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The aim of the present paper is to bridge the gap between the Bakry—
Emery and the Lott—Sturm—Villani approaches to provide synthetic and ab-
stract notions of lower Ricci curvature bounds.

We start from a strongly local Dirichlet form £ admitting a Carré du
champ T" in a Polish measure space (X, m) and a canonical distance dg that
induces the original topology of X. We first characterize the distinguished
class of Riemannian Energy measure spaces, where £ coincides with the
Cheeger energy induced by dg and where every function f with I'(f) <1
admits a continuous representative.

In such a class, we show that if &£ satisfies a suitable weak form of
the Bakry—Emery curvature dimension condition BE(K , 00) then the met-
ric measure space (X, d, m) satisfies the Riemannian Ricci curvature bound
RCD(K, o0) according to [Duke Math. J. 163 (2014) 1405-1490], thus show-
ing the equivalence of the two notions.

Two applications are then proved: the tensorization property for Rieman-
nian Energy spaces satisfying the Bakry—Emery BE(K, N) condition (and
thus the corresponding one for RCD(K, co) spaces without assuming non-
branching) and the stability of BE(K, N) with respect to Sturm—Gromov—

Hausdorft convergence.
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1. Introduction. Besides its obvious geometric relevance, spaces with Ricci
curvature bounded from below play an important role in many probabilistic and an-
alytic investigations that reveal various deep connections between different fields.

Starting from the celebrated paper by Bakry—Emery [12], the curvature-
dimension condition based on the I">-criterium in Dirichlet spaces provides crucial
tools for proving refined estimates on Markov semigroups and many functional in-
equalities, of Poincaré, Log-Sobolev, Talagrand and concentration type (see, e.g.,
(8, 11, 13, 36-38]).

This general functional-analytic approach is also well suited to deal with gen-
uinely infinite dimensional settings with applications to Wiener measure on the
paths of Brownian motion with values in a Riemannian manifold, as in, for ex-
ample, [14]. In fact, Ricci curvature also arises in Bismut-type formula [30] and
its applications to gradient estimates [9, 10], and to the construction of couplings
between Brownian motions [32, 35].

The importance of curvature bounds in the framework of optimal transport has
been deeply analyzed in [21, 45, 56]. These and other important results led Sturm
[53, 54] and Lott—Villani [41] to introduce a new synthetic notion of the curvature-
dimension condition, in the general framework of metric-measure spaces.

The aim of the present paper is to bridge the gap between the Bakry—Emery
and the Lott—Sturm—Villani approaches to provide synthetic and abstract notions
of lower Ricci curvature bounds. In order to make this statement more precise, let
us briefly review the main points of both settings.

The Bakry—Emery condition BE(K, N): Dirichlet forms and T -calculus. The
first approach is based on the functional I'-calculus developed by Bakry—Emery
since [12]; see [11, 15].

A possible starting point is a local and symmetric Dirichlet form £ on the mea-
sure space (X, B, m) with dense domain D(&) C L?(X,m), and the associated
Markov semigroup (P;);>¢ on L?(X, m) with generator Ag¢ (general references
are [18, 25, 42]). In a suitable algebra .4 of functions dense in the domain D(Ag¢)
of A¢ one introduces the Carré du champ

T(f.8):=1(Ac(fg) — fAcg—gAcf),  f.geA,



BAKRY-EMERY CURVATURE-DIMENSION CONDITION 341

related to £ by the local representation formula

E(f,g):/xl"(f,g)dm for every f, g € A.

One also assumes that A¢ is a diffusion operator, that is, with the notation I'(f) :=
L'(f, f), it holds

Acp(f)=¢ (HAef +¢"(NHT()
for every f € A, ¢ € C*(R) with bounded derivatives.

The model example is provided by a smooth Riemannian manifold (M, g) en-
dowed with the measure m :=e~" Volg for a given smooth potential V :M¢ — R.
In this case, one typically chooses A = C2° (M) and

E(f, 8)=/Md<Vf, Vg)gdm so that

F(f)=IVflg and Ag=Ag—(VV, V),

where Ag is the usual Laplace—Beltrami operator on M. This fundamental exam-
ple shows that T carries the metric information of M¢, since one can recover the
Riemannian distance dg in M4 by the formula

(L1)  dg(x,y) =sup{y(y) =y (x): ¥ € A, T () <1, x,y eM.
A further iteration yields the I'» operator, defined by

(1.2) 205(f) = Ael'(f) = 2I(f, Ae f), feA

In the above example, Bochner’s formula yields
[2(f) = || Hessg f||§ + (Ricg+Hessg V)(V £, V ),

and one obtains the fundamental inequality

(1.3) o(f) = KT'(f) + %(Agf)2 for every f € A,

if the quadratic form associated to the tensor Ricg + Hessg V' is bounded from be-
low by Kg + ﬁvv ® VV for some K €e R and N >d. When V =0, it is
possible to show that (M¢, g) has Ricci curvature bounded from below by K iff
(1.3) is satisfied for N > d.

It is then natural to use (1.3) as a definition of curvature-dimension bounds
even in the abstract setting: it is the so-called Bakry—Emery curvature-dimension
condition, that we denote here by BE(K, N).

One of the most remarkable applications of (1.3) is provided by pointwise gra-
dient estimates for the Markov semigroup (see, e.g., [11, 15] for relevant and deep
applications). Considering here only the case N = oo, (1.3) yields

(1.4) (P, f) <e ?KP,(T'(f))  forevery f € A,



342 L. AMBROSIO, N. GIGLI AND G. SAVARE

a property that is essentially equivalent to BE(K, co) (we refer to [57] for other for-
mulations of BE(K, N) for Riemannian manifolds, see also the next Section 2.2)
and involves only first order “differential” operators.

Up to the choice of an appropriate functional setting [in particular, the algebra
A and the distance d associated to I" as in (1.1) play a crucial role], I"-calculus and
curvature-dimension inequalities provide a very powerful tool to establish many
functional inequalities and geometric properties, often in sharp form.

Lower Ricci curvature bounds by optimal transport: The CD(K, 00) condition.
A completely different approach to lower Ricci bounds has been recently proposed
by Sturm [53, 54] and Lott—Villani [41]: here, the abstract setting is provided by
metric measure spaces (X, d, m), where (X, d) is a separable, complete and length
metric space and m is a nonnegative o -finite Borel measure. Just for simplicity, in
this Introduction we also assume m(X) < oo, but the theory covers the case of a
measure satisfying the exponential growth condition m(B,(x)) < M exp(crz) for
some constants M, ¢ > 0.

The Lott—Sturm—Villani theory (LSV in the following) is based on the notion
of displacement interpolation [43], a powerful tool of optimal transportation that
allows one to extend the notion of geodesic interpolation from the state space X
to the space of Borel probability measures &7, (X) with finite quadratic moment.
Considering here only the case N = 0o, a metric measure space (X, d, m) satisfies
the LSV lower Ricci curvature bound CD(K, oo) if the relative entropy functional

(15) Entu (1) = /X flogfdm, — p=fm,

is displacement K -convex in the Wasserstein space (2 (X), W) (see [3, 55] and
Section 3.1 below). This definition is consistent with the Riemannian case [56],
and thus equivalent to BE(K, 00) in such a smooth framework.

Differently from the Bakry—Emery’s approach, the LSV theory does not orig-
inally involve energy functionals or Markov semigroups, but it is intimately con-
nected to the metric d (through the notion of displacement interpolation) and to the
measure m [through the entropy functional (1.5)]. Besides many useful geometric
and functional applications of this notion [26, 40, 48], one of its strongest features
is its stability under measured Gromov—Hausdorff convergence [24], also in the
weaker transport-formulation proposed by Sturm [54].

Starting from the CD(K, oo) assumption, one can then construct an evolution
semigroup (H;);>o on the convex subset of &7, (X) given by probability measures
with finite entropy [26]: it is the metric gradient flow of the entropy functional in
Z(X) [3]. Since also Finsler geometries (as in the flat case of R? endowed with
a non-Euclidean norm) can satisfy the CD(K, co) condition, one cannot hope in
such a general setting that H; are linear operators. Still, (H;);>0 can be extended
to a continuous semigroup of contractions in L?(X,m) (and in any L7 (X, m)-
space), which can also be characterized as the L3(X, m)-gradient flow (P;);>¢ of
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a convex and 2-homogeneous functional, the Cheeger energy [6, 20], Section 4.1,
Remark 4.7,

Ch(f)
(1.6)

1
:=inf{1li1mio%f§/ IDf,|*dm: f, € Lip,(X), f, — f in L*(X, m)}
- X

[here, Lip, (X) denotes the space of Lipschitz and bounded real functions defined
in X and |D f| is the local Lipschitz constant, or slope, of the Lipschitz function
f, see Section 3.1].

The remarkable identification between (H;);>0 and (P;);>0 has been first pro-
posed and proved in Euclidean spaces by a seminal paper of Jordan—Kinderleher—
Otto [31] and then extended to Riemannian manifolds [23, 55], Hilbert spaces [7],
Finsler spaces [44], Alexandrov spaces [28] and eventually to CD(K, co) metric
measure spaces [6].

Spaces with Riemannian Ricci curvature bounded from below: The RCD(K, 00)
condition. Having the energy functional (1.6) and the contraction semigroup
(Py):>0 at our disposal, it is then natural to investigate when LSV spaces satisfy
BE(K, 00). In order to attack this question, one has of course to clarify when the
Cheeger energy (1.6) is a Dirichlet (thus quadratic) form on L%(X,m) [or, equiva-
lently, when (P;);>0 is a semigroup of /inear operators] and when this property is
also stable under Sturm—Gromov—Hausdorff convergence.

One of the most important results of [5] (see also [2] for general o -finite mea-
sures) is that CD(K, 0o) spaces with a quadratic Cheeger energy can be equiva-
lently characterized as those metric measure spaces where there exists the Wasser-
stein gradient flow (H;);>¢ of the entropy functional (1.5) in the EVIg -sense. This
condition means that for all initial data u € £7;(X) with supp u C suppm there
exists a locally Lipschitz curve ¢ — H,u € & (X) satisfying the evolution varia-
tional inequality:

2
WG K W2 Hypt, ) + Ent (Hu2) < Ent(0)

(1.7) dr 2 2

for a.e. t € (0, o0)

for all v € #2;(X) with Enty, (v) < o0.

Such a condition is denoted by RCD(K, c0) and it is stronger than CD(K, 00),
since the existence of an EVIg flow solving (1.7) yields both the geodesic K-
convexity of the entropy functional Enty [22] and the linearity of (H;);>o [5],
Theorem 5.1, but it is still stable under Sturm—Gromov—Hausdorff convergence.
When it is satisfied, the metric measure space (X, d, m) is called in [5] a space
with Riemannian Ricci curvature bounded from below by K.

In RCD(K, oo)-spaces the Cheeger energy is associated to a strongly local
Dirichlet form Ech(f, f) :=2Ch(f) admitting a Carré du champ I". With the cal-
culus tools developed in [5], it can be proved that I" has a further equivalent repre-
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sentation I'(f) = D f |2w in terms of the minimal weak gradient |D f|,, of f. The
latter is the element of minimal L?-norm among all the possible weak limits of
ID f,;| in the definition (1.6).

It follows that Ecp, can also be expressed by Ecn(f, f) = [x IDf I%) dm and the
set of Lipschitz functions f with [y [D f |> dm < oo is strongly dense in the domain
of &cn. In fact, the Dirichlet form Ecp enjoys a further upper-regularity property,
common to every Cheeger energy ([4], Section 8.3):

(a) forevery f € D(E) there exist f;, € D(E) N Cp(X) and upper semicontinu-
ous bounded functions g, : X — R such that

T(f,) < g2 fo— fin L*(X, m), limsup [ g2dm < E(f, f).
n—-oo JX

Here and in the following, C,(X) denotes the space of continuous and bounded
real functions defined on X.

From RCD(K, 00) to BE(K, c0). The previous properties of the Cheeger en-
ergy show that the investigation of Bakry—Emery curvature bounds makes per-
fectly sense in RCD(K, c0) spaces. One of the main results of [5] connecting these
two approaches shows in fact that RCD(K, co) yields BE(K, oo) in the gradient
formulation (1.4) for every f € D(Ecn).

In fact, an even more refined result holds ([5], Theorem 6.2), since it is possible
to control the slope of P; f in terms of the minimal weak gradient of f

IDP, f1> <e X'P,(IDfI3)  whenever f € D(Ecn), IDflw € L(X,m),
an estimate that has two useful geometric-analytic consequences:

(b) d coincides with the intrinsic distance associated to the Dirichlet form Ecp
(introduced in Biroli-Mosco [16], see also [51, 52] and [50]), namely

d(x, y) =sup{y(y) — ¥ (x): ¢ € D(Ecn) NCp(X), T (¥) < 1}, x,yeX.

(c) Every function ¢ € D(5Cp) with I'(y) < 1 m-a.e. admits a continuous (in
fact 1-Lipschitz) representative .

From BE(K, o0) to RCD(K, co). In the present paper, we provide necessary
and sufficient conditions for the validity of the converse implication, that is,
BE(K, 00) = RCD(K, 00).

In order to state this result in a precise way, one has first to clarify how the
metric structure should be related to the Dirichlet one. Notice that this problem is
much easier from the point of view of the metric measure setting, since one has
the canonical way (1.6) to construct the Cheeger energy.

Since we tried to avoid any local compactness assumptions on X as well as
doubling or Poincaré conditions on m, we used the previous structural properties
(a), (b), (c) as a guide to find a reasonable set of assumptions for our theory; notice
that they are in any case necessary conditions to get a RCD(K, 0o) space.
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We thus start from a strongly local and symmetric Dirichlet form £ on a Pol-
ish topological space (X, t) endowed with its Borel o-algebra and a finite (for
the scope of this introduction) Borel measure m. In the algebra Vo, := D(E) N
L*°(X,m) we consider the subspace G, of functions f admitting a Carré du
champ I'(f) € L' (X, m): they are characterized by the identity

1
(1.8) E(f, f(p)—ié’(fz,(p):/;(f‘(f)(pdm for every ¢ € Veo.

We can therefore introduce the intrinsic distance d¢ as in (b)
de(x, y)
(1.9)
=sup{Y(y) =¥ (0): ¥ €GooNCX), T(Y) <1},  x,y€X,

and, following the standard approach, we will assume that d¢ is a complete dis-
tance on X and the topology induced by dg¢ coincides with t.

In this way, we end up with Energy measure spaces (X, t,m, &) and in this
setting we prove in Theorem 3.12 that £ < Ecp, where Ecp is the Cheeger energy
associated to dg; moreover, Theorem 3.14 shows that £ = &gy, if and only if (a)
holds (see [33], Section 5, for a similar result in the case of doubling spaces sat-
isfying a local Poincaré condition and for interesting examples where £y is not
quadratic and £ # Egp). It is also worth mentioning (Theorem 3.10) that for this
class of spaces (X, dg) is always a length metric space, a result previously known
in a locally compact framework [50, 52].

The Bakry—Emery condition BE(K, 00) can then be stated in a weak integral
form (strongly inspired by [11, 15, 57]) just involving the Markov semigroup
(Ps)s=0 [see (2.33) of Corollary 2.3 and (2.23), (2.24) for relevant definitions] by
asking that the differential inequality

02 0
(1.10) = / (Pr_s f)?Pypdm = 2K - / (Pres f)?Pspdm,  O<s<t,
as2 Jx as Jx

is fulfilled for any f € L*>(X, m) and any nonnegative ¢ € L>N L% (X, m). Notice
that in the case K = 0 (1.10) is equivalent to the convexity in (0, ¢) of the map
s> [x(Pr—s f)*Psp dm.

If we also assume that BE(K, co) holds, it turns out that (c) is in fact equivalent
to a weak-Feller condition on the semigroup (P;);>0, namely P; maps Lip, (X) in
Cp(X). Moreover, (c) implies the upper-regularity (a) of £ and the fact that every
f e D(E)NL*®(X,m) admits a Carré du champ I' satisfying (1.8).

Independently of BE(K, 0co), when properties (a) and (c) are satisfied, we call
(X, t,m, ) a Riemannian Energy measure space, since these space seem appro-
priate nonsmooth versions of Riemannian manifolds. It is also worth mentioning
that in this class of spaces BE(K, c0) is equivalent to an (exponential) contraction
property for the semigroup (H;);>0 with respect to the Wasserstein distance W;
(see Corollary 3.18), in analogy with [34].
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Our main equivalence result, Theorem 4.17, shows that a BE(K, co) Rieman-
nian Energy measure space satisfies the RCD(K, co) condition: thus, in view of
the converse implication proved in [5], BE(K, co) is essentially equivalent to
RCD(K, 00). A more precise formulation of our result, in the simplified case when
the measure m is finite, is the following.

THEOREM 1.1 (Main result). Let (X, 1) be a Polish space and let m be a
finite Borel measure in X. Let £:L*(X, m) — [0, 00] be a strongly local, sym-
metric Dirichlet form generating a mass preserving Markov semigroup (P;);>0 in
L2(X,m), let dg be the intrinsic distance defined by (1.9) and assume that:

(1) dg is a complete distance on X inducing the topology t and any function
f € Goo with T'(f) < 1 admits a continuous representative;
(i1) the Bakry—Emery BE(K, o0) condition (1.10) is fulfilled by (P;)>0.

Then (X, dg, m) is a RCD(K, 00) space.

We believe that this equivalence result, between the “Eulerian” formalism
of the Bakry—Emery BE(K, co) theory and the “Lagrangian” formalism of the
CD(K, c0) theory, is conceptually important and that it could be a first step for a
better understanding of curvature conditions in metric measure spaces. Also, this
equivalence is technically useful. Indeed, in the last section of this paper, we prove
the tensorization of BE(K, N) spaces. Then, in the case N = 0o, we can use the
implication from BE(K, co) to RCD(K, 00) to read this property in terms of ten-
sorization of RCD(K, 0o) spaces: this was previously known (see [5]) only under
an a priori nonbranching assumption on the base spaces [notice that the CD(K, N)
theory, even with N = oo, suffers at this moment the same limitation]. On the
other hand, we use the implication from RCD(K, co) to BE(K, 00), (1.11) be-
low and the strong stability properties which follow by the EVIg formulation to
provide stability of the BE(K, N) condition under a very weak convergence, the
Sturm—Gromov—Hausdorff convergence.

Plan of the paper. Section 2 collects notation and preliminary results on Dirich-
let forms, Markov semigroups and functional I'-calculus, following the presen-
tation of [18], which avoids any topological assumption. Particular attention is
devoted to various formulations of the BE(K, N) condition: they are discussed in
Section 2.2, trying to present an intrinsic approach that does not rely on the in-
troduction of a distinguished algebra of functions .4 and extra assumptions on the
Dirichlet form &, besides locality. In its weak formulation [see (2.33) of Corol-
lary 2.3 and (2.23), (2.24)],

1 92

K 0
—— | (Pi—sf)*Pspdm > —— [ (P, f)*Pypdm
4952 Jx ¢ 2 95 Jx ¢

(1.11) 1
4 / (AePi_s f)2Pyp dm,
N Jx
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which is well suited to study stability issues, BE(K, N) does not even need a
densely defined Carré du Champ I', because only the semigroup (P;);>0 is in-
volved.

Section 3 is devoted to study the interaction between energy and metric struc-
tures. A few metric concepts are recalled in Section 3.1, whereas Section 3.2 shows
how to construct a dual semigroup (H;);>0 in the space of probability measures
Z(X) under suitable Lipschitz estimates on (P;);>0. By using refined properties
of the Hopf-Lax semigroup, we also extend some of the duality results proved by
Kuwada [34] to general complete and separable metric measure spaces, avoiding
any doubling or Poincaré condition.

Section 3.3 presents a careful analysis of the intrinsic distance dg (1.9) asso-
ciated to a Dirichlet form and of Energy measure structures (X, 7, m, £). We will
thoroughly discuss the relations between the Dirichlet form £ and the Cheeger
energy Ch induced by a distance d, possibly different from the intrinsic distance
dg and we will obtain a precise characterization of the distinguished case when
d =dg¢ and £ = 2Ch: here, conditions (a), (b) play a crucial role.

A further investigation when BE(K, 0o) is also assumed is carried out in Sec-
tion 3.4, leading to the class of Riemannian Energy measure spaces.

Section 4 contains the proof of the main equivalence result, Theorem 1.1, be-
tween BE(K, co) and RCD(K, 0o). Apart the basic estimates of Section 4.1, the
argument is split into two main steps: Section 4.2 proves a first L logL. regular-
ization estimate for the semigroup (H;);>0, starting from arbitrary measures in
P5(X) (here, we follow the approach of [57]). Section 4.3 contains the crucial ac-
tion estimates to prove the EVIg inequality (1.7). Even if the strategy of the proof
has been partly inspired by the geometric heuristics discussed in [22] (where the
Eulerian approach of [46] to contractivity of gradient flows has been extended to
cover also convexity and evolutions in the EVIg sense) this part is completely new
and it uses in a subtle way all the refined technical issues discussed in the previous
sections of the paper.

In the last Section 5, we discuss the above mentioned applications of the equiv-
alence between BE(K, co0) and RCD(K, 00).

2. Dirichlet forms, Markov semigroups, I'-calculus.

2.1. Dirichlet forms and T -calculus. Let (X, B) be a measurable space, let
m:B — [0, co] o-additive and let L? (X, m) be the Lebesgue spaces (for nota-
tional simplicity, we omit the dependence on I3). Possibly enlarging B and ex-
tending m we assume that 53 is m-complete. In the next Sections 3 and 4, we will
typically consider the case when B is the m-completion of the Borel o-algebra
generated by a Polish topology 7 on X.

In all of this paper, we will assume that

E:L*(X,m) — [0,00]isa strongly local, symmetric Dirichlet form gen-
erating a Markov semigroup (P;);>¢ in L?(X, m).

2.1
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Let us briefly recall the precise meaning of this statement.
A symmetric Dirichlet form & is a L?(X, m)-lower semicontinuous quadratic
form satisfying the Markov property

(2.2) Emo f)<ES) for every normal contraction n: R — R,

that is, a 1-Lipschitz map satisfying n(0) = 0. We refer to [18, 25] for equivalent
formulations of (2.2). We also define

V:i=D(E)={f e L*(X,m):E(f) < 00}, Voo :=D(E)NL®(X, m).

We also assume that V is dense in L>(X, m).
We still denote by £(-, ) : V — R the associated continuous and symmetric bi-
linear form

E(f.8) = 3(Ef +8) —E(f —8).
We will assume strong locality of £, namely
Vf,geV:E(f,g)=0 if (f +a)g=0m-a.e.in X for some a € R.

It is possible to prove (see, e.g., [18], Proposition 2.3.2) that V, is an algebra with
respect to pointwise multiplication, so that for every f € V, the linear form on
Voo

(2.3) LIf;0l:=E(f fo) — (2 0),  ¢eVx,

is well defined and for every normal contraction 7 : R — R it satisfies [18], Propo-
sition 2.3.3,

(24) 0=<Tnofiel=<T[fi¢]l=<llpll€(f)  forevery f,¢ € Voo, =>0.

Equation (2.4) shows that for every nonnegative ¢ € Voo f = T'[f;¢] is a
quadratic form in V4, which satisfies the Markov property and can be extended
by continuity to V. We call G the set of functions f € V such that the linear form
¢ — TI'[f; ¢] can be represented by a an absolutely continuous measure w.r.t. m
with density '(f) € L1 (X, m):

(2.5) feG < F[f;@]:/XF(f)godm for every ¢ € V.

Since £ is strongly local, [18], Theorem 6.1.1, yields the representation formula

(2.6) E(f, f):/xl“(f)dm for every f € G.

It is not difficult to check that G is a closed vector subspace of V, the restriction
of £ to G is still a strongly local Dirichlet form admitting the Carré du champ I'
defined by (2.5) (see, e.g., [18], Definition 4.1.2): I" is a quadratic continuous map
defined in G with values in L 1+(X ,m). We will see in the next Section 2.2 that
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if £ satisfies the BE(K, o0) condition, then G coincides with V and £ admits a
functional I"-calculus on the whole space V.

Since we are going to use I'-calculus techniques, we use the I" notation also for
the symmetric, bilinear and continuous map

F(f.e)=3C(f+&)-T(f-g)el'X,m),  fgeG,
which, thanks to (2.6), represents the bilinear form £ by the formula

E(f, g)=/XF(f,g)dm forevery f, g € G.

Because of Markovianity and locality I"(-, -) satisfies the chain rule [18], Corol-
lary 7.1.2,

Q7 T(n(f),g)=n(/HT(f.g)  forevery f, g€ G,neLip(R), n(0) =0,
and the Leibniz rule:
I'(fg,h)=fT'(g,h)+gl'(f, h) forevery f,g,h € Goo :=GNL®(X,m).

Notice that by [18], Theorem 7.1.1, (2.7) is well defined since for every Borel set
N C R (as the set where ¢ is not differentiable)

(2.8) LY N)=0 = TI(f)=0  m-ae.on fI(N).

Among the most useful consequences of (2.8) and (2.7) that we will repeatedly use
in the sequel, we recall that for every f, g€ G

I'(f—g=0 m-a.e.on { f = g},
and the following identities hold m-a.e.:

NGB on{f <g},
I'(g), on{f > g},

INGAE on{f > g}
I'(g), on{f <g}

We conclude this section by stating the following lower semicontinuity result along
a sequence (f;,), C G converging to f € G:

rifre=|
2.9)
rifve=|

fo— 1, C(f,) =G  inL*(X,m)
(2.10)
= TI(f)<G?> m-ae. inX.

It can be easily proved by using Mazur’s lemma and the m-a.e. convexity of f —

JT(f), namely
J(=0f +1g) <1 =0T +1/T(e)  m-ae.in X, forall 1 [0, 1],

which follows since I" is quadratic and nonnegative.
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The Markov semigroup and its generator. The Dirichlet form £ induces a
densely defined self-adjoint operator Ag: D(Ag) CV — L?(X,m) defined by the
integration by parts formula £(f, g) = — [y gAg fdmforall g € V.

When G =V, the operator A¢ is of “diffusion” type, since it satisfies the fol-
lowing chain rule for every n € C2(R) with 7(0) = 0 and bounded first and second
derivatives (see [18], Corollary 6.1.4, and the next (2.16)): if f € D(Ag) with
I'(f) € L*(X, m) then n(f) € D(Ag) with

(2.11) Aen(f)=n"(HHAsf +n"(HT).

The heat flow P; associated to £ is well defined starting from any initial con-
dition f € L?(X,m). Recall that in this framework the heat flow (Py)i>0 1s an
analytic Markov semigroup and f; = P; f can be characterized as the unique C'
map f:(0, co) — L?(X, m), with values in D(Ag), satisfying

d
af,f:Agf;, for ¢ € (0, 00),

lim f, = f, in L?(X, m).

t0
Because of this, Ag can equivalently be characterized in terms of the strong con-
vergence (P, f — f)/t — Agfin L>(X,m) ast | 0.

One useful consequence of the Markov property is the L? contraction of (P;);>0
from LP? N L% to LP N L?. Because of the density of L” N L% in LP when
p €[1, 00), this allows to extend uniquely P; to a strongly continuous semigroup
of linear contractions in L? (X, m), p € [1, 00), for which we retain the same no-
tation. Furthermore, (P;);>¢ is sub-Markovian (cf. [18], Proposition 3.2.1), since
it preserves one-sided essential bounds, namely f < C (resp., f > C) m-a.e. in X
for some C > 0 (resp., C <0) implies P; f < C (resp., P; f > C) m-a.e. in X for
allt > 0.

We will mainly be concerned with the mass-preserving case, that is,

(2.12) /XPtfdm=/dem foreveryfeLl(X,m),

a property which is equivalent to 1 € D(E) when m(X) < oo. In the next session
(see Theorem 3.14), we will discuss a metric framework, which will imply (2.12).

The semigroup (P;);>0 can also be extended by duality to a weakly*-continuous
semigroup of contractions in L°° (X, m), so that

/P,fwdm:/ fPpdm  forevery f e L®(X,m),p e L'(X, m).
X X

It is easy to show that if f,, € L°°(X, m) weakly™ converge to f in L°° (X, m) then
P, fy = P, f in L(X, m).

The generator of the semigroup in L' (X, m). Sometimes it will also be useful
to consider the generator A(gl) : D(Ag)) c LY(X,m) > L'(X, m) of (P)s>0 in
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LY(X,m) ([47], Section 1.1):

feD(AW), AP f=g
(2.13)

1
& lifol;(P,f—f):g strongly in L' (X, m).
t

Thanks to (2.13) and L! contractivity it is easy to check that

1

feD(ay))
(2.14) 1 1 |
= P feDAY),  AVPfF=PALf  foralls >0,

and, when (2.12) holds,

/ A(gl)fdm =0 for every f € D(A(gl)).
X

The operator Ag) is m-accretive and coincides with the smallest closed extension
of Ag to LY(X, m): ([18], Proposition 2.4.2):
1
g=2¢f

N {Elf,, € D(Ag) N L' (X, m) with g, = A¢ f, € LY(X, m):
fo— f.gn — g strongly in L'(X, m).

(2.15)

Whenever f € D(A(gl)) N L%(X,m) and Ag)f € L%(X,m), one can recover
f € D(Ag) by (2.14), the integral formula P, f — f = [P, AL £ dr and the con-
traction property of (P;);>¢ in every L” (X, m), thus obtaining

feD(A)NL2(X,m), AV feLl’(X,m)
(2.16)
=  feD(Ae), Aef=AYf

Semigroup mollification. A useful tool to prove the above formula is given by
the mollified semigroup: we fix a

.17 nonnegative kernel x € C2°(0, 0o) with fooo k(rydr=1,

and for every f € LP(X,m), p €[], o0], we set

(2.18) hgfzzéfoooP,fK(r/s)dr, >0,

where the integral should be intended in the Bochner sense whenever p < oo and
by taking the duality with arbitrary ¢ € L' (X, m) when p = .

Since Ag is the generator of (P;);>0 in L%(X,m), it is not difficult to check
([47], Proof of Theorem 2.7), that if f € L?>N LP(X, m) for some p €[1, oo] then

1 o0
—As(hEf) = 8_2f0 P, fk'(r/e)dr € L> N L? (X, m).
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Since A(gl) is the generator of (P;);>¢ in L'(X, m), the same property holds for
AL if £ e LY(X, m):

(2.19) —AL (e f) = giz/ooo P, fk'(r/e)dr € L' (X, m).

2.2. On the functional Bakry—Emery condition. We will collect in this sec-
tion various equivalent characterizations of the Bakry—Emery condition BE(K, N)
given in (1.3) for the I'; operator (1.2). We have been strongly inspired by [11, 15,
57]: even if the essential estimates are well known, here we will take a particular
care in establishing all the results in a weak form, under the minimal regularity as-
sumptions on the functions involved. We consider here the case of finite dimension
as well, despite the fact that the next Sections 3 and 4 will be essentially confined
to the case N = oo. Applications of BE(K, N) with N < oo will be considered in
the last Section 5.

Let us denote by T': (Vs)® — R the multilinear map

T[f, g ¢]:=%(E(f.89) +E(g. fo) — E(f3. 9)), Tlf;el=TLf, f; el
Recalling (2.4), one can easily prove the uniform continuity property

Jn>on € Voo, fn— 1, On —> @ inV, sup ||@nloc < 00
n

(2.20)
= 3 lim T[fu; o] €R,

which allows to extend I' to a real multilinear map defined in V x V x V,, for
which we retain the same notation. The extension I' satisfies

2.21) I/ g ¢l= /X F(f.9)pdm  if f,geG.

We also set
(222) Talf;¢l:i=3TIf; Aewl =TIf. Aefi9l,  (f.9) € D(T),
where

D(T2) :={(f.¢) € D(Ag) x D(Ag):Asf €V, 0, Agp € L¥(X, m)}.
As for (2.21), we have

1
Lalfigl= [ <§F<f)Ag<0 —r(f, Agf)w) dm
if (f,0) € D(T), f, Ac f € G.

Since (P;);>0¢ is an analytic semigroup in L?(X, m), fora given f € L3(X, m) and
NS L? N L*(X, m), we can consider the functions

1
(2.23)  Allfiels) = E/X(Pz—sf)zPswdm, 1>0,5€[0,1],
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A 1 2
(2.24) ALf:iel(s) = EA(Ang—sf) Ps@dm, 1>0,s5€[0,1),

B:[f: ¢l(s) :=T[P—s f; Psol, t>0,5€(0,1),
and, whenever Agg € L2N L®(X,m),

Cilf; @l(s) :=T2[Pr—s f; Psol, t>0,5€[0,1).
Notice that whenever Ag f € L?(X, m)

ALLFi0l(s) = AdAs f501(s),  t>0,5€]0,1).

LEMMA 2.1. Forevery f € L>(X,m), ¢ € L> N L®(X, m) and every t > 0,
we have:

(i) the function s — A f; @]1(s) belongs to CO(10, 1)) N CL((0, 1));
(ii) the function s +— A,A[f; @1(s) belongs to C°([0, 1));
(iii) the function s — B[ f; ¢](s) belongs to C%((0, 1)) and

0
(2.25) 3.l 1) =Bilfs 0l(s)  foreverys € (0,1).

Equation (2.25) and the regularity of A and B extendtos =t if f e Vandtos =0
if p € V.

(iv) If ¢ is nonnegative, s — A/ f; @l(s) and s — A,A[f; @](s) are nonde-
creasing.

W) If Agp € L? N L®(X, m) then C belongs to (10, 1)), B belongs to
Cl([0,1)), and

d
(2.26) 5Bt[f; @l(s) =2C[f; @l(s)  foreverys€[0,1).
In particular, A € C2([0, 1)).

PROOF. The continuity of A is easy to check, since s — (P;_ f)? is strongly
continuous with values in L'(X, m) and s — Pyp is weakly* continuous in
L*°(X, m). Analogously, the continuity of B follows from the fact that s — P;_; f
is a continuous curve in V whenever s € [0, t) thanks to the regularizing effect of
the heat flow and (2.20). The continuity of C follows by a similar argument, recall-
ing the definition (2.22) and the fact that the curves s > AgP;_; f and s > AgPsp
are continuous with values in V in the interval [0, 7).

In order to prove (2.25) and (2.26), let us first assume that ¢ € D(Ag) with
Agp € L®(X,m) and f € L? N L>®(X, m). Since

lim Pt/ =Pis/ =—AgP; s f strongly in V for s € [0, 1),

h—0 h

. Psyinp —Pso
lim ———
h—0 h

= AgPsp weakly™* in L°°(X, m) for s € [0, t),
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we easily get
0 1 2
Lol = [ (—P,_szgPt_sfPsw + 5P ) AgPsw) dm

1
=EPi—s f,Pi—s fPsp) — 55((Pt—sf)2’ Ps@) =B/[f; ¢l(s),

by the very definition (2.3) of T, since P;_ f is essentially bounded and therefore
Pi—s f )2 € Voo A similar computation yields (2.26).

In order to extend the validity of (2.25) and (2.26) to general f € L3(X, m), we
approximate f by truncation, setting f,, := —nV f An,n € N, and we pass to the
limit in the integrated form

)
Al fu: 0152) — Al fo: 91(s1) = / B/ fu:¢l(s)ds  forevery 0<s; <sp <t.
s1

observing that P;_; f;, converge strongly to P,_sf in V as n — oo for every
s €10, 1), so that (2.20) yields the pointwise convergence of the integrands in the
previous identity. A similar argument holds for (2.26), since AgP; f,, converges
strongly to AgP; f in V.

Eventually, we extend (2.25) to arbitrary ¢ € L?> N L*°(X, m) by approximating
¢ with h%¢ given by (2.18), (2.17). It is not difficult to check that Py(h%¢p) — Pse
in V as ¢ | 0 with uniform L bound if s > 0 (and also when s = 0 if ¢ € V).

O

LEMMA 2.2. Let us consider functions a € cl(0, 1)), ge CO([0, 1)) and a
parameter v > 0. The following properties are equivalent:
(i) a, g satisfy the differential inequality
a’ >2Ka +vg in 2'(0,1),

and pointwise in [0, t), whenever a € C2([0, 1)).
(ii) &', g satisfy the differential inequality

d
d—(e_ZKSa/(s)) >ve 2Ksg(s)  in 2(0,1).
S

(iii) For every 0 <s| < sy <t and every test function ¢ € Cz([sl , 821, we have
52 52
2.27) / a(c" +2K¢')ds + [a/¢]2 — [a(¢' +2K¢)]2 = v / g¢ ds.
S1 S1
(iv) Forevery 0 <s| < s2, we have

2
(2.28) e K270/ (55) > a@'(s1) + v / e 2KG=sDg(s) ds.

51
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The proof is straightforward; we only notice that (2.27) holds also for s; =0
since a € C1([0, 1)).

The inequality (2.27) has two useful consequences that we make explicit in
terms of the functions Ix and Ig > defined by

t Kt_l
IK(t)=/ eKsgg =& —
(2.29) 0
L () /tl )d ekt — Kt —1
= S 527,
K.,2 0 K K2

with the obvious definition for K =0: Io(t) =¢, Ip2(¢) = t2/2.
Choosing s; =0, s =t and

Q2K (t=5) _ 1
t(s):=hg(t —s) = % sothat ' +2K¢ =—1,¢(1) =0,

we obtain

Lo (1)a (0) + v f Lk (T — $)g(s) ds < a(z) — a(0)
(2.30) 0

for every T € [0, 1).
Choosing
1 — e—ZKs
¢(s) =12k (s) = —g % that ¢’ +2K¢ =1,2(0) =0,

we obtain

a(t) —a(0) + v /0 Lok (5)g(s)ds < a'(t)L_ox (1)
(2.31)

for every t € [0, 1).

COROLLARY 2.3. Let £ be a Dirichlet form in L*(X,m) as in (2.1), and let
K e R and v > 0. The following conditions are equivalent:

(i) Forevery (f, ) € D(I'), with ¢ > 0, we have
Talf: 0] = KTIfi 91+ v [ (Aef)pdm.

(ii) For every f € L%(X, m) and every nonnegative ¢ € D(Ag) N L (X, m)
with Agp € L°(X, m), we have

(2.32)  Cilf; 9l(s) = KB/[f: @l(s) + 2vAR[f1 91(s)  forevery0<s <t.
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(iii) Forevery f € L3(X,m), every nonnegative ¢ € L>NL>®(X,m)andt >0

2

0 0
(2.33) @Az[f; ¢l(s) = 2K aAz[f; @1(s) + 4vAL[f; 01(s)

in the sense of distribution of 9'(0, t) (or, equivalently, the inequality (2.33) holds
pointwise in [0, 1) for every nonnegative ¢ € L> N L®(X, m) with Agp € L> N
L*>®(X,m)).

(iv) Forevery f € L?>(X,m) and t > 0, we have P, f € G and

034 Lx (T (P f) + 2vLg 2 ()(AeP, ) < 3P (f2) = 5P, f)?
' m-a.e. in X.

(v) G=V and forevery f €V
P(fD) = AP P + 2010k 2() (AP f)? <1k 2P () meaee. in X.

(vi) G is dense in L*(X, m) and for every f € G and t > 0 P, f belongs to G
with

(2.35) TP, f) + 202k (1) (AeP; ) <e2K'P,T(f) m-aee. in X.

If one of these equivalent properties holds, then G =V (i.e., £ admits the Carré
du Champ I' in'V).

PROOF. The implication (i) = (ii) is obvious, choosing s = 0. The converse
implication is also true under the regularity assumption of (i): it is sufficient to pass
to the limit in (2.32) as s 1 ¢ and then as ¢ | 0.

(ii) = (iii) follows by (2.26) when Agp € L?>N L (X, m); the general case fol-
lows by approximation by the same argument we used in the proof of Lemma 2.1.

(iii) = (iv): by applying (2.30) (with obvious notation) we get

1
L (OT[P, f; @] + 2vhhk 2 (1) /X (AgP; f)*pdm < 5 /X (P(f%) — (P f)?)pdm

for every nonnegative ¢ € V. Thus, setting / := P,(fz) — (P,f)2 € L1+(X, m),
the linear functional £ on Vo, defined by £(¢) := g (¢1)I'[P; f; ¢] satisfies

(2.36) 0=<t(p) < / hodm  forevery ¢ € Voo, ¢ > 0.
X

Since V, is a lattice of functions generating B [because B is complete and Vo,
is dense in L?(X,m)] satisfying the Stone property ¢ € Voo = ¢ A 1 € Voo
and clearly (2.36) yields £(¢,) — O whenever (¢,),>0 C Vs is a sequence of
functions pointwise decreasing to 0, Daniell construction ([17], Theorem 7.8.7),
and the Radon-Nikodym theorem yields [P, f; ¢] = [y gpdm for some g €
LL_(X, m), so that P; f € G and (2.34) holds.
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This argument also shows that G is invariant under the action of (P;);>0 and
dense in L%(X, m). A standard approximation argument yields the density in V
(see, e.g., [5], Lemma 4.9) and, therefore, G =V (since G is closed in V; see also
[18], Proposition 4.1.3).

Analogously, (iii) = (v) follows by (2.31), while (iii) = (vi) follows by (2.28).

Let us now show that (vi) = (iii). Since G is dense in L2(X, m) and invariant
with respect to (P;);>0, we already observed that G = V. Let us now write (2.35)
with & > 0 instead of ¢ and with f := P;_sv for some 0 < h < s < ¢. Multiplying
by Ps_»¢ and integrating with respect to m, we obtain

B [v; 91(s — 1) +4vl_ox ()AL [v; ¢l(s — h) < e KB, [v; 9](s).

It is not restrictive to assume Agg € L? N L*®(X,m), so that B is of class C! in
(0, t). We subtract B;[v; ¢](s) from both sides of the inequality, we divide by & > 0
and let /2 | O obtaining

9
- Bilvi 9](s) — 2K B/ [v: ¢](s) = AL [v; 91(s),

that is, (2.33).
To show that (iv) = (iii), we first write (2.34) at t = h > 0 in the form

Lk 2(W) (KT Py f) +2v(AePy £)%) < 1Pu(£%) = L(Pu ) — hT Py £),

obtaining by subtracting hI'(Pj f) from both sides of the inequality. Then we
choose f = P,_y_,v and we multiply the inequality by Py, with ¢ € L? N
L (X, m) nonnegative and Agp € L2 N L (X, m). We obtain
Lk 2(h) (2K B; [v; ¢1(s) + 4vAP [v; 9](s))
= Ailv; @l(s + h) — Ai[v; ¢I(s) — hB;[v; ](s).

Since A is of class C? and A’ = B, dividing by 4% > 0 and passing to the limit as
h | 0 a simple Taylor expansion yields

1 92 1 A

5 32 v 01() = S (2K B [v: 91(s) + 4VA[v: ](5)).
A similar argument shows the last implication (v) = (iii). U

DEFINITION 2.4 [The condition BE(K, N)]. Let K € R and v > 0. We say
that a Dirichlet form £ in L2(X, m) as in (2.1) satisfies a functional BE(K, N)
condition if one of the equivalent properties in Corollary 2.3 holds with N :=1/v.

Notice that

BE(K,N)= BE(K’, N forevery K' < K,N' > N,
in particular BE(K, N) = BE(K, 00).



358 L. AMBROSIO, N. GIGLI AND G. SAVARE

REMARK 2.5 (Carré du Champ in the case N = 00). If a strongly local Dirich-
let form & satisfies BE(K, co) for some K € R, then it admits a Carré du Champ
[ on V, that is, G =V, by (v) of Corollary 2.3; moreover, the spaces

V0 i={p e Voo :T(p) € L®(X, m)},
(2.37)
V2 i={p e Vi 1 Acp € L®(X, m)},

are dense in V: in fact (2.35) shows that they are invariant under the action of
(P:)¢>0 and combined with (2.34) [and possibly combined with a further mol-
lification as in (2.18) in the case of Vgo] it also shows that any element of
L? N L (X, m) belongs to their closure w.r.t. the L2(X, m) norm. The invariance
and the standard approximation argument of, for example, [5], Lemma 4.9, yield
the density in V.

3. Energy metric measure structures. In this section, besides the stand-
ing assumptions we made on &, we shall study the relation between the mea-
sure/energetic structure of X and an additional metric structure. Our main object
will be the canonical distance dg associated to the Dirichlet form &, that we will
introduce and study in the next Section 3.3. Before doing that, we will recall the
metric notions that will be useful in the following. Since many properties will just
depend of a few general compatibility conditions between the metric and the en-
ergetic structure, we will try to enucleate such a conditions and state the related
theorems in full generality.

Our first condition just refers to the measure m and a distance d and it does not
involve the Dirichlet form &:

CONDITION (MD: Measure-Distance interaction). d is a distance on X such
that:

(MD.a) (X,d) is a complete and separable metric space, 3 coincides with the
completion of the Borel o -algebra of (X, d) with respect to m, and supp(m) = X;
(MD.b) m(B,(x)) <ocoforeveryx € X, r > 0.

Besides the finiteness condition (MD.b), we will often assume a further expo-
nential growth condition on the measures of the balls of (X, d), namely that there
exist xg € X, M > 0 and ¢ > 0 such that

(MD.exp) m(By(xp)) < Mexp(crz) for every r > 0.

In this case, we will collectively refer to the above conditions (MD) and (MD.exp)
as (MD+-exp).
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3.1. Metric notions. In this section, we recall a few basic definitions and re-
sults which are related to a metric measure space (X, d, m) satisfying (MD).

Absolutely continuous curves, Lipschitz functions and slopes. AC? ([a, b]; X),
1 < p < 00, is the collection of all the absolutely continuous curves y : [a, b] > X
with finite p-energy: y € ACP([a, b]; X) if there exists v € L?(a, b) such that

(3.1) d(y(s), y (@) < /t v(r)dr foreverya <s <t <b.

N

The metric velocity of y, defined by

diy(r+h),y(r)

|h| ’
exists for Z1-a.e. r € (a, b), belongs to L?(a, b), and provides the minimal func-
tion v, up to .Z'-negligible sets, such that (3.1) holds. The length of an absolutely

continuous curve y is then defined by | ab |v|(r)dr.
We say that (X, d) is a length space if for every xp, x1 € X

) —
ly1(r) Jim

1
3.2) d(xp, x1) = inf{/o |y|(r)dr:y € AC([0, 1]; X), y (@) :x,-}.

We denote by Lip(X) the space of all Lipschitz functions ¢ : X — R, by Lip,(X)
the subspace of bounded functions and by Lip' (X) the subspace of functions with
Lipschitz constant less than 1.

Every Lipschitz function ¢ is absolutely continuous along any absolutely con-
tinuous curve; we say that a bounded Borel function g: X — [0, co) is an upper
gradient of ¢ € Lip(X) if for any curve y € AC([a, b]; X) the absolutely continu-
ous map ¢ o y satisfies

d
(33) ‘aw(y(z))

Among the upper gradients of a function ¢ € Lip(X), its slopes and its local Lips-
chitz constant play a crucial role: they are defined by 0 at every isolated point and

by

<gly®)y1) for Zl-ae.t € (a,b).

D% (x) := lim sup M’ IDg|(x) :zlimsupM
y—>x d(y, x) yox d(y, x)
o l0e) ot 1200 0
ID*p|(x) := hyr’rzliup 6D

y#z
at every accompulation point x € X. Whenever (X, d) is a length space we have

(34) |D*¢[(x) =limsup [Dg|(y), Lip(¢) = sup|Dg(x)| = sup|D*¢p(x)|.
y—=x xeX xeX
In fact, (3.3) written for g := |Dg| and the length condition (3.2) easily yield
lo(y) —¢(@)| =d(y,2) sup Dg|  ify,z€ By(x)

Bor(x)
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and provide the inequality |[D*| <limsup,_, , [Dg|(y). The proof of the converse
inequality is trivial and a similar argument shows the last identity in (3.4).

The Hopf—Lax evolution formula. Let us suppose that (X, d) is a metric space;
the Hopf—Lax evolution map Q; : Cp(X) — Cp(X), t > 0, is defined by

d?(y, x)
2t

(3.5 Qi f(x) := ylg}f( F+ Qo f(x) = f(x).

We introduce as in [6], Section 3, the maps

Dt (x, ) := suplimsupd(x, y,), D™ (x, t) := inf liminfd(x, y,),

On) 1 () 1
where the supremum and the infimum run among minimizing sequences for (3.5).
We recall that D™ and D™ are respectively upper and lower semicontinuous, non-
decreasing w.r.t. s, and that D¥ (x,r) <D™ (x,s) <D%(x,s) whenever 0 < r < s.
These properties imply D™ (x, s) = sup, _, D (x, r). We shall need the inequality

+ 2
(36  Qyf()— Qsf(x) < m(l - 1), >,

2 s’ s

as well as the pointwise properties

d* (D*(x, ) D" (x,5)
BT — =0 f) = DO fl)=——
ds 2s
(these are proved in Proposition 3.3 and Proposition 3.4 of [6]). Since
d*(x, )

d(y,x) >2sLip(f) = f()+ > f(x) = Qs f(x),

2s

we immediately find D" (x, s) < 2s Lip(f).
Since by (3.6) the map s — Qj f (x) is locally Lipschitz in (0, 00), integrating
the first identity of (3.7) in the interval (e, ), € > 0, and then letting ¢ | 0 we get

t (DT , 2 1 /Dt , 2
f@ =0 = [ E e = (20

Combining the above identity with the formula expressing the descending slope
(see [3], Lemma 3.1.5)

D™ f[2(x) = 2limsup 20 = 1)

10 t

we end up with

+
(3.8) IDf*(x) > [D™ f] (x)—hmsupf (M> dr.
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When (X, d) is a length space (Q;);>0 is a semigroup and we have the refined
identity [6], Theorem 3.6,

d+ 1 2 (DF(x,s)?
(3.9 ast(X)——EIDstI (X)——T~

In addition, (3.7) and the length property of X yield the a priori bounds

(3.10) Lip(Qs f) <2Lip(f),  Lip(Q.f(x)) <2[Lip(f)]*.

The Cheeger energy. The Cheeger energy of a function f € L*(X, m) is defined
as

1
Ch(f):= inf{liminf—/ |Dfn|2dm: fn€Lipy(X), fu = fin L% (X, m)}.
n—oo 2 [x
If fe L?(X,m) with Ch(f) < oo, then there exists a unique function |[Df|,, €
L?(X,m), called minimal weak gradient of f, satisfying the two conditions
Lip,(X)NL*(X,m)> fy =~ f,  IDful =G inL*(X,m)
= [Dflw =G,

1
on(f)=7 [ IDfE dm.

In the next Section 3.3, we will also use a more refined approximation result, re-
placing |D f,| with [D* £, | in the approximation, proved in [4], Section 8.3 (see
also [1] for a more detailed proof): for every f € L?(X, m) with Ch( f) < oo there
exist f, € Lip,(X) N L?>(X, m) such that

(3.11) fo—f. ID*fu] > IDfl,  strongly in L*(X,m).

Wasserstein distances. The metric structure allows us to introduce the corre-
sponding spaces &?(X) of Borel probability measures and &2, (X) of Borel prob-
ability measures with finite pth moment, namely u € &2, (X) if

/ d?(x, xo) du(x) < 0o for some, and then for all, xg € X.
X

The LP-Wasserstein transport (extended) distance W), on &?(X) is defined by

WP (1, 12)
(3.12)

mint] [P dptan ) in e P00 X0 xn= .
XxX
where 77 : X x X 3 (x1, x2) — x; is the coordinate map and for a Borel measure

w € P(Y) on a metric space Y and every Borel map r: Y — X, the push-forward
measure r;u € & (X) is defined by

r;u(B) == u(r~'(B)) for every Borel set B C X.
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In particular, the competing measures g € (X x X) in (3.12) have marginals
and uy, respectively.
We also introduce a family of bounded distances on &?(X) associated to a

continuous, concave and bounded modulus of continuity g:[0, oo) — [0, 00),
with 0 = 8(0) < B(r) for every r > 0.

Asin (3.12), we set
Wpy (15 142) I=inf{/xzﬁ(d(x1,xz))dlL(X1,xz)ilL € Z(X x X), ﬂélL = Mi}-

W) is thus the L'-Wasserstein distance induced by the bounded distance
dg(x1, x2) := B(d(x1, x2)). (Z(X), W(g)) is then a complete and separable met-
ric space, whose topology coincides with the topology of weak convergence of
probability measures.

Entropy and RCD(K, 00) spaces. In the following, we will fix xg € X,z >
0, ¢ = 0 such that

(3.13) m= le—"zm e Z2(X) with V (x) := 4/cd(x, x0).
Z

Notice that in the case m(X) < co we can always take V = ¢ = 0 with z = m(X).
When m(X) = oo, the possibility to choose xg € X, z > 0, ¢ > 0 satisfying (3.13)
follows from (MD.exp) [possibly with a different constant c; it is in fact equivalent
to (MD.exp)]. If n: B — [0, oo] is o -additive, the relative entropy Ent,(p) of a
probability measure p : B — [0, 1] with respect to n is defined by

Bat.(0) i { [ rlogran itp=ru

+o00, otherwise.

The expression makes sense if n is a probability measure, and thanks to Jensen’s
inequality defines a nonnegative functional. More generally, we recall (see [6],
Lemma 7.2, for the simple proof) that, when n = m and (3.13) hold, the formula
above makes sense on measures p = fm € % (X) thanks to the fact that the neg-
ative part of flog f is m-integrable. Precisely, defining m € £2(X) as in (3.13)
above, the following formula for the change of reference measure will be useful to
estimate the negative part of Enty, (p):

Entm (p) = Entz(0) — /X V2(x) dp(x) — logz.

DEFINITION 3.1 [RCD(K, co) spaces]. Let (X,d, m) be a metric measure
space satisfying (MD+exp) and the length property (3.2). We say that (X, d, m)
has Riemannian curvature bounded from below by K € R if for all p € % (X)
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there exists a solution (H; p);>0 C #2(X) of the EVIg -differential inequality start-
ing from p, namely H;p — p as ¢t | 0 and (denoting by % the upper right deriva-
tive)

dt Wi(Hip,v) K,

——=—————+ W5 (H/p,v) + Enty(H; p) < Ent (v)

ciay ¥ 2 2

for every t € (0, 00)
for all v € %%, (X) with Ent,, (v) < oco.

As we already quoted in the Introduction, among the properties of RCD(K, co)
spaces proved in [5] we recall that the Cheeger energy

Ch is quadratic, that is, Ch(f) = l(‘:Ch( f) for a Dirichlet form &gy, as in
(2.1), with [Df|2, =T'(f) for every f € D(Ch) =V,
(in particular G =V and &gy admits the Carré du Champ I' in V) and Egp, satisfies

the BE(K, oo) condition. A further crucial property will be recalled in Section 3.3
below; see Condition (ED) and Remark 3.8.

(QCh)

3.2. The dual semigroup and its contractivity properties. In this section, we
study the contractivity property of the dual semigroup of (P;);>¢ in the spaces of
Borel probability measures.

Thus, £ is a strongly local Dirichlet form as in (2.1), (P;);>0 satisfies the mass-
preserving property (2.12) and d is a distance on X satisfying condition (MD)
[assumption (MD.exp) is not needed here].

We see how, under the mild contractivity property

P:f € Lip,(X) and Lip(P;f) < C(¢)Lip(f)
for all f € Lip,(X) N L%*(X,m),

with C bounded on all intervals [0, T], T > 0, a dual semigroup H; in & (X)
can be defined, satisfying the contractivity property (3.19) below w.r.t. W(g) and
to Wi. This yields also the fact that P; has a (unique) pointwise defined version
P,, canonically defined also on bounded Borel functions, and mapping Cp(X) to
Cp(X) [we will always identify P; f with P, f whenever f € Cp(X)]. Then we
shall prove, following the lines of [34], that in length metric spaces the pointwise
Bakry—Emery-like assumption

IDP, f|*(x) < C2(1)P;ID f |*(x)

(3.15)

(3.16)
forall x € X, f € Lip,(X) N L?(X, m),

with C bounded on all intervals [0, T'], T > 0, provides contractivity of H; even
w.r.t. Wy. Notice that formally (3.16) implies (3.15), but one has to take into ac-
count that (3.16) involves a pointwise defined version of the semigroup, which
might depend on (3.15).
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A crucial point here is that we want to avoid doubling or local Poincaré as-
sumptions on the metric measure space. For the aim of this section, we introduce
the following notation:

Z is the collection of probability densities f € L1+(X ,m), K is the set of
nonnegative bounded Borel functions f: X — R with bounded support.

(3.17)

PROPOSITION 3.2. Let £ and (P;);>0 be as in (2.1) and (2.12) and let d be a
distance on X satisfying the condition (MD). If (3.15) holds, then:

(1) The mapping H,(fm) := (P, f)m, f € Z, uniquely extends to a Wg)-
Lipschitz map H; : 2 (X) — P (X) satisfying for every u,v € Z(X)
(3.18) Wg)(H e, Hiv) < (C (1) v 1) Wgy (1, v),
(3.19) Wi(Hip, Hev) < C@)Wi(p, v),
with C(t) given by (3.15).

(ii) Defining P, f(x) := Jx fdH:8x on bounded or nonnegative Borel func-
tions, P; is everywhere defined and maps Cp(X) to Cp(X). Moreover, P, is a ver-
sion of P, for all Borel functions f with [y | f|dm < oo, namely P, f (x) is defined
and P, f (x) = P, f (x) for m-a.e. x € X. In particular, P, f is m-a.e. defined for

every Borel function semiintegrable w.r.t. m.
(iii) H; is dual to P; in the following sense:

| rati= [ Pifau

forall f:X — R bounded Borel, u € &(X).

(iv) For every f € Cp(X) and x € X, we have lim, g Is,f(x) = f(x). In par-
ticular, for every pu € X (X) the map t — H,u is weakly continuous in Z(X).

(3.20)

PROOF. The concavity of B yields that 8 is subadditive, so that dg is a dis-
tance. Let us first prove that P, maps dg-Lipschitz functions in dg-Lipschitz func-
tions.

We use the envelope representation

B(r)= ( il%fBa + br, B=/{(a,b) €10, 00)?: B(s) < a + bs for every s > 0},
a,b)e
and the fact that a function ¢ : X — R is £-Lipschitz with respect to a distance d
on X if and only if
o) < Rep(x) := in)f(<p(y) + 2d(x, y) for every x € X.
ye

It is easy to check that if ¢ is bounded, then R,;¢ is bounded and satisfies
(3.21) iI)}f(p < Rep(x) < p(x) for every x € X, £ > 0.
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Furthermore, if ¢ has also bounded support then R,;¢ has bounded support as well,
so that Ry, maps K in /C. The contractivity property (3.15) then yields for every
@ € Lip,(X) N L%(X, m) with Lip(¢) <b
Pi¢ < Rcnp(Prg).
Let us now suppose that ¢ € K is dg-Lipschitz, with Lipschitz constant less than
1, so that for every (a, b) € B
() < inf p(y) +B(d(x, ) < inf @(y) +a +bd(x,y) =a + Rpp(x).

Since (P;);>¢ is order preserving, we get for ¢ €
Pi¢ <a+P;(Rpp) <a+ Reuyp(Pi(Rpp)) <a+ Reup(Pro),

where we used the right inequality of (3.21) and the fact that Lip(Rp¢p) < b. It
follows that for every x, y € X and every (a,b) € B

Pip(x) <Pip(y) +a+ C(t)bd(x, y),
that is,

Pip(x) — Pro(y) < B(C(1)d(x, y)).
By Kantorovich duality, for f, g € Z we get

Wi (Pr . Prgm) = sup| [ 9(P0f = Prg)dmig € K. Ling, (9) <1

= sup{/x Pio(f —g)dm:¢ € K, Lipg, (¢) < 1}

< (C(l‘) \2 l)W(ﬂ)(fm, gm).

Hence, (3.18) holds when u = fm, v = gm. By the density of {fm: f € Z} in
P (X) wrt. Wig) we get (3.18) for arbitrary p, v € £(X). A similar argument
yields (3.19).

(ii) Continuity of x > P, f(x) when f € Cp(X) follows directly by the con-
tinuity of x — H;8y. The fact that P, f is a version of P; when f is Borel and
m-integrable is a simple consequence of the fact that P, is self-adjoint; see [5] for
details.

(iii)) When f, g € Cp(X) N L?*(X,m) and u = gm, the identity (3.20) reduces
to the fact that P, is selfadjoint. The general case can be easily achieved using a
monotone class argument.

(iv) In the case of ¢ € Llpb(X) N L2(X, m) it is easy to prove that P,(p(x) —
@(x) forallx € X ast | 0, since Ptgo are equi-Lipschitz, converge in L*(X,m) to
¢ and suppm = X. By (3.20), it follows that

lim/ (detu=lim/ ﬁ;(pdu:/ odu forevery<peLipb(X)ﬂLz(X,m).
110 Jx 130 Jx X
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By a density argument, we obtain that the same holds on Lip, (X), so that 7 — H, u
is weakly continuous. Since P; f (x) = [y f dH;8,, we conclude that P; f(x) —
f(x) for arbitrary f € Cp(X). U

Writing 1 = [y 8, du(x) and recalling the definition of P,, we can also write
(3.20) in the form

(3.22) H =/ H;Sx dpe(x) Y e Z(X).
b'¢
In order to prove that (3.16) yields the contractivity property

(Wa-cont) Wa(H;u, Hiv) < C(t)Wa(u, v) for every u,v € Z(X),t >0,

we need the following auxiliary results.

LEMMA 3.3.  Assume that (u,) C P (X) weakly converges to u € P (X), and
that f, are equibounded Borel functions satisfying

limsup f, (x,) < f(x) whenever x, — x
n— oo

for some Borel function f.Then limsup, [y fndu, < [y fdu.

PROOF. Possibly adding a constant, we can assume that all functions f,, are
nonnegative. For all integers k and ¢ > 0, it holds

o o
u( U (fn > r}) > limsup,un( U (fm > z}) > limsup w, ({ £ > t}).
Taking the intersection of the sets in the left-hand side and noticing that it is con-
tained, by assumption, in {f > ¢}, we get limsup, u,({fn > t}) < u({f >1}). By
Cavalieri’s formula and Fatou’s lemma, we conclude. [

LEMMA 3.4. Assume (3.15), (3.16) and the length property (3.2). For all f €
Lip, (X) nonnegative and with bounded support, Q; f is Lipschitz, nonnegative
with bounded support and it holds

P Q1f(x) =P f(»)] < 3C?(1)d*(x,y)  foreveryt>0,x,y€X.

PROOF. It is immediate to check that Qg f(x) = 0 if f(x) = 0, so that the
support of all functions Q; f, s € [0, 1], are contained in a given ball and Q; f are
also equi-bounded.

The stated inequality is trivial for t = 0, so assume ¢ > 0. By (3.9), for every
s > 0, setting ry :=s — 1/k 1 s, the sequence r,3|D Onf |?(x) monotonically con-
verges to the function D™ (x, 5); we can thus pass to the limit in the upper gradient
inequality [which is a consequence of (3.16)]

1 ~
P, Qv f (1) — P1 Oy, £ (70)] < C (1) fo B/ IDQy £ (o) [y ds
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to get that the function C ()G, with G¢(x) := s~ '\/P;(D~(x, 5)2), is an upper
gradient for P;(Q; f). Moreover, combining (3.6) and (3.5), we obtain
— 1
lim sup Os+n f(xn) — Os f (xp) < —21imsup—(D+(xh, s))z
hi0 h 25 p0
|- 2
= 72 (D (x, S))

(3.23)

along an arbitrary sequence x;, — x.

Let y be a Lipschitz curve with y; = x and y9 = y. We interpolate with a pa-
rameter s € [0, 1], setting g(s) := P; Qs f (y5). Using (3.10) and (3.15), we obtain
that g is absolutely continuous in [0, 1], so that we need only to estimate g’(s). For
h > 0, we write

g(s+h)—g(s) _/ Os+nf — Osf
h Jx h

and estimate the two terms separately. The first term can be estimated as follows:

‘/X Qs+hfh— O f

Py st(strh) —P; st(ys)

Vs+h /’l

dH;5

lim sup

1
dH,s.,. <——/D* . 8)2dH,s
110 19s+n = 252 Jx (. 5) 1Oy

(3.24) 1

= —EGE(m.

Here, we applied Lemma 3.3 with f,(x) = (Qs4nf(x) — Qs f X))/ h, up =
H:8y,., and u = H,6,,, taking (3.23) into account.

The second term can be estimated as follows. By the upper gradient property of
C@)G; for P (Q; f), we get

(325)  limsup otQsS Oss) =P Qs f (1)l
hl0 h

= Gs(y)C D)yl

for a.e. s € (0, 1), more precisely at any Lebesgue point of |y | and of s = G (ys).
Combining (3.24) and (3.25) and using the Young inequality, we get |P; Q1 f(x) —
P.f(y)|<C 2(t)% fol |75 |% ds. Minimizing with respect to y gives the result. [

THEOREM 3.5. Let £ and (Py);>0 be as in (2.1) and (2.12), and let d be a
distance on X under the assumptions (MD) and (3.2). Then (3.15) and (3.16) are
satisfied by (P;)¢>0 if and only if (W2-cont) holds.

PROOF. We only prove the W, contraction assuming that (3.15) and (3.16)
hold, since the converse implication have been already proved in [34] (see also
[5], Theorem 6.2) and it does not play any role in this paper.

We first notice that Kantorovich duality provides the identity

LW3 (H 8y, Hi8y) = sup|Pr Q1 f (x) — P f ()

’
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where the supremum runs in the class of bounded, nonnegative Lipschitz functions
f with bounded support. Therefore, Lemma 3.4 gives

(3.26) W2 (H8x, Hi8y) < CH(0)d*(x, y).

Now, given i, v € Z(X) with Wa(u, v) < oo and a corresponding optimal plan
Y, we may use a measurable selection theorem (see, e.g., [17], Theorem 6.9.2) to
selectin a y-measurable way optimal plans y ., from H;dy to H;8y. Then we define

Yo ::/ }’xyd}’(xvy)a
XxX

and notice that, because of (3.22), y, is an admissible plan from H; u to H;v. Since
(3.26) provides the inequality [ d*dy, < C%(¢) [ d*>dy, we conclude. [

3.3. Energy measure spaces. In this section, we want to study more carefully
the interaction between the energy and the metric structures, particularly in the case
when the initial structure is not provided by a distance, but rather by a Dirichlet
form £.

Given a Dirichlet form £ in L%(X,m) as in (2.1), assume that B is the m-
completion of the Borel o-algebra of (X, t), where t is a given topology in
X. Then, under these structural assumptions, we define a first set of “locally
1-Lipschitz” functions as follows:

L:={y eG:T(Y) < 1lm-ae.in X}, Lc:=LNC(X).

With this notion at hand, we can generate canonically the intrinsic (possibly infi-
nite) pseudo-distance [16]:

de(x1,x2) := sup | (x2) — ¥ (x1)| for every x1, x; € X.
Yelc

We also introduce 1-Lipschitz truncation functions S; € C!(R), k > 0, defined by

1, if[r] <1,
0, if|r|>3,

We have now all the ingredients to define the following structure.

(3.27) Sk(r):=kS(r/k) with S(r) = { IS'(r)] < 1.

DEFINITION 3.6 (Energy measure space). Let (X, 7) be a Polish space, let m
be a Borel measure with full support, let B be the m-completion of the Borel o -
algebra and let £ be a Dirichlet form in L*(X,m) satisfying (2.1) of Section 2.1.
We say that (X, t, m, &) is a Energy measure space if:

(a) There exists a function
(3.28) 06 e C(X),0 =0, such that 6 := Si o 0 belongs to L for every k > 0.

(b) dg is a finite distance in X which induces the topology 7 and (X, dg) is
complete.
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Notice that if m(X) < co and 1 € D(E) then (a) is always satisfied by choosing
6 = 0. In the general case, condition (a) is strictly related to the finiteness property
of the measure of balls (MD.b). In fact, we shall see in Theorem 3.9 that (X, dg, m)
satisfies the measure distance condition (MD).

REMARK 3.7 (Completeness and length property). Whenever dg induces the
topology 7 [and thus (X, d¢) is a separable space], completeness is not a restrictive
assumption, since it can always be obtained by taking the abstract completion X
of X with respect to dg. Since (X, 7) is a Polish space, X can be identified with a
Borel subset of X ([17], Theorem 6.8.6), and m can be easily extended to a Borel
measure m on X by setting m(B) := m(B N X); in particular X \ X is m-negligible
and £ can be considered as a Dirichlet form on L?(X, m) as well. Finally, once
completeness is assumed, the length property is a consequence of the definition
of the intrinsic distance dg; see [50, 52] in the locally compact case and the next
Corollary 3.10 in the general case.

In many cases, t is already induced by a distance d satisfying the compatibility
condition (MD), so that we are actually dealing with a structure (X, d, m, £). In this
situation, it is natural to investigate under which assumptions the identity d = d¢
holds: this in particular guarantees that (X, t, m, £) is an Energy measure space
according to Definition 3.6. In the following remark, we examine the case when £
is canonically generated starting from d and m, and then we investigate possibly
more general situations.

REMARK 3.8 (The case of a quadratic Cheeger energy). Let (X,d, m) be a
metric measure space satisfying (MD) and let us assume that the Cheeger energy
is quadratic (i.e., (X, d, m) is infinitesimally Hilbertian according to [27]), Ecp 1=
2Ch. Then it is clear that any 1-Lipschitz function f € L*(X, m) belongs to Lc,
hence dg > d. It follows that d = d¢ if and only if every continuous function f €
D(Ch) with IDf|,, <1 m-a.e. in X is 1-Lipschitz w.r.t. d. In particular, this is the
case of RCD(K, 00) spaces.

If X =[O0, 1] endowed with the Lebesgue measure and the Euclidean distance,
andif m =), 27"§,, , where (g,) is an enumeration of Q N [0, 1], then it is easy
to check that Ch = 0 (see [6] for details), hence dg (x, y) = oo whenever x # y.

If d is a distance on X satisfying (MD), in order to provide links between the
Dirichlet form £ and the distance d we introduce the following condition.

CONDITION (ED: Energy-Distance interaction). d is a distance on X such
that:

(ED.a) every function ¥ € Lc is 1-Lipschitz with respect to d;
(ED.b) every function ¥ € Lip(X, d) with |Dyr| <1 and bounded support be-
longs to Lc.
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THEOREM 3.9. If (X, t,m, &) is an Energy measure space according to Def-
inition 3.6 then the canonical distance dg satisfies conditions (MD), (ED).

Conversely, if £ is a Dirichlet form as in (2.1) and d is a distance on X x X
inducing the topology t and satisfying conditions (MD), (ED), then (X, T, m, &) is
an Energy measure space and

(3.29) d(x1, x2) =dg(x1, x2) for every x1,x3 € X.

PROOF. Let us first assume that (X, t,m, &) is an Energy measure space.
(MD.a) is immediate since d¢ is complete by assumption and 7 is separable. (ED.a)
is also a direct consequence of the definition of &, since

(3.30)  |Y(x2) — ¥ (x1)| < dg(xr, x2) for every ¥ € Lc, x1,x2 € X.

Let us now prove (MD.b) and (ED.b).

We first observe that the function 6 of (3.28) is bounded on each ball B, (y),
y € X and r > 0, otherwise we could find a sequence of points y; € B,(y), k € N,
such that 6(yx) > 3k and, therefore, 6y (y) — 6k (yx) > k whenever 6(y) < k. This
contradicts the fact that 6; is 1-Lipschitz by (3.30). As a consequence, for every
y € X and r > 0 there exists ky , € N such that

h(x)=k for every x € B, (y), k > ky,y.

In particular, since 6y € L*(X,m), we get that all the sets B, (y) with y € X and
r > 0 have finite measure, so that (MD.b) holds.

We observe that by the separability of X x X we can find a countable family
(¥,) C Lc such that

de(x1, x2) = sup| ¥, (x2) — Y (x1)| for every x1,x; € X.
n

We set
A v (1, %2) 1= (SUp [1n (¥2) = Y (¥1)[) A Gk (x2),

n<N
observing that for every y € X the map x — di_n (), x) belongs to Lc. Passing to
the limit as N — oo, it is easy to check that di x (¥, ) = di (v, ) =de(y, ) A bk
pointwise in X and, therefore, in L?(X,m), since 6; € L2(X, m). We deduce that
di(y,-) € Lforevery y € X and k € N.

Let us now prove that every map f € Lip(X, dg) with |D f| <1 and bounded
support belongs to L£; it is not restrictive to assume f nonnegative. Since (X, dg)
is a length metric space (see Theorem 3.10 below), f is 1-Lipschitz and it is easy
to check that, setting fy = f A 6, it holds

fe() = (inf (£(2) +dz(z.2)) ) A k() = inf (fic(@) + de (. 0)) A Gi(x)
= (inf (fe(2) + de (2. 2) A G(0)) ) A Bio)

= (;g}f((fk(z) + dk(Z,x))) A Or(x).
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Let (z;) be a countable dense set of X. The functions
fea@) = min fe(z) +de(zi.2)) A G(x)

belong to L, are nonincreasing with respect to n, and satisfy 0 < fj , < 6. Since
{x € X:0k(x) >0} C {x € X:03(x) =3k},

we easily see that m(supp(6x)) < oo. Passing to the limit as n 1 oo, since z
dr(z, x) is continuous, they converge monotonically to

(Zig)f((fk(Z) + di(z, x))) AO(x) = fr(x),

and their energy is uniformly bounded by m(supp(6x)). This shows that
fx € L. Eventually, letting k 1+ oo and recalling that supp(fx) C supp(f) and
m(supp(f)) < oo by (MD.a), we obtain f € L.

The converse implication is easier: it is immediate to check that (ED.a) is equiv-
alent to

3.31) d(x1, x2) >dg(xq, x2) for every x1, x2 € X;

if (ED.b) holds and balls have finite measure according to (MD.b), we have x —
Tr(d(y, x)) € L for every y € X, where Ty (r) :=r A Si(r). Since

d(x1, x2) = Tr(d(x2, x1)) — Ti(d(x2, x2)) whenever k > d(x1, x2),

we easily get the converse inequality to (3.31) and, therefore, (3.29) and prop-
erty (b) of Definition (3.6). In order to get also (a), it is sufficient to take 6(x) :=
d(x, xp) for an arbitrary xop € X. U

THEOREM 3.10 (Length property of dg). If (X, T, m, £) is an Energy measure
space, then (X, dg) is a length metric space, that is, it also satisfies (3.2).

PROOF. We follow the same argument as in [50, 52]. Since (X, dg) is com-
plete, it is well known (see, e.g., [19], Theorem 2.4.16) that the length condition
is equivalent to show that for every couple of points xg, x; € X and ¢ € (0, r) with
r :=dg(xp, x1) there exists an e-midpoint y € X such that

de(y, xi) < % te,  i=0,1.

We argue by contradiction assuming that B, 21¢(x0) N By/24¢(x1) = & for some
¢ € (0, r) and we introduce the function

Y (x) = (5(r + &) — de(x. x0)), — (5(r + &) —de(x, x1)),.-

¥ is Lipschitz, has bounded support and it is easy to check that I'(1/) < 1 m-a.e. in
X, since By21¢(xo) and By 24¢(x1) are disjoint. It turns out that it is 1-Lipschitz
by (3.30). On the other hand, ¥ (xg) — ¥ (x1) =7 4+ & > dg(xp, x1). U

We now examine some additional properties of Energy measure spaces.
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PROPOSITION 3.11. Let (X, 7, m,E) be an Energy measure space. Let f €
GNCp(X) and let ¢ : X — [0, 00) be a bounded upper semicontinuous function
such that T'(f) < ¢? m-a.e. in X. Then f is Lipschitz (with respect to the induced
distance d¢) and |D* f| < ¢. In particular, ¢ is an upper gradient of f.

PROOF. We know that (ED) holds with d = dg, by the previous theorem. Since
¢ is bounded, f is Lipschitz by (ED.a). We fix x € X and for every ¢ > 0 we set
G :=supp, (v ¢- The Lipschitz function

Ve() :=[|f() = fF)| V (Ged(y, x))] A (GeSe(d(x, y)))

belongs to Vo, and /T () < max{¢, G}, since |S| < 1; moreover, ¥, (y) = 0 if
d(y, x) > 3¢, so that /I"(¥;) < G, m-a.e. in X. It follows that ¥, is G.-Lipschitz
and ¥ (y) < G.d(y, x) for every y € X since {.(x) =0, so that G.S.(d(x, y)) =
G.e ford(x, y) < ¢ gives
|f() — f)l < limsup Ve (y) <G

d(y, x) y—x d(y,x)
Since € > 0 is arbitrary and lim; o G, = ¢(x) we obtain |D f (x)| < {(x). Since ¢
is upper semicontinuous and X is a length space, we also get |[D*f| <¢. O

IDf(x)| <limsup
y—>x

£

The following result provides a first inequality between £ and Ch, in the case
when a priori the distances d and dg are different, and we assume only (ED.b).

THEOREM 3.12. & be a Dirichlet form in L*(X,m) satisfying (2.1) of Sec-
tion 2.1 and let d be a distance on X satisfying condition (MD). Then condition
(ED.b) is satisfied if and only if for every function f € Lip(X, d) with bounded
support we have

(3.32) f eG, IDfI>>T(f) m-ae. inX.

In addition, if (MD) and (ED.b) hold, we have

(3.33) 2Ch(g) > E(g)  forevery g € L*(X, m),

(3.34) DEChycGCcCV, |Dg|lzu >T'(g) for every g € D(Ch).

PROOF. The implication (3.32) = (ED.b) is trivial; let us consider the con-
verse one.

Since the statement is local, possibly replacing f with OV (f +¢) A Sg(d(xo, -))
with ¢ =0V supg,, (r,)(—f) (notice that f is bounded) and k large enough, we can
assume that f is nonnegative and f < Si(d(xo, -)).

Recall the Hopf-Lax formula (3.5) for the map Qy; if (z;) is a countable dense
subset of X we define

n . 1 2
0! e = (min £+ 5.6
(3.35) == !
0/ F(x) = Q" f(x) A 28k(d(x0, X)),
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and we set I,(x) = {i € {1,...,n}:z; minimizes (3.35)}. By the density of

(zn), it is clear that Q7" f | Q,f A 2Sk(d(x0,-)) = Q, f, because Q,f < f <
Sk (d(xg, -)). Therefore, if z,(x) € {z;:i € I,(x)}, it turns out that (z,(x)) is a
minimizing sequence for Q; f (x), namely

%dz(x, (X)) + f(z2(x)) = Q: f(x) as n — oo.

The very definition of DT (¢, x) then gives

(3.36) lim sup ;d(x,zn(x)) <Dt x).

n—oo

The locality property, the fact that (f(z;) +d*(z;, -)/2t) A S(d(xo, -)) € V and the
obvious bound

d*(zi, x) <4kt ifieL,(x),x € {Q"f <2Sk(d(x0,"))},

yield

L(Q]* f)(x) < ! .max)d(x, 7)) < 2\/?

tiel,(x

form-a.e. x € {Q] f < 2S(d(x0,-))}. If we define z,(x) as a value z; that realizes
the maximum for d(z;, x) as i € I,,(x), the previous formula yields

F(Q?kf)(x) = %d(x, Zn(x)) < 2\/§

for m-a.e. x € { Q7 f <2Sk(d(x0,))},

(3.37)

so that
n,k k .
L f) 54(1\/;) m-a.e. in X,

(M f)=0  m-ae. in X\ By (xo).

Since Q'Z’k f and F(Q:”k f) are uniformly bounded and supported in a bounded
set, and Q?’k f pointwise converges to Q; f as n — 00, considering any weak
limit point G of 4/ F(Qf’kf) in L?(X, m) we obtain by (2.10), (3.36) and (3.37)
(D* (x,1))?
LN =GP ) = —— 57—
(3.38)
for m-a.e. x € {Q; f < 2Sk(d(xo, -))}.

Since, by the inequalities Q;f < f < Si(d(xo,)), Q:f vanishes on {Q;f >
2S5k (d(xg, -))}, the inequality above holds m-a.e. in X.
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Since f is Lipschitz, it follows that D™ (x, ¢)/¢ is uniformly bounded. Integrat-

ing (3.8) on an arbitrary bounded Borel set A and applying Fatou’s lemma, from
(3.38) we get

/|Df|2dmz/1imsup
A A 110

e L(Dre )N
> limsup — | dm(x)dr
110 0 JA tr

1
znmsupfo /AF(Qtrf)(x)dm(x)dr

t0

l(DJF()c,tr)
0 tr

2
) dr dm(x)

> lliminf</AF(Q,,f)dm>drZ/Al“(f)dm,

0 110
where in the last inequality we applied (2.10) once more. Since A is arbitrary we
conclude.

In order to prove (3.33), it is not restrictive to assume Ch(g) < co. By the very
definition of the Cheeger energy, we can then find a sequence of functions f;, €
Lip,(X) N L2(X, m) converging to g in L>(X, m) with lim,_ o [y |D fu]* dm =
2Ch(g).

By replacing f,, with g,(x) = f,(x)S1(d(x, x9)/n), we can even obtain a se-
quence of Lipschitz functions with bounded support. (3.32) and the lower semi-
continuity of £ then provide (3.33) and (3.34). O

In order to conclude our analysis of the relations between £ and Ch for Energy
measure spaces (X, t, m, £), we introduce a further property.

DEFINITION 3.13 (Upper regularity). Let (X, 7, m, £) be an Energy measure
space. We say that the Dirichlet form £ is upper-regular if for every f in a dense
subset of V there exist f, € G N Cy(X) converging strongly to f in L?(X, m) and
gn : X — R bounded and upper semicontinuous such that

3.39 JT(f) < gn li 2dm < E(f).
(3.39) (fn)<g m-a.e Im sup S m=<&(f)

THEOREM 3.14. Let (X,t,m,&) be an Energy measure space. Then the
Cheeger energy associated to (X, dg, m) coincides with &, that is,

(3.40) E(f)=2Ch(f) for every f GLZ(X, m),

if and only if £ is upper-regular. In this case G =V, £ admits a Carré du Champ
I' and

(3.41) re¢) = |Df|i) m-a.e. in X for every f €V.

In particular, the space VNLip, (X, dg) is dense in V. If moreover (MD.exp) holds,
then (P;)s>0 satisfies the mass preserving property (2.12).
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PROOF. Since Ch is always upper-regular by (3.11), the condition is clearly
necessary. In order to prove its sufficiency, by (3.33) of Theorem 3.12 we have
just to prove that every f € V satisfies the inequality 2Ch(f) < E(f). If f,, g, are
sequences as in (3.39), Proposition 3.11 yields that f,, are Lipschitz and

1 1
Dol < g, Ch<fn)s—/ |Dfn|2dms—/ g2 dm.
2 Jx 2 Jx

Passing to the limit as n — oo, we obtain the desired inequality thanks to the lower-
semicontinuity of Ch in L2(X, m). The last statement of the Theorem follows by
[6], Theorem 4.20. [

3.4. Riemannian Energy measure spaces and the BE(K, 00) condition. In this
section, we will discuss various consequences of the Energy measure space axiom-
atization in combination with BE(K, 00).

Taking into account the previous section, the Bakry—Emery condition BE(K, N)
as stated in Definition 2.4 makes perfectly sense for a Energy measure space
(X, t,m, £). In the next result, we will show that under a weak-Feller property on
the semigroup (P;);>0 we gain upper-regularity of £, the identifications & = 2Ch
of Theorem 3.14 and £ = Lc.

THEOREM 3.15. Let (X, t,m, &) be a Energy measure space satisfying the
BE(K, oo) condition. Then its Markov semigroup (P;):>¢ satisfies the weak-Feller

property

f € Lip, (X, dg) with bounded support, IDfI<1
(w-Feller)
= P/ feCpX) vVt >0
if and only if
(3.42) L=CLc,

that is, if every function f € L admits a continuous representative. In this case, £
is upper-regular and, as a consequence, (3.40), (3.41) hold.

PROOF. The implication (3.42) = (w-Feller) is easy, since for any f €
Lip,(X,d) with |[Df| <1 and bounded support, the Bakry-Emery condition
BE(K, 00) [i.e., (2.35) with v = 0] and the bound I"(f) < 1 given by (ED.b) yields
eKtP;f elL=Lc.

Now we prove the converse implication, from (w-Feller) to (3.42). The Bakry—
Emery condition BE(K, 0co) in conjunction with (ED.b) and (w-Feller) yield
eX!P, f € L¢ for every f € Lip,(X,d) with [Df| < 1 and bounded support
and ¢ > 0, thus in particular ekip, f is 1-Lipschitz by (ED.a). Let us now fix
f € LN L% (X, m) and let us consider a sequence of uniformly bounded functions
fn € Lip,(X) N L?(X, m) with bounded support converging to f in L*>(X, m). By
the previous step, we know that P; f;, € Lip, (X) and the estimate (2.34) shows
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that I'(P; f,) < C/t for a constant C independent of n. (ED) then shows that
Lip(P; f,) < C/t; passing to the limit as n — oo, we can find a subsequence
ng — oo such that limy Py fy,, (x) = P, f (x) for every x € X \ NV, with m(N) = 0.
Since P; f;, are uniformly Lipschitz functions, also P; f is Lipschitz in X \ N so
that it admits a Lipschitz representative f,in X.

On the other hand, BE(K, oo) and (ED.a) show that Lip( f;) < e K1, Passing to
the limit along a suitable sequence #, | 0 and repeating the previous argument we
obtain that f admits a Lipschitz representative.

Let us prove now that £ is upper regular, by checking (3.39) for every f in the
space V})O of (2.37), which is dense in V. Observe that the estimate (2.34), (3.42)
and (ED.a) yield that, for every ¢ > 0 and every g € L?N L*®(X, m), the function
P;g admits a Lipschitz, thus continuous, and bounded representative g;. Choosing

in particular g := /I"(f), we obtain by (2.35)
L f)<e Mg, Pif— fin (X, m),

lim e—mg}dm=/ 2 dm = E(f).
X

110 Jx O]

According to the previous theorem we introduce the natural, and smaller, class
of Energy measure spaces (X, 7, m, &), still with no curvature bound, but well
adapted to the Bakry—Emery condition. In such a class, that we call Riemannian
Energy measure spaces, the Dirichlet form £ coincides with the Cheeger energy Ch
associated to the intrinsic distance dg and every function in £ admits a continuous
(thus 1-Lipschitz, by the Energy measure space axiomatization) representative.

DEFINITION 3.16 (Riemannian Energy measure spaces). (X,t,m,§) is a
Riemannian Energy measure space if the following properties hold:

(a) (X, t,m,&) is a Energy measure space;
(b) & is upper regular according to Definition 3.13;
(c) every function in £ admits a continuous representative.

The next theorem presents various equivalent characterizations of Riemannian
Energy measure spaces in connection with BE(K, 00).

THEOREM 3.17. The following conditions are equivalent:

(1) (X, t,m, &) is a Riemannian Energy measure space satisfying BE(K, 00).
() (X,7,m,&) is a Energy measure space satisfying (w-Feller) and
BE(K, 00).
(iii) (X, t,m, &) is a Energy measure space satisfying L = Lc and BE(K, 00).
(v) (X, 7, m, &) is a Energy measure space with € upper regular, and for every
function f € L*(X, m) N Lip,(X,d¢g) with IDf| € L3(X,m)

(3.43) P, f eLip(X,dg), IDP, f1> <e?K'P,(IDf|?)  m-a.e.inX.
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(v) & is a Dirichlet form in L2(X,m) as in (2.1), there exists a length distance
d on X inducing the topology Tt and satisfying conditions (MD), (ED.b), and for
every f e LcNL®(X)andt >0

(3.44) P, f eLip,(X,d), IDP, f1> <e 2X'P,I'(f)  m-a.e.in X.

If one of the above equivalent conditions holds with (MD.exp), then (3.15) holds
with C(t) =e X! the semigroups (Isl),zo and (H;)=0 are well defined according
to Proposition 3.2, H;(u) < m for every t > 0 and yu € P (X), and the strong
Feller property

(S-Feller) P, maps L> N L™ (X, m) into Lip,(X, dg)

holds with

(3.45) |DP,fI>=T(P,;f) m-ae.inX foreveryt>0, f € L>NL®(X,m).
Eventually, defining Iy (¢) as in (2.29), there holds

(3.46) 2Lk (1)|DP, fI> <P, f>  foreveryt € (0,00), f € L®(X, m),

and in particular

(3.47) 2Lk @ Lip(P: f) < | fllLeox,m)  foreveryt € (0, 00).

PROOF. The equivalence (i) < (ii) < (iii) is just the statement of Theo-
rem 3.15.

(v) = (ii) and (v) = (iv). Thanks to (ED.b), we immediately get (w-Feller).
Equation (3.44) also yields the density of V, in V and, thanks to (3.32), condi-
tion (2.35) for BE(K, 00). Since (P;);>0 is order preserving, (3.32) and (v) yield
(ED.a): if f € L then (3.44) and the length property yield P; f Lipschitz with con-
stant less then e X7 Since along a suitable vanishing sequence #, | 0 Pi.f— f
m-a.e. as n — 00, arguing as in the proof of Theorem 3.15 it is easy to check
that f is 1-Lipschitz. We can thus apply Theorem 3.17 to get that (X, 7, m, &)
is an Energy measure space with d = dg. Since (ii) in particular shows that £ is
upper-regular, we proved that (v) = (iv) as well.

(iv) = (ii). By the density of V N Lip, (X, d¢g) in D(Ch) =V stated in Theo-
rem 3.14 and the upper bound (3.32) we get (2.35) which is one of the equivalent
characterizations of BE(K, co). Moreover, (3.43) clearly yields (w-Feller).

(i) = (v) with the choice d := d¢ and (3.46). Let us observe that the estimate
(2.34) and the property £ C Lip(X) yield that for every ¢ > 0 and every function
f € L2NL>®(X, m) P, f admits a Lipschitz representative satisfying (3.47). More-
over, if f is also Lipschitz, (2.35) yields the estimate (3.15) with C(¢) := e Kt we
can then apply proposition 3.2 and conclude that when f € Cj,(X) N L?(X, m) the
Lipschitz representative of P; f coincides with P; f. Since by definition

P, f(x)= / f dH; 6y for all Borel f bounded from below
X
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we can use a monotone class argument to prove the identification of P; with the
continuous version of P; in the general case of bounded, Borel and square in-
tegrable functions. Notice that we use (3.47) to convert monotone equi-bounded
convergence of f; into pointwise convergence on X of (the continuous represen-
tative of) P, f,,, t > 0.

Another immediate application of (3.47) is the absolute continuity of H; it w.r.t.
m for all u € #(X) and ¢ > 0. Indeed, if A is a Borel and m-negligible set, then
P, x4 1s identically null (being equal to P; x4, hence continuous, and null m-a.e.
in X), hence (3.20) gives H,u(A) = 0. As a consequence, we can also compute
P, f (x) for m-measurable functions f, provided f is semi-integrable with respect
to H;8x. If now f € L, (2.35) then yields

F(PzJC)Sfb_ZKtIs;F(f) m-a.e. in X,

and Proposition 3.11 yields (3.44) since P, ( f) is continuous and bounded. A sim-
ilar argument shows (3.46), starting from (2.34).

Let us eventually prove (3.45). Since the inequality > is true by assumption, let
us see why (3.44) provides the converse one: we start from

|DI5,f|2 < e_ngﬁ’g(F(P,,gf)) for every ¢ € (0, ).

Recalling that I'(P;_ f) converges strongly in L*(X,m) to C'(P;f)ase |0, we
get (3.45). O

Recalling Theorem 3.17, Theorem 3.5, the characterization (3.43), and the no-
tation (3.17), we immediately have

COROLLARY 3.18. Let (X, t,m, &) be a Energy measure space satisfying the
upper-regularity property (3.39) (in particular a Riemannian one) and (MD.exp).

Then BE(K, 00) holds if and only if the semigroup (P;):>0 satisfies the contrac-
tion property

(3.48) W2 ((P; f)m, (Prg)m) <e™ X' Wy (fm, gm)

for every probability densities f, g € Lﬂr(X, m).

4. Proof of the equivalence result. In this section, we assume that (X, 7, m,
£) is a Riemannian Energy measure space satisfying (MD.exp) (relative to d¢)
and the BE(K, co) condition, as discussed in Section 3.4. In particular, all re-
sults of the previous sections on existence of the dual semigroup (H;);>0, its W»-
contractivity and regularizing properties of (P;),>¢ are applicable. Furthermore, by
Theorem 3.14, the Dirichlet form setup described in Section 2 and the metric setup
described in Section 3.1 are completely equivalent. In particular, we can apply the
results of [6].
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4.1. Entropy, Fisher information and moment estimates. Let us first recall that
the Fisher information functional F : LL(X ,m) — [0, oo] is defined by

F(f):=4(/f), JfeV,

set equal to +oo if \/f € L?>(X,m) \ V. Since f, — f in LL(X, m) implies
fn — +/f in L>(X, m), F is L'-lower semicontinuous.

PROPOSITION 4.1. Let f € L} (X, m). Then /f €V if and only if fy :=
min{f, N} €V forall N and f{f>0} ['(f)/f dm < oo. If this is the case,

_ r'H
F(f)_/{f>0} f dm

In addition, F is convex in LL(X, m).

We refer to [6], Lemma 4.10, for the proof, observing only that I'( f) is well
defined m-a.e. in the class of functions satisfying fy := min{f, N} € V for all
N thanks to the locality property (2.9). By applying the results of [6], we can
prove that (H;);>0 is a continuous semigroup in #(X) and we can calculate the
dissipation rate of the entropy functional along it. Some of the results below are
very simple in the case m(X) < oo, where the function V in (3.13) reduces to a
constant.

LEMMA 4.2 (Estimates on moments, Fisher information, Entropy, metric
derivative). If f € L>(X, m) is a probability density, for ju; = P; fm it holds

(4.1) 2 <FP,f)  for L'-ae.t>0.

If f € L' (X, m) is a probability density, for every T > 0 there exists Ct > 0 such
that

T T 5 ) 5
4.2) /0 F(Psf)ds+/0 fxv Psfdmdsch(Entm(fm)+/XV fdm),
(4.3) Entwm(P; f) < Entm(fm) V¢ >0.

Finally, for every i € &22(X) the map t — u, := H; i is a continuous curve in
P, (X) with respect to W.

PROOF. The estimate (4.1) follows by [6], Lemma 6.1, which can be applied
here since the Dirichlet form £ coincides with the Cheeger energy (Theorem 3.14).
The estimate (4.2) follows [6], Theorem 4.20, thanks to the integrability condition
(3.13), when f € L*(X,m). In the general case, it can be recovered by a trun-
cation argument, using the lower semicontinuity of F. The estimate (4.3) can be
obtained by a similar approximation argument from the detailed energy dissipa-
tion computation made in [6], Theorem 4.16(b) [the more general underlying fact
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is that, independently of curvature assumptions, L? gradient flows are contained
in W, gradient flows of the Entropy in the sense (weaker than EVI) of energy
dissipation].

Concerning the continuity of the map ¢ +— H;t with respect to W, for every
€ P (X), itis a standard consequence of contractivity and existence of a dense
set of initial conditions [namely, thanks to (4.1) and (4.2), the set D(Ent,) :={v €
P (X) : Entyy (v) < 0o}] for which continuity holds up to r =0. [J

Integration by parts for probability densities. We shall see now that assuming

the Bakry—Emery BE(K, o) condition, integration by parts formulae for the Ag)

operator can be extended to probability densities with finite Fisher information,
provided that the set of test functions ¢ is restricted to the spaces Véo, Vgo defined
in (2.37). Recall that V(l)o, Vgo are dense in V w.r.t. the strong topology and that

l"(gog—go)—*\o in L°°(X, m) assiOforeveryweV})o,

where @, are defined as in (2.18), since I' (¢, — ¢) is uniformly bounded and con-
verges to 0 in L'(X,m) (by the strong convergence of ¢, to ¢ in V).

In the sequel, we introduce an extension of the bilinear form I'( f, g), denoted
I'(f, g), which is particularly appropriate to deal with probability densities f with
finite Fisher information and test functions ¢ € Véo.

DEFINITION 4.3 [Extension of T'(f,¢)]. Let f = g> € L1(X,m) with
F(f)=4&(g) <ooand g > 0. Forall ¢ € Véo we define

4.4) L(f.¢) :=2gT (g, ).
The definition is well posed, consistent with the case when f € V and it holds
4.5) L(fip)= lim T(fy,9)  inL'(X,m).
N—o00
Indeed, thanks to (2.7) and to the fact that if F(f) < oo then fy = (gN)2 eV,

where gy = g A /N; it follows that T'(fi, @) = 2gxnT'(g, @), xn being the
characteristic function of the set { f < N} and

[IFC.0) =T, @)l dm=2[ 11— xwleT (g, o) dm
X X

12
=(Ir@lFe [ ram)

thus proving the limit in (4.5). The same argument provides the estimate

(4.6) /X¢|f(f,<p)|dm§\/F(f)(fxz/le“(w)fdm)l/z, eVl ¥ >0.
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THEOREM 4.4 (Integration by parts of A(gl)). If BE(K, o0) holds, then for
every f € Lﬂr(X, m) with F(f) < oo we have

4.7) / T'(f, ¢)dm = —/ fAgpdm for every ¢ eVgo.
X X
In addition, if f € D(AY) it holds

(4.8) /Xf(f,<p)dm:—/X¢A(;)fdm Vo e VL.

PROOF. Formula (4.7) follows by the limit formula in (4.5) simply integrating

by parts before passing to the limit as N — oo. Assuming now f € D(Ag)) we
have

1 1

) . .

— A dm =1lim - —P dm =1lim - — P;p)dm
/ ot fo tlw p / (f t e zl¢0 : / f(p P)

1 t
=lim—/ / fAg(Psp)dmds
ot Jo Jx

=liml/0t/;(f‘(f, Ps<p)dmds=/;(f’(f,<ﬂ),

t}0 t
where the last limit follows by (4.6) and the fact that

1t 1 ! *
F(—/ Pspds — (p) < —/ F'(Psp —¢)ds =0 in L¥(X,m)ast 0.
tJo rJo
4.2. Log-Harnack and L logL estimates.

LEMMA 4.5. Let w:[0, 00) — R be a function of class C?, let f € Lip,(X)N
V and let n € & (X). The function

Gwi= [ 0P A selorl
belongs to c%(10,rh) N Cl0,1) and for every s € (0, t) it holds

(4.9) G'(s) = /X " (Pr—s /YT (Py—s f) dHs 1.

PROOF. Since Hyu are all probability measures is not restrictive to assume
w(0) = 0. Continuity of G is obvious, since P,_; f are equi-Lipschitz, equi-
bounded and the semigroup H; is weakly-continuous. Let us first consider the
case = ¢m with ¢ € L'NL®(X, m) [in particular ¢ € L?(X, m)]. Setting
fi—s :=P;_s f and & := Py, we observe that a.e. in the open interval (0, #) the
following properties hold:

— 5> g is differentiable in L2(X, m);
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— s w(fi—s) is differentiable in L2(X, m), with derivative - (fi—s)Ag fr—s.

Therefore, the chain rule (2.11) gives

G'(s) = — /X O (fr—s)Cs D fr—y dim + /X o(fi—)Asts dm
= [P (-8, fim) = T (@m0, 6) dm

- /X " (fr—)T(fi—s)¢, dm

for Zl-ae. s e (0, 1). But, since the right-hand side is continuous, the formula
holds pointwise in (0, ¢). The formula for arbitrary measures u = {m € L (X)
then follows by monotone approximation (i.e., considering ¢, = min{¢, n}/c, with
¢y 1 1 normalizing constants), by using the uniform L bound on o ( f;—s) and on
[ (fi—s); the formula (4.9) for G’ still provides a continuous function since Hyt =
¢sm and &g = Pg¢ is strongly continuous in L! (X, m). Finally, if u € #(X), for
every ¢ >0 and s € (¢, t — ¢), setting ;, = Hzu we have

G(s)=G.(s — ) where G, (s) := ‘/;(a)(P(,_S)_Sf) dH; .

Since G is a C! function in (g, 1 — &) by the previous considerations and & > 0 is
arbitrary, we conclude that G € C 1(0, 1) and for every s € (g,t — ¢) its derivative
coincides with

G:g (s —¢)= /XCU”(Pt—s—(s—s)f)F(Pt—s—(s—s)f) dHs e
= [ &' P PP M -

In order to prove the L logL regularization, we use the next lemma, which fol-
lows by a careful adaptation to our more abstract context of a result by Wang [57],
Theorem 1.1(6).

LEMMA 4.6 (Log-Harnack inequality). For every nonnegative f € L'(X, m)+
L>®(X,m),t>0,e€[0,1],and x,y € X we have log(1+ f) € LI(X, H;8y) with

d%(x, y)
Ak (1)

PROOF. In the following, we set w, (r) :=log(r +¢), forr > 0 and ¢ € (0, 1].
Let us first assume in addition that f € Lip,(X) N LY'(X,m)NV,let y:[0,1]1— X
be a Lipschitz curve connecting x to y in X, and, recalling the definition (2.29) of
Ik, let

(4.10) P,(log(f +&))(y) <log(P; f (x) + &) +

Lk (r)
Lk (1)

Vr=vory  Wwith0(r)= .7 €[0,1].
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We set f;_s :=P;_sf and, for r € [0, t] and s € (0, t), we consider the functions

G(r,s):= /Xwe(ftfs)dHSS)?r = FY();F) with Fy(x) := lss (ws(flfs))(x)

Notice that Lemma 4.5 with = §;; ensures that for every r € [0, ¢] the function
s +— G(r,s) is Lipschitz in [0, 7], with

4.11) 3G(r, s) =/ wg(ft_s)F(ﬁ_s) dH, 6, for every s € (0, 1).
as X

This gives immediately that G(r, -) are uniformly Lipschitz in [0, #] for r € [0, #].
On the other hand, since y is Lipschitz, the map r — P4, is Lipschitz in [0, 7]
with respect to the L'-Wasserstein distance W, uniformly w.r.t. s € [0, ¢]. Hence,
taking also the fact that w( f;—s) are equi-Lipschitz into account, it follows that
also the maps G (-, s) are Lipschitz in [0, ¢], with Lipschitz constant uniform w.r.t.
s € [0, t]. These properties imply that the map s — G (s, s) is Lipschitz in [0, ¢].
Since the chain rule and (3.44) [which can be applied since we can subtract the
constant w, (0) from Fy without affecting the calculation of its slope] give

_ 2
IDF,* < e 2Py (L (fi—5)) T(fizs)):
we can use 0’ (r) = e2K7 /Iak (¢) to get the pointwise estimate

eK(s_r) hmsup |G(r + h? s) - G(rv S)l

hi0 h
Vo) ks .
Vo) 2 _eKs D Fy| (7,
<Vo'(r) IzK(t)e | [(7r)
NN / 2 )
<0'0) 0 /X (@L(fi—0))*T (fi_s) AP35,

Applying the calculus lemma [3], Lemma 4.3.4, and using the identity o, =
—(w;)z, the previous inequality with r = s in combination with (4.11) gives

G(s,s —h)—G(s,s) . |G(s+h,s)—G(s,s)|
+ lim sup

d
—G(s,s) <lim
ds h{0

h hl0 h
S 2
< QI(S)M for £'-ae.s €(0,1).
4l (1)
An integration in (0, t) and a minimization w.r.t. y yield
(4.12) [ op s, <o WLICIE)
. 1) 1) X .
x T Ao (1)

If f e L°(X,m), we consider a uniformly bounded sequence (f,) contained in
Lip, (X, m) N L'(X,m) NV converging to f pointwise m-a.e. Since w, > log(¢)
and P; f,, converges to P;f pointwise, Fatou’s lemma yields (4.12) also in this
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case. Finally, a truncation argument extends the validity of (4.12) and (4.10) to
arbitrary nonnegative f € L'(X, m)+ L (X, m). Passing to the limit as € |, 0, we
get (4.10) also in the case ¢ = 0.

Finally, notice that (4.12) for ¢ = 1 and the fact that P, f(x) is finite for m-a.e.
x yield the integrability of log(1 + f) w.r.t. H;8,. [J

In the sequel, we set

H;8y = u;[ylm so that lstf(y)=fxfu;[y]dm

for every m-measurable and m-semi-integrable function f.

COROLLARY 4.7. Foreveryt >0andy € X, we have

d’(x, y)
4k (1)

(4.13) /;( ur[yllog(u:[y]) dm <log(ua[yl(x)) + form-a.e. x € X.

In particular, when m is a probability measure,

d*(x, y)
4k (1)

u[yl(x) > GXP(— ) form-a.e. x € X.

PROOF. Simply take f = u;[y] in (4.10) and notice that Istf(x) =uy[yl(x)
for m-a.e. x € X by the semigroup property. [J

In the next crucial result, we will show that (4.13) yields Enty, (H; 1) < oo for
every measure € Z5(X).

THEOREM 4.8 (L logL regularization). Let u € &%(X) and let f; € L'(X,m),
t > 0, be the densities of Hiu € %2(X). Then

(4.14) fo,log frdm < (r2 —i—/;(dz(x,xo) du(x)) — log(m(B;,(x0)))

~ 2Lk (1)
for every xo € X and r,t > 0.
PROOF. By approximation, it suffices to consider the case when u = fm

with f € L?(X, m). Let us fix xo € X and r > 0, set z = m(B,(xp)) and v =
z~'mL B, (x0). Notice first that we have the pointwise inequality

By f () log(Py f(2) = ( [ it du) 1og( [ iz d,u)

< /X us[21(0) log (s 1)) d (y).
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Since P; f = f; m-a.e. in X, integrating with respect to m and using the symmetry
property of u;, (4.13), and Jensen’s inequality, we get

[ itog frm =< [ ( / u,[y](z)logu,[y](z)dm(z)> du(y)
X X X

_ ( /X Mz[y](Z)IOgMz[y](Z)dm(Z)) dv(x) du(y)

XxX

d?(x, y)
Ak (1)

< 1og( [ uzt[y](xmv(x)du(y))
1 2 2 )
T (r + /X o2 (x, x0) dpe (x)
<log -+

1 1 ) ) )
T <r +/Xd (x, x0)du(x) ),

where we used the inequality

< fX XX(log(uzt[y](x)H )dV(X)dM(y)

1 1
[emaw=" [ wbmdne s foreeryyeX.
X Z JB,(xo) z

We conclude with a further regularization and an integration by parts formula
for Ag) in a special case. Notice that thanks to the regularizing effect of H; we can
extend the mollification h® of the semigroup in (2.18) to measures u € % (X),
that is, we set

1 o0
(4.15) b = —/ frr(r/e)dr, frm=H.u forr > 0,

& Jo
with « as in (2.17), obtaining a map b®: 2 (X) — D(AL’) still satisfying
(2.19) [via an elementary approximation based on the characterization (2.15) of

D(AD)].

LEMMA 4.9. Let i € 9(X) and let f = W¥ i as in (4.15). Then for every
e, T > 0 there exists a constant C (g, T) such that

(4.16) F(P: f) <CC(e, T)(l +/X Vzd,u>

and, writing iy = Py fm,

417 > <C, T)<1+/XV2dM> for L-ae.t €10, T].
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Moreover, for every bounded and nondecreasing Lipschitz function w : [0, 00) — R
such that sup, ro' (r) < 0o, we have

(4.18) /Xa)(f)Ag)fdm+4/Xfa)/(f)l“(\/?)dm50.

PROOF. Combining (4.2), (4.14), the commutation identity P;h® = h®P;, and
the convexity of F we get (4.16). We obtain immediately the Lipschitz estimate
(4.17) from (4.16) and (4.1) when f € L?(X,m). The general case follows by a
truncation argument. Concerning (4.18), if ft = f m with f € L*(X, m), then fe

L%(X,m), A(gl) f =Agf € L?>(X,m) and the stated inequality is an equality, by

the chain rule I'(f, (f)) = &'(/)T(f) =4fo'(f)T(Vf). In the general case,
we approximate j in Z(X) by a sequence of measures i, = f,m with f, €

L?(X, m) and we consider fa =b%u,. By (2.19), we obtain that A(gl)fn — A(gl)f
in L'(X, m) while, setting ¢(s) = [ vr2w/(r2)dr, the lower semicontinuity of
g+> [T'(g)dm and the strong convergence of /f, to </ f in L%(X,m) give

4[ fo'(Hr/Fram= [ P@WF)dn <timinf [ (/) dm
:liminf/ o ()T fr) dm. 0
n—o0 X

Motivated by the regularity assumptions needed in the next section, we give the
following definition.

DEFINITION 4.10 (Regular curve). Let py = fyme Z(X), s € [0, 1]. We say
that p is regular if:

(a) p e AC* ([0, 1]; (P2(X), Wa));

(b) Enty(py) is bounded;

(© feCl(0,1]; L' (X, m));

(d) There exists n > 0 such that for all s € [0, 1] the function f; is representable
in the form h” f; for some f; € L' (X, m); in addition AL f € C([0, 1]; L' (X, m))
and

(4.19) sup{F(P, f):s €[0,11,1€[0,T]} <co VT >0.

In particular, if pg = fym is a regular curve, for every T > 0 there exist positive
constants M7, E7, Fr such that

/X V2dH,py <My,  Entw(Pipy) < Er,  F(P,fy) < Fr.
sel0,1],t€]0,T].

PROPOSITION 4.11 (Approximation by regular curves). For all p € AC*([0,
1]; (P2(X), Wp)) there exist regular curves p" such that p] — ps in Z2(X) for
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all s € [0, 1] and
Loy 1
(4.20) limsup/ o] ds 5/ 6|2 ds.
n 0 0
Furthermore, we can build p" in such a way that Enty (o) < Entm (o).

PROOF. First, we extend p by continuity and with constant values in (—oo,
0) U (1, 00). Then we define ,0;1’1 = Hq, ps, with tn_l € [n, 2n]. By the continuity
and contractivity properties of H;, we see that p’! fulfils (a) and (b) of the defini-
tion of regularity, the convergence requirement of the Lemma and (4.20). Indeed,
obviously condition (a) is fulfilled, while we gain p/*! <« m and sup, Enty, (p™!) <

oo by Theorem 4.8. In addition, (4.3) shows that Entm(,og ’1) < Enty,(00).

In order to achieve condition (c), we do a second regularization, by averaging
w.r.t. the s variable: precisely, denoting by f{’l the densities of p}’ I we set pg”z =
fs”’zm, where

2= /R £t (s") ds’

and x, € C2°(R) are standard convolution kernels with support in (0, co) conver-
gent to the identity. By the convexity properties of squared Wasserstein distance
and entropy, we see that the properties (a), (b) are retained and that the action in
(4.20) does not increase. In addition, we clearly gain property (c) and, since p™!
is constant in (—oo, 0], this regularization does not increase the entropy at time 0.

In the last step, we mollify using the heat semigroup, setting p} := f;'m, where
f* =b 2 and &, | 0. By the same reasons used for p™2, property (a) is re-
tained by p" and the action in (4.20), as well as the Entropy at any time s, do
not increase [because the support of the kernel « is contained in (0, 00)]. In ad-
dition, (c) is retained as well since h® is a continuous linear map from L' (X, m)
to L'(X, m). With this mollification, we gain property (d) from (2.19) and from
(4.16), which provides the sup bound (4.19) on Fisher information. [J

4.3. Action estimates. 'This section contains the core of the arguments leading
to the equivalence Theorem 4.17. We refer to [22] for the underlying geometric
ideas in a smooth Riemannian context and the role of the Bochner identity. Here,
we had to circumvent many technical difficulties related to regularity issues, to the
lack of ultracontractivity properties of the semigroup (P;);>¢ (i.e., regularization
from L' to L™), and to the weak formulation of the Bakry—Emery condition.

Since we shall often consider regular curves p € ACZ([O, 11; (P2(X), Wr)) of
measures representable in the form p = fm with f € C L0, 11; LY(X, m)), we
shall denote by f € C([0, 1]; LY(X, m)) the functional derivative in L'(X, m),
retaining the notation |p;| for the metric derivative w.r.t. Ws.

We begin with a simple estimate of the oscillation of s — [y ¢ dp, along abso-
lutely continuous or C! curves.



388 L. AMBROSIO, N. GIGLI AND G. SAVARE

LEMMA 4.12. Forall p € ACz([O, 1]; (2(X), Wa)), it holds

| 12
'/ odor ~ [ pap < | |ps|(/ |D¢|2dps) s
X X 0 X

forevery ¢ € Véo.
If moreover p = fmwith f € C'([0, 1]; L' (X, m)), for all ¢ € V. it holds

4.21)

_ 12
422) ‘ / fcsodm‘ilp'SI(/ |D<o|2dps) for L\ae.s € (0, 1).
X X

PROOF. Itis easy to check that (4.21) can be obtained using the representation
of ps given by Lisini’s theorem [39] (see [6], Lemma 5.15).

Choosing now a Lebesgue point § both for s — | ps|* and Ix |D<p|2 dps, for all
a > 0 we can pass to the limit as / | 0 in the inequality

1 | opithy )
[ wdpsin— [ odod| =2 [ (a|ps| += [ 1Dyl dps)ds
hl|/x X 2h J; alx

and then minimize w.r.t. a, obtaining (4.22). [

LEMMA 4.13. Let p= fme ACZ([O, 11; (P22(X), W3)) be a regular curve
according to Definition 4.10, and let v :[0,1] — [0, 1] be a c! function with
9({)=1i,i=0,1. Define

Ps.t :=Hsp9(5) = fs,rm, se[0,1],t>0.

Then, for every t > 0, the curve s — ps; belongs to ACZ([O, 1]; (Z22(X), Wr))
and F(fs.;) is uniformly bounded. Moreover, for any ¢ € Lip,(X) with bounded
support, setting s := Qg@, the map s — [y ¢sdps,; is absolutely continuous in
[0, 1] and

d . . 1
_/ Ps dps,t =79(S)/ fz?(s)Pst(Ps dm — _/ |D§0s|2d:0s,t
ds Jx X 2 Jx

(4.23)

~t [ F(furp)dm
for L'-a.e. s €(0,1).

PROOF. We only consider the case ¢ > 0 and we set js := py(s) = fym. Notice
that f;; = Py fy and ps satisfies the same assumptions than pg. Since H; is a
Wasserstein K -contraction

WZ(IOSO,Za psl,t) = e_KSOt W, (/55‘0’ H(S] —So)tﬁsl)
=< eiKsol(WZ(ﬁso: ﬁsl) + W2(;531 s H(sl—so)tﬁsl))a
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and (4.17) and the regularity of p give
W2 (s, His)—so)e0s1) < C(p, T)(s1 —so)t  whenever (s1 —so)t <T.

We conclude that s — p; ; belongs to AC2([O, 1]; (Z2(X), W»)). Moreover, using
the splitting

/ §0S1 dlosl,l‘ _/ QDSO dIOS(),t
X X

:/ §0S| dpsl,t _/ (pso dPS|,t+f 905() dpsl,t _/ Qﬁso dpSO,t
X X X X

=< ||‘PS| — @sp lloo + Lip((Pso)W2()5s1 ) lsso)

we immediately see that also s — [y ¢s dp;  is absolutely continuous. In order to
compute its derivative, we write

f¢s+h dos+nt — /;(QDS dos; = /¢S+h dos+n,r — /Xﬁos dpostn,
+ / P(s-i—h)t(ps d(os+n — Ps)

+ /(Pht(ps — @5) dHy; 0.

Now, the Hopf—Lax formula (3.9) and the strong convergence of fs1,; to f;; in
L' (X, m) yield

1 1
lim — d — / d =—= / Dy | dpy.;.
hlil(‘)l h </ Ds+h APs+h,t \ Ps ;Os-f—h,t) 2y |Dgs| Ps.t

The differentiability of ps in LY(X, m) yields
h! / Pty @ d(Bstn — Ps) — D (s) /X Pst9 fo(s) dm.
Finally, the next lemma yields

W [ g =0 dPups > =t [ F(fiipdm. -

LEMMA 4.14. Forall 9 € V. and all p = fm € P(X) with F(f) < o0 it
holds

) Prp — ¢ /~
1 T T fdm=-| T dm.
hl%/;( 7 fdm ; (f,9)dm

PROOF. We argue as in [5], Lemma 4.2, proving first that

Pho — Lo
(4.24) /nydm:—fo fxr(f, P,ug) dmdr.
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Notice first that, possibly approximating ¢ with the functions ¢° := h®¥¢ whose

Laplacian is in L*°(X, m), in the proof of (4.24) we can assume with no loss of

generality that Agp € L (X, m). Indeed, (4.6) and the strong convergence in T’

norm of P,,¢® to P,;¢ ensure the dominated convergence of the integrals in the

right-hand sides, while the convergence of the left-hand sides is obvious.
Assuming Agp € L°°(X, m), since

P _ 1
/—MP (pgdm:/ /gAgP,h(pdmdr
X h 0 Jx

for all g € L?(X,m) we can consider the truncated functions gy = min{f, N}
and pass to the limit as N — oo to get that f satisfies the same identity. Since
AgPrpo =P Agp € L% (X, m) we can use (4.7) to obtain (4.24).

Having established (4.24), the statement follows using once more (4.6) and the
strong convergence of P,pp to o in V. [

Under the same assumptions of Lemma 4.13, the same computation leading to
(4.23) (actually with a simplification, due to the fact that ¢ is independent on s)
and (4.8) give

d

a/}(fﬂdps,z =_/;((19(S)Pstfﬁ(s) +tPstA((5‘1)f19(s))¢dm

for Z'-ae. s € (0, 1) and all Y €E Véo. Here we used the fact that Ag)(Prg) =
P, AV g whenever g € D(AYY). Since AL f € C([0, 1]; L1 (X, m)), the right-
hand side is a continuous function of s, hence

d . .
- (pd/os,t = (ﬁsPstfz?(s) + [PstA((g‘l)fl?(s))w dm
ds Jx X
(4.25)
for every s € (0, 1).

For ¢ > 0, let us now consider the regularized entropy functionals

Ec(p) = [ ex(fydm
where e/, (r) :=log(e + r A &™) € Lip([0, 00)), e:(0) = 0.

Since we will mainly consider functions f with finite Fisher information, we will
also introduce the function

pe(r) :=e.(r?) —loge =log(e + r? A &™) —loge.
Since p, is also Lipschitz and p,(0) = 0, we have

felLll(X,m), F(f)<oo = e.(f)—loge=p:.(Vf)eV.
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LEMMA 4.15 (Derivative of E;). With the same notation of Lemma 4.13, if p
is regular and t > 0 we have for g, := pe(y/ fs.1)

Es(,Ol,t) - Ee(,OO,t)

(4.26) X
Sfo <—T/;(fs,tr(gi,t)dm+§s/)(Pst(gi,t)fﬁ(s)dm> ds.

PROOF. The weak differentiability of s — f; ; (namely, in duality with func-

tions in V})o) given in (4.25) can, thanks to the continuity assumption made on
Ag) fs, turned into strong LY(X, m) differentiability, so that
d . : |
a fs,t = 19& Py fz?(s) + 1Py (A((g’ )fﬂ(s))
4.27)
in L'(X, m), for all s € (0, 1).

Since e, is of class C!*!, it is easy to check that this implies the absolute continuity
of s = E.(ps,r). In addition, the mean value theorem gives

fs—l—h,t - fs,t d
h

Notice also that Lemma 4.9 with f = f;, and w = e, — loge gives [since

e.(fss) — loge = pe(y/ o) is nonnegative and integrable and Py (AL £ () =
A,(g])(Pszfla(s)) has null mean]

d .
Ee(po) = lim /X ¢ (for) m o Vse (1)

(4.28) /X Por (AL fio o)) el (fsr) dm < —4 fX Fon€l (fo.0T(/ for) dm.

Now we use (4.27), (4.28) and conclude
S =1 [ Afl T ([ dm
+0s [ (el(fo) = 10ge)Pus fico dm.
On the other hand, since 4re” (r) > 4r?(el (r))* = r(pL(/7))?, we get

—4fi el (Fs 0T for) < = Foa (PG )T fot) = = fiuD(pe( fi.0))

and an integration with respect to s and the definition of g5 , yield (4.26). [

THEOREM 4.16 (Action and entropy estimate on regular curves). Let p; =
fsm be a regular curve. Then, setting p1,; = H; p1, it holds

1
(429) W2 (po. p1.1) + 2tEnty(py1.) <R% (1) /0 |95 |% ds + 2¢Entm (00),
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where
Kt

t
Re (@)= 1705 = ki — 1

ifK#0:  Ro(t)=1.

PROOF. Set py, fs as in Lemma 4.13, p,(r) = €,(r*) — loge, g&, =

Pe(/fs.r) as in Lemma 4.15, g.(r) := /r(2 — /rpL(y/r)), and ¢; := Q¢ for
a Lipschitz function ¢ with bounded support.
Notice that by (4.4)

1:‘(fs,t’ Qos) = 2\/ fs,tr( fs,t’ Qos) = fs,lr(g;p (05) + QE(fs,t)F( fs,t’ QDS)-
Applying (4.23), (4.26) in the weaker form

LV . 12
tEs(;Ol,t) _tEs(pO,t) S—/O (tﬁs/;(Pst(g;z)fﬁ(s) dm — E/;(fs,tr(gﬁ,z) dm) ds

and eventually the Young inequality 2xy < ax?® + y?*/a in (4.22) with a =
e 2Kt e obtain

fXQOI do1; — /XSOO dpo.s + 1(E:(p1.1) — Ec(po.1))
1/, . 1
Sfo (ﬁs/Xfﬁ(s)Psz(gos +1g5 ) dm — E/X(|D<Ps|2+l‘2F(g§,t))dPs,z
~t [ Do) o=t [ ae(hoT(/for g dm ) ds
1/, . . 1 ,
5/0 (ﬁs‘/;(fﬁ(s)Pst((ps +1g5,)dm — 5 XF(fszrtgs,,)dps,z
~t [ @l fudT(Fure ) dm) ds
1/, .
S/O (ﬁs/Xfﬂ(s)Psz(ws+tg§,t)dm
1
— EeZK”/X T (P (s +185.,)) dpos)

1 [ g holIPQ/ %)}dm) ds

VS ) t t
< [ (307 8P + LR (e + o5 [ a2 (FIDgPdm) s
0 \2 8 26 Jx
Now we pass first to the limit as ¢ |, 0, observing that p,,(r) = 2r(s + r2)~1 X2 g1

gives

2
2 r )
qg(r)=4r<1 _—e+r) Ay <p—1 <4, lglﬁ)lqg (r)y=0,
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and then as ¢ | 0; choosing

sothat ¥(s) =Rk (1)eX*,
we obtain

1 L
fX o1 dprs — /X o0 dpo, + 1 (Bnte(p1,0) — Bt (90,)) = 5RE () fo 155 % ds.

Eventually we take the supremum with respect to ¢, obtaining

1

%Wi(m,t, p0) + t (Entm (p1,) — Entm(00,1)) < %Ri(r) fo hslPds.

THEOREM 4.17 [BE(K, 00) is equivalent to RCD(K,00)]. If (X,7,m, &)
is a Riemannian Energy measure space satisfying (MD.exp) relative to dg and
BE(K, 00), then (X, dg, m) is a RCD(K, 00) space.

Conversely, if (X, d, m) is a RCD(K, 00) space then, denoting by t the topology
induced by d and by £ = 2Ch the Cheeger energy, (X, t,m, £) is a Riemannian
Energy measure space satisfying dg = d, (MD.exp), and BE(K, 00).

PROOF. We have to show that (3.14) holds with H;p precisely given by the
dual semigroup. By a standard density argument (see [5], Proposition 2.21) suffices
to show this property for all p € & (X) with finite entropy. By the semigroup
property and (4.3), it is sufficient to prove (3.14) at t = 0 for all v € H>(X) with
finite entropy. For any p € ACZ([O, 1]; (Z2(X), W3)) joining pg :=v to p1 :=p
we find regular curves p" as in Proposition 4.11 with Enty (o) < Entn(00) and
apply the action estimate (4.29) to the curves pg , = Hy, pf’ to obtain

1
W3 (H ot o) 4 2tEntm (H, p}) < R% (1) /O |5|* ds + 2¢Enty (0°).

We pass to the limit as n — 0o and use the lower semicontinuity of W5 and of the
entropy, to get

1
W3 (H, p, v) + 2tEnt (P, p) <R% (1) fo |6s1% ds + 27Entg (v).

We can now minimize w.r.t. p and use the fact that (£(X), W») is a length space
because (X, dg) is (this can be obtained starting from an optimal Kantorovich plan
7, choosing in a m-measurable way a e-optimal geodesic with constant speed as
in the proof of Theorem 3.5), getting

W3 (H, p,v) + 2tEnty (P, p) < R% (1) W3 (p, v) + 2¢Enty (v).

After dividing by ¢ > 0, letting ¢ | 0 and using Rx(#) =1 — %t + o(t) we obtain
(3.14).
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The converse implication, from RCD(K, c0) to BE(K, c0) has been proved in
[5], Section 6. [

We conclude with an immediate application of the previous result to metric
measure spaces: it follows by Theorem 3.17 and Corollary 3.18. Notice that for
the Cheeger energy condition (ED.b) and upper-regularity are always true.

COROLLARY 4.18. Let (X,d,m) be a metric measure space satisfying
(MD+-exp) with a quadratic Cheeger energy Ch defining the Dirichlet form
E =2Ch as in (QCh). (X, d, m) is a RCD(K, co)-space if (and only if) at least
one of the following properties hold:

(1) (X,d) is a length space and (P;);>0 satisfies property (3.44), that is, for
every function f € D(Ch) with |Df|,, <1 and every t > 0,

(4.30) P, f eLip,(X), IDP, f1> <e?K'P,(IDf|?)  w-ae.inX.

(ii) Conditions (ED.a), (w-Feller) (or L = L¢), and BE(K, 00) hold.
(iii) Condition (ED.a) holds and (H;);>0 satisfies the contraction property
(3.48) [or (P;);>0 satisfies the Lipschitz bound (3.43)].

5. Applications of the equivalence result. In this section, we present two
applications of our equivalence result: in one direction, we can use it to prove
that the RCD(K, co) condition is stable under tensorization, a property proved
in [5] only under a nonbranching assumption on the base spaces. We will also
prove the same property for Riemannian Energy measure spaces satisfying the
BE(K, N) condition, obtaining in particular the natural bound on the dimension
of the product.

In the other direction, we shall prove a stability result for Riemannian Energy
measure spaces satisfying a uniform BE(K, N) condition under Sturm—Gromov—
Hausdorff convergence.

5.1. Tensorization. Let (X,dy,my), (Y,dy,my) be RCD(K, oco) metric
measure spaces.
We may define a product space (Z, d, m) by

Z:=XxY, d((x, y), (x', ) := \/dg((x, x) +d3 (3, ),

m:=my X my.

G.D

Notice that also (Z,d,m) satisfies the quantitative o-finiteness condition
(MD.exp).

Denoting by £X, £ the Dirichlet forms associated to the respective (quadratic)
Cheeger energies with domains VX, V¥, we consider the Cartesian—Dirichlet form

52) E(f)= fY EX(f¥)dmy (y) + /X EX(f)dmy(x),  feL (Zm).
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where for every f € L*(Z,m) and z = (x, y)e Z weset f*= f(x,-), fY()=
f(,y).By[5], Theorem 6.18, the proper domain V of £ in L2(Z, m) is the Hilbert
space

Vi={felL*(Z,m): f* eV formy-ae. x €X,
D[, . [DfY], () € L*(Z, m)}.
Furthermore, %5 coincides with the Cheeger energy Ch in (Z, d, m), and
2 )12
IDfI5,(x, ) =T(f)(x,y) =D, )+ Df[; x)

for m-a.e. (x,y) € Z.

Y e VX formy-ae. yeY,

(5.3)

Even though the result in [5] is stated for metric measure spaces with finite mea-
sure, the proof extends with no difficulty to the o -finite case. Also, it is worthwhile
to mention that the curvature assumption on the base spaces plays almost no role
in the proof, it is only used to build, via the product semigroup, an operator with
good regularization properties (specifically from L> to Cp); see [5], Lemma 6.13.

It will be convenient, as in [5] and in the previous sections, to work with a
pointwise defined version of the semigroups in the base spaces, namely

PXu(x) :=/u(x’) dHX 58, (x), PYu(y) :=/v(y’) dthéy(y/)

foru:X — R and v:Y — R bounded Borel, where (H,X);Zo and (H,Y),Zo denote
the Wasserstein semigroups on the base spaces. These pointwise defined semi-
groups also provide the continuous versions of (S-Feller) for the base spaces, see
[5], Theorem 6.1(iii).

Since the heat flows are linear, the tensorization (5.3) implies a corresponding
tensorization of the heat flows, namely for all g: Z — R bounded and Borel, for
m-a.e. (x, y) € Z the following identities hold:

Pre(@) = [ PLalx's () dHY8, ().
(5.4)
Pig@ = [ Pra(.y) ) aH]8,(y).

With these ingredients at hand, we can now prove the main tensorization proper-
ties.

THEOREM 5.1. With the above notation, if (X,dx,my) and (Y,dy,my) are
RCD(K, 00) spaces then the space (Z,d, m) is RCD(K, c0) as well.

PROOF. According to the characterization of RCD(K, oo) given in point (i)
of Corollary 4.18, since the Cheeger energy in Z satisfies (QCh) by the above
mentioned result of [5], it suffices to show that the length space property and (4.30)
are stable under tensorization.
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Stability of the length space property. This is simple to check, one obtains an al-
most minimizing geodesic y : [0, 1] — Z combining almost minimizing geodesics
on the base spaces with constant speed and parameterized on [0, 1].

Stability of (4.30). Let us first notice that P, maps bounded and Borel functions
into continuous ones, thanks of any of the two identities in (5.4) and (S-Feller).

Let f € Lip,(Z) N L*(Z, m). Keeping y initially fixed, the second identity in
(5.4) tells us that x — P; f(x, y) = (P; f)”(x) is the mean w.r.t. y’, weighted with
Hf dy, of the functions P,X f Y (x). Hence, the convexity of the slope gives

D[ = [ IDRX 7 |ix) il 8,(v).

where gradients are understood with respect to the first variable. We can thus use
the Holder inequality to get

(5.5) P e < [ [DPY 7Pl s, ().

Now, for my-a.e. y' € Y we apply (4.30) in the space X to the functions f Y and
use Fubini’s theorem to get

5.6)  [DPY P <e X PXIDSY R (x)  formy-ae. y €Y.

Combining (5.5) and (5.6) and using once more (5.4) with g(x, y) = |ny|%u(x)
we get

IDP, ) (x) < e 2K! fy PXID Y2 (x) dH;8, (') = e 2K P, D £ 2 ().

Repeating a similar argument with the first identity in (5.4) and adding the two
inequalities, we obtain

ID(P; )Y [7(x) + D, /) [F(y) <e 2K, ID fI2 (x, y).

We conclude that (4.30) holds in (Z, d, m) using the calculus lemma [5], Lem-
ma 6.2, which provides the information that the square root of |D(P; £)¥|*(x) +

ID(P; £)*|2(y) is an upper gradient of P, f. It follows that e_K’,/P,|Df|2w is an
upper gradient as well; being continuous, it provides a pointwise upper bound for
the slope. [

Let us now consider the corresponding version of the tensorization theorem for
Riemannian Energy measure spaces with a finite upper bound on the dimension.

THEOREM 5.2. Let (X,tx,EX, my), (Y,ty,EY, my) be Riemannian En-
ergy measure spaces satisfying the Bakry—Emery conditions BE(K, Nx) and
BE(K, Ny) respectively, and let us consider the cartesian Dirichlet form £ de-
fined by (5.2) on Z = X x Y endowed with the product topology T = tx ® ty and
the product measure m as in (5.1).
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 Then (Z, v, m, &) is a Riemannian Energy measure space, it satisfies the Bakry—
Emery condition BE(K, Nx + Ny) and the induced distance dg on Z coincides
with the product distance defined in (5.1).

PROOF. It is not restrictive to assume that Nx, Ny < oo; by the previous The-
orem we already know that (Z, t, m, £) is a Riemannian Energy measure space
satisfying BE(K, 00), whose induced distance dg is given by (5.1); we want to
prove that (2.35) holds with vz :=vxvy/(vx + vy) where vy := N;l and vy =
N;l . We argue as in (5.6), observing that for my-a.e. y’ € Y (2.35) and (3.45) yield

/12 N2 - 12
IDPY ], + 2vx ok 2 () (AxP )" < e 2KPX DV,
formy-ae. x € X.
Integrating w.r.t. the measure HY 8y in y" and recalling (5.4) and (5.5), we get
2 2 - 2
(5.7 |D(Pf) ], (0) 4+ 2vxTak 2 (Ax (P £)*) (x) < e 2K'P(IDf],) ()
m-a.e. in Z, where we also used the Holder inequality

2
fY (AxPX £V () dH, 8y (V) = ( /Y AxPXf? (x)dHfay(y’))

= (AxP )2 (x).
By repeating a similar argument inverting the role of X and Y, we get
2 2 _ 2
(5.8)  [D(Pf)*[,,(») +2vr Lk 2 (Ay P )¥) (y) < e *XP,(IDF¥],) ()
m-a.e. in Z. Adding (5.7) and (5.8), and recalling the elementary inequality

1%'a%
vXa2 + va2 > L(a + b)2 for every a, b > 0,
Vx + vy

we conclude thanks to the next simple lemma. [

LEMMA 5.3. Assume that f €V satisfies
(f?, f*) € D(Ax) x D(Ay)
form-a.e. (x,y) € Z,AxfY, Ay f* € LZ(Z,m).
Then f € D(Az)and Az f(x,y)=Ax fY(x) + Ay f*(y) for m-a.e. (x,y) € Z.

5.9

PROOF. If (5.9) holds, Fubini’s theorem and the very definition of Ay, Ay
yield for every ¢ € V

E(fg) = /Y EX(f.¢”) dmy (y) + /X Y (%, ¢") dmy (x)

:_/Y(/x Axfywydmx)dmy—/x(/y Ayfxw"dmy>dmx

—— [ (@xf + 8y f)pdm 0
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5.2. Sturm—Gromov-Hausdorff convergence and stability of the BE(K, N) con-
dition.

Preliminaries. Here and in the following we adopt the notation N := N U {co}.

Let us first recall an equivalent characterization of Sturm—Gromov—Hausdorff
(SGH) convergence of a sequence (X, d,, m,), n € N, of metric measure spaces
that is very well adapted to our aims; for the sake of simplicity, we restrict here
to the case when m, € &,(X,,). The general case of o-finite measures satisfying
(MD.exp) could be attacked by the techniques developed in [29], assuming that
(MD.exp) holds uniformly along the sequence. We refer to [5], Section 2.3, [54],
Section 3.1, for other definitions and important properties of SGH convergence.

DEFINITION 5.4 (SGH-convergence). Let (X,,d,,m,), n € N, be complete
and separable metric measure spaces with m, € %(X,) for every n € N. We
say that (X, d,, m,;) SGH-converge to (X, doo, Meo) as n — oo if there exist
a complete and separable metric space (X, d) and isometries ¢, : X,, > X, n € N,
such that W2 ((t,)gmy, (too)zMoo) — 0 as n — oo.

A more intrinsic approach would state SGH-convergence for the equiva-
lence classes of metric-measure spaces induced by measure-preserving isome-
tries: according to this point of view, two metric-measure spaces (X1, d;, m;) and
(X3, d2, my) are isomorphic if there exists an isometry ¢:supp(m;) — X3 such
that mp = lymy.

Here, we do not insist on this aspect, since owing to the Definition 5.4 we will
always consider an effective realization of such a convergence provided by the
space (X,d) and the system of isometries (1,), n € N. Moreover, by identifying
X, with 1,(X,) in X, and m, with (¢,)zm, in Z(X), it will not restrictive to
assume that

m, € % (X), X, C X,d, =dforeveryn € N, m,, are converging to Mq

(5.10) in #,(X) as n — o0;

one has just to take care that in general m,,, m could be not fully supported.

REMARK 5.5. It is important to notice that, by construction, the Cheeger en-
ergy is invariant by isometries: considering, for example, the situation of Defini-
tion 5.4, if 1 : Xoo — X is an isometric imbedding of (X, doo) in a complete and
separable metric space (X, d), with Mu := (t1o0) Mo, the Cheeger energy 25 as-
sociated to (X, d, Ma) in L2(X, M) satisfies

goo(f) =Eco(f 0olxo) for every f € L2(X, o).

Since the composition with (o, provides an order preserving isomorphism between
L?(X,Mu) and L?(X oo, Moo), it is immediate to check that (Xoo, Toos Moo, Exo)
satisfies BE(K, N) if and only if (X, 7, Mo, Ex) satisfies BE(K, N) as well (here
7 is the topology induced by d in X).
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We will also need a few results, strongly related to the theory of Young mea-
sures, concerning convergence for sequences of functions defined in L2-spaces
associated to different measures (see, e.g., [3], Section 5.4). We first make precise
this notion of convergence.

DEFINITION 5.6.  Let (X, d) be a complete and separable metric space, let
(my) C P2(X), n € N, be converging in #7,(X), and consider a sequence of vector
valued functions f, € L2(X, m,; R¥), n e N,k e N. We say that (f,) converges to
foo as n — oo if

(5.11) (ix£)im, = (i X foo)iMa  in Po(X x RY).
We will use three properties stated in the next lemma.

LEMMA 5.7. Let (X, d), (£,) and (m,) C P>(X), n € N, as in Definition 5.6
above.

(1) (5.11) is equivalent to the convergence of each component fnj , J =
1,....k, to f/.
(i1) In the scalar case k = 1, if f, satisfy

lim/fngodmn=/ feodm for every ¢ € Cp(X),
X X

n—oo

lim / £2dm, = / £2 dm,
X X

n—oo

then f, converges to f according to (5.11). The same conclusion holds if f, €
L L(X ,my,) N L®(X, my,) are uniformly bounded probability densities satisfying

fim, = fm  in 2(X), lim / falog f,dm, = / flog f dm.
n—oo X X

(iii) Finally, if v:R* — R" is a continuous map with linear growth, and £,
converge to f according to (5.11) then r o f,, converge tor of.

PROOF. (i) follows by disintegration and the fact that a probability measure in
R* is a Dirac mass if and only if its coordinate projections are Dirac masses; see,
for example, [3], Lemma 5.3.2.

Property (ii) is a consequence of the fact that, for strictly convex functions,
equality holds in Jensen’s inequality only when the measure is a Dirac mass. A de-
tailed argument is presented in [3], Theorem 5.4.4 (the fact that the base space X
is a general metric space instead of an Hilbert space is not relevant here).

The proof of (iii) is straightforward. [

Stability of BE(K, N) under SGH-convergence.

THEOREM 5.8. Let (X, Ty, Ex, my,), n € N, be Riemannian energy measure
spaces satisfying BE(K, N) with m, € %,(X,,) and let us suppose that, denoting
by d, the corresponding distances dg,, (X,, dy, m,) converge to (Xoo, doo, Meo)
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in the Sturm—Gromov—Hausdor(f sense of Definition 5.4. If %Eoo is the Cheeger
energy in the limit space and T the topology induced by deo, then (X oo, Toos Moo,
Eo) Is a Riemannian Energy measure space satisfying BE(K, N).

PROOF. According to the Definition 5.4 of SGH-convergence and taking Re-
mark 5.5 into account, it is not restrictive to assume that (5.10) holds, so that all
the spaces X, are subsets of a fixed complete and separable metric space (X, d),
d,, are the restrictions of d on X,,, the isometries ¢, are just the inclusions maps,
m,, can be identified with (1,)ym, and can be considered as measures in %%, (X)
converging to My, and the Cheeger energies &, are Dirichlet forms on L*(X,my,)
satisfying the BE(K, N) condition.

The case N = oo follows by the identification Theorem 4.17 and [5], Theo-
rem 6.10. In particular, the limit Cheeger energy associated to (X, d, my) is a
Dirichlet form that we call %Eoo and the limit space endowed with the Cheeger
energy and the topology t induced by d is a Riemannian Energy measure space.

We can thus consider the case N < 0o. In order to show that (X, 7, Mag, Ex0)
satisfies BE(K, N) we will prove that the distributional characterization (2.33) of
BE(K, N) holds for every f € L2(X, my) and nonnegative ¢ € L™ (X, my). By
standard approximation, it is also not restrictive to assume f € L°°(X, my,). Our
argument consists in passing to the limit in the corresponding distributional in-
equality written for suitable approximating sequences in the spaces (X, t, my,, &,).

Let us thus denote by (P});>¢o the Markov semigroups in L*(X,m,) with gen-
erators A, := Agn, n € N. By [5], Lemma 6.12, and Lemma 5.7(ii), for every
f> 9 € L®(X,m), ¢ nonnegative, we can find sequences f,, ¢, € L* (X, m,), ¢,
nonnegative, converging to f, ¢ according to Definition 5.6. We can also suppose
that f,,, ¢, are uniformly bounded by some constant C > 0.

Applying Lemma 5.9 below, we get that for every t > 0 and s € [0, t] P}_, f,
converge to Py°  f and P} ¢, converge to P{°¢ as n — oo according to Defini-
tion 5.6.

Applying Lemma 5.7(i) to the function f, := (P}_; f, P} ¢,) and choosing the
bounded and continuous test function ¥ (x, ry, r2) = rlzrzsc(rg), (x,r1,rm)e X x
R2 [with S¢ defined as in (3.27)], we obtain
lim | (P™, f,)*Plg,dm, = lim fz//d(i X £)5my, = f ¥ d(i x Hym

X n—o0

n—oo

2
=fX(P?35f) Pop dm.
A similar argument yields

. 2 2
lim [ (AgP fu) Py gndmy, =/X(A5P?isf) PPpdm

n—oo X

for every t > 0,5 € [0, 7). We can thus pass to the limit in the distributional in-
equality (2.33) written for f,, ¢,. U
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LEMMA 5.9. Let (X,d) be a complete and separable metric space, m, €
Py(X),neN, bea converging sequence such that (X,d, m,) is a RCD(K, 00)
space with Cheeger energy %En, and let us denote by (P});>0 the Markov semi-
groups in L? (X, my,) with generators Ay, := Agn,n € N.

If fn € L®(X,my,) converge to foo € L°°(X, Mso) according to Definition 5.6,
with uniformly bounded L norm, then P} f, converge to P{° fo, for every t >0
and A, P} fn converge to AsoP{° foo as n — oo for every t > 0.

PROOF. When f, are probability densities the convergence of P} f,, follows by
applying Lemma 5.7(ii) and the convergence results of [5], Theorem 6.11 [which
shows that P} f,,m,, converges to P{° foomso in Z22(X)] and [29] [which yields the
convergence of the entropies Enty,, (f,m,;) — Enty( fooMmoo) ]

The case f;, € LlL(X , m,) can be easily reduced to the previous one by a rescal-
ing, since [y fndm, — [y fdmby (5.11) and (P});>o is mass preserving.

The general case can be proved by decomposing each f, into the difference
£ — f,; of its positive and negative part, observing that fnﬂE converge to f;
thanks to Lemma 5.7(iii). Thus, by (i) it follows that (P” £, P f,7) converge to
(P f£, P f5) and a further application of (iii) yields the convergence result by
the linearity of the semigroups.

In order to prove the convergence of A, P} f, we still apply (ii) of Lemma 5.7:
recall that P} are analytic semigroups in L?(X,m,), A, P fn = %P? fn, and the
uniform estimates (see, e.g., [49], page 75, step 2)

(5.12) ¢/ <Ajlful2(x.m,)  foreveryt>0,neN

L2(X,my)

4/,
ar

hold with universal constants A; for every 7 > 0. Since we just proved that for ev-
ery ¢ € Cp(X) the sequence of functions ¢, (¢) := [y P} f,¢ dm, converge point-
wise to the corresponding ¢ as n — 0o, (5.12) yields that

Jim g0 = lim [ AP fupdm, =¢'0) = [ AP frupdm
for every t > 0. The same argument holds for
(> [ (APl £ dm, = e IGR 0
b'¢ 4dr- Jx
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