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WEAK POINCARE INEQUALITIES FOR CONVERGENCE RATE
OF DEGENERATE DIFFUSION PROCESSES

BY MARTIN GROTHAUS AND FENG-YU VVANG1
TU Kaiserslautern and Tianjin University

For a contraction Cp-semigroup on a separable Hilbert space, the decay
rate is estimated by using the weak Poincaré inequalities for the symmetric
and antisymmetric part of the generator. As applications, nonexponential con-
vergence rate is characterized for a class of degenerate diffusion processes,
so that the study of hypocoercivity is extended. Concrete examples are pre-
sented.

1. Introduction. Let (E,.#, u) be a probability space and (&, 2(&)) be
the quadratic form associated with a Markov semigroup P; on L?(11). The weak
Poincaré inequality

Var, (f) = p(f?) — n(f)?
(1.1) <aME, H+alflke, >0, f€PD©&)

with rate function « : (0, 0c0) — (0, 0c0) was introduced in [17] to describe the
following convergence rate of P; to u:

&)= sup Var,(Pf), t>0.
£ llose=<1
Explicit correspondence between « and £ has been presented in [17]. In particular,
the weak Poincaré inequality (1.1) is always available for elliptic diffusion pro-
cesses. However, it does not hold when the Dirichlet form is reducible. A typical
example is the stochastic Hamiltonian system on R x R?:

dX;=Y;dt,

1.2
(12) ay; =+2dB, — (VO V(X)) +Y,)dt,

where B; is the Brownian motion on R, V(1 is the gradient operator in the first
component x € R4, and V € C%(RY) satisfies

(1.3) V2V <M(1+|VV))
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for some constant M > 0 and Z(V) := Jpa e V@ dx < oo. In this case, the
invariant probability measure of the diffusion process is u = @1 X uz, where
wi(dx) = Z(V)"le V™ dx and p» is the standard Gaussian measure on R?. Let
V@ be the gradient operator in the second component y € R“. Then the associated
energy form satisfies &(f, f) = u(|V® %), and is thus reducible.

On the other hand, according to C. Villani [19], if the Poincaré inequality

(14)  Var, (f)i=w (D) —m () <am(VFP),  feChRY)

holds for some constant ¢y > 0, then the Markov semigroup P; associated with
(1.2) converges exponentially to u in the sense that

w(|Pf = (AP + VPP

<ceMu(|f —p(HPF+IVFPR), 120, feClRY)

holds for some constants ¢;, A > 0, where and in the following, u(f) := [ fdu
for f € Ll(u). If the gradient estimate |V P; f |2 <K@®Pf 2 holds for some func-
tion K : (0, 00) — (0, 00) (see [14, 21] for concrete estimates) we obtain the L2-
exponential convergence

(1.5) Var, (P, f) < ce M Var, (f), t>0, felL*(w

for some constants ¢, A > 0, which has been derived in [13] using the idea of [7].
See, for example, [1, 7, 9, 10, 13, 14, 20, 21] and references within for further
results on exponential convergence and regularity estimates of P;.

Recently, Hu and Wang [15] prove the subexponential convergence by using the
weak Poincaré inequality

(1.6) Var,, (f) <a@ui (VP +rifl%e.  feCLRY)

for some decreasing function « : (0, 00) — (0, 00) and || f|losc := ess, sup f —
ess, inf f. According to [15], Theorem 3.6, (1.6) implies

w(Pif = (O +IVPFP)
(17) <O f 15 +r(VIP). 120, feChR)
for some constant ¢» > 0 and
£@t):=inf{s > 0:7 > —a(s)logs}, t>0.
Again, if the gradient estimate |V P; f|? < K (¢) P; f* holds then this implies
(1.8) Var, (P f) <ciEONl flloer 120, f € L®)

for some constant ¢; > 0. In particular, if « is bounded so that (1.6) reduces to
(1.4) with ¢; = |||, We obtain the exponential convergence as in the previous
case.
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In this paper, we aim to introduce weak Poincaré inequalities to estimate the
convergence rate for more general degenerate diffusion semigroups where 17 is
not necessarily a Gaussian measure. Consider the following degenerate SDE for
(X;,Y;) on R4+d = R4 R4 where dy, d» > 1 may be different:

dX; = Q(VP W) (1)) dr,

(19 idYt =V2dB; — (Q*(VOV) (X)) + (VO V) (¥)) dt,

where Q is a di x dpy-matrix, V; € CZ(Rdl‘) such that Z(V;) < o00,i = 1,2, and
VD V@ are the gradient operators in components x € R% and y € R%2 respec-
tively. It is easy to see that the generator of solutions to (1.9) is dissipative in LZ(;L),
where @ := 1 X wuo for probability measures p;(dx) := Z(V)" e Vi® dx on
R% i =1,2; see the beginning of Section 3 for details.

Since the coefficients of the SDE (1.9) are locally Lipschitz continuous, for any
initial point z = (x, y) € R%*% the SDE has a unique solution (X?, Y7) up to life
time ¢*. Let P, be the associated (sub-) Markov semigroup, that is,

Pif@) =E[f(X;.Y)ly<rsy].  fE€BRNT®), ze R 1 >0.

To ensure the nonexplosion of the solution and the convergence of the L>-
Markov semigroup P; to 1, we make the following assumption.

(H) QQ% is invertible, there exists a constant M > 0 such that
(1.10) (VO V| < M1+ |[VOV[T),  i=1,2,

for 1y =1 and some 1 < 7, < 2. Moreover, M2(|V(2)V2|4) < oo and Va(y) =
S(loy — b|2) for some invertible d» x dr-matrix o, b € R%2 and increasing func-
tion ® € C3([0, o0)) such that

(1.11) sup| @' () + 2r @” (r) — 2r®@"(r) + (da +2)@"(r) e
rz0 @'(r)

According to [17], Theorem 3.1, there exist two decreasing functions oy, a> :
(0, 00) — [1, 00) such that the weak Poincaré inequality

(1.12)  Var, () =i ((VOLP) + 7l f 2. feCLRY).r >0,
holds for i = 1, 2. We have the following result on the convergence rate of P; to .
THEOREM 1.1. Let Vi and V; satisfy (H). Then the solution to (1.9) is nonex-

plosive and p is an invariant probability measure of the associated Markov semi-
group P;. Moreover, there exist constants ¢y, ca > 0 such that (1.8) holds for

(1.13) &) :=cy inf{r >0:cpt > al(r)2a2< " >logl},
oy (r)? r

which goes to 0 as t — o0.
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REMARK 1.2. (1) When V;,(y) = %|y|2 the measure w, reduces to the stan-
dard Gaussian measure as in [15]. In this case, we may repeat the argument in the
proof of [15], Theorem 3.6, to prove (1.7) for

1
(1.14) é(t):inf{r>0:czt2a1(r)log—}, t>0,
r

and thus extend the main result in [15] to the case that d; # d;. Since in this case
we have «p = 1, the convergence rate in Theorem 1.1 becomes

1
E(1) =inf{r >0: ot zal(r)zlog—}, t>0,
r

which is in general worse than that in (1.14). However, the argument in [15]
heavily depends on the specific V>(y) = %|y|2 (or by linear change of variables

Vo(y)=loy — b|? for some invertible d» x dp-matrix o and b € R%), and is hard

to extend to a general setting as in (H). Nevertheless, we would hope to improve

the convergence rate in Theorem 1.1 such that (1.14) is covered for bounded a;.
(2) Theorem 1.1 also applies to the following SDE for (X;, ¥;) on RA1+d for

some invertible dy X dp-matrix o and invertible d; x dj-matrix Q Q*:

dX, = (VP W) (V) dt,

d¥, = v20 dB, — (0*(VOVI) (X)) + 00* (VP V) (1)) dr.

Indeed, let (X;, ;) solve (1.9) and let Y; = o ¥;, Va(y) = Va(o~'y). We have
(VO =) (VW) (e~'y),  yeR®,

(1.15)

so that
dX, = (VP W) (Y dt = Qo* (VP V) (Y))
and
d¥, =20 dB, — (6 0*(VOV) (X)) + a0* (VO Va)(Y))) dt.
Letting 0 = Qo*, we see that the SDE (1.9) is equivalent to (1.15).

To illustrate Theorem 1.1, we consider the following example with some con-
crete convergence rates of P;.

EXAMPLE 1.3. We write f ~ g for real functions f and g on R? if f — g
CZ(RY).
(A) Let Vi(x) ~ k(1 + |x|2)% for some constants k, § > 0.

(A1) When V(y) =«(1+ |y|2)% for some constants «, € > 0, (1.8) holds
with

&d
E(t) =c exp(_czt58+88(1—5)++48(1—s)+ )’ t >0,

for some constants c, ¢ > 0. If, in particular, 6, € > 1 then P; converges to
u exponentially fast.
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(A2) When Vy(y) = dJ“Tplog(l + |y|2) for some constant p > 0, (1.8)
holds with

_ 1 BO+D(1-8)T+5
@) =c(l+1) 7P (log(e +1)) 9(p)s
for some constant ¢ > 0 and
_d+p+2/\ 4p +4+2d
P (p*—4-2d-2p)*t
(A3) When Vo(y) = 4log(1 + |y|*) + ploglog(e + |y|?) for some con-
stants p > 1, (1.8) holds with

8(1-8)*

£(t) = c1(log(e + t))l_p . (loglog(e2 +1)) 9
for some constants ¢ > 0.
Let Vi(x) ~ d% log(1 + |x|?) for some q > 0.
(B1) When Va(y) =k(1 + |y|2)% for some constants k, ¢ > 0, (1.8) holds
with
4(1—s)++a

£(t) = c(1 + 1) 7@ (log(e + 1) F@

for some constant ¢ > 0.
(B2) When Vh(y) = #105;(1 + |y|2) for some constant p > 0, (1.8)
holds with

1 1
E() =c(l +1) P@HP+0(P)G) (log(e + ;)) 20(q)+0(p)+20(p)0(q)

for some constant ¢ > 0.
(B3) When V,(y) = d log(1+ |y|2) + ploglog(e+ |y|2) for some constant
p > 1, (1.8) holds with

p—1

£(1) = c(log(e + 1)) T+¥@
for some constant ¢ > 0.

Let Vi(x) ~ %log(l +1x]?) + g loglog(e + |x|?) for some ¢ > 0.

(C1) When Vo(y) =k(1 + |y|2)% for some constant k£ > 0 and ¢ > 0, or
Va(y) = pT+d log(1 + |y|?) for some constant p > 0, (1.8) holds with

£(t) = c(log(e + 1)1V

for some constant ¢ > 0.
(C2) When Va(y) = $1og(1+]y[?) + ploglog(e+ |y|?) for some constant
p > 1, (1.8) holds with

£(1) = c(loglog(e? +1)) "4~V

for some constant ¢ > 0.
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In the next section, we present a general result on the weak hypocoercivity for
Co-semigroups on Hilbert spaces; see Theorem 2.1, below. In Section 3, this result
is used to prove Theorem 1.1 and Example 1.3. Theorem 2.1 is the main result of
this article. It applies to a much larger class of degenerate SDEs as given in (1.9).
The state space of the Markov process associated to the semigroup can be very
general. For example, it could be a manifold or an infinite dimensional space. In
particular it also applies to degenerate spherical velocity Langevin equations as
treated in [13]. Those are prescribed by manifold-valued Stratonovich stochastic
differential equations with state space M = R? x S of the form

dJC[ =Cl)tdt,

(1.16) 1
d(,()[ = —d—l(l — Wy ®Cl)t)VV(Xt)dt +O'(I — Wy ®(,l)t) OdB[.

Here d € N with d > 2. B is a standard d-dimensional Brownian motion, z ® y =
zy! for z, y e R? and y7 is the transpose of y. S = S?~! denotes the unit sphere
with respect to the euclidean norm in R?. Moreover, x denotes the space variable in
R and w the velocity component in S C R¢ and all vectors in euclidean space are
understood as column vectors. For a specified class of potentials V : R¢ — R and
o > 0 afinite constant, in [13] all assumptions of Theorem 2.1 are checked for the
equations as in (1.16). But due to Theorem 2.1, in comparison with [13] we now
can weaken the growth condition on V, since we need the space component of the
corresponding invariant measure only to fulfill a weak Poincaré inequality. Hence,
V may be chosen as any potential V| from Example 1.3. Solutions to SDEs as in
(1.16), for example, also appear in industrial mathematics as so-called fiber lay-
down processes; see [13] and the references therein. They are used as surrogate
models for the production process of nonwovens. For those models the rate of
convergence to equilibrium is very much of interest, because this rate is related to
the quality of nonwovens. Hence, cases in which empirical measurements indicate
slow growing potentials, by our main result, now may be covered also.

2. A general framework. Let (H, (-, -), ]| - ||) be a separable Hilbert space,
let (L, Z(L)) be a densely defined linear operator generating a Co- contraction
semigroup P; = e'l’. We aim to investigate the decay rate of P; of type

2.1) 1P P <EOUFIP+W(), 120, fe D),
where £ is a decreasing function with £(oc0) :=lim;_, 5 &(t) =0, and ¥ : H —
[0, oo] is a functional such that the set { f € H : W(f) < oo} is dense in H.

2.1. Main result. Following the line of, for example, [7, 13], we assume that

L decomposes into symmetric and antisymmetric part:

L=S—-A on 9,
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where & is a core of (L, Z(L)), S is symmetric and A is antisymmetric. Then
both (S, Z) and (A, &) are closable in H. Let (S, Z(S)) and (A, Z(A)) be their
closures. These two operators are linked to the orthogonal decomposition H =
H; 6 H in the following assumptions, where

m;  H— H;, i=1,2,
are the orthogonal projections.

(H1) Hy CcN(S):={f € 2(S): Sf =0}; that is, H; C Z(S) (hence, 1,2 C
2(S) dueto Z C 2(S)) and Sm; =0.

(H2) mi2 C 2(A) (hence, also m% C Z(A) due to 2 C Z(A)) and
T AJT] |@ =0.

Since (A, Z(A)) is closed, antisymmetric and 712 C Z(A), (71 A, Z(A)) is
closable. Denote the closure by (1A, Z(7w1A)). By (H2), Amy is well defined on
2, and by the antisymmetry of A,

(An))* =mA*=-mA holds on 2.

Then Amy with domain Z(Amy) :={f e H:mf € Z(A)} is a densely defined
closed operator with adjoint (—m1 A, Z(7w1A)). By von Neumann’s theorem (see,
e.g., [16], Theorem 5.1.9), the operators G := (Am;)*Am; and I 4+ (Am)*Amy
with domain

2(G) := 2((Am))*(Am)) = {f € Z(Am1) : Am1 f € Z((Am1)¥)}

are are self-adjoint. Furthermore, the latter one is injective and surjective (with
range equal to H) and admits a bounded linear inverse. We define the operator B
with domain Z(B) = 2((Am)*) via

2.2) B := (I + (Am)*Am)~(Am))*.

Then B* = Am (I + (Am)*Am;)~! defined on 2(B*) = H is closed and
bounded. Consequently, (B, D((Am1)*)) is also bounded and has a unique ex-
tension to a bounded linear operator (B, H). By, for example, [16], Theorem 5.1.9,
we have

B = (An)*(I + Ami(Am)*) ™"

Consequently, ||B|| <1 and 71 B = B.
We shall need the following two more assumptions.

(H3) We assume 2 C 2(G). Furthermore, there exists a constant N > 1 such
that for all f € 2:

N N
(BSmofo i f) = Sl Sl -l fl —(BAm fo 7 f) = Zllm S e Sl
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(H4) Forany f € Z(L) there exists a sequence { f, },>1 C Z suchthat f, — f
in H and

limsup(—Lfy, fu) < (—=Lf, f), limsup W(f,) < W(f).

n— oo
THEOREM 2.1. Assume (H1)—-(H4) and let V satisfy

WP ) SW(), W) < w(h),
W f)<W(f), feH

If the weak Poincaré inequalities

2.3)

(2.4) Iy fI2 < a1 (M| Ay fI2 + ¥ (o f), r>0, feZ(Am)
and
(2.5) 72 fNI? < aa(r)(—SF, £ +r¥(f), r>0,fe?

hold for some decreasing functions «; : (0, 00) — [1,00),i =1, 2, then there exist
constants cy, ¢ > 0 such that (2.1) holds for

(2.6) Et):=c inf{r >0:cpt > oq(r)zaz( r )logl},
ay(r)? r

which goes to 0 as t — 00.
2.2. Preparations.
LEMMA 2.2. Under (H1)—(H3), we have

e IBfl=simfl.  feH.

@8)  IABfI<lmfl. fe2.

@9) [(Bf.LA| < lmafl-Ifl.  feaw),

(2.10) (BLf. ) < Nl fIl - I fl — (1 + G\ Gmi o f). f e L),

PROOF. Let f € Z and g = Bf. By 2.2), m{A*n f = —mAn1 f =0 and
m f € P(A) (see (H2)), we have

lgll* + AT gll* = (g + (Am)*Amig, 8) = ((Am1)* £, g)
(2.11) =((Am)*ma f, g) = (ma f, Am1g) < |lma f |l - |Amigll.

Combining this with

1
Il fll - |Am gl < anfn2 + A gl1%,
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we obtain (2.7) for f € &, and hence for all f € H since & is dense in H and the
operators B, m» are bounded.
Next, combining (2.11) with 7y B = B and

1 1
IMLHMHAmgHSEHmUWZ+§HAmgW,
we obtain
IABf|? = |Am Bf|I* = |Amigl? < lmafI*,  fe2,

which is equivalent to (2.8).
Moreover, by the symmetry of S, antisymmetry of A, Sw1 =0, and B =m1 B,
we obtain from (2.8) that for any f € &,

(B, Lf)| = (Bf. —Af)| = (ABf, f)| < llma f1I - I f1I-

Since Z is dense in Z(L) and B is bounded, this implies (2.9).
Finally, by 71 B = B, Sm1 = 0, the definition of B and (H3), for f € Z we
have

(BLf, f) = (BLf, 71 f) = (BSf.mi f) — (BAf, 1 f)
=(BSmf,mf)—(BAm f,mf) —(BAm f, 71 f)
<Nl fll -l fll = (A + G) "' Gry f, 1 f).

By the boundedness of (1 + G)~'G and that 2 is dense in Z(L), this implies
(2.10). O

Next, we need the following result on weak Poincaré inequality for subordinated
operators. Let v be a Lévy measure on [0, co) such that fooo (r AD)v(dr) < oo, then

Pu(s) = /Ooo(l—e”)u(dr), §s>0

is a Bernstein function. Let (Sp, Z(Sp)) be a nonnegative definite self-adjoint oper-
ator. We intend to establish the weak Poincaré inequality for the form (¢, (So) f, f)
in terms of that for (So f, f). The Nash type and super Poincaré inequalities have
already been investigated in [2, 18]. Recently, subexponential decay for subordi-
nated semigroups was studied in [6], where ¢, is assumed to satisfy

liminf 22

§—00 logs

> 0.

However, this condition excludes ¢, (s) := IS? which is indeed what we need in
the proof of Theorem 2.1.
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LEMMA 2.3. Let (Ag, Z(Ag)) be a densely defined closed linear operator
on a separable Hilbert space Hy. Let P,O be the Cy-contraction semigroup gener-
ated by the self-adjoint operator —A§ Ao with domain P(A§Ao) :={f € Z(Ao) :
Ao f € D(A()}. If the weak Poincaré inequality

(2.12) I I? <a@IAf I +r¥(f), >0, feP(Ag)
holds for some decreasing o : (0, 00) — (0, 00), where ¥ : Hy — [0, o0] satisfies
(2.13) Wo(PY f) < Wo(f), 1>0, f € Z(Ao),

then forall r > 0, f € 9(Ay),

00 s -1
||f||2§</0 (1—e‘m)v<ds>> (v (A5A0)) 2 £ + rw(f).
In particular, for v(ds) = e™* ds such that ¢, (s) = ls?’ we have
1FIP < (1+ o) (14 AA0) ' ALAof. £+ r¥(f),  r>0,f€eD(Ag).

PROOF. Since Z((A§A0)/?) = P(Ag), we have Z({p,(A§A0)}/?) D
2(Ap). By (2.12) and (2.13), for any f € Z2(Aop),

d 2 2 2, 2r
GBI =20 P f I < =S | PO IP+ 25w () 1200 >0,

2
a(r)
because Pt0 leaves Z(Ayp) invariant. Then Gronwall’s lemma gives

0 2 _L 2 _zit
(2.14) [P fl" <e a@ | flI*+r¥(f)(1 —e am), r>0,r>0.

Therefore,

1((A5A0) 112 = fooo<f = Pf flv(ds) = fooo(”f 1> = 1P, £ IP)v(ds)
> [TUFR =TI = w1 - eTT)ues)

oo S
—(IF)2 — r\If(r))/ (1—e @ )u(ds), r>0.
0
This implies the desired inequality. [

In the proof of Theorem 1.1 (see Section 3 below), to verify (H 3) we check the
following two inequalities:

(BSmof, 1 f) < Nl fI -l £l
(BAmp f, i f) < Nl f - I £l feg.

The first inequality is easy to check there; see Section 3, the first part in the proof
of (H3). To verify the second, we present below a sufficient condition provided in
[13], Prop. 2.15.

(2.15)
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PROPOSITION 2.4. Assume that the operator (—G, D) is essentially m-
dissipative (equivalently, essentially self-adjoint). If there exists constant N €
(0, 00) such that

(2.16) [(BAY*g| <Nligl  forallg=(I+G)f, fe 2P,
then
(BAmy f, 1 f)| < Nlimwi fIl - I f 1l feg.

2.3. Proof of Theorem 2.1.

PROOF. For any ¢ € [0, 1), let

1
L(f)= Enfn2 +e(Bf, f),  feH.
By (2.7), we have

1— 1
2.17) PSR =SSR fen
Now, let f € & and f; = P, f for t > (0. We have
d
(2.18) ale(ft)= (Lfi, fi) +€(BLf;, fi) +e(Bfi, Lf).

By (2.5)and (—Lg, g) = (—Sg, g) for g € &, we obtain

lmgl? | V()

a(r2)  aa(ry)’
Since f; € Z(L), combining this with (H4) and (2.3), we arrive at
B Il fill> | ¥ (f) - Il fill> | ¥ ()

az(r2) ax(r2) — aa(r2) ar(r2)
Next, applying Lemma 2.3 with Hg = H;, Ag = ((Am)*(Am))l/zl]HI1 and Vo =
Wy, such that condition (2.13) follows from (2.3), we see that (2.4) implies for
allr >0, f € Z2(Amy),

(Lg,8) < g€ P, >0.

(2.19) (Lfi. fi) =

t,rp > 0.

1 £112 riW(m f)
ar(r)+1  o(r)+1°

Since the operator (I 4+ (Am)*(Amy)) " (Am)*Am is bounded, Z(Am) D 2
due to (H?2), and by (H4) for any g € Z(L) we may find a sequence g, € ¥
such that g, — g in H and limsup,,_, ., W (g,) < W(g), this inequality holds for
all g € Z(L). Combining this with (2.10) and (2.3), we obtain

(BLf;, fi) < Nlmi fill - I fi
—((I + (Am)*(Am) " (Amy)* A fr, 7 )

71 f211% L)
ar(r)+1  oy(r)+1°

—((I + (Am1)*(Am) " (Am)* Ay f, o f) < —

(2.20) < Nllz fill - llm2 fill — t,r1>0.
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Substituting (2.9), (2.19) and (2.20) into (2.18), we arrive at

Imafill®  ellm fill?
ar(r2)  ar(r)+1

d
g e = —( ) +e(Nllmy fill - N2 fill + llma fell - 1L fe])

r Ery
+\p(f)<042(1’2)+0!1(r1)+1)’ 120.f€7.

Combining this with
el fill® eN*(a1(r) + Dlma fil?

eN|lmy fill - w2 fell < TENCTESY > ,
Imafill® &)l f]1?
elmfill - I fill < 2y (ra) 5 ,
we obtain
d 1 eN?(a1(r1) + 1) 5 ellm fill?
518(ft)§_<2a2(r2) B 2 )””th” T 2@+ 1)

+szotz(rz)lllelzJr\y(f)( n_ . en )

2 az(r2)  ai(r) +1
(2.21) 1>0, fe.
Taking
(2.22) e = ! < !
2N2(ai(r1) + Daa(r2) ~ 2
since N, ap > 1, we have
I eN*a@rp+D 1
2a(r2) 2 T dar(r)’
! A £ > ezozz(rz).
dar(r2)  2(ai(r) + 1)
Then (2.21) implies
d Il £ 117
a0 = _8N4a2(r2){a1(r1) +1)2
- w( f)( 2 i >
ar(r2)  2N?aa(rp) (a1 (r1) + 1)?
Since & < 7, by (2.17) we have || f;]|* > 31:(f;), so that
d I.(f7)
a0 = _6N4az(rz><af1 D)+ 1)2
T w( f)( 2 i >
ar(r2)  2N2aa(r2) (a1 (r1) + 1)?
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By Gronwall’s lemma and (2.22), we arrive at

t
6 N4 (r2) (a1 (r1) + 1)?
+ W (BN +6N*ra(ar (r1) + 1)7).

1(f) < exp| - Jcn

Taking ri =r, rp = using (2.17) for € € (0, %) and that o (r) > 1, obtain

_r _
a1 (r)?’
cot

o1 ()22 5)

||ﬁ||25c1exp[— }||f||2+c1rwf), r>0,fe%,t20.

,
ai(r)?

Consequently, for any » > 0 such that cpt > o (r)%a( ) log %, we have

£ < air(LFI1F + W ().

Therefore, (2.1) with £(¢) in (2.6) holds for f € 2. By (H4), it holds for all f €
Z2(L). Then the proof is finished. [J

3. Proof of Theorem 1.1. We first embed P; in the framework of Section 2.
Since o is invertible, we have oy — b = o (y — o~ 'b). So, with the shift y —
y+ o~ b for the second variable v, in (H) we may and do take b = 0, that is,
Va(y) = ®(Joy|?). Since we may move o from the potential V> to the symmetric
part of the generator L corresponding to the solution of (1.9) and the matrix Q as
described in Remark 1.2(2), we only have to consider the case V2(y) = ®(| y|2).
Thus,

3.1) VOVy(y) =20'(Iy*)y.

Let

(32) w=p1 xp2  where ui(dx;) = Z(Vi) e Vit dx; on R i =1, 2.

By It6’s formula, the generator L for the solution to (1.9) has the decomposition
L=S—-A,

where
dp
§i= AP —(VOV), VO )= (@2 — (3, V)i,
i=1
A= (@ (V). YD~ (Q(VOV2). V)
dy dy

=Y 0ii((05V1)dy, — (3y; V2)dy,).

i=1j=1
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Since above we moved o from the potential V> to the symmetric part of L and to
the matrix @, instead of S and Q we should consider

d

Y (00%);;(3ydy; — (3, V2)3y;) and Qo

i,j=1
respectively. But, because oo * is a constant, symmetric, invertible matrix, without
loss of generality we may take o equal to the identity matrix. The considerations
below easily generalize to general o, but are easier to follow for o being the iden-
tity matrix.

Let V= (VD V@) be the gradient operator on R¥1+42 and denote

CX(RUT2) = [ f € C®°(RNF%) : V f has compact support]}.

The integration by parts formula implies that (S, C2° (R41+42)) is symmetric and
nonpositive definite in Lz(,u) while (A, C° (RO+42y) is antisymmetric in Lz(,u).
Consequently, L* := L +2A = § + A satisfies

w(fLg) = n(gL*f),  f g€ CPRIT®),

Therefore, the operator (L, CZ° (R4+42)) is dissipative and, in particular, closable
in L2(,u). Let (L, 2(L)) denote the closure. For our analysis, however, we need
more than closability. We need that the closure (L, Z(L)) is m-dissipative, that is,
the operator (L, Z(L)) is dissipative and the operator (I — L) : Z(L) — L*(n)
is surjective. This is implied by (L, CZ° (R91+42)) being essentially m-dissipative,
thatis, (L, C2° (R41+42)) is dissipative and the set (I — L)(Cx (Ré+d2yy « L2(w)
is dense. For a densely defined operator being m-dissipative is equivalent to be the
generator of a Cp-contraction semigroup. Essential m-dissipativity is a uniqueness
result. It implies that the generator of the semigroup is uniquely determined on
a given dense set of nice functions. This is of crucial importance for the present
approach, because the conditions of Theorem 2.1 usually can only be checked
on nice functions. Essential m-dissipativity is also a useful tool to related a Cp-
contraction semigroup uniquely to the solution of an SDE. This, and moreover the
first assertion of Theorem 1.1, we show in the following proposition.

PROPOSITION 3.1. Under assumption (H), (L, Cfo(Rlerdz)) is essentially
m-dissipative in L*>(i), and the Cy-contraction semigroup T, generated by the
closure coincides with P; in L*>(1). Consequently, the solution to (1.9) is nonex-
plosive and 1 is an invariant probability measure of P;.

PROOF. In [12], Theorem 2.9, under even weaker assumptions as in (H), es-
sential m-dissipativity of (L, C2° (RO+42)) in L2(w) is shown. In the proof con-
dition (1.10) for i = 2 is used. Hence, the closure (L, Z(L)) generates a Co-
contraction semigroup 7;. Then w(Lf) =0 for f € Z(L) implies that

O (Ti f) = (LT f) =0, 120, feZ(L),
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so that p is an invariant probability measure of 7;. On the other hand, accord-
ing to [3], Theorem 1.1 and Proposition 1.4 (see also [5], Theorem 3.17 and Re-
mark 3.18), for pu-a.e. starting point z = (x, y) € R4+ there is a law P? on the
space of R41+42_yalued continuous functions such that (X, Y1)r>0 is a weak so-
lution to (1.9) and for any distribution v(dz) = p(z)(dz) with a probability den-

sity p,

Rt = [, LKL, 120,f € BRI,

dy+d.
By the uniqueness of the SDE (1.9), we have for u-a.e. z € RI+®
Pife.y) =E[f(X, . ¥p)].  t=0,f B[R

Therefore, w(pP:f) = u(pT;f) holds for any p € L'(u), + > 0 and f €
,%’b(Rd1+d2), and hence, P; is a u-version of T;. Consequently, p is an invari-
ant probability measure of P;. Since P;1 < 1, this implies that P;1 =1, u-a.e.
Since the coefficients of the SDE is at least C'-smooth, the semigroup P; is Feller
so that P;1 is continuous. Therefore, P;1(z) = 1 holds for all z € R41+42 that is,
the solution to (1.9) is nonexplosive. [

Now, to prove the second assertion in Theorem 1.1 using Theorem 2.1, we take

H={feL*(w):u(f)=0},  Hy={feH: f(x,y)is independent of y}.
Then

63 @HED=mf0= [ fEmd).  feH.
Let
P =HNCPRH) = {f e CPRIT®): u(f)=0).

Let (L, 2(L)), (S, 2(S)) and (A, Z(A)) be the closures in H of (L, 2), (S, Z)
and (A, 2), respectively. Since the closure of (L, C® (RA1+42)y ip LZ(M) gener-
ates a strongly continuous contraction semigroup (see Proposition 3.1), we have
L*(u) = R(L) ® N(L); see [11], Theorem 8.20. Hence, because the constant
functions are in N (L), the operator (L, 2) is essentially m-dissipative in H.

We verify assumptions (H 1)—(H4) as follows.

PROOF OF (H1). Let f € H. Then = f € Lz(m) with w1(wf) = 0.
Let {gn}n>0 C C(R¥) such that 1(g,) = 0 and u1(|g, — 71 f*) — 0. Let
8n(x,y) = gn(x). Then g, € 2, u(|gn — w1 f1*) = 1 (Ign — 71 f1*) — 0 and
lim 11180 — ml* + 1580 — Sgml?) = | lim (120 — &ml*) = 0.

n,m—

Thus, {g,},>1 is a Cauchy sequence in Z(S) with Sg, = 0, and converges to w1 f
in L2(w). Therefore, 1 f € 2(S) and Sm; f = 0 since the operator is closed. [
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PROOF OF (H2). Forany f € &, we have w1 f € & depending only on the
first component. So, 1% C ¥ C Z(A). Since (71 f)(x,y) = w1 f(x) only de-
pends on x, by the definitions of A and 1, we have

—(mAT) f(x, y) = fR SOVIVA(Y), VO f ())ua(dy)

=(u2(@VPV2), V7, f (x)) =0,
where the last step is due to V>(y) = CI>(|y|2) and |[VVa| € L' (2) according to
(H). Then (H2) holds. [

PROOF OF (H3). It suffices to prove (2.15). For the first inequality, we only
need to find out a bounded measurable function K such that

(3.4) SAm f=KAm f,  fe€,
since this implies
BS = (I + (Am)*Am)) " (Am)*S = (I + (Am)*Amy)~ (SAm))*
= (I + (Am)*Am)” (K Am))* = BK,
so that by || B|| < 1 we have

(BSmaf, 1 f)| = [(BKma f, w1 )| < 1K lloollmra fII - Nl £
Now for any f € Z, (3.1) implies

(SAm1 f)(x, y) = S(QVPVy, VD7 )(x, ¥)

d

= (AP — (VO VNS 20/ (Jy1*)(Qy)idx, 1 £ (1))
i=1

d

=2 (" (Iy1?) 22 — 4/ (1y1) 1y +4)

— 20/ (|y?)* + 40" (Iy1?)1y1*)(Qy)idy, 71 f(x)
=2H(ly»)(QVPVa(y), V7, f(x)) = 2H (1y1?) (A7y f)(x, ),
where

_2r0"(r) + (da +2)@"(r)

H(r): 0

—®'(r) = 2rd"(r), r>0,

is bounded according to (H). Then (3.4) holds for some bounded function K.
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To prove the second inequality in (2.15), we consider the operator G :=

—m A% = (Am)*Am on &. By the definitions of A and 71, we have

(GF)(x.y) = (Gf)(x)
_ / —Hessz, 1(QVOV2(y), OV Vs () (x)

(3.5) x Hessy, (Q*V Vi (x), 0*V WD f(0) () ra(dy').
Then (3.1) implies

/Rd Hessn,f(QV(z)Vz(y), QV(Z)Vz(y))(X)MZ(d)’)

—4 Z / (0,0, 71N (191%)7(20)i (Qy)  2(dy)

i,j=1

d
=4 Z/ (3y; ;71 ) (x) D' (1y1%)* Qix QixyEia(dy)

i,j=1k=1
Z f (00%);, (058,71 YD (1Y) 1y 2 (dy)

_ M2(|VV2|2)

dj
d> 2 (Q0%);; By, 05,1 f) ().

i,j=1

Similarly,

/Rdz Hessy, (Q*V Vi (x), 0*V D7y £ () (y)ua(dy)

49" (|y1®)yl*
_ *7(1) *v7 (1) / 2

=(0*vVi(x), 0*V mf(x))fmm (|y|)+—d2 12(dy)
{0V IVI(), 0*V Dy f(x))

17)

L, A2V

_ w2 (IVAV3 %)

A (0*VDVI(x), 0* VD7 f(x)).

. @vy,)2 . . .. .
Therefore, letting N (Vo) = %2‘/2') which is a positive constant according to
(H), we obtain

(Gf(x,y) =(Gf)(x)

(3.6) =—N(V2) Z Q0"), (35 9x; — (3x; V) (X)) 701 f (%),

i,j=1
This enables us to provide the following assertion.
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LEMMA 3.2. (I + G)(Z) is dense in H, so that (—G, D) is essentially m-
dissipative (equivalently, essentially self-adjoint) on H.

PROOF. First recall that for densely defined, symmetric and dissipative lin-
ear operators on a Hilbert space, the property of being essential m-dissipative is
equivalent to essential self-adjointness. Consider the operator (T, C2° (R%1)) on
the Hilbert space L?(u11) defined by

dy

(3.7) T:= ) (00"),;;{8xdx; — Bx; V1) (x)dx, ).

i,j=1
Using integration by parts formula, we have
(Th,8) 12, = —11((Q0* VPR, vg),  feCPRM), geC®RM).

By [4], Theorem 7, or [22], Theorem 3.1, our assumptions in (H) imply that
(T,Cc (R41)) is essentially self-adjoint (hence, essentially m-dissipative) on
L*(j11). Therefore, L?(u1) = R(T) ® N (T). By (1.12) the null space N (T') con-
sists of the constant functions only. Hence, (T, C2° (R71Y) restricted to H; = {ge
L?(1) : (g) = 0} is also essentially self-adjoint. Thus, (I + G)(Z) is dense in
H, because H =H; & H, and G acts trivial on H,. O

Now we continue to prove the second inequality in (2.15). Let f € Z and g =
(I + G) f. Asin (3.5), by the definitions of A and 7r; we have

(Am1 f)(x, y) = Hessy, s (QVPVa(y'), QVPVa (1)) (x)
— Hessy, (Q*VIVi (x), 0*VWV 7 £(0))(y),
SO
2 2
| A% £ < ||QV(2)V2”L4(M2)” (vi)) ”lf”LZ(m)
2
(3.8) + (V) Ve o 1 Q*V VA [Q* VP £ 2
Due to (3.6) and (3.7), we see that 71 f solves the elliptic equation
mf—NWV)Tmif =mg  inL*(u).

(11)°

By applying the elliptic a priori estimates from [8], (2.2) and Lemma 8 (or see
[13], Section 5.1, for corresponding proofs including domain issues) to the right-
hand side of (3.8) we conclude

(39) H (BA)*gH Lz(ﬂ) = C”ﬂlg”Lz(Ml) = C”g”Lz(u)

for some constant ¢ € (0, co) only depending on V; and V;. According to Proposi-
tion 2.4 and Lemma 3.2, this implies the second inequality in (2.15). In conclusion,
assumption (H3) holds. [
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PROOF OF (H4). Let f € 2(L). Since u(f) =0, we have
y1:=ess,inf f <0, y2:=essysup f > 0.

Since ¥ is a core of (L, Z(L)), we may take {g,},>1 C Z such that g, — f and
Lgn, — Lf in L*>(11). To control || g, ||osc, for any n > 1, we take h,, € C*°(R) such
that 0 <h; <1 and

r for r € [y1, 21,

1 1

ha(r) =1V~ 5, fOer)/l—;,
1 1

Vo + — forr <y + —.

2n n

Then f, == h,(g,) — f in L2(1),
limsup(—Lf,., f) = limsup u(k), (g2)*|V? ga|*)
n— oo

n—>oo
. 2 .
<limsup u(|VPg,|°) = limsup(—Lgy, g.) = (~Lf, f)
n—oo n—oo
and

. . 1
limsup || fu llose < 11msup(y2 -+ _) =92 — Y1 =l fllosc-
—00 n

n—oo n

Therefore, we have verified assumption (H4). U

PROOF OF THEOREM 1.1. It remains to prove (1.8) for & in (1.13). Let
v(H)=If ||(2)SC. The condition (2.3) is obvious by the definition of m; and the
L% (u)-contraction of the Markov semigroups P; and e ?¢. Since we have verified
assumptions (H1)—(H4), by Theorem 2.1 it suffices to prove the weak Poincaré

inequalities
(3.10) w1 fI* < car ()| Amy fIIP + r¥ (i f), r>0, feZ(An),
GBA1) (w2 fI* < con(r)(SS. f) +r¥(f), r>0,fe2,

for some constant ¢ € (0, 00).
Recall that for any f € & we have

N = [, Foxmua@.
By V»(y) = ®(|y|?), we obtain

| Am f1? = / OV Vs (), Yy £ (0)2p(dx., dy)

Rd 1+do

4 4
Z(V) ,-,,Z:] fR (3,771, () (71 f () 1 (d)
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X fm @' (1y2)2(0y)i () je * P dy

d  d

= (V ) ]ZMZ: 0 Qi [, (01 f () (om0 () pr ()
< [, @ 1yP)Enay)

_ 4 Jpa |Y|2©/(|Y|2)2M2(d)’) g 2
= Z0hds n1(1Q*VWmr f17).

Since Q Q* is invertible, 0 < Z(V;) < oo, and
0<4 [, PR (yP)uady) = w2 T2 Vaf’) < o0

by (H), this implies

1
(3.12) Eul(W(”mflz)SIIAmf||2Scm(lv(l)mﬂz), fe?

for some constant 1 < ¢ < 00. So, f € P(Am) implies that m; f € Hl’z(/,cl),
the completion of CX° (R91) with respect to the corresponding Sobolev norm
lglh2:= \/m(g + |V g|2). Combining this with inequality (1.12) for i =1,

which naturally extends to f € H 1, 2(,u1) we prove (3.10).
Next, for the above f and x € R?, we have fx =f(x,)—mfx)e COO(Rd)

MZ(fx) =0and ”fx llosc < Il fllosc- Then (1.12) for i = 2 implies

w2(1fi?) <2V f @, )P+ flke. 7 >0.
Combining this with

/Rdl pa (| felP)ui (o) = ILf =i fI? = Il f 11,

fR o 12([VE 7P (dn) = / [V 20, »p(dx, dy) = —(L, f),

we prove (3.11) forc=1.

dy+dy

To prove Example 1.3, we need the following lemma, where the first assertion
follows from [17], Theorem 3.1, and Remark (1) after, and the others are taken
from [17], Example 1.4, and its proof.

LEMMA 3.3. Let uy(dx) = e~V dx be a probability measure on R?. Then
the weak Poincaré inequality

(3.13)  Var,, (f) <ravuv(IVFP) +rlflke >0, feClRY)

holds for some decreasing ay : (0, 00) — [0, 00). In particular:
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(1) If V(x) ~k|x|® or V(x) ~ k(1 + |x|2)% for some constants k, 5 > 0, then
(3.13) holds with

41-8t
5

ay (r) =c(log(1 + r_l))

for some constant ¢ > 0.
2) If V(x) ~ HTplog(l + x|%) for some constant p > 0, then (3.13) holds
with

ay(r)=cr @

4p+4+42d )
' (pP—4-2d-2p)t "
(3) If V(x) ~ $log(1 + |x|®) + ploglog(e + |x|?) for some constant p > 1,
then (3.13) holds with

for some constant ¢ > 0 and 0 (p) := min( p+;1+2

1

.
ay(r) =cre? ’

for some constant c1, ¢y > 0.

PROOF OF EXAMPLE 1.3.  We only consider case (A) and the assertions in the
other two cases can be verified in the same way.
By Lemma 3.3, (2.4) holds for

1 4(1=5)t
(3.14) ai(r)=c(logle+r")) 3
for some constant ¢ > 0. Moreover, for case (A1), (2.5) holds for

4(1-9)t

ax(r) =c'(logle4+r71)) " =

Then for a constant ¢, > 0 there exist constants «1, k2 > 0 such that the inequality

3.15 > ay(r)> " Viog !
(3.15) ot > ay(r) 062<a1(r)2> og

implies

de
r <k exp(—xzt Se+8e(1—8) T +48(1—e)T )

Therefore, the desired assertion follows from (1.13).
For case (A3), we may take

ar(r) =c'r %W

for some constant ¢’ > 0. Then for a constant ¢, > 0, there exist constants k > 0
such that inequality (3.15) implies

1 8O(P+D(1-8T+s
r <«t 7 (log(e +1)) 5(p)3

so that the desired assertion follows from (1.13).
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Finally, for case (A3) we may take

1
as(r) =c'exp(c"r~7T)

for some constants ¢’, ¢” > 0. Then for a constant ¢; > 0, there exist constants
k > 0 such that inequality (3.15) implies

8(1—5)*

r <« (log(e + t))_(”_l) - (loglog(e* 1)) * ,

so that the desired assertion follows from (1.13). [
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