The Annals of Probability

2019, Vol. 47, No. 3, 1653-1676
https://doi.org/10.1214/18-A0P1293

© Institute of Mathematical Statistics, 2019

LARGEST EIGENVALUES OF SPARSE INHOMOGENEOUS
ERDOS-RENYI GRAPHS

BY FLORENT BENAYCH-GEORGES, CHARLES BORDENAVE! AND
ANTTI KNOWLES?

Université Paris Descartes, Université Paul Sabatier and University of Geneva

We consider inhomogeneous Erd6s—Rényi graphs. We suppose that the
maximal mean degree d satisfies d < logn. We characterise the asymptotic
behaviour of the n!—( largest eigenvalues of the adjacency matrix and
its centred version. We prove that these extreme eigenvalues are governed
at first order by the largest degrees and, for the adjacency matrix, by the
nonzero eigenvalues of the expectation matrix. Our results show that the ex-
treme eigenvalues exhibit a novel behaviour which in particular rules out their
convergence to a nondegenerate point process. Together with the companion
paper [Benaych-Georges, Bordenave and Knowles (2017)], where we anal-
yse the extreme eigenvalues in the complementary regime d >> logn, this
establishes a crossover in the behaviour of the extreme eigenvalues around
d ~logn. Our proof relies on a tail estimate for the Poisson approximation
of an inhomogeneous sum of independent Bernoulli random variables, as well
as on an estimate on the operator norm of a pruned graph due to Le, Levina,
and Vershynin from [Random Structures Algorithms 51 (2017) 538-561].

1. Introduction. The purpose of the present text is to understand the extreme
eigenvalues of the adjacency matrix of an inhomogeneous Erd6s—Rényi random
graph on n vertices in the regime where the maximal mean degree d satisfies
d < logn. Heuristically, such eigenvalues arise from three different origins: (i) the
edge of the limiting bulk eigenvalue density, (ii) vertices of large degrees and
(iii) outliers associated with nonzero eigenvalues of the expectation matrix. One
goal of this paper is a precise understanding of this interplay between random
matrices on the one hand and the geometry of random graphs on the other. Such
questions have several motivations from applications, such as the estimation of the
spectral gap and spectral clustering.

The simplest random graph is the Erd6s—Rényi random graph G (n, d/n), where
each edge is present independently with probability d/n. In this case, it is rather
well understood that the behaviour of the extreme eigenvalues in the regime d >
logn is governed by random matrix behaviour; see [4, 9-12, 14, 16, 20]. In the
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complementary regime d < logn, the main result available up to now was due
to Sudakov and Krivelevich [13], who showed that the largest eigenvalue of the
adjacency matrix is asymptotically equivalent to the maximum of the maximal
mean degree d and the square root of the largest degree (their result holds in fact
for all regimes of d).

Our main result is a description of the behaviour of the ! =1 Jargest and small-
est eigenvalues of the adjacency matrix A and its centred version A := A — EA,
for an inhomogeneous Erd6s—Rényi random graph whose mean degree d is much
smaller than logn. Informally, we prove that the kth largest eigenvalue eigenvalue
of A satisfies

N log(n/k) l—e
(1.1) )\k(é)w‘/—log((logn)/d)’ k>n""%e€(0,1).

Under mild additional assumptions (satisfied for instance by stochastic block mod-
els), we show that the same result holds for the eigenvalues of A, with the exception
of some outlier eigenvalues whose locations we also characterise.

A consequence of our results, combined with those from the companion paper
[4] (see also the recent preprint [14]), where we analyse the extreme eigenval-
ues in the complementary regime d >> logn, is a crossover in the behaviour of the
extreme eigenvalues around d ~ log n (the same threshold as for the graph connec-
tivity). Indeed, in [4] we prove that if d > logn then all eigenvalues are asymp-
totically contained within the support of the semicircle law describing the macro-
scopic eigenvalue density, while in the current paper we establish for d < logn a
novel behaviour of the extreme eigenvalues, which implies that n!=°(1) eigenval-
ues escape the support of the semicircle law. Their locations are governed by (1.1)
and define a distribution that is illustrated in Figure 1 below.

It is helpful to analyse the behaviour of the extreme eigenvalues for d < logn
in the context of random matrix theory. Until now, in random matrix theory two
different types of universal behaviour at leading order of the extreme eigenvalues
have been established, exhibited for instance by light- and heavy-tailed Wigner
matrices, respectively. After a suitable deterministic rescaling of the matrix, these
two classes may be characterised as follows:

(a) The extreme eigenvalues converge to the edge of the support of the asymp-
totic bulk spectrum.
(b) The extreme eigenvalues form asymptotically a Poisson point process.

For example, it is known [1, 17, 19] that a Wigner matrix whose entries have
tail decay x~“ belongs to class (a) if & > 4 and to class (b) if « < 4. Moreover,
as stated above, in the companion paper [4] we prove that the Erd6s—Rényi graph
belongs to class (a) if d >> logn. Also, sparse heavy-tailed random matrices exhibit
a transition between these classes depending on the sparsity and the tail decay of
the entries [5].
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A consequence of our results is that, perhaps surprisingly, for d < logn, the
(possibly inhomogeneous) Erd6s—Rényi graph belongs to neither class (a) nor
class (b). Instead, the behaviour from (1.1) results in a sharp increase in the density
of eigenvalues as one moves toward the centre of the spectrum, which implies that,
no matter the rescaling of the spectrum, any nondegenerate limiting point process
will be infinite on compact sets.

The proof consists of two main steps. In a first step, we analyse the distribu-
tion of the n' ~°(1) largest degrees, and prove that the corresponding vertices are
with high probability separated by distance at least 3 from each other. The key
tool behind this step is an estimate (Theorem 3.1 below) on the tail of a sum of
inhomogeneous independent Bernoulli random variables. This estimate may be re-
garded as an improvement for the tails of the well-known Poisson approximation
provided by Le Cam’s inequality [3]. In a second step, we compare the n' (D
largest eigenvalues of the graph with those of the graph obtained by only keeping
the edges incident to the n'~°() vertices of largest degree. The latter corresponds
to a block-diagonal matrix whose blocks are associated with star graphs of high
central degree. This comparison is based on a sharp estimate on the operator norm
of the complementary graph due to Le, Levina and Vershynin [15], Theorem 2.1.

This text is organised as follows. In the remainder of the Introduction, we state
our main results, which are proved in Section 2. In Section 3, we state and prove
the tail estimate for Poisson approximation mentioned above.

NOTATION. The eigenvalues of a Hermitian n x n matrix H are denoted
by A(H) > M(H) > --- > A,(H). Its operator norm is given by [[H| =
max(A;(H), A (—H)). For p € [0, 1], we denote by B(p) the Bernoulli law with
parameter p, that is, B(p) = (1 — p)dg + pd1. We denote by Bin(py, ..., p,) the
law B(p1) % - - - * B(py). In particular, Bin(p, ..., p) is the Binomial distribution
with parameters (n, p). For x > 0 use the abbreviation [x] :={1,2,..., [x]}.

1.1. Hypotheses and definitions. Throughout this paper, A is the adjacency
matrix of an inhomogeneous (undirected) Erd6s—Rényi random graph G with ver-
tex set [n], where the undirected edge {i, j} is included with probability p;; =
pji €10, 1] independently of the others. Note that we allow loops: there is a loop
at vertex i with probability p;;.

The maximal edge probability is

Pmax ‘= Max pj;.
i#]
The mean degree of the vertex i € [n] and the maximal mean degree are defined as

di ::Zpij, dZ:m;_':lei,
J

respectively.
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We always suppose that there are ¥ > 0 and n € (0, 1) such that

(1.2) k <d<nlogn and pmpa <n_ 't

As all of our error term controls will be uniform, with quantitative rates of con-
vergence, in the parameters (p;j)i je[n) such that (1.2) holds, we introduce the
following definitions.

DEFINITION 1.1. (i) An admissible error function is a function ¥ (n, «, )
satisfying
(1.3) Vi >0, nll>rr01(§)1ﬂ(n,ic, n) =0.
n—

(ii) Given an event E and a condition .A on the parameters k, 1, (p;;)i, je[n]> W€
say that, under A, E holds with high probability (w.h.p.) if there is an admissible
error function ¥ (n, k, ) such that

P(E) =1 =y (n,«,n)

for all «, n, (pij)i, jen satisfying A.

(iii) Given a condition A on the parameters «, 1, (pi;)i, je[n], for two families
of random variables (u;), (v;) we say that under A, for all t, u; ~ v, if there is an
admissible error function v (n, «, ) such that

2

for all k, n, (pij)i, je[n) satisfying A.

o 1’ <y (n, «, ) for all r) > 1=,k n)
Ut

Let us emphasise that the point in this definition is the uniformity of the error
terms in the asymptotic regime where n — 00, d = o(logn), and ppax =n =T,
To simplify presentation, in the following we shall not identify the error functions
¥ (n, k, n) explicitly, although a careful look at our proofs will easily yield explicit
expressions for them.

Finally, for k € [n] we set

log(n/k)

1.4 = —
14 " Jog((logn)/d)

1.2. Relation between the centred adjacency matrix and the largest degrees.
For i € [n], let D; denote the degree of the vertex i in the graph G. Denote by

sz...zl)i

the decreasingly ordered degrees Dy, ..., D,. We also introduce the centred adja-
cency matrix

A:=A—FEA.
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By definition, (EA);; = p;;. The following theorem relates the largest eigenvalues
of A to the largest degrees, whose behaviour is described in Propositions 1.11 and

1.12 below.

THEOREM 1.2. Forany ¢ € (0, 1), under (1.2), w.h.p.,

(1.5) Jmax_[i(4) — D}| < C\/npmax + &L,
€ln'—¢
(1.6) s [k (4) 4 Df| < C\/itpmax + VL1,
€[ln'—¢

where C is a universal constant and L is defined in (1.4).

The proof of Theorem 1.2 is based on an analysis of the graph spanned by the
largest degree vertices, and on [15], Theorem 2.1, due to Le, Levina and Vershynin
on the operator norm of the centred adjacency matrix where all large degree ver-

tices have been removed. The term =+ D,f arises as an eigenvalue of a star graph
with central degree D,f — O(1) (see Definition 2.6 below).

By Proposition 1.11 below, for any € € (0, 1), we have Dll <({+¢)L; whp.,
which yields the following corollary.

COROLLARY 1.3. Forany € € (0, 1), under (1.2), w.h.p.,

1Al < (1 +&)v'L1 4 C/nPpmax-

As explained, for example, in [15], Corollary 1.3 finds applications in the anal-
ysis of spectral clustering techniques on random graphs.

Under the additional hypothesis that all vertices have the same mean degree, the
behaviour of the largest degrees summarised in Corollary 1.13 below implies that

D,f ~ L, where L; was defined in (1.4). We deduce the following result.

COROLLARY 1.4. Let ¢ € (0, 1). Then under the conditions d; = d for all i,
npmax < WL1, and (1.2), we have for all k € [n'—%]

(1.7) M(A) ~VLg and  hpi1-k(A) ~—Lg.

REMARK 1.5. There is an equivalent way to state Corollary 1.4. Introduce the
counting function of the renormalised eigenvalues of A = A — KA, defined as

A (A) }
T ——L >t
VL
The first estimate of (1.7) implies that for any x € (0, 1),
1
08 VAWX) Na(x) ~1—x2
logn

(1.8) Na(x) = #{k e [n]

(1.9)
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FI1G. 1. Histogram of the right edge of the spectrum of A in the case of a homogenous Erdés—Rényi
graph and density of (1.10). The eigenvalues are renormalised in such a way that Ap =1 (A has
been removed) and the histogram as well as the density are normalised in such a way that the total
area is 1. Here,n =5-10* and d = 0.5 (left), d = 1.5 (centre), d = 2.5 (right). We see that as
d grows, the empirical density gets more convex at its edge, which agrees with the idea that the
semicircle law approximation gets more accurate.

Indeed, for any § > O small enough, for k := Lnl_xz_‘sj and k' := (nl_x2+51. We
have

k<Na(x) <k <= (A <xvLi <i(4),

which happens w.h.p. by the first estimate of (1.7).
Informally, (1.9) states that Na(x) ~ nl_x2, from which we deduce that the

density of renormalised eigenvalues % at x € (0, 1) is asymptotically
1
(1.10) 2log(myn! ™ x.

See Figure 1 for an illustration.

REMARK 1.6. The estimate (1.9) states there exists no deterministic sequence
o = o, such that the point process

E = {ark(A) 1k €[n]}

is asymptotically finite and nonzero on compact sets. In particular, & cannot con-
verge to a point process as n — 00. Note, however, that our results do not rule out
the existence of an affine transformation parametrised by o = «;, and 8 = 8, such
that the point process {« (A (A) — B) : k € [n]} converges.

1.3. Consequences for the adjacency matrix. Gershgorin’s circle theorem [6],
Problem VIIL.6.3, implies that

IEA|l <d.

Then, writing A = A + [EA, the following corollary is an immediate consequence
of Theorem 1.2 and Weyl’s inequality (see, e.g., [6], Corollary I11.2.6).
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COROLLARY 1.7. (a) Theorem 1.2 holds with A replaced by A and the right-
hand sides of (1.5)—(1.6) replaced by C ./npmax + €~/ L1+ d.
(b) Under condition (1.2), w.h.p., for any k € [n],
M (A) = M (BA)| < C(VL1 + /7Pmax),

for some universal constant C.

REMARK 1.8. AsLj~ Dli, for an homogenous Erdés—Rényi random graph,
Corollary 1.7 is consistent with [13], Theorem 1.1, which asserts that A1(A) =

|A|l ~ max{y/ D¢, d} in all regimes of d.

1.4. Applications to stochastic block models. In the stochastic block model,
[EA has bounded rank and all its nonzero eigenvalues are of order d. We denote
by Af >0 > )»,'Q > 0 the positive eigenvalues of E and 1| <--- < Ay < 0 the
negative eigenvalues of EA. For « the constant of (1.2), we suppose that

Wi d>1f > >0 >«d,
' —d <A] <+ <AL < —kd, kt+k~ <kl

Then there is a dichotomy in the behaviour of the k™ + k™~ largest (in absolute
value) eigenvalues of A, depending on whether d <« /L or d > /L. Un-
der mild conditions on d, these conditions read d <« /logn/loglogn or d >

J/logn/loglogn.

PROPOSITION 1.9. Lete € (0,1).

(a) Under conditions (1.2) and d < n./logn/loglogn, w.h.p.
(1.12) 1A < (1 + &)L + C/npmax.

Under the additional conditions d; = d for all i and npmax < nL1, we have for all
ke[n'=?]

(1.13) M(A)~ Ly and  ryi1-k(A) ~—/Ly.

(b) Under conditions (1.2), (1.11) and d > n_lmax{./logn/loglogn,
\/npmax}a

Vi=1,...,k", Ai(A) ~ AT,

(1.14)
Vi=1,...,k™, )‘n-H—i(A)N)‘i_
and w.h.p.,
(1.15) max {[Aer 1 (A)], [rn_i- (A} < A+ &)VLi + C/npmax.

Under the additional conditions d; = d for all i and npna.x < nL1, we have for all
keln'=*]

(1.16) )\k++k(A) ~+ Ly and )‘n+1—(k—+k)(A) ~ —y/ L.
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We remark that in the case (a) of small degree, the nontrivial eigenvalues A?E of
[EA do not give rise to corresponding eigenvalues of A, and A may be regarded
as a perturbation of A. In contrast, in the case (b) of large degree, the nontrivial
eigenvalues )Ll?t of [EA gives rise to associated outlier eigenvalues of A, and A
may be regarded as a perturbation of [EA. Hence, the spectrum of A retains some
information about the spectrum of EA if and only if d > +/logn/loglogn.

REMARK 1.10. Remarks 1.5 and 1.6 also hold for the eigenvalue counting
measure of A. See Figure 1 for an illustration.

PROOF OF PROPOSITION 1.9. (a) Introduce « € R such that
1 o
d= ( ogn ) ’
loglogn

logn

so that

L= .
! (1 —a)loglogn + alogloglogn

As soon as n < 1, under the condition d < n./logn/loglogn, we have o < 1/2,
which implies that

(1—a)Ly~d'
and that

vLi+d~+/Lj.

For k <n'~¢, we have Ly > ¢L1, so that we also have

VLi+d~ /L.

As a consequence, (1.12) follows from (a) of Corollary 1.7 and, considering A as
a perturbation of A, (1.13) follows from (1.7) and [6], Corollary II1.2.6.

(b) In the same way, (1.15) follows from [6], Corollary I11.2.3 and Exer-
cise 111.2.4, Corollary 1.3 and (1.11), (1.16) follows from (1.7) and [6], Corol-
lary I11.2.3 and Exercise II1.2.4, and considering, that time, A as a perturbation of
EA, (1.14) follows from [6], Corollary II1.2.6, Corollary 1.3 and (1.11). [J

1.5. Behaviour of the largest degrees. In our regime of interest, the largest
degrees of the graph play a key role in the analysis of the largest eigenvalues of the
adjacency matrix. We now describe their asymptotic behaviour.

PROPOSITION 1.11. Lete € (0, 1). Under (1.2), w.h.p., for any k € [n'—%]

D} <(1+48)Lt.
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For any x > 0, we introduce the sets

(1.17) Voy:={i €[n]: D; > x}, V_y:={i € [n]: D; =x}.
These sets are related to the ordered degrees through

(1.18) Dizx <= #Vor>k

Let us introduce the function f on (d, co) defined by

(1.19) ) = falx) :=xlog (2) — (x —d) +logV27x.

If Y is a Poisson random variable with mean d, for a large integer x Stirling’s

approximation gives

(1.20) P(Y =x) = /@06,

We shall in fact prove that, roughly speaking, under condition (1.2), we have

(1.21) #V-, <nel @,

which, under the additional assumption d; = d for all i, can be strengthened to

(1.22) #V-, ~nel O,

This leads us to introduce, for k € [n], the solution Ay of the equation
f(Ap)=logn/k) and Ax>d.

This solution is unique and satisfies

(1.23) Ag ~ L.

(See Lemma 2.1 below for the full details.) The combination of the characteriza-
tion (1.18) of the largest degrees with estimates (1.21), (1.22) and (1.23) naturally
leads to the estimates given in Propositions 1.11 and 1.12.

In the special case of a homogenous Erd6s—Rényi graph, the next proposition
is essentially contained in [7], Chapter 3. Hence, our next result may be viewed
as a generalization of this result to the inhomogeneous case. It is a more precise
version of Proposition 1.11 under the additional assumption that all vertices have
the same mean degree.

PROPOSITION 1.12. Let e € (0, 1).

(a) For any k € [n'7¢] there exists a deterministic A;C € {|Arl, A1} such that
under the conditions d; = d for all i and (1.2), w.h.p., for any k € [n'=2], we

have:
() D} € (A}, A} —1},
(i) D} =|Ax) when dist(A, N) > ¢.
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(b) Under the conditions d; = d for all i and (1.2), for all integers t € [eA],
Ay —el,

(1.24) #Vsy ~#V_; ~ne /O,

Under the same conditions, if t > Ay 4 ¢ then, w.h.p., #V>; = 0.
An immediate corollary of Proposition 1.12 and (1.23) is the following.

COROLLARY 1.13. Let ¢ € (0, 1). Under the conditions d; = d for all i and
(1.2), for all k € [n'~¢],

D} ~ L.

REMARK 1.14 (Lack of limit point process of largest degrees). Proposi-
tion 1.12(b) shows that, perhaps surprisingly, there is no Poisson point process
at the right edge of the multiset of degrees of G. There is instead a sharp transition
at Ap: for any integer t < Ay — ¢, w.h.p. the number of vertices with degree ¢ is
>>1 and for any integer r > A1 + ¢, w.h.p. there is no vertex with degree ¢.

2. Estimation of the largest degrees and comparison with the eigenvalues.
The rest of this paper is devoted to the proofs of our main results.

Throughout this section, we use the following conventions about convergence
of deterministic quantities. Let # and v be deterministic quantities depending on
n and (p;;j)i, jen)- We write u = o(v), or, equivalently, u < v, whenever u/v — 0
as n — oo and n — 0, uniformly in (p;;);, je[n] satisfying (1.2) and all parameters
except €. We remark that such a convergence can always be upgraded to a quanti-
tative convergence using some admissible error function from Definition 1.1, but
for the sake of simplicity we shall not do this.

2.1. Largest degrees: Proof of Proposition 1.11 and Proposition 1.12. Recall
that the function f was defined in (1.19).

LEMMA 2.1. Let € € (0, 1). For n large enough and n small enough, under
condition (1.2), for any k € [n'~¢), there exists a unique solution Ay, of the equa-
tion

2.1) F(Ap) =log(n/k) and Ar>d.

Moreover, under condition (1.2), for any k € [nl_g],

(2.2) A~ L.
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PROOF. The function f is increasing on (d, co) [indeed, f'(u) =log(u/d) +
1/(2u)] and satisfies

2.3) fw)=ulog(u/d)+ O(u) as u — o0

[more precisely, u I f(u) —ulog(u/d)) is uniformly bounded on [d, +00) by a
constant depending only on the « of condition (1.2)], so that for n large enough,
Ay is well defined for any 1 < k < n!~¢. Moreover, we have

(2.4) fu+x)= f(u)+xlogu/d) + O(|x|/u + x*/u),

with an implicit constant in O(-) depending only on a positive lower bound on
1+ ﬁ and unconditional to d. Indeed,

fu+x)— fu

b u 1 X
= (u +x)10g(1 + —) + x log <—) —x+ —log(l + —).
u d 2 u
Let us now prove (2.2). As both Ay = Ar(n,d) and Ly = Li(n,d) are deter-

ministic and depend only on n and d, by Definition 1.1, (2.2) reads

Ar(n,d) 1‘

Li(n,d)

(2.5)

(2.6) lim sup sup =
"0 k=d<nlogn ke[n—¢]

If it were not the case, there would be an infinite set / of positive integers and some
sequences ()nes> (dn)ner, (kn)nes satisfying k < d, <n,logn, 1 <k, <n'"*
and n, — 0 as n € I tends to infinity, such that

'Ak,l(n,dn) ~

@7 Ly, (. dy)

1‘>c

for some positive constant c. Let us drop the index n from the notation. One first
verifies that Ay/d — oo as n € I grows [by a simple argument by contradiction
using (2.1)]. Then introduce ¢ > 0 such that Ay = ¢ L. By (2.3), we have

log(n/k) = f(Ax)
~ Ay log(Ax/d)
_ log(n/k)
~ “log((logm)/d)
By assumption, ¢logn <log(n/k) <logn so that

(log(log(n/k)/d) + log ¢ — loglog((logn)/d)).

1 logg
(2.8) —~14+ ———+0().

@ log((logn)/d)
On easily deduces from (2.8) that ¢ is bounded away from 0 and oo, and then that
@ tends to one, which contradicts (2.7). Thus (2.6), hence also (2.2), are true. [J
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LEMMA 2.2. Suppose that n is large enough and n small enough, and
that d satisfies condition (1.2), so that Ay is well defined (see Lemma 2.1).
Let q1,...,q, > 0 satisfy d = ) ;q;i, and let X be a random variable with
law Bin(qy, . .., qn). Suppose that gmax := max; g; < d/(logn)>/?. Then for any
u < A and x such that X2 <uandu—+x>2dis integer,

X
(2.9) PX>u+x)=(1+ 5)<%> e/
where § = O((d + x)/u + gmaxtt”? /d).

PROOF. By Theorem 3.1 below, P(X > u + x) = (1 + §)P(Y = u + x) where
Y has Poisson distribution with mean d and 8 = O(d/u + gmaxu>'?/d). Now, by
(1.20), we have

(2.10) PY=u+x)= e~ [t +01/u).

Then the estimate (2.4) allows us to conclude. [
We are now ready to prove Proposition 1.11.

PROOF OF PROPOSITION 1.11. Let us first explain how we can swap the
quantifiers w.h.p. and for all k € [n'~¢]. Suppose that we have proved that for
any fixed ¢ € (0, 1), w.h.p., for each £ € [1/¢],

D} <(1+e)L;  fork=|n'"*].
Let us then fix ¢ € (0, 1). We know that w.h.p., for each £ € [1/(¢/2)],
D} <(14¢/2)Ly  fork=]|n'""¢/|.
For any k € [n!=¢], one can choose £ € [1/(¢/2)] such that
ko =n'"t? <k

It follows that w.h.p.

D{ <D} <(+e/2)L .
But for n large enough, for any k € [n'~¢],

(I+e/2)Lr. < (1 +¢)Lg,

so the result is proved.

Thus by the union bound, it suffices to fix ¢ € (0, 1) and prove that for a fixed
choice of £ € [1/¢] and k := lnl—te], w.h.p. we have D,f < +¢e)L;.

We note that D,ﬁ >t is equivalent to #)>; > k [the set V>; has been defined in
(1.17)]. By (2.4), we have

2.11) ne /A — k(1 4 o(1))(Ag/d) ™.
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Thus (2.11) applied to x = [ Ax] + 2 — Ay implies that ne=/(L21+2) = o(k). By
(2.9) in Lemma 2.2, it follows that E#V>; = o(k) if t = [ A + 2. It remains to
use (2.2) and Markov’s inequality. [J

Our proof of Proposition 1.12 will require a sharp bound on the variance of
#Vz[.

LEMMA 2.3. Let D; denote the degree of the vertex i in the graph G. Then
any integer t > 0,

Var(#Vs,) < E#V=, + 3dnmax P(D; >t — 1)*.

PROOF. For ease of notation, we set g; := P(D; > t). Since #V>; =
> 1 1p;>:, we have E#V>, =>"" | ¢g; and

Var(#V=) =Y Cov(Ip,=. 1p;=1)
iJ

= qu(l —qi)+ ZCOV(ﬂD >t, 1D;>1).
i#]

Hence it suffices to prove that for i # j,
Cov(1p;>s, ﬂDjzt) <3pijmaxP(D; >t — 1)2-
l

Letus fixi # j. Wehave D; =) ; Ajx and Dj = A jx. We introduce the events
C .= {Aij = O},

EO;:{ZAikzt}, E:=FyNnC, E = {ZAith},
k

k#j
F0:={2Ajkzt}, F:=FyNC, F/::{ZAjkzt}.
ki I
Then E C E' and F C F’. Thus by Lemma A.1,
Cov(lp,>r, 1p;>1)
=Cov(lg, 1p)
= Cov(1g,1F) + P(F'\ F)P(E) + P(E'\ E)P(F)
=P(EgNFyNC)—P(EgNC)P(FpNC)
+P(F'\ F)P(E) + P(E' \ E)P(F).
Then note that

E'\E=(E'\E)U(E'\C)cCNn {ZA,k>t—l}
k#j
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and in the same way,

F/\FcCCm{ZAjkzt—1},
ki

hence by independence of the events Eg, Fy and C,
Cov(1p,;>r, ]lezz)

= P(Eo)P(Fo)P(C)P(CC) + P(F'\ F)P(E) + P(E'\ E)P(F)

< 3PijP(Z Aig >t — 1>P(2Ajk >t — l),

kj ki

which allows us to conclude. [
We are ready to prove Proposition 1.12.

PROOF OF PROPOSITION 1.12.  First, we remark that the inversion of w.h.p.
and for all for all integers t € [eA1, A1 — €] for (b) or for all k € [n'—¢] for (a) can
be treated as in the proof of Proposition 1.11.

(b) By (2.9) in Lemma 2.2, if t > Ay + ¢, PHV>, > 1) <E#V>, < (1 +
0(1))(d/A1)? tends to 0. Moreover, in the regime e A <t < A — ¢, as ne=f®
goes to infinity, to prove

#Vop ~ ne— S

by Markov’s inequality it suffices to prove that E#Vx; = ne= (1 + o(1)) and
Var(#V>;) < ne~f®(1 + o(1)), which follows directly from (2.9) in Lemma 2.1
and Lemma 2.3.

It remains to prove that #1_; ~ ne=f® when e A <t < A; — e. We note that

#V:; = #VZI - #V2t+] .

From what precedes, it suffices to check that #V, | = o(ne=/). The latter
is a consequence of (2.9) in Lemma 2.1 which implies that E#V,4; < (1 +
o()(d/t)ne=T®,

(a) We note that for any £, ¢, the claim D,f >t is equivalent to #V>; > k. Thus
(2.11) applied to x = [Agx] — 1 — Ay and (b) imply that with high probability
D,f > |Ag] — 1. Similarly, (2.11) applied to x = |[Ax] + 2 — Ax and (b) imply
with high probability D,f < |Ag] + 1. Moreover, if |Ag] +1— Ay > ¢, then with
high probability D,f < |Ag], while if | Agx] — Ap < —¢ then with high probability
D,f > | Ag]. Note that either |Ag| — Ay < —g or |[Ag] + 1 — Ar > € holds when
e=1/2. g



LARGEST EIGENVALUES OF ERDOS-RENYI GRAPHS 1667

2.2. Proof of Theorem 1.2. First it is easy to see, by Weyl’s inequality [6],
Corollary II1.2.6, that we may assume without loss of generality that p;; = 0 for
all i € [n]. Indeed, changing the values of the p;; amounts, in the right coupling,
to change degrees by at most 1 and to add to the matrices A and A a perturbation
of operator norm at most 1, which can for example, at fixed «, be absorbed by the
first error term if C is large enough. As pointed in the Introduction, our strategy
is to describe the graph spanned by the vertices of high degree. We start with a
deviation inequality on the degrees. Define

(2.12) h(x):=0+x)log(l+x)—x.

LEMMA 2.4. Fordistinct iy, ...,i; € [n] andt > 0, we have

k
IP(Z D;, > k(d + r))
=1

t t 2
< exp(—kdh<g> + kzpmax(g + 1) )

In particular, if d < t and kt/log(t/d) < d?/ pmax, we have

(2.14) P(i D;, zkt) §exp<—(1 +o(1))ktlog(§>>.

=1

(2.13)

PROOF. We have

k k
P(Z Dj, > k(d + z)) < IP’(Z(D,-( —ED;,) > kt).

£=1 =1
Now
k
zDu—zz SRTES> X A
=1 j=t+1 =1 j&{ir,....ix}
=:2851+ %,

where S1 and Sy are independent. From Chernoff’s inequality ([8], page 21), for
any A >0,

k
P(Z(Di( —ED;,) > kt) <exp(—Akt +ap(X) + Bp(21)),

=1

where ¢(A):e*— —1,
ko k
O‘—Z >, pij and B= 22 Z Piri; = D D Pisi;-
(=1 j¢lir,....ix} (=1 j=t+1 =1 j=1

By hypothesis, « + 8 < kd and B < k® pmax. We take A = log(t/d + 1) and use
that ¢(21) < e?*, we arrive at (2.13). The second claim (2.14) is an immediate
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consequence of the fact that the function 2 from (2.12) satisfies i(x) ~ xlogx
when x goes to infinity. [J

LEMMA 2.5. There exists a constant ¢ > 0 such that the following holds. Let
e€(0,1)andt =¢Ly. For S C{l,...,n}, let N(S) ={j : Aij = 1 for some i €
S} denote the set of neighbours of elements in S. Then, under (1.2), w.h.p. for any
i € V>; we have

#N{) N (Vo UN (Vs \ i})] < c/e.

PROOF. Fix an integer k. Let P (1) be the probability that there exists a vertex
of V>; which is neighbour to at least k£ other elements of V. We have

P(1)< Y P(Dj>tandVee(l,... k}:Di, >1, Ay, =1)

00y.eeslk

distinct
k
< > PDiy=t—kPNefl,....k}:Djy =t —1)[] Pigie-
10y -eeslk =1
distinct

Since for any fixed ig we have

k
(2.15) > T pioie < d*

i15eenip =1
distinct

we deduce that

P() < nd* maxP(D; >t — k) max IP(VZ e{l,....,k}:Dj, >t — 1)
’ distinct

t
< nd* exp(—(l + o(1))(k + 1)t log 2)
if £ > d and tpmax < d*log(t/d) [from (2.14)]. For t = L1 > d and k fixed such
that k + 1 > a/e with a > 1. We find
P(1) < p'mete®) — o(1),

Similarly, let P(2) be the probability that there exists a vertex i € Vs, which is
neighbour to at least k elements of N'(V>, \ {i}) \ V>;. Then

k
PQ)<> > > P(Dj,....Dy>tand

s=1 T g, dsy 1y i
distinct

Ve=1,...,k: A :Ajzir(e) =D,
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where the second sum is over all surjective maps t : {1,...,k} = {1,...,s}. We
deduce that

k
PQ<Y > > PWDjy=t—9)

s=1 T dgyeds, j1sen Jk
distinct

k
P(Vr ef{l,...,s}: D, >t —#‘L'_l({l”})) 1_[ Pioje P iz -
=1

Now note that for any fixed surjective map t : [k] — [s]:

e foranyiy,...,Is, we have
(Vrefl,....s}: D, >t —#7({r})} {ZD>M—}

e for any fixed ji, ..., jk, we have, as in (2.15),

Z 1_[ Pjeizey = dspmdx

i1y is =1
distinct

We deduce, using (2.15) and (2.14) again, that

k
P(2)§Zank+spmaxmaXP(D >t — k) max P(ZD Zst—k)

— l] ..... lA
s=1 T distinet 6=l

k
< ndk Z (k>kk—sdsp£cn;£e—(l+0(1))(s+1)t10g(‘[1).
N

s=1

The o(1) is uniform over 1 < s < k. Hence,
PQ2) < ndke—(1+o(1))t1og(§i)(de—(1+u(1))tlog(,%) + kpmax)k-

As above for t =eL1 > d and k a fixed integer such that k + 1 > a/e with a > 1.
We find P(2) = o(1). This concludes the proof of the first claim of the lemma. [J

DEFINITION 2.6. A star graph with central degree D is a graph with D + 1
vertices {ig, i1, ..., ip} and edges {{io, i1}, {i0, 2}, ..., {i0o,iD}}.

We may now prove Theorem 1.2.

PROOF OF THEOREM 1.2. Let 0 < < ¢ and set ¢t := §L. By Proposi-
tion 1.11, w.h.p. for any k € [n!~?],

D} >1.
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Let G, be the graph obtained from G as follows. The vertex set of G, is [n]. The
edge set of G, is the set of edges {i, j} of G (i.e., A;; =1) such that i € V>, and
J & V=1 UN (V> \ {i}) [where the notation N (-) was introduced in Lemma 2.5].
By construction, G, is a disjoint union of isolated vertices and of star graphs with
central degrees D}, i € V>;. By Lemma 2.5, wh.p., the central degrees of the
stars satisfy D; — c¢/8 < D < D;. Let A, be the adjacency matrix of G, and let
A’ = A — A, be the adjacency matrix of G \ G,.

By Lemma A.2, the nonzero eigenvalues of A, are :I:\/D7Z’ ,1 € V>;. From what
precedes, w.h.p. for alli € V5,

(2.16) ] D! —

D; — D;
«/ i+ D*
for ¢ the universal constant of Lemma 2.5.

Besides, w.h.p. the maximal degree in G \ G, is bounded by max(t, c¢/38) (which
is asymptotically equal to 7). Indeed, let i € [n] be a vertex. If the degree of i in G
is < ¢, then there is nothing to prove (as the degree of i in G \ G, is bounded by its
degree in G), whereas if D; > t, then the degree of i in G \ G« is D; — D} < c/$.

By Proposition 1.11, we know that w.h.p., the cardinal number of Vs, is at most
pl-d+ol) < 10/ pmax, hence by Theorem A.3 of Le, Levina and Vershynin, w.h.p.

2.17) |A" = EA| < C((npma) /> + (BL1)'/?).

Then one concludes thanks to Weyl’s perturbation inequality (see, e.g., [6],
Corollary II1.2.6), noticing that the constants from (2.16) and (2.17) do not de-
pend on the choice of § > 0. [

3. Poisson tail aproximation. The following tail asymptotic of Bin(py, ...,
pn) is stronger than what can be deduced from Le Cam’s inequality (see [3]).

THEOREM 3.1. Let X with distribution Bin(p1, ..., pn),d=p1+---+ pn >
0 and pmax = max; p; > d/n. Let Y be a Poisson variable with mean d. There
exists a universal constant C > 0 such that for any integer k satisfying 2d < k <
(d/pmax)*’? | C, we have

5
P(X = k) pmaxk7
3.1) ‘m—l‘gc ;
and
d 5
(3.2) P(X > k) < C(E pm%)l@(x k).

REMARK 3.2. The estimate (3.1) is contained in [2], (1.8), which is, however,
given without proof. It can also be proved using a steepest descent analysis [18].
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Here we give a probabilistic proof of (3.1) based on a comparison principle. Our
argument argument also yields the bound (3.2), which is a key ingredient of the
proof of Theorem 1.2.

We first check that Theorem 3.1 holds for standard binomial variable.
LEMMA 3.3 (Tails of binomial laws). Let Z be distributed according to the

binomial distribution with parameters (n,d/n). There exists a universal constant
C > 0 such that for any integer k with2d <k < \/n/C,

— 2
(3.3) ‘@ _ ‘ L Gk
P(Y =k) n
and
(3.4) P(Z > k) < %dun(z — ).

PROOF. We have
P(Z =k) n! <1 d>” d
= ——] €
P(Y=k) (n—k!n—-d* n

n!
(n—k)!

k n _ k
(3.5) <1 _ E) (1 _ i) ed < P(Z =k) < ( n ) _ kd/n—d)
n n P(Y =k) n—d

using (n — k)k < <nk, we get that

Using log(1 + x) < x, we get (ﬁ)k < ekd/(n=d) Then, it is easy to see that there
is C such that as soon as d, k < 4/n and n > 2, we have gkd/(n—d) <1+ C%, SO
that

(3.6) PZ=b _ X
’ P(Y =k) — n’
For the lower bound, first note that there is C such that forany 1 <k <n,
Ck? k\*
(3.7) 1——5(1——)
n n

[indeed, it comes down to prove that there is a constant C such that for any n > 1,
for x € (0, (Cn)~1/?%), log(1 — Cnx?) < nx log(1 — x), which is easily obtained
thanks to the series expansion]. Then note that there is C such that as soon as
d<./nandn>2,

d\ d d\? CaC(d /) d?
(3.8) log(l — ;) + - > —C(—) and e >1-C—

B n n
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From (3.5), (3.7) and (3.8), we deduce that
P(Z =k) k? d?
3.9 72(1—C—)(1—C—).
P(Y =k) n n
The claim (3.3) then follows from (3.6) and (3.9).
Note that for any integer j > d,

, (n—jy d d ,
P(Z = =P(Z= < P(Z = j).
Z=j+DH=PZ=)—" j+1_j+1( J)

We deduce that for ¢ := %,
P(Z>k)<P(Z=KkY e'=—"—PZ=k.
=1 1—¢

This concludes the proof. [

The classical Bennett’s inequality gives a first tail bound for the distribution
Bin(py, ..., pn).

LEMMA 3.4 (Half of Bennett’s inequality). Let X with distribution Bin(p1,
.., pn)and setd = py + --- + py. Then for any t > 0, we have
(3.10) P(X > d(1+1)) <exp{—dh(1)},
where h was defined in (2.12).

The next crucial lemma will use the Lindeberg’s replacement principle to com-
pare the distributions Bin(py, ..., p,) and Bin(p, ..., p) with p = %Zi Di-

LEMMA 3.5 (Comparison principle). Let P = Bin(p1,..., py) and Q =
Bin(d/n,...,d/n) withd :=}"!_, p;. For any integer k, we have

|P(k) — Q(K)| < 2dpmaxe " T and

|P(k, 00) — Q(k, 00)| < dpmaxe ().

PROOF. Fix the integers 1 <i, j <n. We write f(¢) = P(¢) and fij (1) is the
probability of 7 for the distribution Bin((p;);(;, j}). We have

fO=0-p)A—p) i@ +pi(l—pp)fiac—1)
+pi(1—p)fit—1)+ pip; f(t —2).

As (1 —pi)A—=pj)+pi(l—=p;)+pj(l — p;))+ pipj =1, we first deduce from
(3.11) that for any k£ > 0,

(3.12) P(k,oo)=)_f)=)_ f@.

t>k t>k

(3.11)
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We also deduce from (3.11) that f(¢) is a polynomial of order 2 in (p;, p;). Inter-
estingly, the term of order 1 is symmetric and equal to

(pi +p)(f7 =D = @)
The second-order term is equal to
pipi(f7Y @) =27 =)+ f7 (@ ~2).

Now let (¢1, ..., gu) be such that p; =g, for I ¢ {i, j}, g; +q; = pi + p;. Hence,
if g(¢) is the probability of ¢ for Bin(qy, ..., g,), we find

f@) =)= (pip; —qig)(f7 @) =2f7 @ — )+ f (1t —2))

and

S(F@) —g®) = (pir; — qig)(f7 k—2) = f (k- 1)).

>k

Assume that p; p; and g;q; are both bounded by dpmax/n. Then from the previous
equations and from (3.12), we deduce that

|fk) —gk)| < Z@P(k —2,00) and

Z(f(t)—g(t))' ”‘““P(k 2, 00).

t>k

By Lemma 3.4, we find that

d 2
}f(k) - g(k)| < Z%e_dh((%)ﬂ and

Z(f(t) — (t))‘ p;lnax —dh((k —2-d ),

t>k

(3.13)

Now if (p1,..., pn) # (d/n,...,d/n) then there exists (i, j) such that p; <
d/n < pj [since the average d/n is in the convex hull of (p1,..., p,)]. We con-
sider (q1, ..., qu) as above such that g; =d/n and p; <q; = p;+pj—d/n < p;.
Then the bound (3.13) applies here and gmax = maxg gx < pPmax. We may thus re-
peat the same operation to p! = (g1, ...,¢,) and get p> and so on. After m < n
iterations, we arrive at p”* = (d/n, ...,d/n). Summing the m times (3.13) gives

k2d

et )

|P(k) — Q(k)| <2m dpmax e~ (=9 < 2dpaedh

This gives the first claim. The same argument applied to the right-hand side of
(3.13) gives the second claim. [

We are finally ready for the proof of Theorem 3.1
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PROOF OF THEOREM 3.1. Let Z be a random variable with distribution
Bin(d/n,...,d/n). In view of Lemma 3.3, it sufficient to prove (up to adjusting
the universal constant C > 0) that

5
pmaxk 2

IP(X > k) —P(Z > k)| + |[P(X =k) —P(Z=k)| < C P(Y =k).

Then, from Lemma 3.5, we deduce that it is sufficient to check that for k > d,

de—dh(*=H1) : 0
- < RN
PY=k ~ d

First, from Stirling’s formula, we find

(3.14)

k —klog(k/d)+k—d —dh(k4
Py =)= L ed>® e/t e
Y T CcVk cVk

Second, from the convexity of x — h(x,), we find

((274) )5 2) =5 ) v

It follows that

—dh((@)g 2
e d k
—— < CVk[-=) .
sor—n =V(3)

This concludes the proof of (3.14). [J
APPENDIX: AUXILIARY RESULTS

LEMMA A.1. Let, in a probability space, E C E' and F C F’ be some events.
Assume that (E'\ EYNF =(F'\ F)NE =&. Then

Cov(Llg,1p) =Cov(lg,1p) + P(E'\ E)P(F) + P(F'\ F)P(E).

PROOF. Set E”:=E’\ E and F" := F'\ F. We have
Cov(lg,1p) — Cov(lg,1F)
=P(E'NF)—P(ENF)— (P(E)P(F') — P(E)P(F))
=P((E'NF)\(ENF))
—[(P(E) +P(E")(P(F) + P(F")) — P(E)P(F)].

(EENF)\(ENF)=(ENF")U(E'"NF)U(E"NF"),

we conclude easily. [J
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LEMMA A.2. The adjacency matrix A of a star graph with central degree
D > 1 (see Definition 2.6) is a (D + 1) x (D + 1) real symmetric matrix with
nonzero eigenvalues +~/D and associated eigenvectors (£+/D, 1, ..., 1) (the first
coordinate corresponds to the centre of the star).

PROOF. One notices that the matrix has rank 2 and that the vectors given here
are actually eigenvectors for £+ D. [J

The following result is [15], Theorem 2.1. It concerns general inhomogeneous
Erd6s—Rényi graphs with mean adjacency matrix (p;;);, je[n)- We recall that a
weighted graph has adjacency matrix A" whose entries are nonnegative real num-
bers, with the entry A} ;= 0 denoting the weight of the edge {i, j}.

THEOREM A.3. Setf pmax := max; j p;j and choose r > 1. Then the following

holds with probability at least 1 — n™". Consider a subset of at most 10 pr;}x ver-

tices and reduce the weights of the edges incident to those vertices in an arbitrary
way. Then the adjacency matrix A’ of the new (weighted) graph satisfies

HA, - EA” = Cr3/2(\/ NPmax + \/Z)’

where C is a constant independent of r, d' = maxi<j<, | R} ||, with R}, ..., R,
the rows of A'.
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