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We study Coulomb gases in any dimension d > 2 and in a broad tem-
perature regime. We prove local laws on the energy, separation and number
of points down to the microscopic scale. These yield the existence of limit-
ing point processes after extraction, generalizing the Ginibre point process
for arbitrary temperature and dimension. The local laws come together with
a quantitative expansion of the free energy with a new explicit error rate in
the case of a uniform background density. These estimates have explicit tem-
perature dependence, allowing to treat regimes of very large or very small
temperature, and exhibit a new minimal lengthscale for rigidity and screen-
ing, depending on the temperature. They apply as well to energy minimizers
(formally zero temperature). The method is based on a bootstrap on scales
and reveals the additivity of the energy modulo surface terms, via the intro-
duction of subadditive and superadditive approximate energies.
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1. Introduction. We are interested in the N-point canonical Gibbs measure for a d-
dimensional Coulomb gas (d > 2) at inverse temperature §, in a confining potential V, de-
fined by

1 2
(1.1) dPy p(Xy) = ——exp(=BN~ Hy(Xx))dXw,
where Xy = (x1, ..., xn) € (RY)N and the Hamiltonian Xy (X y), which represents the en-
ergy of the system in state X, is defined by
1 N
(1.2) Hyv(Xn) == Y. gxi—x)+NY V(x),
1<i#j<N i=1
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where

_log|x| ifd=2,
1.3 =
(1.3) 9(x) {|x|2_d ifd> 3.

Thus, Hy (X ) is the sum of the pairwise repulsive Coulomb interaction between the parti-
cles and the total potential energy of the particles due to the confining potential V, the inten-
sity of which is of order N. The normalizing constant Zy g in the definition (1.1), called the
partition function, is given by

(1.4) Zn.p ::/ exp(—BN i Hy (Xn)) dX .
R

We have chosen particular units of measuring the inverse temperature by writing SN i1 in-
stead of B. As seen in [43], this turns out to be a natural choice, due to scaling considerations,
as our B corresponds to the effective inverse temperature governing the microscopic scale
behavior. This choice does not reduce the generality of our results since, as we will see, our
estimates are explicit in their dependence on 8 and N which allows to let 8 depend on N.

This Coulomb gas model, also called a “one-component plasma,” is a standard ensemble
of statistical mechanics which has attracted much attention in the physics literature; see, for
instance, [1, 19, 38, 50, 52, 62] and references therein. Its study in the two-dimensional case is
more developed, thanks in particular to its connection with Random Matrix Theory (see [23,
25, 51]): when B =2 and V(x) = |x|2, the Py g in (1.1) is the law of the (complex) eigen-
values of the Ginibre ensemble of N x N matrices with normal Gaussian i.i.d. entries [31].
Several additional motivations come from quantum mechanics, in particular, via the plasma
analogy for the fractional quantum Hall effect [32, 40, 68]. For all of these aspects, one may
consult to [25]. The Coulomb case with d = 3, which can be seen as a toy model for matter,
has been studied in [36, 48, 49]. The theory of higher-dimensional Coulomb systems is much
less well developed.

In such Coulomb systems, if 8 is not too small and if V grows fast enough at infinity, then
the empirical measure

1 N
m = — 8 .
UN N ZZZI X;

converges, as N — 00, to a deterministic equilibrium measure @y with compact support
which can be identified as the unique minimizer among probability measures of the quantity

1

(1.5) cw=5 [ o= yduwdrm+ [ Veoduc.
RIxRI R

See, for instance, [64], Chapter 2, for the statement of such a result. As the length scale of

supp ny is of order 1 (it is independent of N), we will call this the macroscopic scale, while

the typical interparticle distance is of order N _é, we will call this the microscopic scale, or
microscale. Intermediate length scales will be called mesoscales.

In this paper we work with a deterministic correction to the equilibrium measure, which we
call the thermal equilibrium measure, which is appropriate for all temperatures and defined
as the probability density g minimizing

1
(1.6) E0n) =€)+ [ wtogi,
Rd
where we set

(1.7) 0:=BN3.
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Let us point out that here and in all the paper we use, alternatively, the notation u both
for the measure and for its density. By contrast with py, pg is positive and regular in the

whole of RY with exponentially decaying tails. In fact, the quantity # = BN 3 corresponds
to the inverse temperature that governs the macroscopic distribution of the particles. The
precise dependence of 1y on 6 is studied in [7] where it is shown that when 8 — oo, then 1y
converges to py with quantitative estimates (see below).

The measure pg is well known to be the limiting density of the point distribution in the

regime in which 6 is fixed independently of N and we send N — oo, that is, for 8 ~ N _%;
see, for instance, [13, 18, 38, 52]. In this paper we show that py is also a more precise
description of the distribution of points, compared to the standard equilibrium measure, even
in the case 6 > 1. This allows us to obtain more precise quantitative results valid for the full
range of 8 and N and, in particular, in the regime of very small 8.

One of the important goals in the study of Coulomb systems is to show concentration
around the (thermal) equilibrium measure and estimates on the so-called linear statistics

N
(1.8) / go(Zaxi — NM@)
R \i5}

for (not necessarily smooth) test functions ¢ which may be supported in microscopic sized
balls. The study of random variables, such as (1.8), allows us to quantify the weak conver-
gence of the empirical measure [iy to the deterministic thermal equilibrium measure pg. In
particular, we can obtain estimates on the number of points in microscopic balls (local laws).
If the fluctuations of (1.8) are much smaller than for a Poisson point cloud, one speaks of
rigidity or hyperuniformity (see [69]).

In this paper we prove explicit controls on these quantities which then yield the existence
of limiting point processes along subsequences of properly rescaled configurations. While
we cannot rule out the possibility of several point processes arising as limits of different sub-
sequences, we are able for the first time to show their existence by controlling the number of
points in microscopic boxes. This also provides solutions to a number of widely used hierar-
chies and sum rules on correlation functions in this important case of Coulomb interactions
(see discussion below the statement of Corollary 1.1).

A second goal of this paper is to give an expansion in N for N > 1 of the free en-
ergy —% log Zy g, which we will complete in the Neumann jellium case here (note that
the mere existence of an order N term, in other words, a thermodynamic limit, has been
known since [49]). This opens the way to obtaining in the companion paper [65] an explicit
error rate for the free energy expansion in the general case (in which wy or wg are not nec-
essarily constant). This result is crucial to obtain, for the first time in [65], a central limit
theorem for the fluctuations of the type (1.8) in dimensions d > 3 (such a result was ob-
tained in dimension 2 in [10, 44], but the method requires a more precise rate to be applicable
in higher dimension). The third motivation is to formulate a local large deviations principle
(LDP) with microscopic averages for the limiting point processes, analogous to results of [42,
43].

Such questions have recently attracted attention in two dimensions [3, 9, 10, 21, 42, 44,
56] and to a much lesser extent in higher dimension: concentration bounds were given in [21,
28, 57], free energy expansions in [43] and rigidity was described in [22] (in dimension 2)
and [27] (in general dimension) for a “hierarchical” Coulomb gas model (i.e., a version of
the model with a simplified interaction which, essentially, makes renormalization arguments
easier), with estimates for the number variance in a set and for smooth linear statistics. Of
course, much more is known in the well-studied related problem of the one-dimensional log
gas or f-ensemble; see [11, 12, 14-17, 37, 39, 61, 67]. However, as far as we know none of
these works consider the regime of large temperature.
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The program we carry out in this paper was already partly accomplished in dimension 2 in
[9, 42], with local free energy expansions and local laws valid down to mesoscales £ > N™%
with o < %, via a bootsrap on the scales. The high-level approach of the proof is the same, in
particular, as the one of [42]; however, by revisiting it thoroughly we bring in the following
novelties:

e We treat arbitrary dimension d > 2.

e We unveil the importance of the thermal equilibrium measure, even for large 8, and notice
the existence of two effective temperatures, one that governs the macroscopic distribution
of the points (¢) and one that governs their microscopic behavior (8).

e The local laws are for the first time valid down fo the microscale, giving for the first time
access to the proof of existence of limiting point processes.

e The local laws are obtained with quantitative bounds in probability (exponential moments)
and not just with high probability, as in previous works.

e We obtain estimates with an explicit dependence in 8 as well as N, allowing to consider
very small or very large temperature regimes. These estimates reveal a new S-dependent
minimal length scale pg down to which the local laws hold. We prove that for d =2, 3,4

this lengthscale is ~ N —3 max(1, B _%), which we believe to be optimal.

e We give an explicit rate of convergence for the free energy expansion in the constant back-
ground case.

e We introduce new sub- and superadditive energy quantities. It is by using estimates on their
additivity defect, which are obtained by a bootstrap or renormalization-type argument, that
we are able to quantify the convergence rate of the free energy and prove our main results.

e We revisit the “screening procedure” used in previous papers, turning it into a truly prob-
abilistic procedure and tuning it in order to get explicit and optimal quantitative estimates.
We optimize the screening lengthscale during the bootstrap procedure, showing it can be
made as small as the minimal lengthscale pg.

Statements of the main results. In all the paper we assume that

(1.9) / exp(—min(1,0)V) < oo
Rd

and that

(1.10) V+g— 400 as|x|—> o

which ensures the existence of wy and g (see [7]).
The local laws are more easily stated at the level of the “blown-up configurations”: for any

1
(x1,...,xn), welet x] = Ndx;, and we also let u = uy, be the push-forward of 114 under this

rescaling, that is, the measure with density ;/Q (x) = g (N _éx). The local laws are proven
in the “bulk” of wg. After a suitable “splitting” that removes the constant leading order term
(see Section 2.1), we are led to computing local laws with respect to a generic background p,
hence our choice of notation here.

In dimension d > 3, we will not use any property of |1 besides the fact that it is bounded
above and below in a set %. In dimension d = 2, we will use the same fact and only three
additional ones:

e 1 has sufficiently small tails, in the form of the assumption

(1.11) w(T) < for some constant C > 0.

~ logN
We comment after Theorem 2 on what is known in that respect; in particular, the assump-
tion is true if B is not too small;
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e 1 satisfies
(1.12) // o(x — V) du(x)du(y) = —~CN*log N
R2 xR2

which holds with C = % as an immediate consequence of the fact that £(ug) is finite and
the rescaling;
e [ satisfies

(1.13) / logzdu(z) < o0,
U

which is also true here, since £(ug) < oo implies f]Rd V dug < oo which in view of (1.10)
implies it.

Throughout the paper C denotes a constant which only depend on d, upper and lower
bounds on u and the constants in (1.11)—(1.12) and may vary in each occurrence.

As we will see, the dependence of our estimates in 8 for 8 small is a bit different in
dimension 2 than in higher dimensions. This is a manifestation of the fact that the Poisson
point process has (or at least is expected to have) infinite Coulomb energy in dimension 2
(see [41] for a discussion). Reflecting this, throughout the paper we will use the notation

ifd >3,

(1.14) XE =11 £ max(—log8,0) ifd=2,

and emphasize that x (8) = 1, unless d =2 and g is small.

In all our formulas we will have terms which appear only in dimension d; we denote them
with a 14. The precise meaning of the next-order energy F-'#®) localized in a cube g (x) of
center x and radius R is alluded to below and defined precisely in Section 2.

THEOREM 1 (Local laws). Assume W, defined above, satisfies 0 <m < u < A in a set
Y, and, in dimension d = 2, assume also (1.11), (1.12) and (1.13). There exists a constant
C > 0, depending only on d, m, A and in dimension 2 the constants of (1.11) and (1.12),
such that the following holds. There exists pg of the form

(1.15) pp=Cmax(1, B2 x(B)?, B52 yzs)

such that, if L1g(x) is a cube of size R > pg centered at x, with

(1.16)  dist(Og(x), 9T) = Cmax(x (BINT2, x (BB~ 959 N353, B3 1400),
we have:

1. (Control of energy)

(1.17)

logEp, , <CXp<%ﬁFDR(’C))>‘ < CBX(B)R%;

2. (Control of fluctuations) Denoting D := fDR(x)(ZzN:I Sxi/ —dp), we have

(118) togBe,,, (exp( ZR219587102) )| < coxprng
and

g D> . (D g
(1.19) logEp, 4 (exp(E RI2 mm(l, F)))‘ <CBx(B)R".
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3. (Control of linear statistics) If ¢ is a 1-Lipschitz function supported in U (x), then

N 2
logEp, (eXp % (/Rd w(Z 8y — u)) )
i=1

4. (Minimal distance control) For any point x| of the blown-up configuration satisfying
the relation (1.16), denoting

(1.20) < CBX(B)RYIVe|? .

/

. ) 1
r = m1n<m1n|x{ — X, —),
j#i 4

we have

(1.21)

togEzy,, (exp( 5o ) )| = Cx(Bng.

Comments on the assumptions. The equilibrium measure py is characterized by the fact
that there exists a constant ¢ such that g * uy + V — ¢ is zero in the support of uy and
nonnegative outside. In [7] it is proven that if (1.9) and (1.10) hold, and if, in addition,

(1.22) AV >a >0 in aneighborhood of supp iy

and the potential g * wy + V — ¢ is bounded below by a positive constant uniformly away
from the support of 1y, then for x € supp uy we have uy (x) > m > 0. In particular, we can
take X to be the blown-up of supp v and the assumption wy; > m > 0 holds in X. We note
that, if V' is more regular, [7] also provides an explicit expansion of ;g — puy of the form

(1.23) + L AlogAv 4 — A(AIOgAV>+ i
. ~ —Alo -+ in su ;
Ho == Ly Iy g ca0? AV pp v
see [7] for precise results. It is also proven in [7] that, under the previous stated assumptions,
we will have
CN
(1.24) p(Z€) < —,
Mo ( ) \/g
hence in dimension 2 the extra assumption (1.11) is verified as soon as
2
- log N ‘
- N

In view of (1.23), one may also substitute p by uy, = uy (N _éx) in the local laws above
while making only a small error.

If 6 is fixed, then the lower bound p;, > m > 0 is true on any compact subset of RY. If
0 < 1, then pg — 0 pointwise as the measure (g spreads to infinity, and one needs to give
a stronger weight to the confining potential to confine the system, effectively making the
interaction weaker and the points more independent; thus, this is a situation that needs to be
studied separately (see, for instance, [58] for a discussion of such a “thermal regime” in a
radial situation).

Comments on the results. We note that we can always reduce to m = 1 by scaling in
space and then obtain the explicit dependence on m of all the constants by a rescaling of the
quantities.

An application of Markov’s inequality easily allows to estimate the probability of devi-
ations from these laws. For instance, the probability that the number of points in a cube
deviates by more than o(RY) from N fDR e 1s very small, and (1.18) provides a bound on
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the variance of the number of points in Llg by Cpg R?@=D_We note that (1.18) is stronger
than even the results of [9, 42] in dimension 2. The relation (1.20) can be improved using
more involved techniques if ¢ is assumed to be more regular; this was shown in dimension 2
in [9, 10, 44], and this is the object of [65] in higher dimension.

A closely related setup to our Coulomb gas is that of the jellium model (see, for instance,
[46, 47] and references therein) which is defined as follows. We are given N = RA points
constrained to be in a cube of size R denoted by L := (— % R, %R)d, neutralized by a uniform
background of unit density, which has a law given by the Gibbs measure

(1.25) dQu. p(Xy) = exp(—BHLE (Xn))d Xy,

jel
ZR,/S

where

N N
H(Xy) = // glx — y)d(Z 8y — 1m)<x>d(2 8y — IDR) ),
RIRIN\A i=1 i=1

the set A := {(x, x) : x € RY} denotes the diagonal in RY x RY and 15 the indicator of a set S.
This perspective is related to the analysis in the present paper: we consider a variant of (1.25)
with g replaced by the Neumann Green function of the cube [lg, the partition function of
which we denote by K(LJg) (see Theorem 2 below). As a byproduct of our analysis (we just
apply the arguments verbatim with i = 1, and replacing Py g by Qu g), we thereby obtain
analogous quantitative local laws and free energy expansions for Qy g, as we do for Py g.

The minimal lengthscale and the temperature dependence. One of the main difficulties
in handling the possibly large temperature regime is to obtain the factor S (8) instead of 1
in the right-hand side of these estimates when g is small. This is made possible by the use of
the thermal equilibrium measure instead of the usual equilibrium measure.

The other main difficulty is to get the local laws down to the minimal scale pg of (1.15). We

believe that the lengthscale max(1, 8 -3 x(B) %) is optimal in all dimension (or optimal up to
the logarithmic correction in dimension d = 2). The conjectured scenario is that the Coulomb

. 11 -
gas resembles a Poisson process for lengthscales smaller than 872 N~ @ and becomes rigid
(in the sense that the number of points in cubes become constrained by the size of the cube)

only at lengthscales larger than ,3_% N _é, as evidenced by Theorem 1. If d > 5, the additional
condition in (1.15) makes the result most likely suboptimal and is a limitation of the method
due to boundary effects.

We are able to see the minimal lengthscale ,3_% (viewed at the blown-up level) arise in
our proof because, when implementing the bootstrap procedure, we control the (free) en-
ergy errors by ,BZ‘R‘:’*1 while controlling at the same time the volume errors by R9~! /Z (we
believe these errors to be optimal), where 7 is the lengthscale that we need to screen the
configurations. Optimizing the total error

- Rd—l
(1.26) BER + ——

leads to £ = B _%, and, since we always need to keep 7 <R, the bootstrap terminates exactly
for R and ¢ of order ,B_%. This way we can say that the configurations can effectively be

1
screened with screening lengthscale 2 and down to that scale.
Note that the maximal size of a set X in which u = is bounded below by a positive

1
constant independent of N is (of order) N d, hence the results of the theorem are nonempty
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if and only if pg K N 3 which is equivalent in dimension 3 <d <5 to 6 > 1 (we expect the
same to be true if d > 5). In the case d = 2, the results are nonempty if and only if 8 > logN
Note that as soon as 8 > 6y > 0, the third item in (1.16) can be absorbed into the first one, up
to a constant depending on 6.

As mentioned above, the effective temperature at the macroscale is 6 which gives rise to

a natural lengthscale for variations of the macroscopic density g of 6-2 = ,B_% N3 This,
strikingly, coincides with the minimal lengthscale for microscopic ridigity pg.

It remains to understand more precisely what happens when 6 is fixed or 6 — 0. In the
latter regime it would be more appropriate to strengthen the confinement, thus weakening the
interaction.

The fact that (1.18) gives a bound on all the moments of the number of points in a compact
set centered at x satisfying (1.16) immediately yields the following statement.

COROLLARY 1.1 (Limiting point processes). Under the same assumptions as in Theo-
rem 1, for every B > 0 fixed independently of N and every point x € X with

dist(x, %) > Cmax(x (BN, x(B)p ™'~ p;%, N¥p~3, f314my),

the law of the point configuration {xﬁ —X, ..., va — x} converges as N — 00, up to extrac-
tion of a subsequence, to a limiting point process with simple points and finite correlation
functions of all order.

This is the first time that the existence of a limit point process is shown besides the par-
ticular determinantal case of 8 = 2 in d = 2, for which the limit process is known to be
the Ginibre point process, with an explicit correlation kernel. These processes can thus be
thought of as S-Ginibre processes, at least in dimension d = 2. We expect that they should
satisfy a variational characterization as in Corollary 1.2.

In the 70’s there was a large statistical mechanics literature (see [33, 34, 50] and references
therein) on sum rules and various relations for correlation functions of interacting particle
systems, in particular Kirkwood—-Salzburg, BBGKY, KMS, DLR equations. These can be
shown to be equivalent relations in the case of regular interaction kernels but in the case of
singular interactions like the Coulomb one, the existence of solutions to these hierarchies was
not known. Corollary 1.1 takes a small step toward putting these ideas on firmer ground by
showing, up to a subsequence, the existence of limiting point processes.

Our next main result gives a quantitative estimate of log K(Lg) in the particular variant of
the Neumann jellium mentioned after (1.25). Observe that the error term in (1.29), below, is
negligible as soon as R > pg. Extending this to varying background measures is one of the
main objects of [65].

THEOREM 2 (Free energy expansion, Neumann jellium case). There exists a function
fa:(0,00) = R and a constant C > 0, depending only on d, such that

(1.27) —C =< fa(B) =Cx(B).
: o | CxB)
(1.28) fq is locally Lipschitz in (0, 00) wzth|fd(,3)| < 5
and such that if R9 is an integer, we have
logK(O ! 1 R
a2 ERE e+ o(xpL LB =),
AR R Pp

where pg is as in Theorem 1 and the O depends only on d.
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The function fy, which depends only on 8 (and d), already implicitly appears in [43]
(combine relations (1.16) and (1.18) in [43]) where it is given a variational interpretation,

1~ 1
(1.30) f4(B) = m;n(EW(P) + Bent[P|l'I1]>,

where the minimum is taken over stationary point processes P of intensity 1, W(P) is the
average with respect to P of the “Coulomb renormalized energy” (per unit volume) for an
Qﬁnite point configuration with uniform background 1 (see, for instance, [57, 64], it is the
W¢(-, 1) of [43]) and ent[ P| '] is the specific relative entropy (see [26]) of the point process
P with respect to the Poisson point process of intensity 1. Dimension d = 2 is particular since
it is the only one where fy is not expected to be bounded as 8 — 0; in fact, we expect the
bound we have in |log 8| to be optimal and to reflect the fact that the Poisson point process
should have infinite Coulomb energy W in dimension 2, in contrast with dimension d > 3
where its energy is always finite, as shown in [41]. Note that the formula (1.30) implies that
fq is a convex function of %

The error term in 1/R in (1.29) corresponds exactly to a surface term. Such an error agrees
with the predictions on the next order term that are found in the physics literature in dimen-
sion d = 2 [20, 66], which are made for a gas with quadratic confinement, hence constant
equilibrium measure, and which find a next order term in ~/N for N points (+/N corresponds
to R in dimension 2).

Once these results are proven, we briefly explain how one can deduce a “local” large
deviations principle, generalizing the macroscopic scale LDP of [43] and the two-dimension
mesoscale LDP of [42] to arbitrary dimension and down to the smallest (microscopic) scale.
More precisely, given xg in supp iy, for a configuration Xy, defining its blown up version

to be X, = Nd Xy, we define the “local empirical field” averaged in a cube of microscopic
scale size R around xo € supp uy by

(1.31) iR (X ::][

Or(N1/dxg)

x7

S x/ d
TxXNlI:lR(Nl/dxo)

where T is the translation by x and |, yi/a,,) denotes the restriction of the configuration

to Or(N1/%). In other words, we look at a spatial average of the (deterministic) point
process formed by the configuration. We denote by ‘B’,C\(,)”g the push-forward of Py g by if\}”R
Finally, we introduce the rate function of [43] which is defined over the set of stationary point

processes of intensity m (equipped with the topology of weak convergence) by

A
2
where W" is the renormalized energy, precisely defined in this context in [43] (and originat-
ing in [57, 59, 60]),! T1™ is the (law of the) Poisson process of intensity m over RY and ent is
the specific relative entropy. We also have

(1.32) #(P):==W"(P) + ent[P|TT"],

(1.33) min Fj' = Bm>~d fy(Bm'~d) — (gmlogm)ldzz +mlogm,

where fq4 is as in the previous theorem; this is the scaled version of (1.30), and, as already

seen in [43], if d > 3 an effective temperature ,BmI*% depending on the density of points
appears here (as well as every time the density dependence is kept explicit).

We recall that, in minimizing (1.32) there is a competition (depending on ) between the
energy term W™ which prefers ordered configurations (energy-minimizing configurations

It corresponds to the notation W(~, m) in [43].
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are expected to be crystalline in low enough dimensions) and the relative entropy term which
favors disorder and configurations that are more Poissonnian. The choice of temperature scal-
ing that we made in (1.1) is precisely the one for which these two competing effects are of
comparable strength for fixed B.

THEOREM 3 (Local large deviations principle). Assume that, on its support, the equi-
librium measure py is bounded below and belongs to C%* for some k > 0. Assume

that N > R > pg as N — oo and x( € supp jy satisfies, for some C > 0 depending only
ondand pny,

dist(xo, 9 supp iy

_1 1 PP R I B | C
>CN dmax(x(,B)Nd+2,X(ﬁ),8 ipg ,N3dB73 8 21d:2)+—.

o

Then, we have the following:

e If B is independent of N, the sequence {‘Bﬁ”g }n satisfies a LDP at speed R® with rate
function ]-'g‘/(x(’) — min ]-'gV(XO).

e If B—>0as N — oo, then {2137\‘,)7?} N satisfies a LDP at speed RY with rate function
ent[ P|IT™].

o If B — o0 as N — oo, then {‘Bx’”g} ~ satisfies a LDP at speed BRY with rate function
%(Wuv(m) — min Wrv @0)),

By Theorem 3 we recover for microscopic averages what was proven in [43] for limits
of macroscopic averages and in [42] for mesoscopic averages in dimension 2, and extend it

to general 5. We note that the regime with R ~ N 3 was treated in [43] for fixed B and can
be extended without difficulty to the present setting of general 8. It is for simplicity that we
present results only for mesoscopic and microscopic averages (i.e., by taking that assumption

that N > R > pp).

COROLLARY 1.2. Under the assumptions of Theorem 3, we have the following:

o If B is independent of N, the point processes defined as subsequential limits of the push

forward of Py g by the map if\?’R of (1.31) must, after rescaling by vy (xo)é and for almost
every xg, achieve the minimum in (1.30) among stationary point processes of intensity 1.
o If B — 0O, they must be equal to the Poisson point process of intensity 1.
o If B — oo, they must minimize W' among stationary point processes of intensity 1.

Note that the point processes considered here are not exactly the same as those of Corol-
lary 1.1 since they are obtained by first averaging over cubes. Their stationarity is a simple
consequence of that averaging (see [43] for a proof). Unfortunately, we do not know whether
a minimizer for (1.30) is unique (uniqueness has, however, been very recently proven for the
one-dimensional log gas analogue in [24]); it may very well not be, in particular, if a phase
transition happens at inverse temperature §. If it were, then this would provide the existence
of a unique possible limit point process along the whole sequence N — oo.

Our results apply as well to minimizers of Hy (formally the case f = o0); they then
improve on the results obtained in two dimensions in [4] and [53] and their generalization
to higher dimension in [54]. It shows (as for the related problem in [2]) that the rate of
convergence of the next-order energy is in % and gives equidistribution of points and energy
down to the microscales; see Theorem 4 in Section 8 for a precise statement.
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Method of proof. As in [9, 42] and as first introduced in this context in [53], the method
relies on a renormalization procedure, namely, a bootstrap on the length scales which couples
the free energy expansion and the local law information: local laws at large (macroscopic
scales) are used as a first input and allowed to get a first expansion of the free energy, which
in turn yields local laws at a smaller scale, and then a better rate in the free energy expansion,
etc, until one reaches the minimal scale pg.

The starting point of our approach is, as in the previous papers [43, 55, 57, 60], the “elec-
tric” reformulation of the energy H y, that is, its rewriting in terms of the (suitably renormal-
ized) Dirichlet energy of the Coulomb (or electric) potential generated by the points and the
background pg, which really leverages on the Coulomb nature of the interaction, and the fact
that the Coulomb kernel is, up to a multiplicative factor, the fundamental solution to a local
differential operator, the Laplacian. More precisely, we will see that, after removing some
fixed leading order term from H, we reduce to

(1.34) dPy g(XN) = exp(—BF(Xn)) du®" (Xy),

1
NNK(RY)

where K(RY) is the normalization constant and F is a “next-order energy” of the form

1
(135) F(Xn) = — / Vul,
ch Rd

where

N
i=g+ (30 -d)

i=1

is the solution of
N

(1.36) —Au :cd<25x; —u;),
i=1

where cq is such that —Ag = cq4dg. Here, x{ = Néxi and u = :“/9(') = lg (Né -) represent the
blown-up system, and in (1.35) the integral needs to be understood in a “renormalized” sense;
see Section 2 for more precise definitions. The quantity F-®, encountered in Theorem 2, is
then the analogue of fDR |Vu/|? here.

Our improvement of the scaling of the error in the free energy expansion is based on the
idea of quantifying the additivity of the energy over subregions of the main domain. In the
Coulomb gas setting, the additivity of the energy—once expressed in terms of the Coulomb
potential—was already observed and used, crucially, in [43, 59, 60]. It was proven, via a
screening procedure inspired by the work of [2] on a related problem and introduced in the
Coulomb context in [59], then improved in [55, 57] which yielded non explicit error terms.
In fact, this is the reason why the results of [42] were limited to two dimensions.

In this paper we combine the screening procedure with the idea of using two different
convergent quantities to quantify the additivity error in the free energy: the first quantity
denoted F(Xy,UR) is the equivalent of (1.35) with (1.36) solved over the cube with zero
Neumann boundary condition, while the second one, denoted G(X y, Lg), which is smaller,
is the equivalent of (1.35) where (1.36) is solved over the cube [1r with zero Dirichlet bound-
ary condition. The true energy is naturally bounded below by G and above by F, and we will
obtain quantitative bounds on it indirectly by estimating the difference between G and F.
These quantities are the analogues of those used in [2] for the study of energy minimizers
of a related problem. This idea of using two quantities which converge monotonically (after
dividing by the volume) to the same limit was already present in [2] and is related to a classi-
cal technique for estimating eigenvalues of the Laplacian under various boundary conditions
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that goes by the name Dirichlet—Neumann bracketing. A similar idea also arose in a different
context in the works [5, 8] on quantitative stochastic homogenization, and the central idea
in these works of quantifying the additivity of the energy by a bootstrap (or renormaliza-
tion) argument inspired the strategy of the present paper (see [6] and references therein for
more on these developments). The main difference here from previous works is that we must
apply such ideas in a probabilistic setting, in the context of a Gibbs measure, rather than a
deterministic variational problem.

This requires us to revisit and, significantly, to revise the previous screening construction of
[55, 57, 59]. We simplify it, optimize it and turn it into a probabilistic procedure by sampling
the screening points from a given Gibbs measure instead of constructing them by hand. This
allows us to reduce the energy and volume errors to surface terms, as explained in (1.26),
which is crucial when treating the regime of small 8. In particular, compared to [43], we
dispense with the use of several parameters which needed to be sent to 0 with no explicit
rates for the convergences. This is made possible by a new truncation approach borrowed
from [44, 45] and improved here. The precisely quantified screening error allows to estimate
the additivity error of the free energies associated to (a variant of G) and F. As in [2, 8], in
view of their monotonicity one then naturally obtains a rate of convergence to the limit.

Let us now give a more precise glimpse into the bootstrap argument used to prove the
central estimate which is (1.17). We denote K(U) or K# (U), the partition function associated
to the energy F in the set U C RY. We start by proving a first bound of the form

(1.37) logK(U)| = CBX(BIU|

(modulo some additional error terms in dimension d > 5). The upper bound holds thanks to
the general lower bound F(X») > —CN where N is the number of points, equal to pu(U)
(see Lemma 3.7). The lower bound holds thanks to a Jensen argument inspired by [29] (see
Proposition 3.8). Combining the lower bound for 8 and the upper bound for /2, we obtain

that the local law (1.17) holds at the largest scale N é The result for smaller scales is then
proved by a bootstrap: assuming it is true down to scale 2R, we try to prove that it is true
down to scale R, as long as R > pg. Let us consider a hyperrectangle 2 C ¥ of sidelengths
comparable to R, such that u(€2) is an integer, and let us denote n = ©(£2).

For any configuration Xy of points in RY, let us denote by n the number of points it has
in Q. To control the left-hand side of (1.17), we start by using (1.34) to write that

Epy 4 (exp(%ﬁFQ(XN)))

_ Jimeys XP(—3BF(XN)) exp(—FF (Xn) dpa(x1) -+ dpa(xn)
- Jgoyy exp(=BF(Xn)) dp(x1) - - dp(xy)

We wish to bound from above the numerator and bound from below the denominator. To
bound the numerator from above, we use the comparison between Neumann-based and
Dirichlet-based energies which easily yields

FE(Xn) = G¥(Xnla) = G(Xnla. ),  F¥(Xy) =G (Xyla) = G(Xnlae, Q°),

hence separating the integral according to the value of n, we find

Lo Qc
/aRdwe"p(‘zﬁG (X)) exp(= BB (X)) dia(x) - dia(x)

(1.38)

N /N 1 o
(1.39) §Z<n>/ exp(—EﬁG(Xn,Q))dM "(X,)
n=0 n
X exp(—BG(Xn—n, ) du®V " (Xy_n).

(Qc)N—n



58 S. ARMSTRONG AND S. SERFATY

On the other hand, for the denominator we may use the subadditivity of F, which translates
into a superadditivity of the associated partition function, to write that

/( o SPAFEN) dien) - dpen)
= (fl’ ) / exp(—pF(Xn, 2)) du®" (Xn)

X / - exp(=BF(Xyn, ) du® N Xy ).
(€20)N—n

We can expect the sum above to concentrate near n ~~ n, because other terms correspond to
a large discrepancy in the number of points in €2, which we can show leads to a large energy
in 2. Reducing to such terms, in order to bound the left-hand side of (1.38) the next step is to
bound from above the Dirichlet energy associated to G in terms of that associated to F. That
is, we show that we may replace G with F in the right-hand side of (1.39), up to a suitably
small error. Then, there only remains KB/2(2) / KA () in the right-hand side of (1.38), for
which we have the desired bound (in CBx (8)RY) thanks to (1.37). The core of the work is
thus to prove that

/HCXP(—ﬂG(Xn,Q))dM@’"(Xn)S/QHGXP(—ﬁF(Xn,Q))de(Xn)

and the same in Q°, up to a small error. This is accomplished thanks to the configuration-
by-configuration screening procedure, which replaces each configuration X, of n points by
a configuration X, of the correct number of points n that coincides with X, except on a
thin boundary layer. The energy and volume errors associated with the procedure are kept as
the small surface errors mentioned in (1.26) by using the fact that the local laws hold at the
slightly larger scale 2R which provides good energy controls.

The local law (1.17) also allows to show the additivity of the free energy itself, up to the
surface error terms in ,BRd_1 (roughly) for a cube of size R. As in [2, 5], this is the best that
one can hope with such a method. This implies the existence of the order N term in the free
energy expansion, as in [48, 49], except now with an explicit convergence rate. In that sense,
what we prove is a quantitative thermodynamic limit. Note that an expansion up to order N
of the free energy, with the variational interpretation (1.30) for the order N coefficient and
an error o(N), was already obtained in all dimensions in [43]; it came as a corollary of the
LDP. In the two-dimensional case, an error term of N!~¢ for some small (explicit) € > 0 was
obtained in [10] by a Yukawa approximation argument.

In [43, 55], we treated Riesz interactions and one-dimensional logarithmic interactions as
well as Coulomb interactions (with the important motivation of log gases). This introduced
some (not only notational) complications because Riesz kernels are kernels of nonlocal oper-
ators and a dimension extension is needed. This is why we leave the generalization to Riesz
and one-dimensional log gases to future work.

Outline of the paper. The paper is organized as follows. In Section 2 we introduce the
precise definitions of the sub and superadditive energies, the appropriate renormalizations
(whose specifics are new) and of the corresponding partition functions. In Section 3 we give
some preliminary results, including the sub- and superadditivity of the energies, a priori
bounds on the energies and partition functions. Estimates showing how the energies con-
trol the fluctuations of the configurations and adapted from previous work are gathered in
Appendix B. In Section 4 we give the main newly optimized result of the screening proce-
dure that allows to bound from above the additivity error. The proof of the screening itself is
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postponed to Appendix C. Section 5 is the core of the proof that accomplishes the bootstrap
procedure: starting from the a priori bounds on the largest scale, it shows how the screening
allows to obtain energy controls on smaller and smaller scales. In Section 6 we investigate the
consequences of the bootstrap procedure and deduce from the local laws the proof of the al-
most additivity of the free energy, hence the free energy expansion with a rate, in the uniform
background case. In Section 7 we describe the proof of the LDP result of Theorem 3. Finally,
in Section 8 we adapt our results to the case of energy minimizers to obtain Theorem 4.

2. Additional definitions.

2.1. Splitting formula and rescaling. We adapt here the splitting formula, introduced in
[57, 59]. It is an exact formula that allows to separate the leading order term in the energy
from the next order term, already giving the leading order coefficient in the free energy ex-
pansion. Here, we provide a new formula by expanding the energy around the thermal equi-
librium measure N ug, yielding more exact results and allowing to prove the local laws even
when the temperature gets large.

We recall that 8 = BN § and that the thermal equilibrium measure (g minimizing (1.6)
satisfies

1
2.1) g*,u9+V—|—510gug:C in RY,
where C is a constant. We then define
1
(2.2) fo=—g log 11g.

LEMMA 2.1 (Splitting formula with the thermal equilibrium measure). For any configu-
ration Xy € (RHN, we have

N

Hn(Xn) = N>Eg(1ug) + N D o(xi)
i=1

1 N N
+ 5//Acg(x —y)d(Z(Sx,- - Nue)(X)d<25x,~ —Nue)(y),

i=1 i=1

(2.3)

where £ is as in (1.5), ¢g as in (2.2) and A denotes the diagonal in RY x R9.

PROOF. It suffices to rewrite Hy (Xy) as

N N N
Hw ) = [ gt —y)d(st,-)<x>d(st,-><y> N v<x>d(26m)<x>,

Ac i=1 i=1 i=1
expand the integral after writing Zf\/:l Sy, =Npug + (ZlN=1 dx; — Nug) and use (2.1). [

Let us point out that, as mentioned in the Introduction, from this formula we see —é log g
appearing as an effective confining potential (in place of ¢ in the previous splitting for-
mula of [57, 61]). We next rescale the coordinates by setting X to be the configuration
(Néxl, e NéxN). The blown-up thermal equilibrium measure is u’g (x) = o (xN_é); it
is a measure of mass N which slowly varies. We also define the rescaling of ¢y to be
¢} (x) = Nagg(xN~a). By definition (2.2) we thus have

1
(2.4) Lo(x) = —Elogﬂé(x)-



60 S. ARMSTRONG AND S. SERFATY

We also have the following scaling relation:

N N
//A 9(x — y)d<25x,- - N/Le) (x)d<28x,- — NM@)()’)
¢ i=1 i=1

2.5)
1-2 Al / A ’ N
=1 ] gt =L - i )a(Xsy - )0 - (5 ogM 1.
¢ i=1 i=1

We may now define for any point configuration X and density u, the next-order energy
to be

| N N
(2.6) F(Xn, 1) = 5 //A glx — y)d<z5x,- - M) (x)d(z(sx,- - M) »,
¢ i=1 i=1

and the next-order partition function to be

2.7) K(u):=N"" o exp(—BF(Xn, ) du® (Xy).
Inserting (2.3), (2.4) and (2.5) into (1.4) and using the change of variables X j\, =N éX N
and (1.6), we directly find

(2.8) Zyp= exp(—ﬁNH%Eg(,ug) + (gNlogN>1d:2>K(,ug).

Note that a main difference with using the previous splitting formula is that here no ef-
fective confining potential term remains, and the reduced partition functions are defined with
integrations against u®" instead of the Lebesgue measure which makes handling the entropy
terms much more convenient.

From now on we will thus be interested in expanding the logarithm of partition functions
of the type (2.7) for generic densities w such that fRd du=N.

2.2. Electric formulation and truncations. We now focus on reexpressing F(Xy, i) in
“electric form”, that is, via the electric (or Coulomb) potential generated by the points. This
is the crucial ingredient that exploits the Coulomb nature of the interaction and makes the
energy additive. We rely here on a rewriting via truncations, as in [55, 57], but using, as in
[44, 45], the nearest neighbor distance as a specific truncation distance so that no error term
is created. This technical improvement is crucial and, in particular, allows to dispense with
the “regularization procedure” of [43].

We consider the potential & created by the configuration Xy and the background ., defined
by

N
(2.9) h(x) := /Rd g(x — y)d<z5x,~ - M) ().

i=1
Since g is (up to the constant cq), the fundamental solution to Laplace’s equation in dimension
d, we have

N
(2.10) —Ah:cd(Z(Sxi —M>.

i=1

We note that A tends to O at infinity because [ = N and the “system” formed by the
positive charges at x; and the negative background charge N is neutral. We would like to
formally rewrite F(Xy, i), defined in (2.6), as f |Vh|?; however, this is not correct due to
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the singularities of & at the points x; which make the integral diverge. This is why we use a
truncation procedure which allows to give a renormalized meaning to this integral.
For any number n > 0, we denote

2.11) £,(x) == (9(x) —g(m) .,

where (-)4+ denotes the positive part of a number and point out that f;, is supported in B(0, ).

This is a truncation of the Coulomb kernel. We also denote by 8)(677) the uniform measure of

mass 1 supported on d B(x, n) which is a smearing of the Dirac mass at x on the sphere of
radius 7. We notice that

2.12) f,=g* (5 —8")
so that
(2.13) —Af, =cq4(80 — 8").
For any 7 = (11, ..., ny) € RY and any function / satisfying a relation of the form

N
(2.14) —Ah:cd<28xi —u),

i=1

we then define the truncated potential,
N

(2.15) hiy=h—> f,(x—x).
i=1

We note that, in view of (2.13), the function /; then satisfies

N
(2.16) —Ahj =cq (Z 5 — u>.

i=1
We then define a particular choice of truncation parameters: if Xy = (x1,...,xy) iS a
N-tuple of points in RY, we denote foralli=1,..., N,

|
2.17) r = Zmln(r}l;ﬁl;l lx; — xjl, 1),

which we will think of as the nearest-neighbor distance for x;. The following is proven in
[44], Proposition 2.3, and [63], Proposition 3.3 (here, we just need to rescale it).

LEMMA 2.2. Let Xy be in (RHVN. If (n1,...,nN) is such that 0 < n; <r; for each
i=1,...,N, we have

1 ) N N
(2.18) F(Xn,pn) = E(/}Rd [Vhi| _Cdgg(ﬂi)) - ; . £y, (x — xi) dp(x),
where h is as in (2.9).

This shows, in particular, that the expression in the right-hand side is independent of the
truncation parameter, as soon as it is small enough. Choosing n; = r; thus yields an exact
(electric) representation for F. In Appendix B we provide monotonicity results which show
that taking truncation parameters n; larger than r; can only decrease the value of the right-
hand side of (2.18).
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2.3. Dirichlet and Neumann local problems. We now introduce new local versions of
these problems, that will serve to define the sub- and superadditive energy approximations.
Let us consider U a subset of RY with piecewise C! boundary, bounded or unbounded. Most
often, U will be RY, a hyperrectangle or the complement of a hyperrectangle. Although N
originally denoted the number of points in R? and defined the blown-up scale at which we
are working, when ambiguous, we will also use the notation N to denote the total number of
points a system has in a generic set U which may not be the whole space.

The main quantity we will use is one obtained by solving a relation of the type (2.14) with
a zero Neumann boundary condition. We need to introduce a new modified version of the
minimal distance to make the energy subadditive: we let

PO . .
(2.19) fii= g mm(xjénUl’l}# lx; — x|, dist(x;, 8U), 1).
In order to have an energy which is always bounded from below, we need to add some energy
to points that approach the boundary. To that effect we define

(2.20) h(x;) := (g(% dist(x;, E)U)) — g<%)>+

If u(U) = N, an integer, for a configuration X of points in U, we now define
F(Xy, 1, U)

(2.21)

1 u N ;
:=2—(/ |vbrr|2—chgm))—Z/f?,»(x—xi>du(x)+2h(xl'>=
Cd \Ju i=1 i=1/U i=l

where u solves

N
—Au =cd<28xi —M> inU,

—
ou l

— =0 on dU.
dv

Note that, under the condition «(U) = N, the solution of (2.22) exists and is unique up to
addition of a constant. Unless ambiguous, we will denote F(Xy, U) instead of F(Xy, i, U).
We note that from (2.18), F(-, RY) coincides with F defined in (2.6).

We will use a localized version of this energy: if u solves (2.22) and €2 is a strict (closed)
subset of U, we define

(2.22)

1
i i i — x|, dist(x;, 0U N Q2)1) if dist(x;, 02\ oU) > —,
223) T ;:l mm<xjer?21’r]1.#l. |x; x}| ist(x; ) ) if dist(x; \ ) 5

min(1, dist(x;, 93U N Q)) otherwise;
and
F (X, U)
(2.24) 1
= ([ v - ¥ o) = ¥ [ fer-xoduto+ 3 e,
Cd \JQ i,X;€Q ixieQ’U i,x€Q2

We will also use the following variant of T; which only differs near 92 \ dU':

(225) Trii=-

1 {min( min |x; — x;|, dist(x;, 0U N 2), 1) if dist(x;, 02\ dU) > 1,
s XjEQ, j#i
4

min(1, dist(x;, 3U N Q)) otherwise.

Let us point out that when 2 = U, thenT; =1; =T;.
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Our second quantity is obtained by minimizing the energy with respect to all possible
functions u compatible with the points in the sense of satisfying (2.14), it naturally leads to
a Dirichlet problem and to a superadditive energy. For a configuration Xy of points in U,
imitating (2.18) we define the energy relative to the set U as

1 N N
(226)  G(Xy.p.U) = Z—Cd(/UWwF—chg(ﬁ-)) —Z/Ufw — w)dp),
i=1 i=1

where T is as in (2.23) with & in place of U and U in place of €2, and

N
2.27) —Av =cy (Z Oy, — M) inU,

i=1

=0 on dU.

We will often omit (unless ambiguous) the dependence in w in the notation and simply write
G(Xy, U). Using standard variational arguments, we may check that we have

N N
G(XN,U)zmin{in |w?|2—cd29@)>—2 B (v — x) dp(o) -
2.28) Cd \JU i=1 i=17U

N
—Au :cd<28xi — u) in U]‘
i=1

We will not use G very much but rather a variant (mixed version of the energy), for Q2 a
subset of U that may touch oU. For X, a configuration of N points in 2 N U, imitating the
definition of G we set

1 N N
(2.29) HU(XN,Q):=2—</Q U|Vurr|2—chg<ﬁ))—Z B =) dug),
n i=1 i=17 8N

Cd

where T is as in (2.23) and

N
—Aw =cd<25x,. —u) inQNU,

i=1

(2.30) ow
— =0 on dU N,
av
wy=0 ond(2NU)\ oU.
We can check that
Hy (Xn, £2)

1 N N
2.31) mm{zcd </mu| wrl Cdggﬁ)) ZZZI T = due)

N . ow
—Aw =cyg Z(Sxi—,u mUNK, —=0o0ndUNK;.
i—1 v

We then define a localized version: if w is a subset of €2,

1
(2.32) HY(Xy. Q) ‘:EU NP a®@) -
wn

1,X; Ew [ E=10)

/ fr, (x —x;) du(x),
QNU

where T; is now relative to dw. We note that if U = RY or if Q is a strict subset of U, Hy
coincides with G.
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2.4. Partition functions. We next define a partition function relative to U. If u(U) = N,
then we define

(2.33) KU, p) =N / L exp(—BF(Xy. . U)) dp®N (X ).
U
We also define the associated Gibbs measure by

(2.34) QU, ) := exp(—BF (X, i1, U)) du®N (Xy).

1
NNKU, 1)

We may also consider in the same way (although we will not give details)

(2.35) PN (U, 1) := exp(—BG(Xn, i, V) dpu®N (X ).

NNLN(U, p)

We will assume without loss of generality that the points in X 5 never intersect the bound-
ary of the considered cubes which is legitimate since this would correspond to a zero-measure
set in the integrals defining K. As above, we will simply denote (unless ambiguous) these
quantities by K(U) and Q(U). We note that K(RY, ) coincides with K(u), defined in (2.7),
and that in view of the splitting formula (2.3) and (2.8), Q(RY) coincides with the original
Gibbs measure Py g, defined in (1.1).

3. Preliminary results.

3.1. Partitioning into hyperrectangles with quantized mass. We will use throughout the
paper the following definition.

DEFINITION 3.1. For any R we let Qg be the set of hyperrectangles Q whose side-
lengths belong to [R, 2R] and which are such that u(Q) is an integer.

LEMMA 3.2. Assume nw>m > 0 in a set U. There exists a constant Ry > 0 depend-
ing only on d and m such that, given any R > Ry, there exists a collection Kg of closed
hyperrectangles with disjoint interiors belonging to Qg and such that

G.1) (xeU:d(x,0U)<RyCU\ |J K ClxeU:d(x,aU) <2R}.
Kekp

Moreover, if U is a hyperrectangle, we can require that g cxc, K = U.
PROOF. The proof can easily be adapted from [60], Lemma 7.5. [

3.2. Sub- and superadditivity. Here, we show that F is subadditive, as desired (one can
also easily check that G is superadditive). We will use various results on the monotonicity
of the energy with respect to the truncation parameter which are stated and proven in Ap-
pendix B. In the rest of the paper, when talking about “disjoint union of two sets,” we mean
the union of the closures of two sets whose interiors are disjoint.

LEMMA 3.3. For any configuration Xy defined in U with N = p(U), if Q is a subset of
U and w a subset of 2, we have
(3.2) F*Xn, U) 2 Hu(Xnle, @), HH XN, @) 2 HY (XN o, @)
and if w is the disjoint union of w; and w»,

(3.3) 0 (Xn, Q) = Hy' (Xn, Q) +H (Xn, Q).
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PROOF. Let us first change T; relative to w into T; relative to w; for x; € wy, respectively,
T; relative to wy for x; € wy. This increases these truncation parameters, hence, in view of
Lemma B.1, it may only decrease the computed value of Hy . Splitting the obtained integral
into two pieces, we deduce that

w 1 2
U(XN,Q)Z—2 ( [Vwr, |~ — cq
Cd w1

> g(Fi))— >

i,Xj €w] i,Xji €w]

| = xduw
QNU

| = duco,
QNU

where w is as in (2.30) and the T; are those relative to wy, resp. w;. It follows that (3.3) holds.
The first item of (3.2) is a consequence of the minimality property (2.31). The second item is
proven by using the minimality property (2.31). [J

1
+2—Cd( [ 1P e 3 g@))— )

1,Xji Ew) I,X; Ewn

As already observed and used in [43, 55, 57, 59, 60], solving Neumann problems allows to
get subadditive energy estimates over subcubes by using the following lemma (whose proof
we omit) which exploits that the Neumann electric field is the L projection of any compatible
electric field onto gradients.

LEMMA 3.4 (Projection lemma). Assume that U is a compact subset of RY with piece-
wise C' boundary. Assume E is a vector field satisfying a relation of the form

N
3.4) —divE =cgq (Z Sy — u) inU,

i=1

E-v=0 on dU,

and u solves

N
—Au =Cd<z5xi —,u) inU,

|
u l

— =0 on dU.
v

/ |w?|25/
U U

We now check that the energies F is subadditive, as desired. One can check that G is
superadditive as a consequence of (3.3).

Then,
2

N
E =) V(- —x)
i=1

LEMMA 3.5 (Sub- and superadditivity). Assume U is the union of two sets Uy, Uz with
disjoint interiors and piecewise C' boundaries. If Xy is a configuration in Uy and Yy, a
configuration in Uy with w(Uy) = N, uw(Uz) = N, then

(3.5) F(XyUYyN,U) <F(Xy,U1) +F(Yy, U2).

PROOF. For (3.5) let u and u’ be the solutions to the Neumann problems associated with
the definition of F in (2.21), and set E = Vu, E' = Vu’'. We have

N N’
(3.6) —divE=cd(Z(Sxi—M) in U, —divE’=Cd<Z<3yi—,u> in U».

i=1 i=1



66 S. ARMSTRONG AND S. SERFATY

We may now define E® = E1y, + E'l1y, and note that it satisfies

—dionzcd( > ap—u) inU,

(37) peXNUY s
EV.v=0 on dU.

Indeed, no divergence is created across dU; N dU, thanks to the vanishing normal compo-
nents on both sides. The result then follows from Lemma 3.4. [

The subadditivity property has the following counterpart for the partition functions.

LEMMA 3.6. Assume U is partitioned into p disjoint sets Q;, i € [1, p] which are such
that 1 (Q;) = N; with N; integer. We have

NIN—N L
(3.8) KW) = — x| | K(Q0).
Nyl NpIN{ ™ N, 7 i

PROOF. It suffices to partition the phase space into sets of the form {x;,, ..., x; N € 0;}
foreach j =1, ..., p, then to use (3.5), noting that the number of ways to distribute N points
in the p sets with N; points in each set is % O

I..N,!

3.3. Preliminary energy and free energy controls. We start with a rough bound on F
which yields an upper bound for K.

LEMMA 3.7 (Upper bound for K(U)). Assume w(U) = N, then we have for any Xy,

3.9 F(Xy,U)>—-CN
and
(3.10) logK(U) < CBN,

where C > 0 depends only on d and A.
PROOF. The relation (3.9) is a consequence of (B.8) and (3.10) follows directly. [

Obtaining a lower bounds is a much more delicate task. For that we use an argument
inspired by [29]. We have the following a priori lower bound, in which the logarithmic cor-
rection x (8) (in dimension 2, for 8 small) appears for the first time. At this point, we need to
distinguish between the number of points a configuration has in a generic set U, that we will
denote N, and the number of points in the original problem, denoted N, which corresponds

to (RY) and also dictated the blow-up lengthscale N -3,

PROPOSITION 3.8. Assume U is either RY or a finite disjoint union of hyperrectangles
with parallel sides belonging to Qg for some R > max(l1, ﬂ_é), all included in %, or the
complement of such a set. Let  be a density such that 0 <m < u < A in the set ¥ and satis-
fying (1.13). Assume w(U) = N is an integer. If d = 2, assume in addition (if U is unbounded)
that

(3.11) w(ENU)<C

log N
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and
—2
(3.12) //2 glx —y)du(x)du(y) > —CN"log N.
U

There exists C > 0, depending only on m,d and A and the constants in (3.11) and (3.12),
such that

Bx(B)N ind=2,

(3.13) logkK(U)>—-C{ __ 1
BN + |0U|min(B3-2,1) ind> 3.

We note that (3.12) is automatically satisfied by scaling with C = % if p is the blown-up
of ug by N é

PROOF OF PROPOSITION 3.8. Step I: The case of the whole space. In the whole space
with (U) = n(R% = N, we have

N N
(3.14) F(Xy,RY) = // g(x—y)d(zsxi—u)u)d(sti—u)(y).
i=1 i=1

Starting from (2.33), we have

KRY =NV o exp(—BF(Xn, RY)) du® (X ).

Using Jensen’s inequality, as inspired by [29], we may then write
log K(RY) > — - F(Xn, RY) dp®N (Xy).
Rd)N

We next insert the result of (3.14) to obtain

/ F(Xy,RY)du®
RN

/ o (Z g(xi — x;) — 22 90 = y)dp(y)

i#]

[, et du(X)dM(y)> an® (Xx)
= %(N(N — DNY72 2NN NN // g0 = y) du(x) dp(y)
(R%?

I n_
=— Nt // 9(x — y) dp(x) du(y).
Rd 2
(R9)
It follows that
(3.15) logK(RY) = // 9Cx — ) dp () dp(y).
Ifd > 3, g > 0, hence this yields log K(Rd) > 0 which implies the desired result. If d = 2, this

yields log K(R?) > —BN log N which is unsufficient if 8 is not very small. We will improve
this below.
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Step 2: The case of a more general domain.

Substep 2.1: Setting up the Green function.

Let U be a general domain with piecewise C! boundary such that 4 (U) = N, an integer.
We note that the assumption on U implies that dU is a bounded set.

Denote U := {x e U : dist(x, 0U) < 1}, and let i be defined in U by

() exp(—fMh(x)) if <1,

(3.16) T(x) == [0 fh 1

where h is as in (2.20) and M > 0 is a constant to be selected below. Below (in Substep 2.3)
we will extend the definition of 7t to the rest of U in such a way that it remains bounded,
that w =7 on {x € U : dist(x, dU) > 2} and that w(U) = u(U) = N

First, we claim that we have

N
F(Xy. U) = // Gy, y)d(zax,—u><x>d<25x,-—u><y>
i=1 i=1

(3.17)

+ u<x,)+2h(xl

i=1

N —
le

I
—

i

where Gy is the Neumann Green kernel of U, characterized as the solution of

1
—AGy(x,y) = Cd<8y(x) — %ﬁ> inU,

0G
U onaU,
v
and
(3.18) Hy(x) :== }EE}C Gy(x,y) —gx —y).

We check that Gy and thus Hpy exist and are well defined up to an additive constant.
First, under our assumptions we claim that v = g * (8§, — ﬁﬁ) is well defined. Indeed,
in dimension d > 3 the convolution of g with 7t is well defined (since 7= € (), L) and
is in L? by the Hardy-Littlewood-Sobolev inequality. In dimension d = 2, we need that
f y 9(x —2)dia(z) < 0o. If U is bounded, then this is immediate from the boundedness of u
and w. If U is unbounded, since it and u differ only near dUU which is bounded, it follows
from (1.13). Second, we may solve for w = Gy — v, which satisfies

Jw av
— =—— onadU,
av av
which can be done variationally since dU is bounded.
We may now observe that u := fU Gy(x,y)df(y) is solution to

{—szO inU,

1 .
—Au Cd(f—m f) in U,
u

3=

(3.19)
on dU.

The function u of (2.22) is thus equal to f v Gulx,y)d (Z —1 0y, — ) (y). To obtain the claim
(3.17), it then suffices to integrate by parts from the formula (2.21) similarly as in (2.18).
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Substep 2.2: Lower bound.
Starting from (2.33), we have in both cases 8 > 1 or g < 1,

_ N — o
kw)=N" /U ﬁ exp(—ﬂF(XN, U) = log %(xn) N (Xp),
i=l1

with the convention that rlogw = 0 when w = 0. Using Jensen’s inequality, we may then
write

1 Noon v
logK(U) = — /U N(—ﬁF(Xw, U) =) log %(x») " (Xyy).
N i=1

We next insert the result of (3.17) to find
1Y 7 -
/ _(F(XN, U)+— > log —(x») d® (Xy)
uvN B

1 N _
=5/<ZGU(xi,xj>—2Z/ GU<xi,y>du<y>+// Gududu)dﬁw(Xﬁ)
UnN i—1JU U?

i#]

1 ¥ N N B
+/_(—ZHU(xi)+Zh(x,~)+—zlogﬁ(xi)> a7 (X+)
uv\2 B8

i=1

oo s
= NN - DN //U Gy, AR Ay ~ N //U G, D AEE) du(y)

.
+ N //U Gulr, ) dp()du(y)
1
2

+ N / <HU(x)+%logE(x)+2h(x)> AT (x)
U B T un

1—n 1
=5NN[// Gu(x,y)d(u—ﬁ)(X)d(M—ﬁ)(y)—=// Gu(x. y) dEdTT
U2 N U2

2. _
+/ (HU—I-—log—-l—Zh)du}.
U B "

It follows that

logK(U)

1
320 Z —ﬁi[ //U Gux, ) d(p—mE du - D)

Yy v // Gy(x,y)dux)du(y) +/ (HU + z log ® + 2h> dﬁ].
g U B T
Substep 2.3: Discussion of the three terms and the definition of . We now give an up-
per bound for the three terms in the right-hand side. We observe that, by definition (3.16),
controlling [(2log % + 2Bh) di involves evaluating [ Bg(r) exp(—CB(g(r) — C)) dr, while
bounding f |n — 1| involves evaluating f lexp(—CB(g(r) — C)) — 1|dr, where r is the dis-
tance to dU .
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With explicit computations, using the expression for g and a change of variables, we ob-
serve that

1 . 1 .
3.21 _ dr < ¢ Jmin(1, g72) ifd>3,
(3.21) /C Ba(r) exp(—Bg(r))dr < [nnnu,ﬁ) P
and

1 1 .
3.22 . ldr <C min(1, B3-2) ifd> 3,
(3.22) /0 lexp(=Bg(r)) — 1|dr < [mm(l’ﬁ) s
Thus, we find

min(1, B32) ifd>3
min(1, ) ifd=2.

(3.23) /A I — Tl + /A(logﬁwh(x))dnscmﬁ)
U U 22

We next claim that we can distribute @ — w in {x € U, dist(x, 0U) <2} \ U so that

(3.24) //U Gy, — D@~ D) < Cu(0)
and
1
T (min(1,po) ifd>3)
3.25 log —d Cu(U
( ) /Uog:u = Cul ){min(l,ﬂ) ifd=2.

This will allow us to extend & — u by 0 in {x € U, dist(x, dU) > 2} in such a way that
w(U) =p(U) and < C. This is accomplished by partitioning {x € U, dist(x, dU) < 2} into
disjoint cells C; of bounded size; then, design it in C; so that iz remains bounded by a constant
depending only on d, m and A, and fc u — = 0. We may then solve for —Au; =y —
with zero Neumann data on the boundary of each cell C;. Letting E =}, 1¢, Vu; we have
that —divE = — @ in U and E - v =0 on dU. Then, by L? projection argument, as in
Lemma 3.4, we find that

| v nau-mwau-mw < [ 182 <3 [ v

and this is bounded by a constant times the number of cells, which is proportional to [0U |,
hence equivalently to ,u(ﬁ ) since w is bounded below in ¥ and dU must be included in X by
assumption. This proves (3.24) and (3.25) is bounded by the number of cells times the bound
of (3.21). B

We then apply Proposition A.1 of the Appendix with the measure %, up to adding a
constant to Gy (hence subtracting it from Hy which has a null total effect in the above
right-hand side); we have

(3.26) / Gyx,y)dx=0
U
and
(3.27) Hy(x) < _N! / g(x — z) dfi(z) + C max(g(dist(x, dU)), 1).
U

We then deduce that, in view of (3.16), we have in U ,

2 ow -
HU+Blogﬁ+h§—N 1/g(x—z)dﬁ(z)—i—Cmax(g(dist(x,E)U)),1)—2Mh+h.
n U
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InU\ U , since dist(x, 0U) > 1, thanks to (3.27), we have instead
Hy+h< N / glx —2)dm(z) +C.
U

Choosing M so that 2M — 1 = C with C the same constant as in (3.27) and using (3.25), we
deduce that

2. | o
/ (HU 42 0g” h) a7 < —N // o(x — ) dE(x) dTE(y)
U B " U2

1

(3.28) B [ min1, p72) ifd>3,
+CN+Cu@) |k

Gmin(lp)  ifd=2.

In view of (3.19), we have that [, Gy (x, y)dii(y) = cst, while [[,,» Gy (x, y)dii(y)dx =0
from (3.26), hence cst = 0. It follows that

(3:29) ||, 6vamw i <o
Finally,
0 ifd> 3,
N // 9(x — M) dEW) dE(y) = { ~CN(og R+ 1) ifd=2,U = Qg
2 J—
v —CNlogN otherwise.

Inserting this and (3.29), (3.28) and (3.24) into (3.20) and using (3.12), we conclude that, for
a constant C > 0 depending only on d, m and A,

1

min(1, B3-2) ifd >3,

logK —Ccu(U
0gK(U) = ~Cul) {min(l,ﬂ) ifd=2

(3.30) 0 ifd >3,
—CB N(lOgR—i-l) ifd=2,U = Qr,
Nlog N if d=2, U unbdd.

In the case d > 3, this completes the proof.
We next treat the case of a cube in d = 2 by a superadditivity argument.
Substep 2.4: The superadditivity argument. Let us now partition U = Qp into p hyperrect-

angles in Q, with r = max(l, /3_%). Note that this scale is roughly equal to pg, the minimal
lengthscale at temperature 8; see (1.15). For each hyperrectangle we have, from (3.30), a
log K bounded below by —Cr9~!min(1, 8) — CArd(1 +logr).
Using (3.8) and Stirling’s formula (the log(N!N_N) cancels with ), log(N; !Nl._N") up to
order log N) and since p = O(BN), we thus get
logK(U) > —Cplogr® — Cp + p(—Cmin(1, g)r®~! — CBro(1 +logr))

—CNB(1+|logBl) ifp =<1,
~ |-CBN if B> 1.

In view of (1.14), we thus conclude, as desired, that

(3.31) logK(U) > —CBx (B)N.
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This completes the proof in the case d =2 and U is a cube. We can check that the same
argument works as well for other nondegenerate Lipschitz cells.
Step 3: The case of general U. We split ¥ N U (which is a set which a Lipschitz boundary)

into nondegenerate cells Q; of size min(1, ﬁ_%) with ;£ (Q;) integer. The same superadditiv-
ity argument, as in the last step, provides the bound

(3.32) logK(ZNU) = ~CPx(B)(ENU) = —CBx (BN.

On the other hand, we may insert (3.11) into (3.30) to get logK(2¢ N U) > —CBN. Another
application of the superadditivity (3.8) relative to ¥ N U and ¢ N U concludes the proof
of 3.13). O

Thanks to the a priori bounds (3.10) and (3.13), we deduce a first control on the exponential
moments of the energy. (In the rest of the paper, we highlight, when needed, the dependence
in B of the partition functions as a superscript.)

COROLLARY 3.9. Assume U and u are as in Proposition 3.8, and u(U) = N. There
exists a constant C > 0, depending only on d,m, A and the constants in (3.11) and (3.12),
such that

Kﬂ/Q(U)

(3.33) logEqqu) (exp(éF(X—, U)>> <log W) < Cﬁx(ﬁ)ﬁ—i—ClBUlmin(ﬂd%Z, 1).

4. Comparison of Neumann and Dirichlet problems by screening. The screening
procedure first introduced in [59] using ideas of [2] consists in taking a configuration X,
in a set whose energy H or G is known. Modifying it near the boundary of the set to produce
some configurations Y, with a corrected number of points for which the energy F is con-
trolled by H(X,,) plus a small, well-quantified error. It has been improved over the years, and
we here provide for the first time a result with optimal errors. An informal description of the
method as well as the proof of the following main result are postponed to Appendix C.

In the following result, two lengthscales, £ and 7, will appear; 7 represents the distance
over which one needs to look for a good contour by a mean value argument, then £ represents
the distance needed to screen the configuration away from that good contour. The screening
will only be possible if that distance is large enough compared to the boundary energy. In
other words, only configurations with well-controlled boundary energy are “screenable.”

For any given configuration, the set O (like “old”) represents the interior set in which the
configuration and the associated field are left unchanged, while in the complement, denoted
N (like “new”), the configuration is discarded and replaced by an arbitrary configuration with
the correct number of points. Because we are dealing with statistical mechanics, we need not
only to construct one screened configuration but also a whole family of them in order to
retrieve a sufficient volume of configurations. A new feature here is to sample the new points
of the screened configuration according to a Coulomb Gibbs measure in the set N (this done
in Proposition 4.2).

By abuse of notation, we will also write Q g4, to denote the #-neighborhood of Qg if r >0
and the set {x € Qg, dist(x, dQg) > ||}, if t <O.

We have to perform two variants of the screening: an “outer screening” when Q2 = Qg and
an “inner screening” when Q = U \ Qr. Both are entirely parallel. The main result is the
following.

PROPOSITION 4.1 (Screening). Assume U is either RY or a finite disjoint union of hy-
perrectangles with parallel sides belonging to Qg for some R > max(1, ﬂ_é), all included
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in X, or the complement of such a set. Assume | is a density satisfying 0 <m < u < A
in Q= Qg N U (outer case), respectively, 2 = U \ Qg (inner case), where Qg is a hy-
perrectangle of sidelengths in [R,2R] with sides parallel to those of U and such that
w(2) = n, an integer. There exists C > 5, depending only on d,m and A, such that the
following holds. Let £ and ? be such that R > 7 > ¢ > C, and in the inner case also assume
OrNU C{x €U, dist(x, 0= NU) > {}.

Let X,, be a configuration of points in 2, and let u solve

n
—Au =Cd<25x; — M) in 2,
i=1

4.1
ou
—=0 ondUNQ.
v
We denote if Q= Qr NU
(42) S(Xn) :/ |Vu?|2’ S/(X”) = sup/ |VM?|2,
(Qr_\Qr_opNU x (Qr_?\Qgr_opNOp(x)NU
respectively, if Q = U \ Ok,
4.3) S(Xn) =/ |VI/£?|2, S/(Xn) = sup/ |Vu?|2,
(Qgia?\ Qi DNU ¥ J(Qpai\ Q) NOp(x)NU

where T is defined as in (2.25).
Assume the screenability condition

4.4) TARRIES len(S (X)), S(Xn)>

There exists a T € [Z, 257], a set O such that Qr—7—1NU C O C Qr_1+1 NU (respec-
tively, U\ Qr—741 SO CU\ Qr_7-1), a subset Iy C {1, ...,n} and a positive measure [i
in N :=Q\ O (all depending on X,) such that the following holds:

e no being the number of points of X, such that B(x;,T;) intersects O, we have

4.5) AN =n—no,  |n\) —EA)| < C(Rd—1 + S(if")),
m S
(4.6) i — BllLeevy < > /N(M ) SC—EZ :

o We have #1y < Cﬁ%gﬁ.

e For any configuration Zn_,,, of 1 — no points in N, the configuration Yy in Q, made by
the union of the points x; of X,, such that B(x;,T;) intersects O and the points z; of Zy—n 0>
satisfies

F(YH’ Q) S HU(XIM Q)
“4.7) —}—C(ZS( n)

+ R lz‘|‘F(Zn n@:M N)+In—n|+ Z g(xl_zj))
@i, jed

where the index set J = J(X,,) in the sum is given by

(4.8) J:={G, j)elyx{l,....,n—np}: |xi —zj| <T}.
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Once this result is established, one may tune the parameters ¢, 7 to obtain the best results.
For instance, at the beginning we may only know that [ Or |Vuy|? is bounded by O(RY), we

then bound S(X,) and S (X,) by O(RY), optimize the right-hand side of (4.7) and choose
£ < ¢, satisfying the constraints and obtain

F(Ya, Q) <Hy(Xy, Q) + C(RY + |n —n])

for some o > 0, that is, we get an error which is smaller than the order of the energy. The
error |n — n| can be controlled via the energy on a slightly larger domain and shown to be
negligible as well.

At the end of the bootstrap argument, we will know that the energy and points are well
distributed down to say, scale C. This means that we then know that (for good configurations)
S’(X,) is controlled by 79 and S (Xy) by R9~17. The condition (4.4) is then automatically
satisfied, and we can thus take £ = C, £ = C, and we may also control n —n by O(RY™!) to
obtain a bound

F(Yn, Q) <Hy (X,, Q) + CRY™!,

that is, with an error only proportional to the surface, the best one can hope to achieve by this
approach.

The above proposition is sufficient when studying energy minimizers, but when study-
ing Gibbs measures, we actually need to show that, given a set of configurations with well-
controlled energy, we may screen them and sample new points in AV to obtain a set with large
enough volume in which (4.7) holds. This is possible and yields comparison of partition
functions (reduced to screenable configurations) as stated in the following.

PROPOSITION 4.2.  With the same assumptions and notation as in the previous proposi-
. . .. ~ 1
tion, assume, in addition, that £ > 72 if d = 2. Let us define the set Dy ; to be

(4.9) Ds,z = {Xn e Q",S(X,) <sand S/(Xn) = Z}»
where S, S" are as in (4.2), resp. (4.3). For any number s such that
(4.10) e S Cmin(%, z)
and
4.11) s < cl?R4!
for some ¢ > 0 small enough (depending only on d, m, N), there exists o, o’ satisfying
o 1 s 1~ ~
4.12 ——1|<C(=4+=——). =R '<a<ClRY!
12 ‘a ‘— (£+€2Rd1> C ==
such that letting
st
(4.13) Ee .:c(z + R~ lzx<ﬂ)+|n—n|>
and

K , o
gy =C—=+a—a +n—n—o)log—
4.14 ¢ o
(4.14) 1 n—n 1 n
— (a—l—n—n—i——)log(l—i——) + —log —,
2 o 2 n
we have
4.15) n_”/ exp(—BHy (Xn, Q)) dpn®" (X,) < CK(Q) exp(Be. + &).

$,2
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Here, the quantity e, corresponds to the energy error while ¢, corresponds to the volume
error. We want the volume errors to be bounded by O(B) times the volume which is more
difficult to obtain when g is small.

PROOF OF PROPOSITION 4.2.  For each X, € D; , with s, z satisfying (4.10), the screen-
ing construction of Proposition 4.1 can be applied, providing a number np(X,) and a
set O(X,) (we emphasize here for a moment their dependence on X,). When screening,
we delete n — no points in the configuration; for those that fell outside of O, there are ( n'ég)
ways of choosing the indices of the points that get deleted. In terms of volume of configura-
tions, this loses at most w(N)" "0 volume. In addition, we glue each X,|» with n — np
points of Zy_,, = (21,...,2n—ne); there are (n';o) ways of choosing the indices for the
gluing, resulting in configurations Y; in Q" satisfying (4.7). We integrate the choices of
(21, ..+, Zn—np) With respect to the measure u restricted to N. We deduce that

/ _exp(=BF(Ta, Q) dp®"(Yy)

l ~
z/ / eXP[—ﬂHU(Xn,Q)—CﬁCT+Rd_'€
Ds,; JN(Xp)""O 14

+F(Zono EX) N )+ =1+ 3 g =2 |

@, jeJ

(4.16)

y (o) 1
(o) W)™ ="0 o ¢

Below we will show that, for each X, € D; ;, we have
/ eXp(—Cﬂ (F(zn_no, LA+ Y oG-z j))) A" (Zy )
NETRO G.j)ed
4.17)
> @-nor O exp( [ ilogl — Cox(pRT).
N n

dul3" "N (Zo o) A (X,).

Before giving the proof of (4.17), we use it to obtain the proposition. Thanks to (4.6), (4.11)
and (4.5) we have |% -1 < % if ¢ is chosen small enough, and thus by Taylor expansion

o~
@iy [ oet= [ a-qro [ B —uon-ron+o( ).

By Stirling’s formula,

1 (n!(n —no)! (n— n@)n_”o)
B\l —no)! pW)r—ro

(4.19)
+ 1 o nn —ne) c
f— g —_— — .
(N ) n(n—no)
Combining (4.17)—(4.19) and inserting into (4.16), we obtain, for a constant C depending
only on d, m and A,

>nlogn —nlogn+ (n —nO)log

/ exp(—BF(Ya, ) dp®" (Yn)

> exp(— (5 + B Tu(p) + n—nl) - )
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x [ [exp(=AHu (X, @)+ niogn — nlogn + u(A) — F))
Ds,;

_ l n(n _nO) _ ®n
XeXP<(n no)log u(/\/) +21 gn(n_no) C)}du (X,).

We may next use a mean-value argument to obtain, for some configuration X € Q”,

/ _exp(=BF(Ya, Q) dp®"(Yy)

B 0
> exp[nlogn —nlogn + p(N (X)) — AN (X)) + (n — no(Xy)) log %

1. nmn—no(X?) ael Cs
+§10g—n(n—n@(X2))_C C,B( + R Zx(ﬁ)+|n—n|) EZ}

X/D exp(—BHy (Xn, Q) du®" (X,).

Letting then o = (N (X?)) and o’ = (N (XY)), we have in view of (4.5) that (4.12) holds,
and we may rewrite the second exponential term as

n—n+a 1 n(n—n—i—a))
2 no ’

exp(nlogn—nlogn—i—a’ —a+(@m—n+a)log——— + -~ log
o

Rearranging terms, we obtain the proposition.
It remains to prove (4.17). Applying Jensen’s inequality, we find

/ . eXP(—Cﬁ<F(Zn—n@,ﬁ,N)+ 3 g(xi—zJ-)))dm@(“ "0 (Z )

@ et

= A/nno CXP|:_C,8 (F(Zn—n(gy ,a, N) + Z g(xi _ Z]))

@.ped

n—nop

+ ) log ~<z, ] AEMO)(Zyney)

i=1

> ﬁ(N)n—nO eXp|:ﬁ(N)n(:)—l‘l /j\[n_no (—Cﬂ (F(Zn—no» ﬁ,/\[) + Z g(x,- — Zj))

@i, jeld

n—-np

+ Z log = (Zl ) ®(n_no)(zn—n@):|»

i=1

where we recall that M(N ) =n — np. We then use the same proof as that of Proposition 3.8.
The term }_(; j)cs 9(xi — z;) adds a contribution,

~C(—no)" ™0 Y / 9 —2) dfi(z) = —CH(n — np)" 01y,

iely lz—x; |<F;

and, by #1; < Cs/Z and (4.11), we conclude that
/ o exp(—Cﬂ(Hzn_no, BN+ Y g —z ,~>>) dpl 3" (Znne)

(@.ped

> (n—np)" "0 exp(/ filogZ — CBRYE(1 + (log R)ld:2)>.
N I
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. ~ _1 . . .
In the case d = 2, in view of the fact that £ > 872, we see from its construction (in Ap-

pendix C) that A/ can be partitioned into disjoint nondegenerate cells of size max(1, ,3_%) in
which [i integrates to an integer. Using superadditivity, as in the proof of Proposition 3.8, we
conclude that (4.17) holds. [

COROLLARY 4.3. With the same assumptions and notation as in the previous proposi-
tion, there exists C > 0, depending only on d, m, A, such that the following holds. Let

Bn:{XnEQnasup/ |vu?|2§X(IB)MLd}»
{(9€2) _,pNOL(x)

X

where (0S2) oy denotes Qp_ 7\ Qpr oy NU if Q=QrNU and Qp,o7\ Qo7 NU if
Q=U\Qr-If

(4.20) R>L>CMmax(l, B 214s)
and dist(Qgr, 00X NU) > L, we have
n_”/B exp(—BHu (X, 2)) dpu®" (X,)

cCM R4!
@21) = k@ exp(BCRTI LM +1n— ) + L
/ o 1 n—n 1 n
ta—a'+m—n-olog—=—(atn—n+3|log(l+—)+log ),
o 2 o 2 n
with o, o' satisfying

Z 1l< —LRY ' <o <CLRY .

o ‘_CM, 1
o C

PrROOF. If X,, in B3, then

d—1
Ld-1
using the definition (4.2) or (4.3). We check that setting £ = = L and s = M % x(B)LY
and z = M x(B8)LY, we have that, if (4.20) holds, then up to making the constant larger

in (4.20), (4.10) and (4.11) hold, and the result follows by applying the result of Proposi-
tion4.2. [J

S(Xy) = My (B)LE, S'(Xn) < Mx(B)LY,

REMARK 4.4. When summing the contributions over 2 where n points fall and U \
where N — n points fall, the errors of (4.14) compensate and add up to a well-bounded error.
More precisely, if «, o', respectively, y, y’ satisfy (4.12), then for every n we have

, o
o—o +(n—n—a)10go7
1 n—n 1 n
—<a+n—n+—>log(1+—)+—log—
2 o 2 n

14

1 n—n 1 N—n
—<y+n—n+§>log(l+ )—i——log
14

2 N —n
Rd—l S2
SC( t +Z3Rd1)'
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PROOF. First, we notice that, since the expressions arising here originate in Stirling’s
formula, they can be restricted to the case of « +n —n>1, y +n—n>1,n>1 and
N —n > 1 (all the quantities involved are integers).

We then study the expression in the left-hand side of (4.22) as a function of the real variable
n (with the above constraints). Differentiating in n, we find that it achieves its maximum when

v’ (1+”_n)+ L 4 <1+n_”)
y'a g o 2(ax +n —n) g y
1 1 1

- 4+ ——— =0
2(y+n—n) 2n 2(N —n)

log

Usinge+n—n>1,y4+n—n>1,n>1, N—n>1and (4.12) we deduce that

n—n n—n
log(l + —) — log<1 + —)’ <C
Y o

and thus

n—n
1408
=

is bounded above and below

and it follows easily in view of (4.12) that [n —n| < C ZR%!. To find the maximum of (4.22)
it thus suffices to maximize it for such n’s. But for such n’s we may check that % log(1+%7),

% log(1+ %), log  and log %:ﬁ are all bounded by a constant depending only on d, m, A,
hence it suffices to obtain a bound for

, o n—n
a—a +(m—n—-a)log— —(¢+n—n)log| 1 + ——
o o
(4.23)
/ 14 n—n
+y —)/—I—(n—n—y)log?—(y—i—n—n)log(l—i—T).

Differentiating in n, we find that this expression is maximal exactly for

)4 o

n—n "o n—n by il
1+ :y,(1+ ) & n=n+i—
y  ra o S+

Inserting this into (4.23) we find that the expression is then equal to

/

, o n—n n—n y
o—a —alog— —alog| 1 + —— ) —ylog| | + —— ) + (n —n)log —
o o y Y

Rd—l S2
- 0( 7T Z3Rd—1>’

where we used a Taylor expansion and (4.12). [

The next goal is to select s, £, 7 to optimize the errors made in Proposition 4.2. This way
we obtain the main result of this section, which shows that, if one has good energy controls
at some scale, one can deduce some control at slightly smaller scales.

In all the rest of the paper, we will denote the event that X5 has n points in Q2 by

(4.24) An = {Xy e UV #({X5} N Q) =n).
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PROPOSITION 4.5. Assume U is either RY or a finite disjoint union of disjoint hyper-
rectangles, all included in ¥ with parallel sides belonging to Q, for some p > max(1, ,37%),
or the complement of such a set. Let |4 be a density such that 0 <m <y < A in the set X
and w(U) = N is an integer. Let Co = % for the constant C of (B.8).

There exists a constant C > 0, depending only on d,m and A, such that the following
holds. Assume that QR is a hyperrectangle of sidelengths in [R,2R] with sides parallel to
those of U, that w(Qr NU) =nand Qr NU C X. Assume that there exists a cube U of
size L such that

log Eaw) (exp(g(FD%, 0) + Cot((xy) L)) )| < ChrepIL?

with C > 1, and such that O, contains Q g 7N U with

(4.25)

Lsz%L
(4.26) T=CCmax(x(B)RT2, x(B)B~ R, RIp™3, 2 14n)
and
4.27) R > c/max(l,ﬂ*%x(ﬁ)%)

for some C' depending only on d, m, A, the constant C in (4.26) and C. Assume, in addition,
that

(4.28) dist(Qr NU, 3= NU) > L.

Then, there exists a sequence y, satisfying

N
(4.29) Y va <exp(=CBX(B)RY),
n=0
such that we have

]EQ(U) (exp(gFkaf(Xﬁ, U)IA,,)>

4.30
- < +@ex (,3(9 (ﬁ)Rd+|n—n|+9n>)

Once one has obtained local laws down to the minimal scale pg, Corollary 4.3 will allow
to improve the error term and bound it by R4~

PROOF OF PROPOSITION 4.5.  Step I: The case of excess energy. Recalling the definition
of A, in (4.24) and letting S be as in (4.2) and M > 0 be a constant to be determined below,
we define

By = {Xy € An, S(Xylae) < MCx (B)LY, S(Xyla) < MCx (B)LY.
We also define
Bl :={Xy_, e U\D" ", S(Xz_,) <MCx(BL%},

n
B, :={X,eQ", S(X,) <MCx(B)LY).
It is clear that if X5 € B,, then X|qc € B;l" and X#|q € B, . Also, if X+ € Bj,, then, in
view of (B.8) and the definition of S, we have

o d
FULR (X, U) + Co#({ X7 NOL) > MCX#
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hence

Eow) (exp(g(FmL(-, U) + Co#({Xw) N DL))IB;‘))

> exp(g %W)EQ(U) <exp<§F§(., U)) 13'%-).

It follows that
B
(4.31) Eaw){ exp{ SF¢. U) J15; ) < v,

with Zy],v:o Yn < exp(—CBx (B)RY) in view of (4.25), provided M is chosen large enough,
depending only on d, m, A. Henceforth, we fix M.

Step 2: The case of good energy bounds.

We now wish to estimate the same quantity in the event B,,. Let [ < %R, to be determined
later, and set

CMCx(B)LY > ar
¢
with C as in (4.10). This way, choosing s = MCx (B)LY, the screenability condition (4.10)

is verified. To apply Proposition 4.2, we also need C max(1, ﬁ_%ldzz) <l<l< %R and
s < cZsz_l; thus, we need

(4.32) £:= (

NI =1
(4.33) max(B~ 2 Laa, (MCx (B)LY)#?) < T < CMCx(B)LY, T< IR
and
(4.34) CMCyx(B)LY < ¢*R9!.

Using (3.3), (3.2) and (B.8), we have

gFQ(Xﬁ, U) — BF(Xw, U)
F‘o?(xﬁ, U) — BF (X, U) — BFY\ (X4, U)

i i
2 2

A

A

N[ N[

F (X, U) — —F*( X5, U) —

4
2

F (X5, U) — BFY\ (X5, U)

—gFQ\Q(XN, U)—

i
2

A

F (X5, U) — BFY\ (X5, U)

S_

F (X5, U) — BFYV\ (X5, U) + gCon

B B
< —EHU(XNRZ’ Q) — BHy Xxlu\a, U\Q) + Econ
Thus,

EQ(U) (exp <§FQ(-, U)) 13,,)

1 / B & ®N
=— | exp|=F*(X#,U) — BF(Xw,U) |dn
kW) /5 (2 N )
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1 N!
<— — / exp (—EHU@QH écon) dp®"
NNK(U)H'(N —I’l)’ Q'NB, 2 2

X / - exp (—BHy (-, U\Q)) du®N =",
(U\Q)VN—"NB;F

Inserting (4.15) applied in 2 (with /2 instead of 8) and in U\ 2 and using Remark 4.4, we
deduce that

EQ(U) <6Xp (gFQ(-, U)) 15’”)
1 N!
< — —

Cn' (N — )V K2 (Q)KP (U\Q) exp (me eyt §c0n>
with

Ee 1=

d
=C (z% + R (B) + In — n|>

and

o (MCxBLY R (MCx(B)LY)?
8”'—C< @ T TR )

where we used the choice s := MCx (B)LY. We may also bound from below K(U) using
(3.8) applied with 2 and U\ 2, which yields

B

8 ot K5 ()
KT (QKP(U\Q) < Q)

N!n"(N —n)N-n
NYKW)n!(N = n)!

Inserting into the above, we obtain that

Eqw) (exp (gng(., U)) 13,,)

oV (N MmN K5 (Q)
~ (N =)™ (N —n)V— KE(Q)

exp (,Bse + &y + §C0n>

By Stirling’s formula, for every n < N, we have

nl(N —n)!In"(N — n)N—" _|nN-n) _ c
n!(N —n)n?(N —n)N-n n(N —n) —

Therefore, we may absorb the log of this quantity into &, and conclude that

K5 (Q)
KE(Q)

(4.35) Eaw) (exp(?Fé(-, U)) 13}1> <C exp(ﬂge + ey + gCon).
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We now search for the smallest ¢ such that the terms of Be, + &, (except those involving n
and n) are < ,B%Rd, that is,

MCX(ﬂ)LdE C
7 "4
CR'Ix(B) < %Rd,
CMCX(/B)Ld

C ~RY,

ﬂRd,

=

¢
RV C
<—ﬁR

0
(MCx(ﬂ)Ld)z
E3Rd 1

and also (4.33), (4.34) are satisfied. Inserting (4.32), after direct computations we find that
this reduces to the conditions:

C

—,BRd

Cx(BLY)? <7 < Ecx(ﬂ)Ld
ci <R,
U= B 3 14ms,
CMCx(B)L® < ¢>RY!

for some constant C > 0 large enough, and depending only on d, m and A. With our choice
R < L <2R, this reduces to the following list of conditions (notice the sixth one above ends
up redudant with the first and seventh and the seventh with the second):

vV 1V
a
=
‘°.

vV 1V

It suffices to take

7:=CCMmax(x (B)R, x(B)B~ "8 R R3 ™3, f 1 14y).
R> C(C, Mymax(1, B2 x(B)3)

for some sufficiently large C > 0, depending only on d, m, A. Combining (4.35) with (4.31),
we obtain the result. [J
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5. Main bootstrap and first conclusions. This section contains the core of the proof,
that is, the bootstrap procedure that allows to show that if local laws hold down to a certain
scale, they hold at slightly smaller scales. We note that the local laws are valid up to the
boundary as long as one remains in the set where u > m > 0.

PROPOSITION 5.1.  Assume j and U are as in Proposition 3.8. Let u be a density such
that 0 <m < u < A in the set X. Assume that w(U) = N is an integer and that
1 J—
5.D ifd>3, [dU|min(1, 52) <BN.
There exists C > 2, depending only on d, m and A, such that the following holds. Let

1
(52) pp=Cmax(1, 72 (B)2, p72 ' 1gz5).
Let Lg(x) be a cube of size R > pg centered at x, included in ¥ and satisfying

dist(Or(x), 9= NU)
(5.3) 1 T R T T B |
> do:=Cmax(x (BN, x ()™ "dpg , N3 B3, B72log(BN)1ld=2).

Then, we have, for Cy := % with C, the constant in (B.8),
L (eOrNU d
(5.4) log Eq(u) (exp Eﬁ(F (,U)+ Co#({ X7} NOr(x))) | < CBx(B)RC.

PROOF. We first note that it is enough to prove the result in hyperrectangles Or € Qr,
with sides parallel to those of U and even more generally in Q p_,7if £ < 1 R with R > pg
as in (5.2). Indeed, thanks to the lower bound on u, general cubes of 51ze satisfying (5.2)
can be covered by a finite number of such hyperrectangles. The proof then proceeds by a
bootstrap on the scales: we wish to show that if

(5.5  logEqu) (exp(g(FW)(-, U)+Cot (Xl NOLW) ) ) < Cx (B

for any [y (x) sufficiently far from 0%, then if %L > R > %L and as long as R is large
enough, we have

5.6 togBaw)(exp( 5O, 0) + Cor1Xx N €x)) ) <CBXBIRS

By iteration, this will clearly imply the result: indeed, in view of Corollary 3.9 and (5.1)
and up to changing C if necessary, we have that (5.5) holds for L > %N 3. Without loss of

generality, we may now assume for the rest of the proof that L < %N 3.

To make sure that the constants are independent of 8 and R, we have used the notation C,
and we wish to prove (5.6) with the same constant C as in (5.5). In the sequel, unless specified,
all constants C > 0 will be independent of C, that is, they may depend only on d, m and A.

Let us now consider Qg € Qp, denote n = u(Qr N U) and, as previously, denote by A,
the event that X5, a configuration of N points in U, has n points in Qg N U. We wish to
control

Eqw) (exp(é(FQRﬁ(-, U)+ Con)>>

= Z exp( COH)EQ(U) (exp<§ (Fer—2(., U))1 An)).
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1

The terms in the sum for which n is close to n, more precisely, |n — n| < K R972 are easily

treated using (4.30). The terms for which [n —n| > K R%2 will be handled separately and
controlled by energy-excess considerations.
To apply Proposition 4.5, we need Q ., 7 to be included in a cube [y, in which the local

laws hold and at distance > Z, as in (4.26) from 0X. At the first iteration L is of order N i
and R > %L, so we need

dist(Qg, 9%) = CCmax(x (BN, x(B)B™ "4 N"4, N33, B2 14m0)
which is (5.3). At further iterations, to have Q.7 be included in [y, we need a fur-

ther distance of CCmaX(X(ﬂ)Rd%, X(,B)/S_l_éR_l, R%ﬂ_%, ﬁ_%ldzz). Since R is mul-
tiplied by a factor in [%, %] at each step, and since we only consider R > pg, we have
at most O(log(BN)) steps; summing the series over the iterations gives a total distance

> max(x (BN, x (B)B~' "3 p; "', N5ap~3, B~ log(BN)14—2), hence a condition of the
form (5.3) suffices.
1
Step 1: The bad event. We claim that in the bad event |[n — n| > K RY9™2, we have
(5.7) FOr3 (X, U) — F2R(Xy,U) > CR'"™¥n — n|> — CNop.s,

where N, , denotes the number of points in Q g43 and C > 0 depends only on A and d.
Assuming this and changing Cj to the larger constant in (5.7) if necessary, we then write

Eqw) (exp(g(FQR(-, U)+ Con)>1An)

(58) < EQ(U) (exp(é(FQR” (‘, U) + CONQR+3)>1~AH)

x exp(—BC R ™n — n|> + BCon).

Since L <2R and |n — n| > KRd_%, we now see that, if we choose K := C/Cx (8) where
C > 0 is large enough and depends only on C, Cy and d, the exponent in the second term in
the right-hand side is at most —CSx (8)LY.

Using (3.2), (3.3) and (B.8), we may check that

FORE3(. U) + CoNgg,; < FUL (., U) + CoN,

hence in view of (5.8) and the assumption that (5.5) satisfied in a cube [y containing Q g3,
we may bound

i logEqq) (exp(g(FQ"’(w U) + C0")>1An>
59) KK

0 B, o,
<exp(~CAX(BILY) Y Eaw) (exp(E(F L U)+ ,BCONDL))IAn) <1

n=0

To prove the claim, in view of (B.10) we may write
(5.10) c/ IVus* = CR'"™(|n —n| — C(1 + Il )REZ > R4 — n|?
Or+2\QR+1

if K is chosen large enough (depending on d and A), where ¢ > 0 is a constant depending
only on d, m and A. In view of (3.3), we have

(5.11) FOR® (X, U) — FOR (X, U) > FOR3\Cr (X U).
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By (B.8) we may write that

CFQR+3\QR (Xﬁ’ U) > / |VI/[?|2 _ CN’QR+3’
Or+3\0Or
where w~is computed with respect to Q R+3 \ Q. But by definition, |, Ors3\Or IVu?|2 is larger
than | Orio\ Ok |Vu'?|2, with this time r computed with respect to U which is bounded below
by (5.10). Inserting into (5.11), we thus conclude (5.7).

Step 2: The good event. We next consider the terms for which |n —n| < K R%2. For those
we may apply Proposition 4.5 (at least if R > C with C made large enough). We need to
assume (4.27). In view of (4.30), we may thus write

Y. Eaw (exp(g(FQ“Z(-, U)+ COH))IAn>

|n—n|§KRd_7

el

MR c K2 () B
< —x(BR*+|n—n|+ C ))7+ n (—C )
< Zd_lexp<ﬂ<4x(ﬂ) =1+ Con ) )z ot + voesp( 5 Con
n=n—KR 2

Recalling the choice of K as C/Cx(B) and using that n = u(Qr) < ARY, we have that
if n —n| < KRY2, then if R > Cx(B), we have KR%"2 < CRY and n < CRY, with C
depending only on d, m, A.

Using (4.29) and the fact that, by (3.10) and (3.13),

| KA/2(Qg)
°g< KP(Qr)

we deduce that, for every R > Cx (8),

(5.12) )5Cﬁx(ﬁ)Rd—i—CRd_lmin(l,ﬁdl_Z),

n+KRd71/2

>,  Eaw (exp(g(FQ’*‘zz(" U)+ CO”)>1An>

n=n—K Rd-1/2
<2R¢ eXP<ﬂ (%x(ﬂ)Rd + CoCRd>> exp(CBx (B)R? + Cmin(ﬂleZ, )R
+exp(BCoCRY — CBX (B)RY).

Making C larger, if necessary (compared to the constants Cq, C appearing here), we deduce

n+KR! B
Z Eqw) (exp(i (FQHZ(-, U)+ Con))lAn)
(5.13) —y

< exp(ﬁgx(ﬁ)Rd + Cmin(832, 1)R% + Clog R).

The term in min(j 7 , )R9I~ can be absorbed into Bx (/S’)Rd if we assume, in addition, that
R>CpB o (for dimension d > 3), this condition itself is implied by R > C ,8_% ifd=3,4.
The logarithmic term can then also be absorbed using (5.2).

Step 3: Conclusion. Combining (5.9) and (5.13), we conclude that (5.6) holds, and this
finishes the proof. [J
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COROLLARY 5.2.  Assume the hypotheses of Proposition 5.1 for Ug(x) with R > pg as
in (5.2), and let B be a ball such that 2B C Ug(x). There exists C > 0, depending only on
d, m and A, such that

N 2
(5.14) log Eq) (exp(éRz““”pE‘l( _ pBL —du) )) < CBx(B)p,

Ri=1

and, letting

N
D:=/(Z§x,-—d,u>,
B\i=1
we have
(5.15) log E p D 1,12 d
. oglKq(u) | exp ERd*2 min " Rd <CBx(B)R".

PROOF. We may suppose x = 0. First, we observe that, by choice of Cp and (B.8), we
have for any R > pg

1
(5.16) togEaw) (exp( 35 /D Viel) ) = Cx (IR

where T is computed with respect to d[1z. To deduce from this a control of the discrepancy,
we next may use either first (B.9)—(B.10) or second (B.11)—(B.12).

In the first way we cover Llg42 \ Llg—> by at most 0((R/p,3)d_1) cubes Qy of size pg.
Applying (5.16) for the cubes Qy and using the generalized Holder inequality,

k 1
(5.17) E(fi-- f) < [TE(F)F,

i=1
which can be proved by induction, we find
L R\ 2 d
6518 logBaw(exp(c (2 Viel)) = Cox B
'0/3 EIR+/0/3 \DR—pﬂ

for some constants C, depending only on d, m and A. In view of (B.9)—(B.10), we then bound

N 2
/D 25&- —du

Ri=1

< Cllull7 RV + CRT! / V],
Ur+1\Ur-1
Inserting into (5.18), we find (5.14).

In the second way, we simply bound f Box |Vu?|2 using (5.16). Inserting into (B.11)—(B.12)
directly yields (5.15). O

5.1. Conclusion: Proof of Theorem 1. We apply Proposition 5.1 in U = R, since (5.1) is
then automatically satisfied, it yields that, for any (g (x) satisfying (1.16), the estimate (5.4)
holds. Then, (1.18) and (1.19) follow from Corollary 5.2. The bound (1.20) follows from the
combination of (5.4) and (B.15) applied in RY. Finally, (1.21) is a consequence of (B.7) and
(5.4) applied with R = pg.

REMARK 5.3. We note that, similarly, all the results of Theorem 1 hold for the
Neumann—Gibbs measure Q(U) of (2.34) for any U and they can also be proven to hold
for the Dirichlet—Gibbs measure Py (U) of (2.35) away from the boundary.
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5.2. Proof of Corollary 1.1. Let us recall the setup for point processes, following [43].
We denote by X'(A) the set of local finite point configurations on A C RY or, equivalently, the
set of nonnegative, purely atomic Radon measures on A giving an integer mass to singletons.
We use C for denoting a point configuration, and we will write C for }_ . 8, and |C|(A) for
the number of points of the configuration in A. We endow X' (RY) with the topology induced
by the topology of weak convergence of Radon measure (also known as vague convergence or
convergence against compactly supported continuous functions), and we define the following
distance on X:

sup{ [, £ d(C =C), IV f oo ey < 1}
IC1(Ck) + IC'1(C)

> 1
(5.19) dx(C.C)=)" 7
k=1

The subsets X' (A) inherit the induced topology and distance. As seen in [43], Lemma 2.1,
the space A'(A) is then a Polish space.

Now, let S be fixed, and let x be a point as in the statement of the corollary. Let Py denote
the the push-forward of Py g under the map from RHYN to X(RY) given be

N
(X1, oo XN) > D) Sy
i=1
We wish to show that Py is tight. Indeed, since X (A) is Polish, Prokhorov’s theorem will
then imply the existence of a convergent subsequence for the topology on X' (A). B+Now,
let N) denote the map C +— |C|((Jy), that is, Ny (C) gives the number of points of X in .
By (1.19) we have that, for any k, if M is large enough,

Py g(Ne(fx1 —x, ..., xy — x}) > Mk%) < exp(—CpM?k%2)
or, in other words, by definition of Py,
Py (Ni(C) > MR®) < exp(—CpM?kT2).
It follows that letting K p = (52 {C, Nk (C) < MRY},

1
Pv(Ky)>1— —,
N (Kp) > i

hence to conclude that Py is tight; it suffices to justify that K is compact in X'(RY). Let
(Cy)n be a sequence of point configurations in K ;. By definition |C, |({Jg) is bounded uni-
formly by some py independent of n for each k, hence by compactness of (17, we may find
a subsequence such that C, converges in X'(L;), and by diagonal extraction we may find
a subsequence of n such that C, converges in X' (LJ;) for each k. By definition of the dis-
tance (5.19), this implies that (after extraction) C,, converges in X (RY). This proves that Ky
is compact and finishes the proof of convergence of Py up to extraction.

The fact that the points are simple under the limiting process is a consequence of (1.21).
The finiteness of the moments of all order then follows in view of the bound of all moments
of the number of points, provided by (1.19).

6. Leveraging on the local laws: Free energy estimates.

6.1. An almost additivity result. We next prove a general subadditivity result that makes
use of the local laws. Comparing it with the a priori superadditivity result of (3.8) gives
additivity up to an error.
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PROPOSITION 6.1. Assume that 0 <m < u < A in X. Assume U is a subset of ¥ at
distance d > dy from 0 X with dy, as in (5.3), and is a disjoint union of p hyperrectangles Q;
belonging to Qg, with R > pg satisfying

1 RI-1N g
6.1) RZ,O,g—i-(ﬂX(IB) log p§_1> :
and, in addition, if d > 4,
6.2) R>max(8&2 ", 1)Nad .

Then, there exists C, depending only on d, m and A, such that

p
logK(RY) — (log KR\ T) + > _log K(Qi)) ’
i=l1

(6.3) 1
< Cp(ﬁRd‘lpﬂx(ﬁ) +ﬁl_éx(ﬁ)l_é<log%)de‘l>.

If U is a subset of ¥ equal to a disjoint union of p hyperrectangles Q; belonging to Qg, with
R > pg satisfying (6.1), N; = u(Q;), then we have, with C as above,

(6.4) < Cp(ﬁRd“xw)pﬂ +B sy (p) e (log %)%d—l),

p
logK(U) — ) logK(Q:)

i=1

PROOF.  We will only prove upper bounds for log K(R?) and log K(U), since the matching
lower bounds are direct consequences of (3.8), Stirling’s formula and the control (6.8) below.

We recall that the local laws hold down to scale pg in U = RRY. In particular, for any cube [J
in U of size r > pg, we have

1
(6.5) log Eqqg) (exp(%ﬂ /D |w¢|2)) <Crigx(p).

Let O be the first rectangle in the list, and let us denote by »n the number of points a config-
uration has in Q1 and by n = u(Q1). Let us also define

01 :={xe 0y, dist(x,0;) <r)

and

B:= {XNG(Rd)N:|n—n| <e, sup/A
X

Vil < Mx ().
01Ny (x)

where we let

e:=M(R"\/x(B)pp)

and M > 0 is to be selected below. The first condition [ — n| < ¢ in the definition of 13 has
large probability in view of (5.14). For the second condition, by a covering argument we have

% conditions to satisfy, and each of them has probability of the complement bounded by
exp(—MpBy (B)r?) if M is large enough in view of (6.5). Using a union bound, we thus have

Rd—l
Q(RY)[B] = = exp(—=MBX (B)r°),
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and this is < § if

d—1 g 1
rd—_leXP(—M,BX(ﬁ)V ) < X
so we choose
1 RI-1\ g
(6.6) r=Mpg+ ( lo )
PTBxB) g

which satisfies the condition if M is large enough. It follows that

N[ exp(- RO d® = QEES[BIK(ES) < SK(ES)
A

N —

We thus have

NN
TK(Rd) =< / exp(—BF () du®"
B

n+¢ N'

N e

n=n-—e&

x / exp(—BHga (- B9\ 1)) du®N "),
B

where for the second line we subdivided the event over the possible values of n and ap-
plied (3.2).

We now apply the results of Corollary 4.3 with L =r to Q1 and R%\ Q1, combined with
Remark 4.4. For that we check that (4.20) is satisfied, since r > pg, and obtain

e NINTN

K(RY) <2K(QDK(R\ Q1) Y

n=n—e&

n N—n
ANy V=)

MZX(IB)ZRd—l )
—r .

x exp(Cﬁ(Rd‘lrxos)M +e)+

Next, using Stirling’s formula we have

\N—N,n ) \N—-n
NINYn"(N —n) <C N <cC.
n!(N —n)! - 2an(N —n) —

and we deduce
log K(RY)
M2X (13)2 Rd—l

r

<logK(Q1) —HogK(]Rd \ 01)+ C +loge +,3(MRd_1rx(,3) +e)+
Since
(6.7) r>pp>max(l, x(B)2p72) > 1,

we have %’3) < Br, so we may absorb the last term. Also, since r > pg > 1 and x(B) > 1,
by definition of & we may absorb & into M RY~!rx(B). Since R > P =~/ x(B), we have

R4-1 JXx(Bpg = CR9Y, so, inserting the definition of r, we find
log K(RY) <logK(Q1) +logK(U \ Q1) + Clog R + CBR*™' pgx (B)

1
N
+ Cﬂl—éRd—1<log p—) (BT
5
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Finally, since R > pg > Cx (,3)%/37%, we have that, for every R > pg,

(6.8) log R < CBx(B)ps R

which allows us to absorb the log R term into the others.

We may now iterate this by bounding log K(RY \ U{:l Q;) in the same way, thanks to
the local laws up to the boundary of Proposition 5.1. For this we check that, for every j < p,

R9\ U{Zl Q; is a set satisfying the assumptions of the proposition, in particular (5.1): indeed,

J mdN'~a
RY il
o(xUe) ="

where we recall d > d, while

N N
d(RY 0)|<cC Rd‘<c SR =C—,
\ 1U1 )| =Cp R
hence the condition (5.1) if (6.2) holds. This yields (6.3).
The proof of (6.4) is analogous; using that, the local laws hold up to the boundary for Q(U)

and that, for any union of hyperrectangles in Qg with R > pg, we have min(1, 8 lez)|8U | <
CBu(U) for some C > 0, depending only on d, m, A; hence, (5.1) is also satisfied. [J

6.2. Free energy for uniform densities on hyperrectangles: Proof of Theorem 2. We are
now ready to compute log K(Qr) when the density is constant in a rectangle Qg, taking
advantage of the superaddivity of log K and the almost additivity provided by (6.4). We rein-
troduce the u dependence in the notation K(U, ).

PROPOSITION 6.2. There exists a function fq on (0,400] and a constant C > 0, de-
pending only on d, such that the following hold:
e Forevery 8 >0,
(6.9) —C = fa(B) =Cx(B).
e fqislocally Lipschitz in (0, +00) with

Cx(B)
5

(6.10) | f4B)| <

o If Qg € Qg and R > pg satisfy

1 RI-1N G
R>p +< log ) :
P\ B g

then

logK(Qg, 1) ‘ x(B) R
6.11 —_— 3 d] a2 .
(6.11) B10x] + fa(B)| = ( (p,s + B dx(B) dlog ﬁ))

PROOF. We first start by treating the case of a cube (g with RY integer. In view of (3.8),
we have

logN) 2d

1
ElogK(DzR,l)ZO( —i—FlogK(DR,l).
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Thus, denoting ¢ (R) = log};(% this means that

logR)

¢<2R>>¢<R>+0(ﬁRd

and summing these relations, we have

> log R
¢<oo)z¢<R>+0<Z o8 )

22 B2FR
that is,
(6.12) & (R) <¢(oo)+0<1OgR>
BRI

On the other hand, in view of (6.4) we have
R
(6.13)  K(Oar. 1) =2%logK(Tg. 1) + cm"("(ﬁ) (p,s + B3 x(B) 1 logs —))
pg
that is,
1 1 1 R
¢(2R) < ¢(R) + C<X(’3) < pp + B~ x () logd g»
Summing these relations, we conclude just as above that
x(B) R
(6.14) ¢(oo><¢>(R)+0( <pﬂ+5 3 x(B)"d logd —ﬁ))

Denoting by — f4(8) the value ¢ (co) and recalling (6.8), we have the desired bounds for
Qr = Ug by combining (6.12) and (6.14). We may then generalize to Qr € Qg by an-
other application of the sub/superaddivity of (3.8) and (6.4) and the a priori bounds (3.10)
and (3.13).

In view of (3.10) and (3.13) applied with u = 1 and U = [g, we also have —C x (8) <
¢ (R) < C with C independent of S. This implies that —C < f4(8) < Cx(B).

To prove that fy is locally Lipschitz, let us temporarily highlight the S-dependence and
compute

KP+(Og)

0og W = log ]EQ(DR)(eXp(_aF('s DR)))

<2|8|1 E ! F(,O
=5 og Q(DR)(CXP(E,B (s R)))

< ClsIx(BIRS,

using Holder’s inequality and (5.4). Dividing by B8R and sending R — oo yields (6.10). [

The proof of Theorem 2 is now complete.
We may scale the formula (6.11) to obtain the limit for any uniform density: we have if

0 € Qg and Q/=méQ.

]_2 1 / .
m' “dF(miXy, 1, Q') ifd > 3,

F(Xy,m, Q)=
F(méXN, 1,0) - %logm ifd=2.
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Thus, highlighting the 8 dependence, we have that

_2
KE(Q.m) = m—"QIkpm’ (0, l)exp(§|Q|mlogmld:2>.
It follows that

logK? (0, m) z_glogKﬁm’ .0 ( B
- = d 1 1 1
510 m ﬂml_‘|Q’| mlogm + 4m ogmly— 2)

Using the result (6.11), we deduce that

10gK5(QR,m)
BIOR|

1
2__fd(,3m1 %) — %logm + Zm(logm)ldzz

+0(Z8 (g + 5742y 4 tog? %))

(6.15)

where the implicit constant in the O(-) depends only on d and m.

6.3. Case of a varying . In [65] we will obtain precise expansions for the expansion of
log K when p varies; however, in preparation for Theorem 3, we give a first rougher estimate
that we deduce from (6.15) combined with (6.3). For this we will need to assume some
regularity of u.

LEMMA 6.3. Assume u(QRg) is an integer. Let u be another measure with w(Qpr) =
w(QRr), and assume that both . and @ have densities bounded below by m and above by A.
Then, there exists C > 0, depending only on d, m and A, such that

‘1 K(Qr. 1)
g~

< CBRY || — Tl 2o 0y + Cllit — Tl o0 (B)RYT! + R
K(Or, ) Ch L>(Qp) L=0p (By X (B )

C
+ Cllullcory/ x (BYR® + 5

PROOF. Let us denote N = u(Qr). Let Q(Qr) denote the Gibbs measure for the den-
sity . We have

(6.16)

K(Qr, 1)
K(Qr, it)

Then, from (2.21) we have

N
= Eaq(og) (eXp (ﬂ(F(Xﬁ, ) — F(Xy. w) + Y _(logu — 10gﬁ)(xi)>>-

i=1

N
\F(Xﬁ,n,QR)—HXﬁ,u,QR)\s/Q |Vw|2+2/Q IVwl|Vir| + | =Tl Y [ Il
R R i=1

where u is the solution to (2.22) with , and w is the mean-zero solution to
{—Aw=u—ﬁ in Ok,

(6.17) w _ on0s

Using (B.8) and since T =T in this instance, we have

/ Virl? < C(F(Xy, Q. 70) + CRY)
OR
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while testing (6.17) against w and using Poincaré’s inequality, allows us to show that
/ IVwl> < CR* |l = Bl gy
Or
and the third term can be bounded by RY||u — 7zl L>®(Qg) Using that

(6.18) / It < Ca?
Rd

with C depending only on d. For the log u terms we write
N N
> (log 1 —log i) (x;) = / (logpu —logm) di + /Q (logp — logﬁ)d(z Sx; — ﬁ>.
i=1 Or R i=1

Let us denote wy; for ZIN_ZI dy; — m. By interpolation between Holder spaces, we have
N d(1—«)
”a)NH(CO’C)* = ||wN||(C0)*||W||(C01)* =< CN ”C()NH(COI)* = CR ||wN||(C01)*’

hence, using the local law (1.20), we have

(6.19) < CBx(B)R™.

p
IOgEQ(QR) (exp ||CU_||(C0 K)*)

Using now that x < ¢fx? + Ve ﬂ -, we deduce that, for every ¢ < & W1th C from the above
inequality, we have

(oo o)l CRED)

2d 2
=< E + Cefx (B)RT @l cox

where we have used Holder’s inequality and (6.19). Optimizing over ¢ < 1 and applying to
¢ =log u —log, we deduce that

C
togZaiop (exp /Q (og = togmo ) )| = Clicl oy X (B + 5

It follows that

N
logEq(gg) <exp (Z(log w — logix) (m))) ‘

i=1

<CRYu-m C RY ¢
< |l — 1l Loe + Cllillcosey/ X (B)R™ + —.

B
Combining these estimates with the local law (5.4), we deduce that, for every A, we have
K(Qr, 1) C _ _
‘log Kor | =X (B)R* + (K + 1)ﬂRd+2llu — Tl Zoo(gp) + CAR it — Tl 1o

C
+ CRY = Tl oo + Cllell cony/ x (BYR + 5

Optimizing over A yields the result. [



94 S. ARMSTRONG AND S. SERFATY

PROPOSITION 6.4.  Assume ||[t]lcox < CN~4d for some k >0, and R > pg as N — oo.
Then, as N — oo,

logK(Q. 1) = —/8/ S palpn )+ (o —1) [ wtogu
(6.20) O

+o((1+B)RY),
where the term o(-) on the right side is independent of B.

PROOF. For any r € [pg, R], we may partition Q into cubes Q; belonging to Q,. In
view of (6.4), we obtain

RA

logK(Qr. 1) = ZlogK<Q,,u>+0<ﬂx<ﬂ>—<pﬂ+ﬁ §x(B)~4 logh —))

i=1
Using (6.16) and letting zx; denote the average of 1 in Q;, we then obtain

d 1
logK(Q . 1) = ZlOgK(Qz,M,)JrO(ﬂx(ﬂ)—(pﬁ LB H o apﬁ))

+0<,3Rd< H2N-F 4 CN” %WM“ +rKNTd)>+%>

For R > pg, we have + 5 < RY, hence we check that we may choose pp K r <K R such that

the right-hand side errors are o((1 + B)RY). Inserting also (6.15) and using the Lipschitz
bound on fy (6.10), we obtain (6.20). [J

7. The large deviations principle: The proof of Theorem 3. First, we note that the
assumption dist(x, d suppuy) > C 6~1/2 and the fact that uy € C 0% ensure, in view of [7],
that ug is also in C%* in Og(x). Translated to the blown-up scale, this gives us a bound
by CN /9 for the C%* norm of u = iy so that we may apply Proposition 6.4. Since we

assumed that R <K N é, this also implies that, as N — oo,

(7.1) |1 = 1y G0 | ooy (v1/xgy) = 0(1)-

We consider P a probability measure on infinite point configurations, stationary, with in-
tensity puy(xo) and B(P, ) a ball for some distance that metrizes the weak topology. By
exponential tightness (see [43], Section 4) it suffices to prove a weak LDP, that is, relative to
balls B(P, ¢).

We thus focus on proving upper and lower bounds on log 13y
let us denote [ for g (N Y9xp).

Step 1: Reducing to good number of points and good energy. Since R is large enough, we
may include (g in a hyperrectangle Qg € Qg such that |Qg| — |Og| = O(RY™1) = o(RY).

Let us denote by n the number of points a configuration has in Qr and by n = u(Qr)

0 R(B(P ¢)). For simplicity,

which is an integer. Since we assume R > pg > C max(ﬂ_% X(,B)%, 1), for o small enough
we have R273% > y (B), hence in view of the local law (1.19) and (5.16) we may write that,
for some o > 0,

(7.2) Py g(In —n| > R*™%) < exp(—CAR)

and

(7.3) Pn.p (sup / |Vul* > Cx (ﬂ)Rd+") < exp(—x(B)BRT)
Ugl+o/d

X
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for some C large enough independent of R and 8. Hence, we may restrict the study to the
event

X

B= {|n—n| ng—“,sup/ |Vu?|2§X(ﬂ)Rd+(’},
Ugl+o/d

since the complement has a probability which is negligible in the speed in which we are
interested.
Step 2: Upper bound. We recall that i]f})’R is defined in (1.31). Using (3.3) and (3.2) (recall
G = Hpa), we have
Pg (BP.e)Niy " (B))
1
~ NVK®R9) R (Xy)eB(P.e)NB
1
<
~ NNK(RY)

exp(—BG(Xy, RY)) du®N (X y)

x /x p exp(—BG(X Nl ok, Or) — BG(Xn|ge,, O%)) du®™ (Xn).
I (XN)EB(Pe)NB

Splitting up the events as in the proof of Proposition 5.1 with n being the number of points
of the configuration which belong to Qr, and using that i;f})’R(X ~) depends only on the
configuration in [l hence in Q g, we may then write

PVg (BP.&) Ny " (B))

1 n4 R N

S _ . OF¢ Q(N—n)
(74) - NNK(]Rd) XI:Qd o I’l'(N - I’l)' /B’nﬂ(Q%)N” exp( ﬂG( ’ QR))dM

X/x R exp(—BG(Xn, Or))dn®" (X,),
I (Xn)EB(P,e)

where 3, is B intersected with the event that X has n points in Q.
On the one hand, noting that Hgs = G, (4.21) applied with L such that R > L > pg and
combined with Remark 4.4 yields

‘/B NS )N—n eXp(—ﬁG(_, QCI‘?)) dl‘L@(an)
" R

_(N—m!(N - n)NV-n
- (N —n)!
with C independent of 8.
On the other hand, Proposition 2.4 in [42] (stated there for dimension 2 but extends with
no change to general dimension) itself relying on [30], Theorem 3.1, states that® if m =
limg_s o0 %, then

K(Q%) exp(C(Bx (B) + 1)o(R%))

1
lim lim —log — £®”{1x°R(X ) € B(P, &)} = —(ent[P|T1"] — m + mlogm).

e—>0R—>

Therefore, we have

11
lim lim —clog —pu® iR (X,) € B(P, &)} = —(ent[ P|ITI"™] — m)
—0R—>o00 RY

2In fact, the factor % was missing in [42, 43]
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with m = py (xo), in view of (7.1), the fact that n = u(Qg) and |n — n| = o(RY). In what
follows we continue to denote m for either uy(xg) or a generic point density (not to be
confused with the lower bound for p that we had been using so far in the paper).

Moreover, the lower semicontinuity of the energy and the characterization of G by (2.26),
the fact that |Qg| \ |Jg| = o(RY) ensure, see, for instance, [55] or proof of Proposition 4.6
in [42], Proposition 5.2, that if i\ % (X,,) € B(P, ¢), then

1 1~
liminf — G(X > —W"™(P) — o.(1).
brgl;lo RdG( nsQR)_ZW (P) —o¢(1)

Combining these facts and inserting them into (7.4) leads to

TN R(B(P ) N *(B))

< exp<—Rd(§Wm(P) + (ent[P|TI™] — m) 4 (1 + B)os v (1) + C,BX(,B)R_”))

(75)
1 n+R94—C N! Nen
NNK(Rd) 21:@! (N— )'(N —n) K(Q%)-

On the other hand, using (3.8), we have

NIN-N
n!(N —n)In~"(N —

K(RY) >

and inserting this into (7.5), we find

n)_(N_n) K(QR)K(Q;Q)’

PN 4 (B(P.&)Niy " (B))
< R9-° exp<—Rd(§W’"(P) +ent[PIT"] —m+ (1 + ,B)Oe,N(l)))K(QR)_In!n_n

< exp<—Rd(§Wm(P) +ent[ P|TT™] — m + (1 + ﬁ)os,N(l)) —n+ o(n)) K(Qr)™,

where we used Stirling’s formula and R > pg. To estimate K(Qg), we use (6.20) and the
Lipschitz bound on fy to write, using again (7.1),

(7.6) 1ogK(QR) = —B|Qxlm®5 fa(pm'~5) + (gldzz— 1)|QR|mlogm+o((1 1+ B)RY).
Since n = m|Qgr| + o(RY), we obtain

log‘BxO R(B(P, £))
(7.7) < _Rd<§§7vm(p) +ent[P|IT"] — m2—%5fd(ﬁml—%) + (gldzz — l>m logm>

+ (1 + B)og, n(RY),

with m = y (xg) which concludes the upper bound.

Step 3: Lowe::l)ound. Retranscribed in our notation, [42], Lemma 5.1, shows that, given
any P such that W (P) + ent[ P|I1"] is finite, we can construct a family A of configurations
Xy of n points in Qg such that iy R(x,) e B(P, &) and

(7.8) F(Xn, O) < RATP)

+o(RY),
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uniformly on A, and
1
(7.9) log(—£®n(A)> > —R%(ent[ P|T1"] — m + mlogm) + o(RC).
n!
Applying this with m = py (xg), we may thus write with the help of (3.5)

PNg (B(P. &)

1
= exp(—BF(Xn, RY)) du®N (X y)
NVKRY) Jito® x\)eB(p.e) (=% )
1 N!

_BE(.. O¢ ®(N—n)
- NNK(R) n!(N — n)! /(Q;)N—n exp(—BF(-, Q) dn (Xn)

X/Aexp(—ﬁF(Xn, Or))du®"(Xn)

_ 1 N!
~ NNK(RY) n!(N —n)!(N —n)=WN-n)

K(Q?e)/AeXP(—ﬁF(Xn, Qr)) du®"(X,).
But in view of (6.3) we have

logK(RY) = logK(Qr) + logK(Q%) +o((1 + Bx(B))RY),

so we find, using also Stirling’s formula, that
log B4 (B(P, £))
> —n —logK(Qg) — ngWm(P) + Bo(RY) — R%(ent[ P|TI™] — m) + o(RY).
Inserting (7.6) to estimate K(Qr), we obtain

log ‘13);\?”;; (B(P,¢))

(7.10) > —Rd<§Wm(P) +ent[ P|IT™] — ﬂmz—%fd(ﬁml—ﬁ) + (§1d22 — 1)m10gm>
+ (14 B)os, v (RY).

Applying this to P, a minimizer of BW™ (P) + ent[ P|T1™], we deduce that
. ,3 om m 2-2 1-2 ,3
1gf EW (P)+ent[P|TT"] ) > Bm*“~d fg(Bm' ~d)+ (1 — Zldzz mlogm,

with m = py (xo). We may write this for any m, thus deducing that

(7.11) inf Fg > Bfa(B).

Step 4: Conclusion. By exponential tightness (see [43]), we then upgrade the conclusions
of the previous steps to a strong LDP result: for any Borel set E, it holds that, as N — oo,

log Ty 4 (E)

B
2
+ (14 B)o(RY)

(7.12) < —ingd< T (P) + ent[ P|TI™] — Bm> a fua(Bm'~d) + (éldzz - 1>mlogm>
E

4
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and

log P4 (E)
B
2

(7.13) > —infRd( 1

T (P) + ent[ PITI™] — Bm® 4 fy(Bm'~3) + (éldzz —~ l)mlogm)
E
+ (14 B)o(RY).

Applying this relation to E equal the whole space, we find

2
When m = 1, we find inf F, fl; < Bfa(B), which with (7.11) allows to prove the claim (which

already follows from the result of [43]), that min F é = Bfa(B). With the scaling properties of
W™ and ent[-|T1"] with respect to m (see [43]), we deduce that

—inf(ﬂwm(P) +ent[P|IT"] — ,8m2_%fd(l3m1_%) + gmlogmldzz - mlogm) > 0.

(7.14) inf Fg' = ,Bmz_%fd(ﬁml_%) + (1 - gldﬁ)mlogm.

Inserting into (7.12) and (7.13), the stated LDP result follows if § is fixed. The generalization
to 8 — 0 or B — oo is straightforward from (7.7) and (7.10). This concludes the proof of
Theorem 3.

8. The case of energy minimizers. To consider energy minimizers, we define an analo-
gous quantity to the partition function

(8.1) K*(U, w) = minF(Xx, U, 1),
¥

with N = p(U). In view of (3.5), we have that if U is partitioned into regions Q;, with
wu(Q;) = N; integer, then

p
(8.2) KU, 1) < 3 K™®(Qi, ).
i=1

We have easy a priori bounds: if N =uU)
(8.3) —CN <K*(U, ) <CN,

with C > 0, depending only on d, m and A. Indeed, the lower bound follows from (B.8),
while for the upper bound we may deduce from (3.13), applied with 8 = 1, that there exists

at least one X7 € U such that F(X37, U) < CN for some C large enough.

THEOREM 4.

1. (Neumann problems in cubes) Let (g be a cube of size R with R =N an integer. We
have

(8.4) ‘L(DR’ D

C
Rd _fd(oo)‘fiv

where fq(00) = %min@\f1 =limg_, « f4(B) and C > 0 depend only on d. Moreover, if X3 is
a minimizer for K (g, 1), for any cube [y (x) C Ug, we have

N
L)
Oe(x) \;=1

(8.5) <cet !
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and the energy is uniformly distributed in the sense that
(8.6) FO) (X7, Og, 1) = €9 fy(o0) + 0 (€°71).

2. (Minimizers of the Coulomb gas energy). Assume that the equilibrium measure Ly
satisfies m < wy < A on its support and jy € CO* on its support, for some k > 0. If Xy
minimizes Hy and if U (x) is a cube of size R centered at x satisfying

-2
dist(dg(x), d supp uy) > CN &2,

we have
N 1
(8.7) / > 6, — N duy| <C(NaR)*!
Ur(x) j=1 Ur(x)
and
_2 1
8.8)  FRO(Xy, 1) = fa(co) ()77 = 1= / wylog 'y +o(RY),
Og(x) Ogr(x)

where C and o depend only on d, m and A.

REMARK 8.1. The explicit rate in (8.6) is the improvement compared to [53, 54], in
the same way (8.8) can be improved; see [65]. As in [53], we can also prove with the same
method the same results on minimizers and the minimum of the renormalized energy W' of
[55, 57]. For instance, the limit as R — oo that defines W! can be shown to be fq(00) with
rate 1/R: the upper bound is by periodization of a minimizer for K while the lower bound
is obtained as in (8.13) to be combined with (8.4).

PROOF OF THEOREM 4. Step I: Bootstrap. Let p satisfy 0 <m < pu < A in X, and let
X% be a minimizer of F(-, U) among configurations with N points. We claim that if (g (x)
satisfies the same assumptions as in Proposition 5.1, in particular (5.3) with 8 = oo and if R
is large enough, then

(8.9) FIR™ (X0 U) + Co#({ X%} N Og(x) < CR?

for some C depending only on d and w. This is proven by a bootstrap: assume this is true for
some L, that is, assume

(8.10) FPL(X0, U) + Co#({X%} NOL(x)) <CLY;

we need to show it is true for R > L/2. Let us proceed as in the proof of Proposition 5.1,
reducing to Qr € Qg and denoting by n = #({Xoﬁ} NOgr(x)) and n = w(Qr N U). First,
by (8.10) and the choice of Cy we have from (B.8) and (B.9)—(B.10) that

8.11) In—n| < CRY! 4 CvCRY 2.

We then apply Proposition 4.1 with §(X5) < CLY, (= MLdR_%, L= Rﬁ and Z,_p,,
minimizing F(-, it,no) (recall that that minimum is bounded by the order of the volume;
see (8.3)). We may check that as soon as M is large enough and R is larger than some constant
depending only ond and M, £ < ¢ < R and (4.10) is satisfied. The proposition yields in view
of (8.11) and (8.10)

C
(8.12) K®(Q%) <Hu (X% 1ge. 0%) + C(MR" + R 4 ﬁRd—é)_
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Choosing M large enough and combining (3.2), (8.2), (8.3) and (8.12), it follows that
FOR(XD, U) +Hy (X3 ge. Q%) < F(XS, U) =K>(U) <K®(Qr) +K™(0%)
<K®(Qr) +Hy (X% g, 0%) + %CR".
Hence, if R is large enough (depending on C), we have
FOR(XY.U) <K®(Qp) + %CRd.

In view of (8.11), we have as well n < %CRd. With (8.3) this concludes the proof of (8.9).

Step 2: Local laws. Now that we know (8.9) down to scale C, we can use it to control
In —n| by CR%! with (B.9)—(B.10) and then return to (8.12) and upgrade it to have an error
RY~1 that is, we find

FOr (X%, U) <K®(Qg) + CRY!

and |n —n| < CR9~!. By Proposition 4.1 we also have

(8.13) K*(Qr) < F* (X%, U) + CRO,
SO
(8.14) FOR (X9, U, 1) =K*(Qr. 1) + O(R*),

with the O depending only on d, m and A.
Step 3: Energy expansion. We may use the well-known characterization

s
LSO JN— /F(Xﬁ, QR)dP(Xﬁ)-f—l/P(Xﬁ)IOgP(XN)dXN
B PeP(QY) p

to write that, for each fixed N,

logK#
ﬂimw_"gT(Qm = minF(Xy;, 0r) = K™ Q)

We may thus compute K*(Qg, 1) via (6.11) and find

K*(Qr, 1) = 10| lim_ fa(B)+O(R*),

where the limit exists in view of the form (1.30) and is equal to %min@. In the case of
general u, we find from (6.20) that if |||l cox < CN~4, then

B15) KNQr0=fulo0) [ 27— e [ ulogiitol&)
Or Or

as N — oo.

Step 4: Conclusion. The relation (8.4) has been proven. (8.6) follows from (8.14) applied
with U = Qg and u =1, and (8.5) follows from (B.9) and (B.10) combined with (B.8).

We now turn to the proof of (2). (8.8) is a consequence of (8.15) and (8.4) applied with U =
RY, n = ,u/V and then a blow-down; (8.7) follows from (B.9)—(B.10) combined with (B.8).

O
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APPENDIX A: ESTIMATES ON GREEN FUNCTIONS
In this appendix we prove the following estimate on the Neumann Green functions of a

domain. (It may be known, but we were not able to locate it in the literature.)

PROPOSITION A.1. Let U be a Lipschitz domain (bounded or unbounded). Let Gy be
the Neumann Green function relative to U with background p ( |, y b =1), that is, solving

[—AGU(X, y)=cd(éy —pn) inU,

0G
v =0 ondU.
av

Then, iff g(x —y)du(y) < oo, up to addition of a constant to Gy we have fU Gy(x,y)dx =
0 and

sup
(A.1) xeU

< C min(max(g(dist(y, dU)), 1), g(x — y)),
where C depends only on d and the Lipschitz type of U.

Gy(x,y) —glx —y)+ /U g(x —2)du(z)

PROOF. First, the upper bound by Cg(x — y) is standard (one can also deduce it from
integrating in time (A.9) below), so there remains to prove the other one. Let ®; denote the
heat kernel in dimension d,

O, (x) = ! ex <_|x—y|2)
’ @i " a )

First, we claim that

o0
(A.2) Gy(x,y) :/ w(t, x)dt,
0
where w solves
oow—Aw=0 in U,
w(0, x) =cq(dy — ) inU,
ow
= ondU.
av

To prove this, it suffices to write that

o0 o0
Ax/ w:/ dwdt = —w(0, x) = —cq(8y — ).
0 0

Thus, the Laplacian of both quantities in (A.2) is the same and so is their normal derivative
on the boundary. The two functions must then coincide up to a constant, which we choose to
be 0. Let us then set

(A3) s, =co(ax = = [ o= ).
Similarly as the previous claim, we may write

u(x,y)=g* 0y —u)= /Ooo w(t, x)dt,
where

(A.4) w(t, x) :=cyq /U D (x —2)(6y — w(2).
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We thus turn to bounding
[ee]
(AS) GU(x,y)—u<x,y>=/ (w(t, x) — (1, ) di
0

For that we note that w — W := f solves

Wf—Af=0 inU,

(A.6) f@O,x)=0 in U,
aof ow
— = on dU.
av v

We break the integral in (A.5) into two pieces, from O to #, := min(1, distZ(y, dU)) and from
14 to +00.

Step 1: The bound on [0, t,.). Let T > 0. We consider the solution of the adjoint equation
to (A.6), that is,

d%h—Ah=0 inU,
(A7) h(0,x) = f(T,x)n(x) inU,
ah
— = on dU,
ov

where 7 is a smooth cutoff function to be specified later satisfying [ = 1. We may write
that

(A.8) h(t, x) = py x (f (T, x)n)

where p; is the Neumann heat kernel relative to U. As can be found in [35], in Lipschitz
domains we have estimates of the form

e
(A.9) p,(x)gCt—%exp<—C|x ty| )
so that

x —z|? g
(A.10) |W(T —t,x)| < | f(T, )||L°°(suppn) shlg)pnexp( C T, )(T—t)

We then compute using (A.6) and (A.7),

3;/ f(t)h(T—t)=/ Af(t)h(T—t)—/ F@OART —1)
U U

/ —(t)h(T —1)

= [ S -,
U
Integrating between t = 0 and t = T and then using (A.10), it follows that

\ / FAT, omo)| =
U

0 9
r 9w
< [ [ 5ol

2
X sup exp(—C| d )(T—t)_7 dxdt.
zesuppn T —

ow
— (OI(T —t)dt’
U ov
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The quantity % (t) can be computed explicitly from (A.4) which yields

<Ct

_adist(y, dU) ( dist*(y, 8U)>
Z—CXP - 7
Loc(dU) t

4¢

)
< Ct_%_% exp(—idls'[ (8yl" 3U)>‘

We thus obtain

/ AT, x)n(x)
U

<C|f(T, ‘)”LOO(suppn)

r dist*(y, U
x/ t*%*? exp(——1S O )>(T—t)g
0 8t

x —z?
X sup exp|{ —C dxdt.
U zZESuUppn T —t

dist?(y,0U)
t

Using the change of variables x’ = x (T — t)_% and then s = , we obtain

o dist’(y, 8U)
< C||f(T» ')||L°°(SUPP77)/0 L exp(——> «
, z

8t
2
X su exp( —C|x’ — )a’x/
zesu}I))pr]/ p( T —t

o 1\ a3
. 1—d d-3
< C| F(T. ) oo supp  dist(y, V) ﬁisﬂ@,aw exp(—§s>s 2 ds.
T

d

Bl —

] / FAT, ()
U

For some constants C, > C; > 0,

dist2(y, aU)\ /dist(y, dU)\ 2
CleXp<_ 8T )( T )

dist? (y,8U)
277 1 d

(A.11) < / exp(__s)s% ds
dist? (y,dU) 8
T

dist(y, 8U)> <dlst2(y 8U)>dT
8T T ’

<(Cp exp(—

and, by an integration by parts,

00 1\ o3 dis(y, 3U)\ /_dis2(y, aU)\ ‘T
o, expl—gs|s T ds=8exp|— 2
o dist (Ty,aw 8 4T T

aa-3) [ L )5 a
+4(d—3) a0 exp<—§s>s s.
T

If we consideronly T < dist? (v, dU), then the last term in the right-hand side can be absorbed
into the quantity of (A.11), and we conclude that

00 1\ o dist2(y, a0\ /dist(y, dU)\ ‘2
_ expl —=s s¥ds§Cexp _ & ) IS0y AN .
dlstz(fv,aU) 8 8T T
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Inserting into the above, this implies that, for 7" < ¢,

< CIF T ) Lo suppay dist(y, V)72 exp<

_distzé);aU))Tszd‘

/ FAT, ()
U
Choosing 7 to converge to dy,, we deduce that

_distzé);:BU)>T32d'

Since this is true for every t <1, and every xg € U, it follows that

| £(T,x0)| < Cdist(y, dU)~> exp<

min(l,distz(y,aU)) distz oU 3—
exp(—L>tTd dt.

[
/0 Hf(t")HLOO(U)dtSCdist(y,aU)—2/0 v

With the change of variables s =1t/ dist?(y, dU), we are led to

[
/ | £(t, )] o dt < Cdist(y, d3U)>~C.
0

This is < g(dist(y, dU)) if dist(y,oU) < 1. If dist(y,dU) > 1, we do not perform the
change of variables but instead bound the integral by fol exp —é)t’%%d dt < C and find
dist(y, aU)~2 < C. We conclude that

[
/0 I fllzoeqwy < C(max(g(dist(y, dU), 1)).

Step 2: Bound on [t, +00). We use that & = cq®; * (§y — ) and w = cqp; * (§y, — 1)
with p; the Neumann heat kernel as above that satisfies (A.9). It follows that

1 1 1-3 .
[ 18- wlisayar < [farscft © ez
t I —logt, ifd=2.

On the other hand, we may write, with u as in (A.3),

/ iI)dt:cd/ /CD,(x—z)(Sy—,u)(Z):—/ / ®;(x —2)Au(z, y)dt
1 1 Ju 1 Jrd

=—/ /Acb,(x—z)u(z,y>dr=—/ /a@t(x—z)u(z,y)dtdz
1 Rd 1 Rd

1 lx —z|?
=/ @1(x —u(z, y)dz = d/ exp(— )u(z,y)dzgc,
R (47)2 JRY 4

7T)2

In the same way, we find

/ wdt:—/ /p,(x—szU(z,y)dr:/m(x—z)GU(z,y)dz
1 1 U U

o2
§C/exp(—|x d >GU(Z,y)dZ§C,
U

4
by using the bound Gy (z, y) < Cg(z — y).
Combining all these results and using the definition of z,, it follows that

sup |Gy (x,y) —u(x, y)| < C(max(g(dist(y, 8U)), 1))

xeU

from which we deduce the result. [



LOCAL LAWS FOR COULOMB GASES 105

APPENDIX B: AUXILIARY RESULTS ON THE ENERGIES

We gather in this appendix some results that are similar to [44, 55]. The notation is as in
Section 2.

B.1. Monotonicity results. We need the following result, adapted from [44, 55], which
expresses a monotonicity with respect to the truncation parameter.

LEMMA B.1. Letu solve

N
(B.1) —Au:cd<28xi —u) inU,

i=1
and let ug,u; be as in (2.15). Assume a; < n; for each i. Letting Iy denote {i,a; # n;},

assume that, for each i € Iy, we have B(x;,n;) C U (or g—‘bj =0o0ndU N B(xj,n;) and U is
convex). Then,

N N
/ |Vuz* — cq Zg(m) — 2Cdz £y, (x —x;))dp
(B2) U i=1 i=17U

N N
— (/ |Wa|2—chg(ai>—2ch/ fai<x—xi>du> <0,
Y i=1 i=17U

with equality if the B(x;,n;)’s are disjoint from all the other B(xj,n;)’s for each i € Iy.
Moreover, if n; >; for each i and n; =T; = }l if dist(x;, 02\ aU) < 1 we have

> (9(xi —xj)) —9(i)
,x;,X;€Q,i#],
dist(x;,dQ\0U)>1,dist(x;,0\0U)>1

1
gFQ(XN,U)—E(/QWu;]P—cd S g —20s Y Ufr,,-(x—Xi)du>-

i,x;€Q i,x;€Q

(B.3)

PROOF. For any @ < 7, let us denote f, , for f, —f, and note that f, , vanishes outside
B(0, n) and

9(m —gla) <fyp <0
while, in view of (2.13),
(B.4) —Afy, =ca(85” — 85).
Using the fact that from (2.15) we have

up(x) —ug(x) = Z £ (x — xp),

iGIN

we may compute

T:=/|wﬁ|2—/ |Vu&|2=2/(wﬁ—w&)-w&+/ |Vui — Vug|?
U U U U

=2 Z /I;Vfai,ﬂi (x —x;)-Vug + Z /UVfO‘iJ]i (x —x;)- Vfajaﬂj (x —x;).

iely i,jely
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If B(x;,n;) € U, the function f,, ,, (x — x;) vanishes on dU, and we can integrate by parts
without getting any boundary contribution. If not but we instead assume 3 =0 and U con-
vex, then, in view of (2.15) and the definition of f, ;, the boundary term contributions are

of, .
Z/ foy s (6 — xl)Z( ’<x—xj)—8]"j(x—x,->>.

iely JeIn

Since f, is always radial nonincreasing, since we consider U, which is convex, the outer
normal derivatives involved are always nonpositive and since f, ;, < 0, these boundary con-
tributions are < 0.

With the help of (B.1) and (B.4), we thus obtain in all cases

T<20dZ/ i (X — X; (Za("‘”—du>

iely
+Cd Z / o, i (x x, (77] _8)(677))
i,jely
(0(]) (7]]
_Cdz Olzm(x_xt 25
(B 5) iely
—2¢q Z/ ai, n,(x xi)dp
iely
- ( ) (
a;
:Z Z Cq [ oy (x —xi)d (8’ +5171)
i=liely,i#j R
e Z/ i (0 = x0) d (807 +81) — 2cq Z/ i (6 — X0 dje.
lEIN lG]N

Since fy; ;; < 0, the first term in the right-hand side is nonpositive and is zero if the B(x;, 1;)’s
with i € Iy are disjoint from the other balls. For the diagonal terms we note that

/U £y, (06 — x) (80 + 81)) = —(g(eti) — g(1))

by definition of f, , and the fact that 5600 is a measure of mass 1 on dB(0, ). Since fy, ,, =
f,, — f;;, this finishes the proof of (B.2).

We may next apply this in € to u solution of (2.22) with n; =T; and «; <T; with o; =T;
when dist(x;, Q2 \ dU) < 1. With this choice and by definition of T; in (2.23), we are sure
that B(x;, n;) does not intersect any B(x;,n;) if i € Iy and j # i. We are thus in the equality
case, and, in view of the definition (2.24), we find that

1
Fe(Xn,U)= 500 (/ |Vugl* —cq Y. g(al)

1,x;€Q

(B.6)
- o (=3 dpa) + > hox).

i,x;€Q i,x;€Q

We now define g, = min(g, g(n)) and note that f, , = g, — go. To prove (B.3), we apply
again the previous result in € to the same u with «; as above, and this time 7; >T; with
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equality if dist(x;, 9\ aU) < % We return to the nonpositive first term in the right-hand
side of (B.5) and bound it above and below by

Ca ) (9n (Ixi —xj1 +aj) = gllxi — x;] — ;)

i)
<ch/ fur s O — x7) d6
i#]
(‘X])
<ch/ (G (= 31) — Gy (x — 1)) B
i#]
<ch/ 9(7]1 go(,«(|-xi_xj|+aj))_,
i#]j

where we used the fact that g,, is radial decreasing. Combining the previous relations, we find

Cd Z (9o (1% — x|+ o) — 9(mi))

Xi,XjEQIF]
5(/ VugP—ca Y gle) —264 3 /fo,i<x—xi)du)
Q i,x;€Q i,x,€Q
(/ |v”n| —Cq Z 9(mi) — 2cq Z fm(x_xi)d,uv>-
i, €Q i, €Q

Letting all o; — 0 if dist(x;, 92\ dU) > 1, we find FX(Xy, U) in the right-hand side in view
of (B.6) (up to > h(x;)) and cq > _(9(|x; — x;|) — g(n;))+ in the left-hand side. This finishes
the proof. [J

B.2. Local energy controls. We now show how the quantities based on F control the
energy and the number of points locally. We will state all the results for F* and T; of course
it implies them also for F and T.

The following result shows that despite the cancellation between the two possibly very
large terms fRd |Vu,7|2 and cg4 ZZNZI g(ni), when choosing n; =r; we may control each of
these two terms by the energy. It is adapted from [44], Lemma 2.7.

LEMMA B.2. There exist C > 0 depending only on d and ||| L such that, for any
configuration Xy in U and u corresponding via (2.22) and for any Q2 C U,

(B.7) Y 9(n) <2F(Xn. U) + CH({XN} N Q)
i,xiGQ

and

(B.8) /|w?|2 <4cgF¥(Xy,U) + C#({XN} N Q)
Q 1

with t as in (2.25) and computed with respect to .
REMARK B.3. With the same proof, we can prove analogous results for Hy and G.

PROOF OF LEMMA B.2. Let us proceed as in Lemma B.1 with n; = %min(l, dist(x;,
oU N Q)) and «; =T;. We note that the assumptions of the lemma are verified in 2 since the
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size of the balls intersecting d€2 is not changed and «; < 5; for each i. We obtain as in (B.5)
that

T —/ Vil —ca Y g(n,)—zcd/f (x = xi)dpe

1,x;€Q

- (/ |Wa|2—cdzg<a,->—2cd/fa,.<x—x,->du)
Q i Q
<cq Z / oy (X — X) <Z6(“1) ('7/ )

i,j#i

AssumNe first that x; is such that dist(x;, 0U N2) > 1 and ?,- < 1/20. ThenN, dist(x;, 02\ oU) >
landr, =T =1, = %min j#i |Xi — x|, in view of the definitions of r; and T;. Using that
fy; . n; <0, we may bound

( (o)
/ i (X — Xz)Z (aj) ’7/ </fai,m(x—x,-) Z 3;;/ :
J#i J»xj nearest neighbor to x;
We then note that £y, ,, (x —x;) =9y, (x — x;) — 9o; (x — x;) <9(n;) — gy, (x — x;) (with the
notation as in the previous proof) using the definition of «;. For x; nearest neighbor to x;,
we have |x; — x| =4r; < 1/5, hence also dist(x;, 92\ dU) > % by the triangle inequality
which implies, by definition of 7;, that T; < %min# j|xk — x| <r <1/20. The support of
) (‘j’ ) 8(’ is thus contained in B(x;, 5r;), where gy, (x — x;) > g(5r;) by monotonicity of g.
We thus ﬁnd that the right-hand side is bounded above in this case by

9(ni) — g(5r) = g(n;) — g(5%).

On the other hand, if ?i > 1/20, then 571‘ > n; and the same bound is true as well since
the left-hand side is nonpositive. If dist(x;, U N 2) <1 and ?,- =r; < 1/20, then the same
reasoning as above applies. If on the contrary dist(x;, 0U N 2) <1 and r; <71, then r; =
%dist(xi, oU NQ)=n; and g(n;) — g(57i) > (0, so the result holds as well.

Summing over i, we have thus obtained that

T <cq Y (9(m) —g(5m)).
i,x;€Q
On the other hand, by definition of 7" and choice of «; and 7;, we may also write

12— [ VP res Y o@+2es Y[t

1,x;€Q 1,x;€Q

—2¢4 Z fi(x—x,-)du—cd Z g(i)

i,x;€Q i,x;€Q
> ~204(FXn. U) = 1 h(x») —cs 3 glm).
i,x,‘EQ i,x,-eQ
Combining the two relations, we deduce

FEXn.U)— ) h(x)=— Y g(m)+ > gm).

i,x;€Q i,x;€Q lx,eQ
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By definition of h (2.20) and choice of n;, we have }; . cq h(x;) —g(m;) > —C#{X N} N Q),
and we deduce

3 g(i) <2F%(Xy, U) + CH#({XN} N Q)

i,x;€Q

which proves (B.7). In addition, applying (B.3) (with simply zero left-hand side) with ; = ?i,
we have

1 ~
FQX,U>—(/V~2— ) —2 £ —,-d),
Xy U)z 5 (| Vi —ca D, o) ~20a 3, | £ —xi)dp

1,x;€Q 1,x;€Q

hence (B.8) follows after rearranging terms and using (6.18). [

We turn to showing how the energy controls the fluctuations. The next lemma is adapted
from previous results, such as [57]. The first result (B.10) allows usto treat the case of an
excess of points and control it using only the energy outside the set, while (B.9) allows to
treat the case of a deficit of points and control it using only the energy inside the set. The last
two results provide improvements when considering balls and using the energy in a larger
set.

LEMMA B.4 (Control of charge discrepancies). Let Xy be a configuration in U, let u be
associated via (2.22), and let Q2 be a set of finite perimeter included in U. We have

N
B.9) |mi 8, — [ du.0
o o [ 500 oo

with t computed with respect to any set containing 2, and if in addition  is at distance > 1
from dU,

1
< Cllpll L9382+ ClO22 Vil 2 ((x e distix.02)<1))

N
1
(B.10) max( /Q S5, — /Q dM,O) < Cllull 1320+ ClAQI IVl 2 e g aiscr 1)
i=1

where C depends only on d.
Let BR C U be a ball of sidelength R > 2, and let

N
D= Z‘Sxi_/B du.
R

BRr =1
If D <0, then

DZ

(B.11) a2

. D 2
min( 1, —— ) <C Vi,
el Loo(BR) R Br
andif D > 0and Br C U,

D* . D 5
(B.12) s min(l, ———)<C [ |Vu
R liell Loo(Byr) R Bg

where C depends only on d.
PROOF. Let x be a smooth nonnegative function equal to 1 at distance < % from Q and

vanishing at distance > 1 from €2 outside that set. Let £ be a smooth nonnegative function
equal to 1 for points in €2 at distance > 1 from 9d€2 and vanishing outside €2. Their gradient
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can be bounded by C, and ||V x ||;2 and || V& || ;2 can be bounded by C|0€2]| >. Since T < }1 for
each i, we have

N L N N L
(B.13) /gZagﬂg/ > 6y, s/x » 800,
i=1 =1 i=1

Using (2.22), integrating by parts and using the fact that d,u> =0 on 9U and the Cauchy-
Schwarz inequality, we find

Lo

and the same for £. Meanwhile,

1 1
= a”vx ||L2||VM?||L2(supva) = ClaQ22 ||VU?||L2(suppVX)

‘/Rd(lﬂ _ x)du‘ < ClaQ o

and the same for £. Let us now first assume that [, >V | 8y, — [ die > 0. Then, in view
of (B.13) and the above, we have

N N
05/Zaxi—/dus/x(Z&Eﬁ”—du)+0(|asz|||u||Loo)
=1 Q2 £ \j=1

1
< C1AQU2 Vel 2 supp v ) + C1IU el v

In all cases, the result (B.10) follows. The proof of (B.9) is similar.
Let us now turn to (B.11) and (B.12), following [57], Lemma 4.6. We first consider the
case that D > 0 and note that if
1

D 1
(B.14) R+n§t§7ﬁ=mm<yn(uv+md+_______>d)
Cllpll Lo (Byg)

with C well chosen, we have

ou~
r (r
— — = —Cd/ > s
/83[ av /Bt Bt(l 1 )

C
> cd(D —/ du) = 4D~ Cllulli=(t® — B = %D,
B/\Bgr

if we choose the same C in (B.14), depending only on d. By the Cauchy—Schwarz inequality,
the previous estimate and explicit integration, there holds

) r du\ 2
e, 2
Brr ' R+n |8Bl| JdB; dv

T
zCDz/ t=@Ddr = CD*(g(R + 1) — g(T))
R+n

with C depending only on d. Inserting the definition of 7" and rearranging terms, one easily
checks that we obtain (B.12). There remains to treat the case where D < 0. This time, we let

1

a
T<t<R-n, TZ=<(R—77)d—7);
CllpllLoo(Bg)
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if C is well chosen, we have

/ oy / A / iaﬁ') d
— _— = = U~ = Cd .’ — '[,L
9B, OV B B i

i=1

C
SCd<D+/ dM)S—dD,
BR\B; 2

and the rest of the proof is analogous, integrating from 7 to R —n.
The next lemma is similar to [44], Prop. 2.5.

LEMMA B.5. Let ¢ be a Lipschitz function in U with bounded support. Let 2 be an
open set with finite perimeter containing a 1-neighborhood of the support of ¢ in U. For any
configuration X in U, letting u be defined as in (2.22) (resp., v as in (2.27)), we have

fur e

1 1
< ClIVollLeo@) (19212 + 1Q12)IViuzll 12 (o) + 1201l 2o (2)

(B.15)

(and, resp., the same with vs in place of ), where C depends only on d and T is computed
with respect to any set containing 2.

PROOF. We may find x a smooth cutoff function equal to 1 in a 1/2-neighborhood of the
support of ¢ and equal to 0 outside €2, such that [ |V x > < C|99|. Integrating (2.22) against
X, we thus get

N A
I
i=l

where C depends only on d. It follows that letting #/ denote the number of balls B(x;, le)
intersecting €2, we also have

1 1
=< a”vx 2 IVud 12y = CIOQU2 | Vil 2 (g s

1

Second, integrating (2.22) against ¢, we have

N 'AV./
/<Z5§Z")—du>¢
U\i=1

On the other hand, since by definition ?i < % for each i, we have

!

i=1

1 1
(B.17) = | [ Vi vo| < cioib 19011912 0
U

(B.18) <#I||VellL=.

Combining this with (B.17) and (B.16), we get the result. []



112 S. ARMSTRONG AND S. SERFATY

APPENDIX C: PROOF OF THE SCREENING RESULT

The goal of this appendix is to prove the screening result of Proposition 4.1. This follows
from adapting and optimizing the procedure from [55, 57, 60], in particular, [55] simplified
to the Coulomb case.

Let us first informally describe thing for the outer screening. We will work with “electric
fields” E which are meant to be gradients of the potentials u of (2.22) or w of (2.30) or, more
generally, to satisfy relations of the form

n
(C.1) —divE:cd<Z8xi —u)-
i=1
A truncated version of E can be defined just as in (2.14): for any E satisfying a relation of
the form (C.1), we let

n

(C.2) Er=E—-) Vi (x —x),
i=1

where T; is as in (2.23).

Assume we are given a configuration X (with unspecified number of points) in a hyperrect-
angle, together with its electric field E, and assume roughly that we control well its energy
near the boundary of a hyperrectangle Q7 of sidelengths close to T. The goal of the screening
is to modify the configuration X and the electric field E only outside of Q7 _; and to extend
them to a “screened” configuration X° and a “screened” electric field E® in Q7,¢ € Qr4¢
in such a way that

—divE° :cd( > 8y — u) in Qr4eNU,
peXO
E* . v=0 on 3(Qr4e NU).

This implies, in particular, that the screened system is neutral, that is, the number of points of
X must be equal to u(Q7,¢ N U). We note that in the Neumann case where € can intersect
aU, the desired boundary condition is already satisfied for the original field on dU, so there
is no need to modify it near oU .

The screened electric field E? may not be a gradient; however, thanks to Lemma 3.4, its
energy provides an upper bound for computing F(X°, Q7,¢ N U). The goal of the construc-
tion is to show that we can build E° and X° without adding too much energy to that of the
original configuration which will allow us to bound F(X 0, O714+¢NU) interms of Hy (X, €2).
In order to accomplish this, we will split the region to be filled into cells where we solve
appropriate elliptic problems and estimate the energies by elliptic regularity estimates. In
order to “absorb” and screen the effect of the possibly rough data on d Q7, we need a cer-
tain distance £ which has to be large enough in terms of the energy of FE; this leads to the
“screenability condition” bound on ¢, as previously mentioned.

C.1. Finding a good boundary. We focus on the outer screening proof; the proof of the
inner case is analogous (for details of what to do near the corners, one may refer to [53]).

Assume then that 2 = Qr N U. Since U is assumed to be a disjoint union of parallel
hyperrectangles, €2 is itself a hyperrectangle.

We are given a configuration X, in Qg N U with Zz £>C,and u is asin (4.1)

We set £ = Vu with the notation E7 defined in (C.2). We also let

(C.3) M= V],
(Q1+4\Qr-)NU
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By a pigeonhole principle there existsa T € [R — 20, R — ] such that

S(X,
(C.4) M := Vu|* < (Z ),

(Qr+4\Qr-2)NU

(C.5) M, := max

/ IVuf* < S'(X,),
Y J(Qra\Qr—9)NOe(x)NU

respectively, with Q744 \ Q7_4.

We recall that, on dU, we have a zero Neumann boundary condition for u, so the desired
final condition is already satisfied there.

By a mean value argument we can find I a piecewise affine boundary (with slopes in a
given set, alternating only at distances bounded above and below) of a set containing Q7 NU
and contained in Q741 N U such that

(C.6) / |Ef><CM,  sup / |Ef|*> < C M.
rnu x JTNQ(x,0HNU

We note that as soon as £ is large enough, we only consider regions at distance > 1 from
9$2, so there is no difference between T and T there.

We take it to be the boundary relative to U of a set containing Q7 N U and contained in
Q7+1 NU, and we then complete it by a subset IV of dU in such a way that I' U I’ then
encloses a closed domain of U N Q7. We also recall that, by assumption, U is a union of
hyperrectangles and that d Q g is parallel to the sides of U. In all cases we denote by O (like
“0ld”) the part of Q741 N U delimited by ' UT and by N (like “new”) the set Q2 \ O. We
keep X, and E unchanged in O and discard the points of X,, in AV to replace them by new
ones. We note that the good boundary I" may intersect some B(x;,T;) balls centered at points
of X,,. These balls will need to be “completed,” that is, the contributions of S)gi )IQT\O to be
retained.

C.2. Preliminary lemmas. We start with a series of preliminary results which will be
the building blocks for the construction of E°,

LEMMA C.1 (Correcting fluxes on rectangles). Let H be a hyperrectangle of RY with
sidelengths in [£, CL] with C depending only on d. Let g € L*(dH). Then there exists a
constant C depending only d such that the mean zero solution of

—Ah :/ g inH,
(C.7) dH
hh=g onoH

satisfies the estimate

C38) /wngce/ e
H oH

PROOF. Thisis [57], Lemma 5.8. [J

The next lemma serves to complete the smeared charges which were “cut” into two pieces
by the choice of the good boundary. The proof can be deduced from an inspection of that of
[55], Lemma 6.6.
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LEMMA C.2 (Completing charges near the boundary). Let R be a hyperrectangle in RY
of center 0 and sidelengths in [a, Ca] with C depending only on d. Let F be a face of R. Let
X, be a configuration of points contained in an 1/4-neighborhood of F . Let ¢ be a constant
such that

(C.9) c|F|:cd/ PRI
R ieXR
The mean-zero solution to

—Ah=cq Y 85" inR,

peX
a,h =0 on IR\ F,
h=c on F
satisfies
(C.10) /R VAP < C(nza“ + g —x)) + Z@Kﬂ))
i#] i=1

where C depends only on d, a, b.

PROOF. We split h = u + v where

~Au=cq) 87 —c inR,
i

ohu=20 on IR,
and
—szcﬂ inR,
IR|
v=0 on IR\ F,
dyv=c on F.

The v part is explicitly computable and has energy bounded by Cc?a® < C#X2a>~9. For the
u part, we observe that

i=cgY / Grr. 5T ().
i
where G (x, y) is the Neumann Green function of the hyperrectangle with background 1, as

in Proposition A.1. Using the estimate (A.1), we have

Gr(x,y) =Cglx —y),

hence we deduce the result. [

C.3. Main proof. We let I3 be the indices corresponding to the points of X, whose
smeared charges touch I', that is,
(C.11) Iy={i €[l,n]: B(x;,T)NT # &}
and define

npo =#Iy —I—#({i,x,~ € O}\ Ia).
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The goal of the construction is to place an additional n — np points in (Qgr N U) \ O, where
n=u(QrNU).

Next, we partition (Qr N U) \ O into hyperrectangles Hy (or intersections of hyperrect-
angles with (Qr N U) \ O) with sidelengths € [£/C, C£] for some positive constant C > 0
(we note that we may always make sure in the construction of I" that the shapes formed by
Hy \ O are nondegenerate) in such a way that letting my be the constant such that

C.12) camy | Hi| =/ Erov—ny,
TNoH,

with v denoting the outer unit normal to O and

ny :=Cq ngi)’

Hy iely

we have fHK (o + my) € N. This is possible if |my| < %m (recall u > m) and can be done by
constructing successive strips as in Lemma 3.2, as soon as £ > C for some C > 0 depending
only on d and m.

We will give below a condition for |my| < %m. Now, define

n=pu+ Z 1p,my.
k
Since
1 1

no=——1_ Ex-v+ — nk—i-/du,
car Cka: o

and n = u(2), in view of (C.12) we may check that

(C.13) / fi=n-no.
N

Step 1: Defining E°.

We define E;Q as asum E| 4+ E; + E3, some of these terms being zero except for Hy that
has some boundary in common with I', then denoted F.

The first vector field contains the contribution of the completion of the smeared charges
belonging to 1. We let

E; 3=ZIHth1,k,
k
where 1 x is the solution of
—Ahy=cyq Z 5)@) in Hy,

iely

(C.14) hix=0 on dH; \ T,

avhl,k=_— on Fj.

We note that the definition of n; makes this equation solvable.
The second vector field is defined to be Ex = ; 1y, Vhy i with

—Ahy p =cqmy in Hy,
ath,k = gk on 8Hk,
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where we let gx = 0 if Hy has no face in common with I" and, otherwise,
ng

(C.15) gk=—FEr-v+ —
| Fi|

with E; - v taken with respect to the outer normal to O. We note that this is solvable in view
of (C.12) and the definitions of 7n;.

The third vector field consists in the potential generated by a sampled configuration Z,_,
in Qr NU \ O: we let E3 = Vhz where h3 solves

n—-no
—Ahz=c .. — | inN,
(C.16) 3 d(szj1 Zj M)
Oh3 =0 on dN.

We note that this equation is solvable since (C.13) holds. We then define in N, E? =(E1 +
E>+ E3)1y + Eflp and Yy, = {X,,, B(x;, ;) N O £ @} U {Zn—np} Finally, we let

n
E'=E)+ > Vi (x — ),
i=1

where the r; are the minimal distances as in (2.23) of Y;,. Note that, for the points near I', these
may not correspond to the previous minimal distances for the configuration X, or Zy_p,
which is why we use a different notation.

We note that the normal components are always constructed to be continuous across inter-
faces, so that no divergence is created there, and so E° thus defined satisfies

—diVEO:cd<Z 8y, —u) in Q,
(C.17) iety

EY. v=0 on 9%2.

Step 2: Controlling my. First, we control the ny. The results of Lemma B.4 allow us to
show that

C18) n=c [ EP=cM,  Yaisowm.
Hk k

We note that it follows in the same way that #/; <CM < C &zﬁ”—) with (C.4).
To control m; we write that, in view of (C.12) and (C.6),

(.19) md < Ce [ e,
I'No Hy,
Using the Cauchy—Schwarz inequality we bound

a1 1
|E¥| < €2 Mg .
N3 Hy

We conclude that

d 11 d 1 d 1 L
(C.20) lmp| <CeL272M; +CL°M; <CeL 2721M;.
The condition |m| < %m thus is implied by

§ozam1
CM; L2 <§m.
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This is the screenability condition (4.4). As an alternate we can also bound
S(Xn)

/ u—ﬁ‘ <CY Imd <Cc M +CM <t 4 C
N k

in view of (C.6) and (C.4), thus completing the proof of (4.5). In the same way, using Cauchy—
Schwarz, we may also write that

mp < Ce™ / |Ex2e%" + Cnje—,
I'No Hy,
and thus

S(X
/(u—ﬁ)zsczmizdsce*/|E?|2+Mz—dsc )
N k r e

in view of (C.4) and (C.6), thus proving (4.6).

Step 3: Estimating the energy of E. To estimate the energy of E°, we need to evaluate
fQ |E9|2. First, for £1 we use Lemma C.2 and combine it with (B.3) applied with n; = }1 to
bound >, 9(p — q) by the energy in a slightly larger set, thus we are led to

/N|(E1)?|2 < C(Zn,% +CM> <CM,
k

where we have used (C.3), (C.18) and the geometric properties of Hy.
For E> we use Lemma C.1 to get

|Eyf* < Ce(/ |E?|2+cni>.
Hy, JdH NI

Summing over k and using (C.6), we obtain
Yo | IEl*<cem.
k  Hi
For E3 we use that, by definition of F,

n—-no n—-no
(C21) /Q \0|Vh3f|2szcd(F(Zn_no,ﬁ,N)— > h(Zj)>+cd > 9@ +Cth—no)

j=1 j=1
since f]Rd If,| < C for each n (see (6.18)). Since E = Ey = Vuyin O, we deduce that

n—neo n—-no
/ B < / |Vu?|2+C£M+C<2cd(F(zn_no,ﬁ,N)— > h(Zj)> +ca Yy g(m)
Q (@] i P
j=1 j=1

+ C(n—np).

To estimate F(Yy, 1, 2), we use Lemma 3.4, the definition of F and (B.3), which tells us that
to go from T (with possibly intersecting balls) to ¥, we just need to add the “new interactions”
Z(i,j)e] g(xi — Zj) This ylelds

1 IERELE PO L
F(Yn,sz>52—0d/o|wr| 23 o) ;/an(y W du) +C Y gl —z))

i=1 @, )ed

n—np n—-no
+ Z h(Zj)+C€M+C<F(Zn_nO,,Ti,N)— Z h(zﬂ)
j=1

j=1

n—no

+C ) 9+ Cn—no).
j=1
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Since, on the other hand,

1 n n
HU(Xn,Q)=E(/ﬂWwV—%;Mﬁ)) —;/Qf?i(x—xl')du(X),

it follows that
F(Yna 1Z3 Q) - HU(Xna Q)

1 n—np
<—5— | IVwl’+5 3 9@ +C Y gf)+CeM
(C.22) 2¢q Javo 2 et g0 =1
+ CF(Zynp, BN +C )" glxi —zj) + C(n —np) + C(n — no).
(i, j)ed
On the other hand, since O contains Q7 _4 N 2, we have
s(ee > em- [ vuep)
l
264\ e o) Q\0
1 1
(C23) < — Vil + —<cd > gl - / |Vu?|2)
2¢cq (Q7+4\Q1-0)NU 2¢cq {ie{l,...n}kx; O} Q\Q71-4

M
<—+Cn—np),
2Cd

where we bounded the second term in the right-hand side by using Lemma B.1 to change 7
into zlt and then bounded g(%) for X ¢ O by the number of points not in O. We may also
write, using (B.7) and using that T =r in this case,

n—-no
(C.24) > 9() < C(F(Znnp, . N) + (0 — np)).
j=1

Inserting (C.23) and (C.24) into (C.22) and using (C.4), we find
F(Yns M, Q) - HU(Xna Q)
S(Xn) ~
<Ct 7 + CF(Zonnep- B N)+C Y gxi —z;) + C(ln — n[+ In — no)).
(i,))ed

Using (4.5) and u(N) < CZRY! allows us to bound the last term on the right side, and then
we get (4.7).
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