, there is

no loss of generality in assuming that each AL1 is closed and convex. More-
over, by Proposition 4 in the online supplement for each j =1,..., Ng 14 for
which Aﬁ | 1s d-dimensional, there exists a bracketing set {[yEL AL wjl.{“] =

..» Np 1.4} for ®1(A% ), where Np 1.4 := lexp{K Sha(ee”®/?/y1)}], such that
—y1 < 1//]“ < ‘l’jel < —yp, that Lz(l//Jm ‘/’,z 1) < 2ee’/? and such that
for every ¢ € Q>1(A ), we can find £* € {1,..., Np 1,4} with wj e < ¢ <
W.,l-{g* If dlm(ALl) < d, we define a trivial bracketmg set {[wj o1 wj . 1]
£=1,...,Np 1.4} for Cbl(AjL’l) by wj’“(x) := —y; and wj’“(x) ;= —yg for
X € Aﬁl. Note that whenever dirn(AJL.’l) < d, we have LZ(W}{@,], 1//1%1) =0.

This ehables us to define a bracketing set {[ij,E,l’ fj%,l] cj=1,...,Ns 14, L=
.» Np.1,q4} for F1(D) by

L ) RLE))
file1(x) = eVie ™ ﬂ{xeAjl}’
U NV E)) -
fjaa () =€ttt yoﬂ{xeAgl\Aﬁl}
for x € [0, 1]¢. Note that

L%(f;,/e,l,fﬁe,l):/

U
(0 — e e gl AL )
Aﬁl , ,
5e_ZyOL%(w][{E,l’ij,Z,l)+e_2y0Ll(ﬂA§{1a]1A]L.l)
S(Kf1)282-

Moreover, when d = 1 the cardinality of this bracketing set is

ge0/?
Ns 1,1NB,1,1 SeK‘_yos_zexp{Kfm( )}
Y1

2
=< exp{e_YO/ZKlg—l/Z + 8€_y0/48_1/2 + Klohl (geyo )}
by

* —1/2
Ky 1.8 /,
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where we have used the facts that e¥0/2gl/2 < eYko-1/2g1/2 < 8(1)(/)2

2e70/461/210g(1 /¢) < 8e¥o-1/*e1/4 < 8el* <8 Whend =2,

<1 and

) ceY0/2
Ns 12N 1,2 SeXp{Kze_Wzs_l +K§h2< )}
Ba!
< eK2 L el log (l/s)

Finally, when d = 3, the cardinality of the bracketing set is

-2

Sey0/2 *
Ns13Np13 < CXP{Kse_yos_z + K§h3< >} < K215
Ml

This proves the claim (4) when k = 1. Now suppose the claim is true for some
k — 1 < ko — 1, so there exist brackets {[f,k l’fj[/]k—l] il = 1,...,N,§717d}
for F;_1(D), where Nk_l’d = Lexp{szk_l’dhd(e)}J, such that LZ(fj[/],k—l’
fﬁkfl) < ka_ls, and for every f € Fr_1(D), there exists (j)* € {1,...,
N;_, 4} such that f(ﬁ,)*,k_l < f< f(%*,k_l. Let ij.{,k_l = {x €[0,1]1¢ :
fjl/]’k_l(x) > 0}. We also define Ngy 1 := leK1=%-1=2] and Nska =
lexp(K ge k-1d=D/2g=(@=y| for d =2, 3. Using Proposition 2 in the online
supplement again, we can find pairs of measurable subsets {(Aﬁ o Aﬁ{k) cj =
1,..., Nsk.aq} of [0, l]d , where AJL-, « 1s closed and convex, with the properties that
Ll(]lAUk’ ]lALk) < g2eYk-1 for j=1,...,Ns.aqand,if A is a closed, convex sub-
Js Js
set of [0, 1]d, then there exists j* € {1,..., Ns .4} such that AJL.*’k CAC Ag‘]*,k
Using Proposition 4 in the online supplement again, for each j =1,..., Ng .4
for which dim(AjL.’k) = d, there exists a bracketing set {[ij’Z’k, 1//}{5’,(] L=
Vi—1/2

L....Npga) for D(AL,), where Np g := lexp(K3ha(*“="")}], such that
—yk = lﬁ, ok = l/f 0.k = —)o, that Lz(lﬁ, e 1//J op) < 2ee- 1/2 and that for ev-
ery ¢ € d>k(A k) we can find £* € {1, ..., Np .4} with wﬂ*k <¢ < ;//j T
Similar to the k = 1 case, whenever dll’Il(AL k) < d, we define 1//J . () =

—yr and z/ijg’k(x) = —yp for x € Aj’k. We can now define a bracketing set

W i i =1 Nsga =1,....Ngra,j'=1,...,Nj_, 4} for
Fi(D) by

L o min{=ye 1, Y () L
fj’[’j/,k(x) =e J.tk :H'XEALk\B/k 1 +fj/’k_l(x):ﬂ_{X€Bj[']/,k_1}’

in{— U
fJ'I,JZ,j/,k(x) — emm{ Yk—l,')//j’z’k(x)}]l

{reAL\BY )+ e l(x)]l{xeB/k )

/kl

e L ear Y, uaty)
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for x € [0, l]d. Again, we can compute
k—1
20U L —2yk_172( U L 2 —yi_
Ly(file o Fio ) S€ Lo n Vien) T € <1+5Z€ % ')
j=1

e w \2.0

When d = 1, the cardinality of this bracketing set is

Vk—1/2
K3 @) K=y o—2 KT (5 —) Kx, 12
2h-1,111(8) g K1=yim1 g =2 ;%1 e < et2kl ,

Ni—1,1Nsk 1 Np k1 <e
as required. When d = 2, the cardinality is

/
Nie_12Nsk2NB k2

ceYk—1/2
< exp{K;k_Lzhz(e) + Kpe Y-1/2g71 4 K§h2< " )}

< Kinoe! log}2(1/e).
Finally, when d = 3, the cardinality of the bracketing set is

/
Ni_13Nsk3NB k.3

) geYk-1/2
5exp{K;k_]’3h3(8)+K3e_yk_18_ +K§h3< e )}

< eKik,k.afz_
This establishes the claim (4) by induction.

Step 3. For b> 0, write G 4.00.114.5 for the set of functions on [0, l]d of the form

f1/2, where f is an upper semi-continuous, log-concave function whose domain
is a closed, convex subset of [0, l]d, and for which f 172 < b. Our next goal is to
derive an Lj-bracketing entropy bound for G (o 1ja 1. Writing ]:"ko (D) :={e?:
¢ € D\ Upep Piy (D)}, we note that since square roots of log-concave functions
are log-concave,

Ga,j0.11d,e-1 S [e? ¢ € @) = Fiy (D) U Fyy (D).

We derived brackets [ f ﬁz i f J'Ue j,] for Fi,(D) in Step 2 above, and moreover,

a bracketing set for .7:"/(0(1)) is given by {[}F].L(Z i ijZ j,] cJj=1,...,Nskyd: L =
l,....NBkya-J =1,..., ngo—l,d}’ where

L . ¢L
fj,e’j/(X) = fj,(,j’,ko(x),

U . rU — Yk
Fieg @ = ey @ Lpiog 7, oz-wg) € Lptog 1Y, <)

RN
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for x € [0, 1]¢. Observe that

2
2( U rL * 2.2 -2y * 1 2
L2(fj,€,j” fj,(,j/) = (Kl,k()) e te ko = <K1,k0 + %) &

Since ko depends on &, it is important to observe that forall k =1, ..., ko,
Ki, <4,
K31 <2K|+32+8K} =K, —log2,
K3, <2K>+ K3(8¢'? + 1) =: K, — log2,
K33 <K3+K5B8e+1)=:K5;—log2.

In particular, these bounds do not depend on ¢, and since ¢ € (0, egg] was arbitrary,
we conclude that

log N11((4 + £09 )&, Gy fo0.17¢.0-1» L2) <log Npj((4+ g9 )&, {? 1 ¢ € B}, Lo)
< [z;dhd(g)

for all € € (0, egp] and d =1, 2, 3. By a simple scaling argument, we deduce that
for any b > 0,

log Npj((4 4 e09 )eb'/?, Gy 0,110 pe-1 L2) < K5 gha(e/b')?)

for all & € (0, b'/2gqp].

Step 4. We now show how to translate and scale brackets appropriately for other
cubes, and combine the results to obtain the final bracketing entropy bound for
.73;"7". Let Ao 4, Bo,g > 0 be as in Corollary 3(a). Define

Ao a(d'? +1) d ( )
="+ Bygs+ =10 +d+1,
T T A T Ty,
set €01,4 1= min{e~ 74, d—ldego} and fix € € (0, 91 4]. For j=(j1...., ja) € 74, let
Ao,alljll
Cc?.= (—7’ T, ),
PO g

where [|j||% := Zle j,?. Note from Corollary 3(a) that

sup sup f(x)l/2 < Cjefl.
Feghmd xeljr. i1 xLja. ja+1]
. d

Let jo := max{||j|l : j € Zd,Cj > s{log(l/e)}*(dfl)/z}, SO we may assume
jo=1. For j = (ji,..., ja) € Z% such that [|j|| < jo, let Nj == Npj((4 +
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€00 )eC gd 10,114, Cje1 L7), and let {[fL , f 1,£=1,..., Nj}, denote a brack-

eting set for gd,[oyl]dycjeq with Lz(ij, ) < (4+eq )e-:Cl/2
set can be found because when ||j|| < jo, we have

Such a bracketing

e < le/zel/Z{log(l/s)}d/4 < le/zsl/z(ds*(l/d))d/4 < le/z

Finally, for {£ = (¢;) € X

j:lleISjo{l’ ..., Nj}}, we define a bracketing set for {fl/2 :
~ ~1’ ¥
feFy ™) by

L . L .
fEe = ) S5, = Dhixerji i+ D xx L ja+ D)

§lil=Jo
U . U .
e = 20 fid & = Dhiretji it Dxexlia oD
§lil=Jo
-1
+e' D Cileetji jitDxxLiajatD)
J:13l> jo

for x € RY. Note that

12 1/2
Lo(f, 1) < 4+ e <Z CJ) +< 2 C"z) <
jezd J:l3l> Jjo
Ao’ddl/z +Td
Va” ., fd rA
et+n'2 5t g1/ 25d/4 {/Oord—le_W afr}l/2
T(1+d/2)12 0

<@+ 80_01)8

A(),ddlsz_i_TTd_l 1/2d/4 N 12
2(1+n4) d 0 __"%0d
e T
1/2 {f rd_le s dr}
ra+d/2)Y Jo

<&(B1 + By),

where
A qgd!/? Td
e Hti 2T E g172d/4
By =4 hy
1= (4 egg)- T(1+d/2)2
{(d — D224 21 + gy ?/*
x WL ;
Ap'a
49,4412 +Td
1/2 1/2..d/4 d/4 T, A,
B := ey d P/ (I +n4) / _7d+2(1+r(1)d‘;‘/2 (d+2)d/2.

rd +d/2)1/2 Ad/2
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Note that to obtain the expression for By, we have used the fact that

1 00 _ rAO,d
_/ rd=le 2 g,
& Jjo
joA d—1 -k oAk 172
_ (b na) {(d - 1)v}1/26‘z(ﬁn§’ff/2 ) Jo40.a -1
Al ‘ =0 (4 na)'/2k!

A0,d

dja _T, :
At ~H+5i 5007 g 4 gy,

Ay
using the definition of jy and €91 4. Moreover, the cardinality of the bracketing set
is

l_[ Nj= exp{Kz d Z hd< 1/2)} < CXP{K§,433,dhd(8)},
Flil<Jo flil<io  Gj
where
16(1 +na)'/?

40,1
T T e
' J Ao,1

J:lill<Jjo

’

A

Bya=2? Y €I < B3 T 10T 1)

2 9
§3ll <o Ap
312403 3/2
1 /
Bizi= Y Cj< eB3/2457 0 2040172 M.
PE
Jlill<Jo 0,3

Since ¢ € (0, €91,4] was arbitrary, we conclude that
log Np(e, ]:"L}’n", h) =log Np(e, {fl/z ‘fe .7:1}"7"}, Ly) < ?dhd(s),
for all € € (0, g02,41, where 02,4 := €01,4(B1 + B2) and where
2log, . (B1 + By) }
log, ,(e/(B1 + B2)) ’
where, as in the proof of Proposition 2 in the online supplement, we have used the

fact that log,, | (a/€) < {2+ ﬂgﬁ%}logﬁ(l/e) for all a, £ > 0. Now let

Ka:= K3 4B3.qmax{(B; + B)%, (B + Bz)d_l}{z +

£ — M (g )l/2+B()dd!7'[—d/2 1/2
o '_max{goz’d’ [(1 —na)?2° rd +d/2)Ag,d] }
and let K4 := ?a'hd(&“oz,d)/hd({?old). For & € (£02.4, €03.4], we have

log N (e, ]:-‘}’nd’ h) <log Np)(g02.4- ]:"dl’"d, h) < ?dhd(goz,d) = Kaha(£03.4)

< Kgha(e).
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Finally, if & > £03.4, we can use a single bracketing pair { %, U}, with fL(x) :=
0 and fY(x) defined to be the integrable envelope function from Corollary 3(a)
with £ =1 and n = 5y there. Note that h(f v f Ly < €03,4. This proves the upper
bound.

(ii) For this part of the proof, we use the Gilbert—Varshamov theorem, treating

d =1 and d > 2 separately, to construct a finite subset of F ;’"" of the desired
cardinality where each pair of functions is well separated in Hellinger distance.
In the case d = 1, this is achieved by constructing densities that are perturbations
of a semicircle (it is convenient to raise the semicircle to be bounded away from
zero on its domain). In the case d > 2, we instead construct uniform densities on
perturbations of a closed Euclidean ball B, in an almost identical fashion to Brunel
(2013) (we simply need to choose the radius to ensure that the mean and variance
restrictions are satisfied). Further details can be found in the arxiwv version of this
paper [Kim and Samworth (2015), Theorem 8(ii)]. U

PROOF OF THEOREM 5. Let u:=E(X) and X := Cov(X). Note that since
fo € F4, we have that ¥ is a finite, positive definite matrix. We can therefore de-
fine Z; ;= £~/2(X; —p) fori =1,...,n, so that E(Z;) = 0 and Cov(Z;) = I.
We also set go(z) := (detE)l/zfo(El/zz 4+ W), so go € ]-'2’1, and let g,(z) :=
(det )12 fn(El/ 27 + W), so by affine equivariance [Diimbgen, Samworth and
Schuhmacher (2011), Remark 2.4], g, is the log-concave maximum likelihood
estimator of gg based on Zy, .. ‘3 Z,.

Let iy := Jpa 282(z) dz and X, := [pa(z — fin)(z — fn)T 8n(z) dz respectively
denote the mean vector and covariance matrix corresponding to g,. Then by
Lemma 6 below, there exists ng € (0, 1) and ng € N, depending only on d, such
that for n > ng, we have

A, =, 1
sup IEDgo(gn ¢ Fy nd) = A

0,1
g()E]:d

We can now apply Theorem 5 in Section 3 in the online supplement, which
provides an exponential tail inequality controlling the performance of a maximum
likelihood estimator in Hellinger distance in terms of a bracketing entropy integral.
It is an immediate consequence of Theorem 7.4 of van de Geer (2000), although
our notation is slightly different (in particular her definition of Hellinger distance
is normalised with a factor of 1/+/2) and we have used the fact (apparent from her
proofs) that, in her notation, we may take C = 213/2,

In Theorem 5 in the online supplement, we take F := {- i feF ;’nd}. Note
thatif [ fL, U] are elements of a bracketing set for F C}’W ,and we set fL = @

- U
and fY = %, then

- 1 1
() =5 [0+ 00 = (7 g0) P = 502 ).
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It follows from this and our bracketing entropy bound (Theorem 4) that

log Npj(u, F, h) <log Npj(2"%u, 3™ h)

PAad STTRRIES ford = 1,
<{2712Kou " ogF (1 /u),  ford =2,
27'K3u™?, ford = 3.

We now consider three different cases, assuming throughout that n > d + 1 so
that, with probability 1, the log-concave maximum likelihood estimator exists and
is unique:

1. For d = 1, we define §, = 2_1/2M11/2n_2/5, where we let M =

max{(232)8/5K,233}. Then

Bn = 4 12 38 _ _
/52/213 \/logN[.](u,]:, h)du < 21/231(1/ Ml/ n 3/1052 16n1/235'

Moreover, 8, <2 V"M n=3/10 = 2_16n1/26,2l. We conclude by Theorem 5 in
the online supplement that for r > M,

sup Py, [{n*°h2 (80, g0) = 1} N {2, € Fy"1]
80€F,

00 2254 1/5 /s
<22y exp(— 2;3 ) <2152 exp(_ Zzs )
s=0

where the final bound follows because tn'/> /2?8 > log2.
2. For d = 2, we define §, = 2_1/2M21/2n_1/310g1/2n, where M, =

max{223f§/354/3/3, 233}. Let ng > be large enough that §, < 1/e for n > ng ».
Then, for such n,

571 \/ —
/3 s V108N, B di

—1/471/2 On —1/27..3/4
<2 K, / u log”’*(1/u)du
0

— 2 1Ag )P /OO 314 ,5/2 g
log(1/5,)

=2—1/4f§/2{za;/210g3/4(1)+§ - s—1/4e—s/2ds}
Sn 2 Jrog(1/8,)

<27 VAR 25512 10834 (1 /8,) < 21/23734K N * 581/ 2 1034

< 216,122,
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where we have used the fact that 2!/ 2M 172 log™'"2 n < n'/3 in the penultimate

inequality. We conclude that for n > ng 2 and t > M, we have

n2/3 X L
sup ]P’gOHI h (gn,go)>t}ﬂ{gne}" "}}
806}'3’1 ogn

13
~ol5n2 exp<_m2#>'

3. For d = 3, the entropy integral diverges as § \( 0, so we cannot bound the
bracketing entropy integral by replacing the lower limit with zero. Nevertheless,

we can set &, 1= 2~ 1/2M1/2 _1/410g1/2n where M3 = {233/2101(1/2 233).
For t > M3, we have

1/2
n R . ~
sup Poy| { ——h?(8n. 80) 2 110 {&n € Fy™)
1
0,1 Ogn
80€F,

12
~ o152 ex%_%)_

Let pil = n?/3, ,03’2 = 112/3(10gn)_l and ,033 = nl/z(logn)_l. We conclude
that if n > max(ng, d + 1) (and also n > np 2> when d = 2), then

pra sup Eg{h(fa. fo))

Sfo€Fa
_ 25
=ppq sup Eg {h*(@n. g0))

80€s;

o0
= sup | Pool{07ah* @ g0) Z 1} 0 {8 € Ty ")
80EF,

+2p;5 4 sup Pgo(gn¢fd My < Mg +2"12 42,
), 1

80€Sy

as required. [J

LEMMA 6. There exists ng € (0, 1) such that

sup Py (8 ¢ Fy") = 0(n™")

g()efg !

as n — oo, where g, denotes the log-concave maximum likelihood estimator based
on a random sample Z1, ..., Z, from go.
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PrROOF. For g€ ‘Fd, we write Hg = fRd Zg(Z) dz and Eg = I]Rd(z - Mg)(z —
)T g(z) dz. Note that for n > d + 1, and for any 74 € (0, 1),

sup Py (80 ¢ Fy ") < sup Py (llg, Il > 1)

goeFy’ S0EFy
) + sup IP)(g,)o{)vmax(EgAn) >1+ nd}
80672’1
+ sup Pgo{Aimin(Zg,) <1—na}.
goefg’]

We treat the three terms on the right-hand side of (5) in turn. By Remark 2.3
of Dimbgen, Samworth and Schuhmacher (2011), we have that g, = n~! x
Y Zi=: Z, where the density ofn'/27 .= nl/z(Zl, cee, Zd)T belongs to ]—"3’1
Taking Ao 4, Bo,q > 0 from Theorem 2(a), it follows that for any ¢ > 0 and
j=1,...,d,

2
sup P, (n'/?Z;] > 1) < 2[ e~ A0axtBod gy = = p=AvattBoa
FOI 0,d

80€Sy

Hence,

12
sup Pgy(llng,ll >1) < sup Zpgo< V21Z) > d1/2>

goe]"gl g()Efg’ Jj=1

12
2d  _foan " p _
e 42 0.d =0(n 1).

=<
Ag,d

For the second term, we use Remark 2.3 of Diimbgen, Samworth and Schuhmacher
(2011) again to see that Amax(X;,) < kmax(En) where En =n"! 1 (Zi -
2)Zi — )T =n7'30" 2,27 — ZZT denotes the sample covariance matrix.
Foreach j=1,...,d,

L, 48eB0.1
sup | Z‘}go(z)dz < Zf z?e Ao.12j+Bo. dzj=—=—
goefg’l R 0 AO,l
Writing Z; := (Zi1, ..., Zl-d)T, we deduce from the Gerschgorin circle theorem

[Gerschgorin (1931), Gradshteyn and Ryzhik (2007)], Chebychev’s inequality and
Cauchy—Schwarz that

sup ]P’go{)\max(Eg,n) > 1414}

goéfg’l

< sup IP)go{)\max(in) >1+ nd}
0.1
goe}'d
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{0l

goe]-'g‘l j=1
+ sup ]P’g0< U ZZ,jZlk Sd)
g0€ d’l 1<_/<k<d
Nd
+ sup IPgO<||Z|| 3)
N
80€Sy
172, 172
432deBor 21643 (d — 1)eBor  2d e_%ww
A mgn Adman Aod
= O(n_l).

The third term on the right-hand side of (5) is the most challenging to handle. Let
PU/10.1/2 denote the class of probability distributions P on R4 such that up =
JraxdP(x) and Ep := [pa(x —pup)(x — wp)l dP(x) satisfy ||up| <1/10 and
1/2 < Amin(Zp) < Amax (X p) < 3/2, and such that

2d742T (d + 4) eBod
r+d/2) Ad+4 T4,d,

[ st ape <
R4
say, where Ag 4 and By 4 are taken from Theorem 2(a). By Theorem 2(a),

sup f il go(x)dX</ x| e~ A0dllxI+Bod g,
Q0T
dj2
I )
r(+d/2) Jo 2

Recall from Theorem 2.2 of Diimbgen, Samworth and Schuhmacher (2011) that
for P € P1/10.1/2 'there exists a unique log-concave projection ¥ *(P) € F, given
by

Y*(P) = argmax/ log fdP.
feFs JRY

Our first claim is that there exists My 4 > 0, depending only on d, such that

sup  sup log ™ (P)(x) < Mo 4.
Pepl/10.1/2 ycRd

To see this, suppose that there exist (P,) € P/10-1/2 such that

sup log ™ (P,)(x) — oo.

xeRd
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Note that for any R > 0,

P,(B(0, R)) < ! 2dp
sup n( 0, ))_Supﬁ Rd”x” n (X)

neN neN
d)\max(EPn) + ”//LP,, ”2
< sup 5
neN R
3d 1

<—4+—--0

T 2R? * 100R2

as R — oo, so the sequence (P,) is tight. We deduce from Prohorov’s theorem
that there exists a subsequence (P, ) and a probability measure P on R¢ such

that Py, L poa (Yn,) 1s a sequence of random vectors on the same probabil-
ity space with Y,,, ~ P,,, then {||Y,, | : kK € N} is uniformly integrable, because
E(||Ynk||2) <3d/2+ 1/100. We deduce that [pa ||x||d Py, (x) = [ga llx]|d P (x).
Together with the weak convergence, this means that P,, converges to P in the
Wasserstein distance. Moreover, for any unit vector u € R4, the family {(u” Y,,k)2 :
k € N} is uniformly integrable, because E{(u” ¥;,)*} < E(||Y;, |*) < t4.4. Thus,
ul T pu = limg_ oo uTEpnku > 1/2, so in particular, P(H) < 1 for every hyper-
plane H in R?. We conclude by Theorem 2.15 and Remark 2.16 of Diimbgen,
Samworth and Schuhmacher (2011) that ¢*(P,,) converges to ¥ *(P) uniformly
on closed subsets of R? \ disc(y*(P)), where disc(y*(P)) denotes the set of dis-
continuity points of ¥*(P). In turn, this implies that

sup ¥ (Pp,)(x) < sup ¥*(P)(x) +1
xeR4 xeRd

for sufficiently large k, which establishes our desired contradiction.
Moreover, by Theorem 2(b), there exists ag 4 > 0, depending only on d, such
that

inf f(0)>agpgq.
f e]—‘f}’l

It follows that for any u € R4,
inf _sup f(x)>agq(detx)"1/2

feFL T xemrd
Thus, using our claim, if detX < a%de_ZMO»d, then {y*(P) : P € P/10.1/2y n
(Uperd Fi'¥) = @. Since suppepi/io12 Amax(Sp) < 3/2, we deduce that if
Amin(Z) <2971a} je7?Mo.d /39=1 then

[v*(P): P eP/10124n ( U ]—"5’2) =02.

ueRd
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. . 20-242 o~ Mo.d
Finally, we conclude that if we define 74 := | — ——=Z4=——, then

sup IPJgo{)\min(zgn) <1- Ud}
0,7
80€F,

< sup ]Pgo{xmm(in) <1/2)

80€Sy’
+ sup Py limax(Zn) >3/2} + sup Py (I Z] > 1/10)
goeFy! goeFy!
1 & T4 d
+ sup Pgo<—Z{uzin“—E(nz]n“)} >—’>
0.1 n“ 2
80€F, i=1
= O(n_l),

using very similar arguments to those used above, as well as Chebychev’s inequal-
ity for the last term. [J
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SUPPLEMENTARY MATERIAL

Supplementary material to “Global rates of convergence in log-concave
density estimation” (DOI: 10.1214/16-A0S1480SUPP; .pdf). Proof of Theorem 1
and auxiliary results.
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