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Likelihood ratio theory has had tremendous success in parametric
inference, due to the fundamental theory of Wilks. Yet, there is no general
applicable approach for nonparametric inferences based on function esti-
mation. Maximum likelihood ratio test statistics in general may not exist
in nonparametric function estimation setting. Even if they exist, they are
hard to find and can not be optimal as shown in this paper. We introduce
the generalized likelihood statistics to overcome the drawbacks of nonpara-
metric maximum likelihood ratio statistics. A new Wilks phenomenon is
unveiled. We demonstrate that a class of the generalized likelihood statis-
tics based on some appropriate nonparametric estimators are asymptoti-
cally distribution free and follow y2-distributions under null hypotheses
for a number of useful hypotheses and a variety of useful models including
Gaussian white noise models, nonparametric regression models, varying
coefficient models and generalized varying coefficient models. We further
demonstrate that generalized likelihood ratio statistics are asymptotically
optimal in the sense that they achieve optimal rates of convergence given
by Ingster. They can even be adaptively optimal in the sense of Spokoiny
by using a simple choice of adaptive smoothing parameter. Our work indi-
cates that the generalized likelihood ratio statistics are indeed general and
powerful for nonparametric testing problems based on function estimation.

1. Introduction.

1.1. Background. One of the most celebrated methods in statistics is max-
imum likelihood ratio tests. They form a useful principle that is generally
applicable to most parametric hypothesis testing problems. An important fun-
damental property that contributes significantly to the success of the maximum
likelihood ratio tests is that their asymptotic null distributions are indepen-
dent of nuisance parameters. This property will be referred to as the “Wilks
phenomenon” throughout this paper. A few questions arise naturally about
how such a useful principle can be extended to infinite-dimensional problems,
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whether the Wilks type of results continue to hold and whether the resulting
procedures possess some optimal properties.

In an effort to extend the scope of the likelihood interference approach
Owen (1988) introduced empirical likelihood. The empirical likelihood is appli-
cable to a class of nonparametric functionals. These functionals are usually
so smooth that they can be estimated at root-n rate. See also Owen (1990),
Hall and Owen (1993), Chen and Qin (1993), Li, Hollander, McKeague and
Yang (1996) for applications of the empirical likelihood. A further extension
of the empirical likelihood, called the “random-sieve likelihood,” can be found
in Shen, Shi and Wong (1999). The random-sieve likelihood allows one to
deal with the situations where stochastic errors and observable variables are
not necessarily one-to-one. Nevertheless, it cannot be directly applied to a
nonparametric function estimation setting. Zhang and Gijbels (1999) incorpo-
rated the idea of local modeling into the framework of empirical likelihood and
proposed an approximate empirical likelihood, called the “sieve empirical like-
lihood.” The sieve empirical likelihood can efficiently handle the estimation of
nonparametric functions even with inhomogeneous error.

Nonparametric modeling techniques have developed rapidly due to the
availability of modern computing power that permits statisticians to explore
possible nonlinear relationships. This raises many important inference ques-
tions such as whether a parametric family adequately fits a given data set.
Take for instance additive models [Hastie and Tibshrani (1990)]:

(1.1 Y=m(X)+--+my(X,)+e
or varying coefficient models [Cleveland, Grosse and Shyu (1992)]:
(1.2) Y=a;(U)X;+--+a,(U)X, +¢,

where U and X, ..., X, are covariates. After fitting these models, one often
asks if certain parametric forms such as linear models fit the data adequately.
This amounts to testing if each additive component is linear in the additive
model (1.1) or if the coefficient functions in (1.2) are not varying. In both cases,
the null hypothesis is parametric while the alternative is nonparametric. The
empirical likelihood and random sieve likelihood methods cannot be applied
directly to such problems. It also arises naturally if certain variables are sig-
nificant in the models such as (1.1) and (1.2). This reduces to testing if certain
functions in (1.1) or (1.2) are zero or not. For these cases, both null and alter-
native hypotheses are nonparametric. While these problems arise naturally
in nonparametric modeling and appear often in model diagnostics, we do not
yet have a generally acceptable method that can tackle such problems.

1.2. Generalized likelihood ratios. An intuitive approach to handling the
aforementioned testing problems is based on discrepancy measures (such as
the L, and L., distances) between the estimators under null and alterna-
tive models. This is a generalization of the Kolmogorov—Smirnov and the
Cramér-von Mises types of statistics. We contend that such a method is
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not as fundamental as likelihood ratio based tests. First, choices of mea-
sures and weights can be arbitrary. Take for example the problem of testing
Hy: mi(-) = my(-) = 0 in model (1.1). The test statistic based on a discrepancy
method is T = c;||m| + ¢o|72]|. One has not only to choose the norm |-
but also to decide the weights ¢; and cy. Second, the null distribution of the
test statistic 7' is in general unknown and depends critically on the nuisance
functions mg, ..., m,. This hampers the applicability of the discrepancy based
methods.

To motivate the generalized likelihood ratio statistics, let us begin with a
simple nonparametric regression model. Suppose that we have n data
{(X;,Y,;)} sampled from the nonparametric regression model

(13) Yizm(Xi)—i-si, i:l,...,n,

where {g;} are a sequence of i.i.d. random variables from N(0, 02?) and X,
has a density f with support [0, 1]. Suppose that the parameter space is

1
(1.4) Iy, = {m e L?[0,1]: /0 m®(x)? dx < C},

for a given C. Consider the testing problem
(1.5) Hy: m(x)=qy+ a;x > Hi: m(x)#ay + agx.

Then, the conditional log-likelihood function is
£,(m) = ~nlog(VB70) — 53 (¥, ~ m(X,))"
0" izt

Let (ag, &;) be the maximum likelihood estimator (MLE) under H,, and
mye(-) be the MLE under the full model,

n 1
min 3 (Y; — m(X;,))?, subject to / m®(x)2dx < C.
i=1 0
The resulting estimator 7y y is @ smoothing spline. Define the residual sum
of squares RSS, and RSS; as follows:

(1.6) RSSy =) (Y;—ao—a1X;)?,  RSS; =Y (V; —riyue(X;))*.

i=1 i=1
Then it is easy to see that the logarithm of the conditional maximum likelihood
ratio statistic for problem (1.5) is given by

; n. RSS, nRSS,—RSS
A = b (aawe) = £a(Ho) = 3 log Rss(l) 2 101881 :

Interestingly, the maximum likelihood ratio test is not optimal due to its
restrictive choice of smoothing parameters. See Section 2.2. It is not techni-
cally convenient to manipulate either. In general, MLEs (if they exist) under
nonparametric regression models are hard to obtain. To attenuate these dif-
ficulties, we replace the maximum likelihood estimator under the alternative

~
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nonparametric model by any reasonable nonparametric estimator, leading to
the generalized likelihood ratio

where ¢,(H) is the log-likelihood with unknown regression function replaced
by a reasonable nonparametric regression estimator. A similar idea appears
in Severini and Wong (1992) for construction of semi-parametric efficient esti-
mators. Note that we do not require that the nonparametric estimator belong
to .7;,. This relaxation extends the scope of applications and removes the imprac-
tical assumption that the constant C in (1.4) is known. Further, the smoothing
parameter can now be selected to optimize the performance of the likelihood
ratio test. For ease of presentation, we will call A, a “generalized likelihood
ratio statistic.”

The above generalized likelihood method can readily be applied to other sta-
tistical models such as additive models, varying-coefficient models, and any
nonparametric regression model with a parametric error distribution. One
needs to compute the likelihood function under null and alternative models,
using suitable nonparametric estimators. We would expect that the general-
ized likelihood ratio tests are powerful for many nonparametric problems with
proper choice of smoothing parameters. Yet we will only verify the claim based
on the local polynomial fitting and some sieve methods, due to their technical
tractability.

1.3. Wilks phenomenon. We will show in Section 3 that based on the local
linear estimators [Fan (1993)], the asymptotic null distribution of the gener-
alized likelihood ratio statistic is nearly y? with large degrees of freedom in
the sense that

(1.8) ™At XG

for a sequence b, — oo and a constant r, namely, (2b,)"Y2(rA, — b,) — ,
N(0,1). The constant r is shown to be near 2 for several cases. The distri-
bution N(b,,2b,) is nearly the same as the x? distribution with degrees of
freedom b,,. This is an extension of the Wilks type of phenomenon, by which,
we mean that the asymptotic null distribution is independent of the nuisance
parameters «,, o; and o and the nuisance design density function f. With
this, the advantages of the classical likelihood ratio tests are fully inherited;
one makes a statistical decision by comparing likelihood under two compet-
ing classes of models and the critical value can easily be found based on the
known null distribution N(b,,2b,,) or ,\/%n. Another important consequence of
this result is that one does not have to derive theoretically the constants b,
and r in order to be able to use the generalized likelihood ratio test. As long as
the Wilks type of results holds, one can simply simulate the null distributions
and hence obtain the constants b, and r. This is in stark contrast with other
types of tests whose asymptotic null distributions depend on nuisance param-
eters. Another striking phenomenon is that the Wilks type of results holds
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in the nonparametric setting even though the estimators under alternative
models are not MLE. This is not true for parametric likelihood ratio tests.

The above Wilks phenomenon does not hold by coincidence. It is not monop-
olized by the nonparametric model (1.3). In the exponential family of mod-
els with a growing number of parameters, Portnoy (1988) showed that the
Wilks type of result continues to hold in the same sense as (1.8). Furthermore,
Murphy (1993) demonstrated a similar type of result for the Cox proportional
hazards model using a simple sieve method (piecewise constant approxima-
tion to a smooth function). We conjecture that it is valid for a large class
of nonparametric models, including additive models (1.1). To demonstrate its
versatility, we consider the varying-coefficient models (1.2) and the testing
problem H: a;(-) = 0. Let 43(-), ..., &%(~) be nonparametric estimators based
on the local linear method under the null hypothesis and let ¢,(H,) be the
resulting likelihood. Analogously, the generalized likelihood under H; can be
formed. If one wishes to test if X is significant, the generalized likelihood
ratio test statistic is simply given by (1.7). We will show in Section 3 that
the asymptotic null distribution is independent of the nuisance parameters
and nearly y?-distributed. The result is striking because the null hypothesis
involves many nuisance functions ay(-), ..., a,(-) and the density of U. This
lends further support of the generalized likelihood ratio method.

The above Wilks phenomenon holds also for testing homogeneity of the coef-
ficient functions in model (1.2), namely, for testing if the coefficient functions
are really varying. See Section 4.

1.4. Optimality. Apart from the nice Wilks phenomenon it inherits, the
generalized likelihood method based on some special estimator is asymptot-
ically optimal in the sense that it achieves optimal rates for nonparamet-
ric hypothesis testing according to the formulations of Ingster (1993) and
Spokoiny (1996). We first develop the theory under the Gaussian white noise
model in Section 2. This model admits a simpler structure and hence allows
one to develop a deeper theory. Nevertheless, this model is equivalent to the
nonparametric regression model shown by Brown and Low (1996) and to the
nonparametric density estimation model by Nussbaum (1996). Therefore, our
minimax results and their understanding can be translated to nonparamet-
ric regression and density estimation settings. We also develop an adaptive
version of the generalized likelihood ratio test, called the adaptive Neyman
test by Fan (1996) and show that the adaptive Neyman test achieves minimax
optimal rates adaptively. Thus, the generalized likelihood method is not only
intuitive to use, but also powerful to apply.

The above optimality results can be extended to nonparametric regression
and the varying coefficients models. The former is a specific case of the varying
coefficient models with p =1 and X; = 1. Thus, we develop the results under
the latter multivariate models in Section 3. We show that under the vary-
ing coefficient models, the generalized likelihood method achieves the optimal
minimax rate for hypothesis testing. This lends further support to the use of
the generalized likelihood method.
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1.5. Related literature. Recently, there have been many collective efforts
on hypothesis testing in nonparametric regression problems. Most of them
focus on one-dimensional nonparametric regression models. For an overview
and references, see the recent book by Hart (1997).

An early paper on nonparametric hypothesis testing is Bickel and
Rosenblatt (1973) where the asymptotic null distributions were derived.
Azzalini, Bowman and Héardle (1989) and Azzalini and Bowman (1993) intro-
duced the use of the F-type test statistic for testing parametric models. Bickel
and Ritov (1992) proposed a few new nonparametric testing techniques. Hardle
and Mammen (1993) studied nonparametric tests based on an L,-distance. In
the Cox’s hazard regression model, Murphy (1993) derived a Wilks type of
result for a generalized likelihood ratio statistic based on a simple sieve esti-
mator. Various recent testing procedures are motivated by the seminal work of
Neyman (1937). Most of them focus on selecting the smoothing parameters of
the Neyman test and studying the properties of the resulting procedures. See,
for example, Eubank and Hart (1992), Eubank and LaRiccia (1992), Inglot,
Kallenberg and Ledwina (1994), Kallenberg and Ledwina (1997), Kuchibhatla
and Hart (1996), among others. Fan (1996) proposed simple and powerful
methods for constructing tests based on Neyman’s truncation and wavelet
thresholding. It was shown in Spokoiny (1996) that wavelet thresholding tests
are nearly adaptively minimax. The asymptotic optimality of data-driven
Neyman’s tests was also studied by Inglot and Ledwina (1996).

Hypothesis testing for multivariate regression problems is difficult due to
the curse of dimensionality. In bivariate regression, Aerts, Claeskens and Hart
(1999) constructed tests based on orthogonal series. Fan and Huang (1998)
proposed various testing techniques based on the adaptive Neyman test for
various alternative models in a multiple regression setting. These problems
become conceptually simple by using our generalized likelihood method.

1.6. Outline of the paper. We first develop the generalized likelihood ratio
test theory under the Gaussian white noise model in Section 2. While this
model is equivalent to a nonparametric regression model, it is not very conve-
nient to translate the null distribution results and estimation procedures to
the nonparametric regression model. Thus, we develop in Section 3 the Wilks
type of results for the varying-coefficient model (1.2) and the nonparamet-
ric regression model (1.3). Local linear estimators are used to construct the
generalized likelihood ratio test. We demonstrate the Wilks type of results in
Section 4 for model diagnostics. In particular, we show that the Wilks type of
results hold for testing homogeneity and for testing significance of variables.
We also demonstrate that the generalized likelihood ratio tests are asymptot-
ically optimal in the sense that they achieve optimal rates for nonparametric
hypothesis testing. The results are also extended to generalized varying coef-
ficient models in Section 5. The merits of the generalized likelihood method
and its various applications are discussed in Section 6. Technical proofs are
outlined in Section 7.
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2. Maximum likelihood ratio tests in Gaussian white noise model.
Suppose that we have observed the process Y (¢) from the following Gaussian
white noise model

(2.1) dY (t) = ¢(t)dt + n~2dW(¢), t e (0,1),

where ¢ is an unknown function and W(¢) is the Wiener process. This ideal
model is equivalent to models in density estimation and nonparametric regres-
sion [Nussbaum (1996) and Brown and Low (1996)] with n being the sample
size. The minimax results under model (2.1) can be translated to these models
for bounded loss functions.

By using an orthonormal series (e.g., the Fourier series), model (2.1) is
equivalent to the following white noise model:

(2.2) Y, =6, +n 12, & ~iia N(O,1), i=12,...

where Y;, 6; and ¢; are the ith Fourier coefficients of Y (¢), ¢(¢) and W(¢),
respectively. For simplicity, we consider testing the simple hypothesis,

(23) H(): 912022"'20,
namely, testing H: ¢ = 0 under model (2.1).

2.1. Neyman test. Consider the class of functions that are so smooth that
the energy in high frequency components is zero, namely,

T ={0: 01 =0 9="---=0},

for some given m. Then twice the log-likelihood ratio test statistic is

(2.4) Ty =) nYZ
i=1

Under the null hypothesis, this test has a y? distribution with m degrees of
freedom. Hence, Ty ~ AN(m, 2m). The Wilks type of results holds trivially
for this simple problem even when m tends to co. See Portnoy (1988) where he
obtained a Wilks type of result for a simple hypothesis of some p,-dimensional
parameter in a regular exponential family with p,3/ 2 /n— 0.

By tuning the parameter m, the adaptive Neyman test can be regarded as
a generalized likelihood ratio test based on the sieve approximation. We will
study the power of this test in Section 2.4.

2.2. Maximum likelihood ratio tests for Sobolev classes. We now consider
the parameter space 7, = {6: Z;‘;l j2k03- < 1} where & > 1/2 is a positive
constant. By the Parseval identity, when % is a positive integer, this set in the
frequency domain is equivalent to the Sobolev class of functions {¢: |¢*)|| < c}
for some constant c. For this specific class of parameter spaces, we can derive
explicitly the asymptotic null distribution of the maximum likelihood ratio
statistic. The asymptotic distribution is not exactly y2. Hence, the traditional
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Wilks theorem does not hold for infinite-dimensional problems. This is why
we need an enlarged view of the Wilks phenomenon.

It can easily be shown that the maximum likelihood estimator under the
parameter space %, is given by

N £ +2k\—1

where £ is the Lagrange multiplier, satisfying the equation Y3, j%*¢% = 1.
The function F(£) = X%, j2#(1 + £,2#)72Y? is a decreasing function of £ in
[0, 00), satisfying F(0) = oo and F(oc0) = 0, almost surely. Thus, the solution
F(£) = 1 exists and is unique almost surely. The asymptotic expression for ¢
depends on the unknown 6 and is hard to obtain. However, for deriving the
asymptotic null distribution of the maximum likelihood ratio test, we need
only an explicit asymptotic expression of £ under the null hypothesis (2.3).

LEMMA 2.1. Under the null hypothesis (2.3),

A 2k/(2k+1)
} {1+0,(1)}.

&= n—2k/<2k+1){ / R dy
o (1+y%)?

The maximum likelihood ratio statistic for the problem (2.3) is given by

00 Ak £2
* n J f 2
(2.5) A= (1 - —A>Y 3
2 5\ e )

In Section 7 we show the following result.

THEOREM 1. Under the null hypothesis (2.3), the normalized maximum
likelihood ratio test statistic has an asymptotic x> distribution with degrees
of freedom a, written as r,A}; ~, )(gn, where

Lo_tkt2 (2417 ™ HEED ek
F=or—1 "7 2k—1 |4kZsin(w/(2k)) ‘

It is clear from Theorem 1 that the classical Wilks type of results does not
hold for infinite-dimensional problems because r;, # 2. However, an extended
version holds: asymptotic null distributions are independent of nuisance
parameters and nearly y2-distributed. Table 1 gives numerical values for
constant r; and the degrees of freedom a,. Note that as the degree of smooth-
ness k tends to oo, r, — 2.

Surprisingly, the maximum likelihood ratio test can not achieve the optimal
rate for hypothesis testing (see Theorem 2 below). This is because the smooth-
ing parameter ¢ determined by Z;‘;l j”"ﬁ% = 1 is too restrictive. This is why
we need generalized likelihood ratio tests which allow one the flexibility of
choosing smoothing parameters.
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TABLE 1
Constants ry, (r}, in Theorem 3) and degrees of freedom in Theorem 1

k 1 2 3 4 5

T 6.0000 3.3333 2.8000 2.5714 2.4444
a,,n =250 28.2245 6.5381 3.8381 2.8800 2.4012
a,,n =200 44.8036 8.6270 4.6787 3.3596 2.7237
a,,n =800 71.1212 11.3834 5.7034 3.9190 3.0895
rh 3.6923 2.5600 2.3351 2.2391 2.1858

THEOREM 2. There exists a 0 € 7, satisfying | 0| = n=F+D/Ck+D) yith d >
1/8 such that the power function of the maximum likelihood ratio test at the
point 0 is bounded by o, namely,

limsup P{r A% > a, + 2,(2a,)"?} < a,

where z, is the upper a quantile of the standard normal distribution.

Thus, the maximum likelihood ratio test A} can detect alternatives with a
rate no faster than n~(4*4)/2k+1) When % > 1/4, by taking d sufficiently close
to 1/8, the rate n—(k+d)/(2k+1) i5 slower than the optimal rate n~2%/(*4+1) given
in Ingster (1993).

2.3. Generalized likelihood ratio tests. As demonstrated in Section 2.2,
maximum likelihood ratio tests are not optimal due to restrictive choice of
smoothing parameters. Generalized likelihood tests remove this restrictive
requirement and allow one to tune the smoothing parameter. For the testing
problem (2.3), we take the generalized likelihood ratio test as

n j4k§rzl ) 2
2.6 A=< 1- —~2 > _|y4
( ) n 9 ;( (1+j2k§n)2 J’?

with £, = cn=**/(4%+1) for some ¢ > 0. This ameliorated procedure achieves the
optimal rate of convergence for hypothesis testing, which is stated as follows.

THEOREM 3. Under the null hypothesis (2.3), rA, ~, Xgh , where

Vo 2k +1 48%2
k= op—124k2 + 14k + 1’

a/ o (Zk + 1)2 24k2071/(2k) T nz/(4k+1)
" 2k —1 24k2 4 14k + 1| 4k2sin(7/(2k)) :
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Furthermore, for any sequence ¢, — oo, the power function of the generalized
likelihood ratio test is asymptotically one,

/ ’
. r.A, —a
inf PR R R QN D
9eF,: |6]|=c,n—2k/(Eh+1) V2a,

2.4. Adaptive minimaxity. The maximum likelihood ratio statistic (2.5)
and the generalized likelihood statistic (2.6) depend critically on the value
of k. Can we construct an adaptive version that achieves adaptively the opti-
mal rates of convergence? The answer is affirmative and the construction is
simple.

Based on power considerations, Fan (1996) proposed the following adaptive
version of the generalized likelihood ratio statistic (2.4):

(2.7) Ty = max Y (nY?2-1)/V2m.
MR

He called the testing procedure the “adaptive Neyman test.” Note that the
adaptive Neyman test is simply the maximum of the normalized likelihood
ratio statistic (2.4). It does not depend on the degree of smoothness. Following
Fan (1996), we normalize the test statistic as

Tan = \/WTZN —{2loglogn + 0.51logloglogn — 0.5log(4m)}.
Then, under the null hypothesis (2.3), we have
P(T )y < x) — exp(—exp(—x)) asn — oo.
Thus, the critical region
Tan > —log{—1log(1 — )}

has asymptotic significance level . The power of the adaptive Neyman test is
given as follows. [A similar version was presented in Fan and Huang (1998).]

THEOREM 4. The adaptive Neyman test can detect adaptively the alterna-
tives with rates

5, = n~ 2k (Jog 1og 1)1/ (4h+1)

when the parameter space is %, with unknown k. More precisely, for any
sequence ¢, — o0, the power function

e 0L, PolTax > —log{~log(1 - a)}] 1.

The rate given in Theorem 4 is adaptively optimal in the sense that no
testing procedure can detect adaptively the alternative with a rate faster
than §,, according to Spokoiny (1996). Hence, the generalized likelihood ratio
test achieves this adaptive optimality.



GENERALIZED LIKELIHOOD RATIO STATISTICS 163

REMARK 2.1. By choosing the parameter m = O(n?(4#+1)) when the param-
eter space is .73, the Neyman test can also detect alternatives with the optimal
rate O(n~2#/(4*+1)) This follows from the proof of Theorem 4. By choosing m
to maximize (2.7), we obtain an adaptive version of the Neyman test, which
is independent of the degree of smoothness k. This test achieves the adaptive
optimal rate because the maximum of the partial sum process in (2.7) grows
very slowly. This is why we pay only a price of order (log log n) to achieve the
adaptive minimax rate.

3. Generalized likelihood ratio tests in varying coefficient models.
In this section we develop asymptotic theory for the generalized likelihood
ratio statistics which are based on the local polynomial estimators and derive
the optimal minimax rates of the corresponding tests under model (1.2). The
Wilks phenomenon is unveiled in this general setting.

Suppose {(Y;,X;,U;)}" ; is a random sample from the varying-coefficient
model (1.2). Namely,

Y =AU)X+s, g~ N(0, o?),

with X = (Xy,..., X,), U= (Uy,...,U,)" and A(U) = (ay(U),...,a,(U))".
For simplicity, we consider only ¢ = 1. Extensions to the multidimensional
case are similar. Consider the simple null hypothesis testing problem:

(3.1) Hy A=A, <>  H;:A#A,

We use the local linear approach to construct a generalized likelihood ratio
statistic.

For each given u, let B(ug) = (A(ug)", hA'(uy)")". Let B = (A,, hB™)",
where A, and B are vectors of p-dimensions. Then, the local log likelihood at
the given point u is given by

1 n
U(B) = —nlog(v2m0) = 55 Y(Y; = BZ:)* Kn(U; = uo),
i=1

where Z; = Z,(uy) = (X], (U; —uy)/hX])" and K, (-) = K(-/h)/h with K being
a symmetric probability density function an(Al h a bandwidth. Then, the local
maximum likelihood estimator, denoted by B(u,), is defined as argmax I(S).

The corresponding estimator of A(u,) is denoted by A(u,). Using this non-
parametric estimator, the likelihood under model (1.2) is

—nlog(v2ma) — RSS,/(202),

where RSS; = Y7_ (Y, — A(U,)"X,)?. Maximizing over the parameter o>
leads to the generalized likelihood under model (1.2),

tu(Hy) = —(n/2)log(2m/n) — (n/2) 1og(RSS,) — n/2.
Similarly, the maximum likelihood under H, can be expressed as

€,(Ho) = —(n/2)log(2m/n) — (n/2)log(RSS,) — n/2,
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where RSS) = Y7_ (Y, — Ao(U};)"X},,)2. Now, the generalized likelihood ratio
statistic is

n RSS n RSS; — RSS
(82)  An(Ao) = [ta(Hy) = ta(Hy)| = 5 log G ~ 5 ——peet

RSS, 2  RSS,

In general, the above approach can often be extended to the composite null
hypothesis testing problem,

(33) HO:AE% <—> HI:A¢%,

where .24, is a set of functions. As before, we can use the local linear esti-
mator to construct the log-likelihood ¢,(H) for H,. Assume that we can use
MLE or some local linear estimators to build the log-likelihood ¢,(H,). Let
Aj, denote the true value of the parameter A. Then the generalized likelihood
ratio A, (.24) for the testing problem (3.3) can be decomposed as

(3.4) A () = A, (Ap) — A, (Ap),

where A, (Ay) = ¢,(H,) — ¢,(H}) is the generalized likelihood ratio for the
hypothesis testing problem

Hy: A=A «—> H: A+ A,

and A:(Ap) = £,(Hy) — £,(Hj) is the likelihood ratio for another hypothesis
testing problem

Hj: A=A, > Hi: A e o,

The above two hypothesis problems are fabricated because A{ is unknown.
Therefore, the generalized likelihood ratio for the composite null hypothesis
can be decomposed into two generalized likelihood ratios for two fabricated
simple null hypothesis problems. As in the proof of Theorem 5, generally the
asymptotic representation of the generalized likelihood ratio for the composite
null hypothesis can be derived from those of the above fabricated simple null
hypothesis problems. Then the asymptotic theory for composite null hypoth-
esis can be easily obtained [see the proofs of Theorems 6 and 9, Remark 3.4
and the results in Fan and Zhang (1999)]. Thus we focus first on the simple
null hypothesis testing problem (3.2). In order to include the above fabricated
testing problems, we assume that A, is unknown. We should point out that
for model (1.2), when A, is known, the testing problem (3.2) is equivalent to
the problem H,: A =0 by a simple transform.

3.1. Asymptotic null distribution. To derive the asymptotic distribution of
A, (Ay) under H, we need the following conditions.

CONDITION (A).
(Al) The marginal density f(u) of U is Lipschitz continuous and bounded

away from 0. U has a bounded support ().
(A2) A(u) has a continuous second derivative.
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(A3) The function K(t) is symmetric and bounded. Further, the functions
t3K(t) and t*K'(t) are bounded and [ t*K(¢)dt < cc.

(A4) E|e|* < oo.

(A5) X is bounded. The p x p matrix E(XX"|U = u) is invertible for each
ueQ (EXX'|U =u))! and E(XX"0%(X, U)|U = u) are both Lipschitz
continuous.

These conditions are imposed to facilitate the technical arguments. They are
not the weakest possible. In particular, (A5) in Condition (A) can be relaxed
by using the method in Lemma 7.4 in Zhang and Gijbels (1999). For example,
we can replace the assumption that X is bounded in (A5) by the assumption
that E exp(cy||X||) < oo for some positive constant c,. The following results
continue to hold.

Note that in the above conditions, the normality of ¢ is not needed. Define

F(w) = BIXX|U =ulf(u), wo=[[ s+t K@)K(s+t)dtds.
Let g; = Y; — Ay(U)"X,. Set

Ruto = —= 3" s, 44U, [ 2K (8)di(1 + O(h) + O(n~12)),

NP

1 1 T " T
Ry90 = 2 n 2 st LU AU E(X|U; wo,

Ry30 = —EAS(U)’XXTAS(U)wo(l +0(n'?),

pIQI PR K (0) - /Kz(t)dt)

n

- Zme' f(K(t) - 5K « K(¢))2dt,

dy, = 072k Ry0 — 02 (Ryno — Ryzo)} = O,p(nh* + n'?h?),

where K x K denotes the convolution of K. Note that both R, ;;, and R, are
asymptotically normal and hence are stochastically bounded.
We now describe our generalized Wilks type of theorem as follows.

THEOREM 5. Suppose Condition (A) holds. Then, under Hy, as h — 0,
nh3? > oo,
07 (An(Ao) = iy + d1,) <> N(0, 1).

Furthermore, if A, is linear or nh®? — 0, then as nh®? — oo, rgA,(A,) ~,

X7 n » Where
K(0)— % [ K%(t)dt
rg = .
BT J(K(t) - 1K « K(t))2dt
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REMARK 3.1. As pointed out before, for model (1.2), when A, is known, the
testing problem (3.2) is equivalent to the problem Hy: A =0 <«— H;: A#0
by a simple transform. Hence, the condition in the second part of the theorem
always holds and so does the Wilks phenomenon. Further, when nh® — 0, the
mean and variance of A, is free of nuisance parameters up to the first order
because d;, = o(u,). In this relaxed sense, even if A, is unknown, the Wilks
phenomenon is valid when the condition nA%?2 — 0 is relaxed as nh® — 0.

REMARK 3.2. The degree of freedom in the asymptotic distribution depends
on p|Q|/h. This can intuitively be understood as follows. If one partitions the
support of U into intervals of length 4 and uses piecewise constant functions
to model the functions in A, then we have total number of parameters p|Q|/h
under model (1.2). In this view, local linear fits can also be regarded as sieve
approximation to nonparametric functions with effective number of parame-
ters rgum,.

REMARK 3.3. Iflocal polynomial estimators of degree v instead of the local
linear estimators are used to construct the above generalized likelihood ratio,
then the result holds when K is replaced by its equivalent kernel induced by
the local polynomial fitting [Fan and Gijbels (1996)]. In this case, the second
part of Theorem 5 is replaced by the condition that either A, is a polynomial
of degree v or nh(4*5)/2 _ 0,

REMARK 3.4. Suppose Condition (A) holds and the second term in (3.4)
is o p(h_l/ 2) [e.g., in testing a parametric model, under some regularity condi-
tions this term equals O,(1)]. Then it follows directly from Theorem 5 that
under the null hypothesis (3.3) the result in Theorem 5 continues to hold.

We now consider the more challenging and more interesting case where null
hypotheses depend on many nuisance functions. Nevertheless, we will show
that asymptotic null distributions are independent of the nuisance functions.
Write

(1) (1)
A (u)) (A (u)) X Z
A_ = 10 5 A = 1 s X = k 5 Z = k 5
w=(an) Aw=(40) x x@ ) Be= {0
where Ao(u), Ai(w), Xgel) and del) are p;(< p)-dimensional. Consider the
testing problem,
(35) Hou: Al = AIO <> Hlu: Al ?é AIO

with A,(-) completely unknown. (3.5) is allowed to be a fictitious testing prob-
lem in which the function A, is unknown. Following the same derivations,
the logarithm of the generalized likelihood ratio statistic is given by

Anu(A1) = A, (Ag) = Ana(AgolAro)
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with A,(Ag) the full likelihood ratio defined in (3.2) and

n RSS
An2(AglAyg) = 3 log RSSZ’
where
“ ~l) 7 (@) 2
RSS; = 3 (Vi - Aw(U)X, - A (U)XY) .
k=1

Here Zz(Uk)T is the local linear estimator at U; when A, is given.
Recall that I'(x) = E[XX"|U = u]f(u). Write

rg, r _
I'= (F; FZ) and I‘11,2 =TI - F121“221F21’
where I'yy, I'yg, gy, I'gg are py x py, p1 X ps, pp x py and py x py matrices
and py = p— p;. Define u,,,, and o, the same as u,, and o,, except replacing p
by p;. Similarly, define d;,, by replacing X and I', respectively, by X
1505, X? and I'}1 9 in the definition of d;,.

THEOREM 6. Suppose Condition (A) holds. Then, under H, in (3.5), as
nh®? - oo and h — 0, we have

07 M Ag) = by + A1) —> N(0, 1),
In addition, if A, is linear or nh®? — 0, then

a
rK/\nu(AO) ~ X%K:U«nu'
Theorem 6 provides convincing evidence that the Wilks type of phenomenon
holds for generalized likelihood ratio tests with composite hypotheses.

3.2. Power approximations and minimax rates. We now consider the power
of generalized likelihood ratio tests based on local linear fits. For simplicity
of discussion, we focus only on the simple null hypothesis (3.1). As noted in
Remark 3.1, one can assume without loss of generality that A, = 0. But,
we do not take this option because we want to examine the impact of biases
on generalized likelihood ratio tests. This has implications for the case of a
composite hypothesis (3.5) because the biases inherited in that problem are
genuine.

When A, is linear, the bias term in Theorem 5 will be zero. When A, is
not linear, we will assume that %, = o(n"1/%) so that the second term in the
definition of d;, is of smaller order than o,. As will be seen in Theorem 8,
the optimal choice of & for the testing problem (3.1) is A = O(n~?/?), which
satisfies the condition 42 = o(n~'/5). Under these assumptions, if nh%? — oo,
by Theorem 5, an approximate level a test based on the generalized likelihood
ratio statistic is

¢ = d)h = I{/\n(AO) — Mp + l,)\n = Zaa-n}a
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where with 62 = RSS;/n and
0, = inh*62EAJ(U)XX"Aj(U) / f t2(s+t)2K(t)K(s+t)dtds.
The power of the test under contiguous alternatives of form
Hy,: A(u) = Ag(u) + G, (u)

can be approximated by using the following theorem, where G,(u) =
(81,(w), ..., pn(u))7) is a vector-valued function.

THEOREM 7. Suppose that Condition (A) holds and that A, is linear or
nh® — 0. If

nhEG,(U)XX'G,(U) - C(G) and
E(GL(U)XX'G,(U)e*)* = O((nh)~*?),
for some constant C(G), then under H,,
(An(Ao) = o + By + V3, = dy)/ o > N(O, 1),
where

dop, = gEG;(U)XXTGn(U),

o5 = /02 + no2EGy(U)XX"G,,(U),

nh4 " T T "
van = 55 BGL(UYXX'G(U) [[ (s + P K()K (s + t) dt ds.

Theorem 7 can be extended readily to generalized likelihood ratio tests
based on local polynomial estimators of degree v and to the case with nui-
sance parameter functions. It allows functions G,, of forms not only g,(u) =
(nh)~Y2g(u), but also g,(u) = a,%g(a,u) with a, = (nh)~1/%. The former
function has a second derivative tending to zero, which is restrictive in non-
parametric applications. The latter function has also a bounded second deriva-
tive, which does not always tend to zero, when g is twice differentiable. This is
still not the hardest alternative function to be tested. A harder alternative can
be constructed as follows. Let {u ;} be a grid of points with distance a,! apart
and g be a twice differentiable function with support [0, 1]. Then, Theorem 7
also allows functions of form g,(u) = a,% Y ; g(a,(u—u;)) with a,, = (nh)~'/%.

We now turn to studying the optimal property of the generalized likelihood
ratio test. We first consider the class of functions ¢, satisfying the following
regularity conditions:

var(G(U)XX'G,(U)) < M(EG,(U)XX'G,(U))?,
(3.6) nEGT(UYXX'G,(U) > M, — o,
EG/(UYXX"G.(U) < M,
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for some constants M > 0 and M, — oc. For a given p > 0, let
2,(p) = {G,, € £,: EG(U)XX'G,,(U) = p}.
Then the maximum of the probabilities of type II errors is given by
Bla,p)= sup Bla,G,),

Gre%,(p)
where B(a, G,) = P(¢ = 0|A = Ay + G,,) is the probability of a type II error
at the alternative A = A; + G,,. The minimax rate of ¢ is defined as the
smallest p, such that:

1. For every p > p,, @ > 0, and for any B > 0, there exists a constant ¢ such
that B(a, cp) < B+ o(1).

2. for any sequence p} = o(p,), there exist « > 0, B > 0 such that for any
c>0, P(¢ =1|A = Ay)) =a+o0(1) and liminf, B(a, cp}) > B.

It measures how close the alternatives are that can be detected by the gener-
alized likelihood ratio test ¢ ;. The rate depends on the bandwidth 4. To stress
its dependence, we write it as p, (h).

THEOREM 8. Under Condition (A), the generalized likelihood can detect
alternatives with rate p,(h) = n=*° when h = c,n=?/° for some constant c,.

REMARK 3.5. When p = 1 and X = 1, the varying-coefficient model becomes
an ordinary nonparametric regression model. In this case, Lepski and Spokoiny
(1999) proved the optimal rate for testing H, is n=*/°. Thus the generalized
likelihood ratio test is optimal in the sense that it achieves the optimal rate
of convergence. Similarly, we can show that the generalized likelihood ratio
test, constructed by using local polynomials of order v, can detect alternatives
with rate n—2(v+1)/(4v+5) yniformly in the class of functions satisfying

E[GYD(U)YX] < M,

for some M < oo. The corresponding optimal bandwidth is c,n=%/(4**5 for
some constant c,.

REMARK 3.6. Inthe proof of Theorem 8, we in fact show that the bandwidth
h = c,n"?/% is optimal, optimizing the rate of p, (%), subject to the following
constraints:

(a) h — 0 and nh®? — oo, if A, is linear.
(b) nh — oo and nh® — 0, if A, is nonlinear with continuous second
derivatives.

4. Model diagnostics. In this section, we demonstrate how the gener-
alized likelihood ratio tests can be applied to check the goodness-of-fit for
a family of parametric models. These kinds of problems occur very often in
practice. Our results apply readily to these kinds of problems. We also note
that the Wilks phenomenon continues to hold under general heteroscedastic
regression models.
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TABLE 2
Values of rg and cg in (4.1)

Kernel Uniform Epanechnikov Biweight Triweight Gaussian

rg 1.2000 2.1153 2.3061 2.3797 2.5375
cKx 0.2500 0.4500 0.5804 0.6858 0.7737

4.1. Testing linearity. Consider the nonparametric regression model (1.3)
and the testing problem

Hy m(x)=ay+a;x <«— Hy:m(x)# oy + aqx,

where o and «; are unknown parameters. Following the same derivations as
in Section 3, generalized likelihood ratio tests based on local linear fits are
given by

n RSSO
A, =4,(Hy) —¢,(Hy) = = log =———
n Zn( 1) Zn( 0) 2 Og RSSI >
where RSSO = Z?:I(Yi — &0 — &lXi)2 and RSS]_ = ?:I(Yi — mh(Xi))Z. By
using Remark 3.4, one can easily see that the Wilks type of results holds under
the null hypothesis,

a
(4.1) FEAR ™ X gelol/ho
where () denotes the support of X and
cx = K(0) - 27| K.
K 2

Note that when K(0) = max K(x), we have K(0) > ||K||%, cx > 271K (0) and

hence rx > 0.

To help one determine the degree of freedom in (4.1), the values of 7 and cx
are tabulated in Table 2 for a few commonly used kernels. Among them, the
Epanechnikov kernel has the closest rx to 2.

Two interrelationships concerning the degrees of freedom will be exposed.
If we define a “smoothing matrix” H based on local linear estimates just as
a projection matrix P in the linear regression model, then under H,, RSS; —
RSS; = ¢"(H™ + H — H"H — P)e. Denoting the bracketed matrix as A, we
have tr (A) =~ 2cg|Q|/h following the proof of Theorem 5. Thus, tr (A) is
approximately the degrees of freedom only when rx ~ 2. Secondly, note that
K(0) > K % K(0) = || K||2 implies approximately tr(H"H) < tr(H) < 2tr(H)—
tr(H"™H), a property holding exactly for H based on smoothing splines in fixed
designs [Hastie and Tibshirani (1990), Section 3.5].
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REMARK 4.1. When one wishes to test parametric families other than the lin-
ear model such as Hy: m(x) = m(x, 0), then one can apply generalized likeli-
hood ratio tests to the residuals {Y; — m(X;, 8)}, where m(X;, ) is a fitted value
under the null hypothesis. The Wilks type of result (4.1) continues to hold.

REMARK 4.2. For the more general regression model (1.3), where we
assume only E(g]X = x) = 0 and E(£%|X = x) = 0?(x), one can use the
weighted residual sum of squares,

RSSy = Y (Y, — & — a1 X;,)*w(X;), RSS; =Y (Y; — mu(X;) ’w(X,).
i=1 i=1
If the weight function w(-) is continuous with a compact support contained in
{x: f(x) > 0}, then we can show that under H, a generalized version of (4.1)
holds:

’ a

2
rKAn ~ Xa’n’

where

e = rK[EO'Z(X)w(X)]/02(x)w(x)dx[/ 0'4(x)w2(x)dx]_l,

1

a, = rKcKh_l[[ 0'2(x)w(x)dx:|2|:f 04(x)w2(x)dx:|_ .

When o2(x) = v(x)o? for a known function v(x), the generalized likelihood
ratio test corresponds to using w(x) = v(x)~!. In this case, the Wilks type of
result (4.1) continues to hold.

4.2. Testing homogeneity. Consider the varying-coefficient model defined
in Section 3. A natural question arising in practice is if these coefficient func-
tions are really varying. This amounts to testing the following problem:

HO: al(U) = 01, ceay ap(U) = 0p.
If the error distribution is homogeneous normal, then the generalized likeli-
hood test based on local linear fits is given by (3.2) with RSS, = > ,(Y; —
07X;)% where 0 is the least-squares estimate under the null hypothesis.

To examine the property of the generalized likelihood ratio statistic (3.2)
under the general heteroscedastic model, we now only assume that

E(X=x,U=u)=0, E(E#X=x,U =u) = d%(x, u),
for a continuous function o?(x, u). Strictly speaking, the statistic (3.2) is no
longer a generalized likelihood ratio test under this heteroscedastic model. The
generalized likelihood ratio test in this heteroscedastic case should involve

weighted residual sum of squares when o2(x, u) = o2v(x, u) for a given v.
See Remark 4.2. Let

I(u) = E[XX"0%(X, U)|U = u]f(u).

Then we have the following result.
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THEOREM 9. Assume Condition (A). Then under H,, as h — 0, nh®? — oo,
rg{)‘n ’g/ XZ’,;’

where

re =rg[Eo?(X, U)] /Q tr(F*(u)F(u)l)du[ /Q tr(T*(w)l(w)1)> du]_l,

1

2 _
a;;ercKhl[ /Q tr(F*(u)F(u)l)du] [ /Q tr(F*(u)F(u)l)zdu} .

It is clear that when o?(x,u) = o2, Theorem 9 reduces to Theorem 5
and (3.2) is a generalized likelihood statistic. Hence the Wilks type of result
continues to hold for testing homogeneity. It can also be shown that the
Wilks phenomenon is still valid for the generalized likelihood ratio in the
heteroscedastic model with o?(x, u) = o?v(X, u), bearing in mind that gener-
alized likelihood ratio statistics are now based on the weighted residual sum
of squares.

5. Extensions. The Wilks type of results does not hold only for the vari-
ous problems that we have studied. They should be valid for nearly all regular
nonparametric testing problems. In this section, we mention various possible
extensions to indicate their versatility.

5.1. Generalized varying coefficient models. Inferences on generalized
varying coefficient models have been empirically studied by Hastie and
Tibshirani (1993) and Cai, Fan and Li (2000). The results in the previous
sections can be directly extended to this setting.

Consider a generalized varying-coefficient model with the following log-
likelihood function

He {(n(x, u)), y} = go(g  (n(x, u)))y — b(go(g ™ (n(x, u)))),

where n(x, u) = g(m(x, u)) = A(u)"x, g is called a link function and g, = &' is
the canonical link. Poisson regression and logistic regression are two prototype

examples.
Define

L(g (), ¥) = 8o(81(5))y — b(go(g™1())),
Jl{g~"(s), ¥} _ 8o(s)

q1(s, y) = R = 2 6) (y = b'(9)),
&zl 71 > 17 / / /! /. —_ / !
qa(s, y) = W =(g0/8 — 808" /(&")(y — & '(s)) — 80/(&),
asl 71 > 11 / 1 /! /. /1 17 i / /
as(s, y) = W =(gy/8 — 808" /8" — (808" + 8" 8y)/8">

+2808"/8%)(y — 87(s)) — 280/87 — 808"/ 8".
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In particular, when g = g is the canonical link, we have
qa(s, y) ==b"(s),  qs(s, y) = =b"(s).

As in Section 3, we can define a local linear estimator A for A. Lemma 7.5
yields the following asymptotic representation for A :

A(uo) — A(uo)

= 2T (ug) Y e X K (U — wg)/h)(L+0,(1)) + Hy(ug)(1+ 0, (1)),

i=1
where

1~ﬂ(uo) = —E[qo(A™(uo)X, Y)XX|U = uo|f(w), & =q:1(AU;)X;,Y;),

H,(u) = r?j(uo)il Zn: [ql(B(uo)TZi, Y;) - q:.(A(U)X;, Yi)]

i=1
xX;K((U; — ug)/h).

The generalized likelihood ratio for testing the null hypothesis Hy: A = A,
is defined as

n

/\ng(AO) == Z[l{gfl(A(Ui)Txi)a Y} - l{gfl(Ao(Ui)TXi)a Yi}]-
i=1

Denote

Qns = qn*(U, X, Y) = sup |Q2(B(u0)TZ(u0) + CYTZ(LLO), Y)|K<U — LLO)

u09HaH§CIrn h

where r, = 1/v/nh. For j =1,2,3 and ¢; > 0, define

U-—u,
h

j-1
U-—-u,

K .

( h )

— sup qa(B(uo) Z(uo) + o Z(ug), V)| |

u,,,HaHSclr,l

The following technical conditions are needed.

CONDITION (B).

(B1) E|q;(A(U)X,Y)|* < co.

(B2) E[qy(A(U)X)XX"|U = u] is Lipschitz continuous.

(B3) The function g5(s, ¥) < 0 for s € R and y in the range of the response
variable. For some function q,(y),s; € C,i =1, 2, |go(s1, ¥) —qa(Sg, ¥)| <
q.(y)|s1 — sg|. Further, for some constant ¢ > 2,

E{0,,(UX,Y) |XX"|[}¥ =0(1), j=123,
Eq,.(U.X,Y)|X|? = 0(1), Eq.(Y)|X|P < oo,
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sup  Eq3(B(uo) Z(ug) + " Z(ue), Y)K*(U — uo)/h)/h|| XX7||?

up, lellzerr,

-0(1), j=123.
Set

Rosag = 7 X scAiU X, [ £K@OdH(1+ 00 + 071,

11 ¢ T — ” T T T
Rn20g = _§ﬁ Zisixi I'(U;) 1A0(Ui) E(q(Ag(U)X)X|U;)wy,

1 " T T T " —
Rpsog = —g EAGU) q2(A0(U)X, Y)XX Ag(U)wo(1 + O(n ),

where wy = [ t*(s+t)* K(t)K(s+t) dt ds. Note that both R o, and R, are
asymptotic normal and hence stochastically bounded. Let dy,, = nh4Rn30g —
n'2h?(R 104 — Rp20,)- Then, dy,, = nh*R,30,(1 + 0,(1)) if n'/2h* — co. The
following theorem shows that the Wilks type of results continues to hold for
generalized varying coefficient models.

THEOREM 10. Under Conditions (A1)—-(A3) and (B1)-(B3), as h — 0,
nh®? — oo and n&=V/¢h > co(log n)? for some & > (¢ —1)/(& —2), we have the
following asymptotic null distribution:

_ L
0, 1()‘ng(A0) — Mn + dlng) - N(O’ 1)

Furthermore, if A is linear or nh%% — 0, then as nh — 00, rgA,z(Ag) ~
X%K u,» Where w, and rg are given in Theorem 5.

Extensions of the other theorems and the remarks in Section 3 are simi-
lar. In particular the optimal minimax rate and the optimal bandwidth are
the same as those in Section 3. The generalized likelihood ratio tests can be
employed to check the inhomogeneity of the coefficient functions and signif-
icance of variables in the generalized varying-coefficient models. The related
theorems in Section 4 hold true after some mild modifications. The details are
omitted.

5.2. Empirical likelihoods. As pointed out in the introduction, neither
Owen’s empirical likelihood nor its extension, random sieve likelihood [Shen,
Shi and Wong (1999)] can be directly used to make inferences on a nonpara-
metric regression function. However, the idea of sieve empirical likelihood
[Zhang and Gijbels (1999)] can be effective in this situation. In an unpub-
lished manuscript, Fan and Zhang (1999) have developed the corresponding
theory. Advantages of sieve empirical likelihood ratios are that no parametric
models are needed for stochastic errors and that it adapts automatically for
inhomogeneous stochastic errors. The main disadvantage is that it requires
intensive computation.
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6. Discussion.

6.1. Other tests. There are many nonparametric tests designed for spe-
cific problems. Most of them are in the univariate nonparametric regression
setting. See Section 1.5 for an overview of the literature. While they can be
powerful for problems for which the tests were designed, extensions of these
tests to multivariate settings can pose some challenges. Further, these tests
are usually not distribution free, when null hypotheses involve nuisance func-
tions. This would hamper their applicability.

Nonparametric maximum likelihood ratio tests are a natural alternative.
Usually, they do not exist. If they do, they are hard to find. Further, as shown
in Section 2.2, they are not optimal. For this reason, they cannot be a generic
and powerful method.

6.2. Conclusions. The generalized likelihood method is widely applicable.
It applies not only to univariate settings, but also to multivariate nonparamet-
ric problems. It is ready to use because of the Wilks phenomenon. It is powerful
since it achieves optimal rates of convergence. It can also be adaptively min-
imax when tuning parameters are properly tuned (Section 2.4). The tuning
method for a local polynomial based generalized likelihood ratio test can be
surprisingly simple. Motivated by the adaptive Neyman test constructed in
Fan (1996), when the null hypothesis is linear, an adaptive construction of the
generalized likelihood would naturally be

max rA,(h) —d(h)
he[n—a, n?] \/2d(h)

where r is the normalizing constant, A,(/) is the generalized likelihood ratio
test and d(k) is the degrees of freedom. Therefore, the generalized likelihood
is a very useful principle for all nonparametric hypothesis testing problems.

While we have observed the Wilks phenomenon and demonstrated it for
a few useful cases, it is impossible for us to verify the phenomenon for all
nonparametric hypothesis testing problems. The Wilks phenomenon needs to
be checked for other problems that have not been covered in this paper. More
work is needed in this direction.

(6.1) Thgr, = for some a, b > 0,

7. Proofs.

PROOF OF LEMMA 2.1.  For each given £, , = cn=2¥/2*+D (¢ > 0), under the
null hypothesis (2.3), by using the mean-variance decomposition, we have

F(&, ) =nY 21+ j*¢, )

(7.1) 1/2
+0{nﬂZfM+f%wﬂ}}.

Note that g,(x) = x?*/(1+ x%*¢, .)? is increasing for 0 < x < £ /2P and
decreasing for x > §;,lc/ (28) By using the unimodality of g, and approximating
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discrete sums by their corresponding integrals, one can show that

LY R+ e, L)

(7.2) _ o—(@k+1)/(2R) /00 2k dy + O(n~Y/@k+D).
o (T4 7

Using the same arguments as those used in obtaining (7.2), we have
n Y R+ PR, 4R = O[n MRk,

This together with (7.1) and (7.2) yields

(7.3) F(¢, )= (co/c)BRTD/(2R) 4 Op(n—l/{2(2k+1)}),

where ¢y = (fo"o y2h(1 4 y2k)=2 dy)2k/(2h+1)
For any ¢ > 0, since the function F(x) is strictly decreasing,

P(In?M@HO(E— ¢, )] > &)
= P(F(§) < F(£,¢40)) + P(F() > F(, ) = o(1),

which implies & — Eney = op(n*Zk/(%Jrl)). 0O

ProOF OF THEOREM 1. Define the jth coefficients in F(¢) and A} as

) j2k ) 1+2j2k§
F(j;¢) = a7 ee A(J5 €)= a1 j%er
Then
) 2 Ak L 2 Ak .
(7.4) F’(J;f)z—(l_l_{]w, A(J;f)z—ﬁ =EF'(J5€).

Let ¢, be defined the same as in Lemma 2.1. For any 7, ; between é
and &, ., it can easily be shown that

F/(j;nn ')_F,(J-;gnc)
(7.5) su I Sl _ 5 (1
JEIl) F/(.];fn,co) p( )
and that for any ¢, ; between £ and En,cos
)\/(j; gn j) - /\/(j; gn [ )
(7.6) e 2 =0,(1).
Jj>1 A/(];gn,co) p( )
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Let A,(£) = 3 X3,(1 4 252%¢)/(1 + j**¢)?&”. By using Taylor’s expansion
together with (7.4), (7.5) and (7.6), under the null hypothesis (2.3),

12 z
Ny =5 LG o) + (E = £ NG 6, )]e?
j=1

1 o0 e 2
. 7 2521 N (J3€ney)E5
:An n,c +[F - F n, ¢ 2 : .70] 1+ 1
gy ) FIFO = Fl6 )l SR (o, (1)

n
- )‘n(fn,co) + [1 - F(‘:’:n,co)]g‘fn,co + Op(nl/(z(szrl)))

1 - 2 1 1/(2k+1 1/(2(2k+1
==Y —— &%+ —conV/CFD o (nV/ ),
2 2 (0 P 2 ’

Define )‘n,l = % 2311{1+j2k§n,00}7183‘ in (77) and Vn = % erl':l{l+j2k§n,co}7lx

£2

S we have

maxlijsn{l + j2k§n,co}71 < {

n -1/2
S+ j%gn,co)-Z} — 0@y S o,
NOS N CENETAN

=1

which implies that (V, — E(V,))//var(V,) -, N(0,1) by Lemma 2.1 of
Huber (1973). Note that

dx

1 o0
var(A,, 1 — Vy) < Q/n (1+x2k¢,

1> dx -2 —(4k-1
) < Q/r; W = 0(§n,c0n ( ))~
n,cgy

Hence
Var(/\n,l - Vn)

— O(£72 p—4k-1) ;Llc/(Zk) 0.

n, ¢y

This implies that

A, 11— E(A o
n,1 ( n,l) i) N(O, 1)
Jvar(h, 1)

[by Theorem 3.2.15 of Randle and Wolfe (1979)], where
_ © dy
E(A =271 nlc/(Zk) ———— 4+ 01
( n,l) é;o /0 (1+y2k)+ ( )7

112k [ dy
var(h,1) =260 [ a1 o

This together with (7.7) yields
A _9-1 —1/(2k) _1/(2k+1) [0 142428} /(1 2k\2 4
n Co n fo( + 2y )/( +y ) yj)N(O,l)
\/2—1051/(2k)n1/(2k+1) [ dy/(1 + y2h)2
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Namely, A}, ~, x2 , where
o0 1+2y2k © 1 -t
[ ([ )
(1+ 2k)2 (1+y2k)2

_ e [ 1+2y% 1/(2k+1)
a, 2 ry / m dy n .

Finally, by using

1 o dy (2k — 1)
L@

/0 (1+y2%) ~ 2ksin(w/(2k)) + y2M2 T 4kZsin(7/(2k))
_ (2k—1)(4k—1)

/0 (1+ y2k)3 ~ 16%3 sin(m/(2k))

f _ (2k —1)(4k — 1)(6k — 1)
o THy™ )~ 96ksn(m/@R)
we obtain
oo skt2 o _(2k4 1)® 7 Y e, g
oh 1 "2k —1 | 4k2sin(w/(2k))

PROOF OF THEOREM 2. Take j,* = n~(#*d)/(2k+1) Tet 0 be a vector whose
Jjnthpositionis j.* and the rest are zero. Then, 6 € ., and ||§|| = n~(k+d)/(2k+1),
For &, ., = cn~2#/(2k+D) we have

-2k _ 2d/(2k+1
nc=cn 7 ).

Under this specific alternative, by using model (2.2), we have, for d > 1/8,

2k
Jn o .
F(gn,c) = F(‘fn,c|H0) + (1 + J%kfn 0)2 (2Jnkn 1/2‘9j,, + .]nZk)

= F(£,.0[Ho) + 0,(n~/122E1}),

where F(¢, |Hy) =n""! Y5 Wa‘ By arguments such as those in the

proof of Lemma 2.1, one can see that
é = gn, 00(1 + Op(l))’

where £ solves F(é) = 1.
Next, consider the likelihood ratio statistic A}, under the alternative hypoth-

esis. Let
1 j4k52
o=y (1- o)
F (1+ j2%¢)
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Then for d > 1/8,

4k 29
X;;:)‘n,O‘i‘E(l Jnf

2\ (L 2y

=, 0 +0p(n1/{2(2k+1)}).

)(2J;kn—1/zejn i

By a proof similar to that in Theorem 1, A, < Xgn, which entails that

Py{riX, > a, + 2,(2a,)"*} = a + o(1). 0

PROOF OF THEOREM 3. The first part of the result follows directly from
the central limit theory using similar arguments to those in the proof of The-
orem 1 for A, ;. We now establish the power of the test. Under the alternative
hypothesis,

00 j4k§2
Ey(riA) =a, + O(1)+7, > (1 —n)n0§/2

SV A+ 2R,

and
vary(ryA,) = 2a, + b, + O(1),

where b), = 7 X%, (1— j*&2/(1+ j2*¢,)%)?n06%. Thus, it follows from Cheby-

shev’s inequality that

r/k)\n B r/kEH(An)
vary(r),A,)Y?

P(rih, > a, + z,(2a,)"?) = Pe{ > (2a), + b, + O(1))"'/?

< {, + 2o(2a)" - r;E9<An>}}
2 1 - d;27

if (2a,, + b, + O(1))V2{a,, + z,(2a},)V? — r,E4(X,)} < —d,, for some d,, > 0.
Thus, Theorem 3 holds, if we show that

4k g2
(7.8) inf -1k D) i PRt A WO S
0€F,: | 0]|>c, n—2k/(4k+1) = (]_ + J2k§n)2 J
and
Ak g2
(7.9) inf B2y (1 _ J.—fn>n6,z_ .
0Ty [|0]| =, n-2h/ (@D (L4 j2k&,)2)

=1
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Note that for each 6 € ., |0|&c, n—2k/(4k+1)

00 j4k§%
> (-

Jj=1

&, max

(7.10) 2 —4k/(4k+1) X o 2kg2
= Calt o (Trap &7

> Cin_4k/(4k+1)/2.

Hence, (7.8) holds.
To show (7.9), we note that (1 — j*¢2/(1+ j%#¢,)?) € (0,1). It follows
from (7.10) that

12 00 j4k§2 9 112 o) j4k§2 5 1/2
b~ 1-—— % _|n6>>r, n 1-——% )64
2 e = (50 aler))

> r’,e_lnl/zcnn_Zk/(4k+1)/2,

which tends to co. O

PRrROOF OF THEOREM 4. For any given m, when n is sufficiently large, we
have

Py[Tan > —log{—1log(1 — a)}]

> P {T% > 2(log log n)/2
(7.11) > Po{T\n (log logn)*/“}

> P(,{ i(nY% —1)/vV2m > 2(log logn)l/z}.

j=1
Note that the sequence of random variables
m m 1/2
2 2 2
{Zl(an— 1—n0j)/(2m+4n ZIOJ) }
Jj= Jj=

have mean zero and variance one. By normalizing the random variables
in (7.11), one can easily see that the power of the adaptive Neyman test is
at least

m m 1/2
P,,{ Y (nY?—1- nei)/(2m +4n Yy (93)
j=1

j=1
m m 1/2
> {2v2m\/log logn—n)_ 03}/<2m +4n ) 03) }
j=1 =t

Thus Theorem 4 holds via the Chebyshev inequality if we show that

(7.12) inf m_l/z{n > 6% — 2v/2my/log log n} — 00
Jj=1

6T 0]=c, 5,



GENERALIZED LIKELIHOOD RATIO STATISTICS 181

and

m -1/2 m
(7.13) inf (n > 63) {n > 03- — 2v/2m/1og log n} — 00
j=1 j=1

6T 10=c, 5,

for some choice of m.
Note that for any 6 € .,

o0 oo
Z 02~ < m—2k Z j2k93- < m—Zk.
Jj=m+1 J=m+1

Thus,

m
m-12 > 03 > m—1/2(cn8n)2 —m2k-1/2,
j=1

Maximizing the above expression with respect to m leads to the choice of
m = 0((c,8,)"V*); we have

(7.14) m-1/2 Z 03_ > O{cgfkﬂ)/(%)n’l(log log n)1/2},
Jj=1

and

(1.15) 1Y 02 = n((c,d,)* — m~2) = Ofncln @D (log log n)2H/#D)}.
j=1

Since ¢, — 00, the conclusion (7.12) holds from (7.14). And (7.13) follows from

1/2

m -1/2 m m
<n203) {nZO?—ZVZm\/log log n} = <n293> (1+0(1))
j=1 j=1 j=1
and (7.15). O

The following four lemmas are used in the proofs for the theorems in
Sections 3, 4 and 5.

LEMMA 7.1.  Suppose the matrix ¥V = (¢;)] ;_; is symmetric, wy, ..., w,

are independent random variables with moments E(w;) = 0, E(w?) = uy(i),
E(w?) = uy(i), E(w?) = uy(i). Let W = (wy, ..., w,)". Then

EWIWY = 3" 02 [ua(i) — 3ud(0)]

i=1

n 2 n
" [Z wiiuzaﬂ 12 Y unli)us().
=1

i,j=1

PROOF. This can be shown by modifying the proof of Theorem 1.8 in Seber
(1977), where only u;(i)=u; i=1,...,n;1=1,2,3,4) were considered. O
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Let r, = 1/+/nh. Denote by

(116)  ap(ug) = r2T(ue) 3 e X K((U; — u)/h).
i=1

(117) R, (ug) =17, Zn: T(uo)  (AU)X; — B(uo) Z)X, K((U; — uo)/h),
i=1

Rnl = Z 8kRn(Uk)TXk’
k=1

RnZ = Z an(Uk)Tkaan(Uk)’
k=1

n

Ry =353 R (U)X XLR,(Uy).
1

LEMMA 7.2. Under Condition (A), as h — 0, nh — oo,
Ry =02 h? Ry + O(n 2h),
R,y = n'?h*R, 5+ O(n™'?h),
R,3 = nh*R,35 + O(h?).
Furthermore, for any 8 > 0, there exists M > 0 such that

sup P(|(n'?h%)'R,;| > M) <35, j=1,2,
6,25,

sup P(|(nh*)"'R,g| > M) < é.

I’Le n
The proof follows from some direct but tedious calculations.

Using Lemma 7.5, we can easily show the following lemma.

LEMMA 7.3. Let A be the local linear estimator define in Section 3. Then,
under Condition (A), uniformly for u, € Q,

A(ug) — A(ug) = (a,(o) + Ry (10))(1+0,(1))
where a,(uy) and R,(u,) are defined in (7.16) and (7.17).

Denote by

T,=r2Y &eX/T(U,) "X, K((U; —U,)/h),
ki

S =74 T e X | 10 XXGTU,) K (W, = Up/h)
i k=1

x K(U, - Uk)/h)}Xj.
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LEMMA 7.4. Under Condition (A), as h — 0, nh3/2 - oo,
1

1
T,= ZpK(O)UQEf(U)fl + Y e XT(U,) "X, K, (U, — U;) +0,(A71?),
hti

1 _
S, = 7 po’Ef l(U)/Kz(t)dt

2
+ Y &g, XITHU)K « K(U; — U ;)/R)X, + 0,(h™"?),

i<j
with K,(-) = K(-/k)/h.

PrOOF. The first equality is obvious. Here we focus on the second one. We
use the following decomposition: S, = S,; + S, with

Sui = o 28X | X MWD KXW KA - Uy X,
(nh)? i=1 k=1

19 4N

1 iy T -
Sne =35 > i, X { Y TU) XX (U)K (U, = UK ,(Uy, - Uj)}xj'
it] k=1

It is easy to see that as A — 0,

_ 39, 90 1 1
(7.18) 8,1 =0,(h"?)+0,(n*?h7?) + QVn(l +0(1)) + 0,,(m>,

where

2 2 T -1 T -1
= XT XX I' X,
Vs e, o, U KT,

+XGI(U,) X XT(U,) ' X) KR (U, - U,y).

Using Hoeffding’s decomposition for the variance of U-statistics [see, e.g.,
Koroljuk and Borovskich (1994)] we obtain

A1) o
var(V,) = O<n>on
with
o2 < E{E[(X]T(Uy) X, X3T(U,) X,
+X30(U) X XIT(U,) 'Xy) K2(Us — U)Xy, UDD?)
= O(h72).

Thus, V,, = EV, + 0,(h""?) as nh — oo and h — 0. Consequently,

(7.19) Sp1 = %pU2Ef_1(U)/K2(t)dt +o, (12
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We now deal with the term S,,,. Decompose S5 = S,21 + S, With

2 1
-z e XTZ
SnZl n 151‘%;5,1 81‘9] 1 n
x Y {F(Uk)_lxkxzr_l(Uk)Kh(Uk -U)K,(U, - U)X,
ki, j
K(0 - _ . _
S0 = # Z 8i3j{xi I'(U;) IXiXiF(Ui) lxj

i#J
+XZF(Uj)_lij}I‘(Uj)‘IXj}Kh(Ui -U)).
It can easily be shown that
var(S,22) = O(1/(n*h%)) = o(1/h)
which implies
(7.20) Spa = 0,(A7?).
Let
Qi =T UNXXL(UL) Ky (U, — U)K (U, = U ).
Note that
1 2
B[X0% ¥ (Quun — B(@uls ),

ki)
< trace {n_z > E(kathX;kathX{)} = O(1/(nh?)),
E#1,2
which leads to
) S,y =22 X'E U;, U)X h1/2
(7.21) S,91 = 2 Y e X E(Quunl(U;, U)X+ 0,( )-

1<i<j<n

Combining (7.18)—(7.21), we complete the proof. O

PRrROOF OF THEOREM 5. Note that
RSS;
n

=1+ 0,(n*)+ 0,(h)).

It then follows from the definition that

CM(Ag)e? =2 Y ek{i eixmvk)l}ka((Ui —uo)/h)

=1 i=1

ol

B

+

n
&>

k=1i=1j

DN| —

&; 8]X:F(Uk)_1XkX2XJF(Uk)_1
=1
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x K((U; =Uy)/W)K(U; —Uy)/h)
1
- Rnl + Rn2 + Rn3 + Op(W)
Applying Lemmas 7.2, 7.3 and 7.4, we get
—An(Ag) = —pn +dy, = W(n)R2/2 4 0, (R7Y2),
where
ﬁ T -1
W(n) = ) Y e;s[2K,(U; - U) - K« K,(U; = U)IXT(U,) "X,
J#l
It remains to show that
W(n) - N(0, v)
with v = 2||2K — K « K||2pEf~1(U).
Define W ;; = (Vh/n) b,(J, Deje;/o? (j <), where b,(j,1) is written in a
symmetric form
b,(J,0) =a1(J, 1) +ax(J,l) —a3(j, 1) —as(J, 1),
with
a;(J,0) = 2Kh(Uj - Ul)X;F(Ul)_IXl’ as(J, 1) =a1(l, j),

as(j, 1) = K« K;,(U; = UDXTD(U) X, aq(f, 1) = as(l, j).

Then W(n) = 3>";_; W ;. To apply Proposition 3.2 in de Jong (1987), we need
to check:

(i) W(n) is clean [see de Jong (1987) for the definition];
(i) var(W(n)) — v;
(ii1) Gj is of smaller order than var(W(n));
(iv) Gy is of smaller order than var(W(n));
(v) Gy is of smaller order than var(W(n));

where

1<i<j<n

Gn = ) .Zk {E(W?jw?k)+E(W%iW3‘k)+E(W%eiw%ej)}’
<i<j<k<n

Gy = > {E(W ;W .W;Wy)+ E(W,;W; W, W)

1<i<j<k<l<n
+ E(W,,W, W, W)}

We now check each of the following conditions. Condition (i) follows directly
from the definition.
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To prove (ii), we note that
var(W(n)) = Y. E(W?).

j<l
Denote K(t,m) = K *---x K(t) as the mth convolution of K(-) at ¢ for m =
1,2, .... Then it follows that

E[b2(j, 1)e%ed]

= %4[1”{(0’ 2) — 16K (0,3) + 4K(0,4)] pEf (U)(1+ O(h))

which entails
v= 2/[2K(x) — K « K(x)’dx pEf~\(U).
Condition (iii) is proved by noting that
Ela,(1, 2)8182]4 = O0(h™3), Elas(1,2)e85]* = O(h72),

which implies that E(W%,) = (h?/n*)O(h3) = O(n~*h~'). Hence G; =
O(n~2h71) = o(1).
Condition (iv) is proved by the following calculation:

E(W3,W33) = O(EWY,) = O(n~*h™h),

which implies that Gy; = O(1/(nh)) = o(1).
To prove (v), it suffices to calculate the term E(W y;Wy3Ws,W,;). By
straightforward calculations,

E{ay(1,2)a1(2, 3)ay(3, 4)ay (4, 1)elejelel} = O(h™),
E{ay(1,2)a1(2, 3)ay(3, 4)as(4, 1)elezeiel} = O(h™),
E{a;(1,2)ay(2, 3)as(3, 4)as(4, 1)&is5e365}+ = O(h™Y),
E{a;(1,2)as(2, 3)as(3, 4)as(4, eleieiel} = O(h7Y),
E{as(1,2)a3(2, 3)as(3, 4)as(4, 1)elezeiel} = O(h™),

and similarly for the other terms. So

E(W1,Wys W3, Wyy) = n *h*0(h™") = O(n™*h)
which yields
Gy = O(h) = 0o(1). 0

PROOF OF THEOREM 6. Analogously to the arguments for A, we get

~ _ - o) — 2
(Ag(u) — Ag(ug)) = T (ug) YY) — Ay(U) XY — Wy, X, U}
k=1

x XP KU — ue) /)1 +0,(1)),
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where T(g, X, Uy) = Ag(uo) XY + Ap(uo) X (U}, — ug). Note that
Anu(A10) = A, (Ag) = Ap2(Agol Asp)-
Similarly to the proof of Theorem 5, under H,,, we have

n n 2 _ 2
Aup(AgolA10)o® =12 Y Y 6, K((U; — U) /WX (U)X &y
k=1i=1

Ly [Z K (U, - Uk>/h)X§2”}
k=1ki=1
x (T (U )XPXE T (U))
x [Z o K((U; - uo)/h)X§2):| o, (h?) — dyy.
=1

where d;,, is defined by replacing X and I' by X® and Iy, in dy,.
Consequently,

1 i 2) o
—Au(Ayg)o? = —r2 Z‘gkgi(xg = F12(Uk)r221(Uk)X§ )) Fnl,z
ki

x (U)X = Tyo(U)Tod(U)X)K(U; — Uy)/h)

+—"zelsj XY T (U (U)X
i,] k=1

x Tt y(U)XY — Typ(U)T (U)XY)
x (X3 = Ty (U)o (U)X ) Trdo(U)
x (X —Typ(U )T (U)X

+ R+ Rys +0,(h?) +dy, — dype

where

Nl:u;

n4_

n n 1 _ 2)\r—
Z Z X(' = F12(Uk)F221(Uk)X§ )) F111,2(Uk)
ij k=1

x (X = Ty (U (U X)X T (U)X
K((U; - Up)/W)K(U; - Upy)/h),

rerL n n 8 2)rre
Rus = 5 2eie; LX) ~TaUl U)K Tilo(U))

x (XY — Ty(U T3 (U XX T (U)X
x K((U; - Up)/R)K(U; - Uy)/h).
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A simple calculation shows that as nh%?2 — oo,
ER2, = 0 -2 ) = o(h™!
=0\ 57 = o(h™),

which yields R,, = o0,(h7'/?). Similarly, we can show R,5; = o,(h71/?).
Therefore,

1 _ 2)\rae
Mu(A10)? = =12 Y 8K — Typ(U)Tog (U)X ) T (U
k,i

1 _ 2 _
x (XY = Tip(U )T (U)X)VK (U, = Up)/h) + 0,(h12)
1"4 n B o

tg Yeie; Y X = Ty U)X Tilo(Uy)
i,] k=1

1 _ 2
x (XS = Tyo(U )T (U )XY)
x (X} = Tyo(U )T (U)X )T (U,
x (X = Tp(U )T (U)XD)
< K((U; = Up) /WK (U, = Up)/h) + dypy + 0, (7).

The remaining proof follows the same lines as those in the proof of
Theorem 5. O

ProOF OF THEOREM 7. Under H,; and Condition (B), applying Theorem 5,
we have

_)‘n(AO) = —fp T U, t Vg, —dy,
- [Woor 224 3 60K 0?4 0,071,
k=1
where W(n) is defined in the proof of Theorem 5. The rest of the proof is

similar to the proof of Theorem 5. The details are omitted. O

PROOF OF THEOREM 8. For brevity, we present only case I in Remark 3.5.
To begin with, we note that under H,,: A = A;,+ G,, and under Condition (C),
it follows from the Chebyshev inequality that uniformly for A~ — 0, nh%? — oo,

—\,(Ay)o? = —w, 0% — 2 W(n)h1?2/2 — \/nEG,g(U)TXXTGn(U)Op(l)
~5 EGI(UYXXG(U)(1+ 0,(1) = Ry + Ryp + R,

where u,, W(n), R,;, i = 1,2, 3 are defined in the proof of Theorem 5 and its
associated lemmas, and 0,(1) and O ,(1) are uniform in G, € 4, in a sense
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similar to that in Lemma 7.2. Thus,
Bla, G,) = P{o, (=1, (Ag) + ) = c(a)}

= P{anl[—W(n)hl/2 /2 —
(Rnl - Rn2 - Rn3

+ 5 BGLUY XX G U)(1+ 0,(1))) /02| = cla)}
= Py, + Py,
with
Py, = P{o; (- W(n)h"Y2/2) + nV2h52b,,, + nh¥2by, — nh'/2by, = o(a),
b1, < M, |bg,| = M},
Py, = P{o,; }(-=W(n)h"V2/2) + n'2h52b,, + nh%?b,, — nh'/?b,, > c(a),
(bual > M, by, | > M}
and
bin = (n'?h*?0,0%) " (=R,1 + Ry2),
by, = (nh*?0,0*) 7' R,,3,

by, = (h'?0,0*) 1L EG;(U)XX"G,(U)(1+ 0,(1)).

When A < cal/2n‘1/4, we have
n2h52 > conh®2, nl?n52? -0, nh%? 0.

Thus for o — 0 and nh — oo, it follows from Lemma 7.2 that B(a, p) — 0
only when nh!'/2p? — —co. It implies that p? = n~'h~1/2 and the possible
minimum value of p, in this setting is n=7/16, When nh* — oo, for any & > 0,
applying Lemma 7.2, we find a constant M > 0 such that P,, < /2 uniformly
in G, € &,. Then

B(a, p) < 8/2+ Py,.

Note that sup, (,) P1, — 0 only when B(h) = nh®*M — nh'/?p? — —oco. B(h)
attains the minimum value —5(9M)"Y8np%* at h = (p?/(9M))"/*. Now it is
easily shown that in this setting the corresponding minimum value of p, is
n~%° with h = c¢,n=%/° for some constant c,. O

PRrROOF OF THEOREM 9. Let ¢ denote a generic constant. Then, under H,

RSSO - RSSI == _Dl - Dz,
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where D; = &"Px &, Xp is the design matrix with the ith row Xj (i =
1,...,n), Px is the projection matrix of X, and

D, = Zn:(A(Ui) — A(U))XX[(AU)) - A(U)))

i=1
+2Y & (AU,) — AU))'X;.
i=1
The proof will be completed by showing the following four steps.
() Dy = 0,(1),
(ii) —vhDy = (D/Vh) + W(n)+o0,(1),
(iii) W(n) = (Vh/n)Yjqe;e2K,(U; — U)) — K, x K,(U; — U))]
< XiT(U;) X, 5 N(0, V),
(iv) RSS,/n = Ec*(X,U) + 0,(1//n) + 0 ,(1/(nh)),
with
D =[2K(0) — K % K(0)] /Q tr(T*(w)T(w) 1) du

KO BIXT(U) XY’ (X, V)],

V= 2/[2K(x) —Kx K(x)]de/Qtr(l“*(u)l“(u)’l)z du.

It follows from Lemma 7.1 that
. 2
E[(e"Px, &)*|(X, Uy), ..o, (X, Up)] < ¢ tr(P%D) + cftr(Px )]

= p(p+1)c,

which implies (i). The proofs of (ii) and (iii) are the same as the proof of Theo-
rem 5. The details are omitted. The last step follows from RSS; = "7 ; s?+D2.
Using the inequality x/(1 + x) < log(1 + x) < x for x > —1, we have

n [RSSO — RSS, n RSS, — RSS,

— -1 -2 . 0
A =39| 7 Rss, 5 Rmes, oA

+ 0p(n_2h_2):| =

Before proving Theorem 10, we introduce the following lemma.

LEMMA 7.5. Under Condition (A1)~(A3) and (B1)~(B3), n(¢=V/¢h > ¢;x
(log n)? and & > (¢ — 1)/(& — 2), we have

A(uo) - A(uy) = ’"if(uo)_1 Z a1 (AU;))X;, Y )X, K(U; — ug)/h)(1+ Op(l))

=1

+Hn(u0)’
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where r, = 1//nh,
H,,(uo)
= r2Ti(up) ! ani[%(B(uo)Tzia Y)
— (AU, Y )R, — o)1+ 0,(1))
and o,(1) is uniform with respect to u,.

ProoF. It follows from some arguments similar to Carroll, Fan, Gijbels
and Wand (1997) and Zhang and Gijbels (1999). O

PrOOF OF THEOREM 10. Let ¢; = ¢1(Ay(U;)X;,Y;). Using the Taylor
expansion of A,,(A() and Lemma 7.5, we obtain

Mg(Ag) = =123 Y e, XT (1) X, — Ry,
k=1i=1

4
n

2

~

Y qa(Ag(U) XKy, Y)eie, T(U ) XX XGT(U )™
k=11i,j

xX;K((U; —U)/h)K((U; =Up)/h) + Rz + R, 34,

where

n

nlg Z an(Uk)Xka

Ry =12 Y eXT(Uy) "X, X;H,(U,),
k=1i=1

7‘4 n .
Ruse = =5 2 q2(AoUp) Xy, Y i) Ho (U)X X, H, (U).
k=1

The remaining proof is almost the same as that of Theorem 5 if we invoke the
following equalities:

E[|(X;,U)] =0, E[]|(X;,U)] =—E[q2(Ay(U,)X,), Y)I(X;, U] O
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