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REVERSIBILITY OF CHORDAL SLE

BY DAPENG ZHAN
University of California, Berkeley

We prove that the chordal SLE, trace is reversible for « € (0, 4].

1. Introduction. Stochastic Loewner evolutions (SLEs) are introduced by
Oded Schramm [11] to describe the scaling limits of some lattice models, whose
scaling limits satisfy conformal invariance and Markov property. The basic prop-
erties of SLE are studied in [9]. There are several different versions of SLE.
A chordal SLE is defined in a simply connected domain, which is about some
random curve in the domain that grows from one boundary point to another.

So far it has been proved that the chordal SLEg is the scaling limit of the ex-
plorer line of the site percolation on the triangular lattice with half open and half
closed boundary conditions ([13] and [2]); the chordal SLEg is the scaling limit
of UST Peano curve with half free and half wired boundary conditions [6]; the
chordal SLE4 is the scaling limit of the contour line of the two-dimensional dis-
crete Gaussian free field with suitable boundary values [12]; and the chordal SLE»
is the scaling limit of LERW started near one boundary point, conditioned to leave
the domain near the other boundary point [17]. In [5], the SLEg/3 is proved to sat-
isfy the restriction property. From these results, we know that the chordal SLE,
trace is reversible for k =6, 8, 4, 2, 8/3.

In [9], it is conjectured that the chordal SLE, trace is reversible for all « € [0, 8].
Scott Sheffield proposed that the reversibility can be derived from the relationship
with the Gaussian free field [10]. In this paper we will prove this conjecture for
k € (0, 4] using only techniques of probability theory and stochastic processes.
The main idea of this paper is as follows.

Suppose (B(¢)) is a chordal SLE, trace in a simply connected domain D from a
prime end a to another prime end b. From the Markov property of SLE, for a fixed
time fg, conditioned on the curve B([O0, ty]), the rest of the curve (B(¢):t > 1)
has the same distribution as a chordal SLE, trace in Dy, := D \ B([0, 79]) from
B(to) to b. Assume that the chordal SLE, trace is reversible. Then the reversal of
(B(t) : t > to) has the same distribution as the chordal SLE, trace in Dy, from b to
B(tp). On the other hand, since (B8(¢) : t > tp) is a part of the SLE, trace in D from
a to b, so from the reversibility, the reversal of (8(¢):¢ > fy) should be a part of
SLE, trace in D from b to a. Suppose y is an SLE, trace in Dy, from b to (o).
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From the above discussion, if we integrate y against all possible curves B([0, #y]),
we should get a part of the SLE, trace in D from b to a, assuming that the chordal
SLE, trace is reversible.

To prove the reversibility, we want to find a coupling of two SLE, traces, one
is from a to b, the other is from b to a, such that the two curves visit the same set
of points. If such coupling exists, we choose a pair of disjoint hulls, each of which
contains some neighborhood of a or b in H, and stop the two traces when they
leave one of the two hulls, respectively. Before these stopping times, the two traces
are disjoint from each other. The joint distribution of the two traces up to these
stopping time should agree with that of 8 and y discussed in the last paragraph up
to the same stopping times. The Girsanov Theorem suggests that this distribution
is absolutely continuous w.r.t. that of two independent chordal SLE, traces (one
from a to b, the other from b to a) stopped on leaving the above two hulls. And the
Radon-Nikodym derivative is described by a two-dimensional local martingale,
which has the property that when one variable is fixed, it is a local martingale in
the other variable. This is the M (-, -) in Theorem 4.1. It is closely related with
Julien Dubédat’s work about commutation relations for SLE [3].

Using the M (-, -), we may construct a portion of the coupling up to certain
stopping times. To construct the global coupling, the difficulty arises when the two
hulls collide, and the absolute continuity blows up after that time. In fact, we can
not expect that the global coupling we are looking for is absolutely continuous
w.r.t. two independent SLE. Instead, the coupling measure will be the weak limit
of a sequence of absolutely continuous coupling measures. Each measure in the
sequence is generated from some two-dimensional bounded martingale, which is
the M..(-,-) in Theorem 6.1. The important property of M, is that, on the one
hand, it carries the information of M as much as we want; on the other hand, it is
uniformly bounded, and remains to be a martingale even after the two hulls collide.
So M, can be used as the Radon—-Nikodym derivative to define a global coupling
measure.

It is known that, for k¥ > 8, the chordal SLE, trace is not reversible [15]. So far
the reversibility for k € (4, 8) is still unknown. Although the results about martin-
gales in this paper hold for all ¥ > 0, the argument in the last step of the proof
essentially uses the property that, for « € (0, 4], the chordal SLE, trace does not
touch the boundary other than the initial and end points.

The technique developed in this paper may have other usage. For example, it is
used in [15] to prove the Duplantier’s duality conjecture about SLE. It may also
be used to study the reversal of the trace of other variations of SLE, for example,
SLE(k, p) [5], continuous LERW [14] and annulus SLE [15, 16].

This paper is organized in the following way. In Section 2 we give the defini-
tion of the chordal SLE and some other basic notation, and then present the main
theorem of this paper. In Section 3 we study the relations of two SLE that grow
in the same domain. In Section 4 we present the two-dimensional local martingale
M, and check its property by direct calculation of stochastic analysis. In Section 5
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we give some stopping times up to which M is bounded. And at the end of Sec-
tion 5 we give a detailed explanation of the meaning of M. In Section 6 we use
the local martingale to construct some two-dimensional bounded martingale M.
In Section 7 we use M, to construct a sequence of coupling measures. The limit of
these measures in some suitable sense is also a coupling measure. We finally prove
that, under the limit measure, the two SLE, traces coincide with each other.

2. Chordal Loewner equation and chordal SLE. LetH = {z € C:Imz > 0}
denote the upper half complex plane. If H is a bounded closed subset of H such
that H \ H is simply connected, then we call H a hull in H w.r.t. co. For such
H, there is a unique ¢y that maps H \ H conformally onto H such that ¢y (z) =
z+ % +0(1/z%) as z — oo for some ¢ > 0. Such c is called the half-plane capacity
of H, and is denoted by hcap(H).

PROPOSITION 2.1. Suppose 2 is an open neighborhood of xo € R in H. Sup-
pose W maps Q2 conformally into H such that, for some r > 0, if z — (xo —r, X0 +
r) in Q, then W(z) = R. So W extends conformally across (xo —r, xo +r) by the
Schwarz reflection principle. Then for any € > 0, there is some § > 0 such that if
a hull H in H w.r.t. 0o is contained in {z € H: |z — xo| < &}, then W(H) is also a
hull in H w.r.t. oo, and

| heap(W (H)) — W' (x0)* heap(H)| < &|hcap(H)|.
PROOF. Thisis Lemma 2.8 in[4]. O

For a real interval I, let C(I) denote the real-valued continuous function on /.
Suppose & € C([0, T)) for some T € (0, +oc]. The chordal Loewner equation
driven by £ is as follows:

2.1 Orp(t,z) = ¢(0,2) =z.

2
o(t,2) —£@)
For 0 <t < T, let K(t) be the set of z € H such that the solution ¢(s, z) blows up
before or at time t. We call K (¢) and (¢, -), 0 <t < T, chordal Loewner hulls and
maps, respectively, driven by £. Then for each ¢ € [0, T), ¢(¢, -) maps H \ K (¢)
conformally onto H. Suppose for every ¢ € [0, T),

)= lim 1,971 (z) e HUR
poy=_Jim 0t.)7'@

exists, and B(¢), 0 <t < T, is a continuous curve. Then for every t € [0, T'), K (¢)
is the complement of the unbounded component of H \ B((0, z]). We call § the
chordal Loewner trace driven by . In general, such trace may not exist.

We say (K (t),0 <t < T) is a Loewner chain in H w.r.t. oo, if each K () is
a hull in H w.rt. co; K(0) = @; K(s) ; K (t) if s < t; and for each fixed a €
(0, T'), the extremal length [1] of the curve in H \ K ( 4 ¢) that disconnects K (¢ +



REVERSIBILITY OF CHORDAL SLE 1475

e) \ K(t) from oo tends to 0 as & — O, uniformly in ¢ € [0, a]. If u(z), 0 <
t < T, is a continuous (strictly) increasing function, and satisfies #(0) = 0, then
(Ku='(t)),0 <t <u(T)) is also a Loewner chain in H w.r.t. co, where u(T) :=
supu([0, T)). It is called the time-change of (K (¢)) through u. Here is a simple
example of the Loewner chain. Suppose 8(¢), 0 <t < T, is a simple curve with
BO)eRand B(t) e H fort € (0, T). Let K(¢) = B8((0,¢]) for 0 <t < T. Then
(K(),0<t <T)is aLoewner chain in H w.r.t. co. It is called the Loewner chain
generated by .

If Hy C H are two hulls in H w.r.t. oo, let Hy/Hy := ¢pu,(H> \ Hi). Then

H>/Hy is also a hull in H w.r.t. 00, ¢g,/H, = ¢n, © go;,ll, and hcap(Hy/Hy) =
hcap(Hz) — hcap(Hy). If Hi C H, C Hs are three hulls in H w.r.t. oo, then
Hy/H) C H3/H, and (H3/H\)/(H2/H)) = H3/H;.

PROPOSITION 2.2. (a) Suppose K(t) and ¢(t,-), 0 <t < T, are chordal
Loewner hulls and maps, respectively, driven by & € C([0,T)). Then (K(t),0 <
t < T) is a Loewner chain in H w.r.t. 00, k) = ¢(t, -), and hcap(K (t)) = 2t for
any 0 <t < T. Moreover, for everyt € [0, T),

(2.2) Emy= () Ka+e/K®.
ee(0,T—1)

(b) Let (L(s),0 <s < S) be a Loewner chain in H w.rt. oo. Let v(s) =
hcap(L(s))/2,0 <s < S. Then v is a continuous increasing function with u(0) =
0.Let T =v(S) and K(t) = L(v~'(t)),0<t <T.Then K(t),0<1t <T, are
chordal Loewner hulls driven by some & € C([0, T)).

PROOF. This is almost the same as Theorem 2.6 in [4]. O

Let B(¢) be a (standard linear) Brownian motion, x € (0,00), and &(¢) =
JEB(t), 0 <t < o0o. Let K(¢) and ¢(z,-), 0 <t < 00, be the chordal Loewner
hulls and maps, respectively, driven by &. Then we call (K (¢)) the standard chordal
SLE, . From [9], the chordal Loewner trace B(t), 0 <t < 0o, driven by £ exists
almost surely. Such 8 is called the standard chordal SLE, trace. We have 8(0) =0
and lim;_, o, B(t) = 00. If k € (0, 4], then B is a simple curve, 8(t) € H for ¢t > 0,
and K (t) = B((0,¢]) for t > 0O; if « € (4,00), then B is not a simple curve. If
Kk € [8, 00), then B visits every z € H; if k € (0, 8), then the Lebesgue measure of
the image of 8 in C is 0.

Suppose D ;Cé C is a simply connected domain, and a # b are two prime ends
[1] of D. Then there is W that maps (H; 0, oo) conformally onto (D;a, b). We
call the image of the standard chordal SLE, under W the chordal SLE, in D
from a to b, which is denoted by SLE, (D;a — b). Such W is not unique, but
the SLE, (D;a — b) defined through different W have the same distribution up
to a linear time-change because the standard chordal SLE, satisfies the scaling
property. The main theorem in this paper is as follows.
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THEOREM 2.1. Suppose k € (0,4], B1(¢),0<t < 00, isan SLE,.(D;a — b)
trace, and B2(t),0 <t < oo, is an SLE,(D; b — a) trace. Then the set {#1(t):0 <
t < 0o} has the same distribution as {B>(t):0 <t < oo}.

3. Ensemble of two chordal Loewner chains. In this section we study the
relations of two chordal Loewner chains that grow together. Some computations
were done in [3-5] and other papers. We will give self-contained arguments for all
results in this section. Suppose K ;(¢) and ¢ (z,-),0 <t < §;, are chordal Loewner
hulls and maps, respectively driven by §; € C([0, S;)), j =1, 2. Assume that for
any t; € [0, S1) and £, € [0, $2), K1(t1) N Ka(f) = &, then K(#1) U Ko (1) is a
hull in H w.r.t. co. Fix j #k € {1,2} and 19 € [0, S;). For 0 <7 < §;, let

(3.1 Ko () = (K; () U Ki(t0))/ Ki(t0) = ¢ (t0, K (1))

Since @ (tg, -) maps H \ Ky (t9) conformally onto H, so from conformal invariance
of extremal length, (K;(¢),0 <7 < §;) is also a Loewner chain in H w.r.t. co.
Let v () =hcap(K; 4 (¢))/2 for 0 <t < §;, and L, (1) = Kj,,o(vj_’tlo(t)) for
0<t <S8 :=1j4(S;). From Proposition 2.2, L; +,(¢),0 <t < §; 4, are chordal
Loewner hulls driven by some 71,4, € C([0, S} ). Let ¥ (t,-), 0 <1 < Sj 4,
denote the corresponding chordal Loewner maps. Let &; 1 (1) = 1 1 (vj (1))
and @ (t,-) = ¥j (V) (),-) for 0 <t < §;. Since ¥ (2, ) = PL; () for
0<1t<8j,500j4(, )= PK 1 () for0 <t < §;. We use 91 and 9, to denote the
partial derivatives of ¢;(-,-) and ¢; (-, ) w.r.t. the first (real) and second (com-
plex) variables, respectively, inside the bracket; and use dy to denote the partial
derivative of ¢; 4, (-, -) w.r.t. the subscript 7.

Fix j £k e{1,2},1€[0,S;) and s € [0, Sk). Since @ (s, -) = @k, (5)> ¢ (t, ) =
Pk ;1) Pjs(t, ) = 90k ;) and @ (s, ) = @k, (5)> S0 from (3.1), for any z € H'\
(K@) U Ki(s)),

(3.2) PK ()UK () (2) = @t (5, @ (1, 2)) = @) s (1, @i (s, 2)).
Fix e € (0,§; —1). Since K 5(r) = (K (r) U Ki(s))/ K (s) for r € [0, §;), so

Ljsjs(t+e) Kjs(t+e) Kj@t+e)UKi(s)
Lijs(vjs(1)) K (1) K@) U Kg(s)
(3.3) = 9K,k () (K (t + &) \ K (1))
=@(s, Kj(t +e)/K;(1)).

From Proposition 2.2 and (3.3), we have

(3.4) g0y = K;+e)/K;@

e>0
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and
(35 &) ={njsWjsO)} =) Ljs(vjst +8)/Ljsjs1))
e>0
(3.6) = () (K;(t + &) UKi(s))/(K;(1) UKg(s)).
e>0
From (3.3)—(3.5), we have
(3.7) €j,5(1) = @i, (s, (1)).

From Proposition 2.2 again, we have hcap(K;(t +¢)/K (1)) = 2¢ and
heap(Lj s(vjs(t +€))/Lj (1) =2(vj st +¢€) —vjs(1)).

So from Proposition 2.1 and (3.3), we have

(3.8) Vi o (0) = 0:0.4(5, E(1))°.

Since ¢ (t,2) = ¥ s(vj (1), 2), so for fixed s € [0, Sx), (t,2) = @} (t,2) is
C¢ differentiable, where the superscript “a” means analytic, and

ZU}’S(I)
Yisjs(t),2) —njs(vjs(t))

_ o 20:pka(s. 8 0)
9.5 (1,2) = @r (s, £(1)

al(/’j,s(tv Z) -
(3.9

From (3.2), we see that (s,7,2) = @j s(t,2) is C L.La differentiable. Differentiate
(3.9) using 9, and then divide both sides by 9.¢; (7, z). We get

—20,01,4 (5, &;(1))?
(@)s(t,2) — @re (s, (1))?

(3.10) 011In(0;¢;,5(t,2)) =

Differentiate (3.10) using 9. We get

3 <8§¢j,s(r, z)) _ 4001005, 8 (0)* 0205 (1, 2)
0:0j.5 (1.2 ) (@)5(6,2) = Pra(s, E5(1))

Differentiate (3.11) using d,. We get

(3.11)

519 (afwj,s(r, z)) _ 400k (5.§,(1)7 829,51, 2)
N0:0js(t,2)) 7 (9j.s(t,2) — @ra(s, (1))
120 0k,(5,§(1))* B.9),5(1,2)°
(@).5(1,2) — @ra (5, & (1))

(3.12)
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LEMMA 3.1. Forany j #k €{0,1},1€[0,S;) and s € [0, Sx), we have
(3.13) do@r,1(s,8j(1)) =3 33%,;(&5;’(0);

a4y 0P EO) 1 (M>2
00k, (s,8;(1))

Ok, (s,8j(1) 2
PROOF. Differentiating both sides of the second “="in (3.2) w.r.t. f, we get

4 Bl )

3 k(5.8 (0)

0@r.t (s, 9j(t,2)) + 00kt (s, 0 (1, 2)) @) (t, 2) = @) s(t, pr(s, 2))
forany z € H \ (K;(¢) U Ki(s)). So from (2.1), (3.2) and (3.9),

2001, (s, & (1))? _ 20:0k.4(s, 9 (1, 2))
gok,l(s9 (0_](1” Z))_Wk,l(s’sj(t)) (pj(t7 Z)_Sj(t)
forany z € H \ (K (¢) U Ky (s)). Since ¢;(t, -) maps H \ (K ;(z) U Ki(s)) confor-
mally onto H \ Kj ;(s), so for any w e H\ Kj ;(s),

20:0,0(5, 517 20:0, (5, w)

@kt (s, w) — @r.r (s, 8 (2)) w—§;(t)
In the above equation, let w — &;(¢) in H \ Ky ;(s). From the Taylor expansion of
@k, (s, -) at §;(z), we get (3.13). Differentiating (3.15) using 9., we get
20;01,1(5, £ (1)) 01,1 (s, w)

(k.1 (5, w) — @i (5, 8;(1)))?

- Zagwk,l‘(sv w) + zaz(pk,t(s, w)
w —§;() (w—§&;(1)*

Let w — &;(¢) in H \ K ,(s), then we get (3.14) from the Taylor expansion. L[]

8O(pk,l‘(sa (pj (ts Z)) =

(3.15) ok, (s, w) =

00 0;¢k,¢ (s, w) = —

4. Two-dimensional continuous local martingale. Let k € (0,4] and x| <
xy € R. Let X(¢#) and X,(¢) be two independent Bessel process of dimension
3 — 8/ started from (x —x1)/4/k. Let T; denote the first time that X ;(¢) visits 0,
which exists and is finite because 3 —8/k < 1.For j =1,2,let Y;(1) = ﬁXj (1),
0 <t < Tj. Then there are two independent Brownian motions By (#) and B>(r)
such that, for j =1,2and 0 <t <Tj,

K

—4
ds.
Y;(s)

) t
Y,-<t>=(xz—x1>+<—1)fﬁ3j<r>+/0

Fix j#ke{l,2}.For0 <t <Tj, let

K—06
ds,

Y;(s)

Y
() =x; + VB0 + (-1 [

V)
Pj(f)zxk—(—l)j/o s

Y;
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Then & (0) = x;, p;(0) = x; and s,-(z) — pj(t) =(=1)Y;(t),0 <t < T;. Thus,

—6 2dt
(4.1) d&j(t) = VkdBj(t) + E (t) m—y dt and dp;(1) O — 60
forO<t<T.LetK;(t)and ¢;(t,-),0 <t < T}, denote the chordal Loewner hulls
and maps driven by £;(¢),0 <t < T;. Then (K;(t),0 <t < T}) are an SLE(x, x —
6) process [5] started from x; with force point at xx; T is the first time that xi is
swallowed by K (#); and ¢; (¢, x;) = pj(t),0 <t < T;. Itis well known (e.g., [3])
that after a time-change, (K ;(¢),0 <t < T}) has the same distribution as a chordal
SLE, (H; x; — xi). Since k < 4, so there is a crosscut ;(¢), 0 <t < T}, in H
from x; to xi, such that K;(r) = B;((0,7]) for 0 <z < T; [9]. Here a crosscut in
H from a € R to b € R is a simple curve (), 0 <t < T, that satisfies 8(0) = a,
B(T)=>b,and B(t) e HforO <z <T.
For j =1,2, let (EF/ ) denote the filtration generated by (B (¢)). Then (§;) is

(%/)-adapted, and T;is an (3‘“/ )-stopping time. Let
D ={(11,12) € [0, T1) x [0, T2) : K1 (t1) N K2 (t2) = S}

For 0 <t < Ty, let T () € (0, T;] be the maximal such that K; (1) N Ky (1) # &
for 0 <t < T;(#%). Now we use the notation in the last section. Let (71, %) € D.
Since Phet; (t, ") = PKi1; ()> SO Pkt (tx, -) maps H \ Ki (tx) conformally onto H.
By the Schwarz reflection principle, Pt (tx, -) extends conformally to X K (0>

where for a hull H in H wrt. oo, ¥y =C\ (H U {Z:z € H} U [inf(H N
R) sup(H NR)]) (cf. [17]). For j # k € {0, 1} and h € Z=, let Ajp(t, ) =
8 Pkt (tx, §j(t;)). The definition makes sense since §;(7;) € Kir, (1) Moreover,

we have A; ; € R forany i > 0 since ¢, t (tx, -) is real valued on a real open inter-
val containing &;(¢;). From (3.2), we see that Ajo(t, 12) = QK (1) UK (2) (B (£))),
J =1,2. Since Kj(t1) lies to the left of K»(f2), so Ajo(f1,12) < A2,0(t1, 12).
Since @i r; (tk, -) maps a part of the upper half plane to the upper half plane,
so Aj1(t1,1) >0, j =1,2. For (11, 1) € D, define E(t1,1) = Az o(t1,12) —
Aqo(t, 1) >0,

42) Nyt = A1,1(t1,t2)A2,12(t1,t2) _ A11(t1, 1) Az 1 (11, 1) >
E(t1,1) (Az,0(t1,12) — A1,0(t1, 1))
and
M(ty, 1)
@3 N(t;, )N (0,0)\* nopn )
= = —A 2N (s, ds»d 0,
(N(tl,O)N(O,t2)> eXp( ./o o VG182 ds) s1)>
where
6 —«k (8 —3k)(6—«)
4.4) a=ak)=——o, A=Alk) = ————.
2K 2K

Note that M (t1,0) = M(0,t2) =1forany0 <t < Ty and 0 <1, < 7.
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REMARK. Ifk < 8/3,thatis, A > 0, then

1 rt
exp(—k /0 A 2N(s1,s2)2ds2ds1)

is the probability that in a loop soup [7] in H with intensity A, there is no loop that
intersects both K (¢1) and K (1,).

THEOREM 4.1. (i) For any fixed (F?)-stopping time ty with t < Ts,
(M(t1,12),0 <11 < T1(1)) is a continuous (“Ftll X J'i—f)tl >0-local martingale, and

M _ (3 K)((Al,g " 2A171 ) 2 >
M .5 2 A1 Ao—A10/ @) pi(t) —&(f)
0B1(11)
X .
VK

(ii) For any fixed (F,')-stopping time t; with t; < Ty, (M(f1,1),0 <t <
T-(%1)) is a continuous (371—11 X ﬁf),zzo-local martingale, and

e DO 2 )
“6) M |G .0 2 Azl Ao —A20/ G,  P22) —&2(12)
o 3Bz(l2).
Jk
PROOF. Since ¢z 4, (0, -) =idm, ¢1,0(t1, -) = @1(t1, -), and £2(0) = x2, so
A1,0(11,0) = @24, (0,81(11)) = &1 (1), Ar1(1,0)=1;

A2,0(t1,0) = ¢1,0(11, 62(0)) = @1 (11, x2) = p1(t1), Az 1(t1,0) = 01 (11, x2).
Thus, N(t1,0) = 9,¢1(t1, x2)/(p1(t1) — &1 (t1))%. From the chordal Loewner equa-
tion, we get

a 8 (p](t] XQ): —23zg01(t1,XZ) _ —28Z¢1([1’x2)

From (4.1), we get
201
p1(t) —&1(n)

From the above two formulas and It6’s formula, we get

4.7 1N (11,0)% /(N (11,0)%) =20&1(r1)/(p1(t1) — &1(11)).

Now fix an (.EZ)—stopping time 7, with 7, < T>. Then we get a filtration (.?',1 X

}'t-zz),zo. Since Bi(t) and B»(t) are independent, so Bi(¢) is an (J"t1 X 3:;—22)[2()-

Brownian motion. Then Tj(%) is an (?’tl X ﬁf),zo—stopping time, A;(t, 1),

A (p1(t1) — &1(11)) = —3&1(n) +



REVERSIBILITY OF CHORDAL SLE 1481

j=1,2, E(t,h), N(t,1;) and M (t, 1) are defined for ¢ € [0, T1(f;)). From the
chordal Loewner equation and (3.2), ¢ 7, (¢, -) and ©.(t2,+), 0 <t < T\(t), are
(thl X J'L‘t-zz),zo—adapted. Since Ay j(t,1) = az}’¢2,t(fz,$1 (1)), so from Itd’s for-

mula, (A1 (t1,%),0 <t; < Ty (%)) satisfies the (F,' x J’?f),zo—adapted SDE:

1AL, ) = AL py1(t1, 12) 3&1(11)
4.8)

- K -
+ (30 3Zh§02,t1 (12, &1(11)) + §A1,h+2(f, tz)) ory.
From (3.9) and (3.10), we have
241,1(t1, 1)?

1Az 0(t1, 1) = —————— 01,
! E(11, 1)
4.9) 5
01 A21(n,0)  2A11(n, 0) "
Az (11, 12) E(11,1)? .
From (4.8), (4.9) and Lemma 3.1, we have
(4.10) alAlo—Al1asl(r1)+(5—3)Alzan
and
01A11 Al 1 [A12)\? Kk 4\ A3
“4.11) . ——851(1‘1)4-( <—> +<———) )31,
Al Al 2 \A1 2 3] A

where “(f1, )" are omitted. Since E = A o — A},0, from (4.9) and (4.10), we
have

242, K
4.12) 81E=—A1,1a§'1(l‘1)+( E, +(3—5>A1,2)8t1.
Let Cp, = Ay, for h € Zx¢. From (4.9)—(4.12) and It6’s formula, we have
o N¢ C, 2C 1 C2 I Cs
4.13 == &1 (¢ 8—3 —= — - ot
@1y D= (2 ) e+ 6 -30(;- G o).

The above SDE is (F,' x J‘tt-zz)tzo-adapted. Now (4.7) is also an (F,' x }‘g)tzo-
adapted SDE since B (¢) is an (F,' x F);>0-Brownian motion. Thus, from (4.1),
(4.7), (4.13) and It6’s formula, we have

d1(N(t1,12)/N(t1,0))*
a(N(t1, )/ N(t1,0))*
_(Cz(tl,t_z) 2Ci(t, 1) 2
" \Ci(ti,h)  E(ti,i)  pi(t) — &)

(4.14)

)ﬁ 9B, (1)

1 Caty, 1)? 1‘C3(t1,t_2)> .
4 Ci(n,n)? 6 Ci(t,h)

+ (8- 3 )(
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Since Cj(11,12) = 02, (12, £1(11)), 50 02C;(11,12) = 01 0L 2., (12, E1(11)),

and
1 C3 1 Cs 1, )
T2 T A = —(097/0 t, &1(t

(t1,12)

1
= £0:02/0002.1, (1, E1(11).

From (3.11) and (3.12), we have

9 8A3 C>
—[(32/8) 2.1, (12, £1(11))*] = —= ,
o, °© ‘ g E3 (t1,12)
9 4A3,C, 1243 ,C}
10,02 /0.)0n, (t2,$1(t1))]=< e ) .
ary relTe g E3 E4 (t1,12)
From the above three formulas, we get
1 ¢2 1 ¢ 2A3 ,C?
32(_._%__._3) :72’41‘ ! =2N(1, 1)
4 Cc; 6 Ci/lun E* un)

Since @2,(0,+) = idm, so 82, (0,-) = 0 for j > 2. Thus, Cy(t;,0) =
Cs(t1,0) = 0. So

1 G, n)? 1 G, n)
4 Ci(t1,n)?* 6 Ci(t1,1)

Then (4.5) follows from (4.3)—(4.4) and (4.14)—(4.15); (4.6) follows from the sym-
metry. [

19}
(4.15) = f 2N (1, 52)% dss.
0

Now we make some improvement over the above theorem. Let 7, be an (5‘;2)—
stopping time with 7, < T>. Suppose R is an (T‘tl X }”t-i)tzo—stopping time with
R < Ti(1z). Let Fg;, denote the o-algebra obtained from the filtration (?,1 X
52—22),20 and its stopping time R, that is, & € g 7, iff forany 7 > 0, EN{R <1} €
Fl x 77[-22 For every t > 0, R + ¢ is also an (F,! x }}f)tzo—stopping time. So we
have a filtration (¥, 7,)r>0- Since (§1 (7)) and (p; (7)) are (32',1 X J‘Z't-f)tzo—adapted,
s0 §1(R+1),1=0), (p1(R+1),1=0), (p1(R+1,-),1=0)) and (K1 (R+1),1 >
0) are (¥g4,.;,)r=0-adapted. Suppose I € [0, 12] is Fg ;,-measurable. From I <,
we have T1(I) > Ty(t2) > R. Then ¢; ;(R +1,-) and @2 gr4.(I, -) are defined for
0<t<Ti(I)—R.

LEMMA 4.1. T\(I) — R is an (Fryy i)i>0-stopping time and (¢1,1(R +
t,),0 <t <Ti(I) = R) and (p2,r++(1,-),0 <t < T1(I) — R) are (Fry )10
adapted.



REVERSIBILITY OF CHORDAL SLE 1483

PROOF. Since T1(I) — R >t iff K{(R+t) N K>(I) = &, and that (¢1(R +
t,-)), and (Ki(R + 1)) are Fpy, ;-adapted, so from (3.2), we suffice to show
that ¢o(7,-) is Fg j-measurable. Fix n € N. Let I,, = [nl]/n. For m € N U
{0}, let &,(m) = {m/n < I, < (m + 1)/n}. Then &,(m) is Fp ;,-measurable,
and I, = m/n on §,(m). Since m/n <t, and I, = m/n on &,(m), so I,
agrees with (m/n) At on &,(m). Now (m/n) A tp is an (?tz)—stopping time,
and fF(fn/n)M-z C }'l—zz C Fri- So ¢a((m/n) A to,-) is Fgz-measurable. Since
02y, ) = ¢2((m/n) A tp,-) on &,(m), and &,(m) is Fp ;,-measurable for each
m € NU {0}, so ¢2(Iy, -) is Fg j,-measurable. Since ¢2(1y,, -) — ¢2(I,-) asn —
00, 80 (1, -) is also Fp 7, -measurable. Then we are done. [

Let BR (1) = Bi(R+1) — Bi(R), 0 <t < co. Since B;(¢) is an (F,' x f;_f)tzo-
Brownian motion, so BlR(t) is an (Fg44 7,)r>0-Brownian motion. Then (&1 (R +1))
satisfies the (¥4, 7,)r>0-adapted SDE:

K—6
dt.
§I(R+1)—p1(R+1)
The SDEs in the proof of Theorem 4.1 still hold if 7 is replaced by R + ¢, ; is

replaced by I, and B (t1) is replaced by BlR(tl). The difference is that the SDEs
now are all (¥4, 7,)r>0-adapted. So we have the following theorem.

d& (R +1) =/ dB (1) +

THEOREM 4.2. (i) Suppose t, is an (F,*)-stopping time with ty < T». Suppose
R is an (J‘Z'tl X ,‘Ft-f)tzo-stopping time with R < T\(12). Let I € [0,12] be Fg ;,-
measurable. Then (M(R +1,1),0 <t < Ti(I) — R) is a continuous (Fg; 7,)1>0-
local martingale.

(ii) Suppose t| is an (ﬁl)-stopping time with t; < Ty. Suppose I is an (3’7511 X
F.%),>0-stopping time with I < T»(}). Let R € [0, 1] be F;,.-measurable. Then
(M(R,I+1),0=<t<Ty(R)— 1) is a continuous (¥3, 4,)r>0-local martingale.

PROOF. (i) follows from the above argument. (ii) follows from the symmetry.
O

5. Boundedness. We now use the notation and results in Section 5.2 of [17].
Let H be a nonempty hull in H w.r.t. oo. Then ay = inf{H NR}, by = sup{HNR},
Yy=C\(HU{z:z€ H}Ulay, by)), and F(H) is the set of hulls in H w.r.t.
oo that are contained in H. From Lemma 5.4 in [17], any sequence (K},) in #€(H)

contains a subsequence (L,) such that ¢, LY ¢k (converges locally uniformly)
in Xy for some K € #(H). We now make some improvement over this result.
Let Oy = HNR. Then Qp is a closed subset of [ay, by]. Let

Yy =%2pVU(lan,bul\ Qu) =C\(HU{Z:z€ H}U Qp),
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which may strictly contain Xy . For any K € #(H), gk extends conformally to
X7, by the Schwarz reflection principle, and ¢/ (x) > 0 for any x e R\ Qy from
(5.1) in [17], so ¢k preserves the order on R\ Qp.

LEMMA 5.1. Suppose (K,) is a sequence in J(H). Then it contains some
subsequence (Ly) such that ¢, l—u> @k in X}y for some K € H(H).

PROOF. From the argument after Corollary 5.1 in [17], there is My > 0 such
that |¢x (z) — z| < My for any K € #(H) and z € X . After the extension, we
have |pg (z) — z| < My for any K € #(H) and z € £7. So {¢k,(z) —z:n €
N} is a normal family in X7. Then (K,) contains a subsequence (L) such that

oL, (2) — 2 LY f(2) in X3 for some f that is analytic in X7,. So ¢, LY g in
X7, where g(z) :=z + f(2) is analytic in X},. From Lemma 5.4 in [17], we may

assume that ¢, 1—u> ¢k in Xy for some K € J(H). Thus, g = ¢ in X . Since

they are both analytic in X7, so g = g in X7,;. Thus, ¢, 1—u> ¢k in Xy, U

LEMMA 5.2. Ify1 <y» <ap or y1 > y» > by, then ¢} (y1) > ¢} (y2).

PROOF. This follows from differentiating (5.1) in [17] for z € R\ [cy, dH],
and the fact that ¢y is increasing on (—o0, ag) and (by, 00), and maps them to
(=00, cy) and (dy, 00), respectively. [

Let HP denote the set of (Hj, Hz) such that H; is a hull in H w.rt. oo
that contains some neighborhood of x; in H, j = 1,2, and H; N H, = &.
Let (Hy, Hy) € HP. Then by, < ap,, Hi U Hy is a hull in H w.r.t. oo, and
OnuH, = 0n, U Qp, C [aHl,le] U [aHz,sz]. Let Tj(Hj) _be the first time
that K;(r) NH\ H; # &, j =1,2. Then T;(H;) is an (%,/)-stopping time,
0< Tj(Hj) < Tj, and Kj(l‘) C Hj forO0<r < Tj(Hj). Thus,

(5.1 T;(Hj)=hcap(K;(T;j(H;)))/2 <hcap(H;)/2.

THEOREM 5.1. For any (Hy, Hy) € HP, there are Cy > Cy > 0 depending
only on Hy and Hj such that M (t1, ty) € [C1, C2] for any (t1,t2) € [0, T1(Hy)] X
[0, T2 (H2)].

PROOF. Let (H;, H>) € HP and H = H{ U H;. Throughout this proof, we use
Cn, n € N, to denote some positive constant that depends only on H; and H,. From
(4.3) and (5.1), we suffice to show that for some C4 > C3 > 0, N(t1, 1) € [C3, C4]
for (11,12) € [0, Ty (Hy)] x [0, T2(H>)]. Fix (11, 12) € [0, Ty (Hy)] x [0, To(H?)].
First suppose 1, 1 > 0. Fix j # k € {1, 2}. For any s; € [0, ¢;), from (3.4) we have
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§i(s;) € K;(tj)/K;(sj), so
§(sj) € [ak; /6 bK /K 657)]
C [cKj(tj)/Kj(Sj)’ dKj(Tj)/Kj(sj)] C [cKj(tj)’ dKj(tj)]’
where the second and third inclusions follow from Lemma 5.2 and Lemma 5.3 in

[17]. Let Sj—>tj. We get Sj(l‘j) € [CKJ.(;].), dKj(tj)]- For Sj € [0, l‘j), from (3.6) and
3.7,

Ajo(sj, ti) = ors; (tr, £ (s))) € (K (1)) U Ki (1)) /(K (s ) U K (1)),

which implies that Aj’()(sj',tk) € [cKj(l‘j)UKk(tk)vdKj(tj)UKk(lk)] C [cy,dy]. Let
sj—tj. We get Ajo(tj, 1) € [cy,dn]. This also holds for Ay o(¢;, #x). Thus,

(5.2) |E(tj, )] =1Aj,0(t), ) — Ako(tj, )| <dp —cH.

Fix g1,q2,r1,r2 € R with r| < ag, < by, < q1 < q2 < an, < by, < r.
From Lemma 5.1, there are C¢ > Cs5 > 0 such that, for x = g1, q2,r1, 2,
020K, (1)UK(12) (X), 0,91(t1,x) and 9,¢2(t2, x) all lie in [Cs, Cgl. Fix j #k €
{1,2}. From (3.2) there are Cg > C7 > 0 such that, for x =g, r;, 8Z<pk,,j (T, @ (2,
x)) € [Cq, Cg]. Since [aKj(,j),bKj(,j)] C [aHj,ij], so r; is disconnected from
qj in R by [aK_;(tj)sbK_,'(tj)]~ Since (pj(l‘j, )= YK ;(t;)» SO (pj(tj,rj) is discon-
nected from (Pj(fj,Qj) in R by [CKj(zj),dKj(zj)]- Since %’j(l‘j) € [CKj(tj)7dKj(tj)],
so &;(tj) lies between ¢;(t;,r;) and ¢;(t;,q;). Since r; and g; lie on the
same side of Ky (), so ¢;(t;,rj), §;(t;), and @;(t,q;) lie on the same side
of p;(tj, Kr(tx)) = K, (t). Since Ph.t; (te, ) = Py (1)> SO from Lemma 5.2,
0z @k,t; (i, §j(2;)) lies between 0@k ¢; (tk, ¢j(tj,r;)) and 9@k, (tk, @ (tj, q;))).
Thus,

(5.3) Aji(ty, 1) = 09k (1, § (1)) € [C7, Cgl.

From (3.2) and the above argument, we see that A; (7}, %) = ¢, t; (T, &j(t))) lies
between (ij(,j)UKk(tk)(rj) and (ij(tj)UKk(tk)(qj) for j =1,2. Since r| < g1 <
q2 <rz, S0

VK| (12)UK2 (1) (1) < QK| (11)UK2(12) (G1) < QK| (11)UK(12) (G2) < @K, (11)UKA(12) (2)-
From Lemma 5.1, there is C9 > 0 such that ¢k, (,)uk,,)(x) = Co for x €
[q1, g2]. So
(5.4)  |E(t1,2)| = ¢k, (1)UK» (1) (@2) — Ok, (1)UK2 (1) (q1) = Co(g2 — q1).

From (5.2), (5.3) and (5.4), we have C4 > C3 > 0 such that N(t1, 2) € [C3, C4]
for (t1, 1) € (0, T1(H1)] x (0, T2(H>)]. By letting #; or #, tend to 0, we obtain the
above inequality in the case #; or #; equals to 0. So we are done. [J

Now we explain the meaning of M (1, 2). Fix (H1, H2) € HP. Let u denote the
joint distribution of (§1(¢):0 <t <Ty) and (&2(¢):0 <t < T3). From Theorem 4.1
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and Theorem 5.1, we have [ M (T|(H;), T»(Hz)) diu = E[M(T\(H)), T»(H>))] =
M(0,0) = 1. Note that M(T1(H}), To(H>)) > 0. Suppose v is a measure on
F1 X Fhyomy such that dv/dp = M(Ti(Hy), T>(Hy)). Then v is a prob-
ability measure. Now suppose the joint distribution of (§1(¢),0 <t < T1(H}))
and (&(¢),0 <t < Tp(H3)) is v instead of . Fix an (}'tz)—stopping time 7,
with #, < T»(H;). From (4.1), (4.5) and the Girsanov theorem [8], there is an
(?’tl X ?[-22)-Brownian motion El (t) such that &;(#1) satisfies the (?,ll X 5‘}5)—
adapted SDE for 0 <t < T1(H1):

d& () = ik dBy (1))

A1a(t,t 241 1(t1, 1
(3__)( 1,2(f1 2)+ _1,1(1 2) _ )dt
2/\A11(t1, ) Azo(ti ) — Aro(t1, 1)

From (4.10) and (5.5), we have

(6 —K)A11(t1, 02)*dty
A o(ti, 1) — Ay o(t1, 1)
Recall that Ajo(11.02) = @2 (02.61(11)) = &1 7,(1) = 15, (vy 5 (1)), and

v1 % (t1)=A1.1(11, 1)? [see (3.8)]. From (5.6), there is a Brownian motion Bl(tl)
such that

(5.6) dAyo(t1,12) = A1.1(t1,12)/k dBy (1) +

(k —6)dsy

(5.7) dny 7, (s1) = ik dB(s1) + ~ —.
’ N1i (51) — Azo(v) L (s1), B2)

Since A2,0(vy ¢ (1), 22) = p1.5, (v 1 (51), £2(12)) = V1 5, (51, E2(£2)) and Yy 7, (s, ),
0 <s < vy ;(T1(H})), are chordal Loewner maps driven by 7y 7, (s), so the chordal
Loewner hulls L 7, (s), 0 <s < v; 3, (T1(H1)), driven by n; 7,(s) are a part of the
chordal SLE(k, k — 6) process started from 7, z,(0) = ¢2(2, x1) with force point
at Az,o(vl_}2 (0), 1) = & (7). Thus, after a time-change, it is a chordal SLE, in

H from @»(f2, x1) to & (7). Note that ¢ (f>, -)~' maps H conformally onto H \
B2((0, &2]), maps L 7, (vy 7, (11)) onto K1 (11) = B1((0, 11]), and takes ¢ (2, x1) and
& () to x1 and Ba(fp), respectively. Thus, B1(¢), 0 <t < T1(Hy), is the time-
change of a chordal SLE, trace in H \ 82((0, 2]) from x; to B2(z2), stopped on
hitting [\ H;. Similarly, for any (F,')-stopping time 7, with #; < T (H)), pa(t),
0 <t < T»(H), is a time-change of a chordal SLE, trace in H \ 8;((0, #;]) from
x2 to B1(t1) stopped on hitting H \ H>.

6. Constructing new martingales.
THEOREM 6.1. For any (H{", H}") € HP, 1 < m < n, there is a continu-

ous function M, (t1,12) defined on [0, 00)? that satisfies the following proper-
ties: () My = M on [0, Ti(H")] x [0, T2(Hy")] form =1, ..., n; (ii) My(¢,0) =
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M, (0,t) =1 for any t > 0; (iii) M,(t1, 1) € [C1, C2] for any t,tr > 0, where
C> > Cy > 0 are constants depending only on HJ’-", j=1,2,1<m <n; (iv) for
any (TFIZ)—stopping time ty, (My(t1,1),t1 > 0) is a bounded continuous (55}11 X
}}f),lzo-martingale; and (v) for any (F,!)-stopping time t1, (M (11, 2), t2 > 0) is

a bounded continuous (\‘F't—ll X ﬁf),zzo—martingale.

PROOF. We will first define M, and then check its properties. The first
quadrant [0, 00]? is divided by the horizontal or vertical lines {x; = Tj(Hj’.")},
1 <m<n, j=1,2, into small rectangles, and M, is piecewise defined on each
rectangle. Theorem 4.2 will be used to prove the martingale properties.

Let N, := {k € N:k < n}. Write T]k for T,(Hj’f), keN, j=12Let ScC
N, be such that [0, T} x [0, T¥1 = Uf_, [0, TF] x [0, T5], and Y pesk <
Y res k if 8" C N, also satisfies this property. Such § is a random nonempty set,
and |S] € N,, is a random number. Define a partial order “<” on [0, 00]? such
that (sy,s2) < (t1, ) iff 51 <1t and s < £p. If (51, 82) < (t1,%2) and (sy,52) #
(11, 12), we write (s1,52) < (t1, t2). Then for each m € N,;, there is k € § such that
(1", ") < (T, Tzk); and for each k € S, there is no m € N,, such that (T, T2k) <

1", ,").
There is a map o from {1, ..., |S|} onto S such that if 1 < k| < k» <|S], then
(61) Tla(kl) < Tla(kZ), Tza(kl) - T2(7(k2)

Define 77 = 775D = 0 and 771D = 77 = 00, Then (6.1) still holds
forO<ki <ky <|S|+1.

Extend the definition of M to [0, co] x {0} U {0} x [0, oco] such that M (¢, 0) =
M(@,t)=1forr>0.Fix (1, 1) € [0, 00]?. There are k| € Nisj41 and k7 € Njg U
{0} such that

(62) T R RS
If ky < ko, let
(6.3) M (t1, 1) = M(t1, ).

Ithky > ko + 1, let
M. (t1, 1) = (M(Tlf’(kz), tz)M(Tf(kz“), Tza(kz-i-l))
M1 7Dy o))
x (M1, 1y D)
..M(Tl(r(kl—z)’ T;(kl_l))M(Tla(kl_l), T;(kl)))_l,

In the above formula, there are k; — k» + 1 terms in the numerator, and k; — k»
terms in the denominator. For example, if k| — k> = 1, then

M.(t1, 1) = M(TT ™ )M (1, TS *0) (17 %) 7700,

6.4)
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We need to show that M, (1, 1) is well defined. First, we show that the M (-, -)
in (6.3) and (6.4) are defined. Note that M is defined on

[S]+1
z:= [0, 17%] x [0, 757Y].

k=0
If k; < ko, then #; < Tl"(k') < Tla(kZ) and £, < Tza(kZ), so (t1,1) € Z. Thus,
M (t1, 1) in (6.3) is defined. Now suppose ki > ko + 1. Since #p < ng(kZ) and
H < Tlg(kl), SO (Tlg(kz), n), (11, T;(kl)) € Z. It is clear that (Tla(k), Tza(k)) e Z for
k) +1 <k <k; — 1. Thus, the M(-,-) in the numerator of (6.4) are defined. For

o (k) o(k+1) ok) po(k+1) :

ky<k=<k —1,T, <T ,s0 (T7 7, T, ) € Z. Thus, the M(-,-) in
the denominator of (6.4) are defined.

Second, we show that the value of M,(#1, ;) does not depend on the choice of
(k1, ko) that satisfies (6.2). Suppose (6.2) holds with (ky, k2) replaced by (k7, k2),

and k| # ki. Then |k| — k1| = 1. We may assume k| = k; + 1. Then t; = Tl"(k‘).
Let M/ (1, ) denote the M, (¢, r2) defined using (k|, k2). There are three cases.

Case 1.k < k/l < ky. Then from (6.3), M:k(tl, h)=M(t1,1) = M.(t1, ).
Case 2. k; =k and k| — ky = 1. Then 77* = 77%) = 1, S0 from (6.3)
and (6.4),

M1, = (T )M (0,15 0) b (172, 740
= M (11, 2) = My(t1, 12).
Case 3. kﬂ > k1 > k. From (6.4) and that Tla(kl) =11, we have
M (11, 1)

_ M(TIU(kZ), tz)M(Tla(k2+l)’ T;(k2+1)) . M(Tlo(kl), T;(kl))M(Il, TQU(kH_l))
M(TIU(kZ)’ Tzo'(k2+1)) . M(Tlo(kl_l), TZU(I(I))M(TIU(/(I), T;(kl+1))

_ M(Tlo(kZ), lz)M(Tla(kz_H), T2<T(k2+l)) M, Tza(kl))

M(TIU(kZ)’ TZU(kZ'f‘l)) . M(TIU(kl 1), T;(kl))

Similarly, if (6.2) holds with (ky, k») replaced by (k1, ké), then M, (1, t;) defined
using (k1, ké) has the same value as M (¢, t2). Thus, M, is well defined.

From the definition, it is clear that for each k1 € Ng|4+1 and k> € Nig; U {0}, M,
is continuous on [Tla(k'_l), Tlo(k')] X [T;(k2+1), Tla(kZ)]. Thus, M, is continuous
on [0, 00]?. Let (t1, 1) € [0, 0o]?. Suppose (t1, 1) € [0, T{"] x [0, T,"] for some
m € N,. There is k € Njg| such that (7}", T3") < (T7®, 77 ™). Then we may
choose ki < k and k» > k such that (6.2) holds, so M.(t;, ) = M(t1, t2). Thus,
(1) is satisfied. If #{ = 0, we may choose k1 = 1 in (6.2). Then either k; < k or
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k) =0.If ky <kp,then M, (t1,tr) = M(t1, 1) = 1 because 1 = 0. If kp =0, then
0 1 0
M (t1, 1) = M(TT O )M (1, Y D) (179, 17 V) =1

because 77" = 1, = 0. Similarly, M, (1, 12) = 0 if 1, = 0. So (i) is also satisfied.
And (iii) follows from Lemma 5.1 and the definition of M.,.

Now we prove (iv). Suppose (t1, ) € [0, o0]? and t, > \Vo ' = T;(l).
Then (6.2) holds with k» = 0 and some k; € {1,...,|S|+ 1}. So ki > k» + 1.
Since Tlg(kZ) =0and M(0,t) =1 for any ¢ > 0, so from (6.4) we have

M(Tlff(k2+l), T2(7(k2+1)) . M(Tla(kl_l), ng(kl_l))M([l, Tza(kl))
M(Tla(k2+1), Tzo'(k2+2)) . M(Tlg(kl_l), Tzo'(kl))

M*(t1’ t2) =

The right-hand side of the above equality has no 7. So M, (t1, 1) = M.(t1,
m=1 ") for any 1o > \/}, _, T,". Similarly, M (t1,12) = My(\/,,_; T{", t2) for
any t1 > \/,_ T{".
Fix an (¥,?)-stopping time f. Since My (-, 1) = My(-, 02 A (V" _; 7;")), and
o A (=1 T)) is also an (ﬁz)-stopping time, so we may assume that 7, <
me1 I3". Let Ip = 1r. For s € NU {0}, define

m=1

Ry =sup{T|":m e N,, T," > I},
(6.5)
Lyi =sup{Ty" :m e N,,, T," < I;, T{" > Ry}

Here we set sup(&) = 0. Then we have a nondecreasing sequence (R;) and a non-
increasing sequence (). Let S and o (k), 0 <k < |S|+ 1, be as in the definition
of M,. From the property of S, for any s € NU {0},

(6.6) Ry =sup{T}:k e S, TF > I}.

Suppose for some s € NU {0}, there is m € N, that satisfies 7" < Iy and T{" > R;.
Then there is k € S such that Tjk > T/, j=1,2.1f T¥ > I, then from (6.6)
we have Ry > le > T{", which contradicts that 7" > Ry. Thus, T; < I;. Now
Tzk < I, le >T{" > Ry, and Tzk > T,". Thus, for any s € NU {0},

(6.7) Iy =sup{Ty k€S, T¥ < I, TF > Ry}.
First suppose &, > 0. Since 7, < /! _\T)" =T, @ 5o there is a unique
ky € Njg| such that Tza(k” >t > TQG(IQH). From (6.6) and (6.7), we have Ry =

7% for 0 <5 < |S| — ka; Ry = T7 PV for s > |S| — ky; 1, = T7®HY

for 1 <s <|S| — ka; and I; = 0 for s > |S| — k2 + L. Since Ro = 7 ** and
i < 7™, s0 from (i),

(6.8) M. (t1, 1) = M(t1, 1) for 11 € [0, Ro].
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Suppose 1 € [Ry_1, Ry] for some s € Njg_¢,. Let k; = k> + 5. Then Tla(kl_l) <

n < T7* Since I, = 771 = 77 *) 50 from (6.4),
M, (t1,12) /My (Ry—1,12) = M (11, Is) /M (Ry 1, Iy),

(6.9)

for 11 € [Ry_1, Ry].
Note that if s > |S| — ko + 1, (6.9) still holds because Ry = R;_. Suppose | >
R,. Since n > |S| — ky, so R, = Tlg(lsl) = \/ ;=1 T{". From the discussion at the
beginning of the proof of (iv), we have
(6.10) M, (11, 12) = My(Ry, 12), fort; € [R,, o0].
If , =0, (6.8)—(6.10) still hold because all I; =0 and so M. (t1, ) = M(t1, L) =
M(t1,0) =1 for any #; > 0.

Let R_; = 0. We claim that for each s € NU {0}, R is an (.‘f”tl X Sft-zz),zo—
stopping time and I is g, 7,-measurable. Recall that ¥ | 7, is the o-algebra
obtained from the filtration (.?’,1 X ?}22),20 and its stopping time R;_p. It is clear
that R_; =0isan (thl X J’tl-zz),zo—stopping time, and /o = 1, is Fg_, 7,-measurable.
Now suppose Iy is Fp_, j,-measurable. Since I < f, and R;_1 < Ry, so for any
t>0,{R; <t}={Rs_1 <t} N &, where

&= [Ty < L}U{T{" <1})

m=1

n
= (U({sz <q =n}N{g <I}H U{Ty" sz}>.
m=1 \qeQ

Thus, & € Fr_, 5 V (}”tl X }‘1-22), and so {R; <t} € ?tl X J”’z-z2 for any t > 0.

Therefore, Ry is an (3’7,1 X ?}22),20—stopping time. Next we consider /1. For any
h >0,

{1 >y = | (h < T3" < I} 0 {T]" > Ry})

m=1

n
=J (U (h<T)' <q<h)nig < I}) N{T" > Rs}) € Fr. iy
m=1 \geQ

Thus, 541 is Fg, 7,-measurable. So the claim is proved by induction.

Since 1, </}, T} < T», so from Theorem 4.2, for any s € N,,, (M (Ry—1 +
t,15),0 <t < Ti(ly) — Rs—1) is a continuous (Fg 4 5)r>0-local martingale.
For m € Ny, if T," > I, then T{" < T\(T,") < T1(Is). So from (6.5) we have
R, < T\ (Iy). From (6.9), we find that (My(Ry_1 +1,1),0<t < R; — Rs;_1)isa
continuous (¥Fg, 4/ 7)r>0-local martingale for any s € N,,. From Theorem 4.1
and (6.8), (M.(t,5),0 <t < Rp) is a continuous (¥7.1,)r=0-local martingale.
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From (6.10), (M(R, + t,1),t > 0) is a continuous (FR,+.5,)r=0-local martin-
gale. Thus, (M, (t, 1), t > 0) is a continuous (¥7.3,)r=0-local martingale. Since by
(iii) M, (t1, t2) € [C1, C2], so this local martingale is a bounded martingale. Thus,
(iv) is satisfied. Finally, (v) follows from the symmetry in the definition of (6.3)
and (6.4) of M,. [

7. Coupling measures.

PROOF OF THEOREM 2.1. From conformal invariance, we may assume that
D=H, a=xy and b =x,. Let §;(¢) and B;(t), 0 <t <T;, j =1,2, be as in
Section 4. For j =1, 2, let u; denote the distribution of (§;(z),0 < < T}). Let
W= w1 x pp. Then w is the joint distribution of £; and &, since they are indepen-
dent.

Let C = C U {00} be the Riemann sphere with spherical metric. Let 'z denote
the space of nonempty compact subsets of C endowed with the Hausdorff metric.
Then I'g is a compact metric space. For a chordal Loewner trace B(1),0<t < T,
let G(B) :={B(t):0<tr<T}ela. Forj=1,2,let 1; denote the distribution of
G(B;), which is a probability measure on I'z. We want to prove that (1] = f1o. Let
L= L1 X i3, which is the joint distribution of G(81) and G(8,).

Let HP, be the set of (Hy, Hy) € HP such that, for j = 1,2, H; is a polygon
whose vertices have rational coordinates. Then HP, is countable. Let (H!", Hz'"),
m € N, be an enumeration of HP,.. For each n € N, let M (11, 1) be the M. (1, 12)
given by Theorem 6.1 for (H{", Hy"), 1 <m < n, in the above enumeration.

For each n € N, define v" = (v}, vy) such that dv" /du = M} (00, 00). From
Theorem 6.1, M7 (00, 00) > 0 and [ M (00, 00) dju = E[M] (00, 00)] =1, so V"
is a probability measure. Then dv} /du; = E[M} (co, oo)|?o%] = M} (00,0)=1.
Thus, v{ = u1. Similarly, v§ = 115. So each v" is a coupling of 1 and po.

For each n € N, suppose (¢{'(¢),0 <t < 87) and (¢, (¢),0 <t < §3) have the
joint distribution v". Let y}‘(z), 0<t<S§;,j=1,2,be the chordal Loewner trace
driven by ¢ J” Let v" = (v}, vy) denote the joint distribution of G(y{') and G(y,').
Since I'z x I'g is compact, so (v, n € N) has a subsequence (V"% :k € N) that
converges weakly to some probability measure v = (1, v2) on I'z x I'z. Then for
j=1,2, 97 — ; weakly. For n € Nand j = 1,2, since v} =, s0 v} = fi;.
Thus, v; = fj, j =1,2. Sovj, j =1,2, is supported by the space of graphs of
crosscuts in H. From Proposition 2.2, there are {1 € C([0, S1]) and &, € C([0, S»2])
such that the joint distribution of G(y1) and G(y,) is v, where y;(¢) is the chordal
Loewner trace driven by ¢;(z), j =1, 2.

Now fix m € N. From Theorem 4.1, M(Ti(H{"), T»(H3")) is positive and

?TII(H{”) X Té(Hgn)—measurable, and [ M(Ti1(H{"), T>(H35"))djw = 1. Define vy
on (X Fr, (i Such that dvi) /djw = M (Ty (H{"), Ty(H3")). Then vgy,) is



1492 D.ZHAN

a probability measure. From Theorem 6.1, if n > m, then

dv®

d 1 2
1% ?T1(H?1)X?T2(H§”)

= M (Ti(H"), T>»(Hy")) = M(T1 (H["), T>(H;")).

1 2
= E[M} (00, 00)|F, (gymy X Fpy ]

Thus, v(,) equals the restriction of v" to Fl x F2 ifn>m.

T (H") T>(Hy")
For a chordal Loewner trace y(¢), 0 <t < §, and a hull H in H w.r.t. O that
contains some neighborhood of y (0) in H, let Gy (y) :={y(1):0 <t <Tp} € Tg,
where T is the first f such that y(t) e HH\ H ort = S. Then Gy (y) C G(y). Let
BZ’m) denote the distribution of (G g H.G Hy (¥3)). Then Df’m) is determined by
3 b : . ("’1 f"’2
the distribution of (¢{', £}') restricted to Fri( Hmy % Fry Hyy
n=m.Let by = Vi, . Then vy ) = Vo for n = m.
Let 7, denote the distribution of (G(y;"), G(1,*), Gur ("), Gy (v2")).
Then r("nﬁ) is supported by E, which is the set of (L1, L2, F1, F?) € F% such that

Fj C Ljfor j =1,2. It is easy to check that E is a closed subset of F%. Then

which equals v, if

(ni) has a subsequence (n}) such that r(nm") converges weakly to some probability

measure 7(,) on E. Since the marginal of r(nnﬁ) at the first two variables equals Dk,
and 7"k — b weakly, so the marginal of 7,) at the first two variables equals v.

Since the marginal of r(nm") at the last two variables equals DE;’;), which equals V)
if nj, > m, so the marginal of 7(,, at the last two variables equals V().

Let the E-valued random variable (L1, Ly, Fi, F>) have the distribution 7).
Then v is the distribution of (L, L2) and vy is the distribution of (Fi, F>).
Note that v, is supported by the space of pairs of curves (a1, a2) such that,
for j = 1,2, a; is a simple curve whose one end is x;, the other end lies on
oH Jm N H, and whose other part lies in the interior of H ]m For j = 1,2, since
L;j = G(yj), so from the properties of & and v(,), we have F; = Ger,n(yj),
which means that (G Hr ), G HY (y2)) has the distribution v,,). Since the distri-
bution of (G HI" (v, G Hy (y2)) determines the distribution of ({1, {») restricted to
?Tll (H™) X fFTzz (HPY? so the distribution of (¢1, &p) restricted to }'Tll (H™) X 37%2 (HY
equals v(y). Since dv,y/du = M(T\(H["), T2(H;")), so from the discussion af-
ter the proof of Theorem 5.1, for any (J‘ftz)—stopping time , with 1, < T>(H}"),
(y1(),0 <t < T\ (H{")) is a time-change of a chordal SLE, trace in H\ y»((0, 23]
from x; to y»(72) stopped on hitting H \ H{".

Now fix an (ﬂz)—stopping time £, with t < T». Recall that Tj (¢2) is the maximal
such that y; ([0, T1(2))) is disjoint from 1, ([0, £;]). For n € N, define

R, =sup{Ti(H{"):m e N, 1 < To»(H;")}.
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Here we set sup(&) = 0. Then for any 7 > 0,

(Ry <1} = () (B> THI LTI () 1) € 7' x 72,

m=1

So R, is an (3‘“,1 X ﬂi)tio—stopping time for each n € N. For m € N,,, let t_é" =
1 A To(Hj}"). Then J' is an (F,%)-stopping time, and ' < T»(H3"). From the
last paragraph, we conclude that y; (), 0 <t < T1(H{"), is a time-change of a
part of the chordal SLE, trace in H \ y1((0, #}']) from x; to y2(#3"). Let §, ,, =
{t, < T>(HY")YN{R, = Ti(H")}. Since on each &, ,,, 1o =13 and R, = T\ (H{"),
and {R, > 0} = U;,_; En.m, s0 ¥1(¢), 0 <t < R, is a time-change of a part of
the chordal SLE, trace in H \ y((0, 2]) from x; to y2(f2). Let Rooc = /5o | Rn-
Then y1(¢), 0 <t < R, is a time-change of a part of the chordal SLE, trace in
H\ y1((0, 12]) from x; to y2(f2).

For each n € N and m € N,, if o < To(H}"), then Ti(H}") < Ti(f2), so
R, < Ti(tp). Thus, Ry < T1(£2). If Roo < T1(2), then y1((0, Ro]) is disjoint
from y2((0, 12]), so there is (H{", H;") € HP, such that y((0, Rx]) and y2((0, £2])
are contained in the interiors of H{" and Hj', respectively. Then t, < T>(H}")
and R, < Roo < T1(H{"), which contradicts the definition of R,,. Thus, Ry =
Ti(t2). So y1(t), 0 <t < Ty(f2), is a time-change of a part of the chordal SLE,
trace in H \ y1((0, 72]) from x; to y»(#2). From the definition of Tj(#;) we have
v1(T1(2)) € G(y2). Thus, y;(t), 0 <t < Ti(f2), is a time-change of a full chordal
SLE, trace in H \ y1((0, 2]) from x| to y»(22). Since « € (0, 4], so almost surely
Y1(T1(12)) = y2(t2). Thus, y»(12) € G(y1) almost surely.

For n € N and ¢ € Qx, let iy’ = g A To(H}). Then each 7, is an (F2)-
stopping time with t_g " < Tp. Since N x Q¢ is countable, so almost surely
yz(t_g’n) € G(yp) for every n € N and ¢ € Q>¢. Since Qs¢ is dense in Rxp,
y» is continuous, and G(yp) is closed, so almost surely for every n € N,
y2(00. T2(H}))) C G(y). Since Ty = /32 Ta(H)., s0 G(y2) C G(y1) almost
surely. Similarly, G(y1) C G(y»2) almost surely. Thus, G(y1) = G(y») almost
surely. Since for j = 1,2, the distribution of G(y;) equals the distribution of
G(B;), which is the SLE, trace in H from x; to x3_;, so we are done. []
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