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We consider the statistics of the extreme eigenvalues of sparse random
matrices, a class of random matrices that includes the normalized adjacency
matrices of the Erd6s—Rényi graph G(N, p). Tracy—Widom fluctuations of
the extreme eigenvalues for p > N =2/3 was proved in (Probab. Theory Re-
lated Fields 171 (2018) 543-616; Comm. Math. Phys. 314 (2012) 587-640).
We prove that there is a crossover in the behavior of the extreme eigenval-
ues at p ~ N—2/3_In the case that N~ /9 « p K N72/3 we prove that
the extreme eigenvalues have asymptotically Gaussian fluctuations. Under a
mean zero condition and when p = CN =2/ 3, we find that the fluctuations
of the extreme eigenvalues are given by a combination of the Gaussian and
the Tracy—Widom distribution. These results show that the eigenvalues at the
edge of the spectrum of sparse Erd6s—Rényi graphs are less rigid than those
of random d-regular graphs (Bauerschmidt et al. (2019)) of the same average
degree.

1. Introduction. In this work, we study the statistics of eigenvalues at the edge of the
spectrum of sparse random matrices. A natural example is the adjacency matrix of the Erd&s—
Rényi graph G (N, p), which is the random undirected graph on N vertices in which each
edge appears independently with probability p.

Introduced in [30, 33], the Erdés—Rényi graph G (N, p) has numerous applications in
graph theory, network theory, mathematical physics and combinatorics. For further informa-
tion, we refer the reader to the monographs [9, 39]. Many interesting properties of graphs are
revealed by the eigenvalues and eigenvectors of their adjacency matrices. Such phenomena
and the applications have been intensively investigated for over half a century. To mention
some, we refer the readers to the books [11, 13] for a general discussion on spectral graph the-
ory, the survey article [37] for the connection between eigenvalues and expansion properties
of graphs and the articles [14, 15, 49, 50, 52, 54, 57-59] on the applications of eigenvalues
and eigenvectors in various algorithms, that is, combinatorial optimization, spectral partition-
ing and clustering.

The adjacency matrices of Erd6s—Rényi graphs have typically p N nonzero entries in each
column and are sparse if p < 1. When p is of constant order, the Erd6s—Rényi matrix is
essentially a Wigner matrix (up to a nonzero mean of the matrix entries). When p — 0 as
N — o0, the law of the matrix entries is highly concentrated at 0, and the Erd6s—Rényi
matrix can be viewed as a singular Wigner matrix. The singular nature of this ensemble can
be expressed by the fact that the kth moment of a matrix entry (in the scaling that the bulk of
the eigenvalues lie in an interval of order 1) decays like (k > 2)

(1.1) N~ (pN)~*k=2/2,

When p « 1, this decay in k is much slower than the N ~*/? case of Wigner matrices, and is
the main source of difficulties in studying sparse ensembles with random matrix methods.
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The class of random matrices whose moments decay like (1.1) were introduced in the
works [17, 20] as a natural generalization of the sparse Erd6s—Rényi graph and encompass
many other sparse ensembles. This is the class we study in this work.

The global statistics of the eigenvalues of the Erd6s—Rényi graph are well understood. The
empirical eigenvalue distribution converges to the semicircle distribution provided p > 1/N,
which follows from Wigner’s original proof. It was proven in [62], the spectral norm of
normalized adjacency matrices of Erdés—Rényi graphs converges to 2 if p > log* N/N. The
sharp estimates were derived in [6, 7]; it was proven that the spectral norm converges to 2 if
and only if p > log N/N. For the global eigenvalue fluctuations, it was proven in [53] that
the linear statistics, after normalizing by p!/?, converge to a Gaussian random variable.

A three-step dynamical approach to the local statistics of random matrices has been devel-
oped in a series of papers [3, 10, 19, 23-29, 42, 43]. This strategy is as follows:

1. Establish a local semicircle law controlling the number of eigenvalues in windows of
size log(N)C¢/N.

2. Analyze the local ergodicity of Dyson Brownian motion to obtain universality after
adding a small Gaussian noise to the ensemble.

3. A density argument comparing a general matrix to one with a small Gaussian compo-
nent.

This approach has been used to prove the bulk universality of a wide variety of random
matrix ensembles, for example, the sparse random matrices considered here [17, 20, 38] or
random matrices with correlated entries [2, 12, 21, 41]. A different approach which proves
universality for some class of random matrices was developed in [61].

Universality for the edge statistics of Wigner matrices (the statement that the distribution
of the extremal eigenvalues converge to the Tracy—Widon law) was first established by the
moment method [56] under certain symmetry assumptions on the distribution of the matrix el-
ements. The moment method was further developed in [32, 51] and [55]. A different approach
to edge universality for Wigner matrices based on the direct comparison with corresponding
Gaussian ensembles was developed in [29, 60]. Edge universality for sparse ensembles was
proven first in the regime p > N~!/3 in the works [17, 20] and then extended to the regime
p> N7/ in [47].

One of the key obstacles in the proof of the edge universality for sparse ensembles is the
lack of an optimal rigidity estimate at the edge of the spectrum, which is an overwhelming
probability a priori bound on the distance of the extremal eigenvalues from the spectral edge.
An important component of the work of [47] is establishing such optimal rigidity estimates
at the edge; furthermore, for sparse ensembles they calculate a deterministic correction to the
usual semicircle spectral edge +2. This correction is larger than the N~%/3 Tracy—Widom
fluctuations and is therefore necessary for their proof of universality.

In our first main result, we show that a rigidity result can no longer hold on the scale
N~2/3 in the regime N~7/% « p <« N~2/3. We find a contribution to the edge fluctuations of
order (p'/>N)~! which dominates the usual Tracy—Widom scale N ~%/3 for p in this regime;
moreover, we find that these fluctuations are asymptotically Gaussian. Comparing this to
the result of [47], we see a transition in the behavior at p = N ~2/3 from the Tracy—Widom
distribution to the Gaussian distribution.

Our proof is based on constructing a higher order self-consistent equation for the Stielt-
jes transform of the empirical eigenvalue distributions. Self-consistent equations have been
widely used in the random matrix theory [1, 34, 36, 48]. The leading order component of
our self-consistent equation corresponds to the semicircle law. In the work [29], Lemma 4.1,
it was noted when computing the higher moment of the trace of the Green’s function, aver-
aging over indices gives rise to a cancellation of fluctuations, which gives the optimal error
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estimates for the self-consistent equation. The “fluctuation averaging lemma” was further
developed in the random band matrices setting [16, 18]. The works [45-47] develop a sys-
tematic approach analyzing the self-consistent equation around the spectrum edge. Higher
order corrections to the self-consistent equations were also constructed in [4, 47]. The works
[5, 31] calculate higher order corrections to the expected density of states for various random
matrix ensembles.

In the current setting, our derivation of a recursive moment estimate for the normalized
trace follows the recent work of [47]. However, we construct an explicit random measure
from carefully chosen observables of the random matrix which approximates the Stieltjes
transform m y of the empirical measure of the random matrix. We prove a rigidity result with
respect to this random measure, and then show that the edge of this measure has asymp-
totic Gaussian fluctuations of a larger order than the rigidity estimate, implying the Gaussian
fluctuations for the edge eigenvalues themselves.

Our second main result concerns sparse random matrices H with centered entries, for ex-
ample, P[H;; = +1/+/2Np] = p/2 and P[H;; =0] = 1 — p. When p = CN~%/3, we find
that the distribution of the extreme eigenvalues converges to an independent sum of a Gaus-
sian and Tracy—Widom random variable. The Gaussian fluctuation we find in both the case
p < N72/3 and p = CN~2/3 is an expansion in the support of the density of states—the
correction to the smallest eigenvalue is the same as to the largest eigenvalue, but with the
opposite sign. We exhibit this correction as a specific extensive quantity involving the matrix
elements of H. If one subtracts this quantity, one finds the usual Tracy—Widom fluctuations
down to p > N~7/°_ For example, we show that the gap A» — A1 is still given asymptotically
by the gap of the GOE, on the usual N ~%/3 scale.

In order to exhibit Tracy—Widom fluctuations, we compare sparse ensembles to Gaussian
divisible ensembles, that is, a sparse ensemble with a GOE component. In [47], the local law
allowed for the comparison of sparse ensembles directly to the GOE. When p <« N~2/3, it
does not appear possible to compare directly to the GOE and so instead we use a Gaussian
divisible ensemble with a small o(1) GOE component.

Edge universality for such ensembles is established in [44]. This work proves a version
of Dyson’s conjecture on the local ergodicity of Dyson Brownian motion for edge statistics.
That is, for wide classes of initial data, the edge statistics of DBM coincides with the GOE,
and moreover, [44] finds the optimal time to equilibrium # ~ N~!/3 for sufficiently regular
initial data.

Organization. We define the model and present the main results in the rest of Section 1. In
Section 2, we obtain the optimal edge rigidity estimates in the regime p > N~"/%_ It implies
that in the regime N~7/° « p « N~2/3, the extreme eigenvalues have Gaussian fluctuation.
In Section 3, we recall the results from [44] for edge universality of Gaussian divisible en-
sembles. In Section 4, we analyze the Green’s function to compare a sparse ensemble to a
Gaussian divisible ensemble and establish our results about Tracy—Widom fluctuations.

Conventions. We use C to represent large universal constants, and ¢ small universal con-
stants, which may be different from line by line. Let ¥ > 0. We write X < Y or ¥ > X,
if there exists a small exponent ¢ > 0 such that X < N~°Y for N > N(c) large enough. We
write X S Y or Y 2 X if there exists a constant C > 0, such that X < CY. We write X <Y
if there exists a constant C > 0 such that Y/C < X <Y/C. We say an event 2 holds with
overwhelming probability, if for any D > 0, P(Q) > 1 — N~ for N > N(D) large enough.

1.1. Sparse random matrices. In this section, we introduce the class of sparse random
matrices that we consider. This class was introduced in [17, 20] and we repeat the discussion
appearing there.
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The Erd6s—Rényi graph is the undirected random graph in which each edge appears with
probability p. It is notationally convenient to replace the parameter p with g defined through

(1.2) p=4q*/N.

We allow g to depend on N. We denote by A the adjacency matrix of the Erd6s—Rényi graph.
The adjacency matrix A is an N x N symmetric matrix whose entries g;; above the main
diagonal are independent and distributed according to

1 with probability q%/N,
(1.3) ajj = . o )
0  with probability 1 — g“/N.

We extract the mean of each entry and rescale the matrix so that the limiting eigenvalue
distribution is supported on [—2, 2]. We introduce the matrix H by

A —q?le)le]

g1 —q%/N
where e is the unit vector

(1.5) e=(,....,DT/VN.

It is easy to check that the matrix elements of H have mean zero E[A;;] = 0, variance
E[hl-zj] = 1/N and satisfy the moment bounds

)= =l (-5) T ((-5) 0 (5) )

QM
= Ngk

for k > 2. This motivates the following definition.

1.4) H:=

(1.6)

DEFINITION 1.1 (Sparse random matrices). We assume that H = (h;;) isan N x N
random matrix whose entries are real and independent up to the symmetry constraint /;; =
hji. We further assume that (%;;) have the same moments, satisfying E[A;;] =0, E[hizj] =
1/N and that for any k > 2, the kth cumulant of &;; is given by

(k — D!Ck
(1.7) W,

where ¢ = g(N) is the sparsity parameter, such that 0 < g < +/N. For Cx, we make the
following assumptions:

(1) |Ck| < Cy for some constant Cy > 0.
(2) Cs=c.

REMARK 1.2. The lower bound, C4 > ¢, ensures that the scaling by ¢ for the ensemble
H is “correct.” Otherwise, we can always rescale g to make C4 =< 1.

We denote the eigenvalues of H by A1 > Ay > --- > Ay, and the Green’s function of H by
G(z):=(H — z)_l.
The Stieltjes transform of the empirical eigenvalue distribution is denoted by
N
1

1 1
my(z) == NTTG(Z) = NZ

Ai—2z

i=l
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For N-dependent random (or deterministic) variables A and B, we say B stochastically dom-
inate A, if for any € > 0 and D > 0, then

(1.8) P(A>N°B) <N~ P,

for N > N (e, D) large enough, and we write A < B or A = O(B).
We define the following quantity, which governs the fluctuation of the extreme eigenvalues

(1.9) X::%Z(h%—%).
ij

If H is the normalized adjacency matrix of Erd6s—Rényi graphs, X characterizes the fluctu-
ation of the total number of edges. X is of size O (v/Nq). Moreover, by the central limit
theorem, the fluctuations of /NgX are asymptotically Gaussian with mean zero and vari-
ance 6Cy4.

1.2. Main results. We first recall the strong entrywise local semicircle law for sparse
random matrices from [20].

THEOREM 1.3 ([20], Theorem 2.8). Let H be as in Definition 1.1 and q > N°* with
arbitrarily small ¢ > 0. Let b > 0 be a large constant. Then uniformly for any z = E + in
such that —b < E <band 1/N < n <b, we have

(1.10) 1G1j(2) — 8iymse(2)| (1+ mme(@) 1)
: max|G;;(z) — 8;jm = —+—,
Y ij\Z ijMsc(Z q Nﬂ NTI

where G(z) is the Green’s function of the matrix H, and my.(2) is the Stieltjes transform of
the semicircle distribution.

Our first main results, Theorem 1.4 and Corollary 1.5 concern the behavior of the extremal
eigenvalues of H and A in the regime N/ « ¢ « N'/°. Specifically, we prove that the
extremal have Gaussian fluctuations governed by the quantity X as defined in (1.9).

THEOREM 1.4. Let H be as in Definition 1.1 and g > N* with arbitrarily small ¢ > 0.
Let X be as defined in (1.9) and denote the eigenvalues of H by L1, Ao, ..., An. There exists
a deterministic constant L depending on q and the cumulants C3,Cs, ... of h;j (as defined in
Proposition 2.5) so that the following holds. Let ¢ > 0 and an integer k > 1 be given. With
overwhelming probability, we have, for 1 <i <k,

1 1
1.11 Ai—L—-X <Nc(— —)
and
(1.12) A -+L+X|<N‘<1 b )
' N—i = q® " N23)

As an easy corollary of Theorem 1.4, we derive asymptotic Gaussian fluctuations for the
second largest eigenvalue of the Erd6s—Rényi graph in the regime N~7/° « p < N~2/3,

COROLLARY 1.5. Let A be the adjacency matrix of the Erdés—Rényi graph G(N, p).
We denote its eigenvalues vy > o > --- > un. Then for N9« p K N—2/3 the second
largest eigenvalue of A converges weakly to a Gaussian random variable as N — oo,

(1.13) «/N(M—@<2+(Np)—1—Z(Np)—2>)—>J\/(0,1).

Here, N'(0, 1) is the standard Gaussian random variable.
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The following theorem concerns Tracy—Widom fluctuations for sparse random matrices
as defined in Definition 1.1. In the case ¢ = c¢N /6 the limiting distribution of the extremal
eigenvalues is given by an independent sum of a Tracy—Widom and Gaussian random vari-
able. In the case N1/¢ « g <N 1/6 e recover the Tracy—Widom fluctuations after subtract-
ing X.

THEOREM 1.6. Let H be as in Definition 1.1 and N'/° « g < CN'/5. Let X be as
defined in (1.9) and denote the eigenvalues of H by A1, A2, ..., AN. Let F : RF - R be a
bounded test function with bounded derivatives. There is a universal constant ¢ > 0 so that

11 Eu[F(N*P(0 —L—X),..., NP0 — L - )]
' = Eoe[F(N*3 (11 — 2). ..., N*3(u — 2))] + O(N™).

The second expectation is with respect to a GOE matrix with eigenvalues |11, Lo, ..., un. In
the case g = CN'/®, we have

(11 Eu[F(N*P(\ — L), ..., N304 — L)]
15)
=Ecor [ F(N??(u1 =2+ X), ..., N*3(u =2+ X)) + O(N 7).

In the second expectation, H is independent of the GOE matrix and its eigenvalues |1;. Anal-
ogous results hold for the smallest eigenvalues.

REMARK 1.7. In the regime of Theorem 1.6, that is, N9 « qg < CNV%, the leading
fluctuation of A; is given by X, which is of order O(1/+/Ng), and the next order fluctua-
tion is given by the Tracy—Widom fluctuation, which is of order O(1/N?/3). In the sparser
regime, that is, ¢ < CN 19 we suspect that there will be higher order fluctuations of sizes
O //Ng3), 0(1/~/Ng>), ..., which depend on subgraph counting quantities.

2. Edge rigidity for sparse random matrices. In this section, we prove the following
rigidity estimates for sparse random matrices in the vicinity of the spectral edges. The fol-
lowing proposition states that the Stieltjes transform of the empirical eigenvalue density is
close to the Stieltjes transform of a random measure p,, which is explicitly constructed in
Proposition 2.6.

Fix an arbitrarily small constant a and denote the shifted spectral domain

D={z=/c+ine(C+:|/c|§1,0§n§1,
2.1)

1 1 1
|K|+T]ZNa< + + )}
g3N'2 " g3Nn = (Nn)?

THEOREM 2.1. Let H be as in Definition 1.1 and g > N¢ with arbitrarily small ¢ > 0.
Let my(z) be the Stieltjes transform of its eigenvalue density. There exists a deterministic
constant L (as defined in Proposition 2.5), and an explicit random symmetric measure poo
(as defined in Proposition 2.6) with Stieltjes transform meo such that the following holds:
fixz7=L + X + z, where 7 = k 4+ in and X is defined in (1.9), then with overwhelming
probability, uniformly for any z € D, we have:

o Ifk >0,

my (2) — oo ()|

(2.2) 1 ( 1 N 1 N 1 N 1 )
< .
VIkl+n\Nnl/2 = N12g3/2 ° (Nn)? ~ ¢3Nnp
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e Ifk <0,

23 L 1 1

(2.3) }mN(Z)—moo(Z)|<N—n+W-
The analogous statement holds for 7= —L — X + z.

We postpone the proof of Theorem 2.1 to Sections 2.2, 2.3 and 2.4.

2.1. Proofs of Theorem 1.4 and Corollary 1.5. In this section, we prove Theorem 1.4 and
Corollary 1.5 which follow easily from Theorem 2.1.

PROOF OF THEOREM 1.4. We only prove (1.11), as (1.12) follows from the same ar-
gument. Note that the spectral edge of the random measure po, satisfies (2.20). By fixing a
sufficiently small ¢ > 0 and taking

2.4 _ ! > N°¢ ! !
2.4) U—W, K= q—6+m,

in (2.2), we get that

|mN(z>|=0(w(”Tn)

1 1 1 1 1
. +0( T (e + v * o + )
1
< N—n,
with overwhelming probability, where we used (2.21). The equation (2.5) implies that there

is no eigenvalue in the interval [L + X 4+« —n, L + X + k + n]. Otherwise, if there was an
eigenvalue, A; in the spectral window [L + X 4+« — n, L + X 4+ « + ], we would have that

- 1 1 1
20 tmlmy @] = Nlm[x,- - (L+X+K+i77):| =Ny’

contradicting (2.5). It follows that with overwhelming probability we have

1 1
2.7) M—L—XsNC<E+W).

For the lower bound, by the same argument as in [22], Lemma B.1, using the Helffer—
Sjostrand formula, we have that with overwhelming probability

#ire(L+X—x 00))= /LOOX Poc(x) dx + o(k*/?)
+X -k

(2.8) 5
P ) 3/2
- +o(k?7),
where
(2.9) Nc<1 + : )
. K= —+ —= ).
q° ' N2/3

The claim (1.11) follows from (2.7) and (2.8) after taking ¢ > O sufficiently small. [

PROOF OF COROLLARY 1.5. Consider the following normalized adjacency matrix:
A—qle)e|

q\/l—qz/N’

(2.10) H:=
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where ¢ = (Np)'/2. We denote the eigenvalues of H by A; > A, > --- > Ay. It follows from

Theorem 1.4 that for any fixed index i,

1 5
.11 VNG —L) > N, 1), L=2+—5— .
9= 4q

By the Cauchy interlacing theorem,

(2.12) V1—=q?/Nix <2 <qy/1—q*/Nhy,

and the claim (1.13) follows by combining (2.11) and (2.12). [0

2.2. Construction of the higher order self-consistent equation. In this section, we con-
struct the higher order self-consistent equations for sparse random matrices. We also derive
some useful estimates on the equilibrium measure and its Stieltjes transform.

PROPOSITION 2.2. Let H be as in Definition 1.1, g > N with arbitrarily small ¢ > 0,
and fix a large constant b > 0. Let my(z) be the Stieltjes transform of the empirical eigen-
value density of H. There exists a polynomial (the higher order self-consistent equation)

(2.13) Po(z,m) =1+ zm + Q(m),
where
1
(2.14) Q(m):m2+?(a2m4+a3m6+m),
is an even polynomial (of degree at most O(1/¢)) of m with coefficients az, a3, ... = O(1)

that depend on q and the cumulants C3, Cs, ... of h;j, such that uniformly for any z = E +in
with —b < E <b,1/N <« n <b, we have
E[Im[my(2)]]

(2.15) E[Po(z, mn(2))] < N7

The proof uses the cumulant expansion to compute the expectations, similar to the deriva-
tion of Stein’s lemma. The cumulant expansion was used in [5, 35, 47] to study the spectrum
of random matrices. We postpone the proof to the end of this section.

REMARK 2.3. The same idea was first used in [4] to derive the higher order self-
consistent equation for the adjacency matrices of d-regular graphs.

REMARK 2.4. The first few terms of Py are given by

6C. 120C 1
(2.16) Po(z,m)=1+zm+m2+—;m4+ 46m6+0(—6).
q q q
We recall X as defined in (1.9), which characterizes the fluctuation of the number of edges

if H is the normalized adjacency matrix of the Erd6s—Rényi graph. We define the random
polynomial P(z,m) as

(2.17) P(z,m) = Py(z,m) + Xm>.

The solutions mso(z) of P(z,Meo(z)) = 0 and My (z) of P(z, Mmoo(z)) = 0 define holo-
morphic functions from the upper half-plane C to itself. It turns out that they are Stieltjes
transforms of probability measures poo and poo, respectively. The following lemmas collect
some properties of M (2), Mo (z) and the measures poo and Poo.
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PROPOSITION 2.5. There exists a deterministic algebraic function ms : CL — Cy,
which depends on the cumulants C, C3, ... of h;j, such that the following hold:

1. mqo is a solution of the polynomial equation, Py(z, mso(z)) =0.

2. mqo is the Stieltjes transform of a deterministic symmetric probability measure po.
Moreover, supp pso = [—L, L], where L depends on the coefficients of Py, and peo is strictly
positive on (—L, L) and has square root behavior at the edge.

3. In a neighborhood of the spectrum, that is, [—L, L], we have the following estimate on
the imaginary part of meo:

Je¥n  ifEel-L,Ll,

2.18 Im[moo (E +in)] =

19 mimeoEX IS e e ¢ L,

and

(2.19) 02P0(z, Mmoo ()| < Vi F 1, 33 Po(z.meo(2)) =1+ O(1/47),

where k = dist(Re[z], {—L, L}).
PROPOSITION 2.6. There exists an algebraic function ms : C — C,., which depends
on the random quantity X as defined in (1.9), such that the following hold:

1. Mo is a solution of the polynomial equation, P(z, Mo (z)) =
2. Moo is the Stzelt]es transform of a random symmemc probabtlzty measure Poo. More-

over, Supp peo = [— L,L)and Poo IS strictly positive on (—L , L) and has square root behavior
at the edge.
3. L has Gaussian fluctuation, explicitly
~ 1
(2.20) L=L+X+4+0 (—)
< Wq3

In a neighborhood of the spectrum, that is, [—L, L], we have the following estimate on the
imaginary part of Mo

8 o _|v<F¥n  ifEe[-L.L],
2.21) Im[moo(E—i-lr))]A{n/m A
and
(2.22) 102 P (2. 1100 (2))| < VK 11, 2P (2,100 (2)) = 1 + O(1/4),

where k = dist(Re[z], {—L, L}).

The proofs of Propositions 2.5 and 2.6 follow the same proof as [47], Lemma 4.1. For
completeness, we sketch the proofs in Appendix B.

Before proving Proposition 2.2, we collect some estimates which will be used repeatedly
in the rest of the paper.

PROPOSITION 2.7. Let H be as in Definition 1.1, g > N with arbitrarily small ¢ > 0,
and fix a large constant b > 0. Let G (z) be the Green’s function of H and m y(z) the Stieltjes
transform of the eigenvalue density of H. For any indices 1 <i, j < N, we have

1
(2.23) hij < —.
q
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Uniformly, for any z = E + in such that —b < E <b, 1/N <« n < b, we have

I
(2.24) 3 Gir ()G (2)] < w

k
2.25) 31jmn (2] < m["];—’;(m Sy ()] < m[";_fzm

where 0;; is the derivative with respect to h;j.

PROOF. The bound on #;; follows from Markov’s equality. For (2.24), by the Cauchy—
Schwarz inequality and the Ward identity (A.1), we have

1
ikGrj| < 3 > 1G> + 1G]
(2.26) k
_ Im[G ;] + Im[G;;] . Im[m y]
2 n

where in the last inequality we used (A.3). The estimates in (2.25) follow from (2.24) and the
calculations,

Im[mN]
(2.27) |0;jmy| = —‘ZGkaj
and
1 1 Im[my]
(2.28) Nlazmm:m ijGji Ny 0

The following proposition allows us to estimate the expectation of certain polynomials of
entries of the Green’s function.

PROPOSITION 2.8. Let H be as in Definition 1.1, g > N°* with arbitrarily small ¢ > 0,
and fix a large constant b > 0. Let G(2) be the Green’s function of the matrix H. Let F(G(z))
be a function of the following form:

d

N
(2.29) F(G() = H( ZGfi-‘ (z)>,
k=1 i=1
with fixed exponents si,s3, ..., Sx. Uniformly, for any z = E + in such that —b < E < b,
1/N <« n <b, we have
E[Im[my]]
2.30 G; G”GQF GN .
(2:30) - [Z y ©) -

PROOF. For the sum of diagonal entries, we have the following trivial bound:

2.31) ‘ ZGUGNGQ F(G)‘ oL

For the off-diagonal terms, we use the following identities:
G1iGij
Gii

’

(2.32) Gij=Giiy haGyl. Gl =Gij—
ki
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and the cumulant expansion. We take a large constant / such that g* > N0,
1
_E[Z Gi;G;! G;%.F(G)}
13

v LS E [, GG G2 F(G)]

ijk
(2.33) . |

=5 ij > E[G R (G G F(G)] + (’)( >

p=1 C] ijk

L
Cp+1 P R E[Im[m y]1]

=> > E[Gyjd} (G GzF(G))]+O<(—>.

i AT l Nn

r1+1Gr2

We consider terms in the Leibniz expansion of 8 (G, F(G)). If such a term contains

at least one off-diagonal term, then the resulting expression Gy 18 (G”HGV2 F(G)) con-
tains at least two off-diagonal terms. We can estimate it using (2.24), which gives an error
O~ (m[my]/Nn). For example, if A;j; is a term in the expansion of 8 (G”Jr]Gr2 F(G))
that contains the off-diagonal term G, then

] ”“ - S E[GyjAiji]

1
<3 > E[|Gk;Gixl]

3
Nq ijk ijk
1
34 =N Y E[IGi1* +1Gil?]
ijk
E[Im[m 1]
<.
Nn
Thus,

C +1 ri+1 ~r
>yt LB G @)
p=1 ijk

(r1+ l)C UL~ Dlpi1 +1
p=1 ijk
E[Im[mzv]])
Oo\——.
* <( Nn

Note that when derivatives hit the F'(G) term they generically contain off-diagonal terms or
are of lower cardinality. If p is an odd number, then (85c ”H) must contain off-diagonal
terms and so we dispense with this case. If p is an even number, then

p/2 12

+ terms with off-diagonal terms.

ar r1+1 _ p!(l?/2 + rl)Gp/2+r1+1Gp/z
(2.36)

For terms in (a{,’{ r'+1) which contains off-diagonal terms, we can estimate them in the

same way as (2.34), which gives an error O~ (Im[mx]/Nn). Therefore, by plugging (2.36)
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into (2.35), we get

—E[Z Giij}G;i.F(G)}
ij

_ ¥ p'Cpii (p/2+r1>
- 2,p—1
(2.37) prrdp VAT P2

XZE[ijGp/Z ( ZG””/Z“)F(G)}

jk

E[Im[my]]
+O<< Nn )

The terms on the right-hand side of (2.37) are in the same form as the one on the left-hand
side of (2.37), except that there are some factors of 1/¢ in front of them. For each term on
the right-hand side of (2.37), we can repeat the procedure above, each time gaining at least
a factor of ¢~! for any terms that contain only diagonal Green’s function elements. After
finitely many steps, all the errors are bounded by O (N '), and the claim follows. [

PROOF OF PROPOSITION 2.2.  The polynomial Py(z, m) is constructed in a way such that
(2.15) is satisfied. More precisely, we compute the following expectation using the cumulant
expansion:

1
E[l 4 zmy] = v ZE[hijGij]
ij

(2.38)

1
-y > R+ 0 7).

ij p=1

where £ is large enough such that ¢* > N'°. For the derivatives of the resolvent entries G; s
three kinds of terms might occur: the terms containing more than one (counting multiplicity)
off-diagonal entries, the terms containing one (counting multiplicity) off-diagonal entry, or
the terms containing no off-diagonal entry.

For those terms containing more than one off-diagonal entry, using (2.24), we have the
following trivial bound:

E[Im [mn]l
AT

QZE 1GijI?]

For those terms containing one off-diagonal entry, thanks to Proposition 2.8, we have the
same estimate

1
(2.39) ‘W ZE [G/;G;;G")]
ij

E[Im[mzv]]

2.40 — Y E[G; G”G’2
(240) ‘ Z Nn

Finally, we analyze those terms containing no off-diagonal entry, say G’ G; 2 dfr,m <1,
then its average can be written in terms of m y, that is,

IAWals r+r
(2.41) NZZGIGZ— A
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Otherwise, we assume r; > 2. Thanks to the following identities:
GG 4+ 261G G = (Z hkakm)G” G,
(2.42) "
GGl T G + GGG = (; hlmG,m)Gkan 67,
by taking difference, we get
E[G/!G2] =E[GuGl 'G3] + ZE [ Gim G G

— Y E[himGinGuGl~ G
m

(2.43)

ri—1 r +1 T T
=E[GuG]}~ 2 ]+ Z Z Npp 1 8km(kaGiz! szj)]
m p=1

—E[8],(GinGu G}~ lGrz)])+O(q>

We consider first the leading term in the cumulant expansion p = 2. The crucial point is that
the only terms resulting from the Leibniz expansion of the derivatives which do not contain
at least two off-diagonal entries directly cancel:

C

= E[3n (Gin G} G')] = E[im (Gim Gui Gt~ 'G72)))

C
:Nz(E[Bkm(ka)GﬁG;_z,] E[0im(Gim)Gik G~ 1G?,])

+ at least two off-diagonal terms

C
=+ E[(GiiGum) GGy}~ '62] -

+ at least two oft-diagonal terms

= terms with at least two off-diagonal terms.

The terms with at least two off-diagonal terms can be bounded as in (2.39). Therefore, aver-
aging over i, j, k, m, we obtained that

1 r| r2 ri—1 r2
FZEG G’ N3Xk:E GuGjj~ G7]
) )

(2.44) + higher order terms

E[Im[mzv(z)]]>

ro (=

where those higher order terms refer to terms of size O(¢~"). In this way, we introduced
a new resolvent entry G, and the exponent of G;; was reduced by one. By repeating this
process, we can reduce all the exponents to one. The average of the resulting expression can
be written in terms of my, that is, m§\1,+r2. We can repeat the above procedure to the higher
order terms, until the error is of order O (N ~"). In this way, we obtain a polynomial Q(m y)

such that

E[
245 E[1 +zmy]=~E[Q(my)] + O (M)

Nn
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2.3. Moments of the higher order self-consistent equation. In this section, we compute
higher moments of the self-consistent equation near the spectral edges +L. This gives us a
recursive moment estimate for the Stieltjes transform my (z). The rigidity estimates follow
from a careful analysis of the recursive moment estimate and an iteration argument.

Note that the polynomial we consider is random and depends on X. We will need to use
the deterministic bounds of the random quantity in (2.21), and so we have to consider the
Stieltjes transform m  at the random spectral argument 7 = £(L 4+ X') 4z, where z € D. We
recall the shifted spectral domain from (2.1):

D:{Z:K—I—inEC+Z|K|§1,0§n§1’
(2.46)

1 1 1
|K|+7’]ZNa( + + )}
g3N'2 " ¢g3Nn = (Nn)?

PROPOSITION 2.9. Let H be as in Definition 1.1 and g > N with arbitrarily small
¢ > 0. Let my(2) be the Stieltjes transform of its eigenvalue density. We recall L as defined
in Proposition 2.5, and peo with its Stieltjes transform mq as defined in Proposition 2.6. Fix
Z=L+4+ X+ z, where z=« +1in € D and X is defined in (1.9). We have the estimate

E[|PG. iy )]
1 1 \Immy(E)]|0PE, myE)] />
s1+s2>1 q NYI NU

(Im[mN(Z)]
X —_—
Nn

The analogous statement holds for 7= —L — X + z.

(2.47)

)S2|P(Z, mN(Z))‘Zr—sl—sz]‘

Before proving Proposition 2.9, we first derive some estimates of the derivatives of the
polynomial P and the Green’s function G with respect to the matrix entries of H.

PROPOSITION 2.10. Using the same notation as in Proposition 2.9, for the derivatives
of P(z,mpn(2)), we have

I -
(2.48) 95 Pz mn ()] < |azP(z,mN<z>)»m[";7’j7(Z”.
For the derivatives of G;;(z), we have

I -
(2.49) 3Gy () = (2 Gy) () + O (TR,

PROOF. In this proof, we write P = P(z,mp(Z)) and 9, P = (0, P)(Z, mn(2)). We recall
0 as defined in (2.14). For the derivative of P,

3P =8;j(14+Zmy (@) + Q(mn () + Xm% (3))
=0 Pd;j(mn(2) + (8;;2)mn (2) + (3, X)m% (Z)

2 —8;; - - ~
(2.50) = 0P @imy) ) + —Lhij(my @) + m2, () + HPomy (3))

I -
< 1%P| m[mN(Z)]’
Nn



930 J. HUANG, B. LANDON AND H.-T. YAU

where we used (2.25). Similarly, for the higher order derivatives of P, we have

Im[m y(2)]

(2.51) 8/, P(z,mn(@)| < [32P] N7

For the derivative of G;;(Z), we have

8;jGij(2) = 3(Gij) @) + (3:Gi)) (D)2

L 2—4 - .
(2.52) =0;j(Gij)() + N hij ;Gik(Z)ij(Z)
Im[MN(i)])
Nn ’
where in the last equality we used (2.24). The higher order derivatives of G;;(z) can be
estimated in the same way. [J

=G + O

PROOF OF PROPOSITION 2.9. In this proof, we write, for simplicity of notation,
P=PCmy(). G =G@. my =my@. P' = P'C.my@) = HPEmy (). 0P =
05 (P(Z,mn(2))), 3/,G =8[(G®@), 8imn = 8], (mn (2), Df;G = (8],G)(Z) and Dfimy =

@mn) (@)
The starting point is the following identity:
(2.53) 14+Zmy@) =) hijGi; ).

ij
Using the cumulant expansion, we can write the moment of P (Z, my(Z)) as
E[|P(Z,my®) " | =E[QP ™' P"]+E[Xmy P~ P']
1 =
+NE|:ZhijGij(Z)Pr 1Prj|
ij
= E[QPr_lf_’r] + E[Xm%vPr—lpr]

1
—ZZNP;_I

ij p=1
1
+ O <_> )
q°
where ¢ is large enough such that ¢* > N!0 (say). In the following, we estimate the sum on

the right-hand side of (2.54). For p # 2, 3, we write that
(2.55) E[8}(GijP""' P")] =E[D}(Gij) P"~' P"] + other terms,

(2.54)

F(Gi PP

and show the leading order term cancels with E[Q P"~! P"] from our construction of Q, and
the “other terms” are negligible. For p =2, 3, we write

056 E[8/(GijP"' P")]=E[D}(Gij) P"' P']
— pE[G,-,-Gj_,-af;-_l(P’_llsr)] + other terms,

and the “other terms” are negligible. We will show that the leading order contribution of
the first term on the right-hand side cancels with E[QP"~1' P"], and that of the second term
cancels with the fluctuation term E[X m%, PP in (2.54).
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For the first- and second-order terms in (2.54), that is, p = 1, 2, we have the following
estimates. Their proofs depend on a careful analysis of the expansion, we postpone them
after the proof of Proposition 2.9.

CLAIM 2.11. The first-order term in (2.54), that is, p = 1, satisfies

NzZE ij(Gij P~ P")]
1y

@57) B[ P B
Im[my] Im[my]\* 2r—s]>
+O<< [(N 7 PPl ]+T§5‘E[( N7 ) )

CLAIM 2.12. The second-order term in (2.54), that is, p = 2, satisfies

—Z E[87(Gij P~ P")]

(2.58) - max IE[(Im[mN]>S (Im[mN]|P/| ) |P|2r—2—S:|
s=0.1 L\ Ny (N1)?

I N
+maxE[< mmN]) |P|2H].
s>2 Nr;
For the third-order term in (2.54), that is, p = 3,
—1p5
N2 2 ZE GijP"" P")]

3C4
= NZg2

(2.59)

r— C4 r—1 pr
ZE 3,](G,])32 (Pr=1 P+ Vg ZE[afj(Gi,-)p TP
1]

11 Im[mn1 PN s )
+O<<(q3 + Nn)r?g(E[( N ) | P| ] ,

where we used that max;-; |G;j| <1/q +1/+/Nn.
For the higher order terms in (2.54), that is, p > 4,

N;’tf (G )]

1 15
(2.60) NZ”; 121@ L(Gij) P PT]

1 I P\
+ O« <—3 maxE[(M) |P|2’_1_s]>.
qg- s>1 Nn

We combine all the estimates (2.57), (2.58), (2.59) and (2.60) together, and use (2.49)

E[PP]=E[(Q—m}) PP+ ”“l DLGij) P P']

NgP
p=3 ij

15 2C3
2 1
—i—(E[XmNPr P’]—Z—qu

ij

E[GiiG ;i (P~ P")]
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Y E[GiiG ;o7 (PP ]))

ij

11 Im[mN]lP’|)S 2_1_}
o((=+— E|(NVIE 1Y ppar—t-s
* <<(q3+Nn>T§f( [( Nn 7l

I S
+maxE[<7m[mN]> |P|2’—SD.
s>1 N77

In the following, we show that the second line is negligible, and then Proposition 2.9 will
shortly follow. We will soon see that there is a cancellation between those terms from p = 3
and the random term & mIZVP’ —1P”, which is the reason we use the random polynomial
P(z, m) instead of Py(z, m). We calculate the X" term:

3C4

2.61) -

E[Xm3 PT1P] ZE m3 PT1 P Z]E ma PT1 P
ij

= 0 5 L el iy P )]

ij p>1

(2.62) — W ZE[m%,P"I P
ij

For the first term in (2.62), we use the cumulant expansion again,

+1 —1p5
Dp IR B (L)

ij p=1
1Coit / e
(2.63) => ¥ N’;+p SR (my PP
ij p,p'>1

=0 <maXE[<M)S|P|2’_S}).
§>2 Nn

For the second term in (2.62), we have

Y% P Elsl i )]

2p1
ij p>2Nq

PCp+1 —1 15
- Z Z N2 pp 1 ail} (Pr IP”)]
ij p=2

Im[my]Y* 2r—s
+O<(T§§E[( N ) 1 ])

2C;3
=2 g Bl (PP +Z N2 Elmy (P 1)

(2.64)
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1 I P'|\* )
+O<( maxE[(4m[mN]| |> |P|2r—1_°]
q s>1 Nﬂ

Im[mN] y 2r—s
ene] () 1))

Therefore, the second line in (2.61) simplifies to

203

ZE = GiiGyj)aij (P P")]

3C4

7 ZE G”GJJ)aiZj(Pr_lpr)]

1 I P'\*
+ O (—3 maxE[(mLM) |P|2r—1_“:|
q° s>1 Nn

(2.65) + maxE[(Im[mN]>s|P|2r_SD
Nn

§>2

= —= Y E[(m} — GiiGj;)3;j(P""'P")]

Im[mN] $ 2r—s

+ 0 ma[ () 1P )
S I 1-)
F0(( o maea (I ),

where we used that |G;; —my| < 1/g + 1//Nn. For the first term on the right-hand side of
(2.65), notice that

my —G;iGjj=(my — Gijj))my + (my —Gjj)my
(2.66) — (my — Gii)(my — Gjj)

1 1
=(my —Gjj)ymy +(my —Gjj)my +O<<p + N_T]>

Thus the first term in the right-hand side of (2.65) simplifies to

O(l) r=2 pr
N—quzj:IE[(mN —Gjj)mn(d;;P)P 2 P"]
(9 1
O S By — G jjym @1 B P2
N q
(9 1
(2.67) N(2q) ZE (my — Gll)mN(alj P)P"™ 2P ]
ij
(9(1) .
TN Y E[(my — Gii)mn (3 P)| P[> %]

ij

11 Immy)|P'| 5,
+o<(( +—)IE[— P ])
> Ny Nn 7]
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By symmetry, we only need to estimate the first term in (2.67), as the other terms can be
estimated in the same way. Using (2.50), we have

NZqZE (my — G jj)my(3;; P)P"2P"]
ij

(2.68) N2 Y E[(my — G jj)myP'(Dijmy)P"*P"]
ij

X E[h,'j(m]v — ij)mN(P,aZmN +m%\, —{-mN)Pr_zf_’r].

We have that D;jmy = Y ; Gi;Gyj/N. Using the identity Gy; = Z#i higGl(Zi,C)G,-i, we can
write the first term in (2.68) as

—— Y E[GkiGyj(my — G )my P’ P2 P"]

ijk
— ZZE[hiEGéik)Giinj(mN — ij)mNP/Pr_ZPr]
9 ijk o
Cpi1 : o
(2.69) =2 NTP > D E[G 9/ (GiiGrj(my — G jjmy P'PT 2 P")]
o1 V4T ik e
0(1) .
ZZE G GiiGrj(my — Gj)my P (3¢ P)P" > P")]
z]k LH£i
0(1)

ZZE (G GiiGrjmy — G jj)my P’ (8 PYPT =2 P~ 1)]
l]k i

11\ /Immy]|P']\* 2,_1_3})
+O<<maXE[( Nn)( N )'P' ‘

For the first term on the right-hand side of (2.69), we have

1
‘N4 ZZGgchllej(mN ij)(azﬂp)‘

ijk C#£i
(2.70) = N4 >_1Giil Z(B,gP)Gek (Gij(my — GJJ))’
q ij LHiLk
Im[my]|P’| Im[mN]<1 1 )
(Nn)? N7 N7y

where we used that |GV ||1,—1, < 1/n, [8;¢P| < Im[mpy]1|P'|/Nn, Imy — Gjjl < 1/q +

1//Nn, and Y ; |G j|2 < Im[my]/n. The same estimate holds for the second term on the
right-hand side of (2.69). Combining the above estimates, it follows that the first term in
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(2.68) is bounded by

l 1 I P'\*
s>1 Nn Nn

(2.71) /
Im[mpy]|P’| [Im[mp]|P’
+E[ [ N]l2 | [mn]| |( +—)|P|2’ 3D
(Nn) Nn Nn
For the second term on right-hand side of (2.68), we use the cumulant expansion again,
1 2§ -
NZqZ NUE[hij(mN_ij)mN(P/asz+m%v+mN)Pr 2Pr]
ij
_ Z Cp—H 22—8,-j
(2.72) ey N3gr T N

X E[ag((mN - ij)mN(P/asz +m%\, +mN)Pr—2Pr)]

—0. (maxE[<Im[mN])S|P|2’—5D.
s>2 NU

The estimates (2.61), (2.65), (2.67), (2.68), (2.71) and (2.72) all together lead to the fol-
lowing estimate:

E[|PI*]=E[(Q —my)P ' P'] +ZZ

p=3 ij

1 1\ /Im[mpy]|P’|\\*1/?
@) ro-(max Bl((+ 3, ) (R )

" (Im[mN])sz|P|2rslszi|>.
Nn

We have left the first line in (2.73). This is estimated similarly to Proposition 2.2. More
precisely, we repeat the procedure as in Proposition 2.2, by repeatedly using the cumulant
expansion. Derivatives hitting z give an extra copy of Im[my]/Nn (see (2.49)) and so the
resulting term can be bounded by

(2.74) o. (maxE[(ImIE]mN]>S|P|2r_s]>.

s>1 n

If the derivative hits P or P, we get a factor of Im[my]|P’|/q N7, and the resulting term can
be bounded by

(275) O<(maxE[Im[n;N]|P '(Im mN]) |P|zrsz]>_
520 q’Nn Nn

Nop TELDIGu) P ]

If the derivative never hits Z, P, P, these terms will cancel with Q. Proposition 2.9 follows.
O

PROOF OF CLAIM 2.11. We rewrite the left-hand side of (2.57) as

NZZ}E ij(Gij P"'PT)] QZ}E 3 (Gij)P" 1P

(2.76) Y &

+_22E Gijoy(PT~'P")].
ij
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For the first term in (2.76), thanks to (2.49),
N2 > E[0;;(Gij)P" ' P"]
ij

ZIE GiiGjjP P ZZIE GijGi;jP"~'P"]
(2.77) ij ij

Im[my] 2r1D
+O<<E[ Nn | P|

- I
~E[m% PT P ]+ O (IE[ m][VZN] |P|2"1D,

where we used (2.24). For the second term in (2.76), we use Proposition 2.10. We write the
second term in (2.76) as follows:

1 r—1 pr
WZE[GU&'/(P 'P)]
ij

(1)
N2

(2.78) o
> E[Gi; (@ P)P"*P"] + 3 —=>"E[Gi;a;(P)|P|* 2.
ij ij

Using (2.50), the first term in (2.78) is

o ]
%ZE[GU(DUWLN)P/PVZPV]
ij
1
O( )ZE (2 Blj)hl]Gl](mN+PamN+mN)Pr ZP]
ij
O(l) +1
= Z Cp
(2.79) =i Nar!
x 3 E[Q2 = 8)8f(Gij(m}y + P'o:my +my) P' =2 P")]
ij
Im[m y]
+O ( [ (N )2 ’ ‘ ])
= O< <E|:Im[mN] |P/||P|2r2] +maXE|:<M>S|P|2rS]>,
(Nn)z s>2 Nn

where in the first term we used

Im[my]
(Nm?*~

1 1 3 1
(2.80) m%:Gij(Diij) = mTrG <N—T r|G|? <

and we used (2.51) for the second term. The same estimates hold for the second term in
(2.78). The discussion above together implies the claimed estimate (2.57). [
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PROOF OF CLAIM 2.12. We rewrite the left-hand side of (2.58) as
1 G 2 -1p
I ZX: N—qE[aij(GijPr P")]

—Z (G,j )PP
(2.81)
_Z 81/(611)811(Pr P )]

—Z G,,ag (PP

For the first term in (2.81), thanks to Proposition 2.10 and (2.24), we have

1 6C3
—Z 5GP P = NZNqE[G,]G,,GUP’ P

Im(m ] 2r—1i|
)

We use the identities G;; = Zk# Giih lka] , and G(l) Grj — GriGji/Gii. Then by the
cumulant expansion, we have

(2.82)

N_2q ZE[GijGiiijPr_ll_)r]

=¥ ZE[Zh G{)GHG P~ IP]

ij k#i
=Y A Cpr ZE[ZGQ’)af; (GG ;P P" )]
p>1 ij k#i
2.83 Cp+1 .
(89 =2 Npq,, ZE[Z%G%G]‘]‘%(V lP’))}
p>1 ij k#i

Imimy]\' o
+ 0 (maxe| () 1]

1 /I P/|\*
s>1 Nn Nn

Im[mN] y 2r—s
+may| () 1)

where we used (2.24) in the third line and that ||G||1,— 1, < 1/7, and hence

‘ [ZGJJGkJ (P IP)”

(2.84)
1 P
<maXIE[ (7m[mN]| |) |P|2r_s_1].
s>1 Nn Nn
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For the second term in (2.81), using (2.49), it is given by
2C5 . ImlmyI\?, 5
(2.85) — Z N—qu[G,-iija,-j(P 'p )] + O (E[(Tn> |P|2 2:|)
ij

For the last term in (2.81), it is given by

ol¢! o )
( ) ZE ” Pr 2P )] NLZQ) ZE[Glj(ale)zpr_3Pr)]
ij
O(l) ZE lj Pr lPr 2)]
2.86
(2.86) (1) ZE i |P|2’ ]
L oW .
N2 ZE Gij(8;jP)(3;; P)P 2P 1.

We estimate the first and second terms; the other terms can be estimated in the same way.
Using (2.50), (2.51) and (2.25), we can write the first term in (2.86) as

> "E[Gijd;;(P'Dijmy + (2 — 8ij)hi;
ij

x (m% +my + P'd.my)/N)P 2 P"]

qu

1 -
(2.87) = Ny ZE[Gij(P/(D,‘zij +2D;jo.mpd;;Z) + P”(Diij)2
—

+ (2 —8;)(m% +my + P'd,;my)/N) P "2P"]

Im[mN]>2 Im[mN]|P/|> 2r—2D
O-(E P :
o (e[ ((F3,°) + e )P

We estimate the first term on the right-hand side of (2.87) in two parts. For the first part,

> G P’ D.ij,v)’
ij

/
_OW|P|

e

Z Gij(GkjGiiGjk + GkiGjiGjr)
ijk

(2.88)

ij Z GkJ

o\ P’ |
N432|Gz‘2j|Z|Gkiij|
9 ik %
Im[m ]| P’|
q(Nn)?
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where we used that |G|/, 1, < 1/n, and (2.24). For the second part, we have

lj (2 8lj)hlj

N—Zq ZG,‘jP,D,‘jaszal‘jZ
ij

(2.89)

IP | Im[mN]IP’I

q? Z' (Nn)?

For the second term on the right-hand side of (2.87), we have

1
= Z Z(GljDzij)G]k(sz)
N3 q i Jjk

ZGl]DlijDlij

e
(2.90)
(Im[my1)?
q(Nn)3

where we used that [|Gllz,—1, < 1/1, ¥ |Gki|* < Im[my]1/n, and 3; |G;;Dij x my|* <

(Im[m 1) /Nn?. For the last term in (2.87), since ||G||L2_>L2 < 1/n, we have

(2.91) WZG” < N—
ij
It follows that the first term in (2.86) can be bounded by
I 21 P’
(2.92) 0. (E[(( m[mN]> n m[mN]l2 |)|P|2r_2D'
Nn (Nn)

The second term in (2 86) can be rewritten as

N2 > E[Gi;(@;; P)*P" 3 P")]
ij

N2 > E[G;j(P'Dijmy)(P'Dijmy) P> P)]
ij

1 25
N > N LE[hijGij(P'd.my +my +my)

ij

(2.93)

X (P/D,'ij + aijP)P’_3I3”)].
For the first term in (2.93), we use the estimate (2.90), and it follows that

ij

(2.94)

. E[Im[mN] (Im[mN]|P/|>|P|2r—3}
Nn (Nn)?

For the second term in (2.93), we again use the cumulant expansion and find that it is given
by

N31;1;1 I ZZ UE 0;(G

p=1ij

(2.95) x (P'9;my +my; +my)(P'Dijmy + 8 P) P> P"))]

=0 (maxE[(Im[mN]>S|P|2r_s]>.
§>3 NT]
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It follows that the second term in (2.86) is bounded by

0. (E[Im[mN] (Im[mN]IZP |>|P|2r—3]
Nn (Nn)

Im[mN] y 2r—s
+may| () 1 )

By combining the estimates (2.92) and (2.96), the last term in (2.81) can be bounded by

0. (max E[(Im[mzv] )S (Im[mzv] [P > | P|2r—2—si|
5=0,1 Nn (Nn)?

Imimy]\* o,
+ma] (T ) 1)

The discussion above implies the claimed estimate (2.58). [

(2.96)

(2.97)

2.4. Proof of Theorem 2.1. We only analyze the behavior of the Stieltjes transform m y
in the region close to the right edge L. The analysis for m y in the region close to the left edge
can be done in the same way. Recall the shifted spectral domain D from (2.1). The following
stability lemma is a variation of the usual stability lemma, for example, [8], Lemma 4.5.

LEMMA 2.13. Let H be as in Definition 1.1 and q > N*® with arbitrarily small ¢ > 0.
There exists a constant ¢ > 0 such that the following holds. Suppose that § : D — R is a
function so that

(2.98) |P(L+X +z,my(L+X+2)| <8(2).

Suppose that N~% < 8(z) < & for z € D, that § is Lipschitz continuous with Lipschitz constant
N and moreover that for each fixed k the function n v+ &(k +1in) is nonincreasing for n > 0.
Then

) 8(2)
2.99 L+X+2) =L +X +2)[=0 ’
(2.99) my (L + X +2) —rieo(L + X +2)| ( |K|+n+8(2)>

where the implicit constant is independent of z and N.

PROOF. We abbreviate 7 = L + X + z. From (2.22), we have |0, P(Z, M (2))| =<
k| +n, and agp(z, Moo (Z)) = 1 + O(1/¢?%). By a Taylor expansion, we have

—P(E.my (@) + 2P (Z 100 (2)) (my 3) — oo (2))
(2.100) i o
+ (1 +o0(1))(mn(2) —mos(2))” = 0.
We abbreviate R(Z) := P(Z, mn(2)). There exists a(Z) < +/|«| + 1 and b(Z) < 1, such that
(100 R() = a (@) (my (@) —ieo(®) + @) (my () — oo ().

With (2.101) in hand, Lemma 2.13 follows by a continuity argument essentially the same as
[8], Lemma4.5. [

Before proving Theorem 2.1, we first prove a weaker estimate of the Stieltjes transform
my(2).
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PROPOSITION 2.14. Let H be as in Definition 1.1 and g > N with arbitrarily small
¢ > 0. Let mp(2) be the Stieltjes transform of its eigenvalue density, and m~(z2) as defined in
Proposition 2.6. Uniformly, for any 7 = k +1in € D as defined in (2.46), letting 7 = L+ X +z,
we have

(2.102) Imy (2) — ioo(2)] < VK| +1.
PROOF. For k| +n> l/q3 N, and « < 1, by Proposition 2.6, we have

.. VAl Kk <0,

(2.103) Im[iiieo(3)] = ®(2) = n/|\/||:|7n+n =0

and

(2.104) 2P (Z, oo (2))] =< VK[ + 1.

We denote

(2.105) AN@) = |mn(L+ X +2) —fiso(L + X +2)|.

Then we have

(2.106) Im[my(2)] < D) + An(2),

and by Proposition 2.6

2107 D P(Z,myE))=0P(Z, Mmx(2) + O(lmy(2) — Mmoo (2)])

=O0(/Ik[+n+ An(2)).

By Holder’s inequality, we obtain from Proposition 2.9,

1 1 1 \"
E[|P(z, ) — 4+ — ) E[A 2r
o108 [1PEmv @) <y (5 + 377 ) BlAx @

+ (Il + )2 (@@ + An))].
With overwhelming probability, we have the following Taylor expansion:
P(Z,mN(2)) = P(Z, Moo(2) + 2 P(Z, e (D)) (N () — 1o (2))

BPG @) o)
(2.109) > (my (2) = oo (2))

= 0P (2, 110 (D) (M () — o (2))
+ (14 0()(my(E) — o)),

where we used that 822P (Z, Moo(2)) =24+ 0(1/g%) and Ay (z) < 1 with overwhelming prob-
ability. Rearranging the last equation and using the definition of A y(z), we have arrived at

(2.110) ANG@? S AN@YIKF 14| PE myGE)|,
and thus
2.111) E[An )" ] < (] +0) E[Ay @7 ]+ E[| P mn @) ].

We replace E[| P (Z, mN(Z))|2’] in (2.111) by (2.108). Moreover, on the domain D, we have
the estimates Nn+/Jx[+ 1> 1 and Nn(J| + 1)g> > 1, and so,

(2.112) E[An )" ] < (k| + 1),
and by Markov’s inequality we get Ay (z) < /Ix|+1n. O
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PROOF OF THEOREM 2.1. We assume that there exists some deterministic control pa-
rameter A(z) such that the prior estimate holds

(2.113) |my(L+ X +2) —hioo(L+ X +2)| < Az) S Vx| + 1.
Since ®(z) 2 /Ixk|+ n and A(z) < /[x| + n, (2.108) simplifies to

i)((A@ + o)Wk + )2

1
— —t
q**/Nn = Nn
If « >0, then ®(2) =n//Ik| + n, and (2.114) simplifies to

(2.114) |P(Z,mn(D)| < (

. I I (e +m)'*AM2
|P(E.mn(@D)| < N2 T N Nn
(2.115)
(k] +m)' /A2
q3/2(N77)1/2

Thanks to Lemma 2.13, by taking §(z) the right-hand side of (2.115) times N°, we have

_ L 1 1 1
|mN(Z) - moo(Z)| =< \/W<N’71/2 + N1/243/2

L (el mVAAY2 (k| + n)1/4A1/2)
Nn q3/2(Nn)l/2

(2.116)

By iterating (2.116), we get

Imn(2) — Moo (2)]
(2.117) 1<1+1+1+1)
< .
VIkTFn\Nnl/2 = N12g32 = (Nn)2 ~ ¢3Np
This completes the proof of (2.2).
If « <0, then ®(z) =+/|k| + nand A(z) < /|x| + 1, (2.114) simplifies to

(el +m'Z (el 4+m'/?

(2.118) PEmN@] <0 (N 2g3 2

It follows from Lemma 2.13, by taking §(z) the right-hand side of (2.118) times N°¢, we have
_ L 1

(2.119) Imy(2) — Moo(2)| <

Ny N g
This completes the proof of (2.3). U

3. Edge statistics of H(t). Let H be as in Definition 1.1. In this section, we assume that
qg>N 1/9 and consider the ensemble

172

(3.1) H(t):=e PH+(1—e")""W,

where H(0) = H and W is an independent GOE matrix. The random matrix H(¢) also sat-
isfies the properties of Definition 1.1. Thanks to Propositions 2.5 and 2.6, we can construct a
random probability measure for H (t), which is supported on [—L;, L;], where

. 1 1 5 1
(3.2) L,=L,+X,+O<<m), XFN;(MJ-U)—ﬁ)-
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We take 7 >> N~ 1/3 as
ND
YVEN

fora 0 <9 < 1/3 to be determined. We denote A to be the set of sparse random matrices H,
such that (2.2) and (2.3) hold at edges +L:

3.4 A:={H :(2.2) and (2.3) hold around edges £(L + X)}.

(3.3) t

By Theorem 2.1, we know that the event .4 holds with probability P(A) > 1 — N~P for
any D > 0. We denote the empirical eigenvalue distribution of H by pug. We denote the
eigenvalues of H () as A1(¢), Ao (2), ..., An(F).

In this section, we prove the following theorem, which states that the fluctuations of ex-
treme eigenvalues of H (¢) are given by a combination of the Tracy—Widom distribution and
the Gaussian distribution.

THEOREM 3.1. Let H be as in Definition 1.1 with g > N2 Let H(t) be as in (3.1),
with eigenvalues denoted by ,i(t), Ay(t), ..., AN (1), and t = N3 Letk>1and F :
R* — R be a bounded test function with bounded derivatives. There is a universal constant

¢ > 0 depending on 0, so that for any H € A as defined in (3.4) we have
Ew[F(N*2(a(t) =L, — X), ..., N*?(m () — L, — X)|H]
3.5)
= EGor[ F(N*(u1 = 2), ... N*P(ux = 2)) + O(N ™),

where the expectation on the right-hand side is with respect to a GOE matrix with eigenvalues
denoted by 1;. Moreover, one can also put the X on the right-hand side of (3.5),

Euw[F(N*3 (i) = Ly), ..., N3 () — Ly)]
:EH,GOE[F(NZB(Ml 24+ X),..., N2/3(Mk — 2+X))] + O(N_c),

where expectation on the right-hand is with respect to a GOE matrix with eigenvalues |;,
and a sparse random matrix H (note that on the right-hand side, H is independent of the
GOE and only enters the expectation through X).

(3.6)

Take 1, = N723H/2 and 2 =L + X + z, where z =k + in. For any H € A, from the
defining relations of .4, that is, (2.2) and (2.3), we have

U

./K+n’

(3.7) Imn (2) — oo (2)] <

forO<x <landn, <n<b,and

(3.8) Imy (2) — oo ()] < Vx| + 1,

for —1 <« <0 and 5, <n < b. Hence, combining with estimates (2.21), we get
(3.9) Im[my (2)] < Im[ri00(2)], N« <N=b, k| <1,

for H € A. Moreover, in the regime ¢ > N —1/9(2.2) also implies (1.11) such that
21(0) — L < N72/3/2 Hence, H is nx-regular in the sense of [44], Definition 2.1, and
the result of [44], Theorem 2.2, applies for = N ~!/3+? as above. This result gives the lim-
iting distribution of the extreme eigenvalues of H;. The result involves scaling parameters
coming from the free convolution, which we must now define.

We denote psc(x) the semicircle law which is the limit eigenvalue density of a Gaussian
orthogonal ensemble W. The semicircle law at time ¢, that is, the limit eigenvalue density
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of (1 —e™")/2W, is given by (1 — e ™)~ 1/2ps (1 — e~")~1/2x) dx. We denote the free con-
volution of the empirical eigenvalue density of e~/? H, with the semicircle law at time ¢ by
my g, and the free convolution of e -t/ 2,0 (e'/*x) (as defined in Proposition 2.6) by i, fc.
They satisfy the functional equations

: putrdr i)

3.10 Q= =575 ) ey —E@)
(3.10) My fc(2) e~12x — E(z) i fo(2) / e ?x —£(2)
where
G1)  E@=r+(l—e e,  E@i=z4(1—e i)

For t = N~1/3+? these measures have densities which are supported on a single interval,
with square root behav1or at the edges. The edges are defined as follows. Let &, and §+ be
the largest real solutions to

1 — (1 _ efz)/ ﬁoo(x) dx

(e™!/2x —&4)%

1= (1 i e_[)f d/LH()C)

(e7/2x — &)

(3.12)

Then the edges E+ and E+ of the free convolution with Stieltjes transforms m, .(z) and
my gc(z) are defined by £, = E(E}), £y = E(E,), respectively. We introduce the scaling
parameters yy and 7 as follows:

12 _E 3
A 1 —1\3 HH X a
o=~ )/(e—l/2—§+>3> |

The main result of [44], Theorem 2.2, states that for any n,-regular H, and smooth test
function F : R¥ > R, there exists a universal constant ¢ > 0 depending only on ? > 0 as
above, such that

Ew[F(N*?P0(h1(t) = Ex), ..., NP (@) — E4))H]

=EGoe[F(N* (1 —2), ..., N> —2))] + O(N7),

where the expectation on the right-hand side is with respect to a Gaussian orthogonal en-
semble with largest few eigenvalues w1, 2, ..., tr. The parameters py and E+ depend on
H. The following two propositions show that they are close to 7 and E_, which we can
calculate explicitly. The proofs are deferred to Appendix C.

(3.14)

PROPOSITION 3.2. Under the assumptions of Theorem 3.1, we have
(3.15) o6, —L=1t*, P& — L=t
and the estimate
3.16 £ — By <1? : !

For the edges of the free convolution law, we have

1

(317) |E+—E+|<]\]1Tq3/2+m
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For the scaling parameter, we have

3€3t/2

170 —7ol=(1—¢")

/ dpeg (x) / (xﬁoo(x) dx

(x —e2E)3 —e!/28,)}

3.18
(3.18) | .

el N2

PROPOSITION 3.3. Under the assumptions of Theorem 3.1, there exists a universal con-
stant ¢ > 0, such that

120Cs  81C3 N

E+:2+X+6—C;(1—2t)+—4 A OL(NTHPT
q q q
(3.19) _ 1, +X+O<(N_2/3_c)
— L+ OL(NH)
and
(3.20) Jo=14O(N7).

Thanks to Propositions 3.2 and 3.3, we can replace py and E+ in (3.14) by L; + X and 1
respectively, which gives an error of size O(N ). Thus, we have

Ew[F(N?(h(t) =L, — X), ..., N*P(h(t) — L, — X))|H]

= Egor[F(N*3(u1 —2), ..., N3 (ux —2))] + O(N 7).

This completes the proof of (3.5).
In (3.5), we can take F(x) = F;(x + N?/3X) for any smooth function Fi, as the estimates
only depend on || F'||» and || F || . Taking expectation over H, we then see that

Euw[F(N*3 () = Ly), ..., N3 () — Ly)]
(3.22) =Eu.co[F(N* (1 =24+ X),..., NP (u =2+ &))]
+O(N7°).
This yields Theorem 3.1.

(3.21)

4. Comparison: Proof of Theorem 1.6. We recall H(¢) from (3.1). For simplicity of
notation, in this section we denote the Stieltjes transform of the eigenvalue density of H (¢)
as m;(z), and the Stieltjes transform of the eigenvalue density of H as m(z). In this section,
we prove the following theorem, which states that for r = N~1/3%?_ the rescaled extreme
eigenvalues of H and H (t) have the same distribution.

THEOREM 4.1. Let H be as in Definition 1.1 with g > N Let H(t) be as in (3.1),
with eigenvalues denoted by A1(t), Ay (t), ..., AN (), and t = N=3 witho > 0 sufficiently
small. Fix k > 1 and numbers s, s2, . . ., Sk, there is a universal constant ¢ > 0 so that

Py (N*3(i0) — L —X) >s;, 1 <i <k)
4.1)
=Puy (N3 (i) =Ly — X)) = 51,1 <i <k)+ O(N™F),

where L;, X; are as defined in (3.2). In the special case, ¢ = CNY we have

Py (N*3(2;(0) — L) > s5;, 1 <i <k)
42)
=Pu (N3 (i) — L)) = 5i. 1 <i <k) + O(N7).

The analogous statement holds for the smallest eigenvalues.
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Theorem 1.6 follows from combining Theorem 3.1 and Theorem 4.1.

PROOF OF THEOREM 1.6. The result (1.14) follows from combining (3.5) and (4.1). The
result (1.15) follows from combining (3.6) and (4.2). [J

Before proving Theorem 4.1, we need to introduce some notation. For any E, we define

4.3) Ni(E):={i :7i(t) > L + X + E}

’

and we write No(E) as NV'(E). We fix ¢ > 0, and take £ = N~2/37%/3 and n = N=%/37¢. Then
with overwhelming probability, from (1.11), we know that Ay (#) < L, + &, + N —2/3+¢ We
define:

XE(x) = 1[E,N72/3+c](x — L — X&),
4.4) n 1 1
=—————=—1Im —.
r(x24+n?) 7w x+in

From the same argument as in [40], Lemma 2.7, we get that
(4.5) Tr(xe4e *60p) (H () = N~/ < N{(E) < Tr(xg—¢ % 60y) (H () + N~

hold with overwhelming probability. Let K; : R — [0, 1] be a monotonic smooth function
satisfying,

0 x<i—2/3,

(4.6) K= v>i1.

We have that 1y (g)>; = K;(N;(E)), and since K; is monotonically increasing, and so

K; (TT(XEH * Qr;)(H(t))) + @(N—c/9)
*7) < ()=
< Ki(Tr(xg—e * 0y) (H (1)) + O(N™?).

In this way, we can express the locations of eigenvalues in terms of the integrals of the
Stieltjes transform of the empirical eigenvalue densities. We have

N72/3+C

k
N - ) e
oo [T (3 [ ] ovr=
i=1 Si )

k
4.8) <Puo(V (i) = L= X) z i, 1 =i <k) = E[H 1M<Sizv2/3>zi]
i=1
k N N~—2/3+c
<E K;(Im| — L in) |d O(N~?).
1 LI YR ) Rt

For the product of the functions of Stieltjes transform, we have the following comparison
theorem.

PROPOSITION 4.2. Let H be as in Definition 1.1, with g > N'/°. We fix ¢ > 0,
E\,Er,....,Ex = ON"23), n = N3 gnd F : R¥ = R a bounded test function with
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bounded derivatives. For t < 1, we have

N72/3+C

Eafr(finfw [} s ein]|)]

N72/3+C

(4.9) :EHU)HF(Im[N /Ei my (L, +y+i77)“f:1)}

N23:  N3p 2§16
+O<N6°( + + ))

3

q q q
In the special case, g = CNVY® we have
N72/3+C k
EH[F({Im[N/ m(L+y +in)“ )}
E; i=1

N72/3+C

(4.10) =EH(t)[{F<Im[NLi m,(L,+y+in)“f=l)}

N2/3;  N13p  12pN1/6
6¢
+o(N( SO ))
q q q

PROOF OF THEOREM 4.1.  Since g > N1/% and r = N=1/3+® we can take ¢ and 0 small,
and then the error terms in (4.9) and (4.10) are of order O(N~°). By combining (4.8) and
(4.9), we get

Pry(N?P(hi(t) — L — X) = s +2N?30, 1 <i <k) + O(N™?)

. N
<Enq HKi (Im[—/

mi(Li + v + in)] dy) +O(N")
T JsiN=23+¢

Li=1 .

N-2/3+c

(4.11) <Pu(N*2(;0) - L—-X)>s;,1<i<k)

-k N
SEH(z) HK,(IH][—/
Li=1

N-2/3+c

T JsiN=2/3—¢

me(Ly + y + in)] dy) +O(N~")

<Puun(N*P(n(t) — L — X) > 5; —2N?30,1 <i <k) + O(N~/).
Since N?/3¢ = N~/3 « 1, (4.1) follows. For (4.2), analogous to (4.8), we have

N—2/3+C

k N 9
Tk (Im[; /;iN2/3+€mt(Lt +y+ in)] dy)} +O(N™")

EH(t)|:
i=1
(4.12) <Pun(N*P(i(t) — L) > si,1 <i <k)

N2+

£ N
[k (Im[; /«N—z/z_z m(Li +y+ in)} dy)} +O(N).

i=1

<Enqu [
Hence (4.2) follows from combining (4.12) and (4.10). U

PROOF OF PROPOSITION 4.2. For simplicity of notation, we only prove the case k = 1.
The general case can be proved in the same way. Let

N-2/3+¢

(4.13) X,:Im[N/

: my(Ly +y+in)dy]-
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We prove that

N23:  N3:  s12pN1/6
FELALA )

4.14 E[F(X,)] - E[F(X <N6‘(
@iy PO -BFO S V(S

Similar to [47], Proposition 7.2,

aE[F(X,)]

dx
(4.15) —E[F (Xf)—t]

N
:E[F’(X,)Im/
E

where by definition

—2/3+c¢

(Zhjk(n +(L,+26)ZG)]

tj

e—t

PN
. 2 :
X0 =5 2 hijOhij @),
ij

. 1
hj(t) = —5e ™ Phje+
(4.16)

By a large deviation estimate, we have |X;| < 1/(t'/2N1/24) and

X, Z G;; dx}

N-2/3+¢

1/6
“4.17) E[F'(X,)Imf N
E

By the cumulant expansion formula, we get

X e—(p—l—l)tc
(4.18) =Y E[hjx()F'(X)GijGri]= Y WE[afk(F/(X,)Giiji)].
ijk =2 q
We notice that
: 12C 1
(4.19) L=+ (9(—4).
q* q

Thus, (4.14) follows from the following proposition. The proof of (4.10) follows from the
same argument as above, with replacing L; by L;. [

PROPOSITION 4.3.  Under the assumptions of Proposition 4.2, for any p > 2, let

e—(17+1)tcpJrl D
(4.20) Jpi= WE[BJ,((F (X)GijGui)]l-

Then, with overwhelming probability J, = O(N'13¢/q),
12C4

(4.21) J==+ 2 —= Y E[F'(X)G};]+
ij

N2 LS
( q3 q> )

and for any p > 4, J, = O(N*/3+2 /g3).
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PROOF. LetZ, =L, + y + in. We have
1

‘8ZI;ZI| 5 Na
(4.22)
i )| 5 T C) I ez
Nn Nn
and

.
(4.23) N3Da (Gij GGri(G)| < el < yoappeaz g

ijk Nn

with overwhelming probability. Therefore, we have that

N-2/3+¢

P _
4.24) |aij,| = 'Im[N/E

SNTUBS2 s

oL+ y +imdy]|

949

with overwhelming probability. For any monomial of Green’s function with at least three

off-diagonal terms, for example,

1 1
5 2IG5G Gl 53 |G5G —Z|G,,G,ka,|
4.25) ijk ijk ijk
‘ 1 1
—Z|G NZ|G§.G3 NZ|GUG,-;<G§,<|
ijk ijk ijk

are of order O(N'*3%) with overwhelming probability.
For any p > 4, using (4.23) and (4.24), we have the following bound:

~o3 2 B0 (F (X0 GijG)] § ———
97 ijk 7

(4.26) J,=

with overwhelming probability.
For p =2, with overwhelming probability, we have

O(l)

Jr=—- ZEa (F'(X))GijGi)]
ijk

_(9(1) N1+5¢

=g ELF X0 <G,,le)]+0< - )
o) 1 ,

4.27) =~ L E[F'(X)GijGiiG iG] + —(terms in (4.25)}
q ijk q
1+5¢

+o<N )
oW

N1+5C
== ZEF(X,)Gl]Gk,GJJGkk]—i—O( )

ijk q
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For the first term, we use the identity G;j = y+; G jjhje Gé{ ), and the cumulant expansion

om

Ng > E[F'(X/)GijGiG jjGik]

ijk

o) :
=~ Y E[F(X)Gjjh;eGY GG ;Gu]
ik C£]
(9(1)

(4.28)

e > E[GY 87, (F (X)G ;GG j;Gur)]
p>1 ijk,0#i

N1+5c
o),
q

where in the last estimate we used (4.23), (4.24) and (4.25).
For p =3, we have

e—4tc4 N1+5C
Jy = E[F'(X1)3(G;;G @
’ ZNQZUZ]{ 05 Gu O]+ ( q2 )
12¢74Cy ,
=_N7q22E[F (Xt)Giijijijiji)]
ijk
1 1+5¢
+ — {terms in (4.25)} + O( 3 )
(4.29) i !
126_4’C4 / 1+5¢
:_W;E[F (Xt)Giijijijiji)]+O( pe )
ij
12¢=4¢Cy

N4/3+2C NH—SC
:TZE[F’(Xt)G,'ka,')]-{—O( q3 + 6]2 )
ik

1 2C4

N4/3+2c NH—Sc

ZE [F'(X)GikGri)] +O< 3 2 >
q q

ik

where in the second to last line we used that G;; = m;(z) + O<(1/g + 1/Nn) = —1 +
0O<(1/q), and (4.23). This completes the proof of Proposition 4.3. [

APPENDIX A: WARD IDENTITY

Let H be a symmetric matrix, with Green’s function G, then for any z = E + i with
n > 0, we have the following Ward identity:

Im(Gi;
(A1) Z|GU( ) —M

The following follows from local semicircle estimates for sparse random matrices and the
eigenvector delocalization.

PROPOSITION A.1. Let H be as in Definition 1.1 and fix a large constant b > 0. Then
uniformly for any z = E + in such that —b < E <band 1/N <« n < b, we have

(A.2) max |G;;| = O(1),
ij
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with overwhelming probability and
(A.3) max Im[G;; (2)] < Im[my (z)],
1

where G is the Green’s function of the matrix H.

APPENDIX B: PROPERTIES OF THE EQUILIBRIUM MEASURES
The proof of Propositions 2.5 and 2.6 follow similar to [47], Lemma 4.1. We first prove
Proposition 2.5.
PROOF OF PROPOSITION 2.5. We introduce the following domains of the complex
plane:

D, ={E+in: —2<E<2,0<n<2},

(B.1)
Dy :={weC:|w| <3}
Let
1 1 3 5
(B.2) R(w) i=———w——2(a2w +azw’ + ).
w q

By definition, Py(z, w) = 0 if and only if z = R(w). We first check that R(w) has exactly
two critical points on D,,. The derivatives of R(w) are given by

1 1
R (w) = 3 1— ?(3a2w2 + Sazw* +---),

(B.3) )

R”(w) —_“

1
e (6ayw 4 20azw® + - - -).

g2
For g large enough, R”(w) < 0 on (0, 3) and R”(w) > 0 on (-3, 0). Therefore, R'(w) is
monotonically decreasing on (0, 3), and monotonically increasing on (—3, 0). Furthermore,
for C large enough, we have R’(1 — C/g?) > 0 and R'(1 + C/q*) < 0. R'(w) is an even
function and so R’(w) = 0 has two solutions on (—3, 3), which we denote by +7. Note
that t € (1 — C/g?, 1+ C/q%). We let L = R(—1), and so —L = R(z). We have that L =
24+0(1/ qz). Next we show that R(w) does not have other critical points on D,,. The equation
R'(w) = 0 is equivalent to

1
(B.4) 1 —w? — = (3aaw* + 5a3u® +---) =0.
q
On the boundary of D,,, we have
1
(B.5) 11— w?| =8 —[3aw* + Sazuw® + - |.
q

Hence, by Rouché’s theorem, the equation (B.4) has the same number of roots as the quadratic
equation 1 — w? =0 on D,,. Since 1 — w? = 0 has two solutions on D,,, we find that R (w)
has exactly two critical points, that is, =7 on D,,.

We next show that for any z € D,, Py(z, w) has exactly two (counting multiplicity) solu-
tions on D,,. On the boundary of D,,, we have

1
(B.6) lw? 4+ zw + 1| > |w]? — |z||w| — 1 22>>?|a2w4+a3w6+...|_

Hence, by Rouché’s theorem, the equation Py(z, w) = 0 has the same number of roots as the
quadratic equation 1+ zw + w? = 0 on D,,. Since 1 4 zw + w? = 0 has two solutions on D,
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FIG. 1. mgo is a biholomorphic map from the upper half-plane to the region bounded by the curve I' and the
interval [—t, T], where the boundary [—L, L] is mapped to the curve T', [—o0, —L] is mapped to [0, t], and
[L, o] is mapped to [—t, 0].

we find that Py(z, w) = 0 has exactly solutions (counting multiplicity) on D,,. In particular,
for any z € (—L, L), P(z, w) = 0 has two solutions w(z) € C; and w(z) € C_, and w(z)
forms a curve on C, joining —7 and 7, which we denote by I".

Then we show that R(w) is biholomorphic from the region Dr, bounded by the curve I'
and the interval [—L, L] to the upper half-plane, as in Figure 1. By definition (B.2), R(w) is
holomorphic on Dr, and continuously extends to the boundary except at w = 0. In a small
neighborhood of 0, the imaginary part of R(w) satisfies

(B.7) Im[R(w)] = Im[w](% - 1) n O(Imgw]> > 0.
|w] q

Hence, by maximum principle, we have Im[R(w)] > 0 on w € Dr, that is, R(w) maps Dr
to the upper half-plane. If we view R(w) as a map to the compactified complex plane, that
is, C U {o0}, then R(0) = co. Moreover, it extends to an orientation preserving bijection
between the boundary of Dr and the boundary of C, where the boundary curve I" is mapped
to[—L, L], [0, t]is mapped to [—oco, —L], and [—7, 0] is mapped to [L, oo]. Forany z € C,
the number of solutions to z = R(w) is given by

(B.8) 1/ KW 4, 1/ L oge—1.

2ri apr R(w) —z T 2ri C, U{oo} § — 2

It follows R(w) is a biholomorphic map from Dr to the upper half-plane. We take m, to be
the inverse of R(w).

Finally, we check the properties of mo(z). The function m(z) is a holomorphic map
from the upper half-plane C, to Dr, satistying Py(z, mso(z)) = 0. Let poo be the measure
obtained by Stieltjes inversion of m,(z). To show that po, is a probability measure, it suf-
fices to check that limy_, o iymeo(iy) = —1. Since m(z) is bounded, one can check that
lim;_, 5o Moo (z) = 0. Thus,

(B.9) 0= lim Po(z.moo(iy) = lim (1 -+iymeo(iy)).
which implies that limy_, »ciymso(iy) = —1, and p is a probability measure. Moreover,
(B.10) lim Im[moo(E + in)] =0,

n—0

for E ¢ [—L, L]. Hence, ps is a measure supported on [—L, L].
In the following, we study the behaviors of ms, and pso at the edges L. Let z = R(w).
In a small neighborhood of the critical point —t, we have the expansion,

e= R(=0) + R0+ 1) + 2 w4 12(1 + Ew)
(B.11) 2
1+ 2D 21+ Ew)),

2
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where the error term satisfies Re[£(w)] = O(Jw + t|) and Im[E[w]] = OIm[w]). Since
R”(—1) > 0, we find that in a small neighborhood of —z,

12
(B.12) (R”(Z_T)) Vi—L=w+0)(1+Ew)"?

where we choose the branch of the square root so that /z — L € C*. By taking imaginary
part on both sides of (B.12), and noting that Im[(1 + £(w))'/?] = O(Im[w]), we get

(B.13) Im[vz — L] < Im[w](1 + O(w + 7)).

In a small neighborhood of —t, or equivalently, in a small neighborhood of L, we get
JEF1n  ifRelz] <L,
n/x+n ifRe[z] > L,

where x = |Re[z] — z|. In particular, by the Stieltjes inversion formula, ps has square root
behavior at edge L. For the derivative of Py(z, m«(2)), by the chain rule, we have

(B.15) 0= 0, Py(z, Moo (2)) = Moo (z) + ;Moo (2) 2 Po(2, Moo (2)).

Since mo(z) has square root behavior at L, we have |0;m 0 (2)| < |z — L|712, and

(B.14) Im[moo(z)] = Im[w] < Im[v/z — L] <

[moo(2)]
(B.16) 0 Py(z,moo(2))| = ————— =<z —L|.
PP mee )=
We can apply the same argument and get the same estimates of the behaviors of my, and pso
in a small neighborhood of — L. This completes the proof of Proposition 2.5. [

PROOF OF PROPOSITION 2.6. We only prove the estimate (2.20). The rest of Proposi-
tion 2.6 follows from the same argument as in Proposition 2.5. Similar to the proof of Propo-
sition 2.5, we define R(w), 7 and L = R(—%). Moreover, we have R(w) = R(w) — Xw. By
a perturbation argument, we get

- X 1 - 1
(B.17) r=r+RTT)+o<<N—q2), L=L+Xr—|—(9<<N—qz>,
Moreover, since T = 1 + O(1/¢?). The claim follows. [

APPENDIX C: FREE CONVOLUTION CALCULATIONS

1/9

In this appendix, we consider H as in Definition 1.1, with ¢ > N/°. We will calculate

various free convolution quantities. We let

NO
(Cl) t:= W

We recall the construction of L, L, o (x) and e (z) from Propositions 2.5 and 2.6. We use
the definitions of Section 3.

LEMMA C.1. Forall E <t and k > 1, we have

1 1
’ ——————dup(¥) = [ ——=———Pec(x)dx
_ k _ k
C2) /(x (L+E)) /(X (L+E))

1 1 1
= 26— (Nﬂ + N1/2tq3/2)'
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PROOF. Let x(y) be a smooth cut-off function such that y(y) =1 for |y| < 2 and
x(y) =0 for |y| > 22, such that |x'(y)| < Ct~2. Let f(x) be a cut-off function so that
f(x)=1forx <L+ E/3 and f(x) =0 for x > L + 2E/3. We choose f(x) so that the
derivatives obey | f &) (x)| < Ct~%. Since by (1.11) with overwhelming probability all the
eigenvalues of H are less than L 4+ N~2/3+¢ for any & > 0, we can consider instead the test
function

C3 = _.
(C3) 8= F 0

Let

(C4) S(x+iy) :=my(x +1iy) — meo(x +1y).

Define 1, := N ~2/3%¢ for ¢ > 0, with ¢ < /4, so that 1, < 2. Note that for y > 1, we have
by Theorem 2.1 that

(C.5) S+l < 5+ e = 2O

forg > N 1/9 regardless of whether x > L orx < L. By the Helffer—Sjostrand formula,

\ [ s @~ [ g0 ds

< \ [ ¢/ @xmyimlse +in]dx dy\
(C.6)

+ [lgC0x 0 mfsx+iv)]| dx dy
+ /!g/(X)x’(y)yRe[S(x +iy)]| dx dy.

For the second two terms, note that

Clog(N C
[lswlar= 380 [lgwlar= o

C
/|g”(x)| dx < k52

and that the y integral is only over 12 < |y| < 2¢2. So,

(C.7)

/|8(X)X/(y) Im([S(x +iy)]|dxdy
(C.8) ( ’
+ [18'x OwRe[sG + i) drdy < ).

For the last term, we first use the fact that y — y Im[my] is increasing to bound the |y| < 5,
integral by

/| & @xeyIm[St+ip]drdy
YVISnx

(C.9) <2 8" (x) |+ Im[ At o (x + i) ] dx dy
Y=«

+ 8" () |14] S(x +1ins) | dx dy.
V=N«
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The second term is bounded by

. d(mon? _ o)
(C.10) /y _ 8/ @lnelsee il dray < =3 < e,

where we used 7, < r2. We now estimate the first term of (C.9). Using (2.21), we find

/ 18" () e Im[m (x + iny)] dx dy
V=N

(C.11) ,S/x<0|g”(x+i)|n§\/mdx
+f }g’/(x+i)|n72dx.
x>0 \/m
We note that |g”(x + L)| < Clx — E|~*+2 1x<2£/3. The second integral is bounded by
N I NI
[ e DigEgacs [ 8w+ Dl e
(C.12) + [ g+ L)| G - dx

XZ1x

7’
t2’<+4 —I—/ |g”(x+L)| * dx.

The last term is bounded by

1 n3
"(x + L —*dx < / £ dx
/xzn*|g ( | me<x<E/3 [x — E[FF2 J/x
1 n3
(C.13) + / Mg,
E/3<x<2E/3 t4|x - E|k \/_
n3
N 2k43

For the other term on the right-hand side of (C.11), similarly we get

25 2
n
(C.14) f 8" (x + L) [niv/ne + [x[dx S 2k+2 + tzkj—l :
In summary, we have the estimate
. o) 1 on
/ " () x(yIm[S(x +iy)]dxdy| < 72k—2 + s
Y=« ! !
(C.15)
@ (12)
PR

where we used that n; 2/13 = N% /(N*313) < 1/(N1?) by our choice of & above. Finally,

/ 8" )y x (M Im[S(x +iy)]dxdy
Y=«

C.16
(C.16) o o o)
S [2%k12 |y|522y Mdy S k=2
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where we used the fact that the support of x is in |y| < 2¢2. Putting together our estimates
yields the claim. [

PROOF OF LEMMA 3.2. From the square root behavior of . we easily conclude that
e!/2£, — L < t*. Then, using (C.2) we conclude the same for & . By taking difference of the
defining equations (3.12) for £ and &, we get

dpp (x) Poo(x) dx
/ (x —e!/26,)? _/ (x —e!/26,)?
. 1 1
B /<(x —el2E )2 (x—el/2E,)?
We calculate the right-hand side

1 1 i
./((X —el/2§+)2 o (x _et/2§+)2>/)oo(x) dx

(C.17)

)ﬁoo(x)dx.

_ [ePE g @r—e R ey
o R vy e L
(C.18)
- A 1
e/2E. _
o f (x — e!/21)(x — e!/28,)?
1
o () dx.

(r — 26 ) (x —e'/26,)?
Since both e’/ 2§+ — L =<e'?E, — L < 12, we see that the integrand is negative, and moreover,
by the square root behavior of peo,
‘ f : + : Ooo(x) dx
= = = — Poo(X

(x—e/PE)(r /282 (x —el2E)2x —ePhy)

1

—~ t_3.

(C.19)

We immediately conclude (3.16) from this and the estimate (C.2) for the left-hand side of
(C.17). Next, we estimate

(C.20) |Eq — Eq| < |61 —Ey|+ Ctloo(e?E1) — my(e'?E)].
The latter quantity we estimate by
oo (e/284) —mu (€764 )| < oo (e'/281) — oo (e/264))|

(€21 + [ (7€) — mu (€'/%64))|

1 1
= I(Nl/ztzqs/z + Nt3>’
where we used (C.2). Hence, we have proven (3.17). Finally, the estimate (3.18) is an easy
consequence of (3.16) and (C.2). O

LEMMA C.2. Let the polynomial of a self-consistent equation be given by

b
(C.22) O0=1+4+2zm +m2+%m4+—4m6+Xm2+P1(m),
q q
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where Py(m) is a polynomial in m of size O(q =9, and constants a, b=0(), and m be the
Stieltjes transform of a probability measure, supported on [—L, L], with
a b 9a*

(C.23) L=2+—=+—

g —@+X+O(Xq*2+xz+q*6).

For any z in a small neighborhood of L, m(z) is given by

2 12 F11/2 =

(C.24) m(z) =—1 + (m) (z—D)"*+0(z - LJ),
where

3a 5b  18a?
(C.25) t=1-5 -S4+ —F —X+0(Xg 7+ X% +47).

q q q

PROOF. We have the polynomial
a b
(C.26) 0=1+zm+(l +X)m2+Pm4+?m6+P1(m).
Solving for z,
1 a 3 b

(C.27) z:—n—l—m—pm —q—4m —Xm — Py(m) := F(m),

where P>(m) = P;(m)/m is another polynomial of size O(q*6). There is a unique positive
solution to F'(—1) = 0. We record the expressions

(C.28) F'(m) = # 11— Z_‘zlmz _ Z_l:«m4 — X~ Pi(m)

and

(C29) F'(m) = —% - %m - 2;—4””13 — PJ(m).

We first find

(C.30) r2=1—X—Z—Z—2—§+%ZZ O(Xq >+ X% +47°),

and subsequently, we can expand to obtain

3¢ 5b 6342 X
T T L O(Xg T+ & —6).

Substituting this in F(—1), we get

(C.31) =1

- a b 9a? 5 > _6
(C.32) L=24+—5+—7— 7 +X+0Xq " +X"+47").
9 9% 4q
We see that
(C.33) F'(-1)=24+0(q7?).
We expand
- F// _
(C.34) =L+ ( T)(m—t)2+(’)(|m—r|3)

2
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and invert

2 ~
(C.35) m(z):—t—i—( ) (z—D)'*+0(z - L)). 0

F'(—1)
PROOF OF LEMMA 3.3. In the following proof, we write m = iis, & = €4 and E, =

E+. Recall from (2.16), m satisfies a self-consistent equation,

6C 1206
(C.36) 0=1+zm+m?+ —tm* + ~—"m®
92

Then by Lemma C.2, we have

. 6Cy | 120Cs  8ICF
(C.37) [=24 3+ = P+ X+0q 2+ X0 +47"),

In the following, we first compute E4 =& — (1 — e ")e!/?m(e'/?£). For & (as defined in
(3.12)), by Lemma C.2 and (C.33), we have

e’ _ m/(et/Zé:) _ 1 !
(C.38) e = (4+(’)(q_2))1/2\/et/2§7_£

We can solve for £ and get

+0(@).

~ 1
(C.39) g =Lt (e~ 1)+ O +7¢7).
Using Lemma 2.16, we compute

m(e'/%) = —1+ %‘ +(1+0(72) (e - 1)+ 0()

(C.40) oc o 1
——1+—4+ —+O0W +q7Y).
Hence,
—t/2¢at _ 132 r__
_ 127 ¢ (e =1 i\ 1/2 9y e —1
Ei=e /L+f—(l—e )e!/ l—l-?-k 7
+0(B3 +1q7* +12¢72)
6(1 —21)Cs 120Cs 81C2

=2+( 2)4+ 26_ oy

(C.41) 1 1 1

+OXg P+ X4 41X+ 41+ 129 7?)
6(1 —26)Cs 120Cs 81C2
:2+( 2)4+ 26_ “x
q q q
+O (2 +1g7 4 g O+ N2 N2 412N,

where we used that X < N~1/2¢~1,
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The kth cumulant of the entries of H (¢) (as defined in (3.1)) is 1/N when k =2, and

(k — D)le™/2¢,

(C.42) N

for k > 3. The self-consistent equation for H (¢) is given by

66_2164 4 1206_3IC6 6 2

(C.43) 0=1+zm, +m? + " my; + = m® + X,m? + 0(q7).

By Lemma C.2, we have

6e ¢, N 120e3Cq B 8le ¥(y

L,=2+ + X
(C.44) ' 72 p pr i
+O0(Xg >+ X7 +47°).
‘We note that
(C.45) Xt =X+ O<(IN_1/2(]_1 + tl/ZN—l) — O<(N_1/2q_1),

and rewrite (C.44) as

120Cs  81C2
q* q*

i 6C
Lt=2+q—24(1—2t)+ + X

C.46 _ _ _ _ _
(C.406) O 2 gt g0 4 N2

+ N_l/zq_3 + tl/zN_l).

Lemma 3.3 follows from comparing (C.41) and (C.46), and recalling g > N 120
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