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We consider N x N Hermitian random matrices with i.i.d. entries.
The matrix is normalized so that the average spacing between consecutive
eigenvalues is of order 1/N. We study the connection between eigenvalue
statistics on microscopic energy scales n < 1 and (de)localization proper-
ties of the eigenvectors. Under suitable assumptions on the distribution of
the single matrix elements, we first give an upper bound on the density of
states on short energy scales of order n ~ log N/N. We then prove that the
density of states concentrates around the Wigner semicircle law on energy
scales n > N —2/3, We show that most eigenvectors are fully delocalized in
the sense that their £P-norms are comparable with N 1/p=1/2 for p>2,and
we obtain the weaker bound N2/3(1/P=1/2) for all eigenvectors whose eigen-
values are separated away from the spectral edges. We also prove that, with
a probability very close to one, no eigenvector can be localized. Finally, we
give an optimal bound on the second moment of the Green function.

1. Introduction. Denote the (ij)th entry of an N X N matrix H by h;;j. We
shall assume that the matrix is Hermitian, that is, h;; = h j;. These matrices form
a Hermitian Wigner ensemble if

(1) hij=N""[xj+v=1y;] (<)) and hy;=N""x;,

where x;;,y;; (i < j) and x;; are independent real random variables with
mean zero. We assume that x;;,y;; (i < j) all have a common distribution
v with variance 1/2 and with a strictly positive density function: dv(x) =
(const)e8%) dx. The diagonal elements, x;;, also have a common distribution,
dv(x) = (const)e 8 dx, that may be different from dv. We remark that the spe-
cial case g(x) = x? and Z(x) = x2/2 is called the Gaussian Unitary Ensemble
(GUE). Let P and E denote the probability and the expectation value, respectively,
w.r.t. the joint distribution of all matrix elements.

E. Wigner has introduced random matrices to model Hamiltonians, H, of atomic
nuclei. Lacking precise knowledge about the interaction among different quantum
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states, he assumed that the matrix elements (¢, H ) for any two orthogonal states
@, ¥ are identically distributed and as maximally independent as the unitary sym-
metry group acting on the Hilbert space of states allows. These assumptions al-
ready imply that the distribution of H is GUE (modulo changing the expectation
value and the variance). Astonishingly, this simple model very accurately repro-
duced the energy level statistics of various large nuclei.

Random Hamiltonians are also used in solid state physics to study electrons in
disordered metallic lattices. The simplest example is the Anderson model on a dis-
crete lattice, where the disorder is modeled by i.i.d. on-site potentials. The Ander-
son model can be generalized to continuous space and to include magnetic fields.
These models are commonly referred to as random Schridinger operators. Their
key feature is that they have an underlying spatial structure and only matrix ele-
ments connecting nearby sites are nonzero, in contrast to the mean-field character
of the Wigner ensembles.

The conductance properties of metallic lattices are strongly influenced by the
spatial localization of the eigenfunctions of the corresponding Hamiltonian. De-
pending on the energy range, on the disorder strength and on the spatial dimension,
random Schrodinger operators are believed to exhibit a transition between local-
ized (L?-normalizable) and delocalized eigenstates. These two regimes can also
be characterized by the pure point or absolutely continuous spectrum, respectively.
While the localization regime is fairly well understood, it remains an outstanding
open problem to prove the existence of the delocalization regime. An even more
ambitious conjecture states that the level spacing statistics of consecutive eigenval-
ues (of the finite dimensional approximation) of the random Schrodinger operator
also characterizes these two regimes. In the localization regime, consecutive eigen-
values should be independent and should follow the statistics of a Poisson point
process. In the delocalization regime, the level spacing statistics is believed to be
identical to that of the GUE.

Random matrices are mostly studied from the point of view of eigenvalue statis-
tics such as density of states (e.g., Wigner semicircle law) or level statistics of con-
secutive eigenvalues. The density of states is well understood for general Wigner
matrices on macroscopic energy windows where the number of eigenstates is pro-
portional to N. In our normalization this corresponds to energy windows of order
one. On the finest energy scale of order 1/N, where individual eigenvalues are
observed, a universal level spacing distribution is believed to emerge that is called
the Wigner—Dyson statistics. This has been proven only for Gaussian and related
models (see [6] and references therein) and for Wigner matrices where the distri-
bution of the matrix elements were Gaussian convolutions [10]. The proofs use
explicit formulae for the eigenvalue correlation functions which are available only
for Gaussian related models.

The eigenvalue distribution of general Wigner matrices is poorly understood
on microscopic energy scales n < 1 due to the lack of explicit formulae for the
eigenvalue distribution. The fluctuations of the density of states are known to be
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negligible down to energy windows of order N~!/? [8, 9] and the expected value
is also known to follow the semicircle law on scales N~!/2 and larger [2]. Un-
der somewhat different moment assumptions, the semicircle law was shown on
scales > N~1/4 in [11] and the fluctuation around its mean was proven to be
Gaussian in [4]. It is an open problem to show that both the fluctuation and the
expected value of the density of states can be controlled down to energy scales
of order 1/N. This would be the first step toward the proof of Wigner-Dyson
universality for Wigner matrices. Moreover, given the presumed connection be-
tween eigenvalue statistics and eigenfunction localization in the case of random
Schrodinger operators, it is natural to investigate the (de)localization properties of
the eigenvectors of random matrices. Due to the mean field character of the Wigner
matrix, the eigenvectors are believed to be extended, a conjecture that is consistent
with the expected repulsion of neighboring eigenvalues.

We remark that in finite dimensional Hilbert spaces extended states are char-
acterized by £”-norms with p # 2 instead of the absolute continuity of the spec-
trum. If all components of an £2-normalized vector v € CV are equal, then ||v|| p=
N1/P=1/2 Thus, deviations of the ¢”-norm of an eigenvector from N 1/p=1/2
can be used to quantify the delocalization properties of the state. In particular,
T. Spencer has posed the question to prove that the £4-norm of all eigenvectors are
of order N~1/4,

In this paper we prove several results in these directions for general Hermitian
Wigner matrices. In Theorem 2.1 we give an upper bound on the eigenvalue density
down to energy scales of order n > IO%N.

Theorem 3.1 states that the density of states concentrates around its mean in
probability sense down to energy windows of order 1 >> N ~2/3 (modulo logarith-
mic corrections), improving the fluctuation result of [9] from scales n > N ~1/2 In
Theorem 4.1 we prove that the expectation value of the density of states on scales
n > N~2/3 converges to the Wigner semicircle law. The previous best result [2]
was valid for scales 1 >> N~!/2. These two theorems establish the validity of the
Wigner semicircle law for all energy windows of order 1 >> N ~2/3.

In Theorem 5.1 we show that most eigenvectors are fully extended in the sense
that their £°°-norm is of order N ~!'/? (modulo logarithmic corrections). We remark
that this result can be easily obtained for all eigenvectors in the GUE case, by using
the underlying unitary symmetry group. The reason why our proof of Theorem 5.1
does not apply to all eigenvectors is the lack of the lower bound on the density of
states on the very short scales of n >> 1/N. However, the results of Section 3 imply
a bound of order N2/3(/P=1/2) for the £-norm (p > 2) of all eigenvectors away
from the spectral edge (Corollary 5.3).

In Theorem 6.1, by using the bounds on the eigenvectors, we give an estimate
on the second moment of the Green function. Finally, in Theorem 7.1 we prove
that no eigenvector is strongly localized in the sense that no eigenvector can be
essentially supported on a small percentage of the sites. As a corollary, we show
that the £7-norm of the eigenvectors is N'/7~1/2 for 1 < p < 2.
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We remark that all our results hold for the Wigner ensemble of real symmetric
matrices as well. We will present the Hermitian case only, as the proofs for the real
case require only obvious modifications.

In some of our results we need to assume further conditions on the distributions
of the matrix elements in addition to (1.1). For convenience, we list the conditions
we use in some of our theorems:

(C1) The function g is twice differentiable and it satisfies
(1.2) g (x) <M,

with some finite M.
(C2) There exists a § > 0 such that

(1.3) fe“zdu(x) < o0,

and the same holds for V.
(C3) The measures v, ¥ satisfy the spectral gap inequality, that is, there exists a
constant C such that for any function u

(1.4) / u—/udu

and the same holds for 7.
(C4) The measures v, V satisfy the logarithmic Sobolev inequality, that is, there
exists a constant C such that for any density function u > 0 with [udv =1,

(1.5) /ulogudvgcfyvﬁ|2dv

and the same holds for V.

2

dv < c/ \Vul2dv,

We remark that (C4) implies (C3) and that all conditions are satisfied if ¢; <
g", 28" < c, for some positive constants cy, c;.

NOTATION. We will use the notation |A| both for the Lebesgue measure of
a set A C R and for the cardinality of a discrete set A C Z. The usual Hermitian
scalar product for vectors x, y € C" will be denoted by x - y or by (x, y). We will
use the convention that C denotes generic large constants and ¢ denotes generic
small positive constants whose values may change from line to line. Since we are
interested in large matrices, we always assume that N is sufficiently large.

2. Upper bound on the density of states. The typical number of eigenvalues
in an interval / within the spectrum is expected to be of order N|/|. The following
theorem proves the corresponding upper bound.
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THEOREM 2.1. Let H be an N x N Wigner matrix as described in (1.1) and
we assume condition (1.2). Let I C R be an interval with |I| > (logN)/N and
denote by Ny the number of eigenvalues of H in the interval I. Then there exists a
constant ¢ > 0 such that, for any K large enough,

(2.1 P{N; > KN|I|} < e KNI,
For a fixed spectral parameter, z = E + in with E € R, n > 0, we denote G, =

(H — z)~! the Green function. Let j1; < s < --- < uy be the eigenvalues of H
and let F(x) be the empirical counting function of the eigenvalues

1
(22 F(x) = NHO‘:N(X <x}l.
We define the Stieltjes transform of F as

1 dF
(2.3) m:m(z)z—TrGZ:f *)

N R X—2
and we let

Imm(z) 1 1 X n

24) p=p(E)= =— ImTrG.=—S ——— 1
2.4) p=py(E) N ImTr G NnO;(ua—E)ernz

be the normalized density of states of H around energy E and regularized on
scale n. The random variables m and p also depend on N, and when necessary, we
will indicate this fact by writing my and oy .

The counting function N for intervals of length |/| = n and the regularized
density of states are closely related. On the one hand, for the interval I = [E —
7. E + 31, we obviously have

2.5) N1 < CN|I)oy(E).

On the other hand, Theorem 2.1 provides the following upper bound for m(z)
under an additional assumption.

COROLLARY 2.2. Letz=FE +inwith E€R and n>logN/N. We assume
conditions (1.2) and (1.3). Then there exists ¢ > 0 such that, for any sufficiently
large K,

(2.6) P{suplm(E—i—in)lleogN} > 1 — e ¢KNn,
E

In particular, there exists a universal constant C such that

2.7) supE|m(E +in)| < ClogN.
E
The same bounds hold for the density without logarithmic factors

P{supgn(E) < K} >1—e KN, supEo,(E) < C.
E E
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PROOF. It is well known that if the tail of the distribution of the matrix el-
ements decays sufficiently fast, then the eigenvalues of H lie within a compact
set with the exception of an exponentially small probability. For completeness, we
will prove in Lemma 7.4 that there is a universal constant cy depending only on §
in (1.3) such that, for any sufficiently large K¢, we have

(2.8) P{max|ua| > Ko} < ¢~0KGN
o

Cover the interval [—Kp, Kg] by the union of subintervals I, = [(n — %)n,
(n + %)n] of length n where the integer index n runs from —[Kon™'1—1to
[Kon_l] + 1 (here [-] denotes the integer part). Clearly,

9 m +1n max y max s
=N p I Oy N p Iy

assuming that max, |ty < Ko. Adding up the probabilities of the exceptional
sets where N; > KoNn and recalling n > log N/N, we proved (2.6). The proof
of (2.7) obviously follows from (2.6) and from the deterministic bounds |m(E +
in)| < n~'. The bounds for the density oy are proven similarly. This completes the
proof of Corollary 2.2. [

In order to prove Theorem 2.1, we start with the following lemma:

LEMMA 2.3.  Suppose that x; and y;, j =1,2,..., N, are i.i.d. real random
variables with mean zero and with a density function (const)e "$™). The expecta-
tion w.r.t. their joint probability measure d . = (const) ]_[?]:1 e 8)=8(y)) dxjdy;
is denoted by E. We assume that g satisfies

(2.10) g'x)<M

with some finite constant M. We set 7; = x; ++/—1lyj and letz=(z1,...,2N) €
CN. Let P be an orthogonal projection of rank m in CN. Then for any constant
¢ > 0 there exists a positive constant ¢, depending only on ¢ and M, such that

Eexp[—cX] < e ™, X = (Pz, Pz).
PROOF. Let u, be the probability measure on R?Y = CV given by
du; =27 exp[—1X]dpu, Z = / exp[—1X1du

and denote the expectation w.r.t. i; by E;. In case t = 0, we shall drop the sub-
script. The covariance of two random vectors Y, Z € CN w.r.t. the measure Uy 1S
denoted by

(Y;Z),, =E(Y,Z) — (E Y, EZ).
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Simple differentiation gives

0 logEexp[—tX] = —~E,X = —(Pz; Pz),, — (E;Pz,E,Pz) < —(Pz; Pz),,.
Let v, denote the product measure on R?N = CV, with density for z; = x; +
+/—1y; to be proportional to e_(M+2t)|ZJ'|2/2, j=1,2,..., N. We can rewrite

d
du; = Z,_1 exp[—tX]du = ﬂdv,.
dV[

From the assumption (2.10) on g and from 0 < P < I, we obtain that fl—’lft’ is log

convex on RZY . From the Brascamp—Lieb inequality (Theorem 5.4 in [S]) we have
(Pz; Pz),, > (Pz; Pz),,.

By computing the Gaussian covariance explicitly, there exists a constant ¢’ > 0,
depending only on M and c, such that

(Pz; Pz),, > 'm vt € [0, c].
We have thus obtained that
0 logEexp[—tX] < —c'm vVt €0, c].
Integrating this inequality from ¢ = O to ¢, we obtain the lemma. [J

REMARK. J. Bourgain [3] has informed us that the condition (2.10) can be
removed.

We will use this result in the following setup. Let vi, vp,...,vy_1 form an
orthonormal basis in C¥~!. Let

2
Eu =12 Vq|",

where the components of z = x + /—1y € CVN~! are distributed according to
(const) []; e 8()—80j) gx j dy;. With this notation, a standard large deviation ar-
gument yields the following corollary to Lemma 2.3:

COROLLARY 2.4. Under the condition (2.10), there exists a positive ¢ such
that, for any § small enough,

(2.11) ]P’(Z £y §8m> <e M

aEA

forall AC{1,..., N — 1} with cardinality |A| = m.
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PROOF OF THEOREM 2.1. To prove (2.1), we decompose the Hermitian
N x N matrix H as follows:

(2.12) H=<z j;)

where a = (h12,...,h1n)" and B is the (N — 1) x (N — 1) matrix obtained by
removing the first row and first column from H. Recall that 1 < pup <--- < upy
denote the eigenvalues of H and let A; < Ay <-.- <Ay_; denote the eigenvalues
of B. Note that B is an (N — 1) x (N — 1) Hermitian Wigner matrix with a nor-
malization off by a factor (1 — %)1/ 2. The following lemma is well known and we
include a short proof for completeness.

LEMMA 2.5. (i) With probability one, the eigenvalues of any Hermitian
Wigner matrix (1.1) are simple.
(ii) The eigenvalues of H and B are interlaced:

(2.13) M1 <Al <p2 <ty <pUz <--<pUN—1 <AN—] <[LN.

PROOF. The proof of (i) follows directly from the continuity of the distribution
of the matrix elements and is left to the reader. For the proof of (ii), suppose that p
is one of the eigenvalues of H. Let v= (vy,...,vy)" be a normalized eigenvector
associated with p. From the continuity of the distribution it also follows that vy £ 0
almost surely. From the eigenvalue equation Hv = v and from (2.12) we find that

(2.14) hvi+a-w=puv; and avy+ Bw=uw,
with w = (v2, ..., vy)’. From these equations we obtain
w=(u— B)_lavl and, thus,
(2.15) £
_ U1 o
(w—mvi=a-(u—B) 'av = —
N Xa: w—= }\a

using the spectral representation of B, where we set
2
£y = |V Na-ug

with u, being the normalized eigenvector of B associated with the eigenvalue A,.
Since v # 0, we have

k)

£a
(2.16) w—h=— ,
N Xa: w—= )\'oz
where &,’s are strictly positive almost surely (notice that a and u, are inde-
pendent). In particular, this shows that u # A, for any «. In the open interval
€ (Ay—1, Ay) the function

¢ &
OG0 = X
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is strictly decreasing from oo to —oo, therefore, there is exactly one solution to
the equation  — A = ® (). Similar argument shows that there is also exactly one
solution below A and above Ay _1. This completes the proof. [

We continue the proof of Theorem 2.1. Using the decomposition (2.12), we
obtain the following formula for the Green function G, = (H —z)~!, z=E +in
with E e R, n > 0:

1 1 Nl £ -1
217 G,(1,1)= =|h—z—— z :
This formula in this context has already appeared in [1]. In particular, by consid-

ering only the imaginary part, we obtain

1 Nl £
1+ — S L
N vy e
Similarly, for any k = 1,2, ..., N, we define B® to be the (N — 1) x (N — 1)
minor of H obtained after removing the kth row and kth column. Let a® =

(hr1s b2y - ooy B k=15 Pk k+15 - - -, hky)™ be the kth column of H without the /g

element. Let Aik) < )»ék) < --- be the eigenvalues and ugk), ug‘), ... the correspond-

(k) |2
o

-1
1G.(1,1)| <!

ing eigenvectors of B and set .50(,]() := N|a® . uy”|?. Then we have the estimate

N-1 (k) -1
o

1
1+—=>
N = 08 —E2+p2

For the interval I € R given in Theorem 2.1, set E to be its midpoint and n = ||,
thatis, I =[E — %, E+ %]. From (2.4), (2.5) and (2.18) we obtain

> g

ot:)»f,k)el

(2.18) |G (k, k)] <n~!

-1

k)

N N
(2.19) Ni <Cn Y |G.(k, k)| <CNn* )y
k=1 k=1

where we restricted the & summation in (2.18) only to eigenvalues lying in /.
Foreachk=1,2,..., N, we define the event

Q= { Yo g < - 1)}
a:kék)el

for some small § > 0. By the interlacing property of the u, and )L((xk) eigenvalues,
we know that there is at least A7 — 1 eigenvalues of B® in I. By Corollary 2.4,
there exists a positive universal constant ¢ such that P(;) < e~¢M =D Setting
Q= U/iv:1 Qp, we see that

(2.20) P($ and N > KN|I|) < Ne~c¥i=D < o=¢'KNII|
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if K is sufficiently large, recalling that n = |/| > log N/N. On the complement
event, Q°, we have from (2.19) that

CNZnZ
NI < —
S(N;—1)
that is, N < (C /5)1/ N n. Choosing K sufficiently large, we obtain (2.1) from
(2.20). This proves Theorem 2.1. [J

3. Fluctuations of the density of states.

THEOREM 3.1. Let H be an N x N Wigner matrix as described in (1.1) and
we assume the condition (1.2) and (1.3). Fix E,n € R with (logN)/N <n <1
and set z=E +in.

(1) Suppose that the measures v,V satisfy the spectral gap condition (1.4),
then there exists a constant C such that the covariance of the Stieltjes transform of
the empirical eigenvalue distribution (2.3) satisfies

(m(z); m(2)) = Elm(z) —Em(z)|* <

N2)73 '
(ii) Suppose that the measures v and V satisfy the logarithmic Sobolev inequal-
ity (1.5), then there exists ¢ > 0 such that

3.1 P{lm(z) — Em(2)| > e} < e~eNeminioe M), No'e)
holds for any ¢ > 0.
The same bounds hold if m(z) is replaced with the density of states 0,(E) =

#Imm(z).

We remark that estimates on the covariance were obtained in [1, 2] down to
scale 7 > N~!/2. Concentration estimates down to the same scale were proven
in [9].

PROOF. We start proving (i). Denote by uy, 0 = 1,..., N, the eigenvalues
of H. Since, by the first order perturbation theory,
Ofa o N
= Va (Ve (J) + Va (/)Va (i) = 2Re(Vy ()Va (/)

dRe /’L,’j

(3.2) 3
W — . . - . . — . .
— = V= 1[Va ()Va () = Vo () Ve ()] = 2Im(Te (j)Va (i)
d0Im hij

forall1 <i < j <N and
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0
aZ = Vo (i)Va (i)
foralli=1,..., N, we obtain
(m(z); m(z2))
N 2 2
- CZE(’ om(z) ‘ om(z) )
i<j aﬁRehij 8\/ﬁlmh,~j
N 2
om(z)
+C E‘
; 3/ Nhj;
Z 1 0 g ’ 1 0 g ’
N3l<] (e — 2)2 OReh;; (U —2)? 9Imh;;
2
c Y 1 g
— SN'E - -
ME 2 (g — 202 Ol
N 1 1

(e —2)* (up — 2)?
x [Re(V (i) ve () Re(Vg(@)vp(j))
+Im(Ve (jHug (V) Im(Vg (j)vp(i))]

1
Z)2|va(i>|2|v,s<i)|2

N
Z;Zf; Ma—z)z(u
CEZ 1 OV
= — (xl l o
N3 = (ta —Z)Z(Mﬂ %4 PROTPRIYe
C 1
=N

Note that these identities hold without expectation as well. Now, for arbitrary
n € 7, we define the interval

(3.4) Li=[E+@n—nE+ @+

Let N;, = {a : o € I,}| denote the number of eigenvalues of H in the interval /,,.
For any > (log N)/N it follows from Theorem 2.1 that

P{Nj, = KNn} < e KNI,
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Therefore, for any fixed K large enough, we find a constant D such that Dy~

is an integer and

> z > > !
- + R
o I/La—Z|4 —Dplopg€ly _Z|4 a:|pual>Ko 774

(3.5)

o)
= sup N1n+—4{{a2|MaIZK0}}-
M nj<Dn! n

From (3.3), we obtain

C
(m(@);m)) = 777 E  sup N, + - aEle: el = Ko}

3.4 in|<Dnp-1 N3 4

SR IP{ Np, = KN }
N2 N2y <py
(3.6)

1 . .
+ W]P’{H eigenvalue p with || > Ko}

CK CcD
S Vome Rl vomc L CKN’7+N2
where we applied (2.1) for the second term with a sufficiently large K and we
used (2.8) in the third term to estimate the probability of finding an eigenvalue
[i| > Ko. This proves part (i) of Theorem 3.1.
Next, we prove (ii). We will show how to control the real part of m(z) — Em(z),
the imaginary part is controlled identically. Let dP denote the probability measure
of the Hermitian Wigner matrix described in (1.1). Remark that

—coK3N
b

e

3.7) %[e_ﬂ log/exp (8/3 Re[m(z) — Em(z)]) dIP’} —e P / ulogudP,

where we defined the probability density

___exp(ePRe[m(z) —Em(2)])
~ [exp(ePRe[m(z) — Em(z)]) dP’

From (3.7), we find, using the logarithmic Sobolev inequality and the bounds (3.3)
and (3.5),

;;[ ﬂlog/exp ﬁRe[m(z) Em(z)]) d]P]

(3.8) 5Ce—ﬂ/|vﬁ|2dlp>

<Ce’3/{l [

<J

om(z)
a«/ﬁRehij

om(z)
v/ Nh;;

2 ‘ om(z)
3\/ﬁlmhij

2]+é

2
}udP
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CeP
<agfu s AP /l{a il = KoludP

U n|<Dn-1 N3 !
CKeP CKePe+1
= N2 3 +Z NZ( 3 )
n =1 n

X /I(KEan sup N, <K+ 1)nN>
[n|<Dn~!

X l(mo?x [to| < Ko)u dP

CeP
+ N ~—5 7 lullocP{Ie : [ta] = Ko},
where we used the same intervals I,, introduced in (3.4), and where the constants
K, D and K have to be chosen sufficiently large.
To bound the second term on the rh.s. of (3.8), we observe that, if
SUP|, <py-1 M, < KNn(€ + 1) and if there is no « with |ue| = Ko, then, by
using (2.9),

U< eeﬁ Re[m(z)—Em(2)] ~ ezK/zeﬁ log N

where we also used (2.7) and that K is sufficiently large. Therefore, we obtain, for
alarge K,

CKeP(t+1)
YT [1(KeN < sup e e L) < K@+ DN
= N In|<Dn~"!

X 1(m3x|u0,| < Ko)udIP’
3.9

CKeP(t+1) 2K e logN
SZNz— o P(

sup  |{a: pa € In)] = KﬂnN>
|n|<Dn~1

< Z M —Kt(cNn—2ePlogN) _ CKe’
< N2773 - N2n3a

as long as ef < 411\; where ¢ > 0 is the constant from Theorem 2.1.
To bound the last term on the r.h.s. of (3.8), we use that [m(z)| <n ~1and (2.8):

C B — C B
Non 4||14||OO]P’{EI01 |e| = Ko} < Ne oCntef —cokgN - &€
3n

as long as ¢f < Nn/C( with a sufficiently big Cj.
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Putting everything together, we obtain, from (3.8),

B
(3.10) %[e‘ﬁ log / exp (¢ Re[m(2) —Em(z)])dp] = ]S:ns

for all B such that e < Clllvﬁ with a sufficiently big C;. Integrating this inequal-

ity from 8 = o to B =log L with some L < %, we find that

CL?
N2773 :

logIEeLRe[m(Z)*Em(Z)] < Le Po logE exp (eﬂ‘) Re[m(z) — Em(z)]) +

Since ERe[m(z) — Em(z)] = 0 and |Re[m(z) — Em(z)]| < n~! is uniformly
bounded, by a second order Taylor expansion, we obtain that the first term on
the r.h.s. vanishes as 8y — —oo. Thus,

EeL Re[m(z)—IEm(z)] S exp (CLZN_ZU_3).
Therefore,

P{Re[m(z) — Em(z)] > &} <exp (CL?N2n~% —¢L)

(3.11)
< e—ane min{(log N)~1 Nnke)

with a sufficiently small ¢ > 0 after optimizing for L under the condition
L < Cﬁﬁ‘ Replacing m(z) with —m(z) in the same proof, we obtain the esti-

mate for P{|Re[m(z) — E,m(z)]| =¢}. U

4. Semicircle law on short scales. For any z = E + in, we let

Osc(x) dx
R X—2

Mse = Mg (2) =

be the Stieltjes transform of the Wigner semicircle distribution function whose
density is given by

1
Osc(X) = — 4—x21(|x| <2)dx.
21
For k, 77 > 0, we define the set
Snii={z=E+ineC:|E|<2—k,1<n=<1}
and for 7 = N—2/3 log N, we write

log N

SN,K:={z=E+ineC:|E|§2—x,W§n

IA
;_,
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THEOREM 4.1. Let H be an N x N Wigner matrix as described in (1.1)
and assume the conditions (1.2), (1.3) and (1.5). Then for any k > 0, the Stieltjes
transform my (z) [see (2.3)] of the empirical eigenvalue distribution of the N x N
Wigner matrix satisfies
4.1) lim sup |[Emp(z) —mg(2)|=0.

N—o00,¢ SN«
Combining this result with Theorem 3.1, we obtain the following corollary:

COROLLARY 4.2. Letk >0andn e [N~2/3 log N, 1] and assume the condi-
tions of Theorem 4.1. Then we have

4.2) P{ sup |mn(2) — mee(z)] > 8} < e—ansmin{(logN)—lyNn%}
ZESN i,y
for any ¢ > 0 and sufficiently large N. In particular, the density of states 0,(E)
converges to the Wigner semicircle law in probability uniformly for all energies
away from the spectral edges and for all energy windows at least N~2/31og N.
Let n* = n*(N) such that n <K n* < 1 as N — 00, then we have the conver-
gence of the counting function as well:

Ny (E)
2Nn*

4.3) IP’{ sup
|E|<2—k

_Qqc(E)‘ > 8} <e—ansmin{(logN)_l,ane}

for any & > 0 and sufficiently large N, where Ny+(E) = [{o: | — E| < n*}]
denotes the number of eigenvalues in the interval [E — n*, E + n*].

We remark that Bai et al. [2] have investigated the speed of convergence of the
empirical eigenvalue distribution to the semicircle law. Their results directly imply
(4.1) for n =Imz > N~Y/? and (4.3) for n > N72/°.

PROOF OF COROLLARY 4.2. For any two points z, z’ € Sy «,, we have
4/3
imy(2) —my (@) < CN*Plz — 2],

since the gradient of my(z) is bounded by C|Imz|~2 < CN*/3 on SN.ic,n- We
can choose a set of at most M = Ce 2N* points, z1,22,...,2M, in Sy« such
that, for any z € Sy 5, there exists a point z; with |z —z;| < &N ~2. In particular,
|my(z) —mpy(zj)| <e&/4if N is large enough. Then using (3.1), we obtain

M
Pl sup Iy~ Emy@)] 2} = Y P{imn(z) ~Bmy )= 5|

ZESN k,p j=1

< e—ans min{(log N)~L Nnke)
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under the condition that n > N~2/3log N since Im z j = n. Combining this estimate
with (4.1), we have proved (4.2).
To prove (4.3), we set

1 E+Mn n
R(A):—/ 55 dx
wJE-My (A—Xx)"4+1n

1 E—X E—X
= —[arctan( +M> —arctan( —M)]
T n n

and let 1;+(A) denote the characteristic function of the interval I* = [E — n*,
E + n*] with n* = Mn. From elementary calculus it follows that 1;+ — R can
be decomposed into a sum of three functions, 1;+ — R = T + T» + T3 with the
following properties:

ITi|<CM™Y2,  supp(Ty) e I} = [E — 2%, E +21*];
T2 <1, supp(T») = J1 U Jy,

where J| and J, are two intervals of length M
E + n*, respectively; and

12 with midpoint at E — n* and at

Cnn*

B0 = G

supp(T3) € I7.

We thus have

Ny (E 1
N (E) _ fl,*mdFm
2Nn* 2n*
4.4) ) ]
= /R(A)dF(k)—F /[T1(k)+T2(A)+T3()»)]dF()»).
2n* 2n*
The last three terms are estimated trivially by
1

5 [ 11+ 12+ 131aF

N Ny + Ny Cn
< ||T1||002N);* + 21Nn* ? + o (®)

C
< 1721020 (B) + Qa1 (E — n") + o1y (E + 1) + op<(E)].

Using the bound (2.6), this error term is bounded by C M ~!/? uniformly in E apart
from an event of exponentially small probability. In particular, this term is smaller
than ¢/3 if M = n*/n is sufficiently large.

The main term in (4.4) is computed as

1 1 E+n* J
277* 277* ./E—n* Qn(x) o

/R()»)dF()») =

1 rE+* 1 rE+*
== [ eetdr o= [ 1040 — gse1d
2n* JE—p* 2n* JE—n
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and the first term converges to os.(E) as long as n* — 0. Using (4.2), the
second term is smaller than /3 apart from a set of probability exp (—cNne x
min{(log N LN 7728}). Putting these estimates together, we arrive at (4.3). [

PROOF OF THEOREM 4.1. Recall from the proof of Theorem 2.1 that B%)
denotes the (N — 1) x (N — 1) minor of H after removing the kth row and kth
column. Similarly to the definition of m(z) in (2.3), we also define the Stieltjes
transform of the density of states of B®):

1 1 dF® (x
m®) — m(k)(z) — /R (x)

T =
N—1 B0 _; X—z

with the empirical counting function
1
FPOGx) = ——{a:2® < x}|,
) =y a2’ = x}|

where )L((xk) are the eigenvalues of B*). The spectral parameter z is fixed throughout
the proof and we will omit from the argument of the Stieltjes transforms.

From a formula analogous to (2.17) but applied to the kth minor we get
al 1

1 N
4.5 = — G,(k, k)= — ,
4.5) m N}; 2( ) N};hkk_z_a(k) '(1/(B(k)—z))a(k)

where recall that a®) is the kth column without the diagonal. Let E; denote the
expectation value w.r.t. the random vector a®). Define the random variable

1

e qlk) . (k) _ (k) . (k)
4.6) Xy:=a B(")—za Era B(k)—za
and note that
1 1 1 1
SRR ERVIEE S (R W)

With this notation, it follows from (4.5) that

Em = —E[l/{Xl + (1 — %)[m(l) —EmM]
4.7
+ [(1 — i>1t<:m<1> — Em] +[Em+z] —hy — lH»«:mm}]
N ll N 9

where we used that the distribution of X; and m® is independent of k.
Fix ¢ > 0. The first term in the denominator of (4.7) is estimated in the following
lemma whose proof is given at the end of the section.
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LEMMA 4.3.  For the random variable X1 from (4.6), we have

C(log N)?
(4.8) ElX|* < N
in particular,
C(log N)?
P{IXi] =€} < W

For the second term in the denominator in (4.7), we apply the large deviation
estimate from Theorem 3.1, to the Stieltjes transform of BV:

]P)Hm(l) _Em(1)| > 8} < e—anemin{(logN)_l,ane}.

For the third term, we use that

(== [ - 0-5) [ 557
NF(x)— (N —1DF(x)
N‘./ (x —z)?

By the interlacing property between the eigenvalues of H and B), we have
max, |[NF(x) — (N — 1)Fi(x)| <1, thus,

O e
N N |x—z|2

and, therefore, [Em — (1 — N~ HEm| < C(Nn)*l. Finally, from Exlzl < 00 We
have

dx’.

C
P{lhi1| > e} < N2

We define the set of events
Q:={Xi|ze}U{|mD —EmD| > e} U{lhy| = &},
then

C  C(logN)?
Neg? N2n2g4 ~

P(Q) < e—ansmin{l,ans} +

Let
Y=X;+ (- N_l)[m(l) - Em(l)] +[(1 - N HERD — Em] — hy1,

then, similarly to (2.18), we have
1

(k) .
Y +Em+z|>|Imz+a B(k)—za

®| >
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VYf: also have |[Em 4+ z| > n since Imm > 0. Set Y=Y 1qec, then obviously
|Y| < 4e. Moreover, from (4.7) we have

1
Em+z

= E1Qc[

Em +

4.9) {

e e
Em+z Em+4+z+4+Y Em+z Em+z+Y
The second term is bounded by

1 1
Em+z Em+z+Y

<C
gtlogN — ¢

‘Em[ ” <2 'P(Q) <

uniformly for z € Sy  if N > N(¢). In the first term we use the stronger bounds
[Bm+z| = Imm@) +n,  [Em+z+7]>Imm)+n—4s
on the denominators. Thus, from (4.9) we obtain

- Ce
T [Imm(z) +nllImm(z) +n — 4e]

(4.10) ‘Em + +Cs

Em + z

uniformly for z € Sy .
We note that the equation

1
4.11) M + Mtz 0
has a unique solution for any z € Sy, with Im M > 0, namely, M = mg.(z), the
Stieltjes transform of the semicircle law. Note that there exists c(x) > 0 such that
Immg.(E +in) > c(k) for any |E| <2 — k, uniformly in 7.
The equation (4.11) is stable in the following sense. For any small §, let M =
Mz, 5) be a solution to

1
4.12 M + =4,
( ) M+
with Im M > 0. Subtracting (4.11) with M = m. from (4.12), we have
(M — mygc) |:msc +z—- M—+Z] =d(msc +2)

and

1 [ + ! } >1 > c(k)

m|m -— mm c(k).

sc TXZ M+z|™ sc =

Since the function mg: + z on the compact set z € Sy is bounded, we get that
(4.13) IM —mgc| < Cyd

for some constant C, depending only on «.
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Now we perform a continuity argument in 1 to prove that
(4.14) |Em(E +in) —ms(E +in)| < C*¢

uniformly in z € Sy , with a sufficiently large constant C*. Fix E with |E| <2—k.
For n = [%, 1], (4.14) follows from (4.10) with some small &, since the right-hand
side of (4.10) is bounded by Ce. Suppose now that (4.14) has been proven for
some 1 € [2N~?3log N, 1] and we want to prove it for 1/2. By integrating the
inequality

n/2 1 n
(x—E¥+(/2? " 2(x—E)2+n?
with respect to d F (x), we obtain that

c(k)
4

for sufficiently small ¢, where (4.14) and Imm.(E +in) > c(x) were used. Thus,
the r.h.s. of (4.10) for z = E + i% is bounded by Ce, the constant depending only
on «. Applying the stability bound (4.13), we get (4.14) for n replaced with n/2.
This completes the proof of Theorem 4.1. [

1 |
Imm(E-i—ig) > SImm(E +in) = 5¢() =

PROOF OF LEMMA 4.3. Recall that )\5}) denote the eigenvalues and ufx) de-

note the eigenvectors of BW fora=1,2,.. — 1. We also defined &, M _

Ib®D - u, (1) with the vector bV = (b, ..., bN_l) =+/Nah = /N(h,, h13,
., h1n)* whose components are i.i.d. random variables with real and imaginary

parts distributed according to v. Dropping the sub- and superscripts, we have

. 1’Vz‘sa— Zzi,jb,-&,-ﬁau)ua(j)—l
TN -z NZ Ao —2 ’

where all summations run from 1 to N — 1.
Since the distribution v satisfies the spectral gap inequality (1.4), we have

;

where 8/3b = 1[3/8(Reb) —id/d(Imb)] and 3/8b = 1[3/d(Reb) +id/d(Imb)].

We compute
sl ]

_ 1 bjug(K)ug(j)
(4.16) _;HNZ PP

o,j

X |
by,

0X

(4.15) E|X|? < CEZ[ =
X by,

biug (i)uy (k)
+‘NZ Ao — 2 ‘}

o,
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b it () (k) e ()i ()
G ;ﬁzj[ (o= 2)0p =)
b,-éjﬁa(i)uﬂu)ua(k)ﬁﬂ(k)}

(o —2)0op =)

b 'biua (j)ﬁ(x (l)
NZE:;L______

—_ -2
@i, j [Ae — 2|

Here we used the orthonormality of the eigenfunctions, » ; uy(k)ug(k) = 84, p.
We insert this into (4.15) and take the expectation with respect to the b variables,
Eb jb; = §;;, by using the fact that the components of b are independent of the A,,’s
and u,’s:

b;biu (Jug () C 1
E|X _E eI . TR -
| | - Z |)\oz_Z|2 N? ;Ma_zlz

o,i, ]
< Crl b
Nn N ha — 2|

To estimate the last term, we have

1 1 Eo, (%) 1
E— 5/ T2 dx 4+ —P{max |Ay| > K
<N§:M —z| = Jiizky 12—z ! X el = Kol

4.17)

<ClogN.
In the last step, by choosing Ky sufficiently large, we used the uniform estimate
(2.7) on Eg;(A) and the bound (2.8) for the eigenvalues of the (N — 1) x (N — 1)

Wigner matrix BW _ Thus, we have showed that
ClogN

(4.18) E|X|> <

To estimate the fourth moment, we have
EIX|* = [E|X ] + E[|X]> — E|X|*]?

C1 N2 X22 X22
S( ogN) 4 CE 21P|| ‘m_| ]
(Nn)? dbk dby.

We will compute only the first term in the summation, the second one is identical.
x|

‘We have
2
<2CE||X? (—— )
E(Fs }

1
< —E|x|* E[>
< et el (|5 +[ o ik

2

91X |? X

by

CE Zj
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therefore,

l 4_ (ClogN)2 ‘ ‘ >

For the last term, we use (4.16):

(|2 2]

_ 2
1 bibjuy(j)ug(i)
_WE[Z [Ae — 2] }

o1, ]

B E[bbibebm g () (i)ug (£)ag (m)
EZ Z )L —Z|2|)L,B—Z|2

a,Bi,jlm

|ua(i>|2|u,e<@|2 1 uy (j)ug (g (i)ag(j)
(420) Eggl)‘ﬂ_ZP'}" Z|2 g; |}\-(x_Z|2|)\-ﬂ_Z|2

ZZ lug (i) Jug (i) ?

T e —2lPlhp — 2
EYY lug (i) Jug ()

- N4 A — z|?1Ap — z/?

o,p il

C

2
1 1
(Nn)zE{ Zlk —ZI}

In the second line we used that

E[b;bibebm] = 8;j8em (1 — 8i¢) + 8;e8 jm(1 — 8im) + c48i;8;¢Sem,

where ¢4 = IE|b|4 =/ (x2+ y2)2 dv(x)dv(y). Finally, the last expectation value is
estimated as

2 2
1 1 Qr)()‘) -2
E( — <E/ ———dAr) + P{max |Ay| = Ko}.
<N§a:|xa—z|) < (A ) 12P{max i = Ko)

Ir<Ko |A —2z]

The second term is exponentially small by (2.8). In the first term we use (2.6)
to conclude that g, (1) < K uniformly in A, apart from an event of exponentially
small probability. Inserting this bound into (4.20) and (4.19), we obtain the desired
bound E|X|* < C(log N)?/(Nn)? in Lemma 4.3. [
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5. Extended states. Recall that the eigenvalues of H are denoted by p; <
U2 < --- < upy and the corresponding normalized eigenvectors by v, va, ..., Vy.

THEOREM 5.1. Let H be an N x N Wigner matrix as described in (1.1) and
satisfying the conditions (1.2) and (1.3). Then there exist positive constants, C1, C»
and c, depending only on the constants M in (1.2) and § in (1.3), such that, for any
q >0,

1 C1g*(log N)? C >
6. B |{Bemax vy 2 SLEDY 5 S < ometon?

REMARK. Suppose that ||V||C2>O < 1/L holds for an £%-normalized vector v =
(v1, v2,...). Then the support of v contains at least L elements. Thus, the quan-
tity ||v||go2 can be interpreted as the localization length of v. With this interpreta-
tion, Theorem 5.1 states that the density of eigenstates with a localization length
L < Ng~? (with logarithmic corrections) is bounded from above by C/q.

It also follows from Theorem 5.1 that, for every p > 2,

52 Pl I8 pler = CLNYP20g W24 = D2 < pmetlon
N log N
In other words, with high probability, all the N eigenvectors, apart from a fraction
converging to zero as N — 00, have the expected delocalization properties up to
logarithmic corrections.
Note that, by duality, (5.2) immediately implies that

1 _ Cy 2
53) P! —|{8: < CTINYP=12 (100 NY2—4/PY| > } ~ —c(log\)
(5-3) {N|{ﬁ Ivgller < € (og Ny*™7)| 2 | <
forall 1 < p <2.In Section 7 we will improve (5.3) by showing, in Corollary 7.2,

that, up to an event with exponentially small probability, every eigenvector v of H
satisfies ||v]|, < cNVP=12forall 1 < p <2.

PROOF OF THEOREM 5.1.  For brevity, we introduce the notation
6 = [log N?,

where [-] denotes the integer part. For ¢ > 0, let O, denote the set of eigenvalue
indices o such that the distance between the eigenvalues puq19 and py—g is less
than g6/N:

q0
(5.4) Og =12 |ha—o — Ha+o] < NI
Here we used the notation ;e = p1 ifo < 1and uy = uy ife > N. Given K¢ > 0,

we define 2 to be the event characterized by all eigenvalues of H being in the
interval [— Ky, Ko], that is,

Q={w:0(H) C[—Kp, Kol}.
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By (2.8), we have

P(Q)>1—eN
if Ky is sufficiently large. We have

Pl | [ maxivacior = C“’QH =

1420 C
< { Hﬂ max|v,g(J)| > H —zandQ}—l—e_‘N
(5.5) 1
< bl | [pimax o = L7 }ﬂOq >—and9}
CoN
+P{|Oq"|z 2 andQ}—i—e_CN.

A simple counting shows that the cardinality of the complement of O, is bounded
by

o _CN
q
on 2. Therefore, by choosing C; sufficiently large, we have

TR

| .
P{NH/‘}:mj?‘XWﬁ(JNZZ 7 :

IA

1 . Ciq%6 C, _
Pl—|18ec0,: 2>—H } il
{NHﬂ pimaxlva(i)F = 2N > 2

Ciq%0
_IP’{EI,BEOQ:maxW/g(j)IzZL}—i—e_CN
j N
)2 Ciq*0 —cN
< NsupPiB € O, and max|vg(j)| zT 4+ e,
B J

where we used that g < N [if ¢ > N 172, (5.1) is trivial]. The theorem now follows
from Lemma 5.2 below. [

LEMMA 5.2. Under the assumptions of Theorem 5.1, there exists a constant
¢ > 0 such that, for any sufficiently large C and for any q > 0, we have

C
(5.6) supIF’{,B € Oy and max|v5(j)|2 > q } <e .
B j
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PROOF. It is enough to prove that, for arbitrary g € {1, ..., N},

Coq?
]P’{,B € 04 and max|vﬂ(j)|2 > Tq} <e .
J

Therefore, we fix B € O, and we consider first the j = 1 component v = vg(1)
of vg; for brevity, we drop the index B from the notation ug and vg. Set « :=
q6/N. Recall that A, denotes the eigenvalues of B in the decomposition (2.12).
Denote by A the set

A=f{a:|pn — Aol <k}

From the interlacing property of the eigenvalues, |A| >0 (if 6 < B < N — 6, then
actually |A| = 20).

Recall the equations (2.14) and (2.15) obtained from the eigenvalue equation
Hv = v and from the decomposition (2.12). In particular, from (2.15) we find

(5.7) Iwl>=w-w=|uv|?a- (u— B) *a.

Since ||w||?> =1 — |v;|?, we obtain

2 _ ! = !
(5.8) o e =B 2 T T NS e/ (=)

recalling the notation £, = N|a - uy |2, where u,, is the normalized eigenvector of
B associated with the eigenvalue X,. Thus, we have

2
v1]* < : = N :
N 1+N_1K_2ZozeAgot NK2+ZaeA$a

Fix a small § > 0. Let QO be the following event:

Q={Zsa>96}.

aEA

(5.9)

On this set Q we have the bound for |v;|?

Ni? 0q>
1ol <1lpg—s5—v <5 N2 =21
N+ Y genba NS
and for § small enough, we have
P(Q%) <e™

by Corollary 2.4.
So far we have considered the j = 1 component of v. We can repeat the ar-
gument for each j =1,2,..., N. Thus, Q should carry a subscript 1 and we can
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define Q; accordingly. Clearly, P{((; Q;)°} <N e~ < ¢ On the other hand,
on the set [); O we have

2

max|v5(j)|2§i forany B € O,. [
j N§

Theorem 5.1 implies that all eigenvectors of H, apart from a fraction vanishing
in the limit N — oo, are completely extended, in the sense that, up to logarithmic
corrections, ||V||co < const/N 172 The reason we cannot prove this bound for all
eigenvectors of H is the lack of information about the microscopic distribution
of the eigenvalues of H (and of its minors) on scales of order O(1/N). From
Corollary 4.2, which gives precise information on the eigenvalue distribution up to
scales of order O(N~2/31log N), we can nevertheless get a nonoptimal bound on
V]l for all eigenvectors of H.

PROPOSITION 5.3. Let H be an N x N Wigner matrix as described in (1.1)
and satisfying the conditions (1.2), (1.3) and (1.5). Fix « > 0, and assume that C
is large enough, depending on k. Then there exists ¢ > 0 such that

: C(logN)
Pidvwith Hv=puv, |v|l=1,ue[-24+«k,2—«k]and ||V||co = ——7—

N1/3

< o—cllog N)Z.

REMARK. The bound [v|ew < CN~!/3logN obtained in this proposi-
tion trivially implies the upper bound [v||, < C(log N)1=2/p N213/p=1/2) for
2 < p <ooaswell

PROOF OF PROPOSITION 5.3. Let n* = N~?/3(log N)? and define
ILi=[-2+Kk+{n—Dn" -2+« +nn"]
forn=1,...,nmax =[@4 — 2k) /0] + 1,

where [x] denotes the integer part of x € R. Then

Mmax
U Lio[-2+k2—k] and |I,|=n*=N"*?(ogN)*

n=1

foralln=1, ..., nmax.

As before, let N; = |{B:ug € I}| for any I C R. Using (4.3) in Corollary 4.2, we
have

P{max Np, < 8N77*} < ¢—cllogN)?
n
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if € is sufficiently small (depending on «). Suppose that i € I,,, and that Hv = pv.
From (5.8), we obtain

1 - 1 - 4ANn?
1+ 1/N 3y 8o/ (ha — mW? T 1+ 1/4Nn? Zkael,, S Zxaeln €a

and from the interlacing property, there exist at least Nj, — 1 eigenvalues A in I,.
Therefore,

2
v =

. C(logN)
Pl3avwith Hv=puv, |[v]|=1,ue[-2+«k,2 —«] and ||V co > NI
Nmax N
<y ZIP’(EI v with Hv=puv, |v| =1, u € I, and
n=1 j=1
C(log N)?
2
vl Ew>

< Nnmax sup]P’(EI vwith Hv=puv, |v]| =1, u € I, and
n

C(log N)?
(5.10) |U1|2 = W)

4Nn*
fconstNS/3 supIP’( Z &y < il )
n Mo €L, c

< const N33 sup P Z &y < N’ and N;, > eNn*
= o = C (=

n A€l

+ const N°/3 sup P(N, <eNn*)
n

_ nl/3 _ 2 o 2
< const N3¢V 4 const NO3eclogN)™ < p=c logN)*

using Corollary 2.4 and choosing C > 4(8¢)~!, where § is from Corollary 2.4. [

6. Second moment of the Green function. In this section we use the result
of Theorem 5.1 to obtain bounds on the second moment of the diagonal elements
of the Green function of H. Recall the notation 6 = [log N 12.

THEOREM 6.1. Let H be an N x N Wigner matrix as described in (1.1) and
satisfying the conditions (1.2) and (1.3). Let z = E + in be the spectral parameter
of the Green function Gg , = G, = (H — 2)~L. Then there exist ¢, C > 0 such
that, for any n,

6.1) ]P’(

1 N
{E‘N S NGE LG HIF = caogN)”}
j=1

o€ ) o ctogn?
~ logN
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REMARK. This theorem states that, with the exception of a very small prob-
ability, the second moment of the Green function, averaged over all sites, remains
bounded (modulo logarithmic corrections) for all but a negligible set of energies
in the sense of the Lebesgue measure.

PROOF. For any k € Z, we define the random sets

Zk 2k—|—1
My = {(X:N < |pog—6 — Ma+9| =< T}v

where we used again the convention that u, = 1 forall « <1 and uq = upy for
all @ > N. For given «, Ko > 0, let

klog N
k=0

From (2.8) we know that
P{o(H) € [-Ko. Kol} = 1 — e~V

for a sufficiently large Ko, so we obtain that My = @ for all k > klog N, if «
is large enough, apart from an exponentially small event. From Theorem 2.1 we
obtain that

P{M; =@ forallk <0} >1— e~
and, therefore, if K¢ and « are large enough,
P(Q))>1—e".

In the sequel we will work on the set 21, that is, we can assume that the index &
runs from O to (const) log N and that all eigenvalues lie in [— K¢, Ko].
By a simple counting, the cardinality of M} is bounded by

(6.2) |My| < (const)2 ¥ No

on the event 1.
For any o € My, denote

.2 22k
63) szk<a):={m?x|va(1>| scm},

where v, is the normalized eigenvector to the eigenvalue w,. From Lemma 5.2,
we obtain, for every k =0, ...,k logN,

IP’{ U sz,@‘(a)} <e ¢

aeMy
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for some ¢ > 0. Let

Q=N [ Q.

k aeMy

then
PQ)>1—eC

for some ¢ > 0. In the sequel we will work on the event 2.
Define the following random set of energies:

€ _R\Lk) U {E |,ua—E|_N92}

The Lebesgue measure of the complement of & is bounded by

2k+1 C
&8¢ < < .
8120 2 N2 = ioam

k aeMy

Let E € & and w € 2. We compute

N klogN

ii Grn(is )P < Z Y Y Va (D> 1v ()1
N 4
]:

21 k1=0 e penr, 1P — Ellnp — E|

2 N « (D2 -\ 12
(6.4) fﬁz Z 3D Vo (/) |Vﬁ(i)z|€|

21 k=t aemy pen, IHe — Ellnp

_2 “"f" 2% Y 5 1
- k<t 4N9 aeMy BeEMy |I’LOI - El |:U“/3 |

In the second line we used the symmetry between « and S, in the third line we
used the estimate on |v, (j)|2 from (6.3) and that Zj |v,3(j)|2 =1.

We now perform the o € M} summation; the 8 € M, summation will be iden-
tical. Let  be an arbitrary interval of length |I| = 2%/N. We claim that the num-
ber of eigenvalues py, € I with o € My is at most 26. We label the elements of
M in increasing order; a1 < ap < --- < a|um|- Let g, be the smallest eigen-
value in the set / with index in My. If i > |M}| — 26, then there cannot be more
than 26 eigenvalues with indices in My in I. Otherwise, if i < |My| — 20, we
have

2k
Majrrg — Moy Z Majpg+0 — Hajpg—0 > N

and, therefore, since |I| =2%/N, 14,,,, cannot be in 1.
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We now define the intervals

2K(m —1/2) 2K(m +1/2)
Iy=|E+— 12 p4 - — 17
nim B+ $ 22
for each m € Z, [m| < CN - 27%. Clearly, each I,, contains at most 26 eigenvalues
g With index o € M.

Notice that, for any u € I,,,, m # 0, we have |u — E| > Zk_lm/N. For py € I,
with o € My, by the choice of E € &, we have |uy, — E| > 2"/(N93). Therefore,

)3 3 max{é

‘o € My, g Glm}

aeM; e — E| — Im|<CN-2—* o — E|
1 CN-27*%
6.5 <26 - _aeM 2 —
> = [max{ma—m ¢ "}+ m; 2k—1m}
CO3N
<

Using (6.5) both for the @ and g summations in (6.4), we obtain

KlogNKlogN 2k
2?k Co3N CO’N
— § |G § j § : < Co°
Gy DI < NG ;X =

] 1

for any E € & and w € Q. This completes the proof of Theorem 6.1. [

7. Absence of localized eigenvectors. In this section we show that eigenvec-
tors of Wigner random matrices, up to events with exponentially small probability,
cannot be localized in a strong sense given by the following definition.

DEFINITION 7.1. Let L > 1 be an integer and n > 0. We say that an
¢%-normalized vector v = (vi,...,vn) € CVN exhibits (L, n)-localization if there
exists aset A C {1,2,..., N} such that |A| = L and " ;cac |vj|* < 1.

THEOREM 7.1. Let H be an N x N Hermitian random matrix from the
Wigner ensemble defined in (1.1), satisfying also the condition (1.2) and (1.3).
Suppose that n and v = L/N are sufficiently small. Then, with a constant ¢ > 0
that depends only on M and § from (1.2), (1.3), we have

P{3 a normalized eigenvector v of H exhibiting (L, n)-localization} < e N,
PROOF. Since, by (2.8),

PP{3 eigenvalue u of H with || > Ko} <e N
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if Ky is large enough, it is sufficient to prove that

(7.1) sup  P{vg exhibits (L, n) localization and |ug| < Ko} < e N,
1,..,N}

Bell,...,
where (] < uy <--- < upy denote the eigenvalues of H, and vy, vy, ..., vy the
corresponding normalized eigenvectors. To prove (7.1), we fix 8, and consider the
eigenvector vg associated with the eigenvalue pg; for brevity, we drop the index g
from g and vg.
By the definition of (L, n)-localization and by the permutation symmetry

P{vis (L, n)-localized and |u| < Ko}

:IP:E]AC{l,...,N}:|A|:Land > vjl* <nand |ul < Ko

JjeAC
(7.2)
N N
5( )P: > JviP<nand |ul < Kol.
L .
Jj=L+1
We introduce the notation u = (vq,...,vz)", W= (vp41,...,vy)" and for j =
L+1,...,N,
c~=i(h-1h-2 hi)*eCLl and
J \/N J1»Trje >0
1

d_] = \/—N(hj’L+1’ ,th)* E(CN_L.

From the eigenvalue equation Hv = v, we obtain, forall j > L + 1,

uvj=c;-u+d;-w

and, thus,
N N N
Yo olejrulP= Y quvj—d;iewlP <2p?wiP 42 Y 1d; - wit
j=L+1 j=L+1 j=L+1
Denoting by D; the (N — L) x L matrix with rows given by €7 _,..., ¢} and

by D; the (N — L) x (N — L) matrix with rows given by dj ,, ..., d}, the last
equation implies

(u, D} Dyu) < 27| W[ + 2(w, D3 Daw) < 2| w[* (1% + Amax (D3 D2)).
Thus, from (7.2), we conclude that

P{vis (L, n)-localized and || < Ko}

N
(7.3) =< <L>]P’{IIWI|2§naHdIMI < Ko}
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S (
S (

= (f) [P{)Lmin(XTXI) = C} +P{)“max(X>2kX2) = C}]

~ =

)P{(u, DiDiu) < 27(u* + Amax (D3 D2)) and || < Ko}

[A

~ =

)P{(l - n))\min(Dile) = ZU(K(% + )\max(D;DZ))}

N—-L
)P{(l — U)T)Lmin(xikxl)

~ =

2 N—-L *
<2n K() + T)\max(XQXZ)

for any positive constants ¢ and C if n and v = L/ N are sufficiently small [because
1= —=v)c=> 27]([(3 4+ (1 —v)C) if n, v are sufficiently small]. Here Amin (F)
and Amax (F) denotes the minimal and, respectively, the maximal eigenvalue of the

Hermitian matrix F, and X1 = /N/(N — L)D, X, = /N/(N — L)D;. From
Lemmas 7.3 and 7.4 below, we know that, for any sufficiently small v = L/N, for
sufficiently large C, and for ¢ < 1/2, there exists « > 0 such that

P{min(X3X1) <c} <e V=D and
(7.4)
P{imax(X3X2) = C) < e *WN-D),

Thus, from (7.3), we obtain that, for n > 0 and v = L/N small enough,
P{vis (L, n)-localized and || < K¢}

(7.5)
N e\"N
<2< )e—a(N—L) < (_) e~ aN(1-v) o —aN/4
=2{, <

AN
Since the constant « is independent of the eigenvalue w, (7.1) follows. [
COROLLARY 7.2. Suppose that the random matrix H satisfies the same as-

sumptions as in Theorem 7.1. Then, for every k > O sufficiently small, there exists
a constant ¢ > 0 such that

P{3 normalized v € CV such that Hv = v and v, < kK NV/P=12y < g=eN
forany 1 < p <2.

REMARK. If the eigenvector v is uniformly extended, that is, |v j|2 = %,

then [|v][, = N 1/p=1/2 This corollary indicates that the behavior of all eigenvec-
tors is consistent with the extended states hypothesis as far as the low £”-norms
(1 < p <2) are concerned.
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PROOF OF COROLLARY 7.2. From (2.8) with a sufficiently large Ky we have
P(3 normalized v € C" such that Hv = uv and ||v||, <k N'/P~1/2)
(7.6) < ¢ k0N | P(3 normalized v € CV such that Hv = uv,
|ul < Ko and |[v]|, <« N'/P=1/2),

Now, if v is a normalized eigenvector of H, associated with an eigenvalue |u| <
Ko, we can apply Theorem 7.1. To this end, we fix v and n small enough, and let
L = vN. After relabeling, we can assume that [vy| > |v2| > -+ > |vp| > |vp41] >
-+->|vy|. Then, by Theorem 7.1,

P{ >l = n} <e V.
J<L
Thus, with the exception of an event with exponentially small probability,
L
Llve> < ) lvjI> <.
j=1
This implies that |vy | < 4/n/L. Therefore,
N
L=n< D0 loP<lclP™ 30 (vl? < /L) 7P vl
jzL+1 JjzL+1 j=1

and, hence,

N
P(Z P < LR ="”N1_p/2) =
; n

j=1

which, together with (7.6), completes the proof. [J

In the next two lemmas we prove effective the large deviation estimate on the
largest and the smallest eigenvalue of some covariance matrices.

LEMMA 7.3. Let X = (X;;) be a complex N x L matrix, with N > L, such
that, foralli =1,...,Nand j =1,...,L,Re X;;,Im X;; are i.i.d. random vari-
ables with

1
EX;; =0, E|Xij|2 =N and ESNIXil? < K5 <00
for some § > 0 and with K5 independent of N:

(i) For C > 0 large enough,
P(hmax (X*X) = C) < eV

for a constant cqo depending only on 8.
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(i) For v = L/N sufficiently small and for all 0 < ¢ < 1/2, there exists ag =
(6, ¢, v) > 0 such that

IP>()\min(x>kX) = C) =< e—aN

forall o < ay.

REMARK. The precise large deviation rate function for Amin and Apmax Was
determined recently in [7] in the limit N — oo under the additional condition that
L = o(N/loglog N). Our proof is somewhat different and it also applies to the
case L < vN, with v small enough, but the decay rate we obtain is not precise.
The history and earlier results in this direction were reviewed in [7] and we shall
not repeat it here.

PROOF. We begin by proving (i). First, fix z € CL, with ||z|| = 1. We claim
that

(7.7) P{(z, X*Xz) > C} < e 1EN
for a constant c¢; depending only on §. In fact, for arbitrary « > 0,

]P){(Z, X*XZ) > C} < e*KCN]EeKN(Z,X*XZ)
(7.8)
— e—KCN]EeKN Z;V:l |Xj.z|2

where, for j =1,..., N, X; = (X1, ...,XjL)* denotes the adjoint of the jth row
of X. Since different rows of X are independent and identically distributed, we
find

N
(7.9) P{(z. X*X2) = C} < &<V [ BN/ = =N (roeNIXi2F) N,
j=1

Consider now the random vector Y = «/NX| = (y1, ..., y)* with i.i.d. compo-
nents. We have

EeY7* — const / dq dp e~ @+ VK @Re(Y 2)+pIm(Y-2)
RxR

L
= const / dqdp e @ P/ [ Bev*@Rew)+pImGiy)
RxR

i=1
(7.10)

= const/ dqdp o=@ +p/4
RxR

L
x H FeV«(@Rezi+pImz;)Reyig /i (—¢Imzi+pRez;) Imy;

i=l
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with an appropriate normalization constant. Since [ERe y; = 0, we find, for arbi-
trary r € R,

B R =3 - E(Rem"

n>0
(7.11) , e -
=1+ )"+ 4E(Rey~) e
,; (2n)! Z + 1! ’
Using that, for all n > 1,
2n+1 5 +1 2n , 2n+2 _—
—E(R n "4 F(Rey;)¥t?,
an D! (Reyi) (2 Y E(Re y;) +(2n+2)! (Re yi)
we obtain that
211
Ee'Revi = Z E(Rey,)" =1+3)" ey
n>0 n>1 (2 )'
n'(3r) S(Re vi)?2
7.12 <1 2V wedReyi)
(712 = +Z<s2n(2n)v ¢

(3r)2nK6 9K 2/82
<1+ Z YS! < et ,
n>1
where we chose 6 > 0 small enough, and we used that K5 = Ee®” =
fe‘syze_g(y) dy < 00. Since ||z]| = 1, from (7.10) we obtain

(7.13) Eex!Y2l < const/ dqgdp (@7 +p)(1/4=36¢ (K5 /6%) < const
RxR

by choosing « > 0 small enough. Inserting in (7.9) and choosing C large enough,
we find (7.7).

Now, for fixed 0 < & < 1/4, we choose a family {z;};c; withz; € cr, llz;l| <1
for all j € I, such that |I| < (2/¢)*L, and such that, for all z € CL with ||z| = 1,
there exists j € I with ||z —z;|| < . For a suitable j € I, we have

||X*X|| = sup (z, X*XZ) = (Zmax, X*szax)

z2eCN
(7.14) * * * *
< 2| Zmax — Z 11 X7 X|| + (2, X" Xz;) < 26| X*X|| + (zj, X" Xz;)

and, thus, if Apax (X*X) > C, there must be at least one j € I such that

(zj, X*Xz;) > (1 — 2¢)C.
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Therefore, since |I]| < (2/ )L, we can apply (7.7) to obtain
P{Amax(X*X) > C} < P(3j € I:(zj, X*Xz;) > (1 - 26)C}
(7.15) < (2/e)*L supP{(z;, X*Xz;) > (1 — 2¢)C}
J

< (2/g)*ea1CN
and, thus, for C large enough (and since L < N),
P{Amax(X*X) > C} < ¢~ ©1/2CN

Next, we prove (ii). Again, we first fix z € CL, and prove that, for 0 < ¢ < 1/2,
and for all « sufficiently small,

(7.16) P{(z, X*Xz) <c} <e V.
To this end, we observe that, for 8 > 0,
(7.17)  P{(z, X*X2) < ¢} < ePNEePN@X"XD)  (obefe—PIY2l)N,

where we defined, as before, Y = v/ NX; = (y1,-..,yr)*. Since e Pr<1-— Br +
B2r?/2 for all r > 0, we obtain

132
2
if 8 > 0 is sufficiently small depending only on ]Eyf. Therefore, we find

B

Ee PV < | _BEIY.-22P+ CEY-2*=1— SO0 < e=B/2+0BY)

PRIV < =B1/2=0+0(B)

which proves (7.16) from (7.17) with a sufficiently small «, depending on c.

To conclude the proof of (ii), we fix ¢ > 0 and a family {z;};c; with z; € CEL,
llz;|| <1 for all j € I, such that, for all z € CL with ||z|] = 1, there exists j € I
with ||z —z;|| <eand || < (2/8)2L. Then, for a suitable j € I,

)&min(X*X) = i iﬁlfl(z’ X*XZ) = (Zmin, X*szin)
zZl||=

(7.18) > (2j. X*X2;) — 20| Zmin — 2| Amax (X*X)
> (zj, X" X2j) — 26 kmax (X*X).
Therefore, we find
P{Amin(X*X) < c}
< P{Amin(X*X) < ¢ and Amax (X*X) < C} + P{Amax (X" X) > C}

(7.19)
<P{3j:(z;, X*Xzj) < +26C} + P{max (X*X) > C}

2} 2L
< (—) P{(z1, X*X21) < ¢ 4+ 26C) + P{hmax (X*X) = C}.
£
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Part (ii) now follows using the result of part (i) with a sufficiently large C, choosing

& > 0 sufficiently small and using that L /N = v is small enough. [J

LEMMA 7.4. Let X be a N x N Hermitian random matrix as described

in (1.1) and we assume condition (1.3). Then, for Ko > 0 large enough,
P{Amax (X) > Ko} < e™0KoN
with a constant cy depending only on § in (1.3).
PROOF. Fix z € CV with ||z|]| = 1. Then, with the notation X; = (X1, ...
Xjn) forj=1,...,N,
P{(z, X*Xz) > C}

< e—KCNEeKNZj |Xj-z|2

(7.20) , s
< e KONEN L j 1 Xasj Xjrrul” g2k N Y j 1 05 X ji-2il

< e_KCN(Ee4KNZj DYEY le'zllz)l/z(Ee4’(N IIDVEY X.il'z”z)l/z.

Next, choosing x > 0 sufficiently small, we can show that, similarly to (7.13),

(7.21) Ee*N 2Xj1 i< Xjral® _ ﬁ Fe* NI 2Xi<; Xjrzl? < constV
j=1
and
N
(7.22) Ee*N X120 Xjrul* _ 1_[ Ee* NI i< Xjrul < constV
j=1

because } /< ; |z7|> < 1 and s |z11? < 1. Thus, from (7.20), we have, for C large

enough,

P{(z. X*X2) = C} e™@1"

for a constant ¢; only depending on §. From the last equation, the lemma follows
with C = K g by the same argument that was used at the end of the proof of part (i)

of Lemma 7.3. [
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