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IRREDUCIBLE CONVEX PAVING FOR DECOMPOSITION OF
MULTIDIMENSIONAL MARTINGALE TRANSPORT PLANS!

BY HADRIEN DE MARCH AND NIZAR TOUZI
Ecole Polytechnique

Martingale transport plans on the line are known from Beiglbock and
Juillet (Ann. Probab. 44 (2016) 42—-106) to have an irreducible decomposi-
tion on a (at most) countable union of intervals. We provide an extension of
this decomposition for martingale transport plans in R4, d > 1. Our decom-
position is a partition of R4 consisting of a possibly uncountable family of
relatively open convex components, with the required measurability so that
the disintegration is well defined. We justify the relevance of our decompo-
sition by proving the existence of a martingale transport plan filling these
components. We also deduce from this decomposition a characterization of
the structure of polar sets with respect to all martingale transport plans.

1. Introduction. The problem of martingale optimal transport was introduced
as the dual of the problem of robust (model-free) superhedging of exotic deriva-
tives in financial mathematics, see Beiglbock, Henry-Labordere and Penkner [2]
in discrete time, and Galichon, Henry-Labordere and Touzi [10] in continuous-
time. The robust superhedging problem was introduced by Hobson [18], and was
addressing specific examples of exotic derivatives by means of corresponding so-
lutions of the Skorokhod embedding problem; see [6, 16, 17], and the survey [15].

Given two probability measures w,v on R4, with finite first-order moment,
martingale optimal transport differs from standard optimal transport in that the
set of all coupling probability measures P(u, v) on the product space is reduced
to the subset M(u, v) restricted by the martingale condition. We recall from
Strassen [22] that M(u, v) # @ if and only if u < v in the convex order, that is,
w(f) <v(f) for all convex functions f. Notice that the inequality u(f) < v(f)
is a direct consequence of the Jensen inequality; the reverse implication follows
from the Hahn—Banach theorem.

This paper focuses on the critical observation by Beiglbock and Juillet [3] that,
in the one-dimensional setting d = 1, any such martingale interpolating probability
measure PP has a canonical decomposition P =} ;- Pk, where Py € M (u, vi)
and u is the restriction of u to the so-called irreducible components I, and
Vg = fxe I P(dx, -), supported in Ji, k > 0, is independent of the choice of Py.
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Here, (Ix)x>1 are open intervals, Ip := R\ (U~ Ix), and Ji is an augmenta-
tion of I; by the inclusion of either one of the endpoints of I, depending on
whether they are charged by the distribution Px. Remarkably, the irreducible com-
ponents (i, Jx)r>0 are independent of the choice of P € M (i, v). To understand
this decomposition, notice that convex functions in one dimension are generated
by the family fy,(x) := |x — xo|, xo € R. Then, in terms of the potential functions
UH(x0) := i fxy), and U"(xp) := v(fx,), Xo € R, we have u < v if and only if
U" < U" and u, v have same mean. Then, at any contact points xgp, of the po-
tential functions, U*(xg) = U"(xg), we have equality in the underlying Jensen’s
equality, which means that the singularity xo of the underlying function fy, is not
seen by the measure. In other words, the point xo acts as a barrier for the mass
transfer in the sense that martingale transport maps do not cross the barrier xg.
Such contact points are precisely the endpoints of the intervals Iy, k > 1.

The decomposition into irreducible components plays a crucial role for the
quasi-sure formulation introduced by Beiglbock, Nutz and Touzi [4], and repre-
sents an important difference between martingale transport and standard transport.
Indeed, while the martingale transport problem is affected by the quasi-sure for-
mulation, the standard optimal transport problem is not changed. We also refer to
Ekren and Soner [9] for further functional analytic aspects of this duality.

Our objective in this paper is to extend the last decomposition to an arbitrary
d-dimensional setting, d > 1. The main difficulty is that convex functions do not
have anymore such a simple generating family. Therefore, all of our analysis is
based on the set of convex functions. A first extension of the last decomposition
to the multidimensional case was achieved by Ghoussoub, Kim and Lim [11].
Motivated by the martingale monotonicity principle of Beiglbéck and Juillet [3]
(see also Zaev [24] for higher dimension and general linear constraints), their
strategy is to find a monotone set I' C R? x R¢, where the robust superhedging
holds with equality, as a support of the optimal martingale transport in M (u, v).
Denoting 'y := {y : (x, y) € I'}, this naturally induces the relation x Rel x” if
x ericonv(I"y), which is then completed to an equivalence relation ~. The corre-
sponding equivalence classes define their notion of irreducible components.

Our subsequent results differ from [11] from two perspectives. First, unlike [11],
our decomposition is universal in the sense that it is not relative to any particular
martingale measure in M (u, v) (see example 2.2). Second, our construction of
the irreducible convex paving allows to prove the required measurability property,
thus justifying completely the existence of a disintegration of martingale plans.

Finally, during the final stage of writing the present paper, we learned about
the parallel work by Jan Obt6j and Pietro Siorpaes [20]. Although the results are
close, our approach is different from theirs. We are grateful to them for pointing
to us the notions of “convex face” and “Wijsmann topology” and the relative ref-
erences, which allowed us to streamline our presentation. In an earlier version of
this work, we used instead a topology that we called the compacted Hausdorff
distance, defined as the topology generated by the countable restrictions of the
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space to the closed balls centered in the origin with integer radii; the two are in
our case the same topologies, as the Wijsman topology is locally equivalent to the
Hausdorff topology in a locally compact set. We also owe Jan and Pietro special
thanks for their useful remarks and comments on a first draft of this paper privately
exchanged with them.

The paper is organized as follows. Section 2 contains the main results of the
paper, namely our decomposition into irreducible convex paving, and shows the
identity with the Beiglbock and Juillet [3] notion in the one-dimensional setting.
Section 3 collects the main technical ingredients needed for the statement of our
main results, and gives the structure of polar sets. In particular, we introduce the
new notions of relative face and tangent convex functions, together with the re-
quired topology on the set of such functions. The remaining sections contain the
proofs of these results. In particular, the measurability of our irreducible convex
paving is proved in Section 7.

Notation. We denote by R:=RU {—o00, 0o} the completed real line, and sim-
ilarly denote R := R, U {oo}. We fix an integer d > 1. For x € R¢ and r > 0,
we denote B, (x) the closed ball for the Euclidean distance, centered in x with ra-
dius r. We denote for simplicity B, := B,(0). If x € X, and A C X, where (X, d)
is a metric space, dist(x, A) := inf,c4 d(x, a). In all this paper, R4 is endowed
with the Euclidean distance.

If V is a topological affine space and A C V is a subset of V, int A is the interior
of A, cl A is the closure of A, aff A is the smallest affine subspace of V containing
A, conv A is the convex hull of A, dim(A) := dim(aff A) and ri A is the relative
interior of A, which is the interior of A in the topology of aff A induced by the
topology of V. We also denote by dA :=cl A\ ri A the relative boundary of A, and
by X4 the Lebesgue measure of aff A.

The set K of all closed subsets of R? is a Polish space when endowed with the
Wijsman topology? (see Beer [1]). As R¢ is separable, it follows from a theorem
of Hess [12] that a function F : R? —> K is Borel measurable with respect to the
Wijsman topology if and only if its associated multifunction is Borel measurable,
that is,

F™(V):=|x eR?: F(x) NV # @)} is Borel measurable
for all open subset V C R,

The subset K C K of all the convex closed subsets of R is closed in K for the Wi-
jsman topology and, therefore, inherits its Polish structure. Clearly, K is isomor-

phic to ri K= {riK:K e IC} (with reciprocal isomorphism cl). We shall identify

2The Wijsman topology on the collection of all closed subsets of a metric space (X, d) is the weak
topology generated by {dist(x, ) : x € X}.
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these two isomorphic sets in the rest of this text, when there is no possible confu-
sion.
We denote  :=R¢ x R? and define the two canonical maps

X:(x,y)eQr—>xe]Rd and Y:(x,y)eQr—>yeRd.
For ¢, ¥ ‘R4 — R, and h: RY — RY, we denote
@Y =X)+¢(¥), and h®:=hX) (¥ —X),

with the convention co — oo = oo.

For a Polish space X, we denote by B(X) the collection of Borel subsets of X,
and P(X) the set of all probability measures on (X, B(X)). For P € P(X), we
denote by Ap the collection of all P-null sets, supp P the smallest closed support
of P, and suppP := clconv supp P the smallest convex closed support of IP. For a
measurable function f : X — R, we denote dom f := {| f| < oo}, and we use
again the convention co — oo = oo to define its integral, and denote

P[f]:= EP[f]=f fd]P’:/ FOPWx)  forall Pe P(X),
X X

Let Y be another Polish space, and P € P(X x V). The corresponding conditional
kernel® PP, is defined p-a.e. by

P(dx,dy) = nu(dx) @ Py (dy) whereu::]P)oX_l.

We denote by LO(X, V) the set of Borel measurable maps from X to ). We de-
note for simplicity LOX) := L%, R) and ]LQF(X) =10, R+). Let A be a
o-algebra of X, we denote by LA(X, )) the set of A-measurable maps from X
to ). For a measure m on X, we denote ! (X, m) := { f € LO9(X) : m[| f|] < oo}.
We also denote simply L'(m) := LI(R m) and Lﬁr(m) = LL(RJF, m).

We denote by € the collection of all finite convex functions f : RY — R.
We denote by df (x) the corresponding subgradient at any point x € RY. We also
introduce the collection of all measurable selections in the subgradient, which is
nonempty by Lemma 9.2,

af :==[p e LY(RY, RY) : p(x) € 3f (x) for all x € R?}.

We finally denote i o= liminf,_, » f,, for any sequence (f;),>1 of real num-
bers, or of real-valued functions.

3The usual definition of a kernel requires that the map x — Py[B] is Borel measurable for all
Borel set B € B(R?). In this paper, we only require this map to be analytically measurable.
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2. Main results. Throughout this paper, we consider two probability mea-
sures 1 and v on R4 with finite first-order moment, and i < v in the convex order,
that is, v(f) > u(f) for all f € €. Using the convention 0o — co = 00, we may
define (v — w)(f) € [0, o0] forall f € €.

We denote by M (u, v) the collection of all probability measures on R? x R¢
with marginals P o X~ ! =y and P o Y~! = v. Notice that M(u,v) # @ by
Strassen [22].

An M(p, v)-polar set is an element of (pepq(u,v) Np. A property is said to
hold M (u, v)-quasi surely (abbreviated as q.s.) if it holds on the complement of
an M (u, v)-polar set.

2.1. The irreducible convex paving. The next first result shows the existence
of a maximum support martingale transport plan, that is, a martingale interpolating
measure P whose disintegration PP, has a maximum convex hull of supports among
all measures in M (u, v).

THEOREM 2.1. There exists P € M(w, v) such that
(2.1) forallP € M(u,v), suppPy C su@p@x, -a.s.
Furthermore suApp@X is p-a.s. unique, and we may choose this kernel so that:

1) x+— suA[)p@x is analytically measurable* RY —> IE,
(ii) x € I(x) :=risuppPy, for all x € R?, and {I(x), x € R?) is a partition of
R,

This theorem will be proved in Section 6.3. The (u-a.s. unique) set valued map
1(X) paves R by its image by (ii) of Theorem 2.1. By (2.1), this paving is stable
by all P € M(u, v):

(2.2) Y eclI(X), M, v)-g.s.

Finally, the measurability of the map [ in the Polish space K allows to see it
as a random variable, which allows to condition probabilistic events to X € I,
even when these components are all p-negligible when considered apart from the
others. Under the conditions of Theorem 2.1, we call such 7(X) the irreducible
convex paving associated to (u, v).

Now we provide an important counterexample proving that for some (i, v)
in dimension larger than 1, particular couplings in M (u, v) may define different
pavings.

4Analytically measurable means measurable with respect to the smallest o -algebra containing the
analytic sets. All Borel sets are analytic and all analytic sets are universally measurable, that is,
measurable with respect to all Borel measures (see Proposition 7.41 and Corollary 7.42.1 in [5]).
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EXAMPLE 2.2. In R2, we introduce xo := (0,0), x; := (1,0), yo := xo,
y—1:=(0,—-1), y1 :=(0,1) and y> := (2,0). Then we set u := %(Sxo + 8y,) and
V= %(48y0 +68y_, +6y, +26,,). We can show easily that M (u, v) is the nonempty
convex hull of Py and P, where

1
Py = §(43XOJO + 285y, +8x1,31 +0x1,y,)
and
1
Py = §(25x0,y0 + 8xg,y1 T Oxg,y_1 T 28x;, 59 + 205, y,)-

(i) The Ghoussoub—Kim—Lim [11] (GKL, hereafter) irreducible convex paving.
Let ¢y = 1{x=y}, c2 = 1 — ¢1 = 1{x=+y}, and notice that IP; is the unique optimal
martingale transport plan for ¢;, i = 1, 2. Then it follows that the corresponding
IP;-irreducible convex paving according to the definition of [11] are given by

Cp, (xo0) = {xo}, Cp, (x1) =riconv{yy, y_1, y2},
and Cp,(xp) =riconv{yi, y_1}, Cp, (x1) =riconv{yo, y2}.

Figure 1 shows the extreme probabilities P; and P>, and their associated irre-
ducible convex pavings map Cp, and Cp,.
(ii) Our irreducible convex paving. The irreducible components are given by

I(xp) =rticonv(y;, y—1) and [(x;)=riconv(y;, y—1i,y2).
hn n

Py

@ Yo Y2
Z1

Y-
Y1oxl Y1
| N
! \\\
| N
| \\\ Cp2(.”130)
| N
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FIG. 1. The extreme probabilities and associated irreducible paving.
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To see this, we use the characterization of Propo§jtion 2.4. Indeed, as M(u,
v) = conv(Py,P,), for any P € M(u,v), PK P := @, and suppP, C
conv(supp P,) for x = xg, x1. Then I (x) = riconv(suppP,) for x = xp, x1 (i.e.,

u-a.s.) by Proposition 2.4.

REMARK 2.3. In the one-dimensional case, a convex paving which is invari-
ant with respect to some P € M(u, v) is automatically invariant with respect to all
P e M(u, v). Given a particular coupling P € M(u, v), the finest convex paving
which is [P-invariant roughly corresponds to the GKL convex paving constructed
in [11]. Then Example 2.2 shows that this does not hold any more in dimension
greater than one.

Furthermore, in dimension one the “restriction” vy := [, 1 P(dx, ) does not de-
pend on the choice of the coupling P € M(u, v). Once again Example 2.2 shows
that it does not hold in higher dimension. Conditions guaranteeing that this prop-
erty still holds in higher dimension will be investigated in [7].

2.2. Behavior on the boundary of the components. For a probability measure
P on a topological space, and a Borel subset A, P|4 := P[- N A] denotes its restric-
tion to A.

PROPOSITION 2.4.  We may choose Pe M, v) in Theorem 2.1 so that for
allP e M(u,v) and y e R4,
w[Px[{y}] > 0] < u[Bx[{»}] > 0],
and  supp(Px|yr(x)) C suppPxlorx)), u-a.s.
(1) The set-valued maps J(X) :=I1(X)U{y € R . v[y] > 0, and @x[{y}] >
0}, and f_(X) =I1(X)U sui)p@X|31(X) are [-a.s. independent of the choice of@,
and Y € J(X), M(u, v)-g.s.

_ (it) We may chose the kernel Py so that the map J is convex valued, I C J C
J Ccll,and both J and J are constant on I (x), for all x € R4,

The proof is reported in Section 6.3.

2.3. Structure of polar sets. Here, we state the structure of polar sets that will
be made more precise by Theorem 3.18.
THEOREM 2.5. A Borel set N € B(2) is M(w, v)-polar if and only if
NC{XeN,JU{Y eN,JU{Y ¢ J(X)},

for some (N, N,) € N,y x N, and a set valued map J such that J C J C J, the
map J is constant on I (x) for all x € R4, 1(X) C conv(J (X) \ N)), n-a.s. for all
N, eNy,andY € J(X), M(i, v)-q.s.
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2.4. The one-dimensional setting. In the one-dimensional case, the decompo-
sition into irreducible components and the structure of M (u, v)-polar sets were
introduced in Beiglbock and Juillet [3] and Beiglbock, Nutz and Touzi [4], respec-
tively.

Let us see how the results of this paper reduce to the known concepts in the one-
dimensional case. First, in the one-dimensional setting, / (x) consists of open in-
tervals (at most countable number) or single points. Following [3], Proposition 2.3,
we denote the full dimension components (I )x>1.

We also have J = J (see Proposition 2.6 below), therefore, Theorem 2.5 is
equivalent to Theorem 3.2 in [4]. Similar to (/x)r>1, we introduce the corre-
sponding sequence (Ji)k>1, as defined in [4]. Similar to [3], we denote by i
the restriction of u to Iy, and vy := fxe I P[dx, -] is independent of the choice of
P e M(u, v). We define the Beiglbock and Juillet (BJ)-irreducible components

5 B Iy, Jx) if x € Iy, for some k > 1,
(I I5) i (), o) ifx g (e
k

PROPOSITION 2.6. Letd=1.Then I =I¥ ,and J =J = J¥, pu-a.s.

PROOF. By Proposition_2.4(i)—(ii), we may find Pe M(u,v) such that
suppPx = cl1(X), and suppPx |57 (x) = J (X), p-a.s. Notice that as J \ I (R) only
consists of a countable set of points, we have J = J. By Tlleorem 3.2 in [4],
we have Y € JBI(X), M(p, v)-q.s. Therefore, Y € JBI(X), P-a.s. and we have
J(X) c JB(X), p-as.

On the other hand, let k > 1. By the fact that u,, — u,, > 0 on I, together with
the fact that Ji \ I is constituted with atoms of v, for any N, € N,,, Jx C conv(Jy \
Ny). As u = v outside of the components,

(2.3) JB(X) cconv(JB(X)\ N,), pu-a.s.

Then by Theorem 3.2 in [4], as {Y ¢ J(X)} is polar, we may find N, € N, such
that JB(X) \' N, C J(X), p-a.s. The convex hull of this inclusion, together with
(2.3) gives the remaining inclusion J Bl(X) c J(X), u-as.

The equality 1(X) =1 BJ(X), u-a.s. follows from the relative interior taken on
the previous equality. [

3. Preliminaries. The proof of these results needs some preparation involving
convex analysis tools.

3.1. Relative face of a set. For a subset A C R and a € R?, we introduce the
face of A relative to a (also denoted a-relative face of A):

3.1) rfyA:={yeA:(a—e(y—a),y+e(y—a))CA,forsome ¢ > 0}.
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FI1G. 2.  Examples of relative faces.

Figure 2 illustrates examples of relative faces of a square S, relative to some points.
For later use, we list some properties whose proofs are reported in Section 9.

PROPOSITION 3.1. (i) For A, A’ C R%, we have 1f,(A N A’) = f,(A) N
tf,(A"), and rf, A C tf, A’ whenever A C A’. Moreover, 1f, A # & iff a € tf, A
iffa e A.

(i1) For a convex A, tf, A =11 A # O iff a € ri A. Moreover, 1f, A is convex
relatively open, A \ clif, A is convex, and if xo € A\ cltf, A and yog € A, then
[x0, yo) C A\ clrf, A. Furthermore, if a € A, then dim(rf, cl A) = dim(A) if and
only if a e ri A. In this case, we have clrf, cl A =clricl A =cl A =clrf, A.

3.2. Tangent convex functions. Recall the notation (3.1), and denote for all
0:Q2—R:
dom, 6 :=rf, convdom&(x, -).
For 61, 6, : 2 — R, we say that 6] = 6, uQ®pw, if
domy 6 =domy 6>, and 61(X, ) =6,(X,") on domy 61, u-a.s.
The crucial ingredient for our main result is the following.
DEFINITION 3.2. A measurable function 6 : Q@ — R, is a tangent convex
function if
O(x,-)isconvex, and 6(x,x)=0 for all x € RY.
We denote by ® the set of tangent convex functions, and we define
O,:=1{0€ LY, Ry):0 =06, u®pw, and 6 > 6’, for some 0’ € e}.

In order to introduce our main example of such functions, let

T,f(x,y):=f()— f(x)—p®x,y)>0  forall f €€ and p e df.
Then, T(€) :={T,f: f €€, pedf} COCO,.

31f, A is equal to the only relative interior of face of A containing a, where we extend the notion
of face to nonconvex sets. A face F' of A is a nonempty subset of A such that for all [a,b] C A,
with (a,b) N F # &, we have [a, b] C F. It is discussed in Hiriart—Urruty—Lemaréchal [14] as an
extension of Proposition 2.3.7 that when A is convex, the relative interior of the faces of A form a
partition of A; see also Theorem 18.2 in Rockafellar [21].
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EXAMPLE 3.3. The second inclusion is strict. Indeed, let d = 1, and consider
the convex function f := 00l(_ (). Then 0’ := f(¥Y — X) € ©. Now let =6’ +
/1Y — X|. Notice that since domy #’ = domy § = {X}, we have 8’ =6, uQpw
for any measure u, and 6 > @', therefore, 6 € ©,. However, for all x € R4, O(x,-)
is not convex and, therefore, 6 ¢ ©.

In higher dimension, we may even have X € ridom8(X, -), and (X, -) is not
convex. Indeed, for d =2, let f : (y1, y2) —> 00(1{jy,>1} + 1{jy,>1}), so that
0:=f(Y—X)e®.Letxp:=(1,0)and 0 := 0"+ 1jy=x+x,}. Then, 0 = 6', u®@pw
for any measure w, and 6 > 6’. Therefore, 6 € ®,. However, 0 ¢ © as 6(x, -) is
not convex for all x € R?.

PROPOSITION 3.4. (i) Let 6 € O, then domyx6 = rfydom6(X,-) C
domé8(X, ), u-a.s.

(i1) Let 61,0, € ®M’ then domy (61 4+ 6) = domy 61 Ndomy 65, w-a.s.

(iii) ®,, is a convex cone.

PROOF. (i) It follows immediately from the fact that on domy 6, we have
that 6(X,-) is convex and finite, p-a.s. by definition of ®,. Then domy 6 C
rfxy dom6 (X, ). On the other hand, as domé&(X,-) C convdomé(X,-), the
monotony of rf, gives the other inclusion: rfy dom8 (X, -) C domy 6.

(i1) As 61,0, > 0, dom(6; + 62) = dom68; N dom6,. Then, for x € R,
convdom(6 (x, -) +61(x,-)) C convdom¥b;(x, -) Nconvdomb,(x, -). By Proposi-
tion 3.1(i),

dom, (61 + 6») C dom, 6; N dom, 9, for all x e R?.

As for the reverse inclusion, notice that (i) implies that domy 6; N domy 6> C
dom68 (X, ) Ndomb (X, ) = dom(0;(X,-) + 6,(X,-)) C convdom(;(X,-) +
62(X, -)), n-a.s. Observe that dom, 61 N dom, 6, is convex, relatively open, and
contains x. Then

domy 61 Ndomy 6, = rfy (domy 6; N domy 6>)
C rfx (convdom(6; (X, -) + 62(X, -)))
=domy (61 + 62) JL-a.S.

(ii1) Given (ii), this follows from direct verification. []

DEFINITION 3.5. A sequence (0,),>1 C Lo%(Q) converges U@pw to some
0 € LOQ) if

domy(8,,) =domx6 and 6,(X,:) — 0(X,")

pointwise on domy 6, jt-a.s.
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Notice that the u®@pw-limit is £@pw unique. In particular, if 6,, converges to 6,
U®pw, it converges as well to 6

PROPOSITION 3.6. Let (0y)p>1 C ©y, and 0 : Q —> R+, such that
O —>n—s00 0, UQPW:

(i) domy 0 C liminf,_, o, domy 6,, u-a.s.
(ii) If 0, = 6,, uQpw and 6, > 0y, then 0, —> 00 0, LRPW;
(iil) O, € Oy.

PROOF. (i) Let x € RY, such that 6,(x, -) converges on domy 6 to O(x, ).
Let y € dom, 6, let y' € dom, @ such that y/ = x — €(y — x), for some ¢ > 0.
As 0,(x,y) —>n—00 0(x,y), and 6,(x,y") —> 00 O(x,y’), then for n large
enough, both are finite, and y € dom, 6,.. y € liminf,,_, . dom, 8,, and dom, 6 C
liminf,_, oo domy 6,,. The inclusion is true for p-a.e. x € R4, which gives the re-
sult.

(i) By (i), we have domyx 6 C liminf,_, o domy 6, = liminf,_, o domy 6},
pu-a.s. As 6, <6, domy 6’ C domy0,, C liminf,_,domy6,, u-a.s. We
denote N, € N, the set on which 6,(X,-) does not converge to 6(X,-) on
domy 6(X,-).Forx ¢ N, fory € dom, 6,0,(x,y) = Qé(x, y), for n large enough,
and 6, (x, y) —pn—o0 0(x,y) < 00. Then domy 6 = domy 0’ , and 6, (X, -) con-
verges to (X, -), on domy 6, p-a.s. We proved that 6, —>,,_, 0 6, LQpPW.

(iii) Has its proof reported in Section 8.2 due to its length and technicality. [J

The next result shows the relevance of this notion of convergence for our setting.

PROPOSITION 3.7.  Let (6n)n>1 C ©y. Then we may find a sequence 0, €
conv(fg, k > n), and 9 € ©, such that 9 — 900, ULRPW as n — 00.

The proof is reported in Section 8.2.

DEFINITION 3.8. (i) A subset 7 C ®,, is u®pw-Fatou closed if 6, € T for
all (By)n>1 C T converging u®pw (in particular, ®, is u®@pw-Fatou closed by
Proposition 3.6(iii)).

(ii) The u®pw-Fatou closure of a subset A C ©, is the smallest u®pw-Fatou
closed set containing A:

A= m{T CO,:ACT, and T u®pw-Fatou closed}.

We next introduce fora > O theset &, :={f € C: (v — w)(f) <a}, and
?(,u, V) = U 7}, where 7, _T(QI ), and

a>0

T(C0) = (T, f : f € Ca. p € Of}.
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PROPOSITION 3.9. ’7’(,u, V) is a convex cone.

PROOF. We first prove that 7\'(u, v) is a cone. We consider A,a > 0, as we
have A&, = €,,, and as convexAcomt/)\inations a/rld inferior limit commute with the
multiplication by A, we have A7, = T,4. Then T (i, v) = cone(71) and, therefore,
it is a cone.

We next prove that 7, is convex for all a > 0, which induces the required con-
vexity of T(M, v) by the nondecrease of the family {Ta,a > 0}. Fix0<i<1,
a>0, 6 ¢c7T,, and denote T (6p) := {60 € To 200+ (1 =210 € T} In order to
complete the proof, we now verify that T (6p) D T(&,) and is u®pw-Fatou closed,
so that T (6p) =T,

To see that 7 (6p) is Fatou-closed, let (6,),>1 C T (6p), converging u®@pw. By
definition of 7T (6y), we have A6y + (1 — A)6, € 7., for all n. Then A6 + (1 -
Ao, —> liminf, o A6p + (1 — 1)8,,, u®pw and, therefore, Afy + (1 —A)0, €
T4, which shows that 6 . € T (6p).

We finally verify that 7 (8g) D T(€&,). First, for 6y € T(&,), this inclusion fol-
lows directly from the convexity of T(&,), implying that 7 (6p) = 7, in this case.
For general 6y € 7;, the last equality implies that T(&,) C T (6p), thus completing
the proof. [J

Notice that even though T(&,) C ©, the functions in 7A'(u, V) may not be in ®
as they may not be convex in y on (dom, 6)¢ for some x € R? (see Example 3.3).
The following result shows that some convexity is still preserved.

PROPOSITION 3.10. Forall 6 € T (w, v), we may find N, € Ny, such that for
x1,%2 & Ny, yi, y2 € R, and & € [0, 1] with y —ky1+(1—X)yzedomx190
domy, 6, we have

A0 (x1, y1) + (1 =2)0(x1, y2) — 0 (x1, y)

=20(x2, y1) + (1 = 1)0(x2, y2) — 6 (x2,y) = 0.

The proof of this claim is reported in Section 8.1. We observe that the statement
also holds true for a finite number of points yy, ..., y.°

3.3. Extended integral. 'We now introduce the extended (v — pu)-integral:
vOulfl:=infla>0:0e7,}  for6eT(u,v).

PROPOSITION 3.11. (i) P[0] < vBulf] < oo for all 6 € T (u,v) and P €
M, v).

() voulT, f1= v —wlflfor f € ¢NL'(v) and p € df .

(iii) vou is homogeneous and convex.

SThis is not a direct consequence of Proposition 3.10, as the barycenter y has to be in domy, 6 N
domy, 6.
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PROOF. (i) For a > v8u[f], set §9 := {F € ©, : P[F] < aforallP ¢
M(u, v)}. Notice that S¢ is u®pw-Fatou closed by Fatou’s lemma, and con-
tains T(€,), as for f € €NL'(v) and p € of, P[T, f1= (v — w)f] for all
P e M(u,v). Then §¢ contains 7, as well, which contains 6. Hence, 6 € §¢ and
P[O] < a for all P € M(u, v). The required result follows from the arbitrariness
of a > v8&ulb].

(ii) Let P € M(u, v). For p € 9f, notice that T, f € T(&,) C 7’; for some a =
(v — w)[f] and, therefore, (v — w)[ f]1> véM[T /1. Then the result follows from
the inequality (v — w)[ f]1=P[T, f]1 < veM[T f1.

(iii) Similar to the proof of Proposmon 3.9, we have AT 7}6,, forall A,a > 0.
Then with the definition of v&u we have easily the homogenelty

To see that the convexity holds, let 0 <A < 1, and 0,0’ € T(u, v) with a >
vBulbl, a’ > v@u[@ ], for some a, a’ > 0. By homogeneity and convexity of 71,
A0+ (1—=1)0 € 71a+(1—x)a/, so that vEu[A0 4+ (1 — 10’1 < ra + (1 — 1)a’. The
required convexity property now follows from arbitrariness of a > v&u[6] and
a >v8ulp’]. O

The following compactness result plays a crucial role.

LEMMA 3.12. Let (6)n=1 C T (i, v) be such that sup,; v&u(6,) < oco.
Then we can find a sequence 5,, e conv(Oy, k > n) such that

éoo € 7\'(#, V), 0, — § uRpw, and
v@u(@ ) < hmmfveu(é’ ).

PROOF. By possibly passing to a subsequence we may assume that
lim,,_ oo (VB 11)(6,) exists. The boundedness of vB.(6,) ensures that this 11m1t
is finite. We next introduce the sequence 6, of Proposition 3.7. Then 6, —> 900,
u @ pw and, therefore, 6 € T(,u, V), because of the convergence 9 — Q 00
URpw. As (v@,u)(@ ) < supk>n(véu)(9k) by Proposition 3.11(iii), we have
00 > limy— 0o (VOR) () = iy 00 SUPL, (VER) (Gr) = lim SUP,y_y 00 (VOL) ().
Set [ := hmsupn_)oo v8u(0,). For € > 0, we consider ng € N such that
SUP=nq v@u(@k) <1+ €. Then for k > ng, O € 7'+2€(u, v) and, therefore,
Q = liminfy>,, Gk € T+2€(u, V), 1mp1y1ng v@u(@) <l+4+2—1,as € > 0.
Finally, liminf,_, 0o (V8 ) (6,) > veu(e ). O

3.4. The dual irreducible convex paving. Our final ingredient is the following
measurement of subsets K C R?:
ezl
(3.2) G(K):=dim(K)+ g (K) where gk (dx) := ————Ak (dx).
(27.[) 5 dim K
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Notice that 0 < G <d + 1 and, for any convex subsets C; C C» of R4, we have
(3.3) G(C)=G(Cy) iff riCi=riCy iff clCi=clC,.

For 0 € ]L(_)F(Q), A € B(R?), we introduce the following map from R to the set K
of all relatively open convex subsets of R?:

(3.4) Ky A(x) :=rf, conv(domO(x, )\ A) =domy (6 + colpay 4),

for all x € R?. We recall that a function is universally measurable if it is measurable
with respect to every complete probability measure that measures all Borel subsets.

LEMMA 3.13.  For0 € L%.(Q) and A € B(RY), we have:

(i) clconvdom(X, ) : R¢ —> /E, domy 6 : RY —> ril%, and Kg ‘R —>
1i K are universally measurable;
() G: K— Ris Borel measurable;
(iii) if A € Ny, and 0 € T (w,v), then up to a modification on a j-null set,
Kg,A(Rd) C 1 K is a partition ofRd with x € Kg a(x) for all x € R4,

The proof is reported in Sections 4.2 for (iii), 7.1 for (ii), and 7.2 for (i). The
following property is a key-ingredient for our dual decomposition into irreducible
convex paving.

PROPOSITION 3.14. Forall (6, N,) € 75(/L, v) X N, we have the inclusion
Y ecl KQ’NU (X), M(M, v)-q.s.

PROOF. For an arbitrary P € M(u,v), we have by Proposition 3.11 that
P[0] < oco. Then, P[dom#6 \ (Rd x Ny)] =1, that is, P[Y € Dx] = 1 where
D, :=conv(dom#&(x, -) \ N,). By the martingale property of P, we deduce that

X =E'[Y1lyepy|X1=(1—A)Eg + AEp,  p-as.,

where A :=Px[Y € Dx \ clKy n,(X)], Ep := EPX[Y|Y € Dy \ cl Ko n, (X)],
Ex :=EFx[Y|Y ecl Ky n,(X)], and Py is the conditional kernel to X of [P. We
have Ex € clify Dx C Dy and Ep € Dy \ clrfx Dx because of the convexity
of Dy \ clrfy Dy given by Proposition 3.1(ii) (Dy is convex). The lemma also
gives that if A # 0, then EP[Y|X] =AEp+(1—-A)Eg € Dx\clKy n,(X). This
implies that

{A #0} C {EF[Y|X] € Dx \ clKp n,(X)} C {EF[Y|X] ¢ Ko.n, (X))
c {EF[y|X]# X}

Then P[A # 0] = 0 and, therefore, P[Y € Dx \ cl Ky n,(X)] = 0. Since P[Y €
Dyx] =1, this shows that P[Y ecl Ky y,(X)]=1. O
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In view of Proposition 3.14 and Lemma 3.13(iii), we introduce the following
optimization problem which will generate our irreducible convex paving decom-
position:

(3.5) inf  u[G(Kon,)).
©@,N,)ET (u,v)xN,

The following result gives another possible definition for the irreducible paving.

PROPOSITION 3.15. (i) We may find a n-a.s. unique universally measurable
minimizer K := K5 R, R K of (3.5), for some (é: ﬁv) € ?(,u, V) x Ny;

(ii) for all 0 € '?(,u, v) and N, € N,,, we have I?(X) C Ko N, (X), pn-a.s.;

(iii) we have the equality I?(X) =1(X), u-a.s.

In item (i), the measurability of K is induced by Lemma 3.13(i). Existence
and uniqueness, together with (ii), are proved in Section 4.1. Finally, the proof
of (iii) is reported in Section 6.3, and is a consequence of Theorem 3.18 below.
Proposition 3.15 provides a characterization of the irreducible convex paving by
means of an optimality criterion on (7\'(“, v), ).

REMARK 3.16. We illustrate how to get the components from optimization
problem (3.5) in the case of Example 2.2. A 7 (w, v) function minimizing this
problem (with N, := @ € ,) is 0= liminfy, 0 Ty, fu, Where f,, :=nf, p, =
np for some p € df, and

f(x) :=dist(x, aff(y1, y_1)) + dist(x, aff(y1, y2)) + dist(x, aff(y2, y_1)).

One can easily check that u[ f] =v[f] for any n > 1: f, f, € €y. These functions
separate I (xg), I (x1) and (1 (xo) U I (x1))°.

Notice that in this example, we may as well take 6 := 0, and N, := {y_1, Yo,
¥1, ¥2}¢, which minimizes the optimization problem as well.

3.5. Structure of polar sets. Let 6 € 7A'(u, V), we denote the set valued map
Jo(X) :=domé&(X, )N J(X), where J is introduced in Proposition 2.4.

REMARK 3.17. Letf € 7'(,u, V), up to a modification on a p-null set, we have
Y € Jy(X), M, v)-q.s., JCJyCl,
and Jy constant on 7 (x) for all x € R?.

These claims are a consequence of Proposition 6.2 together with Lemma 6.6.

Our second main result shows the importance of these set-valued maps.
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THEOREM 3.18. A Borel set N € B(2) is M(u, v)-polar if and only if
N C{XeN,JU{Y eN,}U[Y ¢ Jy(X)},
for some (N, N,) € Ny x N, and 6 € T (1, v).

The proof is reported in Section 6.3. This theorem is an extension of the one-
dimensional characterization of polar sets given by Theorem 3.2 in [4], indeed
in dimension one J = Jy = J by Proposition 2.6, together with the inclusion in
Remark 3.17.

We conclude this section by reporting a duality result which will be used for the
proof of Theorem 3.18. We emphasize that the primal objective of the accompa-
nying paper De March [7] is to push further this duality result so as to be suitable
for the robust superhedging problem in financial mathematics.

Let ¢ : R x R — R, and consider the martingale optimal transport prob-
lem:

3.6) Suv(c):= sup Plc].
PeM(u,v)

Notice from Proposition 3.11 (i) that S, ,(0) < vBu(0) for all 0 e T.
We denote by Dit%(c) the collection of all (¢, ¥, k,6) in L} (u) x LY (v) x
LO(RY, RY) x T (1, v) such that

Suv(®) =v8u(d), and
eDY+h®+0>c on {Y € aff Ky {y =00} (X)}.

The last inequality is an instance of the so-called robust superhedging property.
The dual problem is defined by

o0 :=  inf o plel+ Y]+ vOu®).
(@.9,h,0)eDI (c)
Notice that for any measurable function ¢ : 2 —> R4, any P € M(u, v), and any
(p, ¥, h,0) € D/Tﬂ)d(c), we have Plc] < ulg] + vy ]+ PIO] < ule]l + viy] +
S,.v(0), as a consequence of the above robust superhedging inequality, together
with the fact that Y € aff Ky (y—o0)(X), M(u, v)-q.s. by Proposition 3.14 This
provides the weak duality:

(3.7) Sy (@) <IN (o).

The following result states that the strong duality holds for upper semianalytic
functions. We recall that a function f : R¢ — R is upper semianalytic if { f > a} is
an analytic set for any a € R. In particular, a Borel function is upper semianalytic.

THEOREM 3.19. Let ¢ : Q — Ry be upper semianalytic. Then we have:
(i) Spv(e) =% (0);

178
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(ii) If in addition S, ,(c) < 0o, then existence holds for the dual problem
o4 (c).

REMARK 3.20. By allowing /4 to be infinite in some directions, orthogonal to
aff Ky {y—o0)(X), together with the convention 0o — 00 = 00, we may reformulate
the robust superhedging inequality in the dual set as ¢ @ ¥ +h® 46 > ¢ pointwise.

3.6. One-dimensional tangent convex functions. For an interval J C R, we
denote €(K) the set of convex functions on K.

PROPOSITION 3.21. Letd =1, then

T(u,v) = {Z Vixery Ty fi: fx € €k, pi € 3fk, Z(Vk — )l fil < OO},
X %

M, v)-q.s. Furthermore, for all such 0 € ’7\’(#, v) and its corresponding (fi)k,
we have vEu(0) =Y, (vk — i) [ fil-

PROOF. As all functions we consider are null on the diagonal, equality on
Ui Ik x Ji implies M(u, v)-q.s. equality by Theorem 3.2 in [4]. Let £ be the set
on the right-hand side.

Step 1: We first show C, fora > 0, wedenote L, :={0 € L: ) ; (vk — i) [ fi] <
a}. Notice that £, contains T(¢,) modulo M (u, v)-q.s. equality. We intend to
prove that £, is u®pw-Fatou closed, so as to conclude that 7AZ, C L, and, therefore,
?(,u, v) C L by the arbitrariness of a > 0.

Let 6, = >« YixeryTpw fii € La converging u®pw. By Proposition 3.6,
Op — 0 :=0,,, u®pw. For k > 1, let x; € I} be such that 6, (xx, -) — 0(xx, -)
on dom,, 0, and set fi := 0 (xx, -). By Proposition 5.5 in [4], fi is convex on I,
finite on Ji, and we may find py € dfj such that for x € Iy, 0(x,-) =T, fu(x,-).
Hence, 0 =) ; 1xer) Tp; fx» and 3 p (vi — up)[ fr] < a by Fatou’s lemma, imply-
ing that 6 € L, as required.

Step 2: To prove the reverse inclusion D, let 6 =Y, 1xe,)Tp, fi € L. Let ff
be a convex function defined by f;f := fi on J{ = Ji N {x € Ji : dist(x, J) > €},
and fi affineon R\ J;. Sete, := n=1 fu=Y0_, ", and define the correspond-
ing subgradient in 9 f,,:

Pn=pk + V(fu — £ onJ", k>1, and
=i on®\(Us).
k
We have (v — )l ful = Y0y ik — )l f"] < ek — w)l fi] < oo. By defi-

nition, we see that T 5, f, converges to 6 pointwise on | J; (I)? and to 6, (x, y) =
liminf;_, ,0(x, y) on U Ix x clly where, using the convention 0o — 00 = 00,
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0 ;=0 —0,>0,and 0’ =0 on Jy(Ix)% For k > 1, set AL :=60'(x, ), and
AVIRES 0’ (xk, lx) where Iy = (I, ry), and we fix some x; € Ij. For positive € <
Tk 51", and M > 0, consider the piecewise affine function gZ’M with break points

Iy + € and ry — €, and

My =Mrnl, g =M AL
M(lk+e)=0, and g,i’M(rk—e)=0.

Notice that gZ’M is convex, and converges pointwise to g,]y =MAO (Zk%, -) on
Ji, as € — 0, with

0 — o) (87) = ve [l ] (M A AL) + vl (M A AY)
< vk — ) Lfil — ok — i) [(f)«] < vk — m)Lfel,

where (fi)« is the lower semicontinuous envelop of f;. Then by the dominated

convergence theorem, we may find positive eZ M rkZ_n ik such that

n,M

e — (gl M) < o — ol fil +27%/n.

Now let g, = > 7_; g,ik " and Py € d8n. Notice that Tj g, — 6’ pointwise
on Uy Ik x Jy. Furthermore, (v — 10)(g1) < ek — ) [fill + 1/n < Xy (v —
wi)l fil +1 < oo. )

Then we have 6, :== T, f, + T gn converges to & pointwise on [y Iy x Ji and,
therefore, M (i, v)-q.s. by Theorem 3.2 in [4]. Since (v — M)(fn + gn) is bounded,
we see that (6,),>1 C T(¢&,) for some a > 0. Notice that 6, may fail to converge
n®pw. However, we may use Proposition 3.7 to get a sequence 6, € conv(6y, k >
n), and 900 € O, such that 9 — 900, U®pw as n — 0o, and satisfies the same
M(u, v)-q.s. convergence properties than 6,,. Then 9 € T(M, v), and 9
M((u,v)-q.s. O

4. The irreducible convex paving.
4.1. Existence and uniqueness.

PROOF OF PROPOSITION 3.15. (i) The measurability follows from Lem-
ma 3.13. We first prove the existence of a minimizer for the problem (3.5). Let m
denote the infimum in (3.5), and consider a minimizing sequence (6, N,}),eN C
’7'(,u, v) x N, with u[G(Kq,, ~n)] <m + 1/n. By possibly normalizing the func-
tions 6,, we may assume that v@u(@n) < 1. Set

0= 22_”6’” and N, := U N} e N,.

n>1 n>1
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Notice that 6 is well defined as the p01ntw1se limit of a sequence of the nonnegative
functions Oy := Zn<N 27"9,. Since v@,u[HN] <Y ,4>127" < 0o by convexity of
vou, 9N — 9 pointwise, and e T(M, v) by Lemma 3. 12 since any convex
extraction of (8, Jn>1 still converges to 6. Since 0, L({oo}) C 6~ L ({o0}), it follows
from the definition of N that m + 1/n > ,u[G(Ke N1 > nlG(Kjp 5 )1, hence
nlG(Kg 5,)1=m as 6eT(u v),and N, € N,

(i) For an arbitrary (0, N,) € ?(M, v) x N,, we define 6 := 6 + 0 e 7A'(LL, V)
and N, := N, UN,, so that K; 3 C Kp 5 . By the nonnegativity of 6 and 6, we
have m < M[G(Ké,z\?v)] < ;L[G(Kgﬁv)] =m. Then G(Ké,Nv) = G(Kg’ﬁv), U-a.s.
By (3.3), we see that, u-a.s. Ké,Nl, =Kz 5, and Ke-’[\-,U =Kz, = K. This shows
that K C Ko n,, p-as. O

4.2. Partition of the space in convex components. This section is dedicated
to the proof of Lemma 3.13(iii), which is an immediate consequence of Proposi-
tion 4.1(ii).

PROPOSITION 4.1. Let 6 € T (1, v), and A € B(RY). We may find N,, € N,
such that:

(1) for all x1,xy & N, with Ko a(x1) N Kg a(x2) # &, we have Kg a(x1) =
Ky a(x2);

(i) if A € N,, then x € Kg A(x) for x ¢ N, and up to a modification of Ky 4
on Ny, Kg,A(IRd) is a partition of]Rd such that x € Ko a(x) forall x € R,

PROOF. (i) Let N, be the p-null set given by Proposition 3.10 for 6. For
X1,x2 ¢ Ny, we suppose that we may find y € Ky, A(xl) N K9 A(xz) Consider
y € clKp 4(x1). As Ky 4(x1) is open in its affine span, y’ :=y + 1= (y y) €
K. a(x1) for 0 < € < 1 small enough. Then y =€y + (1 — e)y and by Proposi-
tion 3.10, we get

€0 (x1,y)+ (1 —e)0(x1,y) —0(x1,y) =€b(x2,y) + (1 —€)0(x2,Y') — O(x2, y).

By convexity of domy, 6, Kg a(x;) C domy, 6 C dom6(x;,-). Then 6(xy,y’),
0(x1,y), 0(x2, "), and O (x,, y) are finite and

O(x1,y) <oo ifandonlyif 6(x2,y) < oo.

Therefore, cl Kg 4 (x1) N dom8(x1, -) C dom#é(x2,-). We also have obviously the
inclusion cl Kg 4 (x2) Ndom @ (x2, -) C dom#6 (x2, -). Subtracting A, we get

(c1Kp, a(x1) NdomB(xy, ) \ A) U (cl Kg a(x2) Ndom6(x2, )\ A)
C dom#6(xz,-) \ A.

Taking the convex hull and using the fact that the relative face of a set is included
in itself, we see that conv(Kg a(x1) U Kg, 4(x2)) C conv(dom8(xz,-) \ A). No-
tice that, as Ky 4(x2) is defined as the x,-relative face of some set, either x; €
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1i Ko, a(x) or Ko a(x) = & by the properties of rfy,. The second case is excluded as
we assumed that Ky 4(x1) N Kg 4(x2) # &. Therefore, as Ky 4(x1) and Ky _4(x2)
are convex sets intersecting in relative interior points and x; € ri Ky 4 (x2), it fol-
lows from Lemma 9.1 that xp € riconv(Kg, 4(x1) U Ko a(x2)). Then by Proposi-
tion 3.1(i1),

rfy, conv(Kg a(x1) U Kg a(x2)) =riconv(Kg, 4 (x1) U Kg 4(x2))
= conv(Kg a(x1) U Kp a(x2)).

Then we have conv(Kp a(x1) U Kg a(x2)) C rfy, conv(dom@(xz,-) \ A)
= Kp, a(x2), as 1fy, is increasing. Therefore, K¢ 4(x1) C Kp,4(x2) and by sym-
metry between x1 and x2, Ko 4(x1) = Kg, 4 (x2).

(ii) We suppose that A € N,. First, notice that, as Ky 4(X) is defined as the
X-relative face of some set, either x € Ky 4(x) or Kg a(x) = & for x € R4
by the properties of rf,. Consider P € M(u,v). By Proposition 3.14, P[Y €
clKg a(X)]=1. Assupp(Px) C cl Ky A(X), p-a.s., Kg a(X) is nonempty, which
implies that x € Ky 4(x). Hence, {X € Ky 4(X)} holds outside the set Ng =
{supp(Px) ¢ clKg a(X)} € N,,. Then we just need to have this property to re-
place N, by N, U Nﬁ eN,.

Finally, to get a partition of RY, we just need to redefine Ky 4 on Ny If
X € UMW” Ky A(x") then by definition of N, the set Kg 4(x’) is independent
of the choice of x" ¢ N, such that x € Kg 4(x'): indeed, if x|, x) ¢ N, satisfy
x € Kg a(x]) N Kp a(x}), then in particular Kg 4(x]) N Kg a(x}) is nonempty
and, therefore, Ky a(x]) = Kg a(x}) by (i). We set Ky a(x) := Ky a(x"). Other-
wise, if x ¢ Ux/qéNM Ko, a(x"), we set Kg 4(x) := {x} which is trivially convex and
relatively open. With this definition, Kp A(R?) is a partition of RY. [

5. Proof of the duality. For simplicity, we denote Val(§) := ulep] + v[y¥] +
v8u(6), for & := (¢, ¥, h, 0) € DS ().

5.1. Existence of a dual optimizer.

LEMMA 5.1. Letc,c,:Q — Ry, and &, € Dzl’ovd(c,,), n € N, be such that

Cp —> ¢ pointwise, and Val(§,) — S, ,(c) < o0 asn — oo.
Then there exists & € Dﬁ‘f{)d (¢) such that Val(&,) —> Val(&) as n — oo.

PROOF. Denote &, := (¢, ¥n, hn, 6,), and observe that the convergence of
Val(&,) implies that the sequence (14(¢,), v(¥,), vBu(6,)), is bounded, by the

nonnegativity of ¢,, ¥, and v8u(6,). We also recall the robust superhedging in-
equality

51D o ®Yn+h2+6,>c,  on{Y €affKy, (y,=0c}(X)},n > 1.
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Step 1. By Komlos lemma together with Lemma 3.12, we may find a sequence
((?)\}’l? w}’h 9}1) e ConV{((Pk» Wk, 9/()7 k Z I’l} SUCh that

On —> @ :=§oo, u-a.s., Un —> V= ﬁoo, v-a.s., and
@1—)5:250067:(:“5‘))7 /-’L®pw

Set ¢ := 00 and y := oo on the corresponding nonconvergence sets, and observe
that u[¢] + v[{] < oo, by the Fatou lemma and, therefore, N,, := {¢ = oo} € Nu
and N, := {{y = oo} € NV,,. We denote by (ﬁn,ﬁn) the same convex extractions
from {(hg, ck), k > n}, so that the sequence ?,, = (@n, @n, 71),, @1) inherits from
(5.1) the robust superhedging property, as for 61, 6, € 7\'(/1, V), Y1, Y € ]L}r (Rd),
and 0 < & < 1, we have aff Kyp, +(1-2)6,. (.91 +(1-0) =00} C aff Ko (=00} N
afngz’{wzzoo}:

(52) Gn®Yn+0, + 7{,‘? >¢,>0 pointwise on aff K5 7 _ ) (X).

Step 2. Next, notice that I, := (h®)~ := max(—h®,0) € © for all n € N,
By the convergence Proposition 3.7, we may find convex combinations =
Dksn Ml —> 1= ZOO, © ®pw. Updating the definition of ¢ by setting ¢ := 0o on
the zero p-measure set on which the last convergence does not hold on (9* dom/)“,
it follows from (5.2), and the fact that affKe-,{w:OO} C liminf,,_ 5 afngm{@n:oo},
that

=1 <liminf )" 2@ ® Vi +0) <o ® v +6
k>n

pointwise on {Y € affKQ-’{w:oo}(X)},

where 6 := liminf, D k>n )\Zé\k e T (i, v). As {9 = 00} € N}, by possibly enlarg-
ing Ny, we assume without loss of generality that {¢ = oo} C N, we see that
dom/ D (Nﬁ x N¢)Ndom6 N{Y e affKé’{W:oo}(X)} and, therefore,

(5.3) K3 (y=o0c}(X) C domy I’ cdoml'(X, ), -a.s.

Step 3. Let hy i= Yyon Alik. Then by i= hy + Iy = Yo A (R)* defines
a nonnegative sequence in ®. By Proposition 3.7, we may find a sequence by =:
fzf? ~|—l~n € conv(by, k > n) such that 75,1 — b= Eoo, U@ pw, where b takes values
in [0, o0]. Zn (X, ) — b(X, ) pointwise on domy b, u-a.s. Combining with (5.3),
this shows that

E;?(X, ) — b-D(X,") pointwise on domy b N Ké,{z/fzoo}(X)’ U-a.s.

(b —1)(X,-) = liminf, E;?(X, -), pointwise on KQ-’W:OO}(X) (where [ is a limit
of I,), n-a.s. Clearly, on the last convergence set, (b — [)(X, ) > —oco on
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K(;’{I/,:oo}(X), and we now argue that (b —[)(X,-) < o0 on K(;’W:OO} (X), there-
fore, K é,{w:oo}(X ) C domy b, so that we deduce from the structure of E,‘? that the
last convergence holds also on aff K5 (., (X):

y h2(X,) — (b—D(X,) = h®(X,"),

o pointwise on Ky ¢, 1 (X), -a.s.
Indeed, let x be an arbitrary point of the last convergence set, and consider
an arbitrary y € Kg 1, _)(x). By the definition of Kj (,_.,, we have x €
11 K (=00} (x), and we may therefore find y € K5 1y—ooy(¥) with x = py +
(1 — p)y’ for some p € (0, 1). Then pﬁ,‘?(x, v+ d - p)ﬁff’(x, y') = 0. Send-
ing n — 00, by concavity of the liminf, this provides p(b —I)(x, y) + (1 — p)(b —
D(x,y") <0, sothat (b —I)(x, y") > —oc implies that (b —I)(x, y) < o0.

Step 4. Notice that by dual reflexivity of finite dimensional vector spaces,
(5.4) defines a unique 4(X) in the vector space affK(;’{w:oo}(X) — X, such that
b-D(X,)=h%®X,-)on affKé’W:OO}(X). At this point, we have proceeded to
a finite number of convex combinations which induce a final convex combination
with coefficients (Xﬁ) k>n>1. Denote §n = ko )_»],‘,Sk, and set 6 := 6 - Then, ap-
plying this convex combination to the robust superhedging inequality (5.1), we ob-
tain by sending n — oo that (9 @y +h® +0)(X, ) > c(X, -) on affK(;v{w:OO}(X),
u-a.s. and ¢ ® ¥ + h® + 0 = oo on the complement  null-set. As 6 is the liminf
of a convex extraction of (5,1), we have 6 > ?Q\oo = 6 and, therefore, aff Ko (y=cc) C
aff K §. (=00} This shows that the limit point & := (¢, ¥, h, 0) satisfies the point-
wise robust superhedging inequality

(5.5) @Y +0+h®>c  onlY eaffKp (y=oc}(X)}.
Step 5. By Fatou’s lemma and Lemma 3.12, we have
(5.6)  ulpl+v[y]+vSul0] <liminf u[s] + v[Yn] + vEUO] = Sy (0).

By (5.5), we have ul¢] + v[¥] + P[O] = P[c] for all P € M(u, v). Then ule] +
v[Y]+S,0[0] =S, v[c]. By Proposition 3.11(i), we have S, ,[0] < véu[@] and,
therefore,

Suvlel < ulel + vV ]+ 8,001 < plpl + vyl +vEulf] < S,.u(c),

by (5.6). Then we have Val(§) = ulp]+v[y¥]+ veulol = S, v(c)and S, ,[0] =
v8u[6], so that § € D% (c). O

5.2. Duality result. 'We first prove the duality in the lattice USC, of bounded
upper semicontinuous functions €2 — R,. This is a classical result using the
Hahn-Banach theorem; the proof is reported for completeness.

LEMMA 5.2, Let f € USCy, then S, (f) = IR0 (f).
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PROOF. Wehave S, ,(f) < Iﬁlf"ji( f) by weak duality (3.7). Let us now show

the converse inequality S, ,(f) > I’Iff’vd( f). By the standard approximation tech-
nique, it suffices to prove the result for bounded continuous f. We denote by
C;(R?) the set of continuous mappings R? — R with linear growth at infinity,

and by Cp (R4, R¥) the set of continuous bounded mappings R — R?. Define
D(f) = {(@, ¥, ) € C;(RY) x C;(RY) x C»(RY, RY) : g ® v + h® > f},

and the associated I, ,(f) := inf((/-)’l/-,ﬁ)ep(f) w(@) + v(¥). By Theorem 2.1 in
Zaev [24], and Lemma 5.3 below, we have

Suv(H=Luu(H= _inf  w@ +v@) =L,
(@, ¥,m)eD(f)

which provides the required result. [J

PROOF OF THEOREM 3.19. The existence of a dual optimizer follows from
a direct application of the compactness Lemma 5.1 to a minimizing sequence of
robust superhedging strategies.

As for the extension of duality result of Lemma 5.2 to nonnegative upper semi-
analytic functions, we shall use the capacitability theorem of Choquet, similar to
[19] and [4]. Let [0, 0o]®® denote the set of all nonnegative functions 2 — [0, o],
and USA | the sublattice of upper semianalytic functions. Note that USCy, is stable
by infimum.

Recall that a USCp-capacity is a monotone map C : [0, 00l — [0, oo], se-
quentially continuous upward on [0, o0]*?, and sequentially continuous downward
on USCy. The Choquet capacitability theorem states that a USCp-capacity C ex-
tends to USA; by

C(f) =sup{C(g):g€USCpand g < f} for all f € USA,.

In order to prove the required result, it suffices to verify that S, , and Iﬁlf’f are
USCp-capacities. As M(u, v) is weakly compact, it follows from similar argu-
ment as in Proposition 1.21, and Proposition 1.26 in Kellerer [19] that S, , is a
USCp-capacity. We next verify that Iﬁf’vd is a USCp-capacity. Indeed, the upward
continuity is inherited from S, , together with the compactness Lemma 5.1, and
the downward continuity follows from the downward continuity of S, , together
with the duality result on USCp, of Lemma 5.2. [

LEMMA 5.3. Letc:Q — Ry, and (@, W, h) € D(c). Then we may find & €
D4 (c) such that Val(§) = u[@] + v[].

PROOF. Let us consider (@, ¥, h) € D(c). Then ¢ & ¥ + h® > ¢ > 0 and,
therefore,

Y () = f(y) = sup —g(x) — h(x) - (y — x).

xeRd
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Clearly, f is convex, and f(x) > —¢(x) by taking value x =y in the supremum.
Hence w f>0and ¢ + f >0, implying in particular that f is finite on R?. As
¢ and w have linear growth at infinity, f is in L'(v) NL'(). We have feg,
for a = v[f] — u[f1= 0. Then we consider p € af and denote 6 :=T,f. 0 €
T(¢,) C T (i, v). Then denoting ¢ ;=@ + f, ¥ :=v¢ — f,and h :=h + p, we
have & := (¢, ¥, h,0) € D%(c) and

ul@l+ vyl = plel +v[¥ ]+ (v = 1= ple] + vYy ]+ vOulo] = Val(§).
g

6. Polar sets and maximum support martingale plan.

6.1. Boundary of the dual paving. Consider the optimization problems:

(6.1) inf n[G(Ra,n,)].
@,N)ET (u,v)xN,

with Ry n, :=clconv(dom8(X, -) N 81’(\(X) N NY), and for y € R? we consider

(6.2) inf uly € 9K (X) Ndomé(X, ) N NE].
(9’N11)ET(I‘LvU)XNv

These problems are well defined by the following measurability result, whose

proof is reported in Section 7.2.

LEMMA 6.1. Let F : R?Y — K, y-measurable. Then we may find N, eN,
such that IYEF(X)1X¢NV is Borel measurable, and if X € ri F(X) convex, y-a.s.,
then lYeaF(X)1X¢NV is Borel measurable as well.

By the same argument than that of the proof of existence and uniqueness in
Proposition 3.15, we see that the problem (6.1) (resp., (6.2) for y € R?) has an
optimizer (0*, NJ) € T (w,v) x N, (tesp., (6%, Ny, € T (1, v) x N,). Further-
more, we have that the map D := Ry« yx (resp., Dy(x) :={y} if y € 81’(\()() N
dom 6;‘ (x,9)N Nj’ ¥ and @ otherwise, for x € R9 ) does not depend on the choice
of (6%, Ny) (resp., 65) up to a u-negligible modification.

We define K := D U K, and Ky(X) :=dom6(X,) N K(X) for 6 € 7A'(/L, V).
Notice that if y € R? is not an atom of v, we may chose N,, y containing y, which
means that Problem (6.2) is nontrivial only if y is an atom of v. We denote atom(v),
the (at most countable) atoms of v, and define the mapping K := (U caiom(v) Py) U
K,

PROPOSITION 6.2. Letf € ’7’(#, v). Up to a modification on a u-null set, we
have:

() K is convex valued, moreover Y € K(X), and Y € Ky(X), M, v)-q.s.
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(i) KCKCKycKcCdk,
(iii) K, Ky and K are constant on K (x), for all x € R4,

PROOF. (i) For x € R?, K(x) = D(x) U K (x). Let yi, y» € K(x), A € (0, 1),
andset y :=Ay1 + (1 =) y2. If y1, y2 € K (x), or y1, y2 € D(x), we get y € K (x)
by convexity of K (x), or D(x).N ow, up to switching the indices, we may assume
that y; € K(x) and y, € D(x) \ K(x) As D(x) \ K(x) C 8K(x) yE K(x) as
A>0.Then y € K (x). Hence, K is convex valued.

Since (dom6*(X,-) \ N;) N ((cl K) \ K) C Rg+ nx, we have the inclusion
(dom6*(X, )\ Nf) NclK C Rp+ n» UK = K. Then, as ¥ € dom@*(X, ) \ N},
and Y e clK(X), Y € K(X), M(u, v)-q.s.

Let 6 € ’7\’(“, V), then ¥ € domé(X,-), M(u,v)-q.s. Finally, we get Y €
dom6 (X, ) N K (X) = Kg(X), M(u,v)-q.s.

(i1) As Ry N, (X) C clconv 8K(X) = clK(X) K cclk. By definition, Kg C
K and K C K. For y € atom(v), and 6y € T([L, v), by minimality,

(6.3) Dy(X) c dom6by(X,-) N IK (X), p-a.s.

_ Applying (6.3) for 6p = 6, we get Dy, C dom6(X, -), and for 6y = 6™, Dy (X) C
K (X), n-a.s. Taking the countable union: K C Ky, pn-a.s. (This is the only inclu-
sion that is not pointwise). Then we change K to K on this set to get this inclusion
pointwise.

(ii1) For 6y € ?(M, v), let N, € NV, from Proposition 3.10. Let x € NS, y €
9K (x), and y" := *$* € K (x). Then for any other x’ € K (x) N N¢, 16o(x, y) —
Oo(x,y") = 300(x’, x) + 3600(x', y) —6o(x', y'), in particular, y € dom 6 (x, -) if and
only if y € dom#&(x', -). Applying this result to 6, 6*, and 6} for all y € atom(v),
we get N, such that for any x € R?, K, Ky and K are constant on I?(x) N Nﬁ- To
get it pointwise, we redefine these mappings to this constant value on K(x)NN,,
or to K (x), if K(x) N N;, = &. The previous properties are preserved. [

6.2. Structure of polar sets.
PROPOSITION 6.3. A Borel set N € B(2) is M(, v)-polar if and only if for
some (N, Ny) € Ny x Ny, and 6 € T (w, v), we have
N C{XeN,JU{YeN,}U[Y ¢ Kg(X)}.
__ PROOF. One implication is trivial as ¥ € Ko(X), M(u, v)-q.s. for all 6 €
T (i, v), by Proposition 6.2. We only focus on the nontrivial implication. For
an M(u, v)-polar set N, we have S, ,(ccly) = 0, and it follows from the

dual formulation of Theorem 3.19 that 0 = Val(§¢) for some & = (¢, ¥, h,0) €
Di%d(coly). Then

» < 00, H-a.s., Y < 00, v-a.s. and 6 € 7A'(,u, V).
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As h is finite valued, and ¢, ¥ are nonnegative functions, the superhedging
inequality ¢ ® ¥ + 6 +h® > ocoly on {Y € aff Kg (y =00} (X)} implies that

(6.4) 1{(,0:00} &) 1{1/,:(,0} + 1{(dom9)f} > 1y on {Y S affK@,{w:oo}(X)}-

By Proposition 3.15(ii), we have I?(X) C Ky, (y=00)(X), n-a.s. Then K(X)C
aff K (X) C aff Ky, {y—o0} (X), which implies that
Kg(X) := domO(X, ) N K (X)
C dom6 (X, -) Naff Ky {y=c0}(X), u-a.s.
We denote N, := {¢ = oo} U {Ky(X) ¢ dom6& (X, -) Naff Ko (y—cc}(X)} € N,
and N, := {{y = 00} € NV,,.. Then by (6.4), 1y =0 on ({p = 00} x {y = 00}°) N

{Y € dom0(X, ) Naff Ky (y—00}(X)} and, therefore, by (6.5), N C {X € N,} U
{YeNJULY ¢ Ko(X)}. U

(6.5)

6.3. The maximal support probability. In order to prove the existence of a
maximum support martingale transport plan, we introduce the maximization prob-
lem,

(6.6) M:= sup pu[G(suppPy)],
PeM(u,v)

where we rely on the following measurability result whose proof is reported in
Section 7.2.

LEMMA 6.4. For P € P(2), the map suppPx is analytically measurable, and
the map supp(Px |3z x)) is u-measurable.

Now we prove a first lemma about the existence of a maximal support probabil-
ity.

LEMMA 6.5. There exists P € M(w,v) such that for all P € M(u,v) we
have the inclusion suppPy C suppPyx, u-a.s.

PROOF. We proceed in two steps:

Step 1: We first prove existence for the problem (6.6). Let (P"),~1 C M(u, v)
be a maximizing sequence. Then the measure P := o1 27"P" € M(u,v),
and satisfies suppP§y C suppPx for all n > 1. Consequently, u[G (suppyxP%)] <
w[G (suppPyx)] and, therefore, M = 1[G (suppPx)].

Step 2: We next prove that suppPx C suhppﬁlsx, p-a.s. for all P € M(u,v).
Indeed, the measure P := w € M(u,v) satisfies M > u[G(suppPx)] >
ulG (suppPx)] = M, implying that G(suppPx) = G(suppPy), u-a.s. The re-
quired result now follows from the inclusion suppPx C suppPyx. [
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PROOF OF PROPOSITION 3.15(11).  Let Pe M(u, v) from Lemma 6.5, if we
denote S(X) := suppPx, then we have supp(Px) C S(X), u-a.s. Then {¥Y ¢ S(X)}
is M(u, v)-polar. By Lemma 6.1, {Y ¢ S(X)}U{X ¢ N/ ..} 1s Borel for some N/
N,.. By Theorem 3.18, we see that {Y ¢ S(X)} C{Y ¢ S(X)} U{X ¢N/ ut C {X €

M} U{Y € N,} U{Y ¢ Ky(X)} and, therefore,

(Y eSX))D{X ¢ N JN{Y e Kg(X)\ N},

for some N, € Ny, N, € N,, and 0 € 7 (11, v). The last inclusion _implies
that Kg(X) \ N, C S(X), p-a.s. However, by Proposition 3.15(ii), K(X) C
conv(dom8 (X, -) \ Ny), n-a.s. Then, since S(X) is closed and convex, we see
that c1 K (X) C S(X).

To obtain the reverse inclusion, we recall from Proposition 3.15(i) that {Y €
CIK(X)} M(w, v)- -q.s. In particular, IF’[Y € clK(X)] =1, implying that S(X) C
K (X), p-a.s. as cl K (X) is closed convex. Finally, recall that by definition / :=
ri § and, therefore, I?(X) =cll(X), p-a.s. O

LEMMA 6.6. We may choose Pe M(u, v) in Theorem 2.1 so that for all
Pe M(u,v) and y e R4,

w[Px[(y}] > 0] < u[Px[{y}] > 0],
and suppPx|yrx) C su@p@x|31(x), -a.s.
In this case, the maps J(X) =I1(X)U{ye R4 . v[y] > 0 and @X[{y}] > 0}, and

J(X) =I1(X)U suppIPX|31(X) are unique [L-a.s. Furthermore J(X) = K(X),
J(X)=K(X) and Jy(X) = Ko(X), p-a.s. forall 0 € ’T(,u, V).

PROOF.  Step I: By the same argument as in the proof of Lemma 6.5, we may
find P’ e M, v) such that

M = sup M[G(SUAPP(PXlal?(X)))]
©67) PeM(u,v)

= M[G(su@p(@/xbl?(X)))]-

We also have similarly that supp(PX|aK(X)) C supp(IP |0K(X)) u-a.s. forall P e
M, v). Then we prove similarly that S'(X) := supp(PX|aK(X)) = D(X), n-as.,
where recall that D is the optimizer for (6.1). Indeed, by the previous step, we have
su@p([P’deK(X)) C S'(X), u-a.s. Then we have {Y ¢ S/(X) U I?(X)} is M(u, v)-
polar. By Theorem 3.18, we see that {Y ¢ S'(X)uU K(X)} C{XeN,JuUlYy e
Ny} U{Y ¢ Kg(X) U K(X)} or equivalently

(6.8) (Y e SOUKMX)) D (X ¢ N JN{Y € Ko(X)\ Ny},

for some N, € N,, N, € Nv, and 0 € T(/,L, v). Similar to the previous analysis,
we have Kg(X) \ Ny \ K(X) C §'(X), pn-a.s. Then, since S'(X) is closed and
convex, we see that D(X) C §'(X).
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To obtain the reverse inclusion, we recall from Proposition 6.2 that {Y €
K(X)}, M(u,v)-q.s. In particular, @/ Y € I?(X) U D(X)] = 1, implying that
S/(X) C D(X), p-a.s. By Proposition 3.15(iii), we have JX)=(IUS)X)=
(KUD)(X) K (X), p-a.s.

Finally, M is optimal for both problems (6.6) and (6.7). By definition, the
equality Jg (X )= Kp(X), u-a.s. for0 € 7A'(;L, v) immediately follows.

Step 2: Let y € atom(v), if y is an atom of y; € P(R?) and y, € P(RY), then
y in an atom of Ay; + (1 — A)y» for all 0 < A < 1. By the same argument as in
Step 1, we may find Py e M(u, v) such that

My:= sup u[Px[{y} NclK(X)] > 0]
(69) PeM(u,v)

= u[PY[{y} Nl K(X)] > 0].

We denote Sy (X) := supp@&laff Rx)n{y}- Recall that D, is the notation for

the optimizer of problem (6.2,)\. We consider the set N := {Y ¢ (cl K X\ {yhu
Sy(X)}. N is polar as Y € cl K(X), g.s., and by definition of Sy. Then N C {X €
N, JULY e Ny} ULY ¢ Kg(X)}, or equivalently,

(6.10) {Y ¢ (IKX)\ {y)USy(X)} D{X ¢ NN {Y € Ko(X)\ N},

for some Ny € Ny, Ny € N, and 6 € T (i, v). Then D y(X) C Ko(X)\ N, C
c K (X) \ {y} U Sy (X), n-as. Finally, Dy (X) C Sy(X), u-a.s.

On the other hand Sy C Dy, p-as., as if P [{y}] > 0, we have (X, y) < oo,
-a.s. at the correspondlng points. Hence, D (X ) = 8y(X), u-a.s. Now if we sum
up the countable optimizers for y € atom(v) with the previous optimizers, then
the probability P we get is an optimizer for (6.6), (6.7) and (6.9), for all y € R4
(the optimum is O if it is not an atom of v). Furthermore, the p-a.e. equality of the
maps Sy and D, for these countable y € atom(v) is preserved by this countable
union, then together with Proposition 3.15(iii), we get J = K, p-a.s. [

As a preparation to prove the main Theorem 2.1, we need the following lemma,
which will be proved in Section 7.2.

LEMMA 6.7. Let F:RY — 1iK be a y -measurable function for some y €
P(RY), such that x € F(x) for all x € RY, and {F(x):x e R%} isa partition of
R?. Then up to a modification on a y-null set, F can be chosen in addition to be
analytically measurable.

PROOF OF THEOREM 2.1. Existence holds by Lemma 6.5 above, (i) is a con-
sequence of Lemma 6.4, and (ii) directly stems from Lemma 3.13(iii) together
with Proposition 3.15(iii). Now we need to deal with the measurability issue.
Lemma 6.7 allows to modify ri suﬁppﬁf”x to get (ii) while preserving its analytic
measurability, we denote [ its modification. However, we need to modify Py to
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get the result. As su@p@x is analytically measurable by Lemma 6.4, the set of
modification N, := {suppIP’X #cll(X)} e N, is analytically measurable. Then
we may redefine Py on Ny, so as to preserve a kernel for P. By the same argu-
ments than the proof of Lemma 3.13(ii), the measure-valued map «x := gy(x) is a
kernel thanks to the analytic measurability of 7; recall the definition of gx given
by (3.2). Furthermore, suppxx = I (X) pointwise by definition. Then a suitable
kernel modification from which the result follows is given by

Py = Lixen,}cx + 1{X¢Nﬂ}@x. 0

PROOF OF PROPOSITION 2.4. The existence and the uniqueness are given by
Lemma 6.6 and the other properties follow from the identity between the J maps
and the K maps, also given by the lemma, together with Proposition 6.2. [J

PROOF OF THEOREM 3.18. We simply apply Lemma 6.6 to replace Kg by Jy
in Proposition 6.3. [

7. Measurability of the irreducible components.
7.1. Measurability of G.

PROOF OF LEMMA 3.13(11).  As R is locally compact, the Wijsman topology
is locally equivalent to the Hausdorff topology,’ that is, as n — oo, K, —> K for
the Wijsman topology if and only if K,, N Byy —> K N By for the Hausdorff
topology, for all M > 0.

We first prove that K —— dimaff K is a lower semicontinuous map K — R.
Let (K,)u>1 C K with dimension d, < d’ < d converging to K. We consider
A, :=aff K,. As A, is a sequence of affine spaces, it is homeomorphic to a d + 1-
uplet. Observe that the convergence of K, allow us to chose this d + 1-uplet to
be bounded. Then up to taking a subsequence, we may suppose that A, converges
to an affine subspace A of dimension less than d’. By continuity of the inclusion
under the Wijsman topology, K C A and dim K <dimA <d’.

We next prove that the mapping K + gg (K) is continuous on {dim K = d’}
for 0 < d’ <d, which implies the required measurability. Let (K,),>1 C K be a
sequence with constant dimension d’, converging to a d’-dimensional subset, K
in JC. Define A,, := aff K,, and A := aff K, A,, converges to A as for any accumu-
lation set A’ of A,, K C A" and dim A’ = dim A, implying that A’ = A. Now we
consider the map ¢, : A, — A, x — proja(x). For all M > 0, it follows from
the compactness of the closed ball By, that ¢, converges uniformly to identity
as n — oo on By;. Then ¢, (K,) N Byy —> K N By as n — oo and, therefore,

TThe Haussdorff distance on the collection of all compact subsets of a compact metric space (X', d)
is defined by dgy (K7, Kp) = sup,.¢ y | dist(x, K1) —dist(x, K)|, for K1, K C X, compact subsets.
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Aaldn (K N By) \ K14+ AalK \ ¢, (K;) N By ] —> 0. As the Gaussian density is
bounded, we also have

gA[d)n(Kn N BM)] —> galK N Byl.

We next compare ga[¢, (K, N By)] to gk, (K, N By). As (¢,) is a sequence
of linear functions that converges uniformly to identity, we may assume that ¢,
is a C!-diffeomorphism. Furthermore, its constant Jacobian J, converges to 1 as
n — 00. Then

o~ 1P (0)1/2 eI¥1/2 -1
— A dx :/ ’ ra(d

/KmBM @mydrz M @) dn(KunBy)  (2)4/2 A

= J, ' ga[n(Ky 0 B)]-
As the Gaussian distribution function is 1-Lipschitz, we have
e lon (072
V a7 MK (dX) = 8k, (Kn N BM)‘ < Ak, [Kn N Byl — Idaloos
K.NBy (27)

where | - |oo is taken on K,, N Bys. Now for arbitrary € > 0, by choosing M suf-
ficiently large so that gy [V \ By] < € for any d’-dimensional subspace V, we
have

lgk, [Kn] — gk [K]1| < |gk,[Ky N Byl — galK N Byl| + 2€

_ 2
< |8k, [Kn N Bu]— / Cexp<M>AKn (dx)‘
K,NBy 2
+ |77 gan(Kn N Bar)] — galK N Bagl| + 2€

<Ae,

for n sufficiently large, by the previously proved convergence. Hence G4 :=
Gldimfl{d/} is continuous, implying that G : K — Zg/:ol 1{d,}(K)Gd/(K)
is Borel-measurable. [

dim™

7.2. Further measurability of set-valued maps. This subsection is dedicated to
the proof of Lemmas 3.13(i), 6.1 and 6.4. In preparation for the proofs, we start by
giving some lemmas on measurability of set-valued maps. Let A be a o -algebra of
R, In practice we will always consider either the o-algebra of Borel sets, the o-
algebra of analytically measurable sets, or the o -algebra of universally measurable
sets.

LEMMA 7.1. Let (F)n=1 C LAY, K). Then clU,= Fy and N,=, Fy are
A-measurable.
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PROOF. The measurability of the union is a consequence of Propositions 2.3
and 2.6 in Himmelberg [13]. The measurability of the intersection follows from
the fact that R? is o -compact, together with Corollary 4.2 in [13]. O

LEMMA 7.2. Let F € LARY, K). Then clconv F, aff F and cltfy clconv F
are A-measurable.

PROOF. The measurability of clconv F is a direct application of Theorem 9.1
in [13].

We next verify that aff F' is measurable. Since the values of F are closed,
we deduce from Theorem 4.1 in Wagner [23], that we may find a measurable
x —> y(x),suchthat y(x) € F(x) if F(x) # @, forall x € R?. Then we may write
aff F'(x) = cleonvel Uy eq(y(x) + g (F(x) — y(x))) forall x € R?. The measura-
bility follows from Lemma 7.1, together with the first step of the present proof.

We finally justify that clify clconv F' is measurable. We may assume that F
takes convex values. By convexity, we may reduce the definition of rf, to a se-
quential form:

clrfo(x)=CIU{yeRd,y—i—l(y—x)eF(x)andx—l(y—x)eF(x)}
n n

n>1

:dUHyeRd,y%—%(y—x)eF(x)}

n>1

ﬂ{yeRd,x—%(y—x)GF(x)”

1 n
:CIHKH n T + mF(x)) N(=(n+x —nF(x))},

so that the required measurability follows from Lemma 7.1. [

We denote by S the set of finite sequences of positive integers, and X the set
of infinite sequences of positive integers. Let s € S, and o € X. We shall denote
s < o whenever s is a prefix of 0.

LEMMA 7.3. Let (Fs)ses be a family of universally measurable functions
R? —s K with convex image. Then the mapping cl conv(Ugexs Ny<o Fs) is uni-
versally measurable.

PROOF. Let U the collection of universally measurable maps from R? to K
with convex image. For an arbitrary y € P(Rd), and F : R?Y — K, we introduce
the map

yG*[F]:= Fci%/feuyG[F/] where yG[F'] := y[G(F'(X))] forall F' eU.
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Clearly, y G and y G* are nondecreasing, and it follows from the dominated con-
vergence theorem that y G, and thus y G*, are upward continuous.

Step 1: In this step, we follow closely the line of argument in the proof of Propo-
sition 7.42 of Bertsekas and Shreve [5]. Set F :=clconv(Uyex (Ns<o Fs)» and let
(F,,), a minimizing sequence for y G*[ F]. Notice that F C F := Mns>1 F, €U, by
Lemma 7.1. Then F is a minimizer of y G*[F].

Fors,s’ € S, we denote s < s’ if they have the same length |s| = |s|, and 5; <
forl1 <i <|s|.Fors €S, let

Is'l

R(s) :=clconv U U m Fyr and K(s):=clconv U ﬂ

s'<so>s's"< s'<s j=1

Notice that K (s) is universally measurable, by Lemmas 7.1 and 7.2, and

R(s)CK(s), cl|JR(s1)=F, and

s1>1

cl U R(s1,...,80) = R(s1,...,8c—1).

sp>1

By the upward continuity of ¥ G*, we may find for all € > 0 a sequence c€ € X
S.t.

yG*[F]fyG*[R(af)]—l—Z_le, and )/G*[R(gk_l)]5)/G*[R(gk)]+2_ke

forall k > 1, with the notation o := (o}, ..., o). Recall that the minimizer F and
K (s) are in U for all s € S. We then define the sequence K := FN K(op)el,
k > 1, and we observe that

(K} )= decreasing, Fe:=()KfCF,
(7.1) k=1
and yG[K{]>yG*[F]1—e=yG[F]—e¢,

by the fact that R(o}) C K. We shall prove in Step 2 that, for an arbitrary « > 0,
we may find ¢ = e(«) < o such that (7.1) implies that
(7.2) yG[E]zgl;yG[K;]—azyG[f]—e—a.
Now let o = o, :=n"', &, := €(at,), and notice that F := clconv Uns1 £ €U,
with F& ¢ F C F C F, for all n > 1. Then it follows from (7.2) that yG[F] =
yG[f] and, therefore, F = F = F, y-a.s. In particular, F is y-measurable, and
we conclude that F € I by the arbitrariness of y € P(R%).

Step 2: It remains to prove that, for an arbitrary o > 0, we may find ¢ = ¢() <
« such that (7.1) implies (7.2). This is the point where we have to deviate from the
argument of [5] because y G is not downward continuous, as the dimension can
jump down.
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Set A, :={G(F(X)) — dim F(X) < 1/n}, and notice that (> A, = @. Let

no > 1 such that y[A,,] < %d“—l, and set € := %niodo‘? > 0. Then it follows from

(7.1) that !
y[infG(Kf) —dimF <0] < y[intG(Kf) — G(F) <]
+y[G(F) —dimF < —nj']
(1.3) = no(v[G(F)] - y[inf G(K})]) + vl An]

= no(y[G(F)] — infy[G(KS)]) + [ An,]

- +1 o o
no€ + — = —,
=0T A1 d+1

where we used the Markov inequality and the monotone convergence theorem.
Then

y[inf G(K5) = G(F)] = v|Ling, k) —aimF<o) (inf G(K) — G(E))

+ Liint, G(ke)—dimF=0) (il,}fG(Kﬁ) - G(EE)>]

= V[(d + D1jins, 6(ke)—dimF<0)
+ Lint, Gk —dimF>0) (if,}fG(Krf) - G(EE))]-

We finally note that inf, G(K}) — G(F€) =0 on {inf, G(K}) — dim F > 0}. Then
(7.2) follows by substituting the estimate in (7.3). [

PROOF OF LEMMA 3.13(1). We consider the mappings 6 : @ — R such
that 6 = Y }_, )‘klc,}x 2 where n € N, the A; are nonnegative numbers, and

the C ,1, C,f are closed convex subsets of R?. We denote the collection of all
of these mappings F. Notice that clF for the pointwise limit topology con-
tains all LY (Q). Then for any 6 € L% (Q2), we may find a family (6;)sex C F,
such that 8 = inf,;cx sup;_, 0s. For 0 € ]Lg(Q), and n > 0, we denote Fpy :
x +—> clconvdomé(x, -), and Fp, : x —> clconvé (x, 3~1([0, n]). Notice that
Fo = clU,~1 Fo.n- Notice as well that Fp, is Borel measurable for 6 € F,
and n > 0, as it takes values in a finite set, from a finite number of measur-
able sets. Let 6 € ILE)F(Q), we consider the associated family (65);ex C JF, such
that 6 = inf,cy sup,_, 6. Notice that Fp , = clconv(Uycx (Ns<o Fo,.n) 1S uni-
versally measurable by Lemma 7.3, thus implying the universal measurability of
Fyp =cldom8(X, -) by Lemma 7.1.
In order to justify the measurability of domy 6, we now define

F90 :=Fy and ng := clconv(dom6 (X, -) Naffrfx Fé{_l), k>1.
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Note that Ff = cl Uns1(cleonvUges Ny<o Fo,.n N affrfy ng_l). Then, as Fy is
universally measurable, we deduce that (Fek)kz | are universally measurable, by
Lemmas 7.2 and 7.3.

As domy 6 is convex and relatively open, the required measurability follows
from the claim:

Fed =cldomy 6.

To prove this identity, we start by observing that ng (x) D cldom, 6. Since the
dimension cannot decrease more than d times, we have affrf, Fg‘l (x) = aff FQ" (x)
and

F (x) = clconv(dom 6 (x, -) Naffrfy FY (x))
= clconv(domé (x, -) N affrfy, ng_l(x)) = Fed(x),
that is, (Fgl Jrl) x is constant for k > d. Consequently,
dimrf, conv(dom @ (x, -) Naffrf, F (x))

= dim F¢ (x)

> dimconv(dom 6 (x, -) N aff rfy Fe‘i(x)).
As dimconv(dom&(x,-) N affrf, Fed(x)) > dimrf, conv(domf(x,-) N
affrf, Fed (x)), we have equality of the dimension of conv(domé&(x,-) N

affrf, Fed (x)) with its rfy. Then it follows from Proposition 3.1(ii) that x €
riconv(dom&(x, -) N affrf, ng (x)) and, therefore,

F(x) = clconv(dom6(x, -) Naffrf, Fg(x))
= clriconv(dom 6 (x, -) Naffrfy, Féi(x))
= clrf, conv(dom 6 (x, -) Naffrf, FZ(x)) C cldom, 6.

Hence Fed (x) =cldom, 6.
Finally, K¢ 4 = domy (0 4+ 00lRa 4) is universally measurable by the universal
measurability of domy. [J

PROOF OF LEMMA 6.1. We may find (F},),>1, Borel-measurable with finite
image, converging y-a.s. to F. We denote N, € N, the set on which this conver-
gence does not hold. For € > 0, we denote F (X) :={y € R dist(y, Fr(X)) <
€}, so that

F(x) = ﬂl;ln_l)io%fF,:/i(x) forall x ¢ N,,.
i>1

Then, as 1ycr(x)lx¢ N, = inf;>1 liminf, 1 the Borel-measu-

yerix) 1IX¢EN, »

rability of this function follows from the Borel-measurability of each IYE EVx):
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Now we suppose that X € ri F(X) convex, y-a.s. Up to redefining N,, we
may suppose that this property holds on Ny, then dF(x) = (1,51 F(x) \ (x +
n”?(F(x) —x)), for x ¢ N),. We denote a := 1yerx)lx¢n, . The result follows
from the identity lyeyr(x)lxgn, =a —sup,>;a(X, X + n”?(Y —-X). O

PROOF OF LEMMA 6.4. Let Kg :={K =conv(xy,...,x;) :neN, (x;)i<n C
Q7}. Then

suppPr =cl | J N{K € Kg:suppPx "By CK}=cl ] [ Fg ),
N=>1 N>1KeKg

where FII(V(x) =K if P,[ByNK]=P,[By], and FII(V(x) := R4 otherwise. As for
any K € Kg and N > 1, the map Px[By N K] — Px[By] is analytically measur-
able, then F [QV is analytically measurable. The required measurability result follows
from Lemma 7.1.

Now, in order to get the measurability of supp(Px|5s(x)), we have in the same
way

supp(Px larx) =cl | [ F& ),
n>1KeKg

where F{Y(x) := K if P,[d](x) N By N K] =P,[3](x) N By], and F}¥ (x) :=
R? otherwise. As Px[0I(X)NByNK]= PX[lYeal(X)1X¢NlL1Y¢BNﬂK], n-a.s.,
where N, € N,L is taken from Lemma 6.1, Px [0/ (X) N By N K] is p-measurable,
as equal pu-a.s. to a Borel function. Then similarly, Px[dl(X) N By N K] —

Px[d1(X)N By]is u-measurable and, therefore, supp(Px |5 1(x)) 18 n-measurable.
O

PROOF OF LEMMA 6.7. By y-measurability of F', we may find a Borel func-
tion Fg: R? —> ri K such that F = Fg, y-as. Let a Borel N, € /\/'y such that
F =Fpon N;. By the fact that ri K is Polish, we may find a sequence (F},),>1 of
Borel functions with finite image converging pointwise toward Fp when n —> 00.
We will give an explicit expression for F;, that will be useful later in the proof. Let
(Kn)n=1 C ri K a dense sequence,

(7.4) F,(x):= argmin dist(Fg(x), K),
Ke(Ki)i<n

where dist is the distance on ri K that makes it Polish, and we chose the K with
the smallest index in case of equality.
We fixn>1, let K € Fn(N)f), the image of F;,, outside of N,,, and Ak :=

Fn_l({K }). We will modify the image of F, so that it is the same for all
x' € Fg(x) = F(x), for all x € Ny N Ag. Then we consider the set Ay =
Use NSNAg Fp(x), we now prove that this set in analytic. By Theorem 4.2(b) in
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[23], GrFp :={Y ecl Fg(X)} is a Borel set. Let A > 0, we define the affine de-
formation f) : 2 — Q by £i(X,Y) := (X, X + A(Y — X)). By the fact that for
k> 1, fi—1/x(GrFp) is Borel together with the fact that x € fp(x) for x ¢ N,
we have

{Y € FpOO} N {X & Ny} = fim1/x(GrFp) N {X & Ny ).
k>1
Therefore, {Y € Fp(X)} N{X ¢ N, } is Borel, and sois {Y € Fp(X)}N{X € NJ‘/‘ N
Ak}. Finally,
¥ =Y({Y e FgOO}N{X € NJ N Ag}).

therefore, A, is the projection of a Borel set, which is one of the definitions of an
analytic set (see Proposition 7.41 in [5]). Now we define a suitable modification
of F, by F,(x):=K forall x € A/K, we do this redefinition for all K € Fp (N)S).
Notice that thanks to definition (7.4) and the fact that Fg(x) = Fp(x') if x,x’ ¢
N, and x" € Fp(x) = F(x), we have the inclusion A% C Ax U N,,. Then the
redefinitions of F;, only hold outside of N, . Furthermore, for different Ky, K €
Fy(Ny), A’K1 N A’K2 = ¢ as the value of F,(x) only depends on the value of Fp(x)
by (7.4). Notice that

(1.5) N, = ( U A’K)C = ( U FB(x))C C Ny,

K €F, (NS) x¢N,

is analytically measurable, as the complement of an analytic set, and does not
depend on n. For x € NJ’,, we define F,(x) := {x}. Notice that F, is analytically
measurable as the modification of a Borel function on analytically measurable sets.

Now we prove that F, converges pointwise when n —> 0o. For x € NJ,, F, (x)
is constant equal to {x}, if x ¢ N/, by (7.5) x € Ux¢Ny Fp(x) and, therefore,
F)(x) = Fp(x") = F(x’) for some x € Ny, for all n > 1. Then as F)(x") con-
verges to F(x'), F,(x) converges to F(x). Let F’ be the pointwise limit of F.
The maps F, are analytically measurable and, therefore, so does F’. Forall n > 1,
F) = F,, y-ae. and, therefore, F' = Fp = F, y-a.e. Finally, F’(N)f) = F(Ny),
and J F(Ny) = (N;)°. By property of F, F'(Ny) is a partition of (N,,)¢ such that
x € F/(x) for all x ¢ N)//. On NJ//, this property is trivial as F’(x) = {x} for all
xeN,. O

8. Properties of tangent convex functions.
8.1. x-invariance of the y-convexity. We first report a convex analysis lemma.

LEMMA 8.1. Let f: R4 —>_]I_§ be convex finite on some convex open subset
U C R?. We denote f,: R — R the lower-semicontinuous envelop of f on U,
then

f*(y)=li\ltl})f(EX+(1—e)y) forall (x,y)eU xclU.
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PROOF. f, is the lower semicontinuous envelop of f on U, that is, the lower
semicontinuous envelop of f’:= f + oolye. Notice that f’ is convex RY —
R U {oo}. Then by Proposition 1.2.5 in Chapter IV of [14], we get the result as
f=fonU. O

PROOF OF PROPOSITION 3.10. The result is obvious in T(&;), as the affine
part depending on x vanishes. We may use N, = @. Now we denote 7 the set
of mappings in ®,, such that the result from the proposition holds. Then we have
TE)CT.

We prove that 7 is u®pw-Fatou closed. Let (6,,), be a sequence in 7 con-
verging u®pw to 6 € ©,. Let n > 1, we denote N, the set in N, from the
proposition applied to 6,, and let Ng € N, corresponding to the ®pw conver-
gence of 6, to 6. We denote N, := (J,cn NZ € /\/,L. Let x1,x2 ¢ N, and y €
dom,, 6 Ndomy, 6. Let y;, yo € domy, 6, such that we have the convex combina-
tiony =Ay;+(1—=XA)y,and0 <A < 1.Thenfori =1, 2,6,(x1, y;i) — 0(x1, yi)
and 6, (x1,y) — 6(x1,y), as n — oo. Using the fact that 6,, € T, for all n, we
have

Ap = A0y (xi, y1) + (1 = )0, (xi, y2) = On(xi, ) = 0

(8.1)
and independent of i =1, 2.

Taking the limit n — oo gives that 8 (x2, y;) < 0o, and y; € dom#@ (x2,). ¥
is interior to domy, 6, then for any y € domy, 6, ¥ :=y + 5. (y — y) € dom,, 0
for 0 < € < 1 small enough. Then y = ey + (I — €)y’. As we may chose any
y € dom,, 6, we have domy, 6 C dom@,(x2, -). Then we have

(8.2)  rfy, conv(domy, 6 Udomy, ) C rfy, convdom(f (x2, -)) = domy, 6.

By Lemma 9.1, as dom,, 6 N domy, 6 # &, conv(dom,, 6 U domy, ) =
riconv(domy, 6 U dom,, #). In particular, conv(domy, & U domy, 6) is rela-
tively open and contains x, and, therefore, rfy, conv(dom,, 6 U dom,, ) =
conv(dom,, 6 Udomy, 6). Finally, by (8.2), dom,, 6 C domy, 6. As there is a sym-
metry between x1, and x2, we have dom,, § = dom,, 6. Then we may go to the
limit in equation (8.1):

Aso :=20(x;, y1) + (1 =)0 (x;, y2) — 0(x;,y) =0,

(8.3)
and independent of i =1, 2.

Now, let y1, y € R4, such that we have the convex combination y=M1+ -
A)yz, and 0 < A < 1. we have three cases to study.

Case 1: y; ¢ cldomy 6 for some i = 1,2. Then, as the average y of the
yi is in domy, 6, by Proposition 3.1(ii), we may find i’ = 1,2 such that y;; ¢
convdom#(x1, -), thus implying that 6(xy, y;) = oco. Then A0(xy, y1) + (1 —
AMO(x1,y2) —0(x1,y) =00 > 0. As domy, 6 = dom,, 6, we may apply the same
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reasoning to x3. We get AB(x1, y1) + (1 —1)0(x2, y2) —O(x2, ¥) = 00 > 0. We get
the result.

Case 2: y1, y» € domy, 6. This case is (8.3).

Case 3: y1, y2 € cldomy, 6. The problem arises here if some y; is in the bound-
ary ddomy, 0. Let x ¢ N,,, we denote the lower semicontinuous envelop of 6 (x, -)
in cldom, 6, by 0, (x, y) :=lime\ 00 (x, ex + (1 —€)y’), for y € cldom, 6, where
the latest equality follows from Lemma 8.1 together with that fact that 6(x, -) is
convex on dom, 6. Let y € cldom,, 6, for 1 > € >0, y*:=ex; + (1 —€)y €
domy, 6. By (8.1), (1 — €)8u(x1,y) — Ou(x1, ) = (1 — €)6n(x2, y) — Op(x2, y°).
Taking the liminf, we have (1 — €)0(x1,y) — 0(x1,y) = (1 — €)0(x2,y) —
0 (x2, ¥¢). Now taking € \( 0, we have 6(x1, y) — 0, (x1,y) =0(x2, y) — 0 (x2, y).
Then the jump of 8(x, -) in y is independent of x = x; or x2. Now for 1 > € > 0,
by (8.3),

A0(x1, y7) + (1 = 1)0(x1, y5) —0(x1, )
=210 (x2, y7) + (1 = 1)0(x2, y3) — 0(x2, §°)
> 0.
By going to the limit € N\ 0, we get
As(x1, y1) + (1 = 2)0x(x1, y2) — Oiclx1, y)
= A0« (x2, y1) + (1 — A)0x(x2, y2) — Os(x2, y)
> 0.
As the (nonnegative) jumps do not depend on x = x1 or xp, we finally get
A0 (x1, y1) + (1 =)0 (x1, y2) —O(x1, y)
=A0(x2, y1) + (1 = 2)0(x2, y2) —O(x2, y)
> 0.
Finally, 7 is u®pw-Fatou closed and convex, 71 C T. As the result is clearly in-

variant when the function is multiplied by a scalar, the result is proved on 7A'(;L, V).
O

8.2. Compactness.

PROOF OF PROPOSITION 3.7. We first prove the result for 6 = (6,),>1 C ©.
Denote conv(f) := {0’ € ON : 0 € conv(6, k > n),n € N}. Consider the mini-
mization problem:

(8.4) m:= inf u[G(domy6.)],

o 6’econv(f)

where the measurability of G (domy 6/,) follows from Lemma 3.13.
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Step 1: We first prove the existence of a minimAizer. Let (0%)en € conv(0)N be
a minimizing sequence, and define the sequence 6 € conv(6) by

n
Oi=(1—2""" S 27kgk  nx>1.

Then dom(@oo) CMi>1 dom(@ ) by the nonnegativity of 6’, and we have the
inclusion {9 —> 00 00} C {9,’11‘ —> - 00 00 for some k > 1}. Consequently,

dom, Eoo C conv(ﬂ dong‘o(x, -)) C ﬂ dom,, Qg‘o for all x e RY.
k>1 k>1

Since (9”‘)@\ is a minimizing sequence, and 6 € conv(d), this implies that
ulG(domy 0, .)] =m
Step 2: We next prove that we may find a sequence (y;);>1 C LO(R?, R4) such
that
yi(X) € aff(domy f,),

(8.5) "
and  (y; (X))izl dense in affdomy 0, n-a.s.

Indeed, it follows from Lemmas 3.13 and 7.2 that the map x > aff(dom, Q\Oo)
is universally measurable and, therefore, Borel-measurable up to a modification
on a pu-null set. Since its values are closed and nonempty, we deduce from the
implication (ii) = (ix) in Theorem 4.2 of the survey on measurable selection
[23] the existence of a sequence (y;);>1 satisfying (8.5).

Step 3: Let m(dx,dy) :=u(dx)®> ;-9 2_i8{yi ()} (dy). By the Komlos lemma
(in the form of Lemma Al.l1 in [8], _51mllar to the one used in the proof
of Proposition 5.2 in [4]), we may ﬁnd 0 e conv(@) such that 9 — 500
L%Q), m-a.s. Clearly, dom, 6 ,, 6. C domx and, therefore, u[G(domy 900)] <

[ G (dom, Q )], for all x € Rd This shows that

(8.6) G(domy f,.) = G(domy 8..), p-a.s.

so that @ is also a solution of the minimization problem (8.4). Moreover, it follows
from (3.3) that

ridomy QNOO =ridomy ?Q\Oo and, therefore,
aff domy Q~OO = affdomy @OO, JL-a.s.

Step 4: Notice that the values taken by Oso are only fixed on an m-full measure
set. By the convexity of elements of ® in the y-variable, domy 6, has a nonempty
interior in aff(domy éoo). Then as p-a.s., 5,, (X, -) is convex, the following defini-
tion extends 500 to Q:

Ooo(x, y) i=sup{a-y+b:(a,b) € R X R, a - y,(x) + b < Ooo(x, yn(x))
for all n > 0}.
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This extension coincides with 900, in (x, y,(x)) for u-a.e. x € R4, and all n > 1
such that y,(x) ¢ o domX Qk for some k£ > 1 such that domx 9 has a nonempty
interior in aff(dom, 6 Oo) As for k large enough, d domy 6y is Lebesgue negligible
in aff(dom, 0 OO) the remaining y, (x) are still dense in aff(dom, 6 6. o). Then, for
[-a.e. x € R, 9,, (x, -) converges to 900 (x,-) on a dense subset of aff(dom, QOO).
We shall prove in Step 6 below that

(8.7) dom 500 (X, -) has nonempty interior in aff(domy Eoo), JL-a.s.

Then, by Theorem 9.3, we have the convergence 9 (X,) — QOO(X -), point-
wise on aff(domy 900) \d dom@oo(X 9, ) H-as. Since domy 0, = domy 6, and
6 converges to 0, on domy 6, (-a.s., 6 converges to 05 € O, LRpw.

Step 5: Finally, for general (6,),>1 C ©,, we consider 6, , equal to 6, ,u®pw
such that 6, < 6,, for n > 1, from the definition of ©, Then we may fi find )\,
coefficients such that 9’ Zk>n xnek € conv(@ ) converges u®pw to 900 € G)
We denote 9,, =D ksn Ak Qk € conv(9), 9 =6, u®pw, and 9 > 9/. By Proposi-
tion 3.6(iii), 6 converges to O, u@pw. The proposmon is proved.

Step 6: In order to prove (8.7), suppose to the contrary that there is a set A
such that u[A] > 0 and dom 0~oo (x, -) has an empty interior in aff(dom, éoo) for
all x € A. Then, by the density of the sequence (y,(x)),>1 stated in (8.5), we may
find for all x € A an index i (x) > 0 such that

(8.8) F(x) = yi)(x) €ridom, O, and  Boo(x, P(x)) =

Moreover, since i(x) takes values in N, we may reduce to the case where i(x)
is a constant integer, by possibly shrinking the set A, thus guaranteeing that y is
measurable. Define the measurable function on £2:

00 (x, y) :=dist(y, L"),
(8.9) ! . N
with LT:={ye RY: G, (x, y) < On(x, (X))}
Since L is convex, and contains x for n sufficiently large by (8.8), we see that
(8.10) 9,? isconvexiny and 9,10(x, V) <|x —y| for all (x, y) € Q2.

In particular, this shows that 9,9 € ©. By Komlos lemma, we may find

= > 260 econv(9®) suchthat ) —> 07 m-a.s.

n 00
k>n

for some nonnegative coefficients (A}, k > n)n>1 with 3, A} = 1. By conve-
nient extension of this limit, we may assume that 0 € ©. We claim that

@8.11) 62 >0  onH, :={h(x)-(y—F(x)) >0}, for some h(x) € R?.
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We defer the proof of this claim to Step 7 below and we continue in view of the
required contradiction. By definition of 0,? together with (8.10), we compute that

Op (. ) = > MBe(x. ) = 3 Mk (x, ()10~

k>n k>n
O(x, y)
> Z)‘kek (x) k Y
prt lx =yl
80(x, y)

P ]ggf@c(x y(x)).

By (8.8) and (8.11), this shows that the sequence 01 € conv(0) satisfies

Gl(x,-)—>oo on H, forall x € A.

We finally consider the sequence ol.=1 (0 +61) e conv(®). Clearly, dom@ 0o (X,
-) C dom Q QQ(X , -), and it follows from the last property of 6! that dom Q o(X,) C
H{ Ndom§6 . (x,-) for all x € A. Notice that y(x) lies on the boundary of the half
space H, and, by (8.8), y(x) €ri domxg Then G(dom, 6, 51 o) < G(dom,C NOO)
for all x € A and, since u[A] > 0, we deduce that ©[G(domy 6 0 ) <
u[G(domy 6 ,)], contradicting the optimality of 9, by (8.6), for the minimiza-
tion problem (8.4).

Step 7: It remains to justify (8.11). Since §n (x, ) is convex, it follows from the
Hahn-Banach separation theorem that

On(x,) = Op(x, 9(x))  on H :={yeR:h"(x) - (y — §(x)) > 0},
for some 4" (x) € R¥, so that it follows from (8.9) that LT C (H}), and

6, (x. y) 2 dist(y, (H?)) = [(y = 5(0) - k" (0]
Denote 8x ‘= 8dom, g, the Gaussian kernel restricted to the affine span of

domx ,and B, (xo) the correspondlng ball with radius r, centered at some pomt
xo. By (8 8), we may find r* so that B} := B, (y(x)) Cri dome forall r <r*
and

/B,x 0 (x, y)gx(y)dy > /BX[(y —5() - k" ()] g () dy

r

>m1ngx/ (y-e1)Tdy=:b >0,
B B, (0

where e; is an arbitrary unit vector of the affine span of domx . Then
we have the inequality [g. Qn (x,y)8x(y)dy > b, and since Gn has linear
growth in y by (8.10), it follows from the dominated convergence theorem that
fBiggo(x,y)g(dy) > b’ > 0 and, therefore, §go(x, ye) > 0 for some y! € B;.
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From the arbitrariness of r € (0, r,), We deduce (8.11) as a consequence of the
convexity of go(x’ ). Od

PROOF OF PROPOSITION 3.6(111). We need to prove the existence of some
(8.12) 0’ €® suchthat 6, =6, u®pw, and 0. >0
For simplicity, we denote 6 :=6 . Let
Fl .= clconvdomé(X, ),
F*:=clconv(dom@ (X, -) Naffrfy F*1),  k>2,
and F := U (F"\ clrfy F") Ucldomy 6.

n>1

Fix some sequence &, \, 0, and denote 6, := liminf, . (X, e, X + (1 — &,)Y),
and

9 = [ooly¢r(x) + lyecldomy 90*]1X¢Nw

where N, € N, is chosen such that 1y pt(x)1x¢n, are Borel measurable for all
k from Lemma 6.1, and 6(x, -) (resp., 6,(x, -)) is convex finite on dom, 6 (resp.
domy 6,), for x ¢ N,,. Consequently, 6’ is measurable. In the following steps, we
verify that 6’ satisfies (8.12).

Step 1: We prove that 6’ € ©. Indeed, 0’ € ILQL(Q), and 0'(X, X) = 0. Now
we prove that 6'(x, -) is convex for all x € RY. For x € Ny, 0'(x,-) = 0. For
x ¢ Ny, 0(x, -) is convex finite on dom, 6, then by the fact that dom, 6 is a con-
vex relatively open set containing x, it follows from Lemma 8.1 that 6,(x, -) =
lim;, s 50 0 (x, exx + (1 — &,)-) is the lower semicontinuous envelop of 6(x, -) on
cldom, 6. We now prove the convexity of 6’(x, -) on all RY. We denote F (x) :=
F(x) \ cldom, 6 so that RY = F(x)¢ U F(x) U cldom, 6. Now, let y;, y» € R?
and A € (0, 1). If y; € F(x)°, the convexity inequality is verified as 6’ (x, y;) = co.
Moreover, 0’(x, -) is constant on F (x), and convex on cldom, 8. We shall prove
in steps 4 and 5 below that

(8.13) F(x)isconvex, and rf, F(x)=dom,¥6.

In view of Proposition 3.1(ii), this implies that the sets F (x) and cldom, 6 are
convex. Then we only need to consider the case when y; € F (x), and y; €
cldom, 6. By Proposition 3.1(ii) again, we have [y1, y2) C F (x) and, therefore,
MW+ =)y e f(x), and 6'(x, Ay; + (1 — X)y2) = 0, which guarantees the
convexity inequality.

Step 2: We next prove that 6§ = 6’, u®pw. By the second claim in (8.13),
it follows that 6,(X,-) is convex finite on domy 6, u-a.s. Then as a conse-
quence of Proposition 3.4(ii), we have domy 6’ = domy (o0lyg¢r(x)) Ndomy (6, X
lyccldomy), m-a.s. The first term in this intersection is rfy F(X) = domy 6.
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The second contains domy 0, as it is the domy of a function which is finite on
domy 6, which is convex relatively open, containing X. Finally, we proved that
domy 6 = domy 6, u-a.s. Then 0’(X, -) is equal to 6, (X, -) on domy 6 and, there-
fore, equal to 6(X, -), u-a.s. We proved that 6 =6', uQpw.

Step 3: We finally prove that 8’ < 6 pointwise. We shall prove in Step 6 below
that

(8.14) domb(X,-) C F.
Then, coly¢r(x)lx¢ N, = 6, and it remains to prove that
0(x,y) > 6.(x,y) forall y € cldom, 60, x ¢ N,,.

To see this, let x ¢ N, . By definition of N, 6, (x, -) —> 0(x, -) on dom, 6. Notice
that 6(x, -) is convex on dom, 6 and, therefore, as a consequence of Lemma 8.1,

&(x,y):!i\r‘rg)e(x,ex—i—(l —€)y) for all y € cldom, 6.

Then y€ := (1 — €)y + ex € dom, 8,, for € € (0, 1], and #n sufficiently large by (i)
of this proposition and, therefore, (1 — €)6,(x, y) — 0, (x, ye) > (1 —€)6, (x,y) —
0 (x,ye) > 0, for 6; € © such that 6, = 6,, u®pw, and 6, > 0,. Taking the
liminf as n — oo, we get (1 — €)0(x,y) — 0(x, ye) > 0, and finally 6(x, y) >
lime\ 00 (x, ex + (1 —€)y) =0'(x, y), by sending € \ 0.

Step 4: (First claim in (8.13)) Let xg € R9, let us prove that F(xp) is con-
vex. Indeed, let x,y € F(xg), and 0 < A < 1. Since cldom, 6 is convex, and
F"(x0) \ clrfy F"(xp) is convex by Proposition 3.1(ii), we only examine the fol-
lowing nonobvious cases:

e Suppose x € F"(xq) \ clrfy, F"(xp), and y € FP(xp) \ clrfy, F”(x0), with
n < p. Then as F?(xqp) \ clrfy, F”(xo) C clrfy, F"(x0), we have Ax + (1 — 1)y €
F"(x0) \ clrfy, F"(x0) by Proposition 3.1(ii).

e Suppose x € F"(xo) \ clrfy, F"(x0), and y € cldom,, 6, then as cldom,, 6 C
clrfy, F" (xo), this case is handled similar to previous case.

Step 5: (Second claim in (8.13)). We have domy 8 C F(X) and, therefore,
domy 6 C rfy F(X). Now we prove by induction on k > 1 that rfy F(X) C
Upsi (F™ \ clrfx F™*) U cldomy 6. The inclusion is trivially true for k = 1. Let
k > 1, we suppose that the inclusions holds for k, hence rfy F(X) C Unsk (F™"\
clrfy F") Ucldomy 6. As = (F" \ clrfy F") Ucldomy 6 C Fk. Applying rfy
gives

fy F(X) Crfx[U(F” \ clrfx F™) UcldomXQ]

n>k

:er[Fk N U(F” \ clrfx F™) UcldomXG]

n>k
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=r1fy F¥ ﬂer[U(F” \ clrfy F™) UcldomX9:|

n>k

Cclrfy F¥n U(F” \ clrfy F") Ucldomy 6

n>k

c |J (F"\clrfx F*) Ucldomy 6.
n>k+1

Then the result is proved for all k. In particular, we apply it for k =d + 1. Recall
from the proof of Lemma 3.13 that for n > d + 1, F" is stationary at the value
cldomy 6. Then (U, 5441 (F" \ clrfx F") = @, and rfx F(X) C rfx cldomy 6 =
domy 6. The result is proved.

Step 6: We finally prove (8.14). Indeed, dom 6 (X, -) C F! by definition. Then

domé(X,)C F'\aff F' U < J (domé(X, ) Naffrfy F*) \afka)
2<k<d+1

U Fd+1

c F'\clF'u (U clconv(dom@ (X, -) Naffrfy F¥~1)\ cl Fk>
k>2

Ucldomy 6

=J F*\c1FFUcldomy 6 = F.
k>1 U

9. Some convex analysis results. As a preparation, we first report a result on
the union of intersecting relative interiors of convex subsets which was used in the
proof of Proposition 4.1. We shall use the following characterization of the relative
interior of a convex subset K of R¢:

(9.1) riK={xe]Rd:x—e(x/—x)erorsomee>0,f0rallx’eK}
(9.2) =[x eRY:x € (', x0], for some xp € 1i K, and x" € K }.

We start by proving the required properties of the notion of relative face.

PROOF OF PROPOSITION 3.1. (i) The proofs of the first properties raise no
difficulties and are left as an exercise for the reader. We only prove that rf, A =
riA # @ iff a e ri A. We assume that rf; A =ri A # &. The nonemptiness implies
that a € A and, therefore, a € 1f, A =ri A. Now we suppose that a € ri A. Then
forx eriA, [x,a —e(x —a)] CriA C A, for some ¢ > 0 and, therefore, ri A C
rf, A. On the other hand, by (9.2), riA = {x € R? : x € (x, x¢], for some xq €
riA, and x’ € A}. Taking xo := a € ri A, we have the remaining inclusion rf, A C
riA.
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(i1) We now assume that A is convex.

Step 1: We first prove that rf; A is convex. Let x, y e rf, A and A € [0, 1]. We
consider € > O such that (@ —e€(x —a),x+€e(x —a)) CAand (a —€(y —a),y +
€(y —a)) C A. Then if we write z =Ax 4+ (1 — X)y, we have (a —€(z —a),z +
€(z —a)) C A by convexity of A, because a, x,y € A.

Step 2: In order to prove that rf, A is relatively open, we consider x, y € rf; A,
and we verify that (x —e(y — x), y + €(y — x)) C rf; A for some € > 0. Consider
the two alternatives:

Case 1: If a, x, y are on a line. If a = x = y, then the required result is obvious.
Otherwise,

(a—e(x—a),x+e(x—a)U(a—e(y—a),y+e(y—a)) Crf, A.

This union is open in the line and x and y are interior to it. We can find €’ > 0 such
that (x —€’(y — x), y + €' (y — x)) Crf, A.

Case 2: If a, x, y are not on a line, let € > 0 be such that (@ — 2e(x — a), x +
2¢(x —a)) C Aand (a —2¢€(y—a),y+2e(y—a)) CA.Thenx+e(x —a) erf, A
and a — e(y — a) e rf, A. Then, if we take A := ﬁ’
Ma—e(y—a)+(1—1)(x+ex—a)=1—=A)(1+€e)x —rey =x+2re(x —y).

Then x + Ae(x — y) € rf, A and symmetrically, y + Ae(y — x) € rf, A by convexity
of rf, A. And still by convexity, we have that (x —€'(y —x), y+€'(y —x)) Crf, A,

for ¢’ := 146»226 > 0.
Step 3: Now we prove that A \ clrf, A is convex, and that if xg € A\ clrf; A and
Yo € A, then [xg, yo) C A\ clrf, A. We will prove these two results by an induction
on the dimension of the space d. First, if d = 0, the results are trivial. Now we
suppose that the result is proved for any d’ < d, let us prove it for dimension d.
Case 1: a €ri A. This case is trivial as rff, A =11 A and A CclriA =clrf, A
because of the convexity of A. Finally, A \ clrf, A = & which makes it trivial.
Case 2: a ¢ ri A. Then a € A and there exists a hyperplan support H to A in a
because of the convexity of A. We will write the equation of E, the corresponding
half-space containing A, E : ¢ - x < b with c € R? and b € R. As x e rf, A implies
that[a —e(x —a),x+€(x —a)] C A forsome € > 0, wehave (a—e(x —a))-c<b
and (x 4+ €(x — a)) - ¢ < b. These equations are equivalent using that a € H and
thusa-c=bto —e(x —a)-c<0and (1 +¢€)(x —a)- -c <0. We finally have
(x —a)-c=0and x € H. We proved that rf, A C H.
Now using (i) together with the fact that rf, A C H and a € H affine, we have

rf(ANH) =tf, ANt H=1f, AN H =1f, A.

Then we can now have the induction hypothesis on AN H because dim H =d — 1
and AN H C H is convex. Then we have A N H \ clrf, A which is convex and if
xoe ANH\clrf,(ANH), ygoe AN H and if A € (0, 1] then Axg + (1 — L) yp €
A\clrf, (AN H).
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First A\ cltf, A= (A\ H) U ((AN H) \ clrf; A), let us show that this set is
convex. The two sets in the union are convex (A\ H = AN (E \ H)), so we need
to show that a nontrivial convex combination of elements coming from both sets
is still in the union. We consider x e A\ H, y € AN H \ clrf, A and A > 0, let
us show that z:=Ax + (1 —A)ye (A\H)UANH\clif, A). Asx,y € A
(clrf; A C A because A is closed), z € A by convexity of A. We now prove z ¢ H,

z-c=Ax-c+(1—=ANy-c=Ax-c+{A—=-MNb<Aib+ (1 —-A)b=hb.

Then z is in the strict half-space: z € E \ H. Finally, z€ A\ H and A \ clrf, A is
convex.

Let us now prove the second part: we consider xg € A \ clrf, A, yg € clrf; A
and A € (0, 1] and write zg := Axo + (1 — 1) yo.

Case 2.1: xp, yo € H. We apply the induction hypothesis.

Case 2.2: x9,y0 € A\ H. Impossible because rf, A C H and clrf, A C
clH=H.ye H.

Case 2.3: xo € A\ H and yg € H. Then by the same computation than in Step 1,

20 € A\ H C A\clrf, A.

Step 4: Now we prove that if a € A, then dim(rf,clA) = dim(A) if and
only if a € ri A, and that in this case, we have clrf,cl A = clriclA =clA =
clrf, A. We first assume that a € ri A. As by the convexity of A, riA =ricl A,
rf,cl A =ricl A and, therefore, clrf, cl A = cl A. Finally, taking the dimension,
we have dim(clrf, cl A) = dim(A). In this case, we proved as well that clrf, cl A =
clricl A =cl A = clrf, A, the last equality coming from the fact that ri A =rf; A
asaeriA.

Now we assume that a ¢ ri A. Then a € dcl A, and rf, cl A C d cl A. Taking the
dimension (in the local sense this time), and by the fact that dimdclA =dimdA <
dim A, we have dim(clrf, cl A) < dim(A) (as clrf, cl A is convex, the two notions
of dimension coincide). [

LEMMA 9.1. Let Ki, K>, C R? be convex with riK; Nri K> #*+ @. Then
conv(ri K1 Uri Kp) =riconv(K| U K>).

PROOF. Wefix y eri K| Nri K>.

Let x € conv(ri K1 Uri K»), we may write x = Ax] + (1 — A)xo, with x; €11 K1,
xperiKrand 0 <A <1.1f Lis O or 1, we have trivially that x € riconv(K| N K>).
Let us now treat the case 0 < A < 1. Then for x” € conv(K| U K7), we may write
x' =Ax1+ 1 = A)xj, with x| € K1, xj € Ky, and 0 < 1" < 1. We will use y as
a center as it is in both the sets. For all the variables, we add a bar on it when
we subtract y, for example, x := x — y. The geometric problem is the same when
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translated with y,

T —e(¥ %) :A<)E1 —e(%iﬁ —xl»
+<1—x>< 2—€<11:);:x2_x2>>

- —_— . . . . . /_ -
However, as x| and x/l are in K| — y, as 0 is an interior point, e(%x’1 —X1) €

K1 —y for € small enough. Then as x is interior to K; — y as well, x| — 6(}%)2/1 —

9.3)

Xx1) € K1 — y as well. By the same reasoning, x, — e(l sz —X2) € Ko — y.
Finally, by (9.3), for € small enough, x — €(x’ — x) € conv(K| U K»). By (9.1),
x ericonv(K U K>).

Now let x e riconv(K| U K»). We use again y as an origin with the notation
X :=x —y.As x is interior, we may find € > 0 such that (1+¢€)x € conv(K;UK>»).
We may write (1 +e)£ —)uh + (1 — A))Ez, with x1 € K1 —y,X2 € Ky —y and
0<A<1.Thenx = x1+(l A)l x2.By (9.2), 5 6xl eri Kq and 1+€x2 €
rnky, x € conv(ri(K1 — y) Uri(Kp — y)) and, therefore x €conv(ri Ky Uri KZ%

Now we use the measurable selection theory to establish the nonemptiness of

of.
LEMMA 9.2. Forall f € €, we have of # 9.

PROOF. By the fact that f is continuous, we may write f (x) = (> Fn(x)
for all x € R?, with F,(x) :=={p € R¢: f(yp,) — f(x) = p - (yo» — x)} where
(Yn)n>1 C R? is some fixed dense sequence. All F;, are measurable by the conti-
nuity of (x, p) —> f(yn) — f(x) — p- (yn — x) together with Theorem 6.4 in [13].
Therefore, the mapping x —> df (x) is measurable by Lemma 7.1. Moreover, the
fact that this mapping is closed nonempty-valued is a well-known property of the
subgradient of finite convex functions in finite dimension. Then the result holds by
Theorem 4.1 in [23]. U

We conclude this section with the following result which has been used in our
proof of Proposition 3.7. We believe that this is a standard convex analysis result,
but we could not find precise references. For this reason, we report the proof for
completeness.

THEOREM 9.3. Let f,, f : RY — R be convex functions with intdom f # &.
Then f, — f pointwise on R\ ddom f if and only if f, —> f pointwise on
some dense subset A C R?\ ddom f.

PROOF. We prove the nontrivial implication “if.” We first prove the conver-
gence on intdom f. f, converges to f on a dense set. The reasoning will con-
sist in proving that the f;, are Lipschitz, it will give a uniform convergence and
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then a pointwise convergence. First, we consider K C intdom f compact convex
with nonempty interior. We can find N € N and xq,...,xy € AN (intdom f \ K)
such that K C intconv(xy,...,xy). We use the pointwise convergence on A
to get that for n large enough, f,(x) < M for x € conv(xy,...,xn), M >0
(take M = maxj<k<y f(xx) + 1). Then we will prove that f, is bounded from
below on K. We consider a € A N K and §¢ := sup, g |x — a|. For n large
enough, f,(a) > m for any a € A (take, e.g., m = f(a) — 1). We write §; :=
MiN(x, y)eK xd conv(xy,...,xy) X — ¥|. Finally, we write 82 := Sup, \ccony(x;,....xn) 1* —
y|. Now, for x € K, we consider the half-line x + R (a — x), it will cut
adconv(xy,...,xy) in one only point y € d conv(xy,...,xy). Thena € [x y] and,

therefore, a = :zii ||x + ii:’; || y. By the convex inequality, fala) < :z i () +

4| £, (¥). Then fn(x) > — [t B2y > — %0 M+ 2. Finally, if we write

mo = —80M+

M>fn>m0 on K.

This will prove that f;, i is M

m0_1 ipschitz. We consider x € K and a unit direction

ue8!and I €dfu(x). Foraumque A>0,y:=x+Aiuedconv(xy,...,xXy).
As u is a unit vector, A = |y — x| > §1. By the convex inequality, f,(y) > f,(x) +
fr(x)-(y—x). Then M —mq > 8| f,, -ul, and finally, | f,, -u| < M m0 a5 this bound

does not depend on u, | f,)] < Ms—l’"o for any such subgradient. For n large enough,
the f; are uniformly Lipschitz on K, and so in f. The convergence is uniform on
K, it is then pointwise on K. As this is true for any such K, the convergence is
pointwise on intdom f.

Now let us consider x € (cldom f)¢. The set conv(x, intdom f) \ dom f has
a nonempty interior because dist(x,dom f) > 0 and intdom f £ &. As A is
dense, we can consider a € A N conv(x, intdom f) \ dom f. By definition of
conv(x, intdom f), we can find y € intdom f such that a = Ay + (1 — A)x.
We have A < 1 because a ¢ dom f. If A =0, f,(x) = fu(a) —n—co 00. Oth-
erwise, by the convexity inequality, f,(a) < Af,(¥) + (1 — A) fu(x). Then, as
fn(@) —>n—00 00, and f,,(y) —>n—o0o f(¥) < 00, we have f,(x) —> 00 c><[>]
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