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ON MACROSCOPIC HOLES IN SOME SUPERCRITICAL
STRONGLY DEPENDENT PERCOLATION MODELS

By ALAIN-SOL SZNITMAN
ETH Ziirich

‘We consider Zd, d > 3. We investigate the vacant set V¥ of random inter-
lacements in the strongly percolative regime, the vacant set VV of the simple
random walk and the excursion set E=%* of the Gaussian free field in the
strongly percolative regime. We consider the large deviation probability that
the adequately thickened component of the boundary of a large box centered
at the origin in the respective vacant sets or excursion set leaves in the box
a macroscopic volume in its complement. We derive asymptotic upper and
lower exponential bounds for theses large deviation probabilities. We also de-
rive geometric information on the shape of the left-out volume. It is plausible,
but open at the moment, that certain critical levels coincide, both in the case
of random interlacements and of the Gaussian free field. If this holds true, the
asymptotic upper and lower bounds that we obtain are matching in principal
order for all three models, and the macroscopic holes are nearly spherical.
We heavily rely on the recent work by Maximilian Nitzschner (2018) and the
author for the coarse graining procedure, which we employ in the derivation
of the upper bounds.

1. Introduction. In this article, we consider random interlacements, the sim-
ple random walk and the Gaussian free field on 74, d > 3. We are interested in
the vacant set V* of random interlacements in the strongly percolative regime, in
the vacant set V of the simple random walk and in the excursion set E=% of the
Gaussian free field in the strongly percolative regime. We consider a large box cen-
tered at the origin of side-length 2N, and investigate the asymptotics of the large
deviation probabilities that the adequately thickened components of the boundary
of the box in the respective vacant sets leave out in the box a macroscopic vol-
ume in their complement. We derive exponential upper and lower bounds on these
probabilities, which involve certain critical levels for the random interlacements
and for the Gaussian free field. It is plausible, but open at the moment, that these
critical levels actually coincide for random interlacements, and also in the case of
the Gaussian free field. If these equalities hold, the upper and lower exponential
bounds that we derive here, match in principal order, and the above mentioned
sets left out in the box are close to spherical holes. Several of the results presented
in this article rely on the recent solidification estimates of porous interfaces and
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the coarse graining procedure developed in [19]. The questions that we investi-
gate share a similar flavor to phase separation and the emergence of a macroscopic
Waulft shape for Bernoulli percolation or for the Ising model; see [3], [1]. But there
are notable differences. In particular, the exponential costs for the long range mod-
els discussed here involve capacity and not perimeter.

We will now describe our results in more detail. We begin with the case of
random interlacements. We consider Z¢, d > 3, and for u > 0 denote by Z* and
V! = 7% \ T" the interlacement at level u and its corresponding vacant set. We
denote by IP the probability governing the random interlacements and refer to [4],
[8], for background material over the model. Given an integer N > 1, we write

(1.1) B(O,N)=[-N,N1“NZ¢ and Sy={xeZ% |x|oc =N},

for the closed | - |so-ball in Z¢ with center 0 and radius N, and for its inner bound-
ary (accordingly, we denote by B(x,r) the closed | - |xo-ball in Z¢ with center
x € Z% and radius r > 0). We then consider

Cy = the connected component of Sy in V* U Sy

(so, by convention we have Sy € Cy))

(12) = the collection of sites in Z¢ that either belong to Sy or are
connected by a finite nearest-neighbor path with end point
in Sy, such that each site of the path, except maybe for the
last one, belongs to V*.

Further, we consider a sequence of nonnegative integers Lo(N), such that

(1.3) Lo(N)=0(N),  as N — oo.

We use ZO(N ) to thicken C%,, and define

(1.4) 5]”(, = the Zo—neighborhood of Cj in | - |o-distance,

as well as the respective complements of Cy; and CN}{, in B(0, N):

(1.5) WY = B(0, N)\ C%
and
(1.6) WY = B(0, N)\ C¥

(incidentally, note that VT/}(, decreases when Lo(N) is replaced by a bigger se-
quence). Informally, Wy corresponds to the “hole left out in B(0, N) by the thick-
ening Cy, of the component of Sy in V¥ U Sy”. As mentioned above, we are inter-
ested in the event that )7\7]’(, has a macroscopic volume of order N¢. The strongly
nonpercolative regime of V* corresponds to u# > u,4, and the strongly percolative
regime corresponds to 0 < u < u, with u,, and & as in (0.2) and (2.3) of [26]. One
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has 0 <& < u, < uy4 < 00 with u, the critical level for the percolation of the va-
cant set V¥ (the positivity of u for all d > 3 is due to [9]). It is plausible, but open
at the moment, that ¥ = u, = u,, (and some possible progress toward proving
Uy = Uy may come from [11]). In the strongly nonpercolative regime correspond-
ing to u > u,, the probability that there is a path in V* between 0 and x decays
exponentially in | x|, When d > 4, with a logarithmic correction, when d = 3; see
Theorem 3.1 of [21]. From this fact, it readily follows that

when u > i, for any Lo(N) as in (1.3), [W%|/|B(0, N)| — 1

(1.7)
in P-probability,

where for A finite subset of Z¢ we let |A| denote the number of elements of A.
We will see in Section 3 that |[W},| behaves differently in the strongly percola-
tive regime 0 < u < u. In particular, we show in Theorem 3.1 that

there exists ZO(N ) satisfying (1.3) such that for any
(1.8) O<u<wuandv >0,

. 1 —~ =
llm}vsupmlogpﬂwm > UNd] < _E(\/__ ﬁ)Qcap(Bu),

where B, stands for the closed Euclidean ball centered at the origin in R¢ with
volume v and cap(B,) for its Brownian capacity (see, for instance, [22], pages 57—
58). Incidentally, some thickening ZO(N ) of the component C}; is required for the
asymptotic upper bound (1.8) to hold true, see Remark 3.1(4). How small Lo(N)
can be chosen is a presently an open question.

We now turn to the geometric controls. We consider Fy; the R?-filling of %W}{,
(< %Zd), namely

. 1~ 1
(1.9) FNz{zeRd;doo(z, NWN)SN},

where for z e R, A CRY, dy(z, A) = inf{|z — aleo; a € A} denotes the sup-
norm distance of z to A. We let §(F*, B,,) stand for the minimal volume of the

symmetric difference of Fy with a translate of B, (see also (2.11)):

(1.10) 8(F%, By) = min|Fi A(B, + 2)|
zeRd

(with A the symmetric difference and |A| the volume of A Borel subset of R?).
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We further prove in Theorem 3.1 that with ZO(N ) asin (1.8),

forany0<u<ﬁ,v>0 and u > 0, one has

thsup = log]P’[\WN|

(1.11)
>vNY, §(F%, B,) > u]

1
< —3<f — Ju)*(cap(By) +c1 (v, 1))

with ¢y (v, n) a positive constant solely depending on d, v and w.
We also derive lower bounds in Section 3. If we let

(1.12) wg = the volume of a Euclidean ball in R? of unit radius,
we show in Theorem 3.2 that

for any ZO(N) asin (1.3),0 < u < Uy andO <V <wy,

1 limnf Nl log P[|Wyy| = vN‘] = ——(f v — V1) cap(B).
The restriction v < wy in the lower bound implies that B,, is contained in (—1, )4,
This feature enables us to avoid boundary effects: it ensures that B, is a subset of
(—1, D4, which has minimal capacity among all subsets of (—1, 1)? with volume
v (see also the end of Section 2). Note that unlike the case of the upper bound
(1.8), no thickening of the component C}; is needed for the lower bound (1.13)
(i.e., one may choose LO(N) =0). In01dentally, when 0 < u < Uy, 0 <V < wy,
and 0 < u < wq — v, the asymptotic lower bound (1.13) applied with v+ in place
of v, and the observation that §(Fy, B,) > when Wy | > (v + w)N, readily
provides a similar looking asymptotic lower bound for the probability in (1.11)
with w4 in place of u, and ¢/ (v, u) = cap(B,4,) — cap(B,) in place of ¢ (v, u).
If the critical levels ¥ < uy < u4y coincide, then Theorems 3.1 and 3.2 show
that with Lo(N) as in (1.8),

. 1
(L1 lim 7 log P[[Wy| 2 vN“] = =~ (v/it, — Vu)? cap(By),

forO<u <uyand 0 <v < wy,
and that conditionally on {|VT/,Lf,| > N}, the set F v 1s close to a translate of B,:

LmE[S$(Fi, By) | [W¥| = vN?] =0,
(1.15) N

forO<u <ueand 0 < v < wy.

What happens inside the hole 17\7}\‘, left in B(0, N) by 51”\, is however unclear, see
Remark 3.1(3). Still assuming the equality of # < u, < u,, the asymptotics (1.14)
and (1.15) should also be contrasted with (1.7) now governing the case u > u..
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Let us now turn to the case of the simple random walk, which at a heuristic level
corresponds to setting # = O for the random interlacements. We denote by (X,,)»>0
the canonical simple random walk on Z? (we recall that d > 3), by Py its canonical
law when starting from x in Z¢, and by E, the corresponding expectation. We
write Z = {X,;;n > 0} C 74 for the set of points visited by the walk, and V =
74\ T for the corresponding vacant set. In analogy with (1.2), we introduce for
N=>1

(L16) Cy = the connected component of Sy in VU Sy
(so, by convention Sy C Cy).

For a sequence ZO(N ) as in (1.3), we then define

(1.17) Cn = the Zo-neighborhood of Cy in | - |so-distance,

as well as the respective complements of C and C y in B(0, N):

(1.18) Wn =B(0, N)\ Cy,

(1.19) Wy =B(0, N)\ Cy.

In Theorem 4.1, we show that

with ZO(N) asin (1.8), forany v >0,

. 1 1
(1.20) limsup —— log P0[|WN| > de] < ——ucap(B,).
N Nd- d

Introducing the R?-filling of %WN (< %Zd ), namely

1 ~ 1
1.21 Fy = Rd;d (,—W )<_},
(L.2D) N {ZE ol yWN ) =4

one has with similar notation as in (1.10) (see also (2.11)):

for any v > O and p > 0,

1
limsup —— log Po[[ Wy |
N Ni-

(1.22)
> N4, §(Fy, B,) > ]

1_
=< —Eu(Cap(Bv) + (v, 1)

with c2(v, i) a positive constant solely depending on d, v, u.
We derive a lower bound in Theorem 4.2 and show that

for any ZO(N) asin (1.3)and 0 < v < wy,

(1.23) 1 g1
11n]1V1nf — log P0[|WN| >vN] > s cap(B,).
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Along the same lines as explained above (1.14), when 0 < v < wg, and 0 < u <
wq — Vv, the asymptotic lower bound (1.23) can be used to produce an asymptotic
lower bound for the probability in (1.22) with u., in place of &, and c/1 (v, w) =
cap(By4,) — cap(B,) in place of c2(v, ).

Again, if the equalities # = u,. = u4 hold, then with ZO(N) as in (1.8),

) 1 ~ u
(124)  lim 5 log Po[[Wn| = vN9] = _7* cap(B,),  for0<v <wy,

and conditionally on {|WN| > vN9}, the set Fy is close to a translate of B,:

(1.25) lim Eo[8 (Fy. By) | Wyl =vN =0,  for0<v <awg.

Incidentally, what happens inside the hole Wy left in B(0, N) by Cy is unclear,
see Remark 4.1(2).

We then turn to the results corresponding to the Gaussian free field. In place
of V* or V, we now consider the excursion sets EZ% = {x € Z¢; ¢y > a}, where
(¢x)c7a stands for the canonical Gaussian free field on 74, d > 3. We let PC
stand for its canonical law and EC for the corresponding expectation. There are
now critical levels —00 < /i < hy < hys < 00 (see (1.4), (1.5) and (5.3) of [24]),
so that E=? is in the strongly nonpercolative regime for & > h,y, in the strongly
percolative regime for 4 < h, and A, denotes the threshold for the percolation of
E=%. 1t has recently been proved that &, > 0 (cf. [7]). This was previously only
known for large d; see [23], [10]. It is plausible, but open at the moment, that
actually & = hy = hy, (possibly some progress in proving Ay = hy, may come
from [11]). The investigation of level-set percolation of the Gaussian free field
was launched in [13], [2], see also [17]. There are also deep links between random
interlacements and the level sets of the Gaussian free field; see [16] and Section 2
of [25]. Further, the results of [24] on disconnection have recently been sharpened
in [18] and [5] with the help of the methods of [19].

In analogy with what we did for random interlacements and for the simple ran-
dom walk, we introduce forc e Rand N > 1,

C]%,a = the connected component in E=% U Sy of Sy
(1:20) (so, by convention Sy € Cx%).
For zo(N ), a sequence as in (1.3), we then define
(1.27) @%a = the Zo—neighborhood of Cf,“ in the | - |so-distance,
as well as the respective complements of Cx* and @%a in B(0, N):
(1.28) W5 = B(0,N)\ C5%,
(1.29) Wi = B(0,N)\ Cy".
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When o > hyy, the excursion set E=% is in a strongly nonpercolative regime, and
the probability that there is a path in E=* between 0 and x decays exponentially in
|X |00, When d > 4, with a logarithmic correction, when d = 3; cf. [20]. As a result,
for a > hx, WN has nearly full volume in B(0, N) and analogously to (1.7)

when o > h.., for any LO(N) as in (1.3),

1.30 ~
(130 IWz¥|/|B(O, N)| — 1 in P9 -probability.

As we show in Theorem 5.1, the behavior is different in the strongly percolative
regime o < h:
there exists ZO(N ) satisfying (1.3) such that
(1.31) forany o < h and v > 0,
Jim sup —— 1o PO[WR®| = vN?] < —L(E— )% cap(B,)
N p Nd,z g N pail — 2d P v

(with B, as in (1.8)). N
In addition, if F5* denotes the R?-filling of %Wﬁa (c %Zd):

1 ~ 1
> d. >
(1.32) i = {z eRiid (2 W7 ) = 1 |

with similar notation as in (1.10) (see also (2.11)), we show that with ZO(N ) asin
(1.31), we have

foranyoz<ﬁ,v>0andu20,

1 ~
li log PO[|WZ*
1mN§up a2 log [WR“]

(1.33) .
>N §(FG*, By) > ]

<—L(E—a)2(ca (By) + c1(v, w))
=75 p(by 1w,

(with ¢1 (v, u) asin (1.11)).
We also derive an asymptotic lower bound in Theorem 5.2:

for any ZO(N) asin (1.3), @ < hy, and 0 < v < wy, one has

1.34 >
(139 — logPe[W5%| = vN] = ——(h** —a)?cap(B,)

hm 1nf

(with wy as in (1.12)). By a similar argument as explained above (1.14), when
o < hy, 0 <V <wy,and 0 < u < wg — v, the asymptotic lower bound (1.34) can
be used to produce an asymptotic lower bound for the probability in (1.33) with
hss in place of h, and c/1 (v, u) = cap(By4,) — cap(B,) in place of c1 (v, ).



2466 A.-S. SZNITMAN

AgNain, if the equalities h = h, = h, hold, then Theorems 5.1 and 5.2 show that
with Lo(NV) as in Theorem 5.1, one has

. 1 Grivesa J 1 )
(1.35) 11[{]n Nd-2 log PU[WV"| = vN ] = _ﬁ(h* — ) cap(B,)

fora < hyand 0 < v < wy,
and conditionally on {|WAZ]&| > vN?}, the set F ﬁa is close to a translate of B,:

imEC[5(F5, B,) | PVR*| = vN?] =0,
(1.36) N

fora <h,and 0 < v < wy,

and (1.35), (1.36) should also be contrasted with (1.30) now governing the case
o > hy (When h < hy < hy coincide). Still, what happens inside the hole Wﬁ“
leftin B(0, N) by C?Va is unclear; see Remark 5.1(2).

Let us say a few words about proofs. The most challenging part concerns the
derivation of the upper bounds in the case of random interlacements in Theo-
rem 3.1, see also (1.8), (1.11), and in the case of the Gaussian free field in The-
orem 5.1, see also (1.31), (1.33). We heavily rely on the type of coarse graining
procedure of [19], Section 4, leading to the construction of suitable porous inter-
faces, and on the capacity lower bounds from [19] that are recalled in Section 1.
Let us stress the following feature. Although the optimal shape B, “governing the
problem” is convex, the coarse graining procedure must rule out nonconvex shapes
and corresponding porous interfaces and establish that they are more costly. The
quantitative geometric controls in (1.11), (1.22), (1.33) rely on the bounds of the
Fraenkel asymmetry in terms of the capacity excess due to [12] that are recalled
in Section 1. They lead to a certain coercivity property of the capacity stated in
Lemma 3.2. The lower bounds for their part come as rather direct applications of
the results of [15] in the case of random interlacements, of [14] in the case of the
simple random walk, and of [24] in the case of the Gaussian free field.

Let us now describe the organization of the article. In Section 2, we recall the
asymptotic capacity lower bounds from [19], the change of probability method,
and the bounds on the Fraenkel asymmetry in terms of the capacity excess due to
[12]. In Section 3, we treat the case of random interlacements. The upper bounds
appear in Theorem 3.1 and the lower bounds in Theorem 3.2. Section 4 contains
the results for the case of the simple random walk. The upper bounds appear in
Theorem 4.1 and the lower bounds in Theorem 4.2. Finally, Section 5 discusses
the case of the Gaussian free field. The upper bounds are contained in Theorem 5.1
and the lower bounds in Theorem 5.2.

Our convention concerning constants is the following. We denote by ¢, ¢/, ¢
positive constants changing from place to place that simply depend on the dimen-
sion d. Numbered constants cg, ¢, ca refer to the value corresponding to their first
appearance in the the text. Dependence on additional parameters appears in the
notation.
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2. Some useful facts. In this section, we will recall some results that will
be helpful in the next sections. In particular, we will recall a capacity lower bound
from [19] that will play an important role in the derivations of the asymptotic upper
bounds, both in Theorems 3.1 and 5.1. We will also recall the relative entropy
inequality that underpins the change of probability method in the proofs of the
asymptotic lower bounds in Theorems 3.4, 4.2 and 5.2. Finally, we will recall the
quantitative strengthening due to [12] of the Polya—Szeg6’s inequality. It provides
a control on the Fraenkel asymmetry of a bounded open set in terms of its capacity
excess.

Throughout the article, unless explicitly stated otherwise, we assume that d > 3.
For x in R and r > 0, Bpa(x,r) will stand for the closed ball in | - |5 -distance
with center x and radius r, whereas By (x, ) will denote the corresponding closed
Euclidean ball with center x and radius r. For a Borel subset A € R¢, we also let
|A| stand for the Lebesgue measure of A.

We first recall the capacity lower bound for “porous interfaces” surrounding a
compact subset A in R¢. We consider a nonempty bounded Borel subset Uy in R¢
and U; = R4 \ Uy its complement, as well as S = dUg = dU; their boundary. We
measure the local density of U] at x in dyadic scales via

(2.1)  Ge(x) =|Bga(x,27) NU|/|Bra(x,27%)|,  forxeR?and ¢ e Z.

For A compact subset of R? and £, > 0, we define

Uy, 4 = the collection of bounded subsets Uy of R such that

2.2) 1
Er\e(x)fi forallx € Aand £ > £,

(for instance, any Ug such that doo(x, Uy) > 2=t for each x in Uy belongs to
Uy, A, where the notation dso(x, Up) stands for the | - |s-distance from x to Uy,
see below (1.9)).

Given Up a bounded nonempty Borel subset of Rd, and ¢ > 0, n > 0, the
“porous interfaces” we consider correspond to

Suy,e,n = the class of compact subsets X of R4 such that for all
2.3) z € dUy, W, [Brownian motion enters X strictly before
moving at | - |oo-distance £] > n

(where W, denotes the Wiener measure starting at z and that governs the canonical
Brownian motion in (2.3)).

Thus, € controls the distance from S = dUj at which the porous interface X is
felt and 5 the strength with which it is felt. We can now quote the capacity lower
bound contained in (3.16) of Corollary 3.4 of [19] that will play an important role
in the derivations of Theorems 3.1 and 5.1. It states that for all € (0, 1) one has
2.4) lim inf inf inf inf cap(X)/cap(A) =1,

v—>0g<p2—tx A Upelhy, A EESUO.s,n
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where A varies in the class of compact subsets of R? with positive capacity in the
above infimum.

We next recall the classical inequality concerning the relative entropy that un-
derpins the change of probability method. It will be used in the proofs of the lower
bounds in Theorems 3.4, 4.2 and 5.2. Given a probability P absolutely continuous
with respect to P, the relative entropy of P relative to P is

(2.5) H(P|P) E[l dﬁ} E[dﬁl dﬁ] [0, o0]
. = — |=FE|—-——=log—| €0,
%8P dpP °dp >
(we denote by E and E the respective expectations with respect to P and P). Then

the above mentioned inequality states that for an event A with P(A) > 0, one has
(see [6], p. 76)

2.6) PLA)= PlA)exp| - 13[1A] (sF1mr+ 1)),

Next, we turn to the quantitative version of Polya—Szeg6’s inequality derived in
[12]. We recall that wg; = |B>(0, 1)| stands for the volume of the Euclidean ball of
unit radius (see (1.12)), and we let x4 stand for its capacity:

(2.7) kg = cap(B2(0, 1)).

Note that given a nonempty open set U of finite volume, /cd(lwﬂ)d ~2 is the capacity

of a Euclidean ball with volume |U|. One defines the capacity excess of U as

cap(U)
(2.8) nw=—"gr 5 —
ka ()2
The Polya—Szego inequality states that ny > 0. As shown in [12], ny actually
controls the Fraenkel asymmetry of U. We recall that for a Borel subset of E of
R4, with 0 < | E| < 00, the Fraenkel asymmetry of E is (with wqRE = |E|),
|[EAB>(a, R)|

Ag=min ——————— €0,2)
(2.9) aeRd |E|

(with A the symmetric difference).

Note that |E|Ag is the L' (dx)-distance (where dx stands for the Lebesgue mea-
sure) of 1g to the closed subset of L!(dx) consisting of translates of 1,0, ;)
(i.e., |E|Ag = 8(E, B(0, Rg)) in the notation (2.11) below). Theorem 1.2 of [12]
states that for any open set U in R? of positive finite measure, one has (we refer to
the end of the Introduction for our convention concerning constants):

(2.10) Ny > CoAy -

This inequality will enter the proof of Theorems 3.1 and 5.1, when we establish
the statements corresponding to (1.11) and (1.33).
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Finally, we record here the notation underlying (1.10). We first observe that
given any Borel subset F C R4, with finite volume | F'|, the collection of indicator
functions of translates F + z, z € R?, of F constitutes a closed subset of L!(dx).
Thus, for E, F Borel subsets of R? with finite volume, we set § (E, F) tobe the L'
distance of 1 to this set of translates, so that (with A standing for the symmetric
difference)

@2.11) S(E.F)= inf|[EA(F +2)|(=38(F. E)).

3. Random interlacements. In this section, we will state and prove the large
deviation upper bound corresponding to (1.8) in Theorem 3.1 and the lower bound
corresponding to (1.13) in Theorem 3.2. In Theorem 3.1, we will also derive an
additional control stated in (1.11) on the proximity to some translate of a ball of
volume v of the R?-filling F n of %WK,; see (1.9). In doing so, we will prove a
certain coercivity inequality for the capacity in Lemma 3.1 that will also be of use
in Section 5.

We keep the same notation as in the Introduction; see, in particular, (1.1) to

(1.6).
__We begin with the upper bound on the occurrence of a macroscopic volume for
WYy, in the strongly percolative regime 0 < u < u (see below (1.6)), and on how
close Fy is to a translate of B, (the closed Euclidean ball with volume v centered
at the origin).

THEOREM 3.1 (Upper bound). There exists ZO(N ) satisfying (1.3) such that
forany 0 <u <uandv >0,

(3.1) hmsup logIP’[]WN\ > de] < ——(\/_— Vu)?cap(By),
N
and so that for any n > 0,

llmsup logIP’[{ “| > vN? 8(FY, B,) > u]
(3.2) N

1
< ‘E(‘F — Ju)*(cap(By) + c1(v, p)),

where §(FY,, B,) is defined in (1.10); see also (2.11).

PROOF. The proof heavily relies on a coarse graining procedure (see also Fig-
ure 1) to construct a porous interface similar to Section 4 of [19], as well as on
the capacity lower bound proved in Corollary 3.4 of the same reference that we
recalled in (2.4).

We will first specify Lo(N) satisfying (1.3) and introduce some scales. For this
purpose, we consider rationals & > 8 > y in (0, u), € rational in (0, 1), K integer
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such that, as below (4.11) of [19], K > c(«, B, y, €)(> 100), where this constant
corresponds to c4(e, B, y) V ¢s5(€) V cg(e, B, y) in the notation of Theorem 2.3,
Proposition 3.1 and Theorem 5.1 of [26]. For any such rationals «, 8, v, € and
integer K, we select a sequence yy in (0, 1] satisfying the conditions (4.18) of
[19], in particular yn T 0 (this choice can actually be performed independently

of €, but this feature will be irrelevant for us). We then set (see (4.19) of [19]),

(3.3) Lo= [(ylglNlog N)ﬁ], Lo= 100d[/y y N1,
so that (cf. (4.24) of [19])
(3.4) Zo/Lo 7 0.

We then choose Lo(N) to be any nonnegative integer valued sequence such that

(i) Lo(N)=o(N),
(3.5) {(d) ZO(N)/ZO(N) 7 00 for any given choice of «, 8, ¥, €

and K (there are countably many such choices).

One can always construct such an Lo via a diagonal procedure (incidentally, a
more explicit rate of decay of the function p(L) depending on «, B, y, K in (4.16)
of [19] (see also (5.6) of [26]) would yield a more explicit Lg).

We then introduce the lattices (cf. (4.20) of [19]):

—~ 1 ~
(3.6) Lo = LoZ?, Lo= WLOZ‘I =[/y yN1Z*

(with [-] the integer part), and for z € Ly we define (see (4.12) of [19]),

B, =z+I0,L0)! N2 C D, =z 4[-3Lo,4Lo) N 24
(3.7)
CU,=z+[-KL+1,KL-1)%nZz.

We now consider some u in (0, u), pick « > B > y rationals in (u, u), and ¥ ratio-

nal in (0, 1) so that 5(\/%— 1) < 1, as well as an integer K > c¢(«, 8, ¥, €)(> 100).
We denote by N, (D) the number of excursions from D, to the exterior bound-
ary dU, of U, that are contained in the interlacement trajectories up to level u;
see (2.14) and (1.42) of [26]. We refer to (2.11)—(2.13) of [26] for the notion of a
good(«, B, y)-box B, (which is otherwise bad(«, 8, y)). The details of the defini-
tion will not be important here. Very roughly, one looks at the excursions of the
interlacements between D, and the complement of U, (they are ordered in a natu-
ral fashion). For a good(«, 8, ¥)-box B, the complement of the first « capya (D;)
excursions (with capya(-) the simple random walk capacity) contains in B; a con-
nected set with | - |so-diameter at least Ly/10, which is connected to similar com-
ponents in neighboring boxes B; via paths in D, avoiding the first 8 capyq (D) ex-
cursions in the interlacement. In addition, the first 8 capyq (D) excursions spend a
substantial “local time” on the inner boundary of D,, which is at least y capya (D;).
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Informally, the variables N, (D,) aim at tracking an “undertow” in the medium,
whereas the notion of good(«, B, y)-box relates to a spatially faster decorrelating
information; see also Remark 2.2 and above Theorem 3.2 of [24]. In Section 4, this
splitting between “undertow” and “local” behavior will correspond to the decom-
position of the Gaussian free field ¢ into a harmonic average h p_ inside U, and the
local field ¥ p, (vanishing outside U;) so that ¢ = hp_+ Vg, ; see below (5.3).

We can then introduce as in (4.27) of [19] (with the choice M =1 in (4.27) of
[19D)

U' = the union of all Ly-boxes B, that are either contained in
B(0,2N)€ or linked to an Lg-box contained in B(0, 2N)¢
(3.8) by a path of Lo-boxes B;,, 0 <i < n, which are all, except
maybe for the last one, good(w, 8, ¥) and such that
Ny (D) < Bcapga(Dy,).
We write
(3.9) N ={Wh| = vN)

for the event that 51“\, (see (1.4)), leaves a “hole” WY = B(0, N) \51’(, in B(0, N)
containing at least vN¢ sites. In the present context, this “hole event” replaces the
disconnection event DYy, from (4.9) of [19]. With (3.2) in mind, we also introduce
the event

(3.10) Hl = [IW4| > vNY, 8(FY, By) > ) S HY,

where in addition the R? -filling Fy, of % W}(, (see (1.9)), has an indicator function

at L'-distance at least u from all translates of the indicator function of B,, see
(2.11). Then, as in (4.28) of [19], we introduce the function

3.11) 6(x)=|U' N B(x,Lo)|/|B(x.Lo)|, xeZ,

and note that & (-) has slow variation, in the sense that
1

(3.12) [o(x +e) —7(x)| fz—, for all x, e in Z4 with |e|; = 1
0

(where | - | stands for the ¢! -norm).

Firit, note that when B(x, Eo + Log) € B(0,2N)¢, any Lo-box B, intersecting
B(x, Lo) is contained in B(0, 2N)¢, and hence in U, so, as in (4.30) of [19],

(3.13) o(x)=1, when B(x, Lo + Lo) € B(0,2N)°.

The next observation differs from [19] (compare with (4.31) in [19]), and reflects
that we are interested in the “hole event” H% from (3.9), or in the event H " C
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H'y from (3.10), in place of the disconnection event DY, from (4.9) of [19]. We
will now show that

for large N, on HY,, 0(x) =0 when x belongs to the
(3.14) - —
(Lo — Lo — Lo)-neighborhood in | - |sc-distance of Wy,.

For this purpose, we will first establish that
(3.15)  forlarge N, the (ZO — Lg)-neighborhood of )7\7]’(, does not meet /!

Indeed, observe first that VT/“ - B(O N — Lo — 1) (because CN” contains the Lo-
neighborhood of Sy € Cj,). If the (Lo — Lg)- ne1ghborhood of WN meets /!, then
there is an Lg-box B, in U", I which _meets the (Lo — Lg)-neighborhood of WN
Hence B; is contained in B(O N — Lo -1+ Lo — Lo+ Ly)=BO,N —1) and
in U'. By the connectivity statement in (4.13) of [19] (or Lemma 6.1 in [26]), B,
contains a vertex y that belongs to a connected component of V*, which meets
an Lo-box having a neighboring box contained in B(0,2N)¢. In particular, this
connected component meets Sy, and the vertex y belongs to Cy,. In addition, since
B; has | - |o-diameter Lo — 1, and B; meets the (Lo — Lo)- nelghborhood of WH ,
the vertex y lies at distance Lo —1 of WY but this is a contradiction since yeCy.
This proves (3.15).

Let us now prove (3.14). To this end we note that for large N, on H', when x
belongs to the (Lo — Lo — Lo)- nelghborhood of WN, then B(x, L()) is contained
in the (Lo — Lo)- neighborhood of WY, and by (3.15) it does not meet U, so that
o (x) = 0. This proves (3.14).

We now proceed in a similar fashion to (4.32) in [19], and define

~ ~ 1 3
(3.16) SN:{xeLo;—fa(x)f—},
4 4
as well as the compact subset of R¢
x 1 Zo
3.17 AN = Bpa|l —, —— ),
G-17) v=U Rd(N SOdN)
XESN

where for z in R? and r > 0, Bra(z, r) stands for the closed ball in R4 with center
z and radius 7 for the | - |s-distance.
In the present context, the following lemma replaces Lemma 4.3 of [19].

LEMMA 3.1 (Insulation property of Ay). Forlarge N,

(3.18) Sy S B(0,3N) N Ly,
and on HY,,
(3.19) the closed f—l?j—neighborhood inR? of %VT/K, for the

| - |oo-distance is contained in the union of the bounded

components of the open set R4\ Ay.



ON MACROSCOPIC HOLES 2473

PROOF. The proof of (3.18) is the same as the proof of (4.34) of [19]: by (3.13)
we know that o (x) = 1, when B(x, Lo + Lo) < B(0,2N)“. Hence, for large N,
when |x|s > 3N, one has B(x, Lo+ Lg) € B(0,2N)¢, so that 6(x) = 1. The

claim (3.18) follows.
We now turn to the proof of (3.19). We will use the fact that

for large N, on HY,, any continuous W: [0, 1] — R4 such that v (0)

~ L
(3.20) is within | - |oc-distancel of {x € 29 doo(x, WY) < 70} and such
1 _~ —~~
that |W(1)|, > 3N, comes within | - |s-distance 00 Lo from Sy.

The proof is very similar to that of (4.37) of [19]. Indeed, given W as above, one
constructs a Z¢-valued - path vi,0<i</{(.e., |yl+1 Viloo=1,for 0 <i < ¥£),
such that doo (y0, W}(,) < 22 and |y¢leo > 2N + Lo+ Lo, and Y0, Y1, - -+, Ye are
contained in the closed 1- nelghborhood for the | - |so-distance of W ([0, 1]). By
(3.14) and (3.13), we see that 6 (yp) = 0 and & (y;) = 1. Note that |y; 11 — yi|1 <
d, for 0 <i < €. So, by the Lipschitz property (3.12) of &, we can find some
0<j<¢twith [5(y;) — l| < i. Then, for large N, if we choose y € Eo with

|9 — ¥jloe < 105 Lo, We find that

3.21) ‘A(A) 1‘< 1|A i 2 d _ 1 . d _1
. U - P - 7 P - —
Voo =T, TN T T, = 100 =2

Th1s proves that y y € SN, cf. (3.16). Observe that W (-) comes within | - |oo-distance
100d Lo +1< 50d Lo from y. This proves (3.20).

Let us conclude the proof of (3.19). To this end, note that any point in R? in
the LO -closed neighborhood of 1)/VN for the | - |co-distance, is within | - |

dlstance + of some point in NZd in the £ 7 -closed neighborhood of L WN for the

| - |so-distance. So, by (3.20), any continuous path in R starting in the —-closed
neighborhood of NWN for the | - |so-distance and tending to infinity necessarﬂy

encounters A . The claim (3.19) follows. This concludes the proof of Lemma 3.1.
O

We then proceed as in (4.39) of [19]. We go over the main steps. We extract a
random subset S n of S, v such that

(3.22) g’N is a maximal subset of §N such that the B(x, 2Z0), X € gN,
. are pairwise disjoint.
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We introduce the notation Np, = Lg_l /log Ly and the bad event (see (4.22) of
[19]) (with (e;)1<i<q the canonical basis of Rd)

NL d—1
By = U there are at least p (Lg) [ —> columns of
Lo

e€ley,....eq}

(3.23) Lo-boxes in the direction e in B(0, 20N) that

contain a bad («, 8, y)Lo—box}

(with p(L) a suitable function depending on «, 8, y, and K, which tends to O as
L — 00).
By Lemma 4.2 of [19], we know that

NLy\72 )~ d—1
(3.24) pwo(T2) /[ Tostor =0
and that the following superexponential bound holds
_ 1
(3.25) 11]{7n N2 logP[By] = —o00.

So the bad even By in (3.23) is “negligible” for our purpose. We thus introduce
the effective events

(3.26) HY =H"\ By 2 Hy" =Hy" \ B.
As in (4.41) of [19], setting K = 2K + 3, we find that
for large N, on ﬁ”N, foreachx € S v there is a collection C~x

of Lo-boxes intersecting B(x, Lo) with 7T-projection at mutual

(3.27) . ¢ Lo\?!
distance at least K L¢ and cardinality |:<? L_> :| such that for
0
each z € Cy, B, is good (a, B, ¥) and N,,(D;) > B capya(D,)
(for each x € S, ~, one has z~'x in {1,...,d} and 7, denotes the projection on the set

of points in 74 with vanishing 7x -coordinate). _
As below (4.41) of [19], for large N, we can define a random variable on H%,

(3.28) kv = (Sv. Sv. (Fr. Co) ey )-
with range C, which is a set such that (cf. (4.43) of [19]),
(3.29) IKn| = exp{o(N972)}.

This provides for large N a coarse graining of the event 7—7;‘\, in (3.26) (see Fig-
ure 1). Namely, for large N one has the partition

(3.30) Hyy = | Hve  where Hy o =Hi Ny = «).

KE/CN
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distance at least Lo /2> Lo> Lo

/|“00'

FIG. 1. An informal illustration of some features entering the definition of the event Hy , corre-
sponding to the coarse graining of the event 'H in (3.26), with the selected boxes of side-length 2L0
on the left-hand side, and the blow-up of one such box with the selected boxes of side-length L (in
black), on the right-hand side.

As in (4.47)—(4.49) of [19], for each x € Ky, we associate a “segmentation” cor-
responding to Up or S in (3.31) below, and a porous interface corresponding to X
in (3.31) below, via:

c=UJ U B(c7.

xeS zecx

= (U Uzrio.Lo)cr)

xXeS zer
U1 = the unbounded component of

Rd\{ : (U BR"( ' 50d )>}

Up=R4\ Uy, S =0Uy=09U,.

(3.31)

We note that on H y , the above defined U coincides with the unbounded com-
ponent of R4 \ Ay in Lemma 3.1. Thus by (3.19),

~

L
for large N and any « € Ky, on Hy , the ﬁ—closed

1 ~
(3.32) neighborhood of — WN for the | - |so-distance is contained
. in the union of the bounded components of the open set

R\ {%(xggBRd<  50d LO))}

The proof now differs from [19] (see below (4.49) of that reference). We can now
introduce for large N the (deterministic) compact subsets of R?

~

L
(3.33) AK={ZGUo;doo(Z, UQZ%}, fork e Ky.



2476 A.-S. SZNITMAN

Recall the notation Fy from (1.9), for the R-filling of %Wl’(, By (3.32) and the
definition of the hole event H; in (3.9), we see that

for large N and any « € Ky, on H ., one has Fy, € fi,( and
(3.34) v < |F%| <|A,| (with A,the interior of A, and |E| the volume
of E Borel subset of R%).

In view of the definition of the Fraenkel asymmetry (see (2.9)), we then find by the
triangle inequality that

A\ Fly| =1Ac| = |Fyl,

for large N and any k € Ky, on Hy ,
(3.35) . . .
and |A¢| — |FN|+ 1Al — v+ |Akld; = 8(Fy, By).
If we now set in the notation of (3.26), for large N,
(3.36) K =1{k € Kni Hne NHY" # ¢}
We now find by (3.35) and (3.34) that
for large N and any « € KCk,,
(3.37) . . o
|Ac| > vand 2(|Ac| —v) + |Aclh g, = 1.

The following lemma will be helpful in the proof of (3.2) (and similarly in the
proof of (5.2) in Theorem 5.1 of Section 4).

LEMMA 3.2 (Coercivity of the capacity, see (2.9) and below (1.8) for notation).
Consider v > 0, u > 0 and U a bounded open set in RY with

(3.38) |U|=v and 2(|U|—v)+|U|)»UZM.
Then one has

(3.39) cap(U) = cap(By) + c1(v, p).

PrROOF. If (3.38) holds, then either

(3.40) Ul —v="L,
4
or
(3.41) |U|—v<% and |U|AU2%.

If (3.40) holds, then ny > 0 (see (2.8) for notation), and one has

(3.42) cap(U) > cap(Ber%) > cap(By) + c(v, w).



ON MACROSCOPIC HOLES 2477

On the other hand, if (3.41) holds, then

(3.41) (3.41) (2.10)
(3.43) L < |Ulry < <v+ E))\U < C()<U+ ) 1/4,
so that

We then find that by definition of ny in (2.8), that with B a ball of volume |U |
cap(U) > (1+&(v, ) cap(B)

3.38
(3.45) ( > ) (14¢(v, w))cap(B,)
> cap(B,) +c'(v, ).
Collecting (3.42) and (3.45), we find (3.39). This proves Lemma 3.2. [J

We now resume the proof of (3.1) and (3.2). We begin with (3.1). We proceed
in a similar fashion to (4.52) of [19] and find with the exponential bound stated in
(4.14) of [19] that in the notation of (3.31)

ke

1
thsup = 5 logP[Hy] < —T lm}vmf inf a2 APz ©),

(3.46)

where ' = (f— L"_)(ﬁ—ﬁ).
1-3(/5 -1

Then, taking a liminf over K tending to infinity, we find with help of Proposition
A.1 of the Appendix of [19] that (see (3.31) for notation)

1 1
(3.47) lim SUp ~773 — log P[H}] < —Climlim inf — cap(X).
N K N keknyd

Now, by the capacity lower bound of Corollary 3.4 of [19] recalled in (2.4) (where

we choose A = Ay, € = 10%, £, the smallest nonnegative integer so that 2t <
L
Tox7)» We find

1
limsup —— N 5 logP[#}] < —Tlimlim 1nf 2 cap(A,)

(3.48) K N ek

1
S _Fg Cap(Bl))v

where we used (3.34) and Polya—Szegd’s inequality (i.e., ny > 0) to find that, for
large N and any « € Ky, cap(A,) > cap(A,) > cap(B,). We can then let £ go to
0 and «, B, y go to u along rationals (these parameters enter I") to find our claim
(3.1).
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We now turn to the proof of (3.2). The same argument now yields

1 1
(3.49) limsup —— log IP’[H "] < —T'limlim 1nf —cap(Ay),
N Ni- K N «ekh d
where ICZ is defined in (3.36).
We can then apply (3.37) and Lemma 3.3 to find that for large N and any « €

IC%, one has cap(A,) > cap(A,) > cap(B,) + c1(v, i). Inserting this information
in (3.49) now yields

1
(3.50) lim sup —— log P[HY"]<-T (— cap(B,) + c1 (v, ,u)).
N N9 d

Letting & tend to O and «, 8, y tend to u along rationals concludes the proof of
(3.2), and hence of Theorem 3.1. [

We now turn to the asymptotic lower bound. The restriction v < wy permits us
to avoid boundary effects in the minimization problem, where we look for a set of
minimal capacity among all compact subsets A of B(0, 1) with volume v: we have
a minimum for the choice A = B, C l§’(0, 1). Our main result is

THEOREM 3.2 (Lower bound). Forany 0 <u <y, 0 <V < wg, and ZO(N)
satisfying (1.3), we have

1
(5D liminf 7 — logP[[Wy| = vN‘] > — 5 (it = Vu)? cap(B,)
(see (1.6) and below (1.8) for notation).

PROOF. We will in essence apply the construction and the results of [15], and
introduce a probability Py corresponding to so-called filted interlacements, under
which, with probability tending to 1 as N goes to infinity, C,’(, in (1 4) does not meet
the Euclidean ball centered at the origin and volume v'N¢ (with v’ slightly larger
than v). Then Theorem 3.2 will follow with the change of probability method
(i.e., the inequality (2.6)) and the relative entropy bounds from Proposition 2.3 and
2.4 of [15].

We thus consider 0 < u# < u4y and 0 < v < wy and define R, € (0, 1) via

(3.52) v =awgR?

(i.e., the Euclidean ball B, from (1.8) has radius R,). We choose é € (0, 1) such
that

(3.53) R, +25 <1,

as well as ¢ € (0, 1) and r > 1. We consider the function 4(z) on R? solution of
the equilibrium problem

Ah=0  inU\ B0, R, +28), with U = B»(0, r),

(3.54) - mod
h=1 on B>(0, R, +238, and h =0in R* \ U,
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where we recall that B, (z, a) stands for the closed Euclidean ball in R4 with center
z and radius a, and B> (z, a) for the corresponding open ball. As an aside, note that
h(z) can be represented as the probability that Brownian motion starting at z enters
B>(0, R, + 26) before exiting U .

We then choose 0 < 1 < § and a nonnegative smooth function ¢” with support
in B>(0, n) such that [ps ¢"(z) dz = 1. We regularize h by convolution with ¢”
and set

(3.55) h=hx¢".
‘We then define for N > 1,

(3.56) fN(x)=</u**+8 —1>h"<ﬁ>+1 for x € 74,
u N

and introduce as in (2.7) of [15]

- Adgic
3.57) Pn= efunp, with F, y(w) = Z’/R— dls;fN (X5 (wiy))ds,

i>0 f

where w; ,, i > 0, keeps track of all doubly infinite continuous-time 74 -valued
trajectories in the interlacement up to level u, X;(w; ,) stands for the position of
w;,, at time s, and

1
(3.58) Adise®) @) =5 ), (gx+e) =), xe 7,
lel1=1
is the discrete Laplacian of g, for g: Z4 — R.
As shown in Proposition 2.1 of [15], Py is a probability measure. We then
consider 'y as above (3.1) of [15], the exterior boundary of the discrete blow-up
of B»(0, R, + %), namely

8
3.59) I'y= 8{)6 € Zd; x is within | - |so-distance 1 of BZ(O, (RU + §>N)}

By (4.10) of [15], we know that

(3.60) BylAy] — 1. ity =) {x % Sy_1)

xel'y
(i.e., A% is the event stating that no site of I'y is linked by a path in V* to a site
with | - |oo-norm N — 1). N
We now choose an arbitrary sequence of nonnegative integers Lo(V) satisfying
(1.3). Then for large N, on A% one has

8 ~ 8
cy 74\ B2<O, (Rv + 5>N), so that WY 2 Bz<0, (Rv + Z)N) nzd,
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We thus find that
(3.61) for large N, on A%, one has [WY¥|> vN¢.
By the change of probability method (cf. (2.6)), we have

~ 1 ~ 1
(3.62) P[AY] = Py[AY ]exp{ (H(IEDN | P) + —)},
Py[AY] e
and by (3.60), (3.61), we find that
(3.63) 11m1nf 1 logIP’[}W” | > vN?] > —lim SUP ~773 1 H(IP’N | P).
N

Then, by Proposmons 2.3 and 2.4 of [15], letting successively n tend to O, r to oo,
and § tend to zero, we obtain

(364)  liminf 7= — logP[[Wy| = vN‘] > ——(«/u** T e — Ju)?cap(B,).

Letting now ¢ tend to 0 yields our claim (3.51). U

REMARK 3.1. (1) Let us mention that the tilted interlacements provide a kind
of slowly space-modulated random interlacements with space dependent param-
eter u fN(%)z; see the Introduction of [15]. Actually, see below (1.49) of [15],
the law of Z" under IF’N coincides with the law of the interlacement at level 1
if one endows each nearest neighbor edge {x,y} of Z? with the conductance
35 IN(3) fv (37)- We will however not need this fact here.

(2) Let us also point out that for large NV, under the tilted interlacement measure
Py, the vacant set V¥ inside B2(0, R,N) N Z< is in a strongly non-percolative
regime (see Proposition 4.1 of [15]). As a result with overwhelming probability
under Py as N goes to infinity, there are no macroscopic components in V* N
B>(0, RyN). This feature is very different from what would happen in the case
of Bernoulli percolation in the strongly percolative regime. A similar constraint
like [Wy| = VN 4 would qualitatively be produced by the creation of a blocking
interface with a Wulff-shape like aspect (see, for instance, Theorem 2.12 of [3]),
but the percolative regime would be preserved inside the blocking interface.

(3) If the equalities u = uy = u. hold, then choosing Lo(N) as in the Theo-
rem 3.1, 0 < u < u, and v < wy, the upper and lower bounds (3.1) and (3.51) are
matching so that (with B, as below (1.8))

1 ~ 1
(3.65) lim 7 log P[[Wy| 2 vN“] = —— (v/ut, — Vu)? cap(By).

In addmon by (3.2) and (3.51), conditionally on IW” | > vN?, 4 the R4- filling Fy
of L WN, is close to a translate of B, in the sense that

(3.66) mE[(Fy. By) | WY | =N =0
(with §(+, ) asin (2.11)).
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However, coming back to (2) above, it is unclear what happens for large N under
the conditional measure IP[- | |)7\71‘<,| > v N¥] inside the “nearly spherical hole” VA\}K,
(left in B(0, N) by C~]”(,) Are large connected components of V¥ present or not?
The picture ought to be nearly critical, and possibly quite different from what takes
place under the measure ]?’N used to derive the lower bound.

(4) Whereas the lower bound (3.51) holds for the choice ZO(N ) = 0, that
is, when one replaces )7\7,'@ by WY, the upper bound breaks down in this case.
Indeed, Wy 2 7% N B(0, N — 1), and by the spatial ergodic theorem, one finds
that

(3.67) P-as., 1in}vmf|w,“v|/|3(o,1v—1)|zP[OeI“]:l—e‘ﬁ >0,

where g(x, y) stands for the Green function of the simple random walk on Z¢.
One can of course wonder how small Lo(N) can be chosen so that (3.1) holds. As
already mentioned below (3.5), explicit rates of decay of the function p(L) that
appears below (3.23) (see also (5.6) of [26]) would lead to a more explicit choice
of Lo(N) in Theorem 3.1.

4. The simple random walk. In this section, we now turn to the case of sim-
ple random walk on Z¢, d > 3 and prove in Theorems 4.1 and 4.2 the large devia-
tion upper bounds and the lower bound concerning Wy (see (1.19)) mentioned in
(1.20), (1.22), (1.23). In a heuristic fashion, the simple random walk case discussed
in this section corresponds to letting u tend to O in the random interlacement set-up
treated in the previous section.

We keep the same notation as introduced below (1.15) for the simple random
walk (X,),>0 and its canonical law P, when starting from x in 74.

The asymptotic upper bounds in the next theorem will come as an application
of Theorem 3.1 in the previous section and a coupling argument between simple
random walk and random interlacements, which can be found in Corollary 7.3 of
[24], and then letting u tend to 0. We recall that u is the critical level for random
interlacements, and that O < u < u corresponds to the strongly percolative regime
of the vacant set V*; see below (1.6).

THEOREM 4.1 (Upper bound). There exists ZO(N ) satisfying (1.3) such that
foranyv >0

1 ~ 1
4.1) lim sup a2 log Po[|Wy| = vN?] < —gﬁcap(B,)),
N

where WN is defined in (1.19) and B, as below (1.8).
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In addition, the R%-filling Fy of %VT/N, see (1.21), is such that for any v > 0
and p > 0, one has with similar notation as in (2.11):

1
lim sup 7 log Po[[Wn| = vN4, 8(Fy, B,) > ]
4.2) N

1_
< —gu(cap(Bv) +c2(v, w)).

PROOF. We consider a sequence ZO(N ) as constructed in Theorem 3.1. For
any u > 0 (we will actually only consider u < u), we can find a coupling P of 7"
under P[- | 0 € 7], and T (the set of points in Z¢ visited by the simple random
walk) under Py, such that Z C 7", see the proof of Corollary 7.3 of [24]. Then we
have P-as., for N > 1, Cy 2 Cy; so that cN D) CNIL(,, and hence

(4.3) P-as,forallN>1, WY 2 Wy.

It then follows that

1
lim sup —— log Po[[Wy | = vN]
N Nd—
1 d
= limsup —— log P[[Wy| = vN?]
N Ni-

< limsup —— log P[WY4| = vN9]
N Nd-
4.4) 1
—hmsup — log P[|Wi| > vN9 |0 e 1]
N

1
<limsup —— log]P’[|WN| > vN9]
N Nd-

Theorem 3.1

S W i cap(By),

where in the inequality at the end of the second line we have used that P[0 € 7] >
0. Letting u — 0, we now find (4.1).
We now turn to the proof of (4.2). We note that by (4.3), one has

4.5) P-as., forall N > 1, Fy D Fy,
so that for N > 1,
(4.6) P-as.,on {[Wy| > vN4}, v <|Fy| <|FY|

(with | Fy| and | Fy| the respective Lebesgue measures of Fy and Fy).
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By (4.5), (4.6) and the triangle inequality, we find that for N > 1,
P-as.,on {|{Wy| > vN9},

(4.5)
5(FN7BV) = |F11</| - |FN|+5(F;\4/an)

4.6
Iy~ v+ 8(FY. B,)

<28(Fy, By),
where we used that | B, | = v in the last step. As in (4.4), we now find that

4.7

1
limsup —— - 5 log PO[IWNI >vN? 8(Fy, By) > 1]
N

1
_hmsupN 10gP[|WN|>de 8(Fn, By) > u]
N

4.3),(4.7)
4.8) < limsup —— N 1ogP[\WN| >vN?, §(F%, B)) > %]
N

1
_hmsup logIP’[{WN} > vNY §(Fy, B)) > %}
N

320 1 =
Wi Vi (ap) + e (v 4 ).
Letting u tend to 0, we find (4.2) with c2(v, u) = c1(v, 5). O

We now turn to the asymptotic lower bound. As in the case of Theorem 3.4, the
restriction v < wy permits to avoid boundary effects (see above (3.51)). The proof
of Theorem 4.2 below relies on the change of probability method and the tilted
random walk considered in [14]. We recall the notation from (1.12) and below
(1.6).

THEOREM 4.2 (Lower bound). For any 0 <v < wy and ZO(N ) satisfying
(1.3), one has

1 1
(4.9) hmmf N 5 log PO[IWNI > de] > =l cap(B,)
with B, as below (1.8).

PROOF. We consider 0 < v < wy, and R, € (0, 1) as in (3.52). We further con-
sider § € (0, 1) such that R, 428 < 1 (asin (3.53)), and for N > 1, define [' as in
(3.59). We then consider the measure }~’N from (2.36) of [14] that governs the so-
called “tilted random walk” in that work. We refer to [14] for the precise construc-
tion of Py, but in essence one considers a compactly supported nonnegative ap-
proximation I of the equilibrium potential of B, (on R%), and sets hn (x) = h(%).
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Under 131\/ (see Lemma 2.5 of [14]) the corresponding walk starts at the origin,
behaves as a Markov chain with generator Lyg(x) = d Z|y —x|=1 h%g; (gly) —
g(x)) up to a deterministic time Ty = (Uxx + €) Zyezd hN(y), and then moves as
a simple random walk on Z¢ with unit jump rate. By Proposition 5.8 of [14], we
know that
(4.10) PylAN]T — 1, ifdy = [ (x % Sy_1)

N xel'y
(i.e., Ay is the event stating that no site of I'y is linked by a pathin V =Z%\ T
to a site with | - |oo-norm N — 1). For large N, on Ay one has Cy € B(0, N) \
(B0, Ry + $)N) N Z%) so that

—~ )
Wy 2 B(O, (R,, + Z)N) nzd.
It thus follows that

(4.11) for large N,on Ay,  |[Wy| > vN<.
By the change of probability method (see (2.6)), it now follows that

1 ~ 1
4.12) lin}vinfm, log Po[|[Wh| > de] —lim SUp 73 H(PN | Po)
N

(where P governs the law of the continuous time simple random walk on Z¢ with
unit jump rate and starting at the origin).

Proceeding as in (6.3) of [14], we then obtain by taking successive limits in the
parameters entering smoothing, cut-off, and threshold, in the construction of the
tilted walk (similar to (3.64)) that

1 1
(4.13) hmmf — log Po[|Wy| = vN/] > — s CAP(By).
This proves (4.9). D

REMARK 4.1. (1) As in Remark 3.1(2), let us point out that under 13N with
overwhelming probability as N tends to infinity, there are no macroscopic compo-
nents in V N By(0, RyN).

(2) If the equalities u = u, = u, hold, then choosing ZO(N ) as in Theorem 4.1,
for 0 < v < wy the upper and lower bounds in (4.1), (4.9) are matching so that with
B, as below (1.8), one has

1 1
4.14) hm = 5 log Po[|WN| > de] — cap(By), for0 < v < wy.

In addition, by (4.2), conditionally on {Wy| > vN¢}, the Re-filling Fy of - Wy
is close in L!-distance to a translate of B,:

(4.15) 1115nE0[5(FN, B,) | Wx|=vN9 =0,  for0<v<aw,.
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However, what happqgs for large N under Pol- | IVT/N| > vN9] inside the
“nearly spherical hole” Wy (left in B(0, N) by Cy) is unclear. In particular, are
large connected components of ) present or not? The picture may be quite differ-
ent from what takes place under ﬁN. See (1) above, and below (3.66) for a similar
remark in the case of random interlacements.

(3) In Theorem 4.1, the proof shows that ZO(N ) can be chosen as in Theo-
rem 3.1. It remains an open issue to find out how small ZO(N ) can be chosen so
that (4.1) and (4.2) hold.

5. The Gaussian free field. We now turn to the case where the level set
E=% = {¢ > a} of the canonical Gaussian free field on 74, d > 3, in the strongly
percolative regime « < &, replaces the vacant set V% random interlacements on
74, with 0 < u < w, in Section 2, or the vacant set V' of the simple random walk
on Z%, in Section 3. Our main results in this section pertain to large deviation
bounds on the volume and shape of the complement Wﬁa in B(0, N) of the suit-
ably thickened component of Sy in E=%. They appear in Theorems 5.1 and 5.2 of
this section. We keep the same notation as below (1.25).

The next theorem is the counterpart to Theorem 3.1 in the present context.

THEOREM 5.1 (Upper bound). There exists ZO(N) satisfying (1.3) such that
forany a < h andv >0

— 1 _
(5.1)  limsup log PO[|WR¥| = vN?] < _ﬁ(h —a)?cap(B,)
N

Nd—2

(with B, as below (1.8)). ~
In addition, for the R%-filling F5* of %WAZ,O‘, see (1.32), one has for any v > 0

and p > 0 (with similar notation as in (2.11))
1

Nd—2

lim sup log PE[|WR®| = vN?, 8(F5®, By) = ]

< ——(l’l - Ol) (Cap(B ) + C (V M))
v 1 ) .

PROOF. Once again, the proof heavily relies on a coarse graining procedure
to construct a porous interface as in Section 4 of [19], and on the capacity lower
bound (1.4) proved in Corollary 3.4 of [19]; see also Section 3 of [18]. The general
line is similar to the proof of Theorem 3.1, and we will highlight where different
arguments are involved.

We first specify Lo(N). To this end, for each rationals § < y < h and integer
K > 100, we choose a sequence yy (depending on § < y and K ), which tends to
0 as N — o0, and satisfies the assumptions corresponding to (4.18) of [19], but
the function p(L) above (4.15) of [19] is now replaced by the function in (5.18)
of [24] (which depends on y, § and K); see also Section 3 of [18]. We can then
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define Ly and Zo as in (3.3) and choose ZO(N ) to be any nonnegative integer
valued sequence such that

@) Lo(N)=o(N),
(5.3) (i1) LO(N)/ZO(N) 7 00 for any choice of rationals § < y < h

and integer K > 100

(such a sequence can for instance be constructed by a diagonal procedure, see also
the end of Remark 5.1(3)). We then introduce the lattices ILg and Eo asin (3.6) and
keep the same notation B;, D, and U, for z € Z¢, as in (3.7).

We now choose § < y rationals in (a, ) and K > 100 (and the corresponding
sequence yy mentioned above). There is a notion of B, being a ¥r-good box,
see (5.7), (5.8) of [24]. The details are not important here. It corresponds to a
decomposition for each box B = B, of the Gaussian free field ¢ into ¢ = hp + {5,
where 4 p is an harmonic average of ¢ inside U, (and equals ¢ outside U,) and {p
is a local field. As mentioned above (3.8), hp aims at tracking an “undertow” in
the field, and v contains a spatially faster decorrelating information. In essence
for a ¥-good box B; at level § < y, B, N {yp, > v} contains a component of
| - |oo-diameter at least L/10, and for any two neighboring boxes B, and B,/, any
two components of B, N {y¥p. > v} and By N {¥p, > y} with diameter at least
L/10 are connected in D, N {yp, > 6}. M

There is also a notion of a box B, being /-good at level a > 0, namely that
infp_hp. > —a (for us a =§ — a > 0 will be the natural choice, and eventually
we will let § and y tend to h). With these notions in mind, we define similarly as
in (3.8)

U = the union of all Lo-boxes that are either contained in
B(0,2N)¢ or linked to an Lg-box contained in B(0, 2N)¢
5.4 by a path of Lo-boxes B;;,0 <i < n, which are all, except
may be for the last one, ¥-good at level §, y and h-good

atlevela =6 — «.
Parallel to (3.9) and (3.10), we introduce the “hole events”
MR = (W = ) 2
i = [Wr¥| = vN?, 8(F%, By) > ul.

We apply the same coarse graining procedure with the help of the function
G(x) = |U' N B(x, zo)l/lB(x, Zo)l, x € Z4. We introduce a bad event By as in
(3.23), with our now current choice of the function p(-), and yr-bad at levels &, y
in place of bad(«, 8, ). The bad event By satisfies a super-exponential bound as
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in (3.25); see also Proposition 5.4 of [24], or (3.17) of [18]. Similar to (3.26), we
then introduce the effective events

(5.6) H =HZ\ By 2 Hy " = H""\ By.

As in (3.16), (3 22) 3. 28) for large N we construct on ’HN a random vari-
able ky = (SN,SN,(JTX,C )xedy) with range Ky, a set such that [Cy| =
exp{o(Nd 2)}, so that corresponding to (3.27) (see also below (3.16) of [18]),
we have with K =2K + 3,

for large N, on 7—[12\,“, for each x € S, N> C, . 1s a collection of
Lo-boxes, which intersect B(x, Zo), have 7, -projection at

_ ' Ta\4-1
(5.7) mutual distance at least K L, with cardinality [(% L_0> ],
0

and such that for each z € Cy, B; is ¢¥-good at level y, § and
h-bad atlevel a =§ — «.

One then attaches to each x € Ky a “segmentation” represented by S (or Up), and a
porous interface corresponding to ¥ C R4, the solid filling of %C (with C C 74 ),
as in (3.31).

Then, with Corollary 4.4 of [24], we have a function «(K) > 1 with
limg_ 0o @(K) = 1, so that setting Hy , = ’Hff‘ N{ky =k}, for k € Ky, we
have

c IC| )2 capZd(C)}<0

1
5.8) i log P¢ —( ~x
(5.8) limsup sup{og [HNvK]—i_z “TKk capza(C)/+ a(K)

N KeEKy
where for k € Ky, C is as in (3.31) and we used the notation

(5.9) c=J¢C.

xes

so that for large N, by (3.3)

(5.10)
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As we will now explain, the term following a inside the square in (5.8) becomes
negligible as we successively let N tend to infinity and then K tend to infinity. We
first note that by Proposition A.1 of [19] one has (with C and ¥ as in (3.31))

1 1
(5.11) 11m1nf11m1nf inf N —7—5 capza(C)/cap(X) = —

K—o0 N—oo kely d

Moreover, with A, as in (3.33), by the capacity lower bound (2.4), with ¢ =
10Lo/N, £, the smallest nonnegative integer such that 276 < Lo/(10N), and
A = A,, we find that

(5.12) liminf inf cap(X)/cap(Ay) > 1,
N keKky

and as in (3.34),
for large N, for any k € Kn, on Hy i,

(5.13) Yy ul
one has Fy* C A and v < |F5%| < |A,l.

By the Polya—Szegd inequality (see below (2.8)), we then have cap(fi,() >
cap(B,), and coming back to (5.12), we find that

(5.14) lim inf cap(X)/cap(B,) >lim inf cap(A.)/cap(B,) > 1.
N KEKN N K€Ky

As a result, combining (5.10), (5.11), (5.14), we find that

(5.15) limsuplimsup sup |C|/capz«(C)=0.
K

N KE’CN

If we now proceed as in (3.46), (3.47), taking into account the superexponential
bound satisfied by the bad event B, we obtain

limsup —— log PO[HZ]
N

<— lim lim inf i 2logIEDG[”;’-L]\/,,(]
K—o0oN—s ook EKN -

(5.16) (5.8),(5.11) ’
<

1
< — lim lim inf —cap(Ay)
(5.12), (5.15) K—ooN—ocokekn a(K) d

a(K)—1

Recall that @ = § — «. Letting § converge (along rationals) to /, we find (5.1). As
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for (5.2), we introduce as in (3.36) for large N

(5.17) K =i € Kivs Hi e N HAY M # )

so that for large N, as in (3.37),

(5.18) for any k € Kiv, [A¢| > v and  2(|A,| —v)+ |AK|,\AK > L.
We then have, proceeding as in (5.16),

1

N2 log P¢ [7—[,%,“’“]

lim sup
N

2

1
5.19 <— lim lim inf —cap(Ay)
( ) K—)ooN—)ooKEIC'X, a(K)d P

(5.18),(3.39) g2
<

e —ﬁ(cap(Bv) +c1(v, ).

Letting § converge along rationals to 4 now yields (5.2). This concludes the proof
of Theorem 5.1. [

We now come to the asymptotic lower bound. As explained above in Theo-
rem 3.2, the condition v < wy, ensures that B, is contained in B (0, 1) and permits
us to avoid boundary effects. We refer to above (1.26) and to (1.29) for notation.

THEOREM 5.2 (Lower bound). For any o < hyy, 0 <V < wq, and ZO(N)
satisfying (1.3), we have

1
Nd—2

lim inf log PO[Wi*| = vN]

(5.20)

1
> —ﬁm** —a)?cap(B,).

PROOF. We keep the notation from (3.52), (3.53), so that v = a)def, and we
have 0 < § < 1 and r > 1 satisfying

(5.21) Ry +28 <1<,

as well as 0 < n < § and the regularized function 2" = h * ¢", as in (3.54), (3.55).
We then define for ¢ > 0 and N > 1 (recall that o < /4y)

(5.22) fn(x) = —h"(%)(h** —a+e), for x € 74
and

- 1
(5.23) BG — exp{é‘(fN, o)~ 2EUv, fN>}1P>G,
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where £(-, -) stands for the Dirichlet form
1

(5.24) Ef.e)=5 Y. (f(y) F0))(g(y) —g()),
2 Sn=r 2

for f, g functions on Z¢ such that the above series is absolutely Convergent By
the Cameron—Martin formula (see also (2.3), (2.4) of [24]), we know that PG v isa
probability measure and that

(5.25) @ under ]?’1(\;, has the same law as ¢ + fx under PC.
Then observe that
(5.26) ING) =—(he —a+¢) for x in B2(0, (R, +8)N) N 74,

and defining 'y as in (3.59) to be the exterior boundary of the discrete blow-up of
B0, R, + %), we see that for large N and any x € 'y, we have (with 0j; denoting
the inner boundary):

~ > 8
Pg[}( H) BimB<x, @N):|

é

<szs>PG[ oza—fn almB( _Nﬂ
4d
")
4d

(5.26) IPG[ 9Zhucte 81mB( N }

tran;inv. pG |:O o>hyte 3 B (0 = N)i| ‘

This last quantity has a stretched exponential decay in N (actually an exponential
decay when d > 4, with a logarithmic correction when d = 3, see Theorem 2.1 of
[20]). It thus follows that

(5.28) BG[AZ] — LAY = 225 sw).

xGFN

(5.27)

By the change of probability method (see (2.6)), and the fact that for large N one
has .Af,a - {IWﬁal > vN9} (as in (3.61)), one finds that

. 1 —~
hrr}lvlnf N2 log PO[|[Wr¥| = vN?]

. .
(5.29) > —limsup WH (B§ 1)

= —limsup ——
N

Nd 5 2r‘f(fN IN)

(see (2.7) of [24] for the last equality).
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By a similar calculation as below (2.10) of [24], we find that

. 1 ~
hrr}vmf N2 logPG[{W§a| > de]

(5.30) |
— g (e — g)*cap(B2(0, R, +9)),

and letting 6 and ¢ tend to zero, we obtain (5.20). [
Similar to Remark 3.1, we now have the following.

REMARK 5.1. (1) For large N under I?’f, the super level-set {¢ > «} inside
B>(0, R,N) N Z¢ is in a strongly nonpercolative regime as shown by a similar
calculation as in (5.27). In particular, with overwhelming ﬁ’g—probability as N —
00, there are no macroscopic components in {¢ > «} N B>(0, R,N). Once again
this is qualitatively different from what would happen in the case of Bernoulli
percolation, see Remark 3.1(2).

(2) If the equalities h = h, = hy, hold, then choosing ZO(N ) as in Theorem 5.1
the upper and lower bounds in (5.1) and (5.20) are matching when o < h, and
0 < v < wy, so that (with B,, as below (1.8))

. 1 >
lll\r]nmlog]?c[\wﬁ | > vN]
(5.31) |
=~ (e = @)*cap(B,).

In addition by (5.2) and (5.20), conditionally on PVx®| > vN¢, the R¥-filling Fy*
of %Wﬁ“ is close to a translate of B, in the sense that

(5.32) hmIEG[ (F5%, B)) | [Wx¥| = vN9] =0

(see (2.11) for notation).

Again, what happens for large N under PC[. | IWK,I > vN?] inside the “nearly
spherical hole” W5 (left in B(0, N) by Cx%) is unclear, and possibly quite dif-
ferent from what takes place under the measure ﬁ’g used for the lower bound. See
(1) above, and below (3.66) and (4.15) for similar remarks in the case of random
interlacements and of the simple random walk.

(3) Let us point out that the upper | bound (5.1) does not hold for the choice
Lo(N) = 0 (because PC-ass., limy PWs*|/|B(0, N)| > PC[gy < a] > 0, by the
application of the ergodic theorem and the inclusion {¢ <o} N B(O,N — 1) C
B0, N)\ CI%,N = Wl\z,a). One can naturally wonder how small ZO(N ) can be cho-
sen so that (5.1) holds. Incidentally, explicit rates of decay on the function p(L)
from (5.18) of [24] would lead to a more explicit choice of ZO(N ) in Theorem 5.1.
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