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QUENCHED SCALING LIMITS OF TRAP MODELS

BY MILTON JARA, CLAUDIO LANDIM AND AUGUSTO TEIXEIRA
Ceremade, IMPA and Université de Rouen and ETH-Ziirich

In this paper, we study Bouchaud’s trap model on the discrete d-
dimensional torus Tg =(zZ/ nZ)% . In this process, a particle performs a sym-
metric simple random walk, which waits at the site x € Tg an exponential
time with mean &y, where {£x,x € Tg} is a realization of an i.i.d. sequence
of positive random variables with an «-stable law. Intuitively speaking, the
value of &y gives the depth of the trap at x. In dimension d = 1, we prove
that a system of independent particles with the dynamics described above has
a hydrodynamic limit, which is given by the degenerate diffusion equation
introduced in [Ann. Probab. 30 (2002) 579-604]. In dimensions d > 1, we
prove that the evolution of a single particle is metastable in the sense of Bel-
trdn and Landim [Tunneling and Metastability of continuous time Markov
chains (2009) Preprint]. Moreover, we prove that in the ergodic scaling, the
limiting process is given by the K -process, introduced by Fontes and Mathieu
in [Ann. Probab. 36 (2008) 1322-1358].

1. Introduction. Scaling limits of random walks in random trap environ-
ments have been examined recently [5, 6, 11] as stochastic models which exhibit
aging [3,7, 11, 18], a phenomenon of considerable interest in physics and mathe-
matics.

To describe the dynamics, fix an unoriented graph G = (V, E) with finite de-
gree and consider a sequence of i.i.d. strictly positive random variables {§;:z € V'}
indexed by the vertices. Let {X; : ¢ > 0} be a continuous-time random walk on V
which waits a mean &, exponential time at site z, at the end of which it jumps to
one of its neighbors with uniform probability.

The time spent by the random walk at a vertex z is proportional to the value of
&;. It is thus natural to regard the environment as a landscape of valleys or traps
with depth given by the value of the random variables {£,:z € V}. As the random
walk evolves, it explores the random landscape, finding deeper and deeper traps,
and aging appears as a consequence of the longer and longer times the process
remains at the same vertex.

It is clear from the description that random walks on random trap environ-
ments should present a very rich scaling fractal structure if one chooses appro-
priate graphs and random environments. For each given time scale, only traps at a
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certain depth matter. The deeper valleys are too sparse to influence the evolution
and the shallower wells are not deep enough to retain the process.

We are concerned in this article with the lattice case: {&, : z € Z¢} is a sequence
of i.i.d. strictly positive random variables and {X; :¢ > 0} a continuous-time ran-
dom walk on Z? which waits a mean &, exponential time at site z, at the end of
which it jumps to one of its neighbors with probability 1/2d.

When & has finite mean, for almost all environments {£, : z € Z?}, the rescaled
random walk €X,.—> converges in distribution to a Brownian motion. In dimen-
sion 1, we can use the method of random time change to study the problem ex-
plicitly and a simple computation establishes the result [20]. In this case, the dif-
fusion coefficient is equal to E [So]*l, the harmonic mean of the random rates
&, I':7 € Z%). Observing that the random walk is a martingale, in higher dimen-
sions, by examining the evolution of the environment as seen from the position of
the random walk, the proof of the invariance principle is reduced to the proof of
an ergodic theorem for the dynamics of the environment [19]. An explicit formula
for the variance is, however, no longer available.

To investigate the case where the environment has an infinite mean, a natural
assumption is to suppose that the distribution of &y belongs to the domain of at-
traction of an «-stable law, 0 < o < 1. The variables {£, :z € Z%} now take large
values in certain sites, forcing the random walk to stay still for a long time when it
reaches one of them, causing a macroscopic subdiffusive behavior.

In dimension 1, Fontes, Isopi and Newman [11] proved, under these hypothe-
ses, that for almost all environments, the random walk converges, in the time scale
1A/ “), to a singular diffusion with a random discrete speed measure. In dimen-
sion d > 2, Ben Arous and éerny [5] proved that for almost all environments, the
Bouchaud trap model converges, in a proper time scale 2/¢ in dimension d > 3
and a logarithmic scale smaller than 2/% in dimension 2, to the fractional-kinetic
process, a self-similar, non-Markovian, continuous process, obtained as the time
change of a Brownian motion by the inverse of an independent «-stable subordina-
tor. In fact, they proved, under quite general conditions on the environment, that the
clock process converges to an «-stable subordinator for a large range of time scales
[6]. In these time scales, the random walk does not visit the deepest traps, but ex-
hibits an aging behavior. During the exploration of the random scenery, the process
discovers deeper and deeper traps which slow down its evolution, the mechanism
responsible for the aging phenomenon. We refer to [4, 9] for recent reviews.

In this article, we present two results. The first establishes the hydrodynamic
behavior, almost sure with respect to the environment, of a superposition of inde-
pendent random walks evolving on the one-dimensional torus with a trap environ-
ment of «-stable i.i.d. random variables. The hydrodynamic equation, describing
the macroscopic evolution of the density, is given by the generalized second order
linear equation

d (t,x) = d_d (t,x)
ai” Y T awax P
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where W is an a-stable subordinator deriving from the realization of the environ-
ment. The Krein—Feller operator (d/dW)(d/dx) is the generator of the singular
diffusion obtained by Fontes, Isopi and Newman [11] as scaling limit of the ran-
dom walk in the trap environment.

The striking feature of this result is that the random environment survives en-
tirely in the limit since even the differential operator, which describes the macro-
scopic evolution of the density, depends on the specific realization of the envi-
ronment. A similar phenomenon was observed in [10, 14, 21, 22] for exclusion
processes with a-stable random conductances.

The second result describes the evolution of the random walk in the random
environment, produced by «-stable i.i.d. random variables in dimension d > 2, in
the time scale needed to visit the deepest traps. Using the notation of Theorem 4.1
in [6], this corresponds to the case y =0.

In dimension 2, on the time scale N%/* log N, we prove that the random walk,
evolving on the discrete torus (Z/NZ)?, converges to the Markov K -process intro-
duced by Fontes and Mathieu [13], which, in the present context, can be informally
described as follows. The state space is formed by the countable and dense sub-
set of deepest traps. The process stays at one of these sites an exponential time,
with expectation proportional to the depth of the trap, at the end of which it jumps
to a new location, chosen with uniform probability among the deepest traps. The
scaling limit is similar in dimension d > 3, but the time scale is now N d/e In the
terminology of [2], these results establish the tunneling behavior of the random
walk in dimension d > 2.

Convergence to the K -process has been proven by Fontes and Mathieu [13] for
the trap model in the complete graph and by Fontes and Lima [12] for the trap
model in the hypercube. We believe that this is a universal behavior of random
walks on graphs with heavy-tailed random trap environments in the ergodic time
scale, the scale proportional to the time needed to jump from one very deep trap to
another (at least in sufficiently high dimension).

It is, in fact, quite surprising that, even in low dimensions, the geometry of the
torus is completely wiped out in the scaling limit of the random walk in a random
trap environment, as proved below.

We conclude this introduction by specifying the random environment which
we consider in this article. Although we shall work on the torus, we present
the construction on RY. Let A be the measure on R? x (0, 00) given by A =
aw 1Y dxdw, 0 < a < 1, where dx (resp. dw) denotes the Lebesgue mea-
sure on R? [resp. (0, co)]. Denote by {(x;, w;) € RY x (0, 00):i > 1} the marks of
a Poisson point process of intensity A and define the measure W on R? by

W=> wdy.

i>1
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For z = (z1,...,24) in 74, let [z/N,[z + 1]/N) be the d-dimensional cube
[Ti<i<q [zi/N,[zi + 1]/N) and let

N = NS wil{x; € [z/N, (z + 1)/N)},
i>1
where 1{A} stands for the indicator of the set A. In the next section, we show
that for each N > 1, {é;\' :z € Z4} are i.i.d. random variables with a common «-
stable distribution, independent of N. Following [11], Section 3, we may refine
this construction to obtain i.i.d. random variables distributed according to any law
in the domain of attraction of an «-stable law.

Taking the array {SZN ze74 }, N > 1, as our environment, instead of a sequence
{€.:z € Z4} of i.i.d. random variables in the domain of attraction of an «-stable
law, as it is usually done, produces noticeable differences in the scaling limit, the
main one being the survival of the measure W.

2. Notation and results. Fix a finite, strictly positive measure W on the d-
dimensional torus T¢:

2.1 W(A) >0 for any open set A.

Denote by T[‘?V the d-dimensional, discrete torus (Z/NZ)?. Let W;V , X € Tj{,, be
the W-measure of the d-dimensional cube [x/N, (x +1)/N), where 1 is the vector
with all components equalto 1: 1 =(1, ..., 1):

(2.2) WY =W{lx/N, (x +1)/N)}.

In this article, we examine the evolution of a continuous-time, nearest-neighbor,
symmetric random walk on ’]I‘j{, which waits a mean W exponential time at site x.
Its generator Ly is given by

1 1
(2.3) Ly N = 5237 Y L) = f)]

X y~x

for every f:T;{, — R, where (y1,...,y0) =y ~x = (x1,...,xq) if |y — x| =
Zlgigd lxi — yil = 1.

2.1. Hydrodynamic limit in dimension 1. Consider a finite number of random
walks evolving independently on Ty according to the dynamics defined by the
generator Ly. Let Ny be the nonnegative integers: No = {0, 1, ...}. Denote by
Qn = NOTN the state space of the process and by 5 the configurations of 2 so that
n(x), x € Ty, represents the number of particles at site x for the configuration .

This evolution corresponds to a Markov process on 2 whose generator Ly is
given by

1
ORIOEEDIDY USINFr S

N
xe€Ty y~x N Wy
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where f:Qpn — R is a bounded function and n*? stands for the configuration
obtained from n by moving a particle from site x to site y:

nx)—1, =X,
V(@) =41 n(y)+1, z=Y,
n(2), TFX, Y.

Note that we have slowed down the dynamics by a factor N. We did that in
order to have a jump rate NW[ of order one if the measure W is absolutely
continuous with respect to the Lebesgue measure in a neighborhood of x/N.
Indeed, in this case, if we denote by w the Radon—Nikodym derivative of W,
NW)ﬁV = Nf[x/N,(x+1)/N) w(y)dy is of order one. In contrast, if W has a point

mass at x /N, then N W;V is of order N, which means that particles wait exponen-
tial times of order N at sites where W has point masses. Particles are thus trapped
at these sites.

Denote by {n;:r > 0} the Markov process with generator Ly speeded up by
N2. Let D(Ry, Q2y) be the space of right-continuous trajectories & : Ry — Qy
with left limits, endowed with the Skorokhod topology. For a measure v on Qy,
let P, be the probability measure on D(R, ) induced by the Markov process
{n; :t > 0} starting from .

For p > 0, let °B, be the Poisson probability distribution with parameter p in
No: PBylk} = e Ppk/k!, k > 0. Denote by vf)v the product measure on Qy with
marginals defined by

(24) vy im0 =k} =R,yn(k),  xeTy, k=0

N

It is not hard to see that the measures v A

erator Ly.

Let M (T) be the space of finite positive measures on the torus T, endowed with
the weak topology. Fix ¥ > 0 and denote by 7V = 7" () € M(T) the measure
obtained from a configuration n by assigning mass N~V to each particle:

are invariant and reversible for the gen-

1
(2.5) 7= 2 @),

xeTN
where 8,y stands for the Dirac measure at x/N. For a continuous function
H:T — R, denote by (7", H) the integral of H with respect to 7% so that
1
N —_—
(2 H) = 2 HO/N)n().

XGTN

Fix a continuous function ug: T — R and denote by ,uuNO 0 the product mea-
sure on €2y with marginals given by

26) o inin@) =kb =P, omnrwylkl,  xeTy, k=0,
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When ug is a constant function equal to p, we write ,ufx) (- simply as [,Lg = lp.
Thus, under M,% o 1 (x) has a Poisson distribution with parameter ug(x/N) W;\’ NY.

An elementary computation shows that (N, H) converges to [ H (x)ug(x) x
W(dx) in Lz(,u,% (4)) for every continuous function H:

lim E n [((nN,H)—/TH(x)uo(x)W(dx)>2:|:0.

N—oo Huge)

The hydrodynamic equation. Let H; be the Sobolev space of all functions
in L3(T) with generalized derivative in L*(T) endowed with the scalar product
(-, -)1,2 defined by

(foghia=(frg) + /T (35 ) () (0x ) () dx.

where (-, ) stands for the usual scalar product of L2(T). It is well known that
the space of functions with continuous derivatives of all orders is dense in H;.
Moreover, any function in H; has a continuous version.

Denote by L?(dW) the Hilbert space associated to the measure W (dx) and by
(f, g)w the corresponding inner product.

DEFINITION 2.1. A bounded measurable function u:[0,7] x T — R is a
weak solution of

d 1 d d
2.7) { di' T 2dwdx"
u(0,-) = ug(-),
if:

(i) it has finite energy, that is,

T
/ (U, ur)1,2dt < o0;
0

(i1) for any smooth function G :[0, T] x T — R vanishing at T, G =0,
T 1 T
(Go.uohw + [ (4G di =3 [ 10:G.vur) .

At the end of Section 5, we prove that there is at most one weak solution of
(2.7). Denote by ntN , t > 0, the empirical measure associated to the state of the
process at time ¢,

1
7T,N = W Z Uz(x)(sx/N,

xe'ﬂ‘N

and recall that time has been speeded up by N2.
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THEOREM 2.2. Let W be a finite, positive measure on T satisfying (2.1). As-
sume that there exists yo > 0 such that

) 1 1
o) i X =

xeTy X

Fix y > yo. Then, for every t > 0, every continuous function H : T — R and every
6 >0,

lim P~ [

N—ooo Huye

(N, H) —/TH(x)u(t,x)W(dx)

> 8:| =0,
where u is the unique weak solution of (2.7).

If the measure W is absolutely continuous with respect to the Lebesgue mea-
sure, and its Radon—Nikodym derivative, denoted by w(x), is strictly positive,
w > 0 a.s., then the previous theorem states that the empirical measure 7" con-
verges to the measure 7 (¢, dx) = u(t, x)w(x) dx, whose density u is a solution
of

{ du=(1/2w ' Au,
u(0,-) =uo(-).

The proof of the hydrodynamic behavior of the empirical measure differs sub-
stantially from the usual ones due to the spatial irregularity of the environment.
The lack of smoothness is reflected in the dynamics by an erratic time evolution.
To overcome this issue, we average not only in space, but also in time, investigating
the asymptotic behavior of the measure 9" on [0, T] x T, defined by

1
Z nt(x)(sx/th’

mY = —
I+y N
N XETN Wx

which does not capture space and time discontinuities.

2.2. Metastable behavior of the trap model in dimension d > 2. Fix a finite,
strictly positive, atomic measure W on the d-dimensional torus T¢:

W=> wy,

i>1

where {x; :i > 1} is a dense subset of T, ;. w; < 0o and w; # w; fori # j.

Denote by {w;:i > 1} the weights of W in decreasing order so that {@; :i >
1} ={w;:i > 1} and w; > Wy > ---. Let {X; :i > 1} be the positions of the atoms
of W corresponding to the weights {w; :i > 1}:

W=> wid, =) i

i>1 i>1
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Recall the definition of W;V given in (2.2). Denote by {X tN :t > 0} the ran-
dom walk on Tﬁ, with generator Ly. Let D(R4, ’]I‘?{,) be the path space of right-
continuous trajectories w: R — T,dv with left limits endowed with the Skorokhod
topology. Denote by P, x € ']I‘j{,, the probability measure on D (R4, ’]I‘j{,) induced
by the Markov process {X ,N } starting from x. Expectation with respect to IP’fVV is
denoted by EV.

Denote by vV the unique stationary state of the process {X ,N :t > 0}. An ele-
mentary computation shows that v is, in fact, reversible and given by

N N
v (x) = w.'.
(x) werd) s
Enumerate Tj{, according to the weights {W;V } in decreasing order:
d N _N N N N N
TN={]C1,X2,..-,XNd}, le[\/ZWxé\/Z"'ZWde.
N

In the case of ties, we choose the smallest site according to some pre-established
order. Following [5], we call the sites x}v , j fixed, the very deep traps. These are
the relevant states of the trap random walk on the scale observed here.
Since W (T9) is finite, we may assume that for every M > 0, there exists Ng
such that £; € [x}/N — (1/2N)1, x}' /N + (1/2N)1],1 < j < M, forall N > Np.
To define the trace of the process {X IN :t > 0} on a subset F of ']I‘j{,, let 7, ,\f (1),
t>0,FC T4 , be the time the process remains in the set F in the interval [0, ¢],

t
T (1) ::/0 1{xY e F}ds,

and let S 16 (1) be the generalized inverse of 7, Af (1),
Sﬁ(r) := sup{s > OITAI,F(S) <t}.
It is well known that the process {X tN For> 0} defined by
X =xN 5w

is a Markov process with state space F, called the frace of {X ,N }on F.

Let {Yy :k > 0} be the d-dimensional, nearest-neighbor, symmetric, discrete-
time random walk on Z? starting from the origin. For d > 3, denote by v, the
probability that {Y} never returns to the origin:

vg =Po[Yy #0 forall k£ > 1].

Let A% = {va,...,xﬁ}, 1 <M < N9, and denote by {)A(IN’M:t > 0} the trace
of the process {X ,N :t > 0} on the set AAN,,. The second main result of this article

states that in dimension d > 3, the trace process {)A( tN M } converges, as N 1 oo, to
the random walk on (X1, ..., X} which waits a mean #;/vg exponential time at
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x; and then jumps to {X; :1 <i < M} with uniform probability. Note that we do
not rule out the possibility that the process jumps back to the site where it was.
To state the result, let Wy : T‘]{, — N be defined by Wy (xj-v )=j and let X ,N M _

lIJN()A(,N’M). Clearly, {X,N’M:t > 0} is a Markov process on {1, ..., M}.

THEOREM 2.3. Fix T > 0 and assume that d > 3. As N 1 oo, the law of
{X,N’M :0 <t < T} converges in distribution to a random walk in {1, ..., M} with
generator Ly given by

Lr ) = rx QIR

Moreover,

ANM
li li E (T)]=0
Jim imoup man, BRI ()

where AN y = ']I‘j{, \ Aﬁfl.

In dimension 2, the picture is similar, but the process needs to be speeded up by
log N. Denote by {%fv :t > 0} the random walk on ']I‘,zv with generator (log N)Ly,
where £y has been introduced in (2.3). Hence, {Z{f\’ :t > 0} has the same distribu-
tion as {thogN t > 0}.

Denote by PN X € ']I‘2 , the probability measure on D (R, ']I‘%\,) induced by the
Markov process {%N :t > 0} starting from x. Expectation with respect to P)ICV is
denoted by Efcv Denote by {%fV’M :t > 0} the trace of the process {%iv :t>0} on
the set A% and let %iV’M =Wy (iiv’M).

THEOREM 2.4. Fix T > 0 and assume that d = 2. As M 1 oo, the law of
{%iV’M :0 <t < T} converges in distribution to a random walk in {1, ..., M} with
generator £y, given by

S|

(Cu N0 =

> Mo f@]1

Moreover, if we denote by ‘Z]%,N’M(T) the time spent by the process .'{{V in the set
AN, m on the time interval [0, t], then

11m limsup max EN[ ﬁN‘M(T)]=O.
M—o0 N oo 1Sj<M

We prove in Proposition 6.19 that in dimension 2, the random walk {X tN it >
0} with generator Ly does not leave a very deep trap, staying there indefinitely.
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Therefore, on time scales of order 1, the random walk does not move and on scales
of order log N, the geometry is wiped out and the random walk jumps from a very
deep trap to another one, chosen with uniform probability.

We now give a characterization of the K-process which is a Markov process
on N, the one-point compactification of N. Following [13], Theorem 4.1, the K -
process with parameters {y; > 0:i > 1} such that } ;- y; < +00 and ¢ =0 is the
unique strong Markov process Z; in D(R ., N) such that:

(i) Z; staysini € N an exponential time with mean y;;
(i1) starting from oo, the hitting time of any nonempty finite set A C N is al-
most surely finite and Z; enters A at a point which is chosen uniformly at random;
(iii) the total time spent at co by Z; is almost surely zero.

Denote by {ZtM :t > 0} the Markov process with generator £j,. Fontes and
Mathieu [13], Lemma 3.11, proved that the process ZIM converges, as M 1 oo, to
the K -process with parameters ¢ = 0 and {w; /vy :i > 1}. The next result follows
from this fact and from Theorem 2.3.

THEOREM 2.5. Fix T > 0 and assume that d > 3. There exists a sequence
{€y i N =1}, €3 1 00, such that for any sequence {{ : N > 1}, £y < £}, £y 1 00,
the law of {X,N SO <t < T} converges in distribution to the K -process with
parameters {W; /vg :i > 1} and ¢ = 0. Moreover,

. N ANty .
Jim, I, B T (=0

Of course, a similar statement holds in dimension 2, that is, for £}, in place
of £y7. In the terminology of Definition 2.2 in [2], Theorem 2.5 states that in
dimension d > 3, the trap random walk {X tN :t > 0} exhibits a tunneling behav-
ior with metastates {X1, X2, ...} and limit given by the K-process with parameters
{w;/vg:i > 1} and ¢ = 0. Analogously, in dimension 2, the trap random walk
{.’{fv :t > 0} exhibits a tunneling behavior with metastates {X, X, ...} and limit
given by the K -process with parameters {2w; /7 :i > 1} and ¢ = 0.

2.3. Bouchaud’s trap model. In this subsection, we present an example of a
random measure W which satisfies almost surely assumption (H1). Fix 0 <o < 1
and let A be the measure on T¢ x (0, 00) given by A = aw ™79 dx dw. Since
A is a positive Radon measure, the Poisson point process I' of intensity A is well
defined. Let {(x;, w;) :i > 1} be the Poisson marks and define the measure W by

W=>" w,,.

i>1

Note that W (T9) is a.s. finite. On one hand, the random variable I'(T¢ x (1, 00))
has finite mean which implies that there are only a finite number of Poisson marks
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onT9 x [1, 00). On the other hand, } ;- w;1{w; < 1} has finite expectation. Note,
also, that W(A), W(B) are independeﬁt if A and B are disjoint.

Denote by |A| the Lebesgue measure of a measurable set A € T¢. A simple
computation shows that the random variable W (A) has an «-stable distribution for
any A with |A| > 0. In particular, the random measure W is self-similar with index
a/d, in the sense that the distributions of W(BA) and B4/*W (A) are the same for
any g € (0, 1) and any measurable set A C T?.

We call the random measure W (dx) a d-dimensional subordinator of index .
For x € ']I“f\,, we define

N — Nd/()l WN

Since W (dx) is self-similar with index «/d, {‘E ixeTd %} 1s a sequence of i.i.d.
random variables with common «-stable distribution ¢ = W(’]I‘d ) which does not
depend on N.

The Fontes—Isopi—Newman version of the Bouchaud trap model is the symmet-
ric, nearest-neighbor, continuous-time random walk on ']I‘jl\, with generator Ly, in
which W is replaced by tV = N d/ "‘WN :

Ly = —=— Z fO) = F@l
2d Tx y~x
In dimension 1, the generator on 2y corresponding to the superposition of in-
dependent random walks is given by

(Ly )= Z Zm[f(nx Y= fml

xe']I‘N y~x
Denote by {n/:t > 0} the Markov process with generator L}, speeded up by

N1/ and denote by 7, N7 the empirical measure associated to the configu-
ration n/ by formula (2.5). Observe that the time scaling is subdiffusive.

We show below in (2.8) that assumption (H1) is in force almost surely. More-
over, if the Markov process starts from /LMN y for some continuous function
ug: T — R4, by Theorem 2.2, for almost all measures W and all ¢ > 0, the random
measure y'rtN '" converges in probability to the measure u(t, x)W (dx), where u is
the unique weak solution of (2.7). Note that the noise W survives entirely in the
limit; even the differential equation depends on W.

We conclude this section by showing that assumption (H1) is in force for yp >
(1/a) — 1. Indeed, with the notation introduced above, assumption (H1) can be
restated as

1

(2.8) N2+y—(1/a) Z r_N
XETN X

—0 a.s.

It is well known that 1 /r)ﬁV has finite moments of any order. Denote by
my the expectation of 1/t¥. The variance of the previous sum is equal to
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N—B+2r=C/®}52 for some constant o> > 0. Therefore, by Chebyshev’s inequal-
ity, for every € > 0,

1 1
PHN{2+y—<1/a>} 2 {T_N _ml}

o2
= %) €= aNz—co
xely

Taking € = N~ for § > 0 small enough, it follows from the Borel-Cantelli lemma
that the sum in (2.8) vanishes a.s., provided y > (1/a) — 1.

3. Proof of the hydrodynamic limit. In this section, we prove Theorem 2.2.
Fix T > 0 and denote by M([0, T] x T) the space of finite, positive measures
on [0, T] x T, endowed with the weak topology. For each N > 1, consider the
measure MY on [0, T] x T defined by

1 1 (x)
N _ t
m _NH‘V E W){V (Sx/Ndl‘.

XETN

Hence, if we denote by (( MV, H)) the integral of a continuous function H :
[0, T] x T — R with respect to 9N | then we have that

T 1
V)= [ i ¥ e .

XETN )C

Let D([0, T'], M) be the space of right-continuous trajectories = : [0, T] — M
with left limits, endowed with the Skorokhod topology. Fix a continuous func-
tion ug: T — R. Let Qu, N > 1, be the probability measure on D([0, T'], M) x
M([0, T] x T) induced by the initial distribution ,uflv () and the pair ({JT,N 0<
t<T},MV): Qn = PMN o ({771 :0<t<T}, MV)~!. We prove, in Lemma 3.5

below, that the sequence {Q N : N > 1} is tight for the uniform topology in the first
variable and, in Section 3.3, that all limit points of the sequence {Qy:N > 1}
are concentrated on measures ({7;:0 <t < T}, 91) whose first coordinate is ab-
solutely continuous with respect to W, (¢, dx) = v(t, x) W(dx) and whose den-
sity v, is a weak solution of the hydrodynamic equation (2.7). Since, by Theo-
rem 5.1, there is at most one weak solution, for each 0 <t < T, ntN converges
weakly to v(¢, x) W(dx), where v; is the unique weak solution of (2.7), as claimed
in Theorem 2.2.

3.1. Entropy estimates. Recall from [15], Section A1.8, the definition of the
relative entropy H (1|u) of a probability measure A with respect to another prob-
ability measure p defined on the same space, as well as its explicit formula pre-
sented in [15], Theorem A1.8.3. An elementary computation shows that there ex-
ists a constant Kg > O such that

3.1 H (gl 1t) < KoN”
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for all N > 1. In fact, N_VH([,LI%(.)“,L[)) converges to [{uo(x)log[ug(x)/p] —
[o(x) — p]}W(dx) as N 1 oo.

Denote by (-, -),, the scalar product of LZ(;L,)) and denote by [ X,V the convex
and lower semicontinuous [15], Corollary A1.10.3, functional defined by

N () ==LV TNV,

for all probability densities f with respectto u, (i.e., f >0and [ fdu, =1). An
elementary computation shows that

H= > 1Y 0,

XGTN

where

1 n(x) 2
w _ X1y
L (N =55 Wy {\/f(nx ) \/f(n)} dip.
By [15], Theorem A1.9.2, if {S,N :t > 0} stands for the semigroup associated to the

generator N 2L ~, then, for all t > 0,
t
G2yl SN ) + N7 [ 1Y (1) ds < Hy ).

provided fN stands for the Radon-Nikodym derivative of u% (.)SSN with respect
to Up.

3.2. Attractiveness and coupling estimates. Let (2, F, P) be a probability
space and let < be a partial order in 2. We say that a function f:Q — R is
increasing if f(n) < f(§) whenever n < &. Let A, i be two probability measures
in Q. We say that A is stochastically dominated by w if [ fdr < [ fdu for any
increasing bounded function f:€2 — R. An equivalent definition is the follow-
ing. We say that a probability measure A defined in Q x Q is a coupling of A
and p if A(A x Q) =A(A), A(2 x A) = n(A) for any A € F. The measure A
is stochastically dominated by p if there is a coupling A of A and p such that
A, 8)in=x8) =1

We say that a stochastic process n; defined in 2 is attractive if, for any two
probability measures A1 < A2, there is a process (n}, 17,2) in 2 x  such that 77;' is
distributed as the process 7; with initial distribution u; for i = 1, 2, and such that
P(n! <n?)=1 for any t > 0. We call the process (1., n?) a coupling.

In Qu, we say that n < £ if n(x) < &(x) for any x € T . For this partial order,
it is easy to see that 7, is attractive. Indeed, since the state space is finite, it is
enough to show the existence of a coupling for measures w; concentrated on fixed
configurations 7', with n' < n?. Define ntl as the process n; with initial config-
uration n'. Then, define the process 7, as a copy of the process 7;, independent
of 17,1 and starting from 7, where 7(x) = nz(x) — nl(x). Now, define 7712 by taking
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ntz(x) = ntl (x) 4+ n¢(x). Since the motion of different particles is independent, it
is clear that (n}, n,z) is the desired coupling as, by construction, 77;1 < ntz for any
t>0.

In terms of stochastic domination, the definition of attractiveness reads as fol-
lows. If A! is stochastically dominated by A2, then Al is stochastically dominated
by ktz for any time ¢ > 0, where )\;' denotes the distribution in €2, of the process n;
with initial distribution A’. In particular, we obtain the following inequality, which
we call the coupling estimate.

PROPOSITION 3.1. Let !, A% be two probability measures on Qy. If ! is
stochastically dominated by \?, then

Eui[F()] < Ejp2[F(no)]
for any t > 0 and any bounded increasing function F : Qy — R.

We now need a criterion to decide whether an initial distribution is stochastically
dominated by another one. In N, consider the canonical ordering. It is easy to
show that B, is stochastically dominated by ‘B,, whenever p; < p>. Since the
measures /1, are of product form, i, is stochastically dominated by ), each
time p; < pp. More interesting for us, we have the following.

PROPOSITION 3.2. Fix an initial bounded non-negative profile ug: T — R_..
Define p = ||ugllco. Then, M%C) is stochastically dominated by |15 for any N > 0.
In particular,

B, [FO10)] < Eyis [F(n0)]
up ()

for any t > 0 and for any increasing bounded function F : Qy — R.

The coupling estimate shows that 7Y, MY converge to measures which are
absolutely continuous with respect to W, the Lebesgue measure, respectively.

LEMMA 3.3.  Every limit point Q* of the sequence Qn is concentrated on
measures w(t,dx) = u(t,x)W(dx) [resp. M(dt,dx) = v(t, x) dt dx] which are
absolutely continuous with respect to W (resp. the Lebesgue measure) and whose
density u(t, x) [resp. v(t, x)] is positive and bounded by ||uo||cc-

PROOF. Fix a limit point @* of the sequence Qy and assume, without loss of
generality, that Qn converges to Q* (in the uniform topology on the first coordi-
nate). Fix a continuous, positive function G : [0, T] x T — R, ¢ > 0 and recall that
0 = |luo|lso- By the previous proposition,

P v [((S))I,G))zﬁ/()Tdt/TG(t,x)dx—Fs}

M“O(‘)

gpuﬁ[«zm,G» zﬁf()TthG(t,x)dx+e}
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for every N > 1. We may replace the integral [ G(t,x)du by Riemann sum
because G is continuous. Thus, for N large enough, the previous expression is
bounded above by

T nx)
IPM[[O ~TTy > G(t,x/N){ xtvN —pN”}a’tzs/Z]

XGTN x

By the Chebyshev and Schwarz inequalities, since ;5 is a stationary state given
by a product of Poisson measures, this expression is less than or equal to

AT (T 5 , 1
8—2/0 NI > G(t,x/N) Wdt.
XETN x

In view of assumption (H1), this expression vanishes as N 1 oo because G is a
continuous bounded function.
Since Qy converges to Q*, for every ¢ > 0,

Q*[((i))t,G)) z,é/ont/TG(t,x)dx—i-s} —0.

Letting ¢ | 0, we conclude that Q* is concentrated on measures 21 such that
(M, G) < ,5[0T dt [7 G(t,x)dx. Taking a set {Gy :k > 1} of positive, bounded,
continuous functions dense for the uniform topology, we conclude that Q* is con-
centrated on absolutely continuous measures 9(dt, dx) = v(t, x) dt dx, whose
density v(t, x) is bounded by p.

A similar coupling argument shows that for every 0 <¢ < T and every continu-
ous, positive function H: T — R,

lim P [<n,N,H> zﬁ/TH(x)W(dx)Jrs} —0.

N—o0 I“Lu()(')

Since we assumed compactness in the uniform topology, we deduce from this for-
mula that

Q*[(nt, H) > ﬁ/jTH(x)W(dx) +8:| =0.

It remains to recall the arguments presented for 9J1 to complete the proof. [
3.3. Hydrodynamic limit. In this subsection, we prove Theorem 2.2.

THEOREM 3.4. The sequence of probability measures {Qy:N > 1} con-
verges to the measure Q* concentrated on the absolutely continuous pair ({mr; :0 <
t<T},IM), m; =v(t, x)W(dx), M = v(t, x)dt dx, whose density v(t, x) is the
weak solution of the equation (2.7).
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PROOF. By Lemma 3.5 below, the sequence {Qy : N > 1} is tight. Fix a limit
point @* and assume, without loss of generality, that Q converges to Q*.

Fix a smooth function H : [0, T] x T — IR such that H(T, -) = 0. Consider the
martingale M 1{}’ (t) defined by

My @) = ()Y, Hy) = (%', Ho)
—f(NaHds—NZ/LN ds.
0
The variance of this martingale is equal to

N 2 fm(){H( y/N) — H(s, x/N))* ds.

xeTNy ly—x|]=1

(3.3)

The coupling estimate shows that the expectation of this expression with respect

to PMN() is bounded by CoN 7 for some constant Cyp > 0 which depends on H
MO .
and p. On the other hand, an elementary computation shows that

T 1
szo Lute, Hyds = 5 (MY, AxH ),

where Ay stands for the discrete Laplacian. In particular, in view of (3.3) and
since H(T, -) vanishes, for every § > 0,

Iim P~ [

N—oo M“O()

T
(Y, Ho) +f0 <n‘£v,asHs>ds+(1/2><<mN,ANH>>‘ >6} =0.

The first term of this sum converges to [ Ho(x)uo(x)W(dx) in PMN()-
ug (-

probability as N 1 oo. The last expression can be written, up to smaller order
terms, as (1/2)(( MV, AH )). Hence, since QN converges to Q*, for every § > 0
and every smooth function H,

Q*[
T

T
/ Hy(x)uo(x)W(dx) —i—/o (7, 0 Hg) ds + (1/2) (N, AH))' > 8] =0.
Letting § | 0, by Lemma 3.3, Q*-a.s.,

T
fHo(x)uo(x)W(dx)+/ ds/(asH)(s,x)u(s,x)W(dx)
T 0 T

T
—i—(1/2)/0 ds/';r(AH)(s,x)v(s,x)dxzo.

According to Lemma 4.6, we may replace u by v in the second term. By Proposi-
tion 4.3, we may integrate by parts the last term to obtain that

T T
(Ho, uo)w +/O (3 Hy. ) ds — (1/2>/O (3 Hy, 3505 ds = 0.
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This proves that Q* is concentrated on weak solutions of (2.7). By Proposition 4.3,
d,v belongs to L([0, T x T) and by Lemma 3.3, v is positive and bounded. Since
the previous identity holds for all smooth functions H, v is a weak solution of (2.7).

O

Theorem 2.2 follows from this result and the tightness in the uniform topology
of the sequence {Qx : N > 1} proved in Lemma 3.5 below.

LEMMA 3.5. The sequence {Qy : N > 1} is tight in the uniform topology in
the first coordinate.

PROOF. To prove tightness of the sequence {Qy : N > 1}, we need to examine
the two coordinates separately.

Clearly, the sequence of random measures 9" is tight if and only if the se-
quence of random variables (( MV G is tight for every continuous function
G:[0,T] x T — R. Tightness of the sequence (9", G ) follows from a cou-
pling argument similar to the one used in the proof of Lemma 3.3.

To prove tightness of the sequence of processes {7V :0 <t < T} in the uniform
topology, it is enough to examine the process (¥, H) for some fixed smooth func-
tion H. Recall the definition of the martingale M {,I (t) introduced in (3.3). Tight-
ness of (n,N , H) follows from tightness of the martingale M 1{}' (t) and tightness of
the additive functional fé N2L n{zN, H)ds.

The martingale is tight in the uniform topology because, by Doob’s inequality
and the explicit computation of the quadratic variation of M Af,l (1), forevery 6 > 0,

lim P » [ sup M ()] >5]=0.

N—o0 ug(+) 0<t<T

On the other hand, computing N°L n{zN, H), by the Chebyshev and Schwarz
inequalities, for every § > 0,

t
P~ |: sup /NZLN(nr]V,H)dr >8}
Hugtr Lo<r—s|<elJs
eCo T( 1 ns(x) | >
SS—ZE“%«)UO {N”V 2 wy } ds]

XETN X
for some constant Cp > 0 which depends only on H. By the coupling estimate,
we may replace the measure “ij) 0 by the stationary measure ,ufg’ , estimating the
expectation by
_ 1 1
XETN x

By assumption (H1), this expression is bounded uniformly in N, which concludes
the proof of tightness. [J
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4. Entropy estimates. We prove in this section the main estimates needed
in the proof of the hydrodynamic limit. For £ > 1, let A, be a cube of length ¢,
Ag={1,...,¢},and let Ay y = x + A,. Denote by M*(x) the number of particles
on Ay ¢ and by Wy (x, £) the W-measure of the cube A, ¢ rescaled by N:

M) =Y nx+y).,  WyEo=Y Wh.

YEN, yeA,

Note that Wy (x,eN) ~ Wc(x) := W([x, x + €)).

4.1. Two-blocks estimate. We prove in this subsection the so-called two-
blocks estimate.

LEMMA 4.1. Fix a bounded function G :[0, T] x T — R. Then,

T ns(x) MV (x) B
/0 NI+y Z G(S’X/N){ wN B WN(x,eN)}dsH_o'

XGTN

lim limsupE w [

e—0 Nooo P

PROOF. Fix a bounded function G:[0,7T] x T — R, § > 0 and a positive
constant C1 = C1(8) to be specified later. Let

. nw) M) }
Vo(s,m) = N1+V > G, /N){W)gv Wy, eN) |’

XGTN

eN
Res.m)= -1 32 Gs,a/Np2 Y2 1EED),

24 N
Ny xeTy y=0 Wx+y
By the coupling estimate,
4.1 ()U Re(s, né)ds} < Coe’T
"()

for some constant Cy > 0 depending only on C;, G, p. It is therefore enough to

prove that
/ R (s, ns)ds:| =

By the entropy inequality, Jensen’s inequality and the entropy estimate (3.1),
the previous expectation is bounded above by
/ R (s, ns)ds”

lim hmsupE H/ V (s,ns)ds| —
Lto

=0 Noo

K() 1
+— AN logE,,, [exp ANY {

/ V (s,ns)ds| —

for every positive A > 0.
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Let A = K8~ . Since e®l < e* + e and limsup,_, ., N7 log{a}v + ajzv} =
max;—12 limsup,_, ., N7 log af\,, to prove the lemma, it is enough to show that
for every & > 0,

1 T
lim limsupTlogEﬂp[exp{ANV/O Ve (s, ns)ds” <0,

e>0 n—>o0 ANV

where V. = Ve0 — R..
By classical arguments relying on the Feynman—Kac formula (see [15], page
267), the previous expectation is bounded above by

2

N
ANY

T
[ sl [ vets-mromptan — i as
where the supremum is carried over all densities f* with respect to 1. Hence, to
conclude the proof of the lemma, it is enough to show that

2

SN
4.2) /@mmﬂmmwmsf&mmﬂmmwm+fﬁ;Wuv

for every density function f and every § > 0.
Recall the definition of Wy (x, € N) to rewrite Veo(s, n) as

1 Z G(s x/N)EXN: W)ﬁy {U(X) — n(x+y)}'
N1+y ol = Wy (x,eN) WXN W)ﬁ_y

Fix a density f with respect to u,. Performing a simple change of variables, we
see that

y—1 1
/{H(X)_n(ery)}fdup:Z/{n(anz) _nx+z+ )}fdup
z=0

N N N N
Wx Wx+y Wx+z Wx+z+l

y—1
= / M{f(n) — f@ T )Y,
z=0

N
Wx+z

Since (a — b) = (/a — v/b)(/a + +/b), by the Schwarz inequality, the previous
expression is less than or equal to

Ny
E Z IX+z,x+z+1 (f)
z=0

N
Wx—i—z

y—1
+ g Z / L(X +2) {\/f(o-x+z,x+z+1n) + \/f(n)}z di,
z=0
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forall 8 > 0. The same change of variables permits the second term to be estimated
as

nx+z) n(x+z+1)}
ﬁZ / { TR o ML

It follows from the previous estimates that for any density f with respect to .,
and all 8 > 0,

/ VO(s. ) f () ep ()

4.3 < S le\iry S
(4.3) ~ BN yxg yX:lWN(x EN) Z x+zx+z+l(f)

2p 26 x+y nx+2)
MV TIERg > G(s,x/N) wa (x, eN)Z/ wh.. i dity.

xETN

We examine each term on the right-hand side separately. Set 8 = 2 N~!A.
Changing the order of summation, we obtain that the second term is less than or
equal to

deA
sy X GG, x/N)Z/Z 2D ey duy

xeTy X+)

This expression is bounded by the expectation of R, with respect to f(n)du,,
provided we choose C| > 4A = 4Ko8~ L. By similar reasoning, the first term on
the right-hand side of (4.3) is bounded above by

N(eN +1)
" 2AeNY Z fer1 (-

Hence, (4.2) holds and the lemma is proved. O
Consider a sequence {Gy:N > 1,e > 0} of functions Gy:[0,T] x

Tx — R. In the proof of the two-blocks estimate, the boundedness assumption
on G was used only in (4.1). In particular, the proof presented above shows that

T M‘fN(X) ns(x)
/0 N1+y Z GN.e(s, x){WN(x,eN)_ W;V }dsu

lim li E
im lim sup /‘u0<)|:

e—0 N—00

(4.4)

’

provided that

T 2
lim lim sup il Z GN,G(s,x)zds=0.

e—0 yooo JO xeTy
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Recall that W, : T — R is defined by Wc(x) = W([x, x + €)).
COROLLARY 4.2. Let J:[0,T] x T — R be a continuous function. Then,

/OT<n;V, J)ds — (MY, e W, >>H ~0.

lim limsupE ~
=0 N0 uq(-)

PROOF. Since J is a continuous function,

(N, J Zns()( N > J(s,y/N)

xeT —YEA_x N

is absolutely bounded by C(e)N7V Y 1 v 1(x) for some constant C(e) > 0
which vanishes as € |, 0. In particular, by the coupling estimate and changing the
order of summation, we get that

T
lim sup E ~ [/ (nSN,JS)ds
0

e—0 N>1 Fug(

T —1
—/ N > J(s.x/N)MEY (x) ds
0 XGTN

]:0.

The second term inside the absolute value can be rewritten as

1 MEN (x)

W Z J(S,X/N)E_1WN(X,€N)m'

XETN

Let Gy.e(s,x/N)=J(s, x/N)e_lWN(x, €N). Since J is a bounded function, by
the definition of Wy (x, e N), we have

T 2
[75 % Guts.xrds = 28 3 Wacte/ W2

N xe€Ty xeTy

for some constant Cp > 0 which depends only on J. As N 1 oo, this expression
converges to

COT/ Wae (x)? dx.
T

For Lebesgue almost all x, W5 (x) vanishes as € | 0. Therefore, by (4.4),

T -1
fo N > J(s,x/N)Wy(x,eN)
x€Ty

eN
X{ MT(x) ns(X)}dSH _0.
Wn(x,eN) WN

lim limsupE » |:

=0 Nooo Huo®
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Finally, since

— Y Wy (x,eN) = We(x/N)|

XETN

vanishes as N 1 oo, we may replace Wy (x,eN) by Wc(x/N) to complete the
proof of the corollary. [

4.2. Energy estimate. We proved in Lemma 3.3 that any limit point Q@* of
the sequence {Qy : N > 1} is concentrated on measures )t which are absolutely
continuous with respect to the Lebesgue measures: 9t = v (¢, x) dt dx. We show in
this section that the density v has a generalized space derivative in L2([0, T'] x T).

PROPOSITION 4.3.  Any limit point Q* of the sequence {Qy : N > 1} is con-

centrated on measures I = v(t, x) dt dx with the property that there exists a func-
tion F in L*([0, T] x T) such that

T T
/ ds/(axH)(s,x)v(s,x)dxz—/ ds/ H(s,x)F(s,x)dx
0 T 0 T
for all smooth functions H. We denote the generalized derivative F of v by d,v.
The proof of this proposition relies on the following estimate.

LEMMA 4.4. Fix a set of smooth functions H; :[0,T] x T —- R, 1 <i <.
Let

{n(X) n(X+1)}.

N
Wx+1

Vi(s.m) = N— > Hi(s,x/N)

xeTN

Then, for any > 0,

limsupE ~ [max/o {Vz(S n — N1+V

Nooo  Muot) L1<i<I

277s(x) ﬁ
ZT Hi(s.x/N) W)g"}ds:|§ =

where Ky is the constant given by (3.1).
PROOF. Fix 8 > 0 and let

+1
Xi(s,m) = Vi(s. 1) — Nﬁy;H( /N){’;‘(/’EV)JF’?(‘;NI)}.
xeTyn X x+

A summation by parts and the coupling estimate similar to the one used in the
proof of Lemma 3.3 show that it is enough to prove that

limsupE, v ! ds| < Ko
im sup Muo() max/ Xi(s,n)ds SF.

N—o0 I<i<l
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By the entropy inequality, Jensen’s inequality and the entropy estimate (3.1),

T
E N |:max/ Xi(s,ns)ds]

Pupgey | 1<i<e 0

%4-'31 logEup[exp{ max ﬁNV/ X (s, Us)dS”

for every g > 0.

Since, on one hand, exp{maxj<;<¢ af\,} < Di<i<t exp{af\,} and, on the other
hand, limsup,,_, .o N7 log{> << b} = max<;<¢limsup,_, .o N~7 loghbly, to
prove the lemma, it is enough to show that

. 1 r
4.5) hmsupmlogEup[exp{ﬂNV/o X (s, ns)ds” <0

n—oo
for1 <i <{andany g > 0.
By classical arguments relying on the Feynman—Kac formula (see [15],
page 267), the previous expectation is bounded above by

T
/ sup{ / Xito, ) f () — 1 (f)} ds,
0o 7

BNY

where the supremum is carried over all densities f* with respect to .
Therefore, to conclude the proof of the lemma, it is enough to show that

/ Vits. ) f (i (dn)

1
< [t & B0+ T fan

N
xeTy x WX+1

2

N W
o N

for all densities f and 8 > 0.
Recall the definition of V;. Performing a simple change of variables, we see that

n(x) (x+1)} 77( ) oxtl
- fdu, = {f(n) f™ T mldu,.
/{ wN Wi, r P

Since (a — b) = (\/a — v/b)(/a + +/b), by the Schwarz inequality, the previous
expression is less than or equal to

N n(x) 2
T+ [ el e+ rm) du
for all A > 0. The same change of variables permit the second term to be estimated

as
A/{ (x) (X+ )}f( Y,

x+1
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Choosing A = BN~!|H (s, x/N)|, we obtain that for any density f with respect
to /’Lp s

f Vs, ) (s, ) £ (1o (dn)

< ()
’BNyerTN 1
nx) nx+1)
+N1+VXEZTNH( /N)Z/{W)ngr A | randu.

which proves the lemma. [l

Recall that, by Lemma 3.3, O* is concentrated on absolutely continuous mea-
sures M = v(t, x)drdx.

COROLLARY 4.5. Any limit point Q* of the sequence {Qn : N > 1} is con-
centrated on measures N = v(t, x) dt dx such that

T
EQ*[SZP{-/(; ds/T(axH)(s,x)v(s,x)dx

T
— 2f ds/ H(s, x)%v(s, x) dx” < Kp.
0 T
In this formula, the supremum is taken over all functions H in C%'([0, T] x T).

PROOF. Fix a limit point @* of the sequence Qy and assume, without loss of
generality, that Q converges to Q*. Consider a sequence {H; : j > 1} of functions
in C%1([0, T] x T), dense with respect to the uniform topology. It follows from
Lemma 4.4 with 8 = 1, a summation by parts and a coupling estimate similar to the
one used in the proof of Lemma 3.3, to replace the discrete derivative N{H (s, (x +
1)/N) — H(s, x/N)} by the continuous one (3, H)(s, x/N), that

T
EQ*[max {/0 dsA(axH;)(s,x)v(s,x)dx

1<i<t

o f o]
2/0 ds/THl(s,x) v(s,x)dx; | < Kj.

Letting £ 1 oo, we complete the proof of the lemma by applying the monotone
convergence theorem. [

PROOF OF PROPOSITION 4.3. The proof is similar to that of [15], Theo-
rem 5.7.1, and is left to the reader. Note that we in fact have

/ / @), 2)*
v(s, x) ' U
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4.3. M; = 7y, W almost surely. We prove in this section that 9, = ;, W
almost surely.

LEMMA 4.6. Every limit point Q* of the sequence Qy is concentrated on
measures M(dt,dx) = v(t,x)dtdx and 7w (t,dx) = u(t, x) W(dx) such that u =
v (dt x W(dx)) almost surely on [0, T] x T.

PROOF. Fix a limit point Q* of the sequence Qy and assume, without loss of
generality, that Q converges to Q*. Fix a continuous function J : [0, T] x T — R.
By Corollary 4.2 and Lemma 3.3,

T
/ ds/ J(s, x)u(s, x)W(dx)
0 T

lim E o+
lim Eo: |

T
—/ ds/ J(s,x)e_lwe(x)v(s,x)dx } =0.
0 T

It follows from the energy estimate stated in Proposition 4.3 that

T 1
lim ds/ dx J(s,x)—/ {fv(s,x) —v(s,Y)}W(dy)=0
0 T € J[x,x+e€)

e—>0

O* almost surely. Changing the order of summation, it follows from the continuity
of J that

T 1
lim ds/ dx J(s,x)—/ v(s, y)W(dy)
0 T € J[x,x+e€)

e—>0

:fOT ds/;rJ(s,x)v(s,x)W(dx).
Hence, for all continuous functions J, Q* almost surely
/OT ds /1.1‘ J(Gs, x){u(s, x) —v(s,x)}W(dx) =0,
which proves the lemma. [
5. Uniqueness of weak solutions.
THEOREM 5.1. There exists at most one weak solution of (2.7).

PROOF. We use a method due to Oleinik (see page 90 in [22]). Due to the
linearity of problem (2.7), it is enough to show that the constant function equal to
0 is the unique weak solution of equation (2.7) with initial condition ug = 0.

Fix such a solution u. By condition (i), # belongs to L?([0, T); Hy). Since u(t, -)
is continuous for almost all ¢, it is not difficult to show that there exists a sequence
of smooth functions u.: [0, T] x T — R, € > 0, such that ||uc||oco < ||#]lcc and

T
elg%/o di {lluc(t, ) = ut, 5w + 1 @xuee) (¢, ) — Bu) (1, )I[3} =0.
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Consider the test function G¢ : [0, T] x T — R defined by

T
Ge(t,x) = —/; uc(s,x)ds.

Since 0;G¢ = u, and since u. (¢, -) converges to u(¢, -) in L2(dW) for almost all 7,
by the dominated convergence theorem, we have

T T
lim (0:Ge(t, ), ult, -))Wdt:/ (ue s ur)wdt.
0

e—0J0

On the other hand, since

f (0:G (1. ), (Bxi0)(1, ) d f dr/ (Bette) (5., ). (D) (1, ) ds

and since d,u converges to d,u in L2([0, T] x T), we have

' T 1 T 2
lim /O (3G, ), @uan(t, ) dr = — T(/O (axuxt,x)dz) dx.

Hence, by condition (ii), since ug = 0, we have

T
/ <utyut>Wdt——— (/ (0,u)(t, x)dt) dx.
0

This show that u#; = 0 for almost every ¢ and uniqueness follows. [

6. Atomic trap models in dimension d > 2. We prove in this section Theo-
rems 2.3, 2.4 and 2.5.

6.1. Capacity and trace process. To help the reader to follow the arguments
of this section, we summarize below known results on capacity and trace processes
used later. Consider a reversible, ergodic Markov chain {X; :# > 0} on a countable
set E. Fix a nonempty subset F' of E and denote by {X IF :t > 0} the trace process
of {X;:t >0} on F, as defined in Section 2.2.

Denote by v the unique invariant probability measure of {X;:¢ > 0} and by

F the invariant probability measure of the trace process {X tF :t > 0}. By Propo-
sition 6.3 of [2], v coincides with the measure v conditioned to F and vf is
reversible.

For x € E (resp. x € F), let P, (resp. P) be the distribution on the path space
DRy, E) [resp. D(R4, F)] induced by the process {X;:¢ > 0} (resp. {X,F it >
0}) starting from x.

For a subset B of E (or F), denote by H(B) the entry time in B, defined as

H(B) =inf{t >0:Z, € B},

where Z; stands either for X; or for X tF . The context will always clarify to which
process we are referring. Denote by t(B) the time of first return of {X;:¢ > 0}
to B:

t(B) =inf{t > Ty : X; € B},
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where 77 stands for the time of the first jump of {X;:¢# > 0}. When the set B is a
singleton {x}, we denote H ({x}), t({x}) by H(x), t(x), respectively.

Denote by A: E — R the holding times of the Markov process {X;:¢ > 0}.
By Proposition 6.1 in [2], the rate #¥ (x, y) at which the trace process {XtF 1t >0}
jumps from a site x € F to asite y € F, y # x, is given by

(6.1) P, y) = A0OPH(y) < T(F \ {yD].

The expectation of an entry time has a simple expression in terms of the capaci-
ties associated to the process {X; : ¢ > 0}. Denote by L the generator of the process
{X;:t>0}.Let A, B C E be two disjoint sets. Define

B(A,B)={f:E—R: f(x)=1forx € Aand f(x) =0 for x € B}.

Let D be the Dirichlet form associated to {X;:¢ > 0}: D(f)=— [ fLf dv for
any f: E — R. The capacity cap(A, B) between A and B is defined as

(6.2) cap(A, B) =inf{D(f): f € B(A, B)}.

Notice that cap(A, B) = cap(B, A); it is enough to consider f =1 — f. An ele-
mentary computation shows that cap(A, B) = D(fa ), where fa p is the unique
solution of

(Lf)(x)=0, ifxeE\(AUB),

fx)=1, ifxeA,
f(x)=0, if x € B.
It is easy to see, by the strong Markov property, that
(6.3) fa,B(x) =P:[H(A) < H(B)].

Let A, B be two disjoint subsets of F. Define capr(A, B) as the capacity be-
tween A and B with respect to the trace process {XtF :t > 0}. By Lemma 6.9 in
(2],
cap(A, B)

v(F)

The first result of this section establishes the relation between capacity and ex-
pectation of hitting times.

(6.4) capp(A, B) =

LEMMA 6.1. For any subset A of F and any y in F \ A,

Ey[H(A)] = > V@P:[H(y) < H(A).

zeF

cap(y, A)
PROOF. Fix AC F,yin F \ A and note that

F H(A)
EF[H(A)] =E, [/O 1{X, € F}ds].
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The result follows from Proposition 6.10 in [2] with A ={y}and B=A. U

Note that P,[H (y) < H(A)] vanishes for z in A. In particular,
v(F\ A)
cap(y, A)

Capacities are also related to return times. The next result follows from Lem-
ma 6.6 in [2] with A ={y}, B = A.

(6.5) El[H(A)] <

LEMMA 6.2. Let A be a finite subset of E and let y € E \ A. Then,
cap(A. {y})
A(v(y)

When the Markov chain {X; : # > 0} is not ergodic, the definition of the capacity
can be generalized in a natural way. Assume that there exists a positive measure v,
reversible and invariant for {X; :¢ > 0}. In this case, of course, v(E) = +00.

To define the capacity between a finite set A and infinity, consider an increasing
sequence of finite sets B, C E such that | J, B, = E. Since A is finite, cap(A, By,),
given by the variational formula (6.2), is well defined for n large enough. The se-
quence of functions f4 pe, introduced in (6.3) is increasing and bounded. There-
fore, we can define f4(x) =1lim, fa pc(x). It is not difficult to check that

fa(x) =Px[H(A) < o], D(fa) =inf{D(f): f € B(A)},

where B(A) is the set of finitely supported functions f : E — R such that f(x) =1
for x € A. Let cap(A) := D( f4) be the capacity of A with respect to infinity.

By the dominated convergence theorem and Lemma 6.2, the following result
holds.

Py[H(A) <t(M]=

LEMMA 6.3. Foranyyin E,

Py[t(y) =+o0] = %ﬁy&)-

We conclude this subsection with two estimates for the simple symmetric ran-
dom walk on the torus Ti, or on the lattice Z¢. Taking advantage of the commuting
time identity, which relates expectations of hitting times with capacities, Proposi-
tion 10.13 of [17] establishes the following bounds for the hitting times of the
simple symmetric random walk on ']I“f\,.

LEMMA 6.4. Let x, y be two points at distance k on the torus ’]I‘jiv. There exist
constants 0 < cg < Cq < +00 such that, in dimension d > 3,

cgN? <E [H(y)] < C4N? uniformly in k
and in dimension 2,

caN?logk <E,[H(y)] < CoN%log(k + 1).
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For N > 0, let us denote by A%, the cube of length 2N + 1 centered at the origin:
Ay ={-N,..., N}?. Denote by d A its inner boundary: Ay = {x € AN:3y ¢
A% with [y — x| = 1}. The following lemma is Proposition 2.2.2 of [16].

LEMMA 6.5. Let X () be the simple symmetric random walk in Z¢, d > 3.
Then, there exist constants 0 < ¢q < Cq < +00 such that for any set A C Ay, and
any x € dA%y, we have

caN* "4 cap(A) <P,[Hs < +00] < CqN* % cap(A).
Note that cap(A) is finite because the random walk is transient.

6.2. Random walks in ']I‘Idv, d > 3. Inthis subsection, we prove some properties
of the simple random walk on ']I‘j{, which will be used to establish its metastable
behavior. Denote by {Y kN :k > 0} the discrete-time, nearest-neighbor, symmetric
random walk on ']I‘jl\, and let @fcv ,X € Tj{,, be the measure on D(Z, ']I‘f\,) induced
by the random walk YV starting from x. Expectation with respect to chv is denoted
by the same symbol.

For a subset B of Tj{,, denote by H (B) the entry time in B, defined as

H(B) =inf{k > 0:Y" € B}.

In Lemma 6.6 below, we prove that whenever the simple random walk starts
from a point isolated from the very deep traps, asymptotically, the next very deep
trap to be visited is uniformly chosen. In Corollary 6.7, we obtain the limiting
distribution of the next very deep trap to be visited starting from another very deep
trap. Corollary 6.8 presents the limit of the capacity between two points of "]I‘j"V
which are far apart.

Let d(x, y) be the distance induced by the graph T?v. For a subset I of T¢ and
r > 0, denote by B(I', r) the set of sites in ’]I‘?V at distance less than or equal to r
fromI': B(I',r)={x € ’]I‘jlV :d(x,T") <r}. Denote by dG the sites not in I which
are at distance one from I': oI' = {x ¢ I":d(x, ') = 1}. In these definitions, we
have identified I" with its immersion in ’JI‘?V: r=rn ’]T?V.

LEMMA 6.6. Suppose that Ly 1 oo and AY, = {va, ey xﬁ} C ']I‘ji\, are such
that, if i # J, d(xl-N, xj]-v) > Iy. Then, defining AII‘V,IJ. to be A]]lv,l \ {xiN}, we have
. 1
lim sup  |QY[H(x) < H(A) D] - 7 =0.
N=00 e paN Iy)e
PROOF. The proof is based on the fact that a site is reached on the scale N¢
and equilibrium is reached on the scale N 2 Hence, on an intermediate scale, the
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process has not reached AAN,I and is in equilibrium. In particular, it has a probability
1/M to attain x{v before the set AQ’,[ 1
First, we prove that the process does not reach a site on the scale N3/

(6.6) lim  sup  QY[H(0) <N =0.
N=00 y:d(y,00=1y

By the strong Markov property,
QY[H(0) < N°*1 <Q)[H(0) < H(dB(0,N/8))]

+  sup  QN[H() < N2
z€dB(0,N/8)
Since d(y, 0) > [y, by Lemma 6.5, the first term in the sum above is bounded by
Co/ li,_z for some constant Co > 0 independent of N. We can therefore suppose
in (6.6) that [y = N/8.
Denote by {Ry:k > 1} and {Dy:k > 1} the successive return and departure
times between B = B(0, N/8) and B, = B(0, N/4):

Ry = Hp,, Dy =Ry + Hpg 0Oy,
Ry =Dy + HBI obp

n—1°

Dn:Rn'i‘HBgoeRn’ n>?2.

Here, 65 : D(Z+, ']I‘f\,) — D(Z, T‘fv) is the shift map given by Y; 0 0y = Y.
For y such that d(y, 0) > N/8, by the strong Markov property, we have

QY[H(0) < N1 < Q) [Rya-9+ < N'*1+ Q) [H(0) < Rya-9a]

6.7) < sup  QN[Ryaou<N?
5d(z.00=N/8

+ NI sup QN[H(0) < H(BB(O, N/4))].
2€3B(0,N/8)
The right-hand side does not depend on the choice of y and tends to zero as N 1 oo,
by [8], Proposition 1.1, with u = N~!/2, and Lemma 6.5. This proves (6.6).

In the time scale N>/2, the process reaches equilibrium. More precisely, denote
by 7% the uniform probability measure on ’]I‘ﬁ, and by || — v|| the total variation
distance between two measures [, V on va. By Corollary 5.3 and equation (5.9)
in [17], for an arbitrary sequence yN € B(AII‘V,I, IN)E,

(6.8) lim [|Qy[Yys2 =-1—7" ()] =0.
N—ooco Y
In particular, for 1 <i < M and an arbitrary sequence y” in B(A%, IN)S,

1
6.9) Jim 2 QU (D] = Qg [H ()1 =0.
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To prove this claim, fix 1 <i < M and introduce the indicators of the sets
H(xN) < N32, H(x]N) > N%2, to obtain that

QI IH ()] = Qv IQY 5, [H ()1 + Ry,
where the remainder Ry is absolutely bounded by

N2 4 sup QY[H(MIQN[H (') < N2,

zeT4,

Hence,

QU [H (DT = QN H (D)1= QR [QY ;. [H (")) = Qv [H (x)]] + R
is absolutely bounded by

N2 sup QYTH O HQIWIH (V) < NP1+ QY [Yys = -1 = 2V Ol

z€T4,

By (6.6), (6.8) and Lemma 6.4, this expression divided by N 4 vanishes as N 1 oo.
This proves (6.9).

Recall that vy stands for the probability that a symmetric, nearest-neighbor ran-
dom walk on Z? never returns to its starting point. The escape probability vy
equals the capacity between the origin and infinity in Z¢; see Lemma 6.3. Note
that A(0) = 1 and that the capacity is computed with respect to the counting mea-
sure.

In [23], a variational characterization is used to estimate the expected hitting
time of certain sets when the random walk starts from the uniform measure; see
(3.2) of [23]. In particular, it gives that

Nd
lim ———— =K - vy,
N=o0 QNy[H(Cn)]
where Cy C Ajﬂ\,', has K points.
By the equation above and (6.9), it follows that

1
Nlim Q [H (x; N ) =— and, analogously, for j # 1,
- Vg

1
: N Ny1 —

1
th —@ [H (M1)] m

Define S to be the stopping time given by the first visit to y after the first visit
to va , after visiting A |- By the strong Markov property, (@ [S]is equal to

%[H(A%,QH%@% ) =% QN H GO+ Qi [H ().
J
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Hence, by (6.10),

. N L 1
(6.11) th —Q\[S]= , (—M— ] +2).

We are now in a position to prove the lemma. Fix an arbitrary sequence y” in
B(Ajy. In)°. Since Q[ [#{visits to x{" before H (A} )} = QJy[#{visits to x{¥

before H(A]]lv/[, DI{H Y < H(Aﬁv,lvl)}], by the strong Markov property, we have
Q}yVN [#{visits to x|' before H(AQV/“)}]
in{\, [#{visits to x|' before H(Aj‘V/“)}]

6.12)  QW[HG) < H(Ay D=

To estimate the numerator, observe that, by [1], Chapter 2, Proposition 3 and
Lemma 7,

1 ..
WQ;VN [S] = Q;VN [#{visits to x before S}]

= nyVN [#{visits to x{' before H (A}, |)}]

+ in,v [#{visits to x{v before H(y™)}]
1
= Qiyv,\, [#{visits to x{v before H(Af‘v,,’ DI
1
+ 5 (@ H G+ QP [H ()1}
Hence, the right-hand side of (6.12) can be written as
N=H@ 81 = QU [H M) = QU IH (D))
N f o N N N )
QX{V[#{VISHS to x;' before H(x;") o QH(A,Q’“) + H(Ay D

Let S’ be the stopping time H(AAN,I’I) + H(x{v) OQH(A%,I). By Lemma 7, Chapter 2
in [1], the denominator is equal to N _d@ZN[S/ ]. Hence, by the strong Markov
property on H (AAN,I’I), the previous ratio is equal to
N=H@yIS1 = QI IH ()] = QU TH ()]
N~ QU IH Ay D1+ X1 Qi Wy ) =7 ]Q;VJN[H(x{V )1)

By (6.10), (6.11), this expression converges to M ~! as N 4 oco. Since the sequence
yN € B(AN,Iy)¢ is arbitrary, we are done. [J

For a subset F of ']I‘ﬁl\,, let T(F) be the return time to F for the discrete-time
random walk {YkN 1k >0}

t(F)=inf{k > 1: Y e F).
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For subsets A, B of Tj’v such that A N B = ¢, let capy~ (A, B) be the capacity
between A and B induced by the process YV :

1
capyn (A, B) =inf 1= SN - FOOP

d y~X
xeTy, ¥

where the infimum is carried over all functions f : 'JI‘?’V — R such that f(x) =1 for
all x in A, f(x) =0 for all x in B.

COROLLARY 6.7. Under the same conditions of Lemma 6.6, for j # 1,

. A Vd
Jim QU [H () < Ay )] = o

PROOF. Since
. N N ANy —
Jim QUIHOBG, 1) < ()] = v,
the result follows from the strong Markov property and Lemma 6.6. [J

COROLLARY 6.8. If Iy 1+ oo and xN,yN e T?V are such that d(xN,yV) >
Iy, then
. N N Ud
(6.13) lim capynv(x™,y")=—:
N—o0 2
PROOF. The corollary is a direct application of Lemma 6.2 and Corollary 6.7.
g

6.3. Random walk on Tj{, for d > 2. We present similar results to the ones
stated in the previous subsection, but which also hold in dimension 2. Here, how-
ever, we need to impose that the distances /[y between the very deep traps and the
starting point of the walk grow close to linearly.

Although Lemma 6.9 below also holds for d > 3 and could be used in place
of Lemma 6.6, we keep both results since they are based on different arguments.
Let [y be an increasing sequence such that [y /N — 0 and [y /N% — oo for every
o < 1. In this way,

l N . log [ N
m —

(6.14) lim — =0, 1 =1.
N—oo N N—oo log N

In this subsection, it will be more convenient to work with the distance d,(x, y)
in ']I‘fv given by N times the Euclidean distance between x and y in T¢.

LEMMA 6.9. Consider a sequence of sets AN — {va, R xAA,;} C Tﬁi\, such
that dy(xj,x;) > Iy (0 <i < j < M) for some sequence {ly:N > 1} satisfying
(6.14). Then,

lim sup QIyV[H(x{V) < H(Aiv/;,l)]

N=00 e p(al Iy

1
——|=0.
M
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Since the result only concerns the first point in AAN,I to be visited, we can suppose
that the process {Yy : k > 0} is a lazy random walk in T¢,, that is, with probability
1/2, Y does not move, otherwise it jumps uniformly to one of its neighbors. Before
proceeding to the proof of Lemma 6.9, we collect some properties of the hitting
and mixing times of Y.

Recall that || - || denotes the total variation distance between two probability
measures. The following bound on the mixing time on the torus follows, for in-
stance, from Corollary 5.3 and equation (5.9) in [17]:

(6.15) ﬁli)moo 111511 sup |Q) [Ygy2 =-1— 7V ()] =0.
— 00

Of course, the same result holds for any sequence {t) : N > 1} which increases to
oo faster than N2.
We claim that for every g > 0 and xV, yV ¢ Tﬁi\, such that > (x™, yV) > I,

(6.16) Jim Q;VN[H(XN ) < BN?1=0.

Since, for d > 3, this statement follows from (6.6), we concentrate on the case
d = 2. Recall that Y stands for the simple random walk on Z? (with law P) and
denote by ¢y : Z> — T%, the canonical projection. In view of the invariance prin-
ciple in Z?2, it is enough to prove that for every R > 0,

lim Py [¢n (Y) visits xV before Y exits B(y", RN)] =0,
N—o0

where 3V € 72 is such that oy (GV) = yN € ’IF,ZV. This follows, for instance, from
[7], (225), since for every point #¥ e B3N, RN) such that ¢ (V) = x", we have
| yN —xN | > Iy and, moreover, the number of possible choices for iV is bounded
uniformly on N > 1. This establishes (6.16) for d = 2.

A straightforward consequence of (6.16) is that

(6.17) Jim Q7 [H(x") < BN =0

for any sequence {x" : N > 1} in lev.
Now, we can state the hitting time estimate which we will use in the proof.
Consider the scales
pd {NzlogN, ifd=2,
N9, ifd > 3.
We claim that for every d > 2,

(6.18) im limsup ~ sup Q) [H(x) < yh{]=0.

1
Y0 Nooo x,y;da(x,y)>In

Indeed, fix 6 > 0. By (6.16), for any 8 > 0, any N sufficiently large and any x,
v such that d(x, y) > [, we have

QY[H(x) < yh{y1 <8+ Q)[H(x) = BN, H(x) < yh}].
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On the set H(x) > ,BNZ, Hix) = ,BN2 + H(x)o QﬁNz. Therefore, by the Markov
property at SN2, the second term is less than or equal to

Eqy [@’}’ﬂNz[H(x) <yh41].
By (6.15), for B large enough, this expression is bounded by
§+QVy[H(x) < yh}).

The result now follows from Theorem 2.1 of [23] and Lemma 6.4.
Finally, we claim that for every positive y, the probability to hit a very deep trap
before yhj’v is bounded away from zero in N. More precisely, for every y > 0,

(6.19) limsup QYy [H (x) > yh§] < 1.

N—o00

The claim above also follows from Theorem 2.1 of [23] and Lemma 6.4.

PROOF OF LEMMA 6.9. Our strategy is to consider several consecutive at-
tempts to hit one of the points in AAN4. For y > 0 and a positive integer L, define
the times

a; =i(LN?* 4+ yhd), bi =i(LN*+yh%) + LN*

for i > 0. Intuitively, for each i, we use the intervals [a;, b;] to approach equilib-
rium measure 7V and the intervals [b;, a;+1] to attempt to hit the set Aﬁ/,[.
Let

Rpy = max QYY) =1-7V (O,
yeT%

Seni= sup QV[H(Ay) <LN?,
yeB(AY In)e

To.v :=QYy[H(A)) < LN?].

By symmetry, the maximum is irrelevant in the definition of R; » and, by (6.15),
Ry n vanishes as N 1 oo and then L 1 oco. By (6.16) and (6.17), S;, v and 77, n
vanish as N 1 oo for every L > 1.

For 0 < s < ¢, define the random variable Js ;, which takes the value O if the

set AN, = {xIV,...,x}} is not visited between the times s and ¢, and otherwise
Jss=1,..., M, according to the index of the first point in A% visited in this
interval.

The proof of the lemma is divided into two parts. We first claim that for every
y >0,

. N N N QQ/N[Jbo,al = 1]
(620) limsup sup |QY[HG]) < H(AY )] - 22— | =0.
N=00 yeB(AY Iy)* ’ Q ~[Jbg,a) # 01
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Note that this expression does not depend on L, but only on y and N. We then
prove that

QVy by =11 1
(6.21) lim limsup| 2%~ -0

y—0 N—o0 Q:N[Jb(),al #0] M

Clearly, Lemma 6.9 follows from (6.20) and (6.21).
The proof of (6.20) relies on three estimates. Consider the event © p = [Jy, »;, #

Oforsomei =0,..., F—1], F > 1. This event indicates that some very deep trap
is visited in one of the “mixing” intervals [a;, b;]. We claim that
(6.22) sup QV[DF) < FTLn+SL.v+Ren.

yeB(AY In)e

Fix a site y in B(AAN,[, [n)¢ and decompose the event ®  according to whether
the set A II‘V,I has been attained before time L N> or not to get that

QYD r1 < QNH(AY) < LN*1+ Q) [DF, H(A}) > LN

The first term is bounded by Sz . On the set H(A%) > LN?2, the event D is
equal to Uj<;<p—1{Ja;.5; # 0}. Hence, by the Markov property at time by, the
second term on the right-hand side of the previous inequality is bounded by

F-1 F-2
Egy [@ZN [ U Vai—bo.bi—by # O}H <Rpn+QY, [ U o # 0}}.
’ 0Li=1

i=0
Since ¥ is the stationary state, the second term is less than or equal to (F — 1)
@2’ ~LH (AR’,) < LN?]. In conclusion, we have proven that

QVIDF] < Se.n + FQY[H(AN) < LN+ Ry N,

which is exactly (6.22).

Let €, F > 1, be the event that no site in A% has been visited in the “hitting”
intervals [b;,a; 1], 0<i < F —1: €p = [Jp, 4;,, =0foralli =0,..., F —1].
We claim that

(6.23) sup QY [€r] — QYy[Jpyay = 0171 < FRL N
yeB(AY In)¢

Fix a site y in B(A%, [n)€. By the Markov property,
F-2
Q)[er]=QY [ N brary = 0}@% b = 01].
i=0 -

Applying the Markov property at time by = LN?, this expression can be written
as

F-2
@)JY|: ﬂ {Jb,',a,url = 0}:| QQN []O,al—bo = 0] + Ry,
i=0
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where the remainder Ry is absolutely bounded by Ry n. Since 7N is the sta-

tionary state, ny v [Jo,a1—by =01 = @7]:’ v [Jbg,a; = 0]. We proceed by induction to
derive (6.23).
Let HF, F > 1, be the event {H (x1) < H(AAN,“)} ND% N E%. We claim that

Qv [pp,a) = 11
sup QY 9F] - %’
YEB(AY, Iy)¢ v [bg,ap 7 01
(6.24) ) N o .
<F°RLN+Q v[Jby,ay =01" +Qy [DF].
Clearly,

F-1(j—1
9r=2%nJ { (N Ubgarss =03 N b a0 = 1}}.

j=0 Lk=0

Repeating the arguments which led to (6.23), we get that, foreach0 < j < F — 1
and any site y in B(Alllv,,, IN)S,

j—1
Q)I;V|:ﬂ {ka,ak_H = 0} N {ij»aj-H = 1}:|

k=0

= QM [vp.ay =0V QY [Jpg.a; = 11+ Ry,
where the remainder Ry is absolutely bounded by (j 4+ 1) Ry, n. The value of the
remainder Ry may change from line to line below. Summing over j, we get that

F—1

QY 19r1 = Qw0 = 11 Y Qv g0 = OV + Ry,
j=0

where the remainder Ry is now absolutely bounded by F 2R LN+ Qly\’ [®F]. This
expression can be written as

Q;\./N [Jb(),al == 1]
1 — QY [ by =01

for a remainder Ry absolutely bounded by FZRL,N + QQ’N[JZ,O,QI =01 +

@]yv [® r], which is precisely (6.24).
By the estimates (6.22), (6.23), (6.24), the supremum in (6.20) is bounded by

Ry

2FT, N +2SL.n +4F2RL,N + ZQQIN[J;,O,QI = O]F

forevery F > 1,L > 1,y > 0.By (6.19), Q;VN [Jby,a; = 01, which does not depend
on L, is bounded above by a constant strictly less than one. Hence, as N 1 oo and
then L 1 0o, Ry n, Sp .y and Ty n vanish. It remains to let F 1 oo to complete
the proof of (6.20).
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It remains to prove (6.21). Decompose the event {Jp, o, = 1} according to the
event that at least two sites in A% have been visited in the time interval [bg, a1] to
get that

|Q71;]N[Jbo,dl =11- QQIN [Y[boyall N AAN/I = {xl}]| = QQN [#(Y[boﬂl] n A%) > 1]'

In this formula, Y5, 4,1 stands for the sites visited by the random walk in the inter-
val [bo, ail, Yipy,a;] = {Y:r:bo <t < a1} and #A denotes the cardinality of A. By
similar reasoning,

|@¥N [Y[bo,al] N A]A\/Il = {xl}] - Q;];,N [x1 € Y[bo,al]” = QJIXN [#(Y[bo,al] n A]A\/II) > 1]'

Therefore,
‘ny’\’[‘]boﬂl =1] - QQIN [x1 € Y[bo,flll]| = 2Q71¥N [#(Y[boﬂll n A%) > 1]'

Note that the probability ij v[Y € Ypy,a;1] does not depend on y, by symmetry. In
particular, it also follows from the previous arguments that

|Q71¥N[‘Ib0,a1 # 0] — MQQN [xl € Y[bo,al]]} =M+ 1)@,%/ [#(Y[bo,al] N AAN/I) > 1]
so that
QY [g.ar = 11— (1/M)YQYy [y # 01) < 4QNy [#(Yipg.ar) N ARy) > 1]

Equivalently,

Qv Uboar =11 1| _AQpy H#Vipo.a) N AR > 1]

Qv [Jbya) #01 M1~ QY [pg.ar # 01

By the strong Markov property, the right-hand side is bounded above by

N N d
1235)51/1Qx"[H(AM’i) < VhN]-

By (6.18), this expression vanishes as N 1 oo and then y | 0. This completes the
proof of the lemma. [J

We also need to estimate in dimension 2 the probability that the random walk
escapes from a deep trap. More precisely,

LEMMA 6.10. Assume that d =2 and let {I{y : N > 1} be a sequence satisfy-
ing (6.14). Then, for any sequence {y" € ']T%V :N > 1},
T

lim log NOQNHBON, Iv)S) <t(yM)==
N—oo Y 2
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PROOF. The number of visits that the random walk performs to yV before
exiting B(y",ly) is a geometric random variable with failure probability given
by Q’yVN[H(B(yN, IN)E) < f(yN)]. The inverse of this probability is equal to the
expected number of visits to yN before exiting B(yN ,In). By [16], Theorem 1.6.6,
the expected number of visits, denoted by G B(yN’lN)(yN ,yV) in the notation of
Green'’s functions, is given by

N N 2 »
GOy )=;10gN+K+0(N )
for some constant K in R. The result follows from this estimate. [

COROLLARY 6.11. Assume that d = 2. Under the hypotheses of Lemma 6.9,

for j #1,

. A~ T
Jim_log N@ZN[H(x{V) <?(AY D= T

PROOF. This result follows from the strong Markov property and Lemmas 6.9
and 6.10. O

COROLLARY 6.12. Assume that d =2 and let {Ry : N > 1} be a sequence
such that Ry 1 oo. Let xN, yN € T%, be such that d(x", yN) > Ry. Then,

(6.25) lim log N capyn (xV, y) = T
N—oo 4

PROOF. The corollary is a direct application of Lemma 6.2 and Corollary 6.11.
g

6.4. Metastability of the trap model in dimension d > 3. Recall that we have
denoted by v, the probability that a nearest-neighbor, symmetric random walk
on Z% never returns to its starting point. As in the previous subsections, we de-
note by Y, kN the discrete-time random walk on the torus ']I‘ﬁi\,, inducing the law Q¥
on D(Z, Tﬁ,). The proof of Theorem 2.3 is divided into two parts. In Proposi-
tion 6.13 below, we show that the trace process converges, and in Corollary 6.15,
that the time spent outside A% is negligible.

PROPOSITION 6.13. Fix M > 1 and T > 0. As N 4 oo, the process {X""™ :
0 <t < T} converges in distribution to the Markov process on {1, ..., M} with
generator Ly given by

Ud

(L f)D) = 5

M
D LFG) = FO)L.
j=1
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PROOF. Fix M > 1 and denote by ry pr:{1,..., M} x {1,..., M} — R, the
jump rates of the trace process {X,{V’M :0<1t}. By (6.1), for j #1,

1

rym(i, j) = W PZN[H(xj-V) < T(A%,./)]’
where, again, A%’j = {va, ,,,,x;\’_l,xj-vﬂ,x%}, I1<j<MZ< N4. To compute

this probability, we need only to examine the discrete skeleton Markov chain,
PIwH () < T(Ay 1= Qv IH(x]) < £(Aj )]

Since xj-v converges, as N 1 0o, to )Ej, 1 <j <M, and since minj<;+£j<m lx; —

x|l > 0, by Corollary 6.7, we have

. A Vd
Jim QU LH () < 2(A}) )] =

Hence, for j # i, ry m(i, j) converges, as N 1 oo, to (vg/Mw;) because Wﬁ,’\,
converges to w;. This completes the proof of the proposition. [ l

To examine the time spent by the random walk {X ,N :0<tr<T}on ’]I‘j{, \ AN

denote by cap, the capacity associated to the process X . Of course, for any two
disjoint subsets A, B of T4,,

1
(6.26) capy (A, B) = ) capyn (A, B).

For x # y in T%, denote by IP;V * the probability measure on the path space
D[R4, T4 \ {x}) induced by the trace of {XN :7 > 0} on T4, \ {x} starting from y.
Expectation with respect to IP’Q’ * is denoted by Elyv >,

LEMMA 6.14. We have that

. . N’XN
lim limsup max max ME, / [H(AAN,[ 3] =0.
M—o0 1<j<M . 1y—xN|— J
N—oo 1=J=My:|y—xi'|=1

PROOF. Fix1<j<Mandy~ xj-v . By Lemma 6.1, the expectation appear-
ing in the statement of the lemma is equal to

1

(6.27) —_—
capy (¥, A%,j)

> WN@PY[H(y) < H(AY 1.
z;ﬁxjv
By (6.26), the denominator is equal to

1 N 1 N
WTd) Py (v, Ay j) = WTd) Py (v, x1).
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In view of Corollary 6.8, this latter expression is bounded below, uniformly in N,
by a strictly positive constant.

To estimate the numerator in (6.27), we need only examine the discrete skeleton
Markov chain because IP’Q/[H(y) < H(AANL].)] = QQV[H(y) < H(AAN,L].)]. Fix a se-
quence {5 :N > 1} such that 1 < £y < N and let By ={z € T?{, :d(z, AII‘V/[) <
ENY\ AN, Cn ={z € T :d(z, A}y) > €x}. Since QY [H(y) < H(A}; ;)] van-

ishes on the set A?’,[ j»we have

S WV @QYHY) < HAY 1= Y vV @QNH () < H(AY )]

z;ﬁx;—v Z€BN
+ 3 N @QNH ) < H(AY )1
zeCy

The first term on the right-hand side is bounded by v¥ (By), which vanishes as
N 1 oo because £y < N. Since £ > 1, by Lemma 6.6, as N 1 oo, the second
term converges to M - - W(']I‘d)_1 Di< <M W ;1. The expression inside brack-
ets vanishes as M 1 oo, by definition of the sequence {;}. This proves the lemma.

OJ

Recall that Ay, = T4 \ AL

COROLLARY 6.15. Foreveryt >0,

N A
lim limsup max EY [7,"""]=0.
M—oo Nooo 1=j<M 7%

PROOF. Fix M >1 and 1 < j < M. Consider the stochastic process ZtN M
with state space A% defined as

ZMM = xNo 1)),

where o (¢) :=sup{s <t: Xﬁv € Alﬂv,[}. Hence, during an excursion in Ay a7 by XV,
the process ZtN M stays at the last-visited site in AAN,I.

For a path w € D(R+, ']I‘fv) performing infinitely many jumps, denote by 7, (),
n > 0, the jumping times of w: 79(w) = 0 and

Th(w) :=inf{t > 7, _1(w) : 0 (1) # o (T 1 (®))}.
Let
Th(w) := (@) — Tp—1(@), n=l,
and let N; be the number of jumps up to time ¢:

Ni(w) :=sup{j > 0:7;(w) <1}.
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The process X ,N ‘M defined on the path space D(R, A%), can be thought of
as a process on D(R, ’]I‘jl\,). Couple the processes }A(IN M ZtN M forcing them to
visit the same sequence of sites. By Lemma 6.14 and the proof of Proposition 4.4
in [2], for every K > 1, we have

(6.28) lim limsup max E N[‘L’KM(ZN ) — rKM(XN’M)]ZO

M—oo N0 I<j<M

Set N; := N, (ZNM), T, := T,,(Z¥M) and T, := T,,(XV-M). Fix 1 < j < M.
Under ]PiVN,

J

A N+l . KM
T <t Y T =T) <UNe= KMYt+ ) (T, = Ty)
n=1 n=1

for any positive integer K . Therefore,
EN T ] < PV [N, = KM+ EN [t (ZVM) — i (XY M),
j j j

By (6.28), the second term vanishes as N 1 oo and then M 1 oo. It remains to
prove that

(6.29) hm limsuplimsup max PV N[N (ZN M) >KM]=

K= M 00 N—ooo I=j=M

Since N;(QN’M) < Nt(}A(N’M), IP’;VN—a.S., we have
j

PN IN:(ZNM) > K M] < PM [N, (XY M) > K M.
J

J

Fix M > 1and 1 < j < M such that
limsup max IP’ [N,(XN M)>KM]—hmsup1P’N [Nt(XN M)>KM]

N—oco 1=k=M Nooo i

Since [N; > K M] is a closed set for the Skorokhod topology on D(R, A 1’:’,[), since

N,()A( N.M) has the same distribution as N, (X"-™) and since, by Proposition 6.13,
XN-M converges in distribution to Z¥, we have

hmsup]P’N [N(XNMy> KM < max PN (ZzMy > K M),

Nooo i

where Py is the distribution of the process ZM starting from k.

To estimate the right-hand side, we compare N, (Z") with a counting process C;
in which we replace the holding times 7,, by 0 if Z M(z,_1) # 1. In other words, let
Go := Cy be the number of times the process Z jumped before hitting 1 for the
first time. Since Z¥ jumps from any site uniformly to all others, Gy is a random
variable with geometric distribution: P[Gg=n]= (1/M)[(M — 1)/M]”_1, n>1.
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When hitting 1, as ZM, the process C; stays there for a mean 1 /vy exponential
time. At the end of this exponential time, C; jumps from Gg to Go + G1, where
G stands for the number of jumps performed by ZM before hitting 1 again.

By construction, N,(ZMy < C, for all t > 0 and C, = Zo<j<1§7t G, where
{G;:j = 0} are i.i.d. random variables with geometric distribution: P[G| =n] =
(1/M)[(M — 1)/M]”_1, n>1. ]\7, is a Poisson process with rate vy /w1, indepen-
dent of the sequence {G;}. In particular, E p, [N;(ZM)] < M[1 + (t1 /vg)]. This
proves (6.29) and the corollary. [J

PROOF OF THEOREM 2.3. Theorem 2.3 follows from Proposition 6.13 and
Corollary 6.15. [

PROOF OF THEOREM 2.5. Denote by {Z;:t > 0} the K-process with para-
meters {w; /vg:i > 1} and ¢ = 0. Using independent exponential and Poisson ran-
dom variables, we may define in the same probability space (€2, F, P) processes
{X?”M 1t > 0}, {Zf’l :t > 0} and {Z; :t > 0} which have the same distribution as
{X,fV’M it >0}, {ZZM :t >0} and {Z, : ¢t > 0}, respectively. Fix a common starting
point j for all processes and 7' > 0. By [13], Lemma 3.11, {Zf"’ :0<t<T}con-
verges a.s., as M 1 oo, to {Z; :t > 0} in the Skorokhod metric. On the other hand,
by Proposition 6.13, if dg stands for the Skorokhod metric on D([0, T, N), for
every M > 1 and € > 0,

lim P[ds(XNM, ZM) > €] =0.
N—oo
In particular, there exists a strictly increasing sequence { N, : M > 1} such that
1
PldsXNM, 24 > M1 <

for all N > Nj,. Hence, by the triangular inequality, for any sequence {Ny:
M > 1} such that Nyy > Ny, we have

lim Plds(X™M 7) > e]=0
M— 00

for any € > 0. The sequence {£}, : N > 1}, defined as the inverse of {Ny,: M > 1},
fulfills the requirements of the first part of Theorem 2.5.
To prove the second statement of Theorem 2.5, fix M > 2 and observe that

TV < HAY) + T o 9(H(AY)) provided £y > M. In this formula,
0(s): DR, T?’v) — D(R4, ']I‘f\,), s > 0, stands for the time shift by s of a path
w: Bs)w)(t) =w(s +1),t>0. Therefore,

max EY[Z°"V]< max ENe[H (AT +

A
, , max BN [7,7V],
I<j<ty *~j I<j<ty *j *

<jJ=M %
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provided M < £p. By Corollary 6.15, the second expression converges to 0 as
N 1 00, M 1 oco. By the definition of H (AIJ‘V,I), the first expectation on the right-
hand side vanishes for 1 < j < M.For M < j <{y, by (6.5) with F = E = T,

vV (An.m)
ENIH(AN] < — 5
X M cap(xj.v, A%)

The denominator is bounded below by minZer maxi|<g<p cap(z,x,ﬁv ). Since
€TY, <k=

X1 — x2]| > 0, by Corollary 6.8, this expression is bounded below by a positive
constant, uniformly in M and N. This proves the second statement of Theorem 2.5
because vV (A p) vanishes as N 1 oo, M } co. [

6.5. Metastability for d =?2. In this subsection, we adapt to dimension 2 the
results presented in the previous subsection. Most of the proofs are similar to the
case d > 3.

The main difference with respect to dimension 3 is that the process is speeded
up by log N. Recall from Section 2 that we denote by {XV :¢ > 0} the random
walk with generator Ly, defined in (2.3), speeded up by log N. Moreover, Piv ,
IP’)]CV , X € "JI‘%,, stand for the probability measures on D(R, T%\,) induced by the
processes {.’{iv >0}, {X ,N :t > 0}, respectively, starting from x.

PROPOSITION 6.16. For a fixed M > 1, and T > 0, the process {.’%iv’M 0 <
t < T} converges in distribution, as N 1 0o, to the Markov process in {1, ..., M}
given by the following generator:
1 M

Y LA — fFO)

Mw; =

Ly ) =

oS

PROOF. As in the proof of Proposition 6.13, we use (6.1) to write the jump
rates of %iv ‘M in terms of the excursion probabilities between the very deep traps:
log N

N

Wy

1

rym (i, j) = QMWIH (x}) < 2 (A} ).

Note the factor log N which appears because the generator £, is multiplied by
this constant.

Consider a sequence {/y : N > 1} satisfying (6.14). Use the strong Markov prop-
erty on H(B(xiN, [N)€) to obtain

QMWIH(x}) < 2(Ajy )]

1

= QU [UH B 1)) < 2NQY 0 40 TH () < H (AR ]
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Therefore,

log NQY, [H () < 2(A}, )] — %’

p

log NQ (B 1)) < 21 - 5

b/
+ = sup

z€dB(x]N Iy)

1
QHGY) < HAY -4
By Lemmas 6.9 and 6.10, these expressions vanish as N 1 oco. Since Wﬁll\, con-
verges to w;, 1 <i < M, we are done. [ '

Recall the definition of the measures ]P’y X x # y e T%, introduced in the

previous subsection. This corresponds to the trace on T%V \ {x} of the process
{X ,N :t > 0}, which has not been speeded up.

LEMMA 6.17. In dimension 2,

. . M N,xV N
lim limsup max max E, ’ [H(Ay 1=0.
M—00 N oo lfJ'SMy:nyx]Nl:I logN ,

PROOF. The proof of this result follows the same argument as in Lemma 6.14.
One must simply note that the denominator of (6.27) is now multiplied by log N,
which forces us to use Corollary 6.12 in place of Corollary 6.8. The argument to
bound the numerator is also the same. However, one should choose a sequence
{€n: N > 1} satisfying (6.14) in order to apply Lemma 6.9. [

For x # y, in ’]1‘12\,, denote by PQ’ ** the probability measure on the path space
DR, ']I“f\, \ {x}) induced by the trace of {%ﬁv :t >0} on T‘,{, \ {x} starting from y.
Expectation with respect to Pjyv * is denoted by Ey *. The difference between PQ’ *
and IP’;V * is that the first probability measure is associated to the random walk
speeded up by log N. Therefore, for every subset A of ']I‘%V \ {xj-V 1,

B )= B )
Y "~ logN ” )
In particular, it follows from the previous lemma that

_ ) N,x¥
lim limsup max max ME, / [H(AAN,, )]=0.
M—o00 1<J<M y-1y—yNi— -

N—oo 1=/=My:|y—xj|=1

(6.30)

COROLLARY 6.18. In dimension 2, for every t > 0,

lim limsup max EJIC\]N[’];AN’M]zo.

M—00o N oo I=j=M %)
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PROOF. The argument is identical to the one in d > 3 presented in Corol-
lary 6.15. We just use (6.30) and Proposition 6.16 instead of Lemma 6.14 and
Proposition 6.13. At the end of the proof, the rate of the process N;(Z™) is re-
placed by r/(2), but its exact value is superfluous. [J

PROOF OF THEOREM 2.4. The proof is a direct consequence of Proposi-
tion 6.16 and Corollary 6.18. [J

6.6. Dimension 2 with no acceleration. We prove in this subsection that in
dimension 2, the trap model with generator (2.3) starting from a very deep trap
does not move. Hence, on the order 1 scale, the random walk does not move, and
on the scale log N, it converges to the K-process in which all the geometry is
wiped out.

PROPOSITION 6.19. For every j > 1, every t > 0 and every sequence
{€yn:N > 1} such that £y 1 oo,

. N N N _
Jim P LXY () x| = ] =0.

PROOF. Fix j > 1 and a sequence {{; : N > 1} such that £y 1 co. Following
[5], we denote by Sy : Z4+ — R the clock process: Sy (0) =0,
k—1
Svk) =Y eWN¥N@), k=1,
i=0
where {YN (i) :1 > 0} is a nearest-neighbor, symmetric, discrete-time random walk
on T%\, starting from xj.v ; {e; 11 > 0} is a sequence of i.i.d., mean-one, exponential

random variables, independent of the Markov chain {Y N(i)}; and WN (x) = W;V ,
x € T%V. Denote by Ty : R4 — Ry the inverse of Sy:

Tn(t) = supfk: Sy (k) <t}.
Clearly, {XN(¢): ¢ > 0} has the same distribution as {YN (T (¢)) : r > 0}. Hence,

PN OXY (1) — x| = en]
J

(6.31) = PN[IYN(Ty(0) — xN| = tn]
= PN[O?]%?;EN |YN(k) _X§V| = EN:I + PN[TN(I) >ryl

for a sequence ry such that 1 < ry < E%V.
We estimate separately the expressions on the right-hand side of (6.31). Since
Ty is the inverse of Sy, {Tn(t) > ry} = {Sn(rn) <t}. In particular,

ry—1
PN[TNa)er]sPN[w,- > eil{YN<i>=x§V}sz}
i=0
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because Sy (k) > ng Yo<i<k—1 &YV (@) = 27}, ng > ;. Since {YN(k):

k > 0} starts from x and the two-dimensional random walk is recurrent, the pre-
vious probability vanishes as N 1 oo because ry 1 oc.

On the other hand, since YV (k) — xj.v is a bidimensional martingale, by Doob’s
inequality,

4
PN[ max |YN(k)—x§V|Z€N]§—r2N,
0<k<ry &y

which vanishes as N 1 co. This completes the proof of the proposition. [
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